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the constitutive parameters leads to slow decay). These results are proved with

1 | INTRODUCTION AND BASIC EQUATIONS

A mixture is a material made up of two or more different substances. Mixtures are common in daily life because they are
used in a lot of processes as, for example, in steel manufacturing or in the chemical industry. Nowadays, it is quite usual
the creation of a composite material combining two materials with different physical and chemical properties with the
aim of obtaining a new one with a specific quality (stronger and lighter, for instance).

The study of the continuum theory of mixtures has been an important issue for mathematicians and engineers in the
last decades. From a mathematical point of view, the theory of mixtures proposes an interesting set of problems involving
partial differential equations (PDE). The origin of the current formulation of the thermomechanical theories of mixtures
comes from the works of Truesdell and Toupin [1], Kelly [2], Eringen and Ingram [3, 4], Green and Naghdi [5, 6] and
Bowen and Wise [7]. For a deep review of the literature about mixtures with historical references, the reader may consult
the papers (or books) of Bowen [8], Atkin and Craine [9, 10], Bedford and Drumbheller [11] or Rajagopal and Tao [12]. Some
other authors have studied the theory of viscoelastic mixtures. Without trying to be exhaustive, let us highlight the works
given in the references [13-18] and [19].

A lot of effort has been done to find qualitative properties of the solutions to the PDE related to the mixture of materials
problems. Several results concerning existence, uniqueness, continuous dependence and asymptotic stability can be found
in the literature. See, for instance, [20-27] and [28].

In this work we consider a mixture of two interacting materials. Our domain will consist of one cylinder R of constant
cross-section, R = B X [0, L], where B is abounded two-dimensional region whose boundary, B, is a curve smooth enough
to allow the application of the divergence theorem.

First of all, we recall the evolution and constitutive equations which govern the theory we are going to deal with. We
follow the guidelines proposed by Iesan [29]. In this section we present the basic equations that describe the behaviour of
a binary mixture of nonsimple elastic solids. Later on, we will introduce several dissipation mechanisms in the system.
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The evolution equations we are going to consider are the following:

p1Ui = Tjij = Mrjirj — Pi
@™

P2W; = Tjij = Nyjirj + Pi
where u and w are the displacements, 7 and o the partial stress tensors, 4 and 7 the partial hyperstresses and p is the
internal body force. As usual, p; and p, are the mass densities.
The constitutive equations (see [29]) are given by
Tji = QjjrsUps + bijrswr,s
i = brsijur,s + dijrswr,s
:uijk = gisjnmpun,pm + hisjnpmwn,pm + fmisjdm (2)
Nrsi = hpmnisrup,mn + misrpmnwp,mn + pmisrdm
pi = firmnur,mn + PirmnWrmn + aijdj
where d; = u; — w; is the relative displacement. Here a;j, bjjrs, dijrss Sisjnmps isjnpms> Fmisj> Misrpmn and Pyig- are
constitutive tensors.

We consider the isotropic and homogeneous case for antiplane shear deformations, that means that we impose in the
above equations the following conditions:

U = Uy = wyp = w, = 0,uz = u(xy, X3), w3 = w(xy, Xy). 3)

Substituting the constitutive equations into the evolution equations and taking into account the above considerations, we
obtain the system of field equations for the unknown components of the displacement vectors (we have simplified the
notation a little bit and grouped terms):
p1ii = AU+ uAw — y; A%u — yA’w — a(u — w), @
Pl = uAU + phAw — yA%u — 7, Aw + a(u — w),

where u, ug 23, ¥, 7q1,2y and a are constitutive constants and A is the two-dimensional Laplacian operator.
As usual in this context, p; and p, are assumed to be strictly positive constants. Moreover, in order to guarantee the
elastic stability of the materials we will suppose that

MMy > U2, viva > vA o a, uy, v > 0. (5)

These conditions are usual in the analysis of antiplane shear deformations in strain gradient mixtures and are useful to
obtain the existence and uniqueness, and they guarantee that the inner energy is positive definite.

We assume also that y # 0 to ensure the strong coupling between the materials. This condition will be useful to obtain
the decay results. Nevertheless, in this case, it is irrelevant if u is equal to or different from 0.

To have a well-posed problem we need to introduce initial and boundary conditions. As initial conditions we consider:

u(x’ 0) = u()(x)7 u(x’ 0) = UO(x)’ w(x7 0) = wO(x)7 w(xs 0) = ZO(x)' (6)
And we set the following boundary conditions:

u=Au=w=Aw =0o0ndB. (7)
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System (4) is conservative. We intend to introduce several dissipation mechanisms in it. The aim of this work is to deter-
mine how the solutions to system (4) behave with respect to the time variable depending on the dissipation mechanism
we introduce in the constitutive equations.

2 | HYPERVISCOSITY: DISSIPATION GENERATED BY A SECOND-ORDER VELOCITY
GRADIENT

We first consider a dissipation generated by a second-order velocity gradient. To be precise we suppose that

— * .
/"ijk - gisjnmpun,pm + hisjnpmwn,pm + fmisjdm + gisjnmpun,pm~ (8)

Therefore the system of field equations for antiplane shear deformations in the case of isotropic and homogeneous
mixtures, with our notation, becomes

(9)

pril = Au+ pAw -y, A%u — yAw — a(u — w) — y* A%
P = pAU+ wAw — yA%u — y,A%w + a(u — w)

with y* > 0.
Notice that we obtain a fourth order derivative of i1 with respect to the spatial variables. We call this mechanism
hyperviscosity because it appears in the definition of the hyperstress.

Remark 1. 1t is not difficult to see that this system has undamped solutions. Consider ®,(x) the eigenfunctions of the
problem

(10)

A’® —m2d =0 inB,
P=AD=0 on 0B.

Therefore, A® = —m, ® and A’® = m2® with m,, > 0 (see [30] for the details). And take, for instance, u = 0 and w =
e®'®,(x). Replacing them in (9) we get

0 =-—-um,—ym?+a,
{ um,, — ym? an

p20* = —pym, —y,my —a.
Taking appropriate values of w and a specific combination of a, 4 and y the above expressions can be solutions for (9).
Hence, for the rest of this section we will suppose that ym?2 + um,, # a for all m,,.
2.1 | Existence and uniqueness

We transform our initial-boundary problem in an abstract problem in an appropriate Hilbert space. Let us denote v = u
and z = w. We consider the Hilbert space

H ={(u,v,w,z) € (HynH?) x L* x (Hy N H*) X L*}. 12)

To ease the notation we have written Hé N H? instead of H(l) (B) N H%(B), and the same for L?. We will follow the same rule
in the rest of the work.
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IfU = (u,v,w, z) and U* = (u*, v*, w*, z*) are two elements of H, we define its inner product as

(U, U*) = % / (plvF + 0222% + p VuVu + u, VwVw* + u(VuVw* + VwVu*)
g (13)
+ 71 AUAU* + Y, AwAW* + y(AuAw* + AwAu*) + a(u — w)(u* — w*)) dA.

As usual, a superposed bar is used to denote the conjugate of a complex number. It is worth noting that this product is
equivalent to the usual product in the Hilbert space H due to the assumptions over the coefficients.
We can rewrite system (9) as follows:

u = v,
Vo= — (1Au + pAw — y A%u — yA’w — a(u — w) — y*A%v),
. A1 (14)
w = z,
. A2y 2 _
z o= (HAU + prAw — yA%u — y,A%w + a(u — w)).
2
With the above notation, problem (9) with boundary conditions (7) can be stated as
dUu
E = AU’ UO = (uO’ Vo, w07Z0)’ (15)
where (ug, vy, Wy, Zo) are the initial conditions (6) and A is the following 4 X 4 matrix:
0 1 0 0
WA=y A%—al  —y*A? UA—yA%+al
= P1 P1 P1
A 0 0 0 Il (16)
UA—yA2+al 0 UaA—y, A% —al
P2 P2
where I denotes the identity operator.
The domain of the operator .A, which will be denoted by D(A), is
D(A) ={(u,v,w,z) €H : v,z€ H]NH?), yA%u+yAw+y*A?v € L?,
17)

yA%u + y,A%w € L2, y,Au + yAw + y*Av = 0,yAu + y,Aw = 0 on 0B},
which is dense in H since [C{°(B)]* € D(A).
We prove now that system (15) has a unique solution. To do so we show that the operator .4 is dissipative and that 0

belongs to the resolvent of A.

Lemma 1. The operator A is dissipative. In fact,

*

R(AU, U):—%/lesz. (18)
B

Proof. The proof is straightforward by means of the divergence theorem and making use of the boundary conditions. []

Lemma 2. Let A be the above defined matrix. Then, 0 is in the resolvent of A. This is usually written as 0 € ¢(.A) to shorten.
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Proof. For any F = (f1, f2, f3, f4) € H we will find U € H such that AU = F. Writing this condition term by term we
get:

v = fl’
AU+ pAw — y1A%u — yA*w — a(u —w) —y*A*v = i[5, 19
z = f3’

UAU + o Aw — YA?u — 7, A%w + a(u — w)

p2f4-

We will solve the above system using the expressions of f; as series. It is known that each f; can be written as f; =
f ;'l@n(x), where ®,(x) are the eigenfunctions of problem (10). From the definition of H, it must be

D (m2(fh)? < oo, fori=1,3and Y (f})? < oo, fori =2,4. (20)
On the other hand, the solutions we are looking for can be written also as series with unknown coefficients:
u= 2 u,®,(x), v= 2 0,P,(x), w= 2 w,®,(x), z= Zzncbn(x). (21)

If we substitute these expressions in the system, we get straightforward that v, = f} and z,, = f>. Moreover, for each n
a new system of equations is obtained:

{—a(un = W) = PaMRity = g, — Y, = g, =V Fim + fpn )
Aty — W) = YMyUy — KMyl — VoMW, — oMW, = frpa.
The solution of this system is given by

un = Dt (Frpa(ymy; + umy, — a) = (a + yamy + pomy,) (v* frme + frp1)) (23)
and

w, = Dt ((ymy + pmy, — a) (v* frmy + frp1) = fapa(a+yims +mmy,)) (24)
where

Dy = (y1v2 = 7?)my + (apy + vita — 2yp)m; + (2ay + a(yy +v2) + gy — 12)mp + aQu + py + u)m,,  (25)

which is strictly positive for all m,,. Indeed, the fourth degree coefficient is clearly positive from the conditions over the
coefficients (5); the cubic coefficient is positive since

0 < (VY1H2 — \V72M1)* < vidz + ¥2i1 — 2lyul (26)

and the rest of coefficients are positive since, by the Arithmetic-Geometric Mean Inequality,

+
lul < y/mps < % (27)

The same holds for the gammas. Hence, it is not difficult to see that Y (m,)?u2 < co and Y,(m,)*w? < co.
It is easy to show that the (u, v, w, z) found belongs to the domain of .A. Therefore, from (19) we get the desired result.
Finally, taking into account the solutions obtained for u,, v,, w, and z,, it can be shown that

Ul < KIIF 7 (28)

where K is a constant independent of U. O
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The fact that the operator A is dissipative jointly with the fact that D(.A) is closed and dense, the above lemma and the
Lumer-Phillips theorem prove the existence and uniqueness of solutions. Hence, we have obtained:

Theorem 1. The operator A generates a Co—semigroup of contractions S(t) = {e*\'},5, in H. Therefore, for each U, € D(A),
there exists a unique solution U(t) € C1([0, 00), H) n C°([0, 0), D(A)) to problem (15).
2.2 | Time decay

Now we will prove that the solutions decay exponentially. To do so, we need to decompose H as the direct sum of two
subspaces: H = KN @ K where KV is the finite dimensional subspace generated by the vectors

Q(h, i, j, k) = (Pp(x), ©;(x), @j(x), P (x)) 1< h,i,j,k<N. (29)
Notice that KV is invariant. That means that the solutions starting at X’ always belong to V.
A solution U(t) of system (9) can also be decomposed as the sum of two elements, U(t) = U;(t) + U,(t) where U,(t) €
KN and U,(t) € K.
As U, (t) belongs to a finite dimensional subspace, if all the eigenvalues of A restricted to Q(h, i, j, k) have negative real
part, the exponential decay of U, (¢) is guaranteed.

Proposition 1. All the eigenvalues of A restricted to KN have negative real part.

Proof. Imposing u = A;e®' ®,(x) and w = A,e®' ®,(x), the following homogeneous system on the unknowns A; and A,

is obtained:
a+muuy +my(yy +@y*) + prw? —a + myy + myu A; 0 30)
—a+mly + myu a+mly, + myu, + p0* J\ A, ) \o/

Let a;, fori = 0,1, 2, 3, 4, be the coefficients of the fourth degree polynomial, p(x), obtained from the determinant of the
coefficients matrix once w is replaced by x:

ap = P1P2»

a = pyimg,

ay = (11p2 +v200m; + (U1p2 + pap)M, + aloy + p2), (3D
az = yar*my + Wy m; + ay*my,

a, = Dy,

and it is clear that @; > O foralli =0,1,2,3,4.
The Routh-Hurwitz theorem (see Dieudonné [31]) will give us the desired result. It says that, if a, > 0, then all the roots
of polynomial

apx* + a1 x> + a, x> + azx + a4 (32)
have negative real part if and only if a4 and all the leading diagonal minors, M;, of the matrix
a a 0 O
a; a, a; a 33)
a; az a

0 0 0 a

are positive.
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Straightforward computations give that the leading minors corresponding to polynomial p(x) are:

Ml = al,
2

M, = mj(a+ um, +y1m;)psy*, (34)
2
Ms = mu(ym; + um, —a)*o5(r*),

M4 = a4M3,

and by hypothesis, ym2 + um,, # a for all m,, and by the assumptions over the coefficients (5) we see that they are all
positive. O

We now study how U,(t) decays. To do so we will use the characterization given by Huang [32] or Priiss [33] that we
recall here.

Theorem 2. Let S(t) = {e"''},>( be a Cy—semigroup of contractions on a Hilbert space H. Then S(t) is exponentially stable
ifand only if iR C o(A) andljluim IGAT — A) i pgo) < 0.

We split the conditions of Theorem 2 in two separate lemmas.
Lemma 3. Let A be the matrix operator defined before. Then, iR C ¢(A).

Proof. The proof has three steps. The first two refer to the operator .4 and are quite standard (for details see, for instance,
[34], page 25). We concentrate in the third one, which is specific to each case. Here it reads as follows: suppose that there
exist a sequence of real numbers 4,, with 4,, - @, |1,,| < |@| and a sequence of vectors U,, = (u,, Uy, Wy, Z,) € D(A) and
with unit norm, that is, ||Auw,||> + [[Aw,||* + |lv,lI? + ||z,]|> = 1, such that ||(i1,Z — .A)U,|| = 0, and we will arrive to
a contradiction.

If we write the above expression term by term, we obtain the following conditions:

iA,u, — v, = 0, in H? (35a)

idaUpp1 — (H1AUy, + uAw, — ¥, A%u, — yA*w, — a(u, — w,) — y*A%v,) — 0, in L? (35b)
il,w, —z, — 0, in H? (35¢)

iAnZppr — (HAU, + prAw), — YA U, — y,A%w, + a(u, —w,)) — 0, in L2, (35d)

Taking the real part of the product {(i4,I — .A)U,, U,) and recalling the result of Lemma 1, it is clear that Av,, —» 0in
L? and, therefore, 1,Au,, — 0in L.
We now multiply (35b) by w,, to obtain

i/‘an1<Una wn> - (/"1<Auna wn) + ﬂ(Awn’ wn> - 71<A2un’ wn> - 7<A2wn’ wn)

—a((up, wy) — (Wy, Wy)) — V*<szn’wn>) -0, (36)

and we notice that since the vector is unitary we have that w,, is bounded and combined with 1,Au,, — 0 in L? we get
(Au,,w,) — 0. Also notice that (u,,w,) — 0, since Au,, — 0 and therefore, by Poincaré inequality u,, — 0. Using these
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two observations, we can simplify the above expression to get

i/lnp1<vna wn> - (#(Awn’ wn> - 71<A2una wn> - V<A2wn: wn> + a<wn’ wn> - 7*<szn: wn>> -0, (37)

which applying divergence theorem becomes

i/lnp1<vna wn> - (_#|an|2 - y1<Aun1Awn> - y|Awn|2 + alwn|2 - y*<Avn, Awn>) - 0. (38)

Notice that Aw,, is also bounded, and thus, (Au,,, Aw,) — 0 and (Av,,, Aw, ) — 0. z, is bounded and therefore, by (35c)
and Poincaré inequality

idpp1{Un, Wy) = P1{Vp, —id,wy,) & P1{Vy, —2,) = 0. (39)
With the above observations, equation (37) reduces to
HIVw,|? +y|Aw, |* - alw,|* - 0, (40)
so, taking a sufficiently small subspace we can find a Poincaré constant such that Aw,, — 0 in L? (we recall that ym2 +
um,, # a for all m,,).
Now we multiply (35d) also by w,, and proceeding as before we can reduce it to
iPZ/ln<Zn’ wn> - 0= pZ<Zn’ _ilnwn> ~ _P2<Zn’zn> -0, (41)

which finishes the proof because this shows that vector U,, cannot be of unit norm. O

Lemma 4. Let A be the operator defined before. Then, |}Hi_m 1GAT — A) 20y < oo

Proof. This result can be proved using the same argument we have followed in the proof of Lemma 3, since throughout
the proof we only make use of the fact that lim,,_,,, 4,, # 0, but it does not depend on 1,, tending to a finite number or to
infinity. O

As a consequence of the above lemmas we have the following result.
Theorem 3. Let (u,w) be a solution to the problem determined by system (9) with boundary conditions (7) and initial
conditions (6). Then, (u, w) decays exponentially.

3 | VISCOSITY: DISSIPATION GENERATED BY A FIRST-ORDER VELOCITY GRADIENT

We study now the dissipation generated by the first-order velocity gradient. This dissipation mechanism is supposedly
weaker than the previous one. For this reason, we call this case viscosity. To be precise we suppose that

= *
Tji = QijrsUrs + bijrswr,s + aijrsur,S' (42)

Therefore, with our notation, the system of field equations for antiplane shear deformations in the case of isotropic and
homogeneous mixtures becomes

{plii = AU+ pAw —yA%u — yA’w — a(u — w) + u*Au “3)

P = pAU+ wAw — yA%u — y,A%w + a(u — w)

with u* > 0.
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We still assume that ym2 + um,, # a for all m,, because if not, undamped solutions can also be found for this system.
The same Hilbert space, H, is considered, with the same inner product.
We will follow the same scheme that we have done in Section 2 and, hence, only the important facts will be stated.

3.1 | Existence and uniqueness

First we rewrite system (43) as follows:

u = v,
v o= L(,ulAu + pAw — 71 A%u — yA?w — a(u — w) + p*Av),
, p1 (44)
w = z,
. 1 2 2
z = —(uAu+ wAw — yA%u — y,A%w + a(u — w)).
P2
Therefore, in matrix form the above system is
dUu
E = BU, UO = (uo, Vo, wO,Zo), (45)
where (ug, Uy, Wy, Zo) are the initial conditions (6) and B is the following 4 X 4 matrix:
0 I 0 0
A=y A2—al WA UA—y A2 +al 0
= P1 P1 P1
B o B 0 Il (46)
uA—yA%+al 0 A=y, A% —al 0
P2 P2
In this case, the domain of the operator B is
D(B) ={(u,v,w,z) €H : v,z € (HyNH?), yA%u+yA*w—p*AvelL?
47)
yA’u +y,A’w € L?, Au= Az =0o0ndB}
Again, it is also dense in the Hilbert space H.
Lemma 5. The operator B is dissipative. In fact,
#*
R(BU,U) = - / [Vu|? dA. (48)
B
Proof. The proof is straightforward. O

Lemma 6. Let 13 be the above defined matrix. Then, 0 € ¢(13).

Proof. We proceed as in the proof of Lemma 2. For any F = (f1, f2, f3, f4) € H we will find U € H such that BU = F.
Writing this condition term by term we get:

v = fl?
WAU + uAw — Y1 A%u — yA’w — a(u —w) + uFAv = pif,, 49)
z = f37
UAU + AW — YA u — o A’w +a(u —w) = pyfa.
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We use again the expressions of f; as series, with the same notation and with the same conditions we have used in
Section 2.

Substituting the expressions of u, v, w and z in the system, we get straightforward that v, = f}, and z,, = f;. Moreover,
for each n we obtain:

{_a(un — Wy) = 1Mty — fly Myl — YW, — UMW, = 1 f5 + u* frmy, (50)
Aty — Wn) = Y Mty = UMty = Y2 W, = foMyWy = [0
The solution of this system is given by

u, =Dt (fapa(ymy + umy, — a) = (a +yamy + pomy) (frpm, + frpe1)) (51)
and

wy = Dt ((ymy + pmy, — a) (1 famn + frpr) = frpa(a +yimy + mmy)) (52)

where D,, is the same as in the previous section.

Hence, it is not difficult to see that Y (m,)*u2 < co and Y,(m,,)*w? < co.

The fact that (u, v, w, z) belongs to the domain of B comes trivially from (49) and the above results. Finally, taking into
account the solutions obtained for u,, v,, w, and z,, it can be shown that

Ul < KIIF s, (53)

where K is a constant independent of U. O
Theorem 4. The operator BB generates a Cy—semigroup of contractions S(t) = {€5'};5 in H. Therefore, for each Uy € D(B),
there exists a unique solution U(t) € C1([0, 00), H) N C°([0, o), D(13)) to problem (45).
3.2 | Time decay
We prove now that the solutions also decay exponentially. As before, we decompose H as the direct sum of two subspaces:
H = KN @ K (we use the same notation). A solution U(t) of system (43) can be written as U(t) = U, (t) + U,(t) where
Ul(t) S KN and Uz(t) e K.

Proposition 2. All the eigenvalues of B restricted to KN have negative real part.

Proof. Tmposing u = B;e®'®,(x) and w = B,e“'®,(x), the following homogeneous system on the unknowns B; and B,

is obtained:
a+ muuy + mi(y; + wy*) + pyw? —a+mly + muu B, 0 5)
—a+miy + myu a+miy, + myus + 00 J\B, )] \o/)

Let b;, for i = 0,1, 2, 3,4 be the coefficients of the fourth degree polynomial, p(x), obtained from the determinant of the
coefficients matrix once w is replaced by x:

bo = p1p2s

by = pyumy,

by = (1102 + 7200m5 + (U1p2 + Hop1)My, + a(p1 + 02), (55)
by =yl my + poptmy + aptmy,

by = Dy,
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and it is clear that b; > O for alli = 0,1, 2, 3, 4.
The leading minors corresponding to polynomial p(x) are:

Ml = bl’
M, = my(a+ pmy, +yimp)esu*, (56)
2
My = my(ymg + um, — a)’o5(1*)’,
M4 = b4M3.
They are all positive and, therefore, Routh-Hurwitz theorem finishes the proof. O

The above proposition shows the exponential decay of U (t). We now study U,(¢). To do so, we use again Theorem 2.
Lemma 7. Let 13 be the matrix operator defined above. Then, iR C ¢(3).
Proof. We suppose that there exist a sequence of real numbers 4,, with 4,, - @, |4, | < |@]| and a sequence of vectors of

unit norm U, = (u,, v,, W,, z,) € D(B) such that ||(i1,I — B)U,| — 0.
If we write the above expression term by term, we obtain the following conditions:

iA,u, — v, — 0, in H? (57a)

id,0np1 — (H1Auy, + pAw, — ¥, A%u, — yA*w, — a(u, — w,) + u*Av,) — 0, in L2 (57b)
iA,w, —z, = 0, in H? (57¢)

iAnZppy — (HAU, + prAw, — YA U, — y,A%w, + a(u, —w,)) — 0, in L2, (57d)

Taking the real part of the product ((i1,Z — B)U,, U, ) and recalling (48), it is clear that Vv,, — 0 in L? and, therefore,
1,Vu, — 0in L2,
We now multiply (57b) by u,, and we proceed as in Lemma 3 to obtain
r11Au,|? + y{Awy,, Au,) = 0, (58)
and we multiply (57d) by u,, as well to get

y|Au,|? + 7,(Aw,, Au,) = 0. (59)

From the above expressions and using that y;y, > y? we get that |Au,| — 0 and (Aw,,, Au,,) — 0. Thus, the rest of the
proof is as in the previous case. Cd

Lemma 8. Let BB be the operator defined above. Then, |/1ui_m IGAT — B)7Y| o) < 0.

Proof. Again, throughout the proof of the previous lemma we only make use of the fact that lim,,_, ., 4,, # 0, but it does
not depend on 4, tending to a finite number or to infinity. O

Theorem 5. Let (u,w) be a solution to the problem determined by system (43) with boundary conditions (7) and initial
conditions (6). Then, (u, w) decays exponentially.
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4 | DISSIPATION GENERATED BY RELATIVE VELOCITY

Let us study now the dissipation generated by relative velocity. This dissipation mechanism is supposedly even weaker
than the others. To be precise we assume that

pi = firmnur,mn + PirmnWrmn + aijdj + a;}dj' (60)

Therefore, following our notation, the system of field equations for antiplane shear deformations in the case of isotropic
and homogeneous mixtures becomes
o1l = AU+ pAw — y1A%u — yA’w — a(u — w) — a* (i — W) D)
Pl =  uAU+ AW — yA%u — 7oA’ w + a(u — w) + a* (1 — W)

with a* > 0.
Notice that the dissipation has not derivatives with respect to the spatial variables. Notice also that this system is quite
different to the previous ones.

Remark 2. This system has undamped solutions. As before, consider ®,(x) the eigenfunctions of (10), but now take, for
instance, u = w = ¢*'®,(x) and substitute them in (61) to get

p1w? = —pmy, — pm, —yimg —ymy, -
P’ = —pmy, — pymy, — ymy — yymy.
This system has a solution for ® whenever
[( + )2 = (1 + )y Imy + [y + ¥1)p2 = (7 + v2)p1Im;; = 0. (63)
Therefore, we assume [(u + u1)p2 — (U + t)p1] + [ + v1)ps — (¥ + ¥2)p11m, # 0 for all m,,.
4.1 | Existence and uniqueness
We can rewrite system (61) as follows:
u = v,
Vo= — (Au + pAw — y; A%u — yA*w — a(u — w) — a*(v — 2)),
, P1 (64)
w = z
z = pi(uAu + thAw — yA%u — y,A%w + a(u — w) + a*(v — 2)).
2
In matrix form the above system becomes
(ii_[tj = CU, UO = (uo, Uo, wO, Zo), (65)
where (ug, Uy, Wy, Zo) are the initial conditions (6) and C is the following 4 X 4 matrix:
0 I 0 0
A=y A% —al _ a_* uA—yA?+al a_*
= P1 P1 P1 P1
C o 0 h A (66)
uA—yA%+al a* A=y, A% —al _a
P2 P2 P2 P2
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The domain of the operator C is

D(C) ={(u,v,w,z) €H : v,z € HNH?), yA%u+yAwel?

yA’u +y,A’w € L?>, Au= Az =0o0n0dB}. @
Again, it is dense in the Hilbert space H.
Lemma 9. The operator C is dissipative. In fact,
R(CU,U) = —% / v — z|? dA. (63)
B
Proof. The proof is straightforward. O

Lemma 10. Let C be the above defined matrix. Then, 0 € ¢(C).

Proof. We proceed as in the proof of Lemma 2. For any F = (f1, f2, f3, f4) € H we will find U € H such that CU = F.
Writing this condition term by term we get:

v = fl!

mAU + pAw — 7 AU —yNw —au—w) —a*(v-2) = pifs, )
z = fs

UAU + o Aw — Y AU — y,A’w +a(u —w) +a*(v—2z) = pofa

As before, we solve the above system using the expressions of f;,u, v, w, z as series. Doing so, we get straightforward
that v, = f} and z,, = f3. Moreover, for each n a new system of equations is obtained:

_a(un - wn) - )/Im%un — Himyuy, — ym%wn - Hmyw, = plf% + a*(f}z - f%)a (70)
a(un - wn) - ymrzzun - Mmyu, — Vzm%wn - Homyw, = szﬁ - a*(frlz - f731)
The solution of this system is given by
u, = D (((fr = f)a* = fapa)(a — pmy, —ymy) — (a + omy, +yomy) ((fr — f)a* + fap1)) (71)

and

w, =Dy ((fr = fa)mea*(y + yDm, + u+ ) + fapi(—a + um, + ym3) — fapa(a+yimis + wymy,))  (72)

where D,, is the same as in the previous sections.

Hence, it is not difficult to see that Y (m,)*u? < co and Y,(m,)*w? < co.

The fact that (u, v, w, z) belongs to the domain of C comes trivially from (69) and the above results. Finally, taking into
account the solutions obtained for u,, v,, w, and z,, it can be shown that

U7 < KIIF I3 (73)
where K is a constant independent of U. O

Theorem 6. The operator C generates a Co—semigroup of contractions S(t) = {¢'},5 in H. Therefore, for each U, € D(C),
there exists a unique solution U(t) € C([0, o), H) N C°([0, o), D(C)) to problem (65).

850807 SUOWWIOD @A eaID 8|qeo! dde a3 Aq pausenob are ssjone YO ‘SN JO Se|n. 1o} ArIqi8UIUQ A8]IM UO (SUORIPUCO-PUe-SWLRY/WID" A3 | Afelq1jpUIUO//:SANY) SUORIPUOD pUe Swe 1 8ys &8s *[£202/10/92] Uo ARiqiTauliuo A[1M ‘(ouleAnde ) aqnopesy Aq 680002202 WWEZ/Z00T OT/I0p/W00 A8 |IM Aeiq Ul uo//Sdny WOy pepeoumod ‘0 ‘TO0YTZST



14 0f 18 m MAGANA ET AL,

4.2 | Time decay
In this case the decay of the solutions is generically exponential, but there is a specific subcase determined by a concrete
combination of the constitutive coefficients that drives the solutions to slow decay.

A solution U(t) to system (61) can also be written as U(t) = U;(t) + U,(t) where U, (t) € KN and U,(t) € K.

Proposition 3. All the eigenvalues of C restricted to KN have negative real part.

Proof. Imposing u = C;e*'®,(x) and w = C,e*'®,(x), the following homogeneous system on the unknowns C; and C,

is obtained:
a+ muyuy, + miy, + p1w? + a*w —a+ miy + myu — a*w (o) 0 )
—a+mly +muu—a*w a+my, + myus + py* +a*w J\C, ) \o)
Let ¢;, for i = 0,1, 2, 3,4 be the coefficients of the fourth degree polynomial, p(x), obtained from the determinant of the
coefficients matrix once w is replaced by x:

Co = P1P2

= (p1+p2)a”,

¢ = (1p2 +¥200m; + (102 + pap1)my, + aler + p2), (75)
cz= Qy+y+rdam;+Qu+p +pu)atmy,

¢4 = Dy,

and it is clear that¢; > O for alli = 0,1, 2, 3, 4.
Straightforward computations give that the leading minors corresponding to polynomial p(x) are:

Ml =C1,
M, =a*(y105 + 7205 = 2YP102)My + a* (05 + U2y — 24P102)My, + aa*(py + p3)%,

My =m2(a*)*([(1 + p)es — (1 + o1 ] + [ +70)ps — (7 + v2)prlmy)’,
M4 =C4M3. (76)

By the assumptions, they are all positive. Therefore, the Routh-Hurwitz theorem finishes the proof. |

The above proposition shows the exponential decay of U;(¢). We now study U,(¢). In order to do so, we consider two
different subcases:

(CD [y +y1)p2— (@ +72)e1l #0.
(C2) [(y +y1)p2— ¥ +7y2)p1] = 0.

Under (C1), we prove now the exponential decay of the solutions. Using again the characterization given by Huang or
Priiss.

Lemma 11. Let C be the matrix operator defined above. Then, if (C1) holds, iR C ¢(C).
Proof. We suppose that there exist a sequence of real numbers 4,, with 4,, - @, |1,] < |w]| and a sequence of vectors
U, = (U, Uy, Wy, z,) € D(C) and with unit norm such that ||(i1,,I — C)U,,|| = 0.

If we write the above expression term by term, we obtain the following conditions:

id,u, — v, — 0, in H? (77a)
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idyUpp1 — (H1Auy, + pAw, — y;A*u, — yA*w, — a(u, — w,) — a*(v, — z,)) — 0, in L? (77b)
iA,w, —z, = 0, in H? (77¢)
idnZnps — (UAU, + AW, — YA u, — 720%w, + a(u, — w,) + a*(v, — 2,)) = 0, in L. (77d)

Taking the real part of the product ((i1,Z — C)U,,U,) and recalling (68), it is clear that |v, — z,| — 0 in L? and,
therefore, combining (77a) and (77c) one gets that id,(u, — w,) — 0 and (u, — w,) — 0 in L2,
We now multiply (77b) and (77d) by u,, — w,, and we proceed as in Lemma 3:

Y1{ A%y, uy — wy, ) + y{ AWy, u, —wy, ) =0,

Y (AU, uy — wy ) + 72 (A%wp, u, — wy, ) = 0, (78)
or equivalently

71{Au,, A(u, — wy,)) +y{Aw,, A(u, —w,)) = 0,

J/<Aun7 A(un - wn)> + y2<Awn1 A(un - wn)> - 0. (79)

Therefore, since y;7, > y> we get that (Au,,A(u, —w,)) = 0 and (Aw,,A(u, —w,)) = 0 as well. Using the
distributive property of the scalar product one deduces that |Au,|*> ~ |Aw,|? and (Au,, Aw, ) ~ |Au,|* as n — oo.
Let us now write (77b) - p, — (77d) - p;:

idnp102(Vy — 2p) + (U1 — H1P2) AU, + (UaP1 — HP2)AW,

(80)
+(102 = YPDA U, + (P2 = V2p1)A’ W, — 0.
Multiplying by u,,, simplifying and using divergence theorem we obtain
[(1 + ey = (u+ w)pr IV | + [(r + 71)p2 = (7 + 72)prllAu, I = 0, (81)
therefore, taking a sufficiently small subspace we can find a Poincaré constant such that we have |Au,|?> — 0in L2.
Finally, we notice that using what we have seen so far (77b) becomes
idUpp1 + ylAzun + yAzwn -0, (82)
so if we multiply by v,, and divide by 4,, we get
. 2 2 Uy 2 Un
ifon e +71<A un,—>+7<A wn’_> -0, (83)
An An

and now using (77a), the fact that |Au,|> ~ |Aw,|? and integration by parts we arrive to |v,|> = 0. Thus, |z,|*> = 0 as
well, and we arrive to a contradiction. O

Lemma 12. Let C be the matrix operator defined above. Then, if (C1) holds, |/lui_m 1GAT = O~ £(H) < 0.
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Proof. Notice that throughout the proof of the previous lemma we only use that lim,,_,, 4,, # 0, but it does not depend
on 1, tending to a finite number or to infinity. O

Theorem 7. Let (u,w) be a solution to the problem determined by system (61) with boundary conditions (7) and initial
conditions (6). Then, if (C1) holds, (u, w) decays exponentially.

We prove now that under (C2) the solutions of system (61) do not decay exponentially. To do so, we use a standard
argument. We can prove that there exists a solution of the form u = C;e®'®,,(x) and w = C,e*'®,(x) such that R(w) > —¢
for all positive € small enough. This fact implies that we can find a solution w as near to the imaginary axis as we desire
and hence it is impossible to have uniform exponential decay on the solutions to the problem determined by (61) with
conditions (6) and (7).

We repeat the argument we did in the proof of Proposition 3. The same polynomial, p(x), is obtained. To prove that
there are roots of p(x) as near to the imaginary axis as desired is equivalent to show that for any ¢ > 0 there are roots
of p(x) located to the right hand side of the vertical line R(x) = —e. If we make a translation, this fact is equivalent to
show that the polynomial p(x — €) has a root with positive real part. The third leading minor of the Routh-Hurwitz matrix
corresponding to p(x — ¢) is a fourth degree polynomial on m,, which main coefficient is negative for m,, large enough:

M; = (=2(p; + p2)a* (1102 — ¥201)* + 47%p102)€ + O(€*))my, + p3(my,), (84)

where p;(m,,) is a cubic polynomial on m,,.
The above results prove that the solutions for this case do not decay exponentially. Nevertheless, it should be proven
that the solutions decay. In order to do so we follow a standard argument.

Lemma 13. The operator C! is compact.
Proof. 'We have to see that for any bounded sequence (F,)nen = (f7, f5, 5, [} nen € H the sequence (CYF)Dnen =

(u",v", w", z"),en contains a convergent subsequence.
As in the proof of Lemma 10 the following system of equations is obtained

pify +a*(ff — f3) =: F{,

(85)
pofy —a*(ff = f3) =: F}.

(A —y1A% — aDu™ + (A — yA? + aDw"
(UA — yA? + aDu" + (U A — y,A% — alw"

On the other hand, we consider the bilinear form V : (H? x H?) X (H? X H*) — R defined as

Vi(u,w), (i, w)] = 1 / </11Vu% + ,quwW + ,u(VuW + VwVi)
2/
(86)
+71 AUATL + Y, AWAD + y(AUAW + AwA#) + a(u — w)(@ — LD)) dA,

which clearly defines an equivalent norm to the H? X H? usual norm. Notice that it corresponds to the inner product (13)
taking v = z = 0. Notice also that V is coercive:

1 u H Vu y1 v \[Au
O B

+a(u — w)*dA > K||(w, )12, .,

for some constant K, since we are assuming w4, > u? and y,y, > 72
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From the definition of V it is clear that

V[(un, wn)’ (uVl’ w")] = <(—Fn, —F;), (un, wn)>L2><L2
(88)

< ClI@", whllrexrz < CHIW" W)l p2xm2,

for some constants C, C* € R. Therefore, ||(u", w")||g2xm2 < K for some constant K € R, that is, (u", w") is bounded in
H? x H%. Thus, since (u", w") € H; and it is bounded in H' x H' by Rellich-Kondrachov Theorem (see [35]), there exists
a subsequence that we still denote by (u", w") that converges in L? x L.

We see now that this subsequence converges in H? x H?. To do so, we see that it is a Cauchy sequence:

V" —u™ w" —w™), (W —u™, w" — w™)] < CllW"* —u™, w" — w™)||12xz2 (89)

and since the sequence is convergent in L? x L?, it is a Cauchy sequence in H? X H? so, by completeness, it is also
convergent in H? x H?.

(v",2") has a convergent subsequence in L? x L?. This is easy to check since (v",z") = (f7, f1) € (Hy n H*) x (H} N
H?) and therefore (0", z") is bounded in H? X H? and, as before, one concludes that it has a convergent subsequence. []

Theorem 8. Let (u,w) be a solution to the problem determined by system (61) with boundary conditions (7) and initial
conditions (6). Then, if (C2) holds, (u, w) decays slowly.

Proof. Since the operator C~! is compact, p(C)Noyp(C) = 0,(C), where g, and o, denote the point and approximate
spectrum of the operator, respectively. Thus, using Proposition 3 and the last statement, we have that o,,(A) N iR = @.
Therefore, we can apply Arendt-Batty Theorem (see [36]) which gives us the desired result. 1

5 | CONCLUSIONS

We have analyzed the time decay for the solution to the system of partial differential equations that models the behav-
ior of the mixture of two materials of the Kelvin-Voigt type. We have focused on the isotropic and homogeneous case
for antiplane shear deformations. We have introduced several dissipation mechanisms in the system, that we analyze
separately, and have obtained the following results:

1. Hyperviscosity (the dissipation is given by a fourth order derivative with respect to the spatial variables): exponential
decay.

2. Viscosity (the dissipation is given by a second order derivative with respect to the spatial variables): exponential decay.

3. Dissipation generated by the relative velocity (the dissipation has not derivatives with respect to the spatial variables):
exponential decay in the generic case and slow decay in a specific situation given by a particular combination of the
parameters.

For each system we have also proved the existence and uniqueness of solutions.

ACKNOWLEDGEMENTS
The authors would like to express their gratitude to two anonymous referees, whose comments improved the quality of
the paper.

The investigation reported in this paper is supported by the project “Andlisis matematico aplicado a la termo-
mecénica” (PID2019-105118GB-100), of the Spanish Ministry of Science, Innovation and Universities and FEDER, “A way
to make Europe”.

This work is dedicated to Professor J. I. Diaz for his 70th anniversary.

CONFLICT OF INTEREST
The authors have declared no conflict of interest.

850807 SUOWWIOD @A eaID 8|qeo! dde a3 Aq pausenob are ssjone YO ‘SN JO Se|n. 1o} ArIqi8UIUQ A8]IM UO (SUORIPUCO-PUe-SWLRY/WID" A3 | Afelq1jpUIUO//:SANY) SUORIPUOD pUe Swe 1 8ys &8s *[£202/10/92] Uo ARiqiTauliuo A[1M ‘(ouleAnde ) aqnopesy Aq 680002202 WWEZ/Z00T OT/I0p/W00 A8 |IM Aeiq Ul uo//Sdny WOy pepeoumod ‘0 ‘TO0YTZST



18 of 18 m MAGANA ET AL,

REFERENCES

[l

2]
(3]
(4]

(5]
(6]
(7]
(8]
(9]

(10]
(11]
(12]
[13]
[14]

(15]
[16]
(17]
(18]
(19]

Truesdell, C., Toupin, R.: The classical field theories. In: Prinzipien der Klassischen Mechanik und Feldtheorie, pp. 226-858. Springer
(1960)

Kelly, P.D.: A reacting continuum. Int. J. Eng. Sci. 2, 129-153 (1964)

Eringen, A.C., Ingram, J.D.: A continuum theory of chemically reacting media-I. Int. J. Eng. Sci. 3, 197-212 (1965)

Ingram, J.D., Eringen, A.C.: A continuum theory of chemically reacting media-II. constitutive equations of reacting fluid mixtures. Int. J.
Eng. Sci. 5, 289-322 (1967)

Green, A.E., Naghdi, P.M.: A dynamical theory of interacting continua. Int. J. Eng. Sci. 3, 231-241 (1965)

Green, A.E., Naghdi, P.M.: A note on mixtures. Int. J. Eng. Sci. 6, 631-635 (1968)

Bowen, R.M., Wiese, J.C.: Diffusion in mixtures of elastic materials. Int. J. Eng. Sci. 7, 689-722 (1969)

Bowen, R.M.: Theory of mixtures in continuum physics III, ed. A.C. Eringen. Academic Press, New York, 1976

Atkin, R.J., Craine, R.E.: Continuum theories of mixtures: Basic theory and historical development. Quart. J. Mechan. Appl. Math. 29,
209-244 (1976)

Atkin, R.J., Craine, R.E.: Continuum theories of mixtures: applications. IMA J. Appl. Math. 17, 153-207 (1976)

Bedford, A., Drumheller, D.S.: Theories of immiscible and structured mixtures. Int. J. Eng. Sci. 21, 863-960 (1983)

Rajagopal, K.R., Tao, L.: Mechanics of Mixtures. vol. 35, World Scientific (1995)

Marinov, P.: Toward a thermo-viscoelastic theory of two-component materials. Int. J. Eng. Sci. 16, 533-544 (1978)

McCarthy, M.F., Tiersten, H.F.: A theory of viscoelastic composites modeled as interpenetrating solid continua with memory. Arch. Ration.
Mech. Anal. 81, 21-51 (1983)

Hills, R.N., Roberts, P.H.: Relaxation effects in a mixed phase region. J. Non-Equilibrium Thermodyn. 12, 169-181 (1987)

Hills, R.N., Roberts, P.H.: On the formulation of diffusive mixture theories for two-phase regions. J. Eng. Math. 22, 93-106 (1988)

Iesan, D., Quintanilla, R.: Existence and continuous dependence results in the theory of interacting continua. J. Elast. 36, 85-98 (1994)
Iesan, D., Quintanilla, R.: On a theory of interacting continua with memory. J. Therm. Stresses 25, 1161-1177 (2002)

Iesan, D., Quintanilla, R.: A theory of porous thermoviscoelastic mixtures. J. Therm. Stresses 30, 693-714 (2007)

[20] Alves, M.S., Ferreira, M.V., Muiioz.Rivera, J.E., Villagran, O.V.: Stability of a thermoelastic mixture with second sound. Mathematics and

[21]
[22]

(23]
[24]

[25]
[26]
[27]

(28]
[29]

Mechanics of Solids 24, 1692-1706 (2019)

Alves, M..S., Mufioz.Rivera, J.E., Quintanilla, R.: Exponential decay in a thermoelastic mixture of solids. Int. J. Solids Struct. 46, 1659-1666
(2009)

Alves, M.S., Muiioz.Rivera, J.E., Septlveda, M., Villagran, O.V.: Analyticity of semigroups associated with thermoviscoelastic mixtures of
solids. J. Therm. Stresses 32, 986-1004 (2009)

Fernandez, J.R., Magaia, A., Masid, M., Quintanilla, R.: On the viscoelastic mixtures of solids. Appl. Math. Optim. 79, 309-326 (2019)
Fernandez, J.R., Masid, M., Magafia, A., Quintanilla, R.: A problem with viscoelastic mixtures: Numerical analysis and computational
experiments. Applicable Analysis 100, 2684-2705 (2021)

Fernandez.Sare, H.D., Mufioz.Rivera, J.E., Quintanilla, R.: On the rate of decay in interacting continua with memory. J. Differ. Equations
251, 3583-3605 (2011)

Muifioz.Rivera, J.E., Naso, M.G., Quintanilla, R.: Decay of solutions for a mixture of thermoelastic one dimensional solids. Comput. Math.
Appl. 66, 41-55 (2013)

Quintanilla, R.: Existence and exponential decay in the linear theory of viscoelastic mixtures. Eur. J. Mech. A. Solids 24, 311-324 (2005)
Quintanilla, R.: Exponential decay in mixtures with localized dissipative term. Appl. Math. Lett. 18, 1381-1388 (2005)

Iesan, D.: A theory of mixtures of nonsimple elastic solids. Int. J. Eng. Sci. 30, 317-328 (1992)

[30] Sigillito, V.G.: Explicit a Priori Inequalities with Applications to Boundary Value Problems. vol. 13, Pitman Publishing (1977)

(31]
[32]
(33]

Dieudonné, J.A.: La Théorie Analytique des Polynomes d’une Variable (A Coefficients Quelconques), Gauthier-Villars Paris (1938)
Huang, F.L.: Characteristic conditions for exponential stability of linear dynamical systems in hilbert spaces. Ann. Diff. Egs. 1, 43-56 (1985)
Priiss, J.: On the Spectrum of c,-semigroups. Trans. Am. Math. Soc. 284, 847-857 (1984)

[34] Liu, Z., Zheng, S.: Semigroups Associated with Dissipative Systems, Chapman and Hall/CRC Press (1999)

[35]
[36]

Evans, L.C.: Partial Differential Equations, 2nd ed., vol. 19. Graduate Series in Mathematics (2010)
Pata, V.: Lecture notes on semigroups of linear operators, Politecnico di Milano. Original notes provided by the author. Dipartimento di
Matematica, Politecnico di Milano

How to cite this article: Magaifia, A., Magafia, M., Quintanilla, R.: Decay of solutions for strain gradient
mixtures. Z Angew Math Mech. e202200089 (2022). https://doi.org/10.1002/zamm.202200089

850807 SUOWWIOD @A eaID 8|qeo! dde a3 Aq pausenob are ssjone YO ‘SN JO Se|n. 1o} ArIqi8UIUQ A8]IM UO (SUORIPUCO-PUe-SWLRY/WID" A3 | Afelq1jpUIUO//:SANY) SUORIPUOD pUe Swe 1 8ys &8s *[£202/10/92] Uo ARiqiTauliuo A[1M ‘(ouleAnde ) aqnopesy Aq 680002202 WWEZ/Z00T OT/I0p/W00 A8 |IM Aeiq Ul uo//Sdny WOy pepeoumod ‘0 ‘TO0YTZST


https://doi.org/10.1002/zamm.202200089

	Decay of solutions for strain gradient mixtures
	1 | INTRODUCTION AND BASIC EQUATIONS
	2 | HYPERVISCOSITY: DISSIPATION GENERATED BY A SECOND-ORDER VELOCITY GRADIENT
	2.1 | Existence and uniqueness
	2.2 | Time decay

	3 | VISCOSITY: DISSIPATION GENERATED BY A FIRST-ORDER VELOCITY GRADIENT
	3.1 | Existence and uniqueness
	3.2 | Time decay

	4 | DISSIPATION GENERATED BY RELATIVE VELOCITY
	4.1 | Existence and uniqueness
	4.2 | Time decay

	5 | CONCLUSIONS
	ACKNOWLEDGEMENTS
	CONFLICT OF INTEREST
	REFERENCES


