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Abstract

The design of the floor plan is an important step in the design process of integrated circuits. In this step, the modules
are distributed along the die. A good floor plan can significantly increase the efficiency of the device.

Floorplanning is a non-convex optimisation problem. It can be solved at different levels of abstraction. The first
level would be to represent the modules as points. Higher levels would be those in which we distribute the modules
as circles or orthogonal polygons with a given area. In this thesis we try to solve the first step of this problem by
finding an algorithm that returns good distributions of the modules by representing them as points. This algorithm
will be based on two steps: the initial distribution of the points using existing methods and the reorganization of the
modules to improve the uniformity of the distribution.
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1. Introduction

Floorplanning is an optimisation problem in which a set of elements are distributed taking into account a specific cri-
terion and restrictions. One of the areas in which this problem appears is in the first step of the process of integrated
circuit design. In this, we define wirelength as the total length of the wires that are used to connect the components.
A floor plan that distributes the modules in a way that minimises the wirelength will bring many benefits to improve
the efficiency of the circuit. To begin with, taking into account that the wirelength is equivalent to the distance the
signal has to travel, minimising the wirelength will minimise the delay of the signal. That is, the signal will take
less time to reach its destination, so we get a more efficient communication between components. In addition, with
shorter wirelength, we minimise the likelihood of signal degradation and noise. Finally, taking into account that the
resistance in the wires is proportional to their length, if we reduce the wirelength, we reduce the power dissipation.
Therefore, the total power consumption of the circuit will be lower the shorter the wirelength. Besides reducing the
wirelength, we have to take into account another feature when designing an integrated circuit. A uniform distribution
of the components along the die is also necessary for good performance. In an integrated circuit, power is consumed
and resistance is produced, so heat is generated. If the modules are not evenly distributed, hotspots can occur, which
are areas where the temperature is much higher than in the surrounding regions. As a result, the efficiency of the
circuit can be negatively influenced. An optimal solution to the floorplanning problem, where wirelength and die
blank spaces are minimised, can significantly increase efficiency.

Floorplanning is a complicated problem that we cannot solve with simple algorithms. It can be seen as a problem
with different levels that we can solve step by step. As we can see in figure 1, first we can design the floor plan by
representing the modules as points. Then, taking into account this solution, we can distribute the modules using
areas with simple geometrical shapes like squares or circles. The final goal would be to find the arrangement of
modules with different shapes in order to obtain a uniform distribution within the die while minimising the wirelength
and the overlap between modules. In each of these steps, we need a mathematical algorithm that allows us to solve
each of the specific optimisation problems.

Figure 1: Levels of abstraction of the floorplanning process.

Many approaches have been made to solve the floorplanning problem. Naylor et al. described an approach to this
problem in their patent (U.S.Pat.6301693) [1] in which they distributed a set of modules in a die while minimising
the wirelength. Specifically, they present a model where they minimise a weighted sum in which they study different
metrics, including wirelength and density. The density calculates how well distributed the modules are in the die. To
compute it, a grid of control points both inside and outside the die was constructed. Using a physical analogy, they
calculate a potential between each module and each point in the grid. Then, the variance of the total potential in
each control point is added to the density term of the objective funciton. Similar models based on the idea of having
density control points in a grid have been studied in other articles, such as [2] and [3] ,which we have also taken as
a reference for this project.

3



In this thesis we rely on this idea not to solve the floorplanning problem in its totality but to find good solutions
to the first level of the floorplanning process. That is, we will consider the modules as points and our aim will be
to find the best possible solution within the die. In the following, we show a non-linear non-convex optimisation
problem that, starting from good initial solutions, obtains a new solution with a more uniform distribution. Our
model minimises a weigthed sum objective function that includes three terms: the wirelength, the uniformity of
distribution of the modules in the area of the die and a summation of all the repulsive forces between modules that
prevent them from accumulating. The distribution term is calculated in a very similar way to that used by Naylor et
al., by constructing a grid of control points and calculating the variance of a potential using a bell-shaped function.
It is important to remark that as the optimisation problem is non-convex, the initial configuration will influence the
result. In our case, we will start with an initial configuration with good relative positions of the modules obtained
from spectral methods, based on the computation of eigenvalues and eigenvectors, and force-direction based methods.

The project will be organised as follows: In section two, we present the non-convex floorplanning optimisation
problem by simplifying the modules as points. In section three, we show the first step of our algorithm, where we use
different methods to draw the initial graphs. In section four, we show the second step, where we evenly distribute
our points along the die. In section five, we describe the metrics used to compare the results. In section six, we show
the results obtained and their analysis. Finally, in section seven, we present our conclusions and future work on this
topic.

2. Problem formulation

The problem consists of, given an initial distribution of the modules on the die obtained using different methods
of graph drawing, finding a more uniform arrangement while minimising the wirelength. The methods we will use
to obtain the initial configuration minimise the wirelength subject to certain restrictions. It is possible that when
looking for a new solution with a more uniform distribution of the modules along the die, the wirelength will increase.
However, we have to keep in mind that for many applications uniformity of the distribution in exchange for increased
wirelength may be desirable. Therefore, our goal is to find a solution that optimises both characteristics: wirelength
and a uniform distribution.

To simplify the problem, we will represent the integrated circuit with a graph. The nodes symbolise the modules
while the connections through the wire are represented by the edges. Our objective is to generate an algorithm that
distributes the modules along the die. Firstly, we will obtain an initial graph using already existing methods. Then,
we will create a function that has as input the initial positions of the nodes and the edges between them, providing as
output the optimal final location of the nodes. To do so, we generate a model that solves the following optimisation
problem: given a fixed-die of dimensions Lx and Ly find the location of the modules such that it minimises the length
of the wirelength maintaining a uniform distribution.

Consider xi and yi as our optimisation variables. These will represent the coordinates of the positions of the
two-dimensional graph for each node i . Then, we can formulate the problem as follows:

min
xi ,yi

β ·WL+ P

s.t. 0 ≤ xi ≤ Lx

0 ≤ yi ≤ Ly

for i = 1, 2, ..., n

(1)
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where n is the number of modules and β is a parameter to determine the weight we give to the wirelength (WL)
term with respect to the penalty distribution term (P). P increases when the uniformity in the distribution decreases.
By minimising its value, we find a more uniform distribution. On the other hand, the constraints show that all
modules must be within the die area.

To give more flexibility to the program, we have decided to add another term (FR), which will be the minimisation
of repulsive forces. These help to avoid configurations in which some modules are clustered at the same point. The
final problem we are trying to minimise is formulated as follows:

min
xi ,yi

β ·WL+ P + γ · FR

s.t. 0 ≤ xi ≤ Lx

0 ≤ yi ≤ Ly

for i = 1, 2, ..., n

(2)

where β and γ are the parameters representing the weights in the objective function of the total wirelength and
the sum of repulsion forces respectively.

This optimisation problem is non-convex, i.e. its objective function is non-convex. This means that the function
may contain several local minima and maxima. This makes these problems more difficult to solve compared to convex
problems which have a single global minimum or maximum. For non-convex problems in general we need specialised
algorithms to handle the complexity of the objective function. The most commonly used algorithms for these are
gradient-based algorithms, heuristic methods, branch and bound, etc.

Figure 2: Representation of the performance of a non-convex optimisation problem.

In our case we will use the first group of algorithms, those based on the gradient. These methods use the gradient
of the objective function to guide the solution of the problem. The gradient represents the direction of steepest ascent
at each point. Specifically, in our optimisation problem, since we want to find the minimum of the function, we will
use the negative gradient to find the direction of the local minimum. These methods are iterative methods in which
they update the solution using the gradient calculated at each step. It is for this reason that in this project it is also im-
portant to select well the initial configuration of the modules, as this will guide us towards different final distributions.

5



3. Algorithms for drawing graphs

The first step in our algorithm is to find a good initial distribution of the nodes in the module’s graph such that it
can lead us to find the best possible final distribution when solving the non-convex optimisation problem. In this
project, we have studied different methods to draw our initial graph. In particular we have used three methods which
are implemented in the NetworkX package, dedicated to generate graphs. These methods are the following ones:

• Spectral layout: it calculates the eigenvectors and eigenvalues of the graph’s Laplacian matrix to obtain the
final coordinates of the graph’s nodes.

• Spring layout: based on the calculation of attractive forces between adjacent nodes and repulsive forces between
pairs of nodes in order to find an equilibrium state.

• Kamada-Kawai layout: it considers the edges of the graph as strings with their proper length and tries to
minimise the energy of the system in such a way that these strings are lengthened or contracted as little as
possible.

In the following, we explain in more detail how each of these methods works to obtain the final drawing of
the graph. In addition, once all the algorithms have been discussed, we give an example where it can be seen the
comparison between the three methods applied to two random graphs.

3.1 Spectral layout

The spectral method [4] uses the properties of the Laplacian matrix to draw the graph. Consider a graph G=(V,E)
with m vertices. For each vertex vi ∈ V we assign a point in the plane ρ(vi ) ∈ Rn. To draw the graph, we trace a
segment between two points (ρ(vi ) and ρ(vj)) if and only if there is an edge between vi and vj in E. We define the
matrix of the graph drawing R as the matrix that has in the i-th row the row vector ρ(vi ).

Consider now a physical analogy, regarding the edges as identical strings. What we want to achieve with this
model is to minimise the length of these strings. We can describe this as the drawing energy of G:

E(R) =
∑

vi ,vj∈E

||ρ(vi )− ρ(vj)||2 (3)

In other words, we minimise the square of the distance between adjacent vertices of the graph G.

Definition 3.1. Given a graph G=(V,E) with n nodes, its Laplacian matrix L := (li ,j)nxn is described element by
element as follows:

li ,j =

 degree(i) if i = j
−1 if i ̸= j and vi is adjacent to vj
0 otherwise

(4)

Equivalently, the Laplacian matrix can also be given by the expression L = D −A where D is the diagonal degree
matrix and A is the adjacency matrix.

The energy of the graph drawing can be reformulated as a function of the Laplacian matrix using proposition 3.2.
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Proposition 3.2. Given a graph G=(V,E), R its matrix of the graph drawing and L the Laplacian matrix of G, the
energy of the graph can be calculated with the following formula:

E(R) = tr(RTLR) (5)

Proof : We denote Rk as the kth column of R. Then:

E(R) =
∑

{vi ,vj}∈E

||(vi )− (vj)||2

=
n∑

k=1

∑
{vi ,vj}∈E

(Rik − Rjk)
2

=
n∑

k=1

1

2

m∑
i ,j=1

(Rik − Rjk)
2

n∑
k=1

(Rk)TLRk = tr(RTLR)

Obviously, there is a trivial solution to this problem which would correspond to locating all nodes at the same
coordinates. Therefore, we have to impose at least one restriction in order to avoid the trivial solution. We suppose
that the columns of R are pairwise orthogonal and have unit length, so we include the constraint RTR = I which
avoids obtaining the trivial solution.

Theorem 3.3. Given a graph G=(V,E) and its Laplacian matrix L with eigenvalues 0=λ1 < λ2 ≤ ... ≤ λm, the
minimum energy E corresponding to the drawing of the graph in Rn is equal to λ2+...+λn+1, satisfying the condition
RTR = I .

The proof of this theorem was given by Godsil and Royle and can be found in reference [5] (Section 13.4, Theorem
13.4.1).

Applying this theorem, and assuming that λ2 > 0, the spectral method for drawing two-dimensional graphs is
constructed as follows: First we compute the two smallest eigenvalues with value greater than 0 of the Laplacian of
the graph G. Then, we compute the eigenvectors associated to these eigenvalues and construct the matrix R =[u2,u3]
with the two eigevectors in its columns. Finally the vertex vi is placed in the coordinates given by the i-th row of R.
This configuration achieves a minimum drawing energy where the length of the edges is minimised by satisfying that
RTR = I .

3.2 Spring layout

The Spring algorithm [6] is a force-directed graph drawing method that uses a physical analogy to distribute the
nodes. It represents the edges as strings that tend to pull adjacent nodes together. On the other hand, the nodes
repel each other with an electric force as if they were equally charged bodies. The aim is to find an equilibrium
position in the system.
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Consider that we have a graph G=(V,E). For each pair of vertices vi , vj ∈ V with position in the 2-dimensional
space represented by the vectors v⃗i , v⃗j ∈ R2 we can calculate the Euclidean distance between them:

||v⃗i − v⃗j || =
√
(xi − xj)2 + (yi − yj)2 (6)

where (xi , yi ) and (xj , yj) are the components of the vectors v⃗i and v⃗j respectively.

If the pair of vertices is adjacent, we can calculate the force generated by the string (the edge) following the form
of Hooke’s law:

F⃗attraction(vi , vj) = −ka(||v⃗j − v⃗i || − l) · e⃗ij (7)

where ka and l are proper constants of the string and e⃗ij is the unit vector obtained from the formula e⃗ij =
v⃗j−v⃗i

||v⃗j−v⃗i ||.

On the other hand, we can calculate the repulsive force using the analogy of Coulomb’s law:

F⃗repulsion(vi , vj) =
kr

||v⃗j − v⃗i ||2
· e⃗ij (8)

where kr is a constant that determines the strength of the repulsive force.

Finally, we can calculate the total force acting on each node by adding up all the force contributions at that node:

F⃗ (vi ) =
∑

(vi ,vj )∈E

F⃗attraction(vi , vj) +
∑
vj∈V

F⃗repulsion(vi , vj) (9)

The algorithm calculates the force applied to each node and iteratively updates its position in the direction of
the force until an equilibrium configuration is obtained. That is, until the vertices experience no force or the force is
smaller than the tolerance. In practice, the algorithm is often stopped after a maximum number of iterations.
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3.3 Kamada-Kawai layout

The algorithm proposed by Tomihisa Kamada and Satoru Kawai [7] has a similar basis to the Springs method, which
uses a physical analogy to distribute the nodes of a graph. As in the springs method, we consider the edges of the
graph as strings attached to particles that are represented by the nodes. The objective in the Kamada-Kawai method
is to find a configuration in which the energy is minimised. That is, we want to find the state in which the strings
have the original length, so we want to minimise the compression or elongation of the string from its relaxed state.
That is to say, we want to minimise the following energy:

E =
n−1∑
i=1

n∑
j=i+1

1

2
kij(|vi − vj | − lij)

2 (10)

where n is the number of nodes in the graph, |vi − vj | corresponds to the Euclidean distance between vertices vi
and vj , lij is the original length of the string and kij is an inherent constant of the string.

Using a non-linear optimisation method such as gradient descent we can find the values of vi for which the energy
is minimum. In this way we obtain the distribution of the nodes of the graph using the Kamada-Kawai method.

3.4 Comparision between Spectral, Spring and Kamada-Kawai layouts

Consider two Erdős-Rényi graphs: the first one with 10 nodes and probability 0.3 and the second one with 15 nodes
and probability 0.2. Using the respective NetworkX graph drawing functions (spectral layout, spring layout and
kamada kawai layout) we have determined the positions of the nodes. The results in 3, show different drawings for
the same graph depending on the method used. Although some of these methods manage to distribute the nodes more
or less evenly, especially the Kamada-Kawai method, in all three cases the uniformity of the spreading can still be im-
proved. To obtain a uniform distribution from these initial solutions, will be the goal of the next step in our algorithm.

Figure 3: Comparison between the Spectral ((a1), (a2)), Spring ((b1), (b2)) and Kamada-Kawai ((c1),(c2)) methods using
two Erdős-Rényi graphs.

9



4. Optimisation of distribution uniformity

Once we have obtained an initial configuration for our problem, the second step in our algorithm is to solve an
optimisation problem. Starting from our initial solution, it will distribute the nodes inside the die in a uniform way,
trying to keep the wirelength as short as possible. To do this, we have defined the optimisation problem in 2, where
our optimisation variables are the coordinates of the module positions. In this problem the only restrictions we have
are on the range of our variables, given by the dimensions of the die. The objective function is a weighted sum
that evaluates three elements: the wirelength (WL), the distribution of the modules with respect to points on a con-
trol grid (P) and the repulsion forces between modules (FR). Let us recall the formulation of the optimisation problem:

min
xi ,yi

β ·WL+ P + γ · FR

s.t. 0 ≤ xi ≤ Lx

0 ≤ yi ≤ Ly

for i = 1, 2, ..., n

where β and γ are the weights of the total wirelength and repulsion forces respectively. We will now discuss in
detail how each of the terms that appear in this function are described and calculated.

4.1 Wirelength

The term that minimises the wirelength is calculated from the square of the Euclidean distance. In this way we use
a quadratic formula that is easy to derive. To do so, we first enumerate all the modules. Then, we calculate the
square of the length of the edges connecting each module with modules of larger indices. Finally, we sum the results
obtained for all the modules into a single term WL.

wlij =

{
(xi − xj)

2 + (yi − yj)
2 if i , j ∈ E

0 otherwise
(11)

WL =
∑
i

∑
j>i

wlij (12)

If we do not include any other term or constraint in the objective function, the model will tend to place all the
modules clustered at the same point in the die, which would make routing impossible. Therefore, we have to include
a term that distributes the points along the die.

4.2 Penalty on non-uniform distributions

The second term is the penalty on non-uniform distributions. For its calculation we use a method similar to the one
used in [2]. The main idea is to consider the nodes as physical particles. Then, we distribute a set of control points
on the die and calculate the potential that each node produces on each of these points. The goal would be to ensure
that this potential is uniform throughout the die.
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To do this, we provide the nodes with an area of influence. In our case we have used an equal square area of
influence for all the modules. This area is not the actual area of the modules, it will only be used to distribute the
nodes. Remember that we are only studying the first step of the floorplanning problem, thus our objetive is to dis-
tribute the modules as points. Therefore, the actual area of the modules does not have any influence in our problem.
These influence areas define the area where the potential created by each node has a substantial contribution. In
order to control the uniformity, we construct a grid of control points that are placed equi-spaced along the die, so
that any module within the die will be controlled by at least one of these points.

Figure 4: Grid of control points within the die.

We will then calculate the total contribution of the modules at each control point and ideally look for a distribution
where all control points have an equal value. The penalty term will then be calculated as a sum of variances:

P =
m∑
i=1

(Potentiali − Potentialuniform)
2 (13)

where m is the number of control points in the die. Potentialuniform would be the ideal value of potential, which
should be equal in all points in the grid assuming a uniform distribution. The formulation of the potential that
each module produces to the control point i (Potentiali ) is not trivial. We have to keep in mind that to solve our
optimisation problem we are using gradient-based methods which means that we need our objective function to be
smooth. Therefore, we need to find an expression for this term such that the resulting function is differentiable at
each point and the gradient can then be calculated.

The potential at each control point (Potentiali ) will be computed as the sum of all module’s contributions. The
contribution of each module to each control point, will be calculated as a function based on the distance between
these two points. We describe this potential as a continuous bell-shaped function that is differentiable at all points, so
that we have no problems when applying gradient methods. Specifically, we use a normal distribution with maximum
value when the dsitance between the centre of the module and the grid point in zero. The potential will have a value
for all points within the die and its value will decrease as the distance between module and control point increases.

Figure 5: Gaussian function
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In practice, we divide the potential in two, Pxj and Pyj , which are respectively the potentials depending on the
coordinates x and y for the module j . The total potential for module j (Potj) is obtained from the product of these
two potentials, as we can see below.

Potj(x , y) = ξ · Pxj · Pyj (14)

Pxj(x) = e−
(x−xj )

2

2σ2 (15)

Pyj(y) = e−
(y−xj )

2

2σ2 (16)

where ξ is a constant that allows the magnitude of the total module contribution in the die to be preserved.
That is, the area under the Gaussian function will remain the same as the influence area assigned to the module.
We have considered the mean of the Gaussian function equal to zero, since we want the largest contribution made
by the module to be at its centre. And last, we have chosen σ = wj/3 = hj/3. As we can see in the Figure 5, for
values of the distance greater than 3σ, the value of the Gaussian is very small. That is why we choose this value for
σ, because that way we impose that the potential it creates outside its influence area is negligible.

Potential functions accumulate inside the die. To determine the total potential falling on each control point, we
sum the potential contributions of all the modules at that location. If the modules are in a good distribution, the
sum of the potentials at each control point will be the same or very close. Using expressions 14, 15 and 16 we can
compute the potential controlled by the grid point i as follows:

Potentiali =
n∑

j=1

Potj(xi , yi ) (17)

Consequently, we can conclude that in the best case, where the distribution is perfectly uniform, the potential
will have the value Potentialuniform = sum of the total influence areas of the modules/number of control points.

4.3 Repulsion forces

The last term in the objective function helps to maintain a good distribution of the modules by avoiding clusters of
modules in the same region. It represents repulsion forces between all pairs of modules. This force follows the idea
of the Spring method. It simulates that the nodes are particles with the same charge and between them there is a
force that we can calculate with Coloumb’s formula. Therefore, the total sum of repulsion forces between modules
can be calculated using the following formula:

FR(xi , yi , xj , yj) =
∑
i

∑
j>i

k

(xi − xj)2 + (yi − yj)2
(18)

where k is a normalisation constant. By incorporating this term into the objective function, we try to minimise
the repulsion forces, so we try to keep the nodes a certain distance apart to avoid clustering.
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By changing the values of the weights in the objective function we obtain different distributions. Depending on
the values we choose, we tend to minimise the edges better, to improve the distribution or to avoid clusters. Our
aim is to find values for these weights such that we obtain satisfactory solutions for both the length of the edges
and the distribution. To make the process of choosing the weights easier, we normalise all the terms in the objective
function using the values of these terms in the initial configuration. This step is not necessary, but it is helpful for
the implementation.

4.4 Implementation

To solve the optimisation problem we have used the GEKKO Python package which allows us to solve non-linear
optimisation problems. Specifically, we used the APOPT solver which uses a gradient-based method to find the solu-
tion. To define the initial solution we used Spectral, Spring and Kamada-Kawai methods implemented in NetworkX
package. The nonlinear optimisation process finds an assignment of values to the function variables, i.e. the module
positions, such that the objective function is minimised. The solver uses this objective function and its gradient to
determine the position of each module in the next iteration. The program is executed and stops when it obtains a
solution with the desired tolerance or the number of iterations exceeds a given number of maximum iterations. If
the program finds the minimum of the objective function, this solution must correspond to a good distribution of the
modules within the die.

In appendix A you can find the Pyhton program where we implemented our model and from where we obtained
the results.

5. Performance metrics

Once the model has been designed, we need to determine some metrics in order to compare the results obtained with
the other methods of drawing graphs described in section 3. For this purpose, we have defined three metrics that
measure different characteristics of the resulting graphs.

5.1 Total wirelength

The first metric (MWL) is simply the sum of the length of the graph edges. That is, we calculate the Euclidean
distance between adjacent nodes. We can derive the formula from equation 11:

wlij =

{
(xi − xj)

2 + (yi − yj)
2 if {i , j} ∈ E

0 otherwise

MWL =
∑
i

∑
j>i

√
wlij (19)

Our objective is to minimise the wirelength, so the smaller this value is, the better the result will be considering
this metric. But as we have already explained, minimising the wirelength is not our only objective, since in that case
the best solution we could find would be the trivial solution of placing all the modules at the same point. A good
distribution will be one that minimises the wirelength but at the same time distributes the modules evenly along the
die. Therefore, we need to define other metrics to calculate how good our distribution is.
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5.2 Distribution uniformity metric

The second metric (MD) calculates how uniformly the modules are placed in the die. To do this, we set up con-
trol regions of equal area. We decide that the number of regions should be similar to the number of modules.
Therefore, we create a function with input the number of modules that returns two integers whose product is as
similar as possible to the number of modules. These two numbers will give us the number of regions per row
and column within the die. Once this grid of control regions is established, we count the number of modules that
fall within each region (nR). Ideally, this value should be equal across all regions and, assuming that the number
of modules is divisible by the number of regions, it would have a value of nuniform=number of modules/number of
regions. The metric value is equal to the sum in each region of variances of nR with respect to the ideal value nuniform.

MD =
∑
R

(nR − nuniform)
2 (20)

The smaller the value of MD , the better distributed the modules will be within the die.

5.3 Crossing edges

The last metric (MCE ) is given by the number of crossing edges in the graph. Ideally, in a good distribution, we would
have no crossing edges, if possible, or as few as possible. Even so, it is quite likely that when trying to minimise the
length of the edges and, at the same time, achieving a uniform distribution, crossing edges will appear. To calculate
the number of crossing edges in the final configuration, we use geometric properties.

First it is necessary to define the orientation of a set of three points. Consider the triplet of points (a,b,c). Their
orientation can be calculated from the slope of the line segments (a,b) and (b,c). We can define the slope of these
segments with the following formulas:

θ = (by − ay )/(bx − ax) (21)

τ = (cy − by )/(cx − bx) (22)

where the sub-indices x and y indicate the two-dimensional coordinates of each point.

Using this, it is easy to see that if the two slopes are equal, the points are collinear. If the slope of the first
segment is greater than the slope of the second, the points will have a clockwise orientation, whereas if the slope of
the first segment is less than the slope of the second, the orientation will be counterclockwise.

Using the expressions for θ and τ , in 21 and 22 respectively, it is trivial to see that the orientation of the three
points will depend on the sign of the following expression:

η = (by − ay ) · (cx − bx)− (cy − by ) · (bx − ax) (23)
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Then, if η = 0 the points are collinear, if η > 0 the points have a clockwise orientation and if η < 0 the points
have a counterclockwise orientation.

Figure 6: Determination of the orientation of three ordered points using the slope.

Let us now consider that we want to calculate the crossing edges of a graph G=(V,E). For each pair of edges
u, v ∈ E we determine the adjacent vertices corresponding to each of them: u = (p1, q1) and v = (p2, q2).
To determine whether u and v intersect we need to calculate the orientations of the triplets: o1 = (p1, q1, p2),
o2 = (p1, q1, q2), o3 = (p2, q2, p1) and o4 = (p2, q2, q1). We can say that if o1 ̸= o2 and o3 ̸= o4, then the two edges
cross.

Figure 7: Determination of whether two edges cross from the orientation of three vertices. General case.
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In the case that this condition is not fulfilled, there can be an instance in which the edges do cross. This case
is if the points are collinear but one of the points of a segment lies on the other segment. That is why, we have to
study the coordinates of the vertices for those cases where the points are collinear. In any other case, the edges will
not cross each other.

Figure 8: Determination of whether two edges cross from the orientation of three vertices. Special case.

To calculate the metric MCE we look in a loop for each pair of edges if they cross each other and at each iteration
we update a counter that adds one by one the number of crossing edges. That is, MCE will have a value equal to the
number of crossing edges in the final distribution. A better arrangement will be the one with MCE as small as possible.

Therefore, as we have seen, to compare the final configurations with the initial distributions obtained from the
Spectral, Spring and Kamada-Kawai methods, we use the three metrics MWL, MD and MCE . Our aim is to find
configurations for which the value of the three metrics is the smallest possible. It is very likely that for different
configurations when we decrease the value in one metric, we will increase the value in another. We want to find
distributions that find a balance between the three metrics.

6. Experimental results

To test the performance of our model, we have implemented a Python program using NetworkX and Gekko libraries.
NetwrokX has been used for the graphical representation of the graphs and to obtain the initial distributions using
the methods explained in section 3. Gekko has been used to solve the optimisation problem described in 4. We
have run the program using different types of graphs. We have visualised the results graphically and we have also
computed the values of the metrics described in 5. The results have been analysed in terms of the weights of the
objective function β and γ.

6.1 Path graph

The first study case was a path graph with 20 modules. For this we fixed some parameters of the problem: the
number of control points to 64, the area of influence of the modules to 1x1 and the dimension of the die to 4x4.
Remember that the area of influence is not the same as the actual area of the module, since we only work with
points. Therefore, it is not incoherent to distribute 20 modules with 1x1 area of influence inside a 4x4 die, because
these areas can overlap without any problem.
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The first step of the algorithm was to draw the graph using each of the existing methods explained in sec-
tion 3. For this, we used the following functions from the NetworkX package: spectral layout, spring layout and
kamada kawai layout. The obtained results have been given as input to our optimisation model. In it, we use
GEKKO’s APOPT solver, based on gradients, to solve the optimisation problem described above in section 4. As
output we obtain the coordinates of the points in the new distribution which minimises the objective function. Figure
9 shows the initial configuration (in blue) given by the three different methods used to draw the graph initially. We
also show some of the solutions (in red) found by initialising our model with the corresponding graph and using
different values of β and γ to solve the optimisation problem.

Figure 9: Results for a path graph of 20 modules and 64 control points. (a),(b),(c): Initial configurations obtained from
Spectral, Spring and Kamada-Kawai methods respectively. The distributions obtained using our model are represented in red.
First row corresponds to solutions that used Spectral configuration as initial configuration, second row used Spring and third
one, Kamada-Kawai. The parameters used are the following: (a1) β = 0.1, γ = 0.2, (a2) β = 0.1, γ = 0.5, (a3) β = 0.2,
γ = 0.4, (b1) β = 0.05, γ = 0.4, (b2) β = 0.1, γ = 0.3, (b3) β = 0.2, γ = 0.1, (c1) β = 0.05, γ = 0.2, (c2) β = 0.05,
γ = 0.4, (c3) β = 0.1, γ = 0.4.

At a glance, we can see how the distribution is more uniform in the solutions obtained from our model (red
graphs) as opposed to the initial solutions (blue graphs). However, in order to measure these changes more rigorously
and to study how the parameters β and γ affect the final result, we calculate the metrics described in section 5.
Below, we show table 1 with the values of the metrics for the results found for different values of the weights of the
objective function. In the upper part of the table we show the values of the metrics for the initial configurations. In
the table, the results that have been represented in figure 9 are highlighted in grey.
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Path graph: 20 modules and 64 control points
Initial distribution

Spectral Spring Kamada-Kawai
MWL MD MCE MWL MD MCE MWL MD MCE

9.3 22 0 7.6 42 1 4.1 80 0
Results using our algorithm

Parameters Initialising w/ Spectral Initialising w/ Spring Initialising w/ Kamada-Kawai
β γ MWL MD MCE MWL MD MCE MWL MD MCE

0.05 0.1 17.2 8 2 17.1 4 2 9.5 14 0
0.05 0.2 16.2 6 1 19.3 8 5 9.8 12 0
0.05 0.3 17.1 4 1 20.2 4 5 11.6 8 1
0.05 0.4 15.7 6 0 19.2 0 3 10.9 8 0
0.05 0.5 17.7 4 2 20.7 4 5 11.1 8 0

0.1 0.1 15.0 8 2 15.5 10 2 8.1 14 0
0.1 0.2 14.1 6 0 13.9 6 1 8.5 22 0
0.1 0.3 14.5 4 0 14.0 6 0 9.6 30 1
0.1 0.4 17.1 4 3 16.0 10 2 9.3 12 0
0.1 0.5 15.0 4 0 14.6 10 1 9.2 14 0

0.2 0.1 12.9 10 1 11.0 8 0 6.3 28 0
0.2 0.2 11.9 10 0 11.1 12 0 6.8 26 0
0.2 0.3 12.1 10 0 11.5 8 0 7.2 26 0
0.2 0.4 13.8 2 1 11.9 10 0 7.5 24 0
0.2 0.5 12.8 6 0 11.8 8 0 8.3 14 1

0.3 0.1 10.3 12 0 10.9 18 1 5.6 22 0
0.3 0.2 10.9 12 0 11.1 16 1 5.9 36 0
0.3 0.3 12.2 10 1 10.2 12 0 6.4 22 0
0.3 0.4 12.0 14 1 10.7 12 0 6.8 26 0
0.3 0.5 11.6 10 0 12.6 8 2 6.9 28 0

0.4 0.1 9.5 16 0 8.8 18 0 5.1 44 0
0.4 0.2 11.0 14 1 9.5 14 0 5.6 34 0
0.4 0.3 10.1 12 0 10.5 14 1 5.9 40 0
0.4 0.4 10.4 12 0 10.7 20 1 6.6 44 1
0.4 0.5 10.8 14 0 10.1 12 0 6.5 26 0

0.5 0.1 9.8 18 1 8.3 14 0 4.8 44 0
0.5 0.2 9.2 16 0 8.6 16 0 5.2 44 0
0.5 0.3 9.6 14 0 9.8 16 1 5.5 40 0
0.5 0.4 9.6 12 0 10.1 22 1 5.8 34 0
0.5 0.5 10.4 12 0 9.5 16 0 6.1 26 0

Table 1: Values of the metrics MWL, MD and MCE for the initial configurations and the results obtained using our model in
a path graph of 20 modules, for different values of parameters β and γ.

We can observe that all the metric values of the distributions improve after applying our model with respect to
the initial configuration. On the other hand, the wirelength increases in all the results, except in the one highlighted
in blue. We observe that this result, although it does not have the most optimal value for the distribution, manage
to improve both the distribution metric and the wirelength metric. Moreover, with respect to the crossing edges
metric, its value remains the same. Therefore, we conclude that this distribution is definitely better in all aspects
with respect to the configuration given by the Spectral method. In figure 10, we can observe the representation of
the initial configuration given by the Spectral method and the discussed distribution.
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Figure 10: (a): Initial configurations obtained from Spectral method for a path graph of 20 nodes. (b): Result obtained
using our model with β = 0.5, γ = 0.2.

Regarding the crossing edges metric, for the cases in which we have initialised the code with the spectral con-
figuration, this is usually either worsened by adding one or two crossings or maintained without crossing edges. For
the Kamada-Kawai case, most cases remain without crossing edges, although in some cases a crossing does appear.
Finally, what is more interesting, is that we find that in the case of Spring, which starts with a pair of crossing edges,
for same values of β and γ, the metric tends to improve by undoing this crossing in the resulting distribution. So
after applying our method, crossings may disappear from the initial configuration.

Let’s compare the results in more detail by distinguishing between the initial configuration we have chosen. We
start with the Spectral method. We observe that regardless of the value we have given to β and γ within the interval
[0, 0.5], the distribution metric decreases its value noticeably in all cases. We can state that in the smallest case,
we can obtain a value of MD = 2 (with β = 0.2 and γ = 0.4). Considering that initially this metric had a value
of MD = 22, the improvement in uniformity is considerable. However, it is important to see that to obtain this
improvement we have had to increase a little the wirelength. Moreover, in that case, we also get one pair of crossing
edges. Even so, we find other good solutions where we do not have crossing edges and we have a metric of MD = 4
that still improves a lot the initial distribution uniformity.

In the case of considering the Spring method as the initial configuration, we observe similar results to those
obtained starting with the spectral distribution. We can observe that for β = 0.05 and γ = 0.4 we can obtain dis-
tributions with metrics up to MD = 0. However, we need to allow three crossings and increase the initial wirelength
by more than double.

Finally, for the case of initialising the programme with Kamada-Kawai’s method, we do not get as good distri-
butions as in the other two cases. By initially having a configuration with a rather non-uniform distribution, the
program finds solutions that are not so good. Even so, the distribution metric is initially MD = 80 and we can obtain
values of up to MD = 8. That is to say, our programme really improves a lot on the initial configuration. But at
the same time, as in the other cases, the wirelength also increases, from 4.1 to 10.9. On the other hand, we observe
that initially we did not have crossing edges but in most of the cases our model gives results in which there are no
crossing edges either, so in this metric we do not obtain worse results.
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In order to find out if there is any dependence between the weights of the objective function and the values of the
metrics, we made some plots where the values of two of these metrics are plotted for the different results. We have
observed that γ does not have a clear dependence with any of the metrics, unlike β. Although for the crossing edges
metric, we have not been able to determine any dependence either, β has a marked dependence for the distribution
metric and for the wirelength metric. In figure 11 are the graphs in which the wirelength metric is plotted against
the distribution metric for different values of β.

Figure 11: Wirelength metric respect distribution metric for different values of β in a path graph of 20 nodes

We observe that as we increase the value of β, the value of the distribution metric increases (we have a less uni-
form distribution), while the value of the wirelength decreases. This is consistent with the definition of β, which was
the weight given to the wirelength in the objective function. Therefore, by analysing these graphs we can conclude
that in general, as we improve the uniformity of the distribution, the wirelength increases. Furthermore, we can also
compare the results obtained with the initial configuration (pink point), where we can observe the clear improvement
in distribution, but an increase in the wirelength metric.
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6.2 Cycle graph

The next case we have studied is a circular graph with 20 modules. The same parameters have been set in this case:
number of control points, 64, area of influence of the modules, 1x1 and dimension of the die, 4x4. As in the pre-
vious example, we have studied the problem by changing the values of the parameters β and γ within the range [0,0.5].

In the same way, we started the program with the Spectral, Spring and Kamada-Kawai methods. After running
our program, we have obtained, as in the previous example, configurations with more uniform distributions along the
die. We show below, in figure 12, some examples for different values of β and γ:

Figure 12: Results for a cycle graph of 20 modules and 64 control points. (a),(b),(c): Initial configurations obtained from
Spectral, Spring and Kamada-Kawai methods respectively. The distributions obtained using our model are represented in red.
First row corresponds to solutions that used Spectral configuration as initial configuration, second row used Spring and third
one, Kamada-Kawai. The parameters used are the following: (a1) β = 0.3, γ = 0.3, (a2) β = 0.4, γ = 0.4, (a3) β = 0.5,
γ = 0.3, (b1) β = 0.1, γ = 0.1, (b2) β = 0.2, γ = 0.1, (b3) β = 0.5, γ = 0.5, (c1) β = 0.2, γ = 0.1, (c2) β = 0.3, γ = 0.3,
(c3) β = 0.5, γ = 0.2.

We observe that in this case, the Spectral and Kamada-Kawai methods give us very similar, although not identical,
configurations. We can differentiate that unlike the Spring method, with these two we also obtain similar solutions
after applying our method. Therefore, we can see how the initial solution is connected to the final result.
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Simply looking at the examples, we see that most of these results improve the distribution but in contrast increase
the number of crossing edges. This is a difference with the path example, where although we could find solutions
where edges crossed, we obtained a high number of results where we did not have crossing edges. Below, we show
table 2 with the values of the metrics for all the results obtained through our programme. In grey, the examples
represented in the figure 12 are highlighted.

Cycle graph: 20 modules and 64 control points
Initial distribution

Spectral Spring Kamada-Kawai
MWL MD MCE MWL MD MCE MWL MD MCE

12.5 14 0 10.4 24 1 12.5 14 0
Results using our algorithm

Parameters Initialising w/ Spectral Initialising w/ Spring Initialising w/ Kamada-Kawai
β γ MWL MD MCE MWL MD MCE MWL MD MCE

0.05 0.1 25.3 4 6 22.5 4 9 28.4 0 7
0.05 0.2 26.0 4 8 20.8 2 10 29.7 0 9
0.05 0.3 26.3 0 8 20.5 2 3 30.4 6 11
0.05 0.4 25.6 6 6 21.5 2 3 27.8 2 9
0.05 0.5 25.1 6 6 21.8 6 4 30.0 6 11

0.1 0.1 19.2 4 3 16.8 0 1 19.8 4 2
0.1 0.2 21.8 4 3 17.0 0 1 24.7 6 9
0.1 0.3 22.0 6 3 18.1 4 3 23.8 4 6
0.1 0.4 22.7 4 4 16.4 4 1 23.6 4 6
0.1 0.5 22.9 6 3 17.7 4 2 22.5 6 3

0.2 0.1 18.4 4 3 14.5 2 0 17.2 2 1
0.2 0.2 18.4 4 3 14.4 4 0 18.7 4 3
0.2 0.3 18.7 4 3 14.4 4 0 19.0 4 3
0.2 0.4 19.4 4 3 15.7 6 1 19.5 4 3
0.2 0.5 19.5 4 4 17.6 2 3 19.3 4 3

0.3 0.1 17.6 4 3 14.1 6 1 17.5 6 3
0.3 0.2 18.2 6 5 14.3 6 1 17.9 0 3
0.3 0.3 16.3 0 1 14.2 4 1 16.9 8 1
0.3 0.4 17.8 2 3 15.0 4 1 19.0 8 4
0.3 0.5 17.1 4 1 13.6 8 0 19.3 6 4

0.4 0.1 16.4 8 3 13.2 8 1 15.3 4 1
0.4 0.2 15.2 4 1 13.2 10 1 17.2 2 3
0.4 0.3 16.9 8 3 13.4 10 1 17.4 6 3
0.4 0.4 17.4 2 3 13.9 4 1 16.0 2 1
0.4 0.5 16.6 8 2 13.1 8 1 16.0 6 1

0.5 0.1 15.9 6 3 11.1 14 0 14.8 4 1
0.5 0.2 14.7 6 1 12.6 12 1 15.0 2 1
0.5 0.3 16.2 4 3 14.9 12 1 11.4 8 1
0.5 0.4 15.5 6 2 13.0 10 1 15.3 6 1
0.5 0.5 16.5 10 3 13.3 4 1 15.7 8 1

Table 2: Values of the metrics MWL, MD and MCE for the initial configurations and the results obtained using our model in
a cycle graph of 20 modules, for different values of parameters β and γ.
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Observing the values in the table, we can affirm that in all cases, our model improves the distribution of the
modules within the die, since we obtain lower values for the metric MD with respect to the initial values. On the
other hand, we see that the metric MWL is improved in just one example (initialising with Spring method and using
β = 0.5 and γ = 0.3), where MD is also improved but we need to allow one pair of crossing edges. In general, the
value of MWL is greater in our model, but we can greatly improve the distribution by increasing the wirelength less
than twice. Moreover, we see that in practically all cases, the metric MCE gets worse. Nevertheless, starting with
the Spring method, we can distinguish some examples where the initial crossing is undone.

It is also interesting to note that in some of the cases highlighted in grey we can obtain a distribution with metric
MD = 0. That is, the modules are perfectly uniformly distributed within the die. However, to achieve these cases we
need to increase the wirelength and allow at least one crossing between edges.

Finally, to check the dependencies between the metrics and the parameters, we have again represented the dif-
ferent metrics in a plot using several values for the parameters. In those plots, we have been able to observe that, as
in the previous example, γ does not have a clear dependence with any of the metrics.

Figure 13: Wirelength metric respect crossing edges metric for different values of β in a cycle graph of 20 nodes.
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Unlike in the example with the path graph, we have noticed that in this case, the parameter β does not have a
clear dependence with the distribution metric MD . However, it would seem that in this case, the β parameter does
have a more direct influence on the number of crossing edges. In figure 13 we have plotted the metric MWL with
respect to MCE . We can observe that in general, for larger values of β, the number of crossings decreases. Besides,
we can also observe the expected behaviour where MWL decreases when β increases.

It is also represented in these graphs how the number of crossing edges increases with respect to the initial
configuration in all cases except in three where we use the spring method initially. Furthermore, the wire length is
greater in all cases compared to the initial positions of the modules. With this we can conclude that through our
programme we can obtain uniformly distributed circular graphs in exchange for slightly increasing the wirelength and
allowing some crossing between edges.

6.3 Grid graph

In the following we have considered a two-dimensional grid graph. In this case, we have set the number of modules to
5x5, the number of control points to 64, the dimensions of the die to 4x4 and the areas of influence of the modules
to 1x1. In this case, using the Spectral, Spring and Kamada-Kawai methods to draw the graph yields to very similar
results. For this reason, we have decided to show only the results obtained from the spectral configuration, as they
are very similar to the other results and there is no interest in comparing them. In figure 14, we show the initial
module configuration used and some of the results obtained for certain values of β and γ.

Figure 14: Results for a grid graph of 5x5 nodes and 64 control points. (a) Initial configurations obtained from Spectral
method. In red we have the solutions obtained using our model. The parameters used are the following: (a1) β = 0.4, γ = 0.1,
(a2) β = 0.5, γ = 0.1, (a3) β = 0.5, γ = 0.4.

We can see how the modules are evenly distributed throughout the die area. The following table 3 shows the
different metrics evaluated in the case of the 25-module grid. In this case we have not used values of β < 0.2
because with these we obtained results where the wirelength and the number of crossings increased a lot. Although
the metric distribution in many of these cases was minimal, we considered that due to the large increase in the other
two metrics we could not consider these results as good distributions. That is why in the table we only found values
of β within the range [0.2, 0.5]. In grey, the three results shown in the figure 14 are highlighted.

In all the results, after using our model we managed to improve the uniformity of the initial distribution in ex-
change for increasing the wirelength. In some cases, it is also necessary to allow crossing between some edges to
solve the problem. We remark that for this example, we can find cases where, by slightly increasing the wirelength,
we can get a distribution as uniform as possible, where MD = 0. Moreover, this can be achieved in some cases
without obtaining crossing edges (examples underlined in grey with (β = 0.4,γ = 0.1) and (β = 0.5,γ = 0.1)).
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Grid graph: 25 modules and 64 control points
Initial distribution

Spectral
MWL MD MCE

28.3 44 0
Results using our algorithm

Parameters Initialising w/ Spectral
β γ MWL MD MCE

0.2 0.1 37.3 2 3
0.2 0.2 43.6 6 17
0.2 0.3 37.6 10 4
0.2 0.4 45.2 4 21
0.2 0.5 42.6 4 16

0.3 0.1 35.5 2 6
0.3 0.2 37.3 2 5
0.3 0.3 37.1 2 6
0.3 0.4 38.7 6 10
0.3 0.5 40.6 4 13

0.4 0.1 33.8 0 0
0.4 0.2 31.5 0 0
0.4 0.3 34.9 0 4
0.4 0.4 38.3 8 8
0.4 0.5 40.1 6 8

0.5 0.1 31.1 0 0
0.5 0.2 35.8 0 6
0.5 0.3 31.3 0 0
0.5 0.4 34.4 0 2
0.5 0.5 37.7 8 13

Table 3: Values of the metrics MWL, MD and MCE for the initial configurations and the results obtained using our model in
a grid graph of 25 modules, for different values of parameters β and γ.

In this case the dependence between parameters and metrics is not so clear. From the graphs used in the previous
examples, we cannot extract clear information about the dependence for each parameter with the metrics. Obviously,
if we fix the value of γ and increase β we see that the metric for the wirelength decreases. As for the other two
metrics, there is no clear behaviour. However, we have observed that for small values of β the number of crossing
edges is very large.
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6.4 Random graph

Finally, we want to see how our program works with random graphs. To do so, we will consider the same graphs
used in section 3.4 and run our program with the following parameters: 64 control points, die size of 4x4 and module
influence area of 1x1. The parameters β and γ have been varied within the range [0.1,0.5]. The results are shown in
the following sections:

6.4.1 Random graph with 10 nodes

In the figure 15 we can see some of the results obtained for a 10-node random graph. As in the previous examples,
the initial configurations correspond to the results obtained from the Spectral, Spring and Kamada-Kawia methods.
We can see how for the selected parameters, the uniformity in the distribution is improved after applying our model.

Figure 15: Results for a random graph of 10 modules and 64 control points. (a),(b),(c): Initial configurations obtained from
Spectral, Spring and Kamada-Kawai methods respectively. The distributions obtained using our model are represented in red.
First row corresponds to solutions that used Spectral configuration as initial configuration, second row used Spring and third
one, Kamada-Kawai. The parameters used are the following: (a1) β = 0.1, γ = 0.1, (a2) β = 0.5, γ = 0.5, (b1) β = 0.1,
γ = 0.1, (b2) β = 0.3, γ = 0.1, (c1) β = 0.1, γ = 0.3, (c2) β = 0.1, γ = 0.5.
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The values of the metrics are shown in the table 4. In grey we show those corresponding to the examples rep-
resented in 15. We can see that after applying our model to the random graph, the distribution improves in all
cases with respect to the initial configuration except in those marked in red. For those, the distribution metric has
either the same or higher values. In these cases, we observe that none of the three metrics is improved, so the
initial distribution would be better than the one obtained after using our model. This indicates the importance of
consciously choosing the values of β and γ. With a good choice of these parameters we observe that for the three
initial configurations, we are able to reduce our distribution metric significantly.

Random graph: 10 modules and 64 control points
Initial distribution

Spectral Spring Kamada-Kawai
MWL MD MCE MWL MD MCE MWL MD MCE

9.4 12.9 0 8.7 8.9 0 9.6 4.9 0
Results using our algorithm

Parameters Initialising w/ Spectral Initialising w/ Spring Initialising w/ Kamada-Kawai
β γ MWL MD MCE MWL MD MCE MWL MD MCE

0.1 0.1 13.8 0.9 0 14.3 0.9 2 20.4 2.9 1
0.1 0.3 13.5 4.9 0 15.0 0.9 2 14.1 0.9 0
0.1 0.5 14.7 0.9 0 16.2 2.9 3 15.0 0.9 0

0.3 0.1 11.6 10.9 0 11.6 2.9 0 13.0 4.9 1
0.3 0.3 11.9 2.9 0 12.3 8.9 2 13.3 4.9 1
0.3 0.5 12.1 4.9 0 12.0ç 2.9 0 12.6 2.9 0

0.5 0.1 10.6 8.9 0 11.0 8.9 1 11.3 6.9 0
0.5 0.3 10.9 6.9 0 10.9 6.9 1 12.2 6.9 1
0.5 0.5 11.2 0.9 0 11.2 6.9 1 12.3 6.9 1

Table 4: Values of the metrics MWL, MD and MCE for the initial configurations and the results obtained using our model in
a random graph of 10 modules, for different values of parameters β and γ.

We observe that we are able to obtain distributions where the value of the metric MCE remains at zero. However,
it is necessary to increase the metric MWL in order to improve the uniformity of the distribution. Even so, in grey we
can see distributions in which the wirelength increases not much, but the uniformity improves greatly.

In conclusion, for a good choice of parameters β and γ we can obtain more uniform distributions after applying
our model than not using only the Spectral, Spring or Kamada-Kawai methods. In these cases, we will obtain distri-
butions that by increasing the wirelength a little bit the uniformity is greatly improved, so in practice, these results
can be more useful for floorplanning.
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6.4.2 Random graph with 15 nodes

Let us now consider the binary random graph with 15 nodes and probability 0.2. This case is more complicated than
the previous one, since by including more nodes in the random graph we will have more probabilities of having crossing
edges. In figure 16, we can observe the initial configurations obtained from the Spectral, Spring and Kamada-Kawai
methods as well as the final results after applying our algorithm.

Figure 16: Results for a random graph of 15 modules and 64 control points. (a),(b),(c): Initial configurations obtained from
Spectral, Spring and Kamada-Kawai methods respectively. The distributions obtained using our model are represented in red.
First row corresponds to solutions that used Spectral configuration as initial configuration, second row used Spring and third
one, Kamada-Kawai. The parameters used are the following: (a1) β = 0.1, γ = 0.5, (a2) β = 0.3, γ = 0.5, (b1) β = 0.1,
γ = 0.3, (b2) β = 0.5, γ = 0.5, (c1) β = 0.3, γ = 0.1, (c2) β = 0.5, γ = 0.3.

We observe that the distribution obtained by the Spectral method contains a large number of nodes grouped in
the same region. For this reason, in this case, this method would not be a good algorithm to solve the floorplanning
problem. Both the Spring method and the Kamada-Kawai method give better distributed layouts, but the uniformity
can still be improved. In contrast, the results obtained with our method are observed to be more uniform. In the
following table 5 we can see which metrics have improved after applying our algorithm.
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Random graph: 15 modules and 64 control points
Initial distribution

Spectral Spring Kamada-Kawai
MWL MD MCE MWL MD MCE MWL MD MCE

12.9 40.1 8 18.2 16.9 14 19.0 8.9 8
Results using our algorithm

Parameters Initialising w/ Spectral Initialising w/ Spring Initialising w/ Kamada-Kawai
β γ MWL MD MCE MWL MD MCE MWL MD MCE

0.1 0.1 25.4 8.9 7 35.1 2.9 19 69.2 0.9 20
0.1 0.3 26.1 8.9 9 33.3 2.9 15 77.7 0.9 20
0.1 0.5 28.0 4.9 7 33.8 2.9 15 68.6 0.9 20

0.3 0.1 19.1 14.9 7 26.2 12.9 13 41.2 2.9 11
0.3 0.3 20.6 10.9 7 27.0 10.9 15 43.0 2.9 12
0.3 0.5 21.6 4.9 8 27.6 6.9 14 41.6 2.9 13

0.5 0.1 16.6 22.9 8 26.4 12.9 14 35.1 6.9 10
0.5 0.3 18.0 16.9 8 24.1 8.9 14 35.2 4.9 10
0.5 0.5 19.0 16.9 8 24.9 10.9 13 38.9 4.9 12

Table 5: Values of the metrics MWL, MD and MCE for the initial configurations and the results obtained using our model in
a random graph of 15 modules, for different values of parameters β and γ.

We observe that in all cases the distribution metric MD decreases its value with respect to its initial configuration
after using our algorithm. We observe that after using our algorithm, in the best cases, we can get values for the
distribution metric between MD = 0.9 and MD = 4.9. To achieve this, in all cases the wirelength is increased quite
a lot. On the other hand, the metric MCE in some cases improves and in others worsens with respect to its initial
configuration. But for a good choice of parameters we can obtain uniform distributions where in the worst case the
value of MCE does not increase by more than three units.

In conclusion, for this random graph, we can get uniformly distributed configurations of modules by increasing the
wirelength. Moreover, it is likely that in the result, more crossing edges appear. However, the number of crossings we
need to obtain good configurations is not much higher than what we get with the Spectral, Spring and Kamada-Kawai
methods. In general, we would have to study the particular problem. If uniformity in the distribution is important,
we could use our algorithm in exchange for sacrificing the minimisation of the wirelength. On the other hand, if in
our particular problem, the wirelength has to be reduced to the maximum, it might be better to use another of the
methods we have seen for drawing graphs taking into account that the modules will not be so well distributed in the die.

6.5 Changing the number of control points

So far we have analysed results for different types of graphs by varying the values of the weights in the objective
function, β and γ. For these results other program parameters have been fixed, such as the number of control points,
the dimensions of the die, etc. These parameters can also influence the result. In particular, we are interested in
studying how the number of control points affect the results. In order to analyse that, we have used the simplest
of graphs, the path graph. Through our program we have distributed a set of path graphs for fixed values of the
weights in the objective function. Specifically, for β = 0.1 and γ = 0.2. We used the Spectral method in the first
step of our code to obtain the intial configuration from where we start the optimization.

We have decided to study path graphs with different numbers of modules because it is reasonable to think that
this may influence the choice of the number of control points. In particular, we have distributed path graphs of
10,20,30 and 40 nodes.
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The table 6 below shows the results obtained for the different metrics according to the number of control points
chosen. It should be noted that, to be coherent with the square dimensions of the die, we distributed the control
points in a square grid. Therefore, the number of control points is square.

Changing the number of control points
10-node path 20-node path 30-node path 40-node path

Initial distributions
MWL MD MCE MWL MD MCE MWL MD MCE MWL MD MCE

9.8 4.9 0 4.9 22 0 3.3 55 0 2.5 75.7 0
Results using our algorithm

Control Points MWL MD MCE MWL MD MCE MWL MD MCE MWL MD MCE

16 14.7 4.9 0 7.0 10.0 0 4.9 18.0 0 70.0 83.9 57
25 14.8 2.9 0 10.0 4 1 7.8 20 1 5.8 29.9 1
36 29.9 0.9 5 9.5 8 0 7.5 14 1 5.6 33.9 0
49 15.7 4.9 0 12.0 6 1 8.0 14 1 5.6 27.9 0
64 12.6 4.9 0 10.5 6 0 7.0 12 0 5.8 25.9 0
81 15.3 2.9 0 12.1 8 1 9.0 16 1 5.8 19.9 0

Table 6: Values of the metrics MWL, MD and MCE for the initial configurations and the results obtained using our model in
path graphs of 10,20,30 and 40 modules, for different number of control points.

In the table, the best solutions for each of the examples are highlighted in grey, which are also represented in
figure 17. We can affirm that when the number of control points is much smaller than the number of modules,
the algorithm has difficulties to find a solution to the optimisation problem. For example, for the case of 16 control
points, in the case of the 40-node graph, the algorithm does not find an optimal solution after the maximum number
of iterations. In contrast, for the 10-node graph the algorithm can return a good distribution.

Figure 17: Results obtained initialising our model with the Spectral method. (a) 10-node path with 25 control points,
(b)20-node path with 64 control points, (c) 30-node path with 64 control points, (d) 40-node path with 81 control poitns.

In general, we have observed that the algorithm tends to work well for a number of control points about ap-
proximately twice the number of modules. However, by increasing the number of control points we also find good
solutions. On the other hand, if the number of control points is much lower, it is possible that the algorithm is not
able to find uniform distributions.

Even so, it is important to keep in mind that the algorithm does not only depend on this parameter as we have
seen in previous sections. In other words, it is very likely that by modifying the values of the weights, we can obtain
better solutions with the same number of control points. This implies that for each particular problem we will have
to study well possible combinations of parameters.
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When choosing the number of control points, we not only have to take into account the improvement in the
distribution of the modules. An increase in the number of number of control points usually influences at the same
time an increase in the problem solving time. Therefore, we increase the computational cost of the program. In
figure 18, we see a plot representing the time the program needed to find each of the solutions as a function of the
number of control points.

Figure 18: Runtime of the program as a function of the number of control points for 10, 20, 30 and 40-node path graph.
The plot on the right shows a zoom of the left hand side plot for the path graphs with 10, 20 and 30 nodes.

We can observe that for path graphs of 10 and 20 nodes, the behaviour is as expected with an increase of the
runtime as we increase the number of control points. However, we can see that for graphs with more nodes, the
behaviour is different. As we have mentioned before, the number of control points influences the solution of the
problem. We have observed that in general, when the number of nodes increases, the best solutions are found with
more control points. In general this number is between two and three times the number of nodes. In addition,
when the number of control points is much smaller than the number of nodes, we have observed solutions that are
not very uniform or have many crossing edges. Therefore, we can assume that the runtime for graphs of 30 and
40 nodes is higher in cases where we have fewer control points because the program cannot find optimal distributions.

With this we can conclude, that in general, when we want to solve a particular floorplanning problem, we have
to take into account that the number of control points we choose will depend on the number of modules we have.
Moreover, we can assume as a first solution that this number will be around double or triple the number of nodes
to obtain good distributions. On the other hand, keep in mind that for a very high number of modules, the runtime
required with our program can increase significantly.
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7. Conclusions and future work

The aim of this thesis was to find a mathematical algorithm to solve the first level of the floorplanning problem.
That is, we wanted to distribute the modules within a die, through the representation with graphs, where the nodes
represent the modules. After having worked with different models, we finally found an algorithm that achieved sat-
isfactory results in many of the cases studied.

This algorithm is divided into two steps. The first step is the graphical representation of the graphs through one
of the following techniques: Spectral method, Spring layout or Kamada-Kawai method. These methods allow us to
draw the modules according to a graph. The second step of the algorithm is based on the improvement of these
initial distributions.

The resolution of the first case has been automatic through the NetworkX library. This library includes some
functions that receive a graph as input and return the graphical representation calculated through the Spectral, Spring
and Kamada-Kawai methods.

The second step of the algorithm has been treated as a non-convex optimisation problem. Specifically, it has been
solved using the APOPT solver of the GEKKO library. In the formulation of the problem we minimised a weighted
sum with three terms representing: the wirelength, the uniformity of the distribution and the repulsion forces between
modules. To determine the uniformity term, we created a grid of control points within the die. We then considered
the modules and control points as physical particles. In this way, we could calculate the potential that the modules
exerted on each control point. This potential is given the form of a Gaussian function in order to optimise the problem
using graident-based methods. In the end, the distribution term in the objective function was calculated as the sum
of potential variances at all control points.

As the problem is non-convex, we can find different local minima depending on the initial solution with which
we start the problem. For this reason, we have studied the performance of the algorithm using the different initial
configurations given by the three graph drawing methods indicated above. In the project, we have studied different
types of graphs: path, circular, grid and random graphs. For each of these we have compared the results obtained
with the Spectral, Spring and Kamada-Kawai methods with those obtained after applying our model. As a result,
we have seen that in most of cases, our model manages to uniform the nodes of the graph along the die area.
Consequently, edges generally tend to increase in length, so in order to improve the distribution we need to sacrifice
the minimisation of the wirelength. In addition, we have seen that when we use our model, the number of crossing
edges in the results is usually similar to that obtained with the other methods, although it can both increase and
decrease depending on the example.

We have also analysed the results by varying the parameters of the algorithm. Initially, we have compared how the
weights of the objective function β and γ influence the solutions. We have observed that depending on the problem
we want to solve, these parameters influence the results differently. It is difficult to determine a clear dependence
of the γ parameter on the metrics used to compare the results. For β we have been able to observe the expected
behaviour. As it increases, the wirelength decreases. Moreover, in the case of path graphs we have seen that by
increasing β the distribution metric tended to worsen. On the other hand, for circular graphs, we have seen that by
increasing β, usually the number of crossing edges decreases. We can conclude that we cannot determine an exact
behaviour with the increase or decrease of these two parameters, but that by studying different values of these we
can vary the distribution of the result quite a lot. Therefore, for each particular problem we will have to analyse the
results for different values of the weights.
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On the other hand, we have studied the influence of the number of control points. For this purpose, we have
worked with path graphs. We have been able to verify that this parameter has a real influence on the results. More-
over, we can assume that the choice of a good value for this number has to be influenced by the number of nodes in
our graph. The more nodes we have, the better solutions we can obtain as long as we increase the number of control
points. Moreover, if the number of control points is much smaller than the number of nodes, the program may not
be able to find an optimal solution. However, in general, the increase in the number of control points goes hand in
hand with the increase in computational cost.

In conclusion, we can state that our model achieves uniform distributions within the die while minimising the
wirelength. Moreover, the number of crossing edges is comparable to that obtained from other graph drawing meth-
ods. However, in general, the wirelength is increased with respect to other methods but in contrast we achieve more
uniformity. That is why, with a good choice of model parameters, we can obtain better distributions than those
obtained by other methods such as Spectral, Spring or Kamada-Kawai.

These new distributions can help to increase the efficiency of integrated circuits. However, there is still a lot of
work to be done in this area. First of all, we need to start working with real problems and study for each particular
problem the parameters of the model with which we can obtain the desired distribution. We claim that our model
will be able to provide an optimal distribution for the corresponding graph. Afterwards, we would need to proceed
to the next level of the floorplanning problem. In order to solve this one, we can provide our distribution as an initial
solution for a more effective solution. In this second level, we would take into account the areas of the particular
modules and add other constraints to the problem such as avoiding overlapping between modules.
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A. Implementation of the model in Python

1 import numpy as np

2 from gekko import GEKKO

3 import networkx as nx

4 import matplotlib.pyplot as plt

5 import numpy as np

6 import random as rd

7 import math

8

9 # Function to set global options of GEKKO

10 def global_options(m, solver , otol , rtol , maxiter):

11 m.options.SOLVER = int(solver) # Solver: 1: APOPT , 2: BPOPT , 3: IPOPT

12 m.options.OTOL = otol # Optimisation function tolerance

13 m.options.RTOL = rtol # Restriction tolerance

14 m.options.MAX_ITER = int(maxiter) # Maximum number of iterations

15

16 # When using spectral_layout , the positions of the points are within the range [0:1]. I create

this function to obtain the positions within the range of the dimensions of the die

17

18 def range_function(x, range1 , range2):

19 b=( range2 [1]- range2 [0])/( range1 [1]- range1 [0])

20 a=range2 [1]-b*range1 [1]

21 return(a+b*x)

22

23 # Function such that I give as an input a natural number and it returns me a pair of natural

numbers whose product is similar to the input. In this function I try to find the two

numbers that have a similar ratio between them as the dimensions of the die

24

25 def product(dimension_die , number):

26

27 ratio = round(dimension_die [0]/ dimension_die [1])

28 initial_guess = round(math.sqrt(number/ratio))

29

30 product1 = initial_guess **2* ratio

31 product2 = (initial_guess - 1)**2* ratio

32 product3 = (initial_guess)*( initial_guess*ratio -1)

33 product4 = (initial_guess + 1)**2* ratio

34 product5 = (initial_guess)*( initial_guess*ratio +1)

35

36 diference1 = abs(number - product1)

37 diference2 = abs(number - product2)

38 diference3 = abs(number - product3)

39 diference4 = abs(number - product4)

40 diference5 = abs(number - product5)

41

42 if minimum_diference == diference1:

43 print(’1’)

44 return ([ initial_guess*ratio , initial_guess ])

45 elif minimum_diference == diference2:

46 print(’2’)

47 return ([( initial_guess -1)*ratio , initial_guess - 1])

48 elif minimum_diference == diference3:

49 print(’3’)

50 return ([ initial_guess*ratio - 1, initial_guess ])

51 elif minimum_diference == diference4:

52 print(’4’)

53 return ([( initial_guess +1)*ratio , initial_guess + 1])

54 elif minimum_diference == diference5:

55 print(’5’)

56 return ([ initial_guess*ratio + 1, initial_guess ])

57

58

59
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60 # GEKKO model

61

62 def model2(dimension_die , number_control , graph , number_modules , coord_modules_initial ,

dimension_modules , solver , otol , rtol , maxiter , draw , coef_edges , coef_repulsion ,

type_of_graph):

63

64 m=GEKKO()

65

66 # Create parameters and variables with the coordinates of the control points and the

modules

67

68 # Find the coordinates of the control points:

69

70 number_control_points_row=int(number_control [0])

71 area_control_x =( dimension_die [0]/ number_control_points_row)

72 if dimension_die [0]==0:

73 coord_control_x =[0]

74 else:

75 coord_control_x=np.linspace(area_control_x /2, dimension_die [0]- area_control_x /2,int(

number_control_points_row))

76

77 control_range_x=range(len(coord_control_x))

78

79 number_control_points_column=int(number_control [1])

80 area_control_y =( dimension_die [1]/ number_control_points_column)

81 if dimension_die [1]==0:

82 coord_control_y =[0]

83 else:

84 coord_control_y=np.linspace(area_control_y /2, dimension_die [1]- area_control_y /2,int(

number_control_points_column))

85

86 control_range_y=range(len(coord_control_y))

87

88 number_control_points=int(number_control_points_row)*int(number_control_points_column)

89 control_range=range(int(number_control_points))

90 coord_control=m.Array(m.Param ,(int(number_control_points) ,2))

91

92 n=0

93 for x in control_range_x:

94 for y in control_range_y:

95 coord_control[n,0]. value=coord_control_x[x]

96 coord_control[n,1]. value=coord_control_y[y]

97 n=n+1

98

99 # Load the initial coordinates of the modules:

100

101 number_modules=len(coord_modules_initial)

102 modules_range=range(int(number_modules))

103 coord_modules = m.Array(m.Var , (number_modules , 2), lb=0)

104 index_coord_modules = list(coord_modules_initial)

105

106 for p in modules_range:

107 for i in range (2):

108 coord_modules[p][i].value=coord_modules_initial[index_coord_modules[p]][i]

109 coord_modules[p][i].upper=dimension_die[i]

110

111 # Depending on the layout used to obtain the positions of the modules , the dictionary will

have different keys. I create a dictionary that allows me to change the keys to {0, 1,

2,...} and vice versa.

112 dictionary_to_numbers ={}

113 dictionary_to_keys ={}

114 i=0

115 for key in list(coord_modules_initial.keys()):

116 dictionary_to_numbers[key] = i

117 dictionary_to_keys[i] = key

118 i=i+1
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119 # MODEL:

120 # Define some Parameters:

121

122 alpha = m.Param(value=coef_edges)

123 Pot = [[None]* number_modules for c in control_range]

124 Pot_x = [[None]* number_modules for c in control_range]

125 Pot_y = [[None]* number_modules for c in control_range]

126 Sum_pot_control = [None]* number_control_points

127 Sum_pot_modules = [None]* number_modules

128 Norm_const_pot = [None]* number_modules

129

130 # Optimise distribution

131

132 area_die = dimension_die [0]* dimension_die [1]

133 area_modules = dimension_modules **2 # I assume the same square area for all modules

134 expected_pot = m.Param(value=( number_modules*area_modules)/number_control_points)

135

136 # I compute the potentials using a gaussian funciton

137 sigma = dimension_modules /3 #sigma **2 is the variance in the Gaussian function

138

139 for p in modules_range:

140 for c in control_range:

141

142 Pot_x[c][p] = m.exp ( -(1/2) *(( coord_modules[p][0]- coord_control[c,0])/sigma)**2)

143 Pot_y[c][p] = m.exp ( -(1/2) *(( coord_modules[p][1]- coord_control[c,1])/sigma)**2)

144 Pot[c][p] = Pot_x[c][p]* Pot_y[c][p]

145

146 # I compute the normalisation constant for the potential of each module

147

148 for p in modules_range:

149 Sum_pot_modules[p] = m.sum([Pot[c][p] for c in control_range ]) #Sum of the potential

generated for each module

150

151 for p in modules_range:

152 Norm_const_pot[p] = area_modules/Sum_pot_modules[p]

153

154 # Sum of the potential at each control point

155 for c in control_range:

156 Sum_pot_control[c] =m.sum([ Norm_const_pot[p]*Pot[c][p] for p in modules_range ])

157

158 # Variance of the potential at each control point

159

160 Var_pot = m.sum ([( Sum_pot_control[c]-expected_pot.value)**2 for c in control_range ])

161

162 # Normalisation constant of the distribution term in the objective funciton

163

164 Pot_initial = [[None]* number_modules for c in control_range]

165 Pot_x_initial = [[None]* number_modules for c in control_range]

166 Pot_y_initial = [[None]* number_modules for c in control_range]

167 Sum_pot_control_initial = [None]* number_control_points

168 Sum_pot_modules_initial = [None]* number_modules

169 Norm_const_pot_initial = [None]* number_modules

170

171 for p in modules_range:

172 for c in control_range:

173 Pot_x_initial[c][p] = m.exp(-( coord_modules_initial[index_coord_modules[p]][0] -

coord_control[c,0]) **2/(2*( sigma)**2))

174 Pot_y_initial[c][p] = m.exp(-( coord_modules_initial[index_coord_modules[p]][1] -

coord_control[c,1]) **2/(2*( sigma)**2))

175 Pot_initial[c][p] = Pot_x_initial[c][p]* Pot_y_initial[c][p]

176

177 for p in modules_range:

178 Sum_pot_modules_initial[p] = m.sum([ Pot_initial[c][p] for c in control_range ])

179

180 for p in modules_range:

181 Norm_const_pot_initial[p] = area_modules/Sum_pot_modules_initial[p]

37



182

183 for c in control_range:

184 Sum_pot_control_initial[c] =m.sum([ Norm_const_pot_initial[p]* Pot_initial[c][p] for p

in modules_range ])

185

186 Var_pot_initial = m.sum ([( Sum_pot_control_initial[c]-expected_pot.value)**2 for c in

control_range ])

187

188 # Optimise minimisation edges

189

190 sum_edges = m.Intermediate(m.sum ([( coord_modules[dictionary_to_numbers[i[0]]][0] -

coord_modules[dictionary_to_numbers[i[1]]][0]) **2+( coord_modules[dictionary_to_numbers[i

[0]]][1] - coord_modules[dictionary_to_numbers[i[1]]][1]) **2 for i in list(graph.edges())]))

191

192 # Normalisation constant of the edges term in the objective funciton

193

194 sum_edges_initial =0

195 for i in list(graph.edges()):

196 sum_edges_initial += (coord_modules_initial[i[0]][0] - coord_modules_initial[i[1]][0])

**2+( coord_modules_initial[i[0]][1] - coord_modules_initial[i[1]][1]) **2

197 if sum_edges_initial ==0:

198 sum_edges_initial =1

199

200 # Repulsion forces

201

202 epsilon = 1e-8

203 Repulsion_force = m.sum([m.sum ([1/((( coord_modules[i][0]- coord_modules[j][0]) **2+(

coord_modules[i][1]- coord_modules[j][1]) **2+ epsilon)) for j in range(i+1, number_modules)

]) for i in range(number_modules -1)])

204

205 # Normalisation constant of the repulsion forces term in the objective funciton

206

207 Repulsion_force_initial = sum([sum ([1/((( coord_modules_initial[index_coord_modules[i]][0]-

coord_modules_initial[index_coord_modules[j]][0]) **2+( coord_modules_initial[

index_coord_modules[i]][1]- coord_modules_initial[index_coord_modules[j]][1]) **2+ epsilon))

for j in range(i+1, number_modules)]) for i in range(number_modules -1)])

208

209 # Objective function

210 m.Minimize(alpha *(1/ sum_edges_initial)*sum_edges + (1/ Var_pot_initial)*Var_pot +

coef_repulsion *(1/ Repulsion_force_initial)*Repulsion_force)

211

212 # Solve the problem

213

214 global_options(m, solver , otol , rtol , maxiter)

215

216 m.solve(debug=0, disp=True)

217

218 # Draw the solution

219

220 if draw=="True":

221 node_labels ={}

222 node_labels_final ={}

223 node_labels_control ={}

224

225 #Initial positions:

226

227 for i in index_coord_modules:

228 for j in range (2):

229 coord_modules_initial[i][j]=round(coord_modules_initial[i][j],2)

230

231 for p in modules_range:

232 node_labels[p]= coord_modules_initial[dictionary_to_keys[p]]

233

234 #Final positions:

235

236 final_graph=nx.Graph ()
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237 final_graph.add_nodes_from ([p for p in modules_range ])

238 coord_modules_final = nx.spectral_layout(final_graph)

239

240 for p in modules_range:

241 coord_modules_final[p]=[ coord_modules[p][0]. value[0], coord_modules[p][1]. value

[0]]

242 node_labels_final[p]= coord_modules_final[p]

243

244 j=0

245 for i in index_coord_modules:

246 coord_modules_final[i]= coord_modules_final.pop(j)

247 j=j+1

248

249 final_graph.add_edges_from(list(graph.edges ()))

250

251 #Control positions:

252

253 control_graph=nx.Graph()

254 control_graph.add_nodes_from(list(c for c in control_range))

255 nodePos_control = nx.spectral_layout(control_graph)

256

257 for c in control_range:

258 nodePos_control[c]=[ coord_control[c,0]. value [0], coord_control[c,1]. value [0]]

259 node_labels_control[i]= nodePos_control[c]

260

261 # Performance of the model

262 # Wirelength metric

263

264 wl_initial =0

265 for i in list(graph.edges()):

266 wl_initial += (( coord_modules_initial[i[0]][0] - coord_modules_initial[i[1]][0])

**2+( coord_modules_initial[i[0]][1] - coord_modules_initial[i[1]][1]) **2) **(1/2)

267

268 wl_final =0

269 for i in list(graph.edges()):

270 wl_final += (( coord_modules_final[i[0]][0] - coord_modules_final[i[1]][0]) **2+(

coord_modules_final[i[0]][1] - coord_modules_final[i[1]][1]) **2) **(1/2)

271

272 # Distribution metric for the initial positions:

273

274 control_areas = product(dimension_die , number_modules)

275 modules_in_control_area = np.zeros(control_areas [0]* control_areas [1])

276 number_control_areas = control_areas [0]* control_areas [1]

277

278 area_control_distribution_x =( dimension_die [0]/ control_areas [0])

279 area_control_x=np.linspace(area_control_distribution_x /2, dimension_die [0]-

area_control_distribution_x /2,int(control_areas [0]))

280 control_range_distribution_x=range(len(area_control_x))

281

282 area_control_distribution_y =( dimension_die [1]/ control_areas [1])

283 area_control_y=np.linspace(area_control_distribution_y /2, dimension_die [1]-

area_control_distribution_y /2,int(control_areas [1]))

284 control_range_distribution_y=range(len(area_control_y))

285

286 coord_control_area_x = np.zeros(number_control_areas)

287 coord_control_area_y = np.zeros(number_control_areas)

288

289 n=0

290 for x in control_range_distribution_x:

291 for y in control_range_distribution_y:

292 coord_control_area_x[n]= area_control_x[x]

293 coord_control_area_y[n]= area_control_y[y]

294 n=n+1

295 for c in range(number_control_areas):

296 for p in modules_range:

297
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298 if (( coord_modules_initial[index_coord_modules[p]][0]- coord_control_area_x[c])

**2 <= (area_control_distribution_x /2) **2) and (( coord_modules_initial[index_coord_modules

[p]][1]- coord_control_area_y[c])**2 <= (area_control_distribution_y /2) **2) :

299 modules_in_control_area[c] = modules_in_control_area[c] + 1

300

301 distribution_metric_initial = sum([( modules_in_control_area[c] - number_modules/

number_control_areas)**2 for c in range(number_control_areas)])

302

303 # Distribution metric for the final result:

304

305 modules_in_control_area = np.zeros(control_areas [0]* control_areas [1])

306

307 for c in range(number_control_areas):

308 for p in modules_range:

309

310 if (( coord_modules_final[index_coord_modules[p]][0]- coord_control_area_x[c])

**2 <= (area_control_distribution_x /2) **2) and (( coord_modules_final[index_coord_modules[p

]][1]- coord_control_area_y[c])**2 <= (area_control_distribution_y /2) **2) :

311 modules_in_control_area[c] = modules_in_control_area[c] + 1

312

313 distribution_metric_final = sum ([( modules_in_control_area[c] - number_modules/

number_control_areas)**2 for c in range(number_control_areas)])

314

315 # Worst possible distribution: All points in the same control area

316

317 distribution_metric_worst = (number_modules/number_control_areas)**2*(

number_control_areas -1) + (number_modules - number_modules/number_control_areas)**2

318

319 print(’-------------------------------------------------------------’)

320 print("Initial distribution metric", distribution_metric_initial)

321 print("Final distribution metric", distribution_metric_final)

322 print("Worst possible distribution", distribution_metric_worst)

323 print("Initial length edges", wl_initial)

324 print("Final length edges", wl_final)

325

326 # Crossing edges metric

327

328 def segments_intersect(seg1 , seg2):

329 def orientation(p, q, r):

330 val = (q[1] - p[1]) * (r[0] - q[0]) - (q[0] - p[0]) * (r[1] - q[1])

331 if val == 0:

332 return 0 # Collinear

333 elif val > 0:

334 return 1 # Clockwise orientation

335 else:

336 return 2 # Counterclockwise orientation

337

338 def on_segment(p, q, r):

339 if (q[0] <= max(p[0], r[0]) and q[0] >= min(p[0], r[0]) and

340 q[1] <= max(p[1], r[1]) and q[1] >= min(p[1], r[1])):

341 return True

342 return False

343

344 p1, q1 = seg1

345 p2, q2 = seg2

346

347 o1 = orientation(p1, q1, p2)

348 o2 = orientation(p1, q1, q2)

349 o3 = orientation(p2, q2, p1)

350 o4 = orientation(p2, q2, q1)

351

352 if (o1 != o2 and o3 != o4):

353 return True # Segments intersect

354

355

356
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357 # Special cases for collinear segments

358 if (o1 == 0 and on_segment(p1, p2, q1)):

359 return True

360 if (o2 == 0 and on_segment(p1, q2, q1)):

361 return True

362 if (o3 == 0 and on_segment(p2, p1, q2)):

363 return True

364 if (o4 == 0 and on_segment(p2, q1, q2)):

365 return True

366

367 return False # Segments do not intersect

368

369 crossing_edges = 0

370

371 for i in list(graph.edges()):

372 for j in list(graph.edges()):

373

374 point1_seg1 = [coord_modules_final[i[0]][0] , coord_modules_final[i[0]][1]]

375 point2_seg1 = [coord_modules_final[i[1]][0] , coord_modules_final[i[1]][1]]

376 point1_seg2 = [coord_modules_final[j[0]][0] , coord_modules_final[j[0]][1]]

377 point2_seg2 = [coord_modules_final[j[1]][0] , coord_modules_final[j[1]][1]]

378

379

380 if (i[0] == j[0] or i[0] == j[1] or i[1] == j[0] or i[1] == j[1]):

381 a = 0

382

383 else:

384 seg1 = (( coord_modules_final[i[0]][0] , coord_modules_final[i[0]][1]) ,(

coord_modules_final[i[1]][0] , coord_modules_final[i[1]][1]))

385 seg2 = (( coord_modules_final[j[0]][0] , coord_modules_final[j[0]][1]) ,(

coord_modules_final[j[1]][0] , coord_modules_final[j[1]][1]))

386

387 if segments_intersect(seg1 , seg2):

388 crossing_edges = crossing_edges + 1

389

390 crossing_edges = crossing_edges /2

391 print("Crossing edges:", crossing_edges)

392

393 #Plot:

394 fig , ax = plt.subplots(1, dpi =60)

395 plt.xlim(0, dimension_die [0])

396 plt.ylim(0, dimension_die [1])

397 nx.draw_networkx(graph , pos=coord_modules_final , node_color="tab:red", with_labels=

True , font_size=9, label="Final position")

398 nx.draw_networkx(control_graph , pos=nodePos_control , node_color="black", with_labels=

False , font_size =9, node_size =20, label="Control points")

399 fig , ax = plt.subplots(1, dpi =60)

400 plt.xlim(0, dimension_die [0])

401 plt.ylim(0, dimension_die [1])

402 nx.draw_networkx(graph , pos=coord_modules_initial , node_color="tab:blue", with_labels=

True , font_size=9, node_size =150, label="Initial position")

403 nx.draw_networkx(control_graph , pos=nodePos_control , node_color="black", with_labels=

False , font_size =9, node_size =20, label="Control points")

404

405 plt.title(str(type_of_graph) + ’ Graph with: Edges = ’ + str(coef_edges) + ’,

Repulsion = ’ + str(coef_repulsion) + ’, # Control poitns = ’ + str(number_control_points)

+ ’, # Modules = ’ + str(number_modules) + ’, Distribution =’ + str(

distribution_metric_final) + ’, Crossing edges =’ + str(crossing_edges))

406

407 return(coord_control , coord_modules_final , Pot , Pot_x , Pot_y , expected_pot.value ,

Sum_pot_control , modules_in_control_area , distribution_metric_final , crossing_edges)

Listing 1: Python program of the implementation of our algorithm
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