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Comparison of similitude laws applied to multi-storey masonry 

structures with flexible diaphragms 

The present paper discusses similitude laws employed for the shaking-table tests 

of masonry structures with flexible diaphragms. Two tasks are tackled. First, the 

paper presents a literature review on similitude laws. The discussion focuses on 

Cauchy and Cauchy-Froude laws. Second, numerical analysis is performed to 

examine the accuracy and adequacy of the aforementioned two laws. Two 

previously performed shaking-table tests are taken advantage of as the case 

studies. The paper explores the ideal applications of similitude laws to the 

shaking table tests of masonry structures with flexible diaphragms by comparing 

the behaviour between full-scale prototypes and reduced-scale models.  

KEYWORD: shaking table test, similitude law, masonry, numerical analysis, 

seismic assessment 

1. INTRODUCTION 

The paper discusses similitude laws applicable to the shaking table tests of reduced-

scale models describing masonry structures. Masonry structures are considered 

seismically vulnerable due to the presence of flexible diaphragms and the lack of 

sufficiently efficient connections between orthogonal walls and between floor/roof slabs 

and walls (Mendes et al. 2014, Magnes et al. 2010, Gregory et al 2004). The lack of so-

called box behaviour causes walls to behave independently and hinders a globally 

efficient response (Stavridis et al. 2016, Binda and Saisi 2005, D’Ayala and Speranza 

2003). Earthquake damage surveys have indicated that such structures were particularly 

vulnerable in out-of-plane movement (Weise et al. 2018, Gautam 2017) although they 

were unignorably vulnerable also in in-plane movement (Modena et al. 2011).  

Shaking table tests have been considered as an appropriate approach to closely 

investigate the seismic behaviour of structures. However, reliable shaking table tests are 

very expensive (Harris and Sabnis 1999). In some cases, specimens have to be reduced 
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in scale due to the capacity and size of shaking tables (Tomazevic and Velechovsky 

1992). Different approaches have been taken to carry out the qualitative and quantitative 

comparison of seismic behaviour among full-scale prototypes and reduced-scale models 

(Coutinho et al. 2016). A frequently used one is similitude laws (Szirtes 2007). A 

number of shaking table tests have been performed on reduced-scale masonry structures 

with flexible diaphragms according to similitude laws. Tests were performed 

successfully on single-storey masonry buildings (Okail et al. 2011, Rafi et al. 2018 

Kallioras et al. 2018, 2020, Paquette and Bruneau 2003, Paquette et al. 2004) and multi-

storey masonry buildings (Mendes et al. 2014, Deng et al. 2019, Mouzakis et al. 2018, 

Senaldi et al. 2020, Sweeney et al. 2004, 2005). The size effect of units can be 

unignorable when the scale of masonry structures are significantly reduced (Petry and 

Beyer 2014a-b, Mohammed and Hughes 2011). Section 2 discusses the applications of 

similitude laws to shaking-table tests on reduced-scale masonry structures.  

The present research discusses scale factors due to similitude laws for the shaking table 

tests of masonry buildings with flexible diaphragms. Two tasks are tackled. The first 

task is a literature review on similitude laws and on the shaking table tests of reduced-

scale models. The review introduces a set of scale reduction methods including the 

Cauchy and Cauchy-Froude laws. Both laws are frequently used in engineering fields. 

Then, discussion is made on challenges to appropriately apply the two laws to masonry 

structures. The second task deals with pushover and nonlinear dynamic analysis (NDA) 

applied to full-scale prototypes and reduced-scale mock-ups by numerical simulation. 

Two previously conducted shaking table tests are taken advantage of as the case studies. 

The mock-ups are scaled according to Cauchy or Cauchy-Froude law. In the application 

of Cauchy law, the gravity value is kept original (i.e. 9.81 m/s2). Comparing behaviour 

between the porotypes and mock-ups, the advantages and limitations of the two laws are 
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investigated and discussed. The influences of input signals on the behaviour of reduced-

scale models are also examined by considering two types of accelerograms. One is 

generated from code-based spectra while the other from real earthquakes. Although a 

variety of shaking table tests have been performed on reduced-scale mock-ups, the 

accuracy of similitude laws has not been fully examined, referring to the comparison of 

nonlinear behaviour between prototypes and mock-ups. The paper suggests the 

appropriate choices and applications of similitude laws for the shaking–table tests of 

masonry buildings with flexible diaphragms.  

2. DISCUSSION ON SIMILITUDE LAWS 

2.1 Overview of similitude laws 

In engineering fields, it is not exceptional to perform experiments using scaled 

models due to the high cost of full-scale models and limitations related to the capacity 

of actuators (Coutinho et al. 2016). There are different approaches to correlate the 

behaviour between full-scale prototypes and reduced-scale mock-ups including 

dimensional analysis, energy methods, similitude laws and empirical similarity methods 

(Casaburo et al. 2019). Similitude laws have been one of the major approaches (Szirtes 

2007). An advantage of them lies in governing equations. The equations fix a set of 

conditions and permit the clear correlations of variables between the full-scale 

prototypes and mock-ups (Casaburo et al. 2019). It is said that Kline (1965) was the first 

scholar who presented comprehensive discussion on similitude laws. Krawinkler (1979) 

presented a pioneering work on similitude laws in structural engineering. In his paper, 

an artificial mass simulation law (AMS) was proposed. AMS applies additional masses 

to models to obtain the same horizontal and shear stress as in prototypes under seismic 
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loadings. Harris and Sabnis (1999) presented an extensive review on similitude laws 

applicable to the dynamic testing of masonry structures.  

2.2 Application of similitude laws to masonry structures with flexible 

diaphragms  

Among a variety of similitude laws, Cauchy law (C law) and Cauchy-Froude 

law (CF law) have been frequently used for the shaking table tests of masonry structures 

(Carvalho 1999, Harris and Sabnis 1999, Szirtes 2007, Coutinho et al. 2016). Table 1 

introduces some of well-known and recently proposed similitude laws including C law 

and CF law. In the table, the scale factor λ denotes the length scale; the prototype length 

is divided by the mock-up length. C law is effective when tests focus on restoring forces 

that are based on stress-strain constitutive relationships (Carvalho 1999). As an 

advantage, C law does not require the modification of material properties including the 

mass density of the materials. On the other hand, it needs to increase the acceleration by 

λ times. Thus, in order for a test to follow C law precisely, gravity needs to be increased 

as well. However, it is almost impossible to modify gravity in typical laboratory 

facilities. Some tests were performed, ignoring a relationship between inertial force and 

gravity force (Avila et al. 2012, Mendes et al. 2014, Deng et al 2019). Such an approach 

can be effective when the vertical compressive stress has little influence on lateral 

stiffness (Krawinkler 1979). Under CF law, the combination of C law and Froude law, 

the acceleration of mock-ups is equal to prototypes. In contrast, the density of materials 

needs to be controlled so that the mock-ups reproduce the same working stress state in 

the walls as the prototypes under CF law. Since this is not easily fulfilled, an adjustment 

is made. It can be done by controlling the strength of materials (Jurukovski et al. 1992, 

Tomazevic and Velechovsky 1992, Zarnic et al. 2001), placing additional masses 

(Tomazevic et al. 2009, Benedetti et al. 1998, Dolce et al. 2005, Vintzileou et al. 2015, 
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Beyer et al. 2015) or alternatively prestressing walls/columns (Zonta et al. 2001, 

Hashemi and Mosalam 2006, Rafi et al. 2018). Tests may be performed by 

implementing the combinations of the above-mentioned approaches (Tomazevic and 

Velechovsky 1992, Bothara et al. 2010). The locations of additional masses are highly 

influential in dynamic behaviour (Krawinkler 1979, Tomazevic and Velechovsky 1992). 

When additional masses are incorrectly located, mock-ups may show higher capacity 

than prototypes (Benedetti et al. 1998). In addition, flexible floor slabs may transfer the 

loads from the masses mainly to the walls which timber joists rest on (Bothara et al. 

2010, Vintzileou et al. 2015). An intermediate solution between C law and CF law may 

be used (Carvalho 1999). In this case, the scale factor of each parameter is determined, 

based on aspects such as the responses of mock-ups, the capacity of shaking tables and 

so on (Deng et al. 2019, Senaldi et al. 2020 see Table 1).  

3. RESEARCH METHODOLOGIES 

The paper compares C law and CF law applied to masonry structures with 

flexible diaphragms. The two laws are chosen in this paper as they have been frequently 

used for the shaking table tests of masonry structures as discussed in Section 2.2. 

Structures used in previously performed shaking-table tests are considered as the case 

studies for the present research. The descriptions of the structures are found in Section 4 

and Section 5. Three types of models are prepared. The first model represents the full-

scale prototype (named prototype in this paper). The second one is scaled according to 

CF law (mock-up CF). The third is according to C law (mock-up C). The adopted CF 

law assumed that additional masses are distributed over the masonry walls by increasing 

the density of the masonry. In the adopted C law, gravity acceleration remains 

unchanged, as it represents a typical condition of shaking-table facilities. It is called 



7 
 

simplified C law in the paper. The strength of the masonry is not modified in the 

application of both laws.  

Pushover analysis and NDA are performed. As for pushover analysis, incremental 

forces are applied, according to the mass distributions of the structures. As for NDA, 

two input signals are considered to examine their influences on structures. One is 

generated from a real earthquake. The Kalamata earthquake (named KMT in this paper) 

is considered in this study. The accelerograms are taken from the website of 

Engineering Strong Motion Database (Luzi et al. 2016). It occurred at 17:24 (local time) 

on September 13, 1986 in Greece. The magnitude was 5.9 (Mw) and 5.5 (ML), 

respectively. The considered accelerograms were recorded at the KAL1 station. Two 

records (EW, NS direction) are used. The NS direction is much stronger than the EW 

direction in terms of the maximum spectral acceleration (Figure 1a-b). They present 

steep local peaks between the period range of 0.5 and 1 second (Figure 1e). The other 

set of accelerograms are artificial ones (ART named in this paper), generated in 

accordance with the European standard (CEN 2005). The spectrum type was considered 

type1. The ground type was A. The importance class was II. The two utilised 

accelerograms (ART_X, ART_Y) are almost identical (Figure 1c-d). The comparison of 

the spectrum shapes indicates that the two set of accelerograms (KMT, ART) are 

evidently different (Figure 1e). Alias intensities were 0.543 m/second and 0.737 

m/second for KMT in the EW and NS directions, respectively. They were 1.767 

m/second and 1.877 m/second for ART_X and ART_Y, in turn. The accelerograms 

were applied according to the Newmark-beta method. The constant average acceleration 

was used with the parameters of γ=0.5 and β=0.25. The results presented in the paper 

(displacement, acceleration, time, force, frequency) are normalised to those of the 

prototypes.  
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4 ANALYSIS OF A TWO-STOREY BUILDING 

4.1 Description of the case study  

The first case study is a half-scale two-storey stone masonry structure 

(Vintzileou et al. 2015). Shaking table tests were performed at the Laboratory for 

Earthquake Engineering/National Technical University of Athens (LEE/NTUA) in 

Athens, Greece. The structure was subjected to accelerograms generated from the 

Kalamata earthquake in the horizontal directions. The ground motions were gradually 

increased up to base acceleration equal to 0.24g and 0.29g in the longitudinal and 

transverse directions, in turn. The structure was scaled, taking into account CF law. 

Masonry walls were composed of three leaves. The external leaves were built of 

limestone units and lime mortar while the internal one was composed of limestone 

aggregates and lime mortar. The structure had a non-symmetric plan (Figure 2a). The 

dimensions were 3.65 m×2.30 m in plan (Figure 2b). The height of each floor was equal 

to 1.60 m and the total height of the structure was equal to 3.20 m. The walls were 0.25 

m thick. The south elevation had an entrance and a window in the ground floor and two 

windows in the first floor. The dimensions of the entrance were 0.6 m ×1.2 m while that 

of the windows were 0.6 m×0.5 m. In the north elevation, two windows were positioned 

in each floor. A window was present in each floor of the east and west elevations. Slabs 

were located at the mid height and top height. 10-mm thick timber boards were laid 

perpendicular to timber beams and nailed to them (two nails per beam). The cross 

section of the timber beams was 60 mm×100 mm. They were spaced at 340 mm. The 

used timber was C-22 grade according to the European standard (CEN 2003). 
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4.2 Description of the FE model 

In this study, the numerical model was composed of masonry walls, lintels over 

the openings and timber beams (Figure 2c). They were discretised with four-node 

curved shell elements. The number of nodes was 4,491 and the number of elements was 

3,846. The model consisted of 3,806 four-node curved shell elements and 40 four-node 

line interface elements. It was fully constrained along the bottom of the walls. It is noted 

that the slabs were not discretised in the models. Instead, their dead weight was 

included by increasing the density of the timber beams. Since they were just nailed to 

the timber beams and sat partially on masonry walls, their structural contributions were 

considered of little significance.  

Mechanical parameters were determined based on laboratory tests and empirical 

equations to estimate masonry strength (PIET 70 1971, Dayaratnam 1987, CEN 1996, 

Gumaste et al. 2007, Kaushik et al. 2007) (Table 2). In fact, uniaxial compression tests 

were performed on two masonry wallettes in advance of the shaking table test 

(Vintzileou et al. 2015). Compressive strength was equal to 4.33 MPa in average while 

modulus of elasticity equal to 0.84 GPa. The modulus of elasticity of masonry was 

reduced nearly by 60% in this study, compared to that which was measured by the 

uniaxial compression tests. It has been reported that it may be necessary for the 

numerical simulation of masonry structures to consider an equivalent modulus of 

elasticity based on the comparison of behaviour between a numerical model and the real 

structure (Senthivel and Lourenço 2009, Araújo 2014, Basaran et al. 2016, Maccarini et 

al. 2018, Howlader et al. 2020, Aşıkoğlu et al. 2020). In this paper, this decision was 

taken, considering the following four remarks from previous studies. First, the elastic 

stiffness of masonry wallettes obtained by uniaxial compression tests is often dependent 

on the size and bonding patterns of specimens (Lourenco 1996, Domede and Sellier 
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2010, Aras et al. 2011). Second, the elastic stiffness of masonry walls is subject to the 

thickness and strength of mortar that may not necessarily be uniform in an entire 

structure (Pande et al. 1989, Ma et al. 2001, Russo 2013). Third, the stiffness of 

masonry walls is highly influenced by the level of axial loads (Magenes and Calvi 1992, 

Petry and Beyer 2014b). Fourth, the macro-modelling numerical simulation of masonry 

structures may require adjustments to simulate properly the contributions of flexible 

diaphragms to masonry walls and the absence of box behaviour due to continuum and 

homogeneous nature (Mendes 2012, Clementi et al. 2017, Solarino et al. 2019).  

Tensile fracture energy was scaled by λ times (F*L-1 [N/m], see Table 1). Thus, the 

tensile fracture energy adopted for the prototype was equal to 30 N/m while that of the 

mock-up C and mock-up CF was 15 N/m. The mechanical parameters of the timber 

were determined considering the C-22 grade. Rayleigh damping was considered. The 

damping ratio was considered equal to 5%. The values of a0 and a1 of the prototype, 

mock-up CF and mock-up C were (a0, a1) equal to (0.5070, 0.0011), (0.7717, 0.0009) 

and (1.3373, 0.00054) respectively.  

As for the failure criteria for masonry, the Dracker-Prager criterion in compression and 

the Rankin in tension were considered. For timber, the Von Mises criterion was adopted 

both in compression and in tension. The Mohr-Coulomb frictional behaviour was 

adopted for connections between timber beams and masonry walls. Frictional values 

were determined, taking into account typical frictional behaviour between masonry with 

lime mortar and timber (Vintzileou 2008, Moreira et al. 2014). The friction angle was 

26.6o (tanΦ=0.5). Normal linear stiffness was 100 kN/mm2 and shear linear stiffness 

was 50 kN/mm2. Cohesion was 0.2 MPa. As for the mock-up CF, additional masses 

equal to 12.8 tons were distributed uniformly over the walls. It is noted that the mass 
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distribution patterns of the mock-up CF were not the same as the performed shaking 

table test. In the test, due to the capacity of the shaking table, it was not possible for the 

additional masses to be placed according to CF law. 

4.3 Eigenvalue analysis 

Eigenvalue analysis was carried out to compare behaviour between the 

prototype, mock-up C and mock-up CF. Table 3 compares the eigenvalues and 

participation factors (PFs) of the first and second mode. The eigenvalues and mode 

shapes of each mode were almost identical (Figure 3). As an additional case, eigenvalue 

comparison was made between the FE model and real structure. In this case, the 

additional masses were located in the same patterns as in the shaking table test. In total, 

masses amounting to 8 tons were used: 4.5 tons over the mid slab and 3.5 tons over the 

top slab. The eigenvalues showed good agreement with the real structure with error less 

than 2% (Table 4). 

4.4 Nonlinear static analyses  

Pushover analysis was carried out in the X and Y directions. In both positive and 

negative X directions, the initial stiffness was equal in the three models (Figure 4a, 

Figure5a). The prototype and mock-up CF showed very similar base acceleration-

displacement (a-δ) relations although the mock-up C ended in lower acceleration and 

higher ductility than the prototype. Comparable damage patterns were seen in the three 

models although damage intensities were slightly different. It is noted that a red circle in 

a figure indicates an area in which the largest principal strains are found in a structure. 

Damage was seen around the openings of the north and south walls due to in-plane 

movement both in the positive and negative X directions (Figure 4b-d, Figure 5b-d). 
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The mock-up C presented more extensive damage around openings of the first floor 

than the other two models. 

The initial stiffness was equal in the three models in the positive and negative Y 

directions (Figure 6a). In the positive Y direction, the prototype (0.263g, 20.7 mm) and 

mock-up CF (0.265g, 20.6 mm) showed close maximum base acceleration and 

displacement at the top height. In contrast, the mock-up C showed 8.6% lower base 

acceleration and 1.1% higher displacement than the prototype (0.241g, 21.0 mm). In the 

negative Y direction, the prototype and mock-up CF also showed close maximum 

response values while the mock-up C presented about 3.6% lower base acceleration and 

displacement than the prototype. The three models showed indistinguishable damage 

patterns. In the positive Y directions, damage was seen around the openings of the 

longitudinal walls of the ground floor (Figure 6b-d). In the negative Y direction, 

damage was observed around the openings of the longitudinal walls of the ground and 

first floors (Figure 7b-d). The mock-up CF showed closer maximum response values to 

the prototype than the mock-up C although the three models showed similar damage 

patterns. It is noted that the mock-up C showed severer damage than the prototype and 

mock-up CF especially in the X directions. 

An additional case was analysed, considering a different condition of C law. Gravity 

was increased by λ times according to the length scale of the model. It is called exact C 

law in this paper as opposed to the simplified C law. The model is named the mock-up 

eC. As expected, in both X and Y directions, the mock-up eC showed much more 

similar results to the prototype than the mock-up C in terms of the a-δ relation and 

damage patterns (Figure 4-7e).  



13 
 

4.5 Nonlinear dynamic analysis  

As discussed in Section 3, two sets of accelerograms were applied and 

compared. The accelerograms in the X and Y directions were applied at the same time. 

Time intervals were equal to 0.000666 seconds. As for KMT, the accelerogram of the 

EW direction was applied in the X direction while that of the NS direction was applied 

in the Y direction. The time history of displacement was almost identical in the three 

models (Figure 8a). The a-δ relations of the three models showed similar plots (Figure 

8b). In the prototype and mock-up CF, the north and south walls showed damage 

around the top of the mid span (Figure 8c-d). Damage was caused principally by their 

out-of-plane movement but diagonal damage running from an opening suggests that in-

plane movement was also relevant (Figure 8c-d). The west wall presented vertical 

damage around the top-corner due to the out-of-plane movement of the south wall. In 

the mock-up C, the north and south walls showed extensive damage around openings 

due to their in-plane movement (Figure 8e). In addition, the west wall presented damage 

running diagonally from an opening due to its in-plane movement.  

As for ART, ART_X was applied in the X direction while ART_Y in the Y direction. 

The displacement time-history at the top of the structure showed almost identical in the 

three models (Figure 9a). The a-δ relations showed similar shapes between the models 

(Figure 9b). The three models presented damage in similar locations of each wall 

mainly due to the out-of-plane movement of the north and south walls (Figure 9c-e). 

The north and south walls showed damage around the top of the mid-span. The east and 

west walls showed vertical damage in top corners. However, the mock-up C and mock-

up CF presented damage running diagonally in the top-middle of the north and south 

walls (Figure 9d-e). The north and south walls of the mock-ups exhibited damage due to 

the combination of the in-plane and out-of-plane movement of them (Figure 9d-e). 
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Under KMT, the mock-up C presented severe damage patterns including in-plane 

damage in the north and south walls. Apart from it, the three models showed damage in 

similar locations. Under ART, they showed comparable damage patterns mainly due to 

the out-of-plane movement of the north and south walls. The a-δ relations were very 

similar as well. 

5 ANALYSIS OF A FOUR-STOREY BUILDING 

5.1 Description of the case study  

The second case-study is a one-third scale four-storey stone masonry structure 

(Mendes et al. 2014) (Figure 10a). The structure was tested, using a shaking table at the 

National Laboratory for Civil Engineering (LNEC) in Lisbon, Portugal. A series of 

input signals was applied with intensity increased up to 0.469g and 0.461g in the 

longitudinal and transverse directions, in turn. As input signals, artificial accelerograms 

were used. They were generated, taking into account the European standard (EN1998-

3). The structure was scaled according to C law. Gravity acceleration was not scaled. 

Masonry was composed of irregular shaped limestone units and lime mortar. Walls 

were composed of a single leaf. It is noted that more portions of mortar were used for 

the transverse walls than for the longitudinal ones, as it may have ended in different 

masonry strength between the orthogonal walls (Mendes 2012). The structure had a 

symmetric plan (Figure 10b). The dimensions were 3.15 m×4.15 m in plan. The walls 

were 0.17 m thick. The dimensions were 0.3 m×1.20 m. Openings were located only in 

the transverse walls. In each floor, four openings were present. The height of each floor 

was equal to 1.20 m and the total height of the specimen was equal to 4.80 m. The slabs 

were composed of timber beams and medium-density fibreboard (MDF) panels. The 
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cross section of the timber beams was 75 mm×100 mm. They were spaced at 350 mm. 

The MDF panels were 12 mm thick. The panels were nailed to the beams.  

5.2 Description of the FE model 

Masonry walls, timber beams and MDF panels were discretised in this study 

(Figure 10c). The number of nodes was 9,609 and the number of elements was 8,178. 

The masonry walls were discretised with 6,335 four-node curved shell elements. The 

timber beams and MDF panels were with 1,200 and 539 two-node beam elements, 

respectively. Interface behaviour was modelled with 80 four-node line interface 

elements between the beams and walls and 24 two-node point interface elements 

between the boards and walls. The model was fully constrained along the bottom of the 

walls. 

The mechanical parameters of masonry and timber were chosen based on material 

characterisation tests (Mendes et al. 2014) and the references mentioned in Sections 4.2 

(Table 5). The compressive strength and modulus of elasticity of the longitudinal walls 

were determined based on the uniaxial compression tests performed on wallettes 

composed of the same masonry as the longitudinal walls (Mendes et al. 2014). The 

compressive strength and modulus of elasticity of the transverse walls were determined, 

considering the different amounts of mortar used for the masonry walls as discussed in 

Section 5.1. The proportion of mortar in masonry plays a significant role in masonry 

strength (Valluzzi et al. 2004). It has been reported that the ratio of elastic stiffness to 

compressive strength may vary in the range of 300 and 800 for stone masonry, 

depending on masonry morphology (Van et al. 2019, Kržan et al. 2015). Tensile 

strength was considered to be a very low value (0.1 MPa), referring to diagonal 

compression tests performed on masonry wallettes (Mendes et al. 2014) and a possible 
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value range of traditional stone masonry (Kržan et al. 2015, Tomachevic 1999). The 

modulus of elasticity of the MDF panels was determined, taking into account their 

limited contributions to the structure. Thus, they were just nailed to the timber beams. 

Like in the analysis performed in Section 4, the tensile fracture energy of the mock-ups 

was reduced by length scale (i.e. 1/3 in this case). Rayleigh damping was considered. 

The damping ratio was considered equal to 3%. The values of a0 and a1 of the prototype, 

the mock-up CF and mock-up C were as follows: (a0, a1) equal to (0.5070, 0.0011), 

(0.7717, 0.0009), (1.3373, 0.00054), respectively.  

The same approach as discussed in Section 4.2 was taken for failure criteria. For 

masonry, the Dracker-Prager in compression and the Rankin in tension were adopted. 

For timber, the Von Mises model was adopted both in compression and in tension. The 

Mohr-Coulomb frictional behaviour was adopted to the connections between the timber 

beams and longitudinal walls and those between the timber slabs and transverse walls. 

The friction angle was 26.6o (tanΦ=0.5). Normal linear stiffness was 100 kN/mm2 and 

shear linear stiffness was 50 kN/mm2. Cohesion was 0.2 MPa. As for the mock-up CF, 

masses equal to 43.8 tons were uniformly distributed over the walls.  

5.3 Eigenvalue analysis 

Table 6 compares eigenvalues and PFs between the prototype, mock-up C, 

mock-up CF and the tested real structure. The eigenvalues and mode shapes of each 

mode were almost identical (Figure 11). The mock-up C showed close eigenvalues to 

those of the real structure both in X and Y direction. 

5.4 Nonlinear static analysis 

Nonlinear static analysis focused on behaviour in the X direction, as the 

structure was evidently more vulnerable in this direction than in the Y direction. Taking 
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advantage of the symmetry of the structure, the analysis was performed only in the 

positive X direction. The a-δ relations of the prototype and mock-up CF were very 

similar (Figure 12a). However, the mock-up C showed higher initial stiffness than the 

other two models and ended in the lower values of acceleration and displacement. The 

difference of the maximum responses was due to treatment of gravity acceleration in C 

law. The three models showed in-plane damage around the left side of the second- and 

third-floors (Figure 12b-c). In addition to it, the mock-up C exhibited damage in the 

right side of the second- and third-floors (Figure 12d). Like the two-storey building, 

another analysis was carried out on the mock-up eC. It showed very similar results to 

the prototype. The a-δ relations plotted exactly the same curve although the mock-up eC 

ended in 19.0% higher ultimate displacement values than the prototype (32.9 mm vs 

27.6 mm). Damage patterns were indistinguishable (Figure 12e).  

5.5 Nonlinear dynamic analysis 

Two different accelerograms (KMT, ART) were adopted and compared. In both 

cases, the input signals were applied in horizontal directions (X and Y). Time intervals 

were equal to 0.0015 seconds. As for KMT, the accelerogram of the NS direction was 

applied in the X direction while that of the EW direction in the Y direction. The 

displacement time histories of the prototype and mock-up CF were almost identical but 

that of the mock-up C showed different values at local peaks after 1 second (Figure 

13a). The a-δ relation of the mock-up C also became noticeably different from those of 

the other two models in the last cycle (Figure 13b). These observations may suggest that 

the mock-up C started to show different behaviour from the prototype and mock-up CF 

once damage was accumulated. The three models showed comparable damage patterns. 

Evident in-plane damage was observed around the left side of the second- and third-

floors (Figure 13c-d). However, the mock-up C demonstrated less damage intensity than 
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the other two models (Figure 13e). Under ART, when displacement time histories were 

compared, the prototype and mock-up CF are almost equal but the mock-up C showed a 

different shape especially after 3.3 seconds (Figure 14a). The prototype and mock-up 

CF presented similar a-δ relations although that of the mock-up C was noticeably 

different from the other two models (Figure 14b). This may indicate that when damage 

levels are severe, the prototype and the mock-up may start to show different behaviour. 

The prototype and mock-up CF showed damage around the left side of the second- and 

third-floors due to in-plane movement (Figure 14c-d). The mock-up C also presented 

damage in the same locations as the other two models (Figure 14e). In addition, 

moderate in-plane damage was distributed over walls. Under both KMT and ART, the 

behaviour of the three models was sufficiently comparable in spite of damage intensity 

difference. However, the displacement time history of the mock-up C under ART was 

different from the other two models.  

The mock-up C showed noticeably different results from the prototype especially under 

ART. A similar tendency was seen in the two-storey building as well. However, the 

difference in results was larger for the four-story building than the two story building. 

Since simplified C law did not scale gravity, the dead loads of the mock-up C were 

smaller than for the prototype by λ3 times. In addition, the four-storey building was 

nearly twice as tall as the two-storey building. Such influences of difference in the dead 

loads and height became more evident in the four-storey building. It is added that ARTs 

were generated from smooth design spectra while KMTs presented local peaks and 

valleys in spectra (see, Figure 1e). These observations suggest that accelerogram types 

may need to be selected carefully especially when the dead loads and height of a mock-

up are noticeably different from those of a prototype.  
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6 DISCUSSION 

6.1 Similitude laws for shaking table tests of masonry mock-ups 

Similitude laws permit qualitative and quantitative comparison of seismic 

behaviour between the full-scale prototypes and reduced-scale mock-ups. The use of 

governing equations is an advantage of the similitude laws. By means of the equations, 

variables are correlated between prototypes and mock-ups. C law and CF law have been 

frequently used for the shaking table tests of masonry structures. C law requires the 

modification of acceleration, as it should be applied to gravity as well. It is almost 

impossible to control gravity and the interpretation of results may require adjustments. 

CF law requires the control of material densities to reproduce the same working stress 

state as the prototype. It is typically done by adding masses to the structure. The 

locations of the masses have to be chosen carefully, as they have significant influences 

on dynamic behaviour. In addition, flexible diaphragms may transfer the dead loads of 

additional masses mainly to walls on which the beams sit, as it ends in the inaccurate 

simulation of the stress distributions.  

6.2 Comparison between Cauchy and Cauchy-Froude laws 

C law and CF law were examined by performing pushover analysis and NDA on 

a half-scale two-storey building and one-third scale four-storey building. Results were 

compared between the prototype and reduced-scale mock-ups. Regarding the pushover 

analysis of both buildings, the mock-up C showed more severe and distributed damage 

patterns than the prototype and mock-up CF while the prototype and mock-up CF 

presented similar damage patterns. As for the NDA of the half-scale buildings, both 

mock-up C and mock-up CF showed satisfactorily comparable results with the 

prototype. As for the NDA of the one-third scale building, when the mock-up C reached 
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a severe damage state, it started to show noticeably different behaviour compared to the 

prototype. These remarks indicated that the application of C law may need to be 

executed carefully when the influences of gravity are not ignorable. In fact, comparison 

between exact and simplified C law implied that the gravity value may have been a 

relevant factor for the behaviour of mock-ups. The mock-up scaled by the exact C law 

showed almost identical behaviour with the prototype. 

6.3 Influences of accelerogram types on behaviour of masonry structures 

Two types of accelerograms were considered for NDA. One was artificial 

accelerograms generated from code-based smooth spectra. The other was accelerograms 

generated from real earthquakes. Inter-storey drifts are compared between the prototype 

and mock-ups to examine the influences of accelerogram types on them. The half-scale 

two-storey building showed almost identical values both under NDA as well as 

pushover analysis (Figure 15). However, the one-third four-storey building exhibited 

noticeable differences (Figure 16). Artificial accelerograms showed the inter-storey 

drifts of the mock-up C were nearly in a linear shape while those of the prototype and 

mock-up CF were in a zigzag shape. Thus, the difference of accelerogram types was 

evidently seen in the upper storeys of the mock-up C of the four-storey building (see, 

Figure 16). It is added that the performed analyses showed that NDA under artificial 

accelerograms permitted a more gradual development of damage. 

7 CONCLUSIONS 

There is no unique answer for the best implementation of similitude laws for the 

tests of reduced-scale mock-ups. Similitude laws must be properly set up to execute the 

shaking-table tests of reduced-scale masonry structures. The paper compared the 

Cauchy law and Cauchy-Froude laws by means of pushover and nonlinear dynamic 
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analysis. Discussion focused on the comparison of damage patterns and base 

acceleration-displacement relations. In the elastic range, both laws showed similar 

behaviour among the prototype and mock-ups. Nonetheless, at a severe damage state, 

the mock-ups of Cauchy law of the four-storey building started to exhibit noticeably 

different behaviour from the prototype. This difference was attributed to the treatment 

of the self-weight between the mock-ups and prototype. In the performed analyses, the 

scaling criteria of the Cauchy law for accelerations were not applied to gravity. When 

the self-weight of the mock-ups has a sensible role and cannot be neglected, the 

Cauchy-Froude law may be appropriate in spite of the problems related to the locations 

of additional masses. Except for such cases, Cauchy law is considered satisfactory for 

masonry structures with flexible diaphragms. Not only the application of the law is 

straightforward but also results can be sufficiently reliable for quantitative comparison 

with the prototype.  

The performed nonlinear dynamic analysis considered code-based artificial 

accelerograms and those generated from real earthquakes. The artificial accelerograms 

permitted the gradual development of damage as they were derived from smooth spectra 

without peaks and valleys. However, this implies that real accelerograms may cause a 

brittle collapse to the structure. Such a collapse is likely to occur to the structures of 

limited seismic strength. In this regard, artificial accelerograms may be preferable to 

real accelerograms for the shaking-table tests of masonry structures with flexible 

diaphragms as they permit the close observation of gradual damage evolution. However, 

artificial accelerograms need to be used with caution, since they may disregard the 

critical characteristics of target ground motions such as frequency content, soil 

conditions and distance from the epicentre.  
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Tables 

Table 1 – Comparison of similitude laws.  

parameters symbol dimension*a Cauchy Cauchy-Froude Senaldi (2020) Krawinkler (1979) 
Geometric parameters 
length L L λ λ λ λ 

area A L2 λ2 λ2 λ2 λ2 

volume V L3 λ3 λ3 λ3 λ3 

moment of inertia I L4 λ4 λ4 λ4 λ4 
Material parameters 
density ρ FL-3 1 λ-1 1 *b 

modulus of elasticity E FL-2 1 1 λ λ 
stress σ FL-2 1 1 λ λ 

strain ε 1 1 1 1 1 

Poisson’s ratio ν 1 1 1 1 N/A 
Dynamic parameters 
displacement d L λ λ λ λ 

velocity v T-1 1 λ1/2 λ1/2 λ1/2 

acceleration a T-2 λ-1 1 1 1 

time t T λ λ1/2 λ1/2 λ1/2 

frequency f T-1 λ-1 λ-1/2 λ-1/2 λ-1/2 

mass  m F λ3 λ2 λ3 N/A 

force F F λ2 λ2 λ3 λ3 

NB) *a F=force, L=length, T=time 

*b Detailed discussion is found in the publication of Krawinkler (1979). 
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Table 2 – Adopted material properties of the two-storey building. 

 stone masonry timber 

Density (kg/m3) 2,000 420 

Compressive strength (MPa) 4 20 

Modulus of elasticity (MPa) 350 10,000 

Tensile strength (MPa) 0.1 20 

Tensile fracture energy (N/m) 30 - 

Poisson ratio (-) 0.2 0.3 
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Table 3 – Eigenvalue analysis of the two-storey building in the X direction. 

X (Hz) prototype mock-up CF mock-up C Y (Hz) prototype mock-up CF mock-up C 
1st 2.55 2.55 2.54 1st 4.11 4.12 4.11 

2nd 5.59 5.63 5.58 2nd 8.73 8.78 8.76 

participation factors (PF) (%) prototype mock-up CF mock-up C PF (%) prototype mock-up CF mock-up C 
1st 56.0 55.9 55.8 1st 69.5 69.4 69.5 

2nd 13.9 13.0 14.1 2nd 4.31 4.30 2.50 
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Table 4 – Eigenvalue comparison of the two-storey building with the real structure. 
 experiment (Hz) FEM (Hz) error (%) PF (%) 

X 6.05 6.15 -1.73 12.4 

Y 4.21 4.18 0.69 55.6 
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Table 5 – Adopted material properties of the four-storey building. 

 
stone masonry 

(transverse walls) 

stone masonry  

(longitudinal walls) 

timber 

beams 

MDF 

panels 

Density (kg/m3) 2,160 2,160 580 580 

Compressive strength (MPa) 2 6 20 20 

Modulus of elasticity (MPa) 640 3,300 12,000 160 

Tensile strength (MPa) 0.1 0.1 20 20 

Tensile fracture energy (N/m) 30 30 - - 

Poisson ratio (-) 0.2 0.2 0.3 0.3 
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Table 6 – Eigenvalue comparison of the four-storey building. 
X (Hz) prototype mock-up CF mock-up C experiment Y (Hz) prototype mock-up CF mock-up C experiment 

1st 1.73 1.77 1.73 1.64 1st 4.32 4.19 4.26 4.03 

2nd 5.06 5.20 5.05 5.42 2nd 5.27 5.27 5.19 4.77 

PF (%) prototype mock-up CF mock-up C experiment PF (%) prototype mock-up CF mock-up C experiment 

1st 70.5 70.4 70.1 - 1st 31.4 29.8 31.1 - 

2nd 7.08 6.81 5.14 - 2nd 0.16 0.15 0.16 - 
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Figures 

 

Figure 1 – adopted accelerograms: acceleration time-history of Kalamata earthquake in 

the EW direction (a), in the NS direction, acceleration time-history of the artificial 

accelerogram in the X direction (c), in the Y direction (d) and (e) response spectra. 
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Figure 2 – Two storey building: (a) the tested prototype, (b) plan (unit: m) and (c) FE 

model (a from Vintzileou et al. 2015).  

 

 

Figure 3 – Mode shapes of the two-storey building: (a) the east wall in the X direction 

and (b) the north wall in the Y direction. 
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Figure 4 – Pushover analysis of the two-storey building in the positive X direction: (a) 

base acceleration-displacement relations, principal positive strain contours close to the 

collapse of prototype (b), of mock-up CF (c), of mock-up C (d) and mock-up eC (e). 
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Figure 5 – Pushover analysis of the two-storey building in the negative X direction: (a) 

base acceleration-displacement relations, principal positive strain contours close to the 

collapse of prototype (b), of mock-up CF (c), of mock-up C (d) and mock-up eC (e). 
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Figure 6 – Pushover analysis of the two-storey building in the positive Y direction: (a) 

base acceleration-displacement relations, principal positive strain contours close to the 

collapse of prototype (b), of mock-up CF (c), of mock-up C (d) and mock-up eC (e). 
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Figure 7 – Pushover analysis of the two-storey building in the positive Y direction: (a) 

base acceleration-displacement relations, principal positive strain contours close to the 

collapse of prototype (b), of mock-up CF (c), of mock-up C (d) and mock-up eC (e). 

 

 

 



41 
 

 

Figure 8 – Nonlinear dynamic analysis of a two-storey building under the Kalamata 

earthquake in the Y direction: (a) time history of the top of the structure, (b) base 

acceleration-displacement relations principal positive strain contours of the prototype at 

2.40 seconds (c), of the mock-up CF at 2.39 seconds (d) and of the mock-up C at 2.39 

seconds (e). 
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Figure 9 – Nonlinear dynamic analysis of a two-storey building under the artificial 

earthquake in the Y direction: (a) time history of the top of the structure, (b) base 

acceleration-displacement relations, principal positive strain contours of the prototype at 

9.54 seconds (c), of the mock-up CF at 9.53 seconds (d) and of the mock-up C at 9.54 

seconds (e). 



43 
 

 

Figure 10 – Four storey building: (a) the tested prototype (b) plan (unit: m) and (c) FE 

model (a from Mendes et al. 2014).  

 

Figure 11 – Eigenvalue shapes of the longitudinal wall of the four-storey building in the 

X direction. 
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Figure 12 – Pushover analysis of the four-storey building in the X direction: (a) base 

acceleration-displacement relations, principal positive strain contours of the south 

elevation close to the collapse of prototype (b), of mock-up CF (c), of mock-up C (d) 

and mock-up eC (e). 
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Figure 13– Nonlinear dynamic analysis of the four-storey building under the Kalamata 

earthquake in the X direction: (a) time history of the top of the structure and (b) base 

acceleration-displacement relations, principal positive strain contours of the south 

elevation of the prototype at 2.18 seconds (c), of the mock-up CF at 2.16 seconds (d) 

and of the mock-up C at 2.16 seconds (e). 
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Figure 14 – Nonlinear dynamic analysis of a two-storey building under the artificial 

earthquake in the X direction: (a) time history of the top of the structure, (b) base 

acceleration-displacement relations principal positive strain contours of the north 

elevation of the prototype at 4.81 seconds (c), of the mock-up CF at 4.78 seconds (d) 

and of the mock-up C at 4.50 seconds (e). 
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Figure 15  – The inter-storey drift of the two-storey building in the Y direction: (a) at 

the last step of pushover analysis in the positive direction, (b) at the last local peak of 

NDA. 

 

Figure 16 - The inter-storey drift of the four-storey building in the X direction: (a) at the 

last step of pushover analysis, (b) at the last local peak of NDA. 
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Figure captions 

Figure 1 – adopted accelerograms: acceleration time-history of Kalamata earthquake in 

the EW direction (a), in the NS direction, acceleration time-history of the artificial 

accelerogram in the X direction (c), in the Y direction (d) and (e) response spectra. 

Figure 2 – Two storey building: (a) the tested prototype, (b) plan (unit: m) and (c) FE 

model (a from Vintzileou et al. 2015).  

Figure 3 – Mode shapes of the two-storey building: (a) the east wall in the X direction 

and (b) the north wall in the Y direction. 

Figure 4 – Pushover analysis of the two-storey building in the positive X direction: (a) 

base acceleration-displacement relations, principal positive strain contours close to the 

collapse of prototype (b), of mock-up CF (c), of mock-up C (d) and mock-up eC (e). 

Figure 5 – Pushover analysis of the two-storey building in the negative X direction: (a) 

base acceleration-displacement relations, principal positive strain contours close to the 

collapse of prototype (b), of mock-up CF (c), of mock-up C (d) and mock-up eC (e). 

Figure 6 – Pushover analysis of the two-storey building in the positive Y direction: (a) 

base acceleration-displacement relations, principal positive strain contours close to the 

collapse of prototype (b), of mock-up CF (c), of mock-up C (d) and mock-up eC (e). 

Figure 7 – Pushover analysis of the two-storey building in the positive Y direction: (a) 

base acceleration-displacement relations, principal positive strain contours close to the 

collapse of prototype (b), of mock-up CF (c), of mock-up C (d) and mock-up eC (e). 

Figure 8 – Nonlinear dynamic analysis of a two-storey building under the Kalamata 

earthquake in the Y direction: (a) time history of the top of the structure, (b) base 

acceleration-displacement relations principal positive strain contours of the prototype at 

2.40 seconds (c), of the mock-up CF at 2.39 seconds (d) and of the mock-up C at 2.39 

seconds (e). 

Figure 9 – Nonlinear dynamic analysis of a two-storey building under the artificial 

earthquake in the Y direction: (a) time history of the top of the structure, (b) base 

acceleration-displacement relations, principal positive strain contours of the prototype at 
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9.54 seconds (c), of the mock-up CF at 9.53 seconds (d) and of the mock-up C at 9.54 

seconds (e). 

Figure 10 – Four storey building: (a) the tested prototype (b) plan (unit: m) and (c) FE 

model (a from Mendes et al. 2014).  

Figure 11 – Eigenvalue shapes of the longitudinal wall of the four-storey building in the 

X direction. 

Figure 12 – Pushover analysis of the four-storey building in the X direction: (a) base 

acceleration-displacement relations, principal positive strain contours of the south 

elevation close to the collapse of prototype (b), of mock-up CF (c), of mock-up C (d) 

and mock-up eC (e). 

Figure 13– Nonlinear dynamic analysis of the four-storey building under the Kalamata 

earthquake in the X direction: (a) time history of the top of the structure and (b) base 

acceleration-displacement relations, principal positive strain contours of the south 

elevation of the prototype at 2.18 seconds (c), of the mock-up CF at 2.16 seconds (d) 

and of the mock-up C at 2.16 seconds (e). 

Figure 14 – Nonlinear dynamic analysis of a two-storey building under the artificial 

earthquake in the X direction: (a) time history of the top of the structure, (b) base 

acceleration-displacement relations principal positive strain contours of the north 

elevation of the prototype at 4.81 seconds (c), of the mock-up CF at 4.78 seconds (d) 

and of the mock-up C at 4.50 seconds (e). 

Figure 15  – The inter-storey drift of the two-storey building in the Y direction: (a) at 

the last step of pushover analysis in the positive direction, (b) at the last local peak of 

NDA. 

Figure 16 - The inter-storey drift of the four-storey building in the X direction: (a) at the 

last step of pushover analysis, (b) at the last local peak of NDA. 
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