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Abstract  I 

Abstract 

In this thesis, an OPF calculation model applied to AC/DC hybrid grids is presented, with the 

aim of developing an extension of MatPower that allows this type of calculation. With this tool, 

the OPF is studied for a test system defined by a hybrid grid.  

First, an introduction to HVDC transmission systems is given. After this, the modelling of hybrid 

AC/DC grids is developed, adding converters and HVDC lines to the model for AC. Then, the 

OPF mathematical model is defined, whose objective function, variables and constraints asso-

ciated with the hybrid AC/DC model are presented. From here, the test system to be studied is 

introduced and results are shown from the developed MatPower extension. These results allow 

comparing different scenarios for the test system, each one having an HVDC system with differ-

ent levels of meshing. 
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Introduction 1 

1 Introduction 

1.1 Background 

Around the world there is a clear concern about the environmental footprint that the human 

species is leaving over the years. The European Union, for example, has developed a series of 

objectives for all its member states based on three fundamental pillars: reduction in emissions, 

improvement in energy efficiency and increase in energy consumption from renewable sources 

[1]. Despite the improvement in global energy efficiency, an increase in consumption is ex-

pected in Europe over the coming decades [2]. This fact, added to a greater penetration of 

renewable energies in electrical power systems, supposes a technical challenge for the adapta-

tion of the networks to these conditions.  

If the electrical power systems of each country want to adapt to the new reality, they will have 

to implement a series of improvements that allow them to offer higher capacity, higher flexibil-

ity and better interconnectivity with the electrical power systems of neighbour countries. The 

variability of renewable energy resources makes necessary to have more interconnectivity be-

tween countries, since the energy deficits of one system could be supplied by the surpluses of 

another. This fact entails, together with the increase in consumption, the need for higher trans-

mission capacity and more flexibility.  

Adding HVDC transmission lines in the current electrical power systems can lead to an increase 

in the transmission capacity, taking in account the technological improvement around the ca-

bling materials or the optimal use of the resources through the use of dynamic line rating. There 

is also the possibility of increasing the capacity of the system by replacing old HVAC lines with 

new HVDC lines, which implies an increase in the capacity of between 200% and 350% [2]. 

The HVDC lines allow an interconnection between distant or asynchronous systems in an effi-

cient way maintaining a power flow between them. In addition, HVDC transmission is also 

optimal for the connection of remote generation systems, such as offshore wind farms, to the 

onshore electrical network. 

For all these reasons, there are many countries that are already contemplating the installation 

of HVDC transmission to their electrical power systems, betting on a model based on hybrid 

AC/DC grids. And not only through point-to-point connections, but also by developing HVDC 

meshed systems and transmission sub-grids. An example is China, which is currently one of the 

greatest powers in HVDC transmission, and is also developing the first HVDC grid in the world: 
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Zhangbei grid [3]. In Europe, the option of the Pan-European Super-Grid has also been dis-

cussed [2], which would allow the massive integration of renewable energies in a system that 

would interconnect all Europe and North Africa. 

 

1.2 Motivation 

The objective of this thesis is to demonstrate the definition of the optimal HVDC system for a 

specific test system, based on the study of the optimal power flow (OPF) for different scenarios. 

Under these optimal operating conditions, with minimum losses, the results for different DC 

configurations are compared. In addition to showing that the OPF results are the ones with the 

lowest losses compared with different power flow (PF) simulations for the same test system. 

The optimal power flow is an optimization problem applied in the field of electrical power 

systems. The calculation of the OPF for an electrical system allows solving its power flow, opti-

mizing its operating conditions and adjusting the parameters of the control variables, without 

unfulfilling any of the system's constraints. Optimal operation of a power system allows to re-

duce costs, improve its efficiency and have more reliability. 

In order to calculate the OPF, MatPower [4], an open-source Matlab based program is used for 

solving steady-state power system simulation and optimization problems. Matpower's problem 

is that it is only capable of calculating the OPF applied to AC systems, so it is necessary to 

develop an extension that allows the calculation of the OPF for hybrid AC/DC grids. 

In this way, the modeling of a hybrid network is first developed, adding the HVDC system and 

the converter stations to the existing AC system. For the HVDC system, its power flow is studied 

from the definition of the losses in its transmission lines. For the converter stations, their con-

version capacity, losses and master-slave control system are analyzed. From the modeling, an 

OPF mathematical model is developed, that allows simulating the operation of the system based 

on different constraints and through the definition of its state variables. And all this, with an 

objective function that minimizes the global losses of the system. 

From the defined OPF model, and once the Matpower extension has been developed, the sim-

ulations for a test system are carried out. This makes possible to demonstrate the correct oper-

ation of the extension, apart from analyzing the impact of the HVDC sub-system on the system’s 

global operation. 
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2 HVDC and hybrid AC/DC grids 

High Voltage Direct Current (HVDC) is an electrical energy transmission technology used to 

transport large powers over long distances. Under these conditions, HVDC lines offer lower 

energy losses, better reliability and a good economic balance, compared to HVAC lines. HVDC 

transmission is also widely used in underground or underwater lines, for which it is significantly 

more efficient than its AC competitor in both energy and economic aspects.  

HVDC electric transmission technology currently has application in on-shore systems based on 

long-distance OHL and underground lines; and also in off-shore applications, for example, for 

underwater connections of off-shore wind farms or islands with a terrestrial network. HVDC 

transmission lines also allow the connection of two or more asynchronous or different frequency 

AC networks [5, 6]. 

 

2.1 History of HVDC 

The first transmission line using DC was developed in 1882 between the German cities of 

Miesbach and Munich, and was only capable of transporting 1.5 kW across the 40 km. That 

same decade, the Swiss engineer René Thury developed a DC power transmission system based 

on an electromechanical principle from the connection of several motor-generator groups. By 

the end of the 1920s there were already fifteen Thury systems in operation; among which was 

the one developed in Italy by the Ferrari-Galliera company (the first of all of them, inaugurated 

in 1889, and capable of transporting up to 630 kW at 5 kV) and the Moutiers-Lyon System (with 

a maximum transmission of 8.6 MW from a hydroelectric plant) [7]. 

Starting in 1920, a new DC electrical transport technology based on mercury arc valves began 

to develop. The first transmission line based on this technology was designed for Berlin (Ger-

many) but was never completed. After the World War II, the Soviet Union and Sweden resumed 

the studies. In 1951 the Moscow-Kashira System was inaugurated and in 1954 the Gotland 

System was put into operation, linking the mainland of Sweden and the island of Gotland; these 

being the first commercial systems based on mercury arc valves in operation. The Gotland Sys-

tem was capable of managing 20 MW at 100 kV through OHL and underwater lines [5, 8]. Until 

1970s the most common DC transmission systems were those based on mercury arc valves. 

During these years, the most relevant project was the PDCI (Pacific HVDC Intertie), with a 

capacity that evolved from 1.5 GW to 3.1 GW through the years; and which remained in oper-

ation until 2004, when the valves were replaced by a new generation conversion system [8]. 
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At the end of the 1970s, a new HVDC transmission technology began to be used where thyristors 

were incorporated in the converters; this technology will be known as LCC (Line-Commutated 

Converter), since they take the reference of an external AC system [5]. In 1979, a 1410 km 

HVDC-LCC transmission line began to operate between Johannesburg (South Africa) and Ca-

hora Bassa (Mozambique) with a capacity of 1.92 GW at 533 kV [9]. Until the 2010s it was the 

most common technology; with projects like the Basslink line (Australia), that has been inter-

connecting the Australian continent with the island of Tasmania since 2006 [6, 10]. 

In 1997, the first experimental HVDC transmission line based on voltage-source converters 

(HVDC-VSC) was inaugurated, leaving behind the use of thyristors to start working with IGBTs 

in the converters, leading to a reduction in investment and maintenance costs of HVDC systems. 

Currently, VSC-based transmission systems occupy a big part of the HVDC market, especially 

among new implementation projects [6]. 

 

2.2 Comparison between HVDC and HVAC transmission 

To define the points for and against the implementation of these HVDC transmission lines, the 

advantages and disadvantages of the HVDC lines with respect to the HVAC lines will be devel-

oped. 

 

2.2.1 Advantages of HVDC transmission 

The first of the advantages of using HVDC transmission lines is economic, since the investment 

costs have a critical distance from which the development of an HVDC line is profitable. Alt-

hough the installations (transformer station, additional filters, etc.) of this type of transmission 

system represent an extra cost, the savings in cabling for HVDC transmission and the reduction 

in electrical losses allow the HVDC lines to be economically profitable for long distances. The 

critical distance from which the implementation of an overhead HVDC line is economically fa-

vorable is between 300 km and 400 km; while for an underwater line it is around 100 km [2, 

6]. Figure 2.1 shows a graphic about the critical point for an underwater HVDC transmission 

line located between two converter stations.  



 

 

HVDC and hybrid AC/DC grids 5 

 

Figure 2.1: Cost comparison between AC and DC underwater transmission [2]. 

 

On the other hand, there are no losses in HVDC lines due to skin effect, and those related to 

corona effect are highly reduced. All this means that, in general, HVDC lines have significantly 

lower losses than HVAC lines for long distance transmissions systems, adding also the fact that 

the losses due to the Joule effect are reduced by the characteristics of the DC from Ohm's law 

[2, 11]. 

In addition, the absence of inductance allows HVDC lines to maintain good voltage regulation, 

offering better controllability than AC systems. HVDC lines also allow the interconnection of 

asynchronous or different frequency lines, since it decouples AC systems from each other. The 

null frequency of HVDC lines also entails less impact on nearby communication lines [6]. 

 

2.2.2 Disadvantages of HVDC transmission 

The first disadvantage of HVDC lines compared to HVAC lines, is that maintenance costs may 

be higher (since more components are required in the system); and that an additional cost must 

also be considered for the continuous control of the line terminals, for which more expensive 

protections are required than in the case of AC.  

In locations close to the conversion stations of the HVDC systems, the communication lines may 

be affected by radio noise generated by the high switching operation frequencies of the con-

verters. Finally, for underground and underwater monopole HVDC systems, currents through 

the ground can cause electrocorrosion to pipelines and other underground metal installations 

[6]. 
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2.3 HVDC technologies 

This section introduces the two most common technologies of converter stations associated with 

the HVDC systems: conventional or LCC converter stations and VSC converter stations. 

 

2.3.1 LCC converter stations 

Conventional or LCC converter stations are characterized by having power converters based on 

thyristors. The main advantage of this technology is that it can manage very high power levels 

(up to between 6 and 7 GW) at voltages up to 800 kV [2, 6]. It should also be noted that it is a 

mature technology and that it has lower conversion losses than VSC technology. Figure 2.2 

shows a comparison of the losses of a 1000-MW OHL connection for the different conversion 

technologies depending on the length of the line. 

 

Figure 2.2: Line losses comparison between HVDC different technologies and HVAC [2]. 

 

The negative fact in the use of thyristors is that they only allow the control of the turning on, 

so only the active power can be controlled; while for the control of the reactive power it is 

necessary to have big capacitor banks that deliver the reactive power demanded by the station 

(between 50% and 60% of the nominal power). This means that the converter stations are 

large, which entails a space cost to be taken into account in applications, for example, like off-

shore wind farms [6]. 
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2.3.2 VSC converter stations 

Converter stations with VSC technology have two-level, three-level or multilevel converters 

based on IGBT transistors. Figure 2.3 shows the scheme of an HVDC-VSC transmission system 

that connects two AC networks. 

 

Figure 2.3: HVDC-VSC transmission system that connects two AC networks. 

 

The maximum power managed by HVDC-VSC converter stations is currently 1.2 GW, with an 

operating voltage up to 320 kV. This means that for an HVDC transmission line there are sets 

of converter stations that supply the line which, due to the technical characteristics of the ca-

bling, can transport up to 7.2 GW at 800 kV in OHL or 2.5 GW at 500 kV in underground 

systems [2]. With all this, different studies are currently in the development phase with the 

objective of having higher HVDC-VSC conversion power systems. 

An advantage of this technology is that it offers a fast response and a low level of harmonics, 

which leads to the need of smaller filters than in the case of LCCs, thus reducing the necessary 

dimensions of the station. Another advantage is that HVDC-VSC has independent active and 

reactive power control, considerably reducing the reactive power to be delivered from capacitor 

banks [5, 6]. 

On the other hand, VSC technology presents significant losses associated with the high switch-

ing frequencies of the converters, which can also cause electromagnetic interference in the con-

verter stations nearby [6]. 
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3 Hybrid AC/DC grid modelling 

In this chapter of the project, the mathematical model that defines a hybrid AC/DC grid is pre-

sented, including the AC power system, the DC power system and the converter stations that 

interconnect them. For the AC system, the modelling of its transmission lines (or branches) is 

presented and the nodal power balance is analyzed. For the DC system, the modelling of its 

HVDC transmission lines and the DC power flow is developed. The structure, losses, conversion 

capacity and control system of the converter stations are defined. 

 

3.1 AC power system modelling 

The AC power system is based on a set of nodes (or buses) where generators and loads can be 

connected. The nodes can be in communication with each other through transmission lines. For 

each of these nodes 𝑖, the complex voltage in magnitude and angle (𝑈𝑖⃗⃗  ⃗ = 𝑈𝑖∠𝜃𝑖) and the injected 

power (𝑆𝑖⃗⃗⃗  = 𝑃𝑖 + 𝑗𝑄𝑖) must be known or obtained; 𝑃𝑖 and 𝑄𝑖 being the active and reactive power 

injected into bus 𝑖. 

 

3.1.1 AC branches modelling 

The AC transmission lines are modelled from a π-equivalent structure [2]. The transmission 

line connecting AC buses 𝑖 and 𝑗 can be modelled from an impedance 𝑍L,𝑖𝑗 = 𝑅L,𝑖𝑗 + 𝑗𝑋L,𝑖𝑗 

(where 𝑅L,𝑖𝑗 and 𝑋L,𝑖𝑗 are the resistive and inductive components of the impedance), and a shunt 

admittance 𝑌q,𝑖𝑗 = 𝐺q,𝑖𝑗 + 𝑗𝐵q,𝑖𝑗 (divided into a shunt conductance 𝐺q,𝑖𝑗 and a shunt susceptance 

𝐵q,𝑖𝑗); as presented in Figure 3.1. 

 

Figure 3.1: π-equivalent model for the transmission line. 
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When the power flow of the transmission line flows from node 𝑗 to node 𝑖, and therefore power 

is injected to bus 𝑖, the power 𝑆𝑖𝑗⃗⃗ ⃗⃗   will take a negative value, while the power 𝑆𝑗𝑖⃗⃗⃗⃗  will be positive. 

In order to build the network admittance matrix (YbusAC), each of the components of that matrix 

is calculated from the definition of the equivalent admittance of each branch (𝑦busAC,𝑖𝑗).  To 

calculate these equivalent admittances, it is necessary to base on the equivalent model of AC 

transmission line discussed, as shown in Equation 1 [12, 13]. 

YbusAC =

{
 
 

 
    𝑦busAC,𝑖𝑖 =∑(

1

𝑍L,𝑖𝑗
+ 𝑌q,𝑖𝑗)

𝑛

 

𝑦busAC,𝑖𝑗 = −∑
1

𝑍L,𝑖𝑗
𝑛

   ;    when 𝑖 ≠ 𝑗

 (1) 

 

With this, it is possible to calculate the active and reactive power injected to node 𝑖 by the 

transmission lines with which it is connected to the different buses 𝑗. For this, we will use Equa-

tions 2 and 3 [2, 14]; where 𝑈𝑖 and 𝑈𝑗 are the magnitudes and 𝜃𝑖 and 𝜃𝑗 the angles of the 

voltages on buses 𝑖 and 𝑗, respectively. It should be noted that 𝐺busAC,𝑖𝑗 and 𝐵busAC,𝑖𝑗 refer to 

the conductance and susceptance that make up the equivalent admittance of the line 

(𝑦busAC,𝑖𝑗 = 𝐺busAC,𝑖𝑗 + 𝑗𝐵busAC,𝑖𝑗) located between bus 𝑖 and bus 𝑗. 

𝑃∑br,𝑖 =∑𝑈𝑖

𝑛𝑎𝑐

𝑗=1

· 𝑈𝑗 ·  [𝐺busAC,𝑖𝑗 · cos(𝜃𝑖 − 𝜃𝑗) + 𝐵busAC,𝑖𝑗 · sin(𝜃𝑖 − 𝜃𝑗)]  (2) 

𝑄∑br,𝑖 =∑𝑈𝑖

𝑛𝑎𝑐

𝑗=1

· 𝑈𝑗 ·  [𝐺busAC,𝑖𝑗 · sin(𝜃𝑖 − 𝜃𝑗) − 𝐵busAC,𝑖𝑗 · cos(𝜃𝑖 − 𝜃𝑗)] (3) 

 

3.1.2 AC nodal power balance 

Once the power injected by the transmission lines has been defined, the power balance equa-

tions can be written for each of the buses. To do this, the power injected by the generators 

(𝑃G,𝑖 , 𝑄G,𝑖), by the loads (𝑃L,𝑖 , 𝑄L,𝑖) and by the transmission lines (𝑃∑br,𝑖 , 𝑄∑br,𝑖) are defined for 

each node 𝑖. Furthermore, in order to manage an AC/DC hybrid power electrical system, the 

power injected by the converters on the AC bus 𝑖  (𝑃s,𝑖 , 𝑄s,𝑖)  will also be considered [14]. 

For a node 𝑖, the active and the reactive power balance is defined as shown in Equations 4 and 

5, respectively. 

𝑃G,𝑖 − 𝑃L,𝑖 − 𝑃s,𝑖 − 𝑃∑br,𝑖 = 0  (4) 
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𝑄G,𝑖 − 𝑄L,𝑖 − 𝑄s,𝑖 − 𝑄∑br,𝑖 = 0 (5) 

 

Each of the AC nodes will be part of one of the three existing bus types: PQ, PV or Slack. The 

classification of the nodes among these three types is necessary to define the equipment to 

which they are connected and the control parameters. The three types of bus commented are 

developed below [12, 15]: 

 PV Nodes. They are those nodes whose voltage magnitude and injected active power 

are set by a controller. In this way, the voltage angle and the reactive power injected 

are taken as unknown and must be determined from the power flow calculation. What 

can be considered as valid equipment for a PV node are synchronous generators (as long 

as synchronous generators work within the operating limits) and renewable energy 

sources (only if the grid operator allows renewable generators to operate within a PQ-

diagram given and the voltage can be controlled). The converter stations that intercon-

nect an HVDC system with the AC network will also be taken as PV nodes. 

 PQ Nodes. The nodes whose injected active and reactive power are known, and the 

value of the magnitude and angle of the complex voltage are unknown, are PQ nodes. 

The following equipment are considered as PQ buses: loads (since they are typically 

defined from a demand for active and reactive power, without taking into account the 

dependence on voltage) and renewable generators (only if the grid operator demands 

a fixed power factor or if renewable generators are asked to supply a certain reactive 

power). 

 Slack Nodes. Slack buses are necessary to balance the active and reactive power mis-

match, since for the rest of the system nodes (the PQ and the PV nodes) the injected 

active power is already defined in the network model. Therefore, for the Slack-nodes, 

the magnitude and angle of the complex voltage are set by a controller, while the value 

of injected active and reactive power is unknown. The largest generator (or the largest 

set of distributed generators) is usually taken as Slack, since it is the one that will see 

its voltage least affected by a balancing of power mismatch. 

 

3.2 DC power system modelling 

The power flow calculation for DC networks is developed in a similar way to that used for the 

case of conventional AC networks [16]. One of the differences is the fact that the losses in the 
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DC transmission lines are only associated with resistive losses, so the equivalent model is based 

on a resistance (𝑅dc,𝑖𝑗) located between the DC nodes 𝑖 and 𝑗. Figure 3.2 shows the equivalent 

scheme of a DC transmission line, where 𝑈dc,𝑖 and 𝑈dc,𝑗 are the voltages of nodes 𝑖 and 𝑗, re-

spectively. 

 

Figure 3.2: Equivalent model of the DC transmission line. 

 

The power flow that flows from bus 𝑖 to bus 𝑗 (𝑃dc,𝑖𝑗) is negative when power is injected into 

bus 𝑖, while the power flow 𝑃dc,𝑗𝑖 (from bus 𝑗 to bus 𝑖) is positive in the same case, as can be 

seen in the previous figure. 

The equivalent admittance of a DC transmission line connecting buses 𝑖 and 𝑗 is represented as 

𝑦dc,𝑖𝑗. When there is no transmission line between nodes 𝑖 and 𝑗, a null admittance value is 

taken; and if nodes 𝑖 and 𝑗 are equivalent, an admittance equal to zero is also used. Equation 6 

shows the calculation criterion for admittance 𝑦dc,𝑖𝑗. 

𝑦dc,𝑖𝑗 =

{
 

 
  0 , if no branch between nodes 𝑖 and 𝑗

0 , if 𝑖 = 𝑗
1

𝑅dc,𝑖𝑗

 (6) 

 

From here, the admittance matrix of the DC network (YbusDC) can be constructed from the 

definition of the different components that make it up (𝑦busDC,𝑖𝑗), as developed in Equation 7. 

There are two ways of determining the matrix component, depending on whether or not they 

are located on the diagonal of the admittance matrix. 

YbusDC = {  
𝑦busDC,𝑖𝑖 =∑ 𝑦dc,𝑖𝑗

Ndc

𝑗=1

𝑦busDC,𝑖𝑗 = −𝑦dc,𝑖𝑗   ;   when 𝑖 ≠ 𝑗 

  (7) 

 

From the matrix product between the admittance matrix and the voltage matrix in the DC bus 

𝑗, the DC current injected to the DC line from node 𝑖 can be calculated, as shown in Equation 

8. 
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[𝐼dc,𝑖] = [YbusDC] · [𝑈dc,𝑗] (8) 

 

With the current 𝐼dc,𝑖 determined, the calculation of the power that is injected into the trans-

mission line from node 𝑖 is carried out as shown in Equation 9. 

𝑃dc,𝑖 = 𝑈dc,𝑖 · 𝐼dc,𝑖 (9) 

 

Or in an equivalent way, developing the matrix calculation of the current flowing from node 𝑖, 

Equation 10 shows the calculation of the power injected into the line from bus 𝑖 as a function 

of only YbusDC and the voltages on buses 𝑖 and 𝑗 (𝑈dc,𝑖 and 𝑈dc,𝑗) [2]. 

𝑃dc,𝑖 = 𝑈dc,𝑖
2 · 𝑦busDC,𝑖𝑖 + 𝑈dc,𝑖 ·∑𝑦busDC,𝑖𝑗 · 𝑈dc,𝑗

𝑗≠𝑖

 (10) 

 

3.3 Converter modelling 

Figure 3.3 represents the general structure of a VSC-HVDC converter station [2]. It can be seen 

from the DC network that this converter station is made up of an inverter/rectifier converter, a 

phase reactor (represented as an impedance 𝑍c⃗⃗⃗⃗ ), an AC low-pass filter and a converter trans-

former. 

The natural power flow of the converter is for the injection of power in the AC bus, which means 

that there is an input power from the DC side of the converter station defined by the voltage 

(𝑈dc,𝑖) and the current  (𝐼dc,𝑖) at this point. At the AC bus 𝑖 there is an active and a reactive 

power injected by the converter station (𝑃s,𝑖 and 𝑄s,𝑖, respectively) and a complex voltage with 

magnitude and angle (𝑈s,𝑖⃗⃗ ⃗⃗ ⃗⃗ = 𝑈s,𝑖∠𝜃s,𝑖). 

 

Figure 3.3: General structure of the converter station. 
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3.3.1 Converter station modelling 

The converter station can be modelled as two controlled voltage sources, representing the in-

verter/rectifier converter: a complex voltage source for the AC side of the converter (𝑈c⃗⃗⃗⃗ =

𝑈c∠𝜃c, with magnitude and angle) and a direct voltage source for the DC side (𝑈dc). The phase 

reactor is represented as a complex impedance (𝑍c⃗⃗⃗⃗ = 𝑅c + 𝑗𝑋c, where 𝑅c and 𝑋c represent the 

resistive and inductive components of the phase reactor), the AC low pass filter is modelled as 

a susceptance (𝐵f) and the transformer converter is represented as another complex impedance 

(𝑍t⃗⃗  ⃗ = 𝑅t + 𝑗𝑋t, where 𝑅t and 𝑋t represent the resistive and inductive components of the trans-

former). 

Figure 3.4 shows the equivalent model of converter station connected to the AC bus 𝑖 for a 

single-phase system based on the considerations discussed [2, 17]. 

 

Figure 3.4: Equivalent model of the converter station for a single phase system. 

 

3.3.2 Losses in the converter 

The losses in the inverter/rectifier converter (𝑃loss) explain the difference between the input 

DC power to the converter (𝑃dc) and the AC output power of the converter (𝑃c). This loss factor 

refers to losses due to switching or conduction, among others. In this way, the power balance 

in the inverter/rectifier converter can be represented by Equation 11 [2, 14]. 

𝑃c,𝑖 − 𝑃dc,𝑖 + 𝑃loss,𝑖 = 0 (11) 

 

These losses in the converter can be calculated as presented in Equation 12, taking a quadratic 

dependence on the current flowing through the AC side of the converter (𝐼c); 
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𝑃loss,𝑖 = 𝑎𝑖 + 𝑏𝑖 · 𝐼c,𝑖 + 𝑐𝑖 · 𝐼c,𝑖
2  (12) 

 

where, for each converters, the current on the AC side of the converter (𝐼c) can be calculated, 

as shown in Equation 13; from the quadratic summation of the active and reactive power on 

the AC side of the converter (𝑃c and 𝑄c), and the voltage at this same point (𝑈c). 

𝐼c,𝑖 =
√𝑃c,𝑖

2 + 𝑄c,𝑖
2

𝑈c,𝑖
 

(13) 

 

The individual loss factors 𝑎𝑖, 𝑏𝑖 and 𝑐𝑖 that define the losses in the converter refer to [16]: 

 No-load loss factor (𝒂𝒊). Transformers no-load losses and auxiliary equipment losses 

(such as lighting, refrigeration, control system, etc.). 

 Linear current factor (𝒃𝒊). Switching losses of the IGBTs and free-wheeling diodes. 

 Square current factor (𝒄𝒊). Conduction losses of the valves. 

 

3.3.3 AC side of the converter modelling 

Taking the AC side of the converter, shown in Figure 3.5, the objective of this section is to 

develop an equation system that relates the power on the AC side of the converter (𝑆c,𝑖⃗⃗ ⃗⃗  ⃗) and the 

power injected into the respective AC bus (𝑆s,𝑖⃗⃗ ⃗⃗  ⃗) [2, 14]; where 𝑃c,𝑖 and 𝑄𝑐,𝑖 are the active and 

reactive power on the AC side of the converter, and 𝑃s,𝑖 and 𝑄s,𝑖 are the active and reactive 

power injected into the AC bus 𝑖 from the converter station, respectively. 

 

Figure 3.5: Equivalent model of the AC side of the converter for a single-phase system. 

 

The set of equations that allows defining the different power flows that appear between the AC 

side of the converter and the AC bus are presented below. The power variables that appear in 
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this model are the power on the AC side of the converter (𝑆c,𝑖⃗⃗ ⃗⃗  ⃗), the power at the output of the 

phase reactor (𝑆cf,𝑖⃗⃗⃗⃗⃗⃗  ⃗), the reactive power absorbed by the filter (𝑄f,𝑖), the power at the trans-

former input (𝑆sf,𝑖⃗⃗⃗⃗⃗⃗  ⃗), and the power injected into the AC bus (𝑆s,𝑖⃗⃗ ⃗⃗  ⃗). All of them are made up of 

active and reactive parts, except for the power in the filter, which is a consumption only of 

reactive power. 

All these defined powers have a direct dependence on the voltages that appear in the model. 

These are, defined with magnitude and angle, the voltage on the AC side of the converter (𝑈c⃗⃗⃗⃗ =

𝑈c∠𝜃c), the voltage across the filter (𝑈f⃗⃗  ⃗ = 𝑈f∠𝜃f) and the AC bus voltage (𝑈s⃗⃗⃗⃗ = 𝑈s∠𝜃s). 

The calculation of the active and reactive power injected into the AC bus by the converter station 

is based on Equations 14 and 15. It should be noted that 1/𝑍t,𝑖⃗⃗ ⃗⃗  ⃗ = 𝐺t,𝑖 + 𝑗𝐵t,𝑖, where 𝐺t,𝑖  is the 

conductance of the transformer and 𝐵t,𝑖  is its susceptance. 

𝑃s,𝑖 = −𝑈s,𝑖
2 · 𝐺t,𝑖 + 𝑈s,𝑖 · 𝑈f,𝑖 · [𝐺t,𝑖 · cos(𝜃s,𝑖 − 𝜃f,𝑖) + 𝐵t,𝑖 · sin(𝜃s,𝑖 − 𝜃f,𝑖)] (14) 

𝑄s,𝑖 = 𝑈s,𝑖
2 · 𝐵t,𝑖 + 𝑈s,𝑖 · 𝑈f,𝑖 · [𝐺t,𝑖 · sin(𝜃s,𝑖 − 𝜃f,𝑖) − 𝐵t,𝑖 · cos(𝜃s,𝑖 − 𝜃f,𝑖)] (15) 

 

The active and reactive power on the AC side of the converter are calculated as shown below 

in Equations 16 and 17. It should be noted that 1/𝑍c,𝑖⃗⃗⃗⃗⃗⃗ = 𝐺c,𝑖 + 𝑗𝐵c,𝑖, where 𝐺c,𝑖  is the conduct-

ance of the phase reactor and 𝐵c,𝑖  is its susceptance. 

𝑃c,𝑖 = 𝑈c,𝑖
2 · 𝐺c,𝑖 −𝑈f,𝑖 · 𝑈c,𝑖 · [𝐺c,𝑖 · cos(𝜃f,𝑖 − 𝜃c,𝑖) − 𝐵c,𝑖 · sin(𝜃f,𝑖 − 𝜃c,𝑖)] (16) 

𝑄c,𝑖 = −𝑈c,𝑖
2 · 𝐵c,𝑖 + 𝑈f,𝑖 · 𝑈c,𝑖 · [𝐺c,𝑖 · sin(𝜃f,𝑖 − 𝜃c,𝑖) + 𝐵c,𝑖 · cos(𝜃f,𝑖 − 𝜃c,𝑖)] (17) 

 

Equation 18 shows the calculation of the power in the filter. Considering null resistive losses, 

the power in the filter is reduced only to a reactive component. 

𝑄f,𝑖 = −𝑈f,𝑖
2 · 𝐵f,𝑖 (18) 

 

Equations 19 and 20 are used to calculate the active and reactive power at the input of the 

transformer.  

𝑃sf,𝑖 = 𝑈f,𝑖
2 · 𝐺𝑡,𝑖 − 𝑈𝑓,𝑖 · 𝑈𝑠,𝑖 · [𝐺𝑡,𝑖 · cos(𝜃𝑠,𝑖 − 𝜃𝑓,𝑖) − 𝐵𝑡,𝑖 · sin(𝜃𝑠,𝑖 − 𝜃𝑓,𝑖)] (19) 

𝑄sf,𝑖 = −𝑈𝑓,𝑖
2 · 𝐵𝑡,𝑖 +𝑈𝑓,𝑖 · 𝑈𝑠,𝑖 · [𝐺𝑡,𝑖 · sin(𝜃𝑠,𝑖 − 𝜃𝑓,𝑖) + 𝐵𝑡,𝑖 · cos(𝜃𝑠,𝑖 − 𝜃𝑓,𝑖)] (20) 
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And finally, in order to obtain the power at the output of the phase reactor, the calculation is 

developed according to Equations 21 and 22. 

𝑃cf,𝑖 = −𝑈f,𝑖
2 · 𝐺c,𝑖 +𝑈f,𝑖 · 𝑈c,𝑖 · [𝐺c,𝑖 · cos(𝜃f,𝑖 − 𝜃c,𝑖) + 𝐵c,𝑖 · sin(𝜃f,𝑖 − 𝜃c,𝑖)] (21) 

𝑄cf,𝑖 = 𝑈f,𝑖
2 · 𝐵c,𝑖 + 𝑈f,𝑖 · 𝑈c,𝑖 · [𝐺c,𝑖 · sin(𝜃f,𝑖 − 𝜃c,𝑖) − 𝐵c,𝑖 · cos(𝜃f,𝑖 − 𝜃c,𝑖)] (22) 

 

In the case of VSC-MMC converter stations, with or without a small AC filter, the model pre-

sented according to Figure 3.5 can be simplified [2, 18]. In this way, the equivalent model of 

the AC side of the inverter without a filter can be represented as shown in Figure 3.6; with 

𝑍tc,𝑖⃗⃗ ⃗⃗ ⃗⃗  ⃗ = 𝑍t,𝑖⃗⃗ ⃗⃗  ⃗ + 𝑍c,𝑖⃗⃗⃗⃗⃗⃗ , where  𝑍tc,𝑖⃗⃗ ⃗⃗ ⃗⃗  ⃗ is the equivalent impedance for the AC side of the converter with-

out filter. 

 

Figure 3.6: Equivalent model of the AC side of the converter for a single-phase system without filter. 

 

With this, the calculations of the power on the AC side of the converter (𝑆c,𝑖⃗⃗ ⃗⃗  ⃗ ) and the power 

injected into the AC bus (𝑆s,𝑖⃗⃗ ⃗⃗  ⃗ ) will only depend on the complex voltages in these same points 

(𝑈c⃗⃗⃗⃗  and 𝑈s⃗⃗⃗⃗ , respectively). Equations 23 and 24 show the calculation of the active and reactive 

power injected into the AC bus 𝑖. It is considered that 1/𝑍tc,𝑖⃗⃗ ⃗⃗ ⃗⃗  ⃗ = 𝐺tc,𝑖 + 𝑗𝐵tc,𝑖, where 𝐺tc,𝑖 is the 

conductance of the transformer and the phase reactor set and 𝐵tc,𝑖 is its susceptance. 

𝑃s,𝑖 = −𝑈s,𝑖
2 · 𝐺tc,𝑖 +𝑈s,𝑖 · 𝑈c,𝑖 · [𝐺tc,𝑖 · cos(𝜃s,𝑖 − 𝜃c,𝑖) + 𝐵tc,𝑖 · sin(𝜃s,𝑖 − 𝜃c,𝑖)] (23) 

𝑄s,𝑖 = 𝑈s,𝑖
2 · 𝐵tc,𝑖 + 𝑈s,𝑖 · 𝑈c,𝑖 · [𝐺tc,𝑖 · sin(𝜃s,𝑖 − 𝜃c,𝑖) − 𝐵tc,𝑖 · cos(𝜃s,𝑖 − 𝜃c,𝑖)] (24) 

 

On the other hand, Equations 25 and 26 develop the calculation of the active and reactive power 

on the AC side of the converter. 

𝑃c,𝑖 = 𝑈c,𝑖
2 · 𝐺tc,𝑖 − 𝑈s,𝑖 · 𝑈c,𝑖 · [𝐺tc,𝑖 · cos(𝜃s,𝑖 − 𝜃c,𝑖) − 𝐵tc,𝑖 · sin(𝜃s,𝑖 − 𝜃c,𝑖)] (25) 
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𝑄c,𝑖 = −𝑈c,𝑖
2 · 𝐵tc,𝑖 + 𝑈s,𝑖 · 𝑈c,𝑖 · [𝐺tc,𝑖 · sin(𝜃s,𝑖 − 𝜃c,𝑖) + 𝐵tc,𝑖 · cos(𝜃s,𝑖 − 𝜃c,𝑖)] (26) 

 

This simplification is used for the final model developed in this work, since the converters con-

sidered apply modular multilevel converter (MMC) technology. Whether they have small filters 

or no filter at all, this simplification can be considered good enough for reliable results. 

 

3.3.4 Converter control system 

The most common control system applied to VSC converter stations in MTDC systems (and also 

applicable to MMC converter stations) is based on the architecture shown in Figure 3.7. It con-

sists of a set of inner control loops and outer control loops that allow the control of power and 

voltage from defined reference values. The controlled voltage source characteristics of the VSC 

converter allow control through a modulator. The architecture presented offers three control 

strategies: master-slave control, voltage margin control and DC-voltage droop control. This pro-

ject will only focus on the master-slave strategy [18–20]. 

 

Figure 3.7: Common architecture of the control system for a VSC-HVDC station. 

 

In a control system based on the architecture presented above, there are two channels: the 

active channel and the reactive channel. The active channel is responsible for regulating DC 

voltage or active power, while the reactive channel is responsible for controlling the amplitude 
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of the AC voltage or reactive power. For each converter station to be controlled in an AC/DC 

system, it must be decided which variable needs to be controlled for each channel. In the case 

of the master-slave control strategy, a single master converter station is assigned to control the 

DC voltage profile in an MTDC system, while the rest of the VSC stations, the slave stations, 

regulate the power. 

In the case of the master converter station, the active current is controlled from the variation of 

the power. Through its active control channel, it performs a constant DC voltage control by 

varying the active power. In its reactive channel, on the other hand, a constant AC voltage 

control is carried out, normally applied in connection with passive loads or wind farms, injecting 

or consuming reactive power. Thus, the operation and reliability of the entire AC/DC system 

depends on the correct operation of the control system in the master VSC station. To avoid 

negative effects on the AC grid and to allow a quick adaptation of the HVDC system, the master 

station should be connected to a strong AC grid. With this, Equations 27 and 28 show the con-

trol equations applied to the master converter station with the defined reference values [18]. 

𝑈dc,𝑖 − 𝑈dc,𝑖
Ref = 0 (27) 

𝑈s,𝑖 −𝑈s,𝑖
Ref = 0 (28) 

 

The slave converter stations base their control system on a constant power control. This control 

method allows to regulate the active and reactive power separately. Equations 29 and 30 show 

the control equations applied to the slave converter station, for the active and reactive channel, 

respectively, with the defined reference values [18]. 

𝑃s,𝑖 − 𝑃s,𝑖
Ref = 0 (29) 

𝑄s,𝑖 − 𝑄s,𝑖
Ref = 0 (30) 

 

For the control of active and reactive power by the slave converter stations, Equations 31 and 

32 are used in the d-q reference frame from the variables used in the control loop [20]. Accord-

ing to the nomenclature in figure 3.7, 𝑣d and 𝑖d refer to control voltage and current on the d-

axis, while 𝑣q and 𝑖q refer to control voltage and current on the q-axis. 

𝑃control = 𝑣d · 𝑖d + 𝑣q · 𝑖q (31) 

𝑄control = 𝑣q · 𝑖d − 𝑣d · 𝑖q (32) 
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Since the d-q reference frame is aligned with the phasor of the AC voltage through a PLL loop, 

these equations can be simplified to those shown in Equations 33 and 34 [20]. 

𝑃control = 𝑣d · 𝑖d (33) 

𝑄control = −𝑣d · 𝑖q (34) 

 

With all this, it is demonstrated that the control of VSC converter stations can be modelled from 

the definition of a reference value for the DC voltage and the AC output voltage for the master 

station, and a reference value for the active and reactive power in slave stations; according to 

Equations 27 to 30. 
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4 Optimal power flow 

The optimal power flow is a non-linear and non-convex optimization problem applied in the 

field of electrical power systems. In the same way as in the calculation of a conventional power 

flow, the objective is to obtain a generation equivalent to the consumption (also taking into 

account all system losses). In this way, what differentiates the OPF calculation from the PF is 

that the optimal power flow not only offers a technically feasible solution, but also optimal; 

minimizing generation costs, losses, or any parameter defined in the target function. With this, 

the optimal power flow is useful to technically and economically evaluate the operation of an 

electrical power system. 

As mentioned, the OPF model has a target or objective function that allows obtaining optimal 

operating conditions for the electrical power system studied around the technical or economic 

parameters defined in this function. The objective function, dependent on all state variables 𝑥, 

is shown below in a generic format. It should be noted that the objective function can be pre-

sented as a linear, piece-wise linear or polynomial function [12, 14, 21].  

min
𝑥
𝑓(𝑥) (35) 

 

In addition to the target function, there must also be a set of equality and inequality constraints 

that allow mathematically defining the characteristics of the system, its technical limits and the 

impositions of the grid operator. The generic formulation for these constraints is shown below, 

respectively are equality constraints, inequality constraints (non-linear and linear) and bounds 

for the state variables. 

𝑔(𝑥) = 0 (36) 

ℎ(𝑥) ≤ 0 (37) 

𝑙 ≤ 𝐴 · 𝑥 ≤ 𝑢 (38) 

𝑥𝑀𝑖𝑛  ≤ 𝑥 ≤ 𝑥𝑀𝑎𝑥 (39) 

 

The vectors that contain all the non-linear equality and inequality constraints are those pre-

sented in Equations 36 and 37, respectively. Equation 38 shows the format in which the linear 

equality and inequality constraints are defined, where 𝐴 is a matrix with constant values that 

multiplies the set of variables, and 𝑢 and 𝑙 are the upper and lower limits, which in the case of 

the linear equality constraints both take the same value. Equation 39 presents the bounds for 

the state variables, imposing a maximum and a minimum value for each of them. 
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4.1 Lagrangian method 

From the defined optimization problem, with a total of 𝑛eq equality constraints 𝑔(𝑥) and 𝑛ineq 

inequality constraints ℎ(𝑥), the Lagrangian method can be applied to obtain the optimal result. 

The idea of the Lagrangian method is to take into account the constraints by adding them to 

the objective function 𝑓(𝑥), weighted by the Lagrangian multipliers (𝜆 and 𝜇), as shown in 

Equation 40 [12, 21]. The application of the Lagrangian method allows the subsequent use of 

optimization methods such as Newton-Raphson, since the dual function dependent on x, 𝜆 and 

𝜇 (Equation 40) will always be concave, even when 𝑓(𝑥), 𝑔(𝑥) or ℎ(𝑥) are not. 

𝐿(𝑥, 𝜆, 𝜇) = 𝑓(𝑥) +∑𝜆𝑖 · 𝑔𝑖(𝑥)

𝑛eq

𝑖=1

+ ∑ 𝜇𝑖 · ℎ𝑖(𝑥)

𝑛ineq

𝑗=1

 (40) 

 

With all this, the objective of the Lagrangian multipliers is to define the Lagrangian function as 

a concave function, and taking the smallest feasible value that allows obtaining the optimal 

result. The dual variable 𝜆 refers to the relationship between the gradient of the objective func-

tion and the gradient of the equality constraints, while the dual variable 𝜇 relates the gradient 

of the objective function to the gradient of the inequality constraints. The Lagrangian multipli-

ers can also be interpreted as linear barriers, since when a constraint is not fulfilled, they take 

an infinite value, and therefore they rule out that solution. 

 

4.2 Solver 

The solver used in this work is the MatPower Interior Point Solver (MIPS), which is a primal-

dual interior point solver based on the optimization model presented at the beginning of this 

chapter [4]. Figure 4.1 shows the flowchart diagram that outlines the calculation process of the 

optimization problem developed by the solver [21]. 
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Figure 4.1: Flowchart diagram of the calculation process with MIPS. 

 

The first step in the calculation process is the acquisition of the matrices that group the input 

data, from which the initial values for all the variables and the rest of the system parameters 

are defined for the initial iteration (𝑘 = 0). From here, the OPF model based on the hybrid grid 

modelling is defined and the problem is solved. If any of the constraints is violated, the OPF 

model is redefined with updated values for the variables (this being the 𝑘 = 𝑘 + 1 iteration); 

on the other hand, if none of the constraints has been unfulfilled, the next step is achieved. 

Next, if the stop criteria have been met, having reached the maximum number of iterations or 

having obtained the optimal result, the optimal solution is offered as output data matrices; if 

the stop criteria has not been met, a new iteration 𝑘 = 𝑘 + 1  is performed, updating the values 

of the variables.   
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5 Optimal power flow for AC/DC grids 

In this section, the extension in the formulation related to the optimal power flow (OPF) for 

hybrid AC/DC networks is developed, based on the formulation used in MatPower for the cal-

culation of OPF for AC electrical networks. To do this, the objective function is first redefined, 

for which the new variables and constraints are developed, including the DC system as addition 

to the existing one. The new variables and constraints are related to the DC transmission net-

work, and the converters that interconnect DC and AC systems. 

 

5.1 Objective function 

The objective function is defined, in order to offer the value of each of the variables considered, 

so that the losses in the entire hybrid AC/DC network are minimal [14]. The losses in the system 

are directly related to the total power injected in all the nodes of the system. With this, the 

objective function to take into account in the defined OPF is presented in Equation 41. 

[𝑀𝑖𝑛]   𝑓(𝑥T) =  ∑𝑃𝑖

Nac

𝑖=1

 (41) 

 

In this objective function, 𝑃𝑖 refers to the power injected into the AC bus 𝑖, for which the power 

injection of the generators (as a positive value), the power injection of the loads and converters 

(the latter being negative) are taken into account. However, it will be sought to obtain a mini-

mum value for the sum of this injected power for all the AC nodes of the system (Nac). The 

vector 𝑥T refers to the set of optimization variables that are taken into account, and that will 

be developed later. 

 

5.2 Optimization variables 

The optimization variables contained in the vector 𝑥T are all those variables that influence the 

variation of the final value of the objective function. The vector 𝑥T is presented in Equation 42 

[14]. 

𝑥T = [𝑈, 𝜃, 𝑃G, 𝑄G, 𝑃s, 𝑄s, 𝑃c, 𝑄c, 𝑃dc, 𝑈c, 𝜃c, 𝑈dc, 𝑈dc
Ref, 𝑃s

Ref, 𝑄s
Ref, 𝑈s

Ref] (42) 
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The state variables contained in the vector 𝑥T are:  

 The magnitude of the voltage on the AC buses (𝑈) 

 The angle of the voltage on the AC buses (𝜃) 

 The active generation power associated with the AC nodes (PG) 

 The reactive generation power associated with the AC nodes (𝑄G) 

 The active power injected to the AC nodes from the converters (𝑃s) 

 The reactive power injected to the AC nodes from the converters (𝑄s) 

 The active power in the AC side of the converter (𝑃c) 

 The reactive power in the AC side of the converter (𝑄c) 

 The DC power flowing from the converter to the DC line (𝑃dc) 

 The magnitude of the voltage on the AC side of the converter (𝑈c) 

 The angle of the voltage on the AC side of the converter (𝜃c) 

 The voltage on the DC buses (𝑈dc) 

 

In addition, and considering a control method based on the master-slave strategy, the control 

variables of the converters are:  

 The reference voltage in DC (𝑈dc
Ref) 

 The reference voltage in AC (𝑈s
Ref) 

 The reference reactive power for the converters (𝑃s
Ref) 

 The reference reactive power for the converters (𝑄s
𝑅ef) 

 

5.3 Equality constraints 

The equality constraints shown in this section, refer to the equality constraints that are added 

or modified with respect to the AC OPF model, in order to obtain the OPF model for hybrid 

networks. 

First, the modified nodal power balance is shown, which takes into account the power injection 

by the converters into the AC system. Operation constraints are also presented, which define 
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the converters and the HVDC system through, for example, the power flow in the DC transmis-

sion lines and in the converter stations, or the losses in those converter stations. Control con-

straints are also within equality constraints, whose operation is defined depending on whether 

the converter works as a master or slave converter. 

 

5.3.1 Nodal power balance 

The nodal power balance for each of the AC buses, defined in the section 3.1.2 of this work in 

its Equations 4 and 5, is the first of the equality constraints to be presented. According to these 

equations, Equation 43 shows the nodal power balance constraint for each node 𝑖 [4], where 

the mismatch power (𝑆𝑖
bus), the power demanded by the load (𝑆L,𝑖), the generated power at the 

synchronous generators (𝑆G,𝑖) and the power delivered from the converters (𝑆S,𝑖 ) appear. In 

addition, two binary variables are presented (𝐶G,𝑖 and 𝐶S,𝑖 ) that define the operability or exist-

ence in each bus 𝑖 of generators or converters, respectively. 

𝐺𝑆(𝑋) = 𝑆𝑖
bus + 𝑆L,𝑖 − 𝐶G,𝑖 · 𝑆G,𝑖 + 𝐶S,𝑖 · 𝑆S.𝑖 = 0 (43) 

 

The equality constraint 𝐺𝑆(𝑋) depends directly on the magnitude and angle of the complex 

voltage (𝑉 and 𝜃), on the active and reactive power generated by the synchronous generators 

(𝑃G and 𝑄G) and on the active and reactive power delivered to the converters (𝑃s and 𝑄s), in 

each of the AC nodes. It is necessary to comment that this function is a non-linear constraint, 

since there is a non-linear dependency with respect to the variables that define it. With this, 

there will be a number of equality constraints based on 𝐺𝑆(𝑋) equal to the number of AC nodes 

that exist in the studied system. 

In order to solve the optimization problem, it will be necessary to define the Jacobian and 

Hessian matrices for each of the non-linear constraints, as is the case of the current constraint, 

since they are part of the calculation process for the Lagrangian function, which is used for the 

MIPS for an optimization case. The first partial derivatives of the function 𝐺𝑆(𝑋) are presented, 

determined for each of the variables on which it depends. These first partial derivatives are 

defined in Appendix 1.1 [22, 23]. 

To simplify the nomenclature, the first partial derivatives for each of the variables are presented 

in the form shown in Equation 44, where 𝑋 refers to the variable for which the partial derivative 

is calculated. 
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𝐺𝑋
𝑆 =

𝜕𝐺𝑆

𝜕𝑋
 (44) 

 

From these first partial derivatives, the Jacobian matrix can be constructed, which takes the 

shape presented in Equation 45. The Jacobian matrix for this constraint will have dimensions 

𝑚 x 𝑛, where the number of rows 𝑚 is equal to the number of AC nodes (since for each one of 

the nodes, each variable takes different values) and the number of columns 𝑛 is equal to the 

number of variables on which the constraint depends, which in the case of nodal power balance 

is equal to six. 

𝐺𝑋
𝑆 = [  𝐺𝜃

𝑆 𝐺𝑉
𝑆 𝐺𝑃G

𝑆 𝐺𝑄G
𝑆 𝐺𝑃s

𝑆  𝐺𝑄s
𝑆   ] (45) 

 

From here, the Hessian matrix can be calculated. The simplified nomenclature referring to the 

second partial derivatives of the function 𝐺𝑆(𝑋) is stated in Equation 46, where 𝑋 can take the 

value of any of the variables on which the constraint depends.  

𝐺𝑋𝑋
𝑆 =

𝜕𝐺𝑋
𝑆

𝜕𝑋
 (46) 

 

From all the second partial derivatives, the Hessian matrix can be constructed, which is pre-

sented in Equation 47. As can be seen, the two variables that appear under-indexed in each of 

the elements refer to the two variables for which the second partial derivative is defined. The 

dual variable 𝜆 is also added, which refers to the Lagrangian multiplier for equality constraints. 

𝐺𝑋𝑋
𝑆 =

[
 
 
 
 
 
 
 

  

𝐺𝜃𝜃
𝑆 (𝜆) 𝐺𝜃𝑉

𝑆 (𝜆) 𝐺𝜃𝑃G
𝑆 (𝜆) 𝐺𝜃𝑄G

𝑆 (𝜆) 𝐺𝜃𝑃s
𝑆 (𝜆) 𝐺𝜃𝑄s

𝑆 (𝜆)

𝐺𝑉𝜃
𝑆 (𝜆) 𝐺𝑉𝑉

𝑆 (𝜆) 𝐺𝑉𝑃G
𝑆 (𝜆) 𝐺𝑉𝑄G

𝑆 (𝜆) 𝐺𝑉𝑃s
𝑆 (𝜆) 𝐺𝑉𝑄s

𝑆 (𝜆)

𝐺𝑃G𝜃
𝑆 (𝜆)

𝐺𝑄G𝜃
𝑆 (𝜆)

𝐺𝑃s𝜃
𝑆 (𝜆)

𝐺𝑄s𝜃
𝑆 (𝜆)

𝐺𝑃G𝑉
𝑆 (𝜆)

𝐺𝑄G𝑉
𝑆 (𝜆)

𝐺𝑃s𝑉
𝑆 (𝜆)

𝐺𝑄s𝑉
𝑆 (𝜆)

𝐺𝑃G𝑃G
𝑆 (𝜆) 𝐺𝑃G𝑄G

𝑆 (𝜆) 𝐺𝑃G𝑃s
𝑆 (𝜆) 𝐺𝑃G𝑄s

𝑆 (𝜆)

𝐺𝑄G𝑃G
𝑆 (𝜆)

𝐺𝑃s𝑃G
𝑆 (𝜆)

𝐺𝑄s𝑃G
𝑆 (𝜆)

𝐺𝑄G𝑄G
𝑆 (𝜆) 𝐺𝑄G𝑃s

𝑆 (𝜆) 𝐺𝑄G𝑄s
𝑆 (𝜆)

𝐺𝑃s𝑄G
𝑆 (𝜆)

𝐺𝑄s𝑄G
𝑆 (𝜆)

𝐺𝑃s𝑃s
𝑆 (𝜆)

𝐺𝑄s𝑃s
𝑆 (𝜆)

𝐺𝑃s𝑄s
𝑆 (𝜆)

𝐺𝑄s𝑄s
𝑆 (𝜆)

  

]
 
 
 
 
 
 
 

 (47) 

 

Substituting all those null second derivatives in the matrix, it can be simplified as presented in 

Equation 48. In this way, the dimensions of the Hessian matrix of the nodal power balance will 

again depend on the number of AC nodes that the studied system has, plus all defined null 

elements. For example, in a system with 10 AC nodes, 3 generators and 2 converters, each of 

the non-zero elements (𝐺𝜃𝜃
𝑆 (𝜆), 𝐺𝑉𝜃

𝑆 (𝜆), 𝐺𝜃𝑉
𝑆 (𝜆), 𝐺𝑉𝑉

𝑆 (𝜆)) will take on 10x10 dimensions, so the 
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Hessian matrix will have 30x30 dimensions (since 𝑃G and 𝑄G have 3 values each, and 𝑃s and 𝑄s 

have 2), being always a square matrix [22, 23]. 

𝐺𝑋𝑋
𝑆 =

[
 
 
 
 
 

  

𝐺𝜃𝜃
𝑆 (𝜆) 𝐺𝜃𝑉

𝑆 (𝜆) 0 0 0 0

𝐺𝑉𝜃
𝑆 (𝜆) 𝐺𝑉𝑉

𝑆 (𝜆) 0 0 0 0
0
0
0
0

0
0
0
0

0 0 0 0
0
0
0

0 0 0
0
0

0
0

0
0

  

]
 
 
 
 
 

 (48) 

 

The second partial derivatives referred to the non-zero elements of the Hessian matrix are de-

fined in Appendix 1.1. 

 

5.3.2 Power flow in the DC system 

This second constraint defines the DC power flow through the HVDC transmission lines. It is 

again a non-linear equality constraint, as can be verified in Equation 49, since it has a non-

linear dependence with respect to the variables on which it depends: the DC voltage (𝑈dc) and 

the DC power flowing to the DC line from the converter (𝑃dc). This constraint is based on 

Equation 10 from section 3.2, which defines the power flow in the DC system, and which is 

calculated from the DC voltage and the admittance matrix (YbusDC) between the DC nodes 𝑖 and 

𝑗. 

𝐺𝑃dc(𝑋) = 𝑈dc,𝑖
2 · 𝑦busDC,𝑖𝑖 + 𝑈dc,𝑖 ·∑𝑦busDC,𝑖𝑗 · 𝑈dc,𝑗

𝑗≠𝑖

− 𝑃dc,𝑖 = 0 (49) 

 

As it is a non-linear equality constraint, it is necessary to have Jacobian and Hessian matrices 

to solve the optimization problem. To define the Jacobian matrix, it is necessary to determine 

the first partial derivatives. Equation 50 shows the simplification in the nomenclature to refer 

to the first partial derivatives. Into the state variable 𝑈dc, two operation variables will be differ-

entiated: the DC bus voltage on the origin bus (𝑈dc,𝑖) and on the destination bus (𝑈dc,𝑗) of the 

power flow. 

𝐺𝑋
𝑃dc =

𝜕𝐺𝑃dc

𝜕𝑋
 (50) 

 

The first partial derivatives of the constraint 𝐺𝑃dc(𝑋) are presented below, in Equations 51 to 

53. As can be seen, Equation 51 will allow us to define the values located on the diagonal of 
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the matrix of the first derivatives, while Equation 52 allows to calculate the value of the ele-

ments that are outside the diagonal of this matrix [16]. On the other hand, Equation 53 shows 

the first derivative as a function of 𝑃dc. 

𝐺𝑈dc,𝑖
𝑃dc = 2 · 𝑦busDC,𝑖𝑖 · 𝑈dc,𝑖 +∑𝑦busDC,𝑖𝑗 · 𝑈dc,𝑗

𝑗≠𝑖

  ;     with 𝑗 = 𝑖 (51) 

𝐺𝑈dc,𝑗
𝑃dc = 𝑦busDC,𝑖𝑗 · 𝑈dc,𝑖  ;     with 𝑗 ≠ 𝑖 (52) 

𝐺𝑃dc
𝑃dc = −1 (53) 

 

The Jacobian matrix defined for the non-linear equality constraint 𝐺𝑃dc(𝑋) is presented in Equa-

tion 54. As it only depends on two state variables (𝑈dc and 𝑃dc), the Jacobian matrix will have 

two columns; while the number of rows will depend on the number of converters that the stud-

ied system has. 

𝐺𝑋
𝑃dc = [  𝐺𝑈dc

𝑃dc    𝐺𝑃dc
𝑃dc   ] (54) 

 

The next step is to define the Hessian matrix, for which the different second partial derivatives 

have to be calculated. Equation 55 shows the simplified nomenclature for referring to these 

second partial derivatives. 

𝐺𝑋𝑋
𝑃dc =

𝜕𝐺𝑋
𝑃dc

𝜕𝑋
 (55) 

 

For the definition of second derivatives, two equations are now again distinguished: Equation 

56 is used to calculate the elements located on the diagonal of the matrix, while Equation 57 

refers to the calculation of the elements that are located off the diagonal of the matrix [16]. 

From here, the commented set of equations will allow to obtain the final matrix of second de-

rivatives 𝐺𝑋𝑋
𝑃dc only as a function of the state variable 𝑈dc. All second derivatives where 𝑃dc is 

involved are equal to zero. 

𝐺𝑈dc,𝑖𝑈dc,𝑖
𝑃dc =

𝜕𝑃dc,𝑖

𝜕𝑈dc,𝑖
2 = 2𝑦dc,𝑖𝑖  ;     with 𝑗 = 𝑖 (56) 

𝐺𝑈dc,𝑖𝑈dc,𝑗
𝑃dc =

𝜕𝑃dc,𝑖
𝜕𝑈dc,𝑖𝜕𝑈dc,𝑗

= 𝑦dc,𝑖𝑗  ;     with 𝑗 ≠ 𝑖 (57) 
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From these second partial derivatives the Hessian matrix can be constructed, which will have a 

dimension dependent on the number of converters that the studied system has. Each of the 

elements that appear in the matrix have 𝑚 x 𝑚 dimensions, where 𝑚 is the number of converters 

in the system. Equation 58 shows the Hessian matrix, where the second derivatives where 𝑃dc 

is involved, which are equal to zero, are displayed directly in the matrix. 

𝐺𝑋𝑋
𝑃dc = [

  𝐺𝑈dc𝑈dc
𝑃dc

  𝐺𝑈dc𝑃dc
𝑃dc

  𝐺𝑃dc𝑈dc
𝑃dc

  𝐺𝑃dc𝑃dc
𝑃dc

  ] = [
  𝐺𝑈dc𝑈dc

𝑃dc

0

0
0
  ] (58) 

 

This constraint allows simulating the behavior of the DC system from the definition of the power 

flow in it, establishing which of the converters inject power to the AC system and which con-

sume power from it. Defining also the losses due to energy transmission in HVDC lines. 

 

5.3.3 Converter losses 

The equality constraint related to the converter losses refers to Equation 11 of the section 3.3.2. 

This constraint explains the relationship between the AC and DC sides of the converter, relating 

the power flows on both sides from the definition of certain losses. Equation 59 shows this 

constraint, which depends on the active power on the AC side of the converter (𝑃c,𝑖), on the 

power coming from the DC system (𝑃dc,𝑖) and on the losses (𝑃loss,𝑖) due to commutation or 

conduction, among others. 

𝐺Conv(𝑋) = 𝑃c,𝑖 − 𝑃dc,𝑖 + 𝑃loss,𝑖 = 0 (59) 

 

Developing the loss factor in the converter, it can be regarded in Equation 60 how there is a 

non-linear dependence with respect to the defined operating variables (𝑃c,𝑖, 𝑄c,𝑖 and 𝑃dc,𝑖). With 

these characteristics, the 𝐺Conv(𝑋) constraint would result in a non-linear equality constraint 

[16]. 

𝐺Conv(𝑋) = 𝑃c,𝑖 − 𝑃dc,𝑖 + 𝑎𝑖 + 𝑏𝑖 ·
√𝑃c,i

2 + 𝑄c,i
2

𝑈c,𝑖
+ 𝑐𝑖 ·

𝑃c,i
2 +𝑄c,i

2

𝑈c,𝑖
2 = 0 

(60) 

 

In order to simplify the model, the loss factor in the converters is taken as negligible. In this 

way, the constraint 𝐺Conv(𝑋) equals the input and output powers of the converter, converting 
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it into a linear equality constraint, as shown in Equation 61. The fact of having a linear equality 

constraint avoids the calculation of the Jacobian and Hessian matrices. 

𝐺Conv(𝑋) = 𝑃c,𝑖 − 𝑃dc,𝑖 = 0 (61) 

 

This constraint allows to directly define the power exchange between AC and DC systems 

through the converter from a linear equality constraint. It is possible to neglect the loss factor 

due to the high efficiency of the VSC power converters used. 

 

5.3.4 Power flow in the AC side of the converter 

This non-linear equality constraint deals with the definition of the power flow in the AC side of 

the converter from its dependence on the state variables 𝑈c,𝑖, 𝜃c,𝑖, 𝑈s,𝑖, 𝜃s,𝑖, 𝑃c,𝑖and 𝑄c,𝑖. Two 

power flows are differentiated: 𝐺𝑃c(𝑋) (for calculating active power flow) and 𝐺𝑄c(𝑋) (for cal-

culating reactive power flow), based on those defined in the section 3.3.3, in Equations 25 and 

26. It should be noted that the converter station model used is the one that does not have a 

filter. 

𝐺𝑃c(𝑋) = 𝑈c,𝑖
2 · 𝐺tc,𝑖 − 𝑈s,𝑖𝑈c,𝑖 · [𝐺tc,𝑖 · cos(𝜃s,𝑖 − 𝜃c,𝑖) − 𝐵tc,𝑖 · sin(𝜃s,𝑖 − 𝜃c,𝑖)] − 𝑃c,𝑖 = 0 (62) 

𝐺𝑄c(𝑋) = −𝑈c,𝑖
2 · 𝐵tc,𝑖 + 𝑈s,𝑖𝑈c,𝑖 · [𝐺tc,𝑖 · sin(𝜃s,𝑖 − 𝜃c,𝑖) + 𝐵tc,𝑖 · cos(𝜃s,𝑖 − 𝜃c,𝑖)] − 𝑄c,𝑖 = 0 (63) 

 

The constraints about the calculation of the active and reactive power on the AC side of the 

converter can be grouped to show the calculation of the power in a complex way, as apparent 

power. The way in which 𝐺𝑆c is determined is the one shown in Equation 64. 

𝐺𝑆c = [ 𝐺𝑃c  ] + 𝑗 · [ 𝐺𝑄c  ] (64) 

 

To simplify the nomenclature used to define the first partial derivatives of the constraint 𝐺𝑆c(𝑋), 

Equation 65 shows the equivalence of these derivatives as a function of the variable 𝑋. This 

variable 𝑋 can take the value of any of the state variables that define the constraint. All the first 

partial derivatives used for the definition of the Jacobian matrix of the constraint 𝐺𝑆c(𝑋) are 

presented in Appendix 1.2, showing the first derivatives for active (𝐺𝑋
𝑃c) and reactive (𝐺𝑋

𝑄c) 

power separately. 

𝐺𝑋
𝑆c =

𝜕𝐺𝑆c

𝜕𝑋
 (65) 
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With the first partial derivatives defined, it can be constructed the Jacobian matrix. In this case, 

the matrix will have dimensions 𝑚 x 𝑛, where the number of rows 𝑚 is equal to the number of 

converters that the studied system has, and with a total of 𝑛 columns equivalent to the number 

of state variables that the constraint has (in this case six). Equation 66 shows the Jacobian 

matrix.  

𝐺𝑋
𝑆c = [𝐺𝑈c

𝑆c 𝐺𝑈s
𝑆c 𝐺𝜃c

𝑆c 𝐺𝜃s
𝑆c    𝐺𝑃c

𝑆c 𝐺𝑄c
𝑆c] (66) 

 

Equation 67 shows the simplified nomenclature referring to the second partial derivatives. All 

the second partial derivatives used for the definition of the Hessian matrix are shown in Appen-

dix 1.2, again showing the derivatives for active (𝐺𝑋𝑋
𝑃c ) and reactive (𝐺𝑋𝑋

𝑄c) power separately. It 

should be noted that all second derivatives where 𝑃c or 𝑄c are involved are equal to zero. 

𝐺𝑋𝑋
𝑆c =

𝜕𝐺𝑋
𝑆c

𝜕𝑋
 (67) 

 

From here, the Hessian matrix can be defined as shown in Equation 68. The dimensions of the 

Hessian matrix depend on the number of AC nodes and the number of converters that the stud-

ied system has. In this way, the dimension of each of the variables determines the size of the 

matrix. For example, for a system with 10 AC nodes and 3 converters, the dimensions of the 

element 𝐺𝑈s𝑈c
𝑆c (𝜆) are 10x3 (10 values of 𝑈s and 3 values of 𝑈c), while the size of the Hessian 

matrix is 32x32. It should be noted that for the definition of the Hessian matrix, all the elements 

are dependent on the Lagrangian multiplier 𝜆. 

𝐺𝑋𝑋
𝑆c =

[
 
 
 
 
 
 
 
 𝐺𝑈c𝑈c

𝑆c (𝜆)

𝐺𝑈c𝑈s
𝑆c (𝜆)

𝐺𝑈c𝜃c
𝑆c (𝜆)

𝐺𝑈c𝜃s
𝑆c (𝜆)

𝐺𝑈c𝑃c
𝑆c (𝜆)

𝐺𝑈c𝑄c
𝑆c (𝜆)

𝐺𝑈s𝑈c
𝑆c (𝜆)

𝐺𝑈s𝑈s
𝑆c (𝜆)

𝐺𝑈s𝜃c
𝑆c (𝜆)

𝐺𝑈s𝜃s
𝑆c (𝜆)

𝐺𝑈s𝑃c
𝑆c (𝜆)

𝐺𝑈s𝑄c
𝑆c (𝜆)

𝐺𝜃c𝑈c
𝑆c (𝜆)

𝐺𝜃c𝑈s
𝑆c (𝜆)

𝐺𝜃c𝜃c
𝑆c (𝜆)

𝐺𝜃c𝜃s
𝑆c (𝜆)

𝐺𝜃c𝑃c
𝑆c (𝜆)

𝐺𝜃c𝑄c
𝑆c (𝜆)

𝐺𝜃s𝑈c
𝑆c (𝜆) 𝐺𝑃c𝑈c

𝑆c (𝜆) 𝐺𝑄c𝑈c
𝑆c (𝜆)

𝐺𝜃s𝑈s
𝑆c (𝜆) 𝐺𝑃c𝑈s

𝑆c (𝜆) 𝐺𝑄c𝑈s
𝑆c (𝜆)

𝐺𝜃s𝜃c
𝑆c (𝜆) 𝐺𝑃c𝜃c

𝑆c (𝜆) 𝐺𝑄c𝜃c
𝑆c (𝜆)

𝐺𝜃s𝜃s
𝑆c (𝜆) 𝐺𝑃c𝜃s

𝑆c (𝜆) 𝐺𝑄c𝜃s
𝑆c (𝜆)

𝐺𝜃s𝑃c
𝑆c (𝜆) 𝐺𝑃c𝑃c

𝑆c (𝜆) 𝐺𝑄c𝑃c
𝑆c (𝜆)

𝐺𝜃s𝑄c
𝑆c (𝜆) 𝐺𝑃c𝑄c

𝑆c (𝜆) 𝐺𝑄c𝑄c
𝑆c (𝜆)]

 
 
 
 
 
 
 
 

 (68) 
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With the definition of the constraint about the active and reactive power on the AC side of the 

converter, all the operation constraints around the modelling of the DC system and the con-

verter station have already been developed, in the absence of defining the converter control 

system. 

 

5.3.5 Control of the converters 

The last equality constraints to be defined are the control constraints, which will allow the 

optimization model to simulate the behavior of the converters control system. The control con-

straints are based on Equations 27-30 from section 3.3.4, where the state variables (𝑈dc,𝑖, 𝑈s,𝑖, 

𝑃s,𝑖 and 𝑄s,𝑖) are equated with the control variables (𝑈dc,𝑖
Ref, 𝑈s,𝑖

Ref, 𝑃s,𝑖
Ref and 𝑄s,𝑖

Ref). They are made 

up of two types of constraints that difference the control channels to be controlled: the active 

channel (𝐺Active(𝑋)) and the reactive channel (𝐺Reactive(𝑋)). Each of the converters will try to 

control voltage or power parameters depending on whether it is a master or slave converter, 

respectively. 

In the case of master converters, these constraints will try to control the voltage on both sides 

of the converter. Equations 69 and 70 present these linear control constraints for the active and 

reactive channel. 

𝐺Active(𝑋) = 𝑈dc,𝑖 − 𝑈dc,𝑖
Ref   ;      for Master Converter (69) 

𝐺Reactive(𝑋) = 𝑈s,𝑖 − 𝑈s,𝑖
Ref  ;      for  Master Converter (70) 

 

In the same way, Equations 71 and 72 refer to the linear constraints applied to slave converters 

in order to control the active and reactive power supplied through their active and reactive 

channels. 

𝐺Active(𝑋) = 𝑃s,𝑖 − 𝑃s,𝑖
Ref  ;      for  Slave Converter (71) 

𝐺Reactive(𝑋) = 𝑄s,𝑖 − 𝑄s,𝑖
Ref  ;      for  Slave Converter (72) 

 

There will be a total number of control constraints equal to twice the number of converters 

available in the studied system, since for each converter, as mentioned, there will be a constraint 

for the active channel and another for the reactive channel. 
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5.4 Inequality constraints 

This section presents the inequality constraints that are part of the OPF model for AC/DC hybrid 

networks. From the OPF model for AC systems, the non-linear inequality constraint referred to 

the branch flow limits in the AC transmission lines, the limitations in the active and reactive 

power generated and the bounds for the voltage at AC nodes must be taken into account. In 

addition, all those inequality constraints that define the converter limits, the grid code and the 

bounds for all the state and control variables must be added to the formulation. 

 

5.4.1 Converter limits 

In order to ensure the correct operation of the VSC converters, certain electrical parameters 

must be limited so that the steady state operating point fulfill the PQ capacity limit [24, 25]. In 

this way, the operating area of the VSC converters will see their current levels and voltages 

(both on the AC and DC sides) and the active and reactive power injected into the AC system 

limited. Figure 5.1 shows an example of PQ capacity diagram [25, 26], where all the limitations 

are taken into account and the converter operating area is shown in green. 

 

Figure 5.1: Example of PQ capacity diagram of a VSC converter station. 

 

For the OPF model, the voltage on the DC side of the converter, the voltage in the AC nodes 

and the active and reactive power injected into the AC system by the converters are limited 

from the definition of their bounds, since they are treated as state variables, so they are defined 

in the section 5.4.2. On the other hand, some inequality constraints are needed for the current 

limits.  
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Equation 73 shows the inequality constraint that limits the level of current flowing through the 

DC system, thus respecting the electrical limits of the HVDC cables. 

𝐻Idc(𝑋) = (𝐼dc,𝑖)
2
− (𝐼dc

max)2 ≤ 0 (73) 

 

In the same way, Equation 74 represents the inequality constraint in charge of limiting the 

current that flows on the AC side of the converter. With this limitation, it is intended not to 

exceed the maximum current admitted by the IGBT transistors. 

𝐻Ic(𝑋) = (𝐼c,𝑖)
2
− (𝐼c

max)2 ≤ 0 (74) 

 

It should be noted that in the converter stations the power flows are taken as bidirectional, 

since the converters can operate as rectifiers or inverters indistinctly. For this reason, only one 

maximum current value is defined, which is valid for both directions. 

 

5.4.2 State variables’ bounds 

In this section, the bounds for all the state variables that are added in the OPF model applied 

to AC/DC hybrid networks will be defined as in [14]. In MatPower [4], these bounds are not 

presented as inequality constraint, but a maximum and a minimum value is given for each of 

the variables by its own definition. The state variables for which bounds are imposed are all 

those that make up the vector 𝑥T presented in Equation 36. Equation 75 presents the mathe-

matical formulation for these bounds in a general way for all state variables. 

𝑋𝑖
Min ≤ 𝑋𝑖 ≤ 𝑋𝑖

Max (75) 

 

Where 𝑋𝑖 represents each of the state variables collected in the vector of optimization variables 

𝑥T and for each node 𝑖, and 𝑋𝑖
Min and 𝑋𝑖

Max refer to the predefined minimum and maximum 

values for each of the variables. Note that each of the added state variables 

(𝑃s,𝑖, 𝑄s,𝑖, 𝑃c,𝑖, 𝑄c,𝑖, 𝑃dc,𝑖 , 𝑈c,𝑖, 𝜃c,𝑖, 𝑈dc,𝑖, 𝑈dc,𝑖
Ref, 𝑃s,𝑖

Ref, 𝑄s,𝑖
Ref, 𝑈s,𝑖

Ref) will be made up of a total number of 

values equivalent to the number of converters that the studied system has. On the other hand, 

each of the state variables already existing in the OPF model for AC systems (𝑈𝑖 , 𝜃𝑖, 𝑃G,𝑖, 𝑄G,𝑖) 

have a total number of values equal to the number of AC nodes that the network has. 
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With all this, and once the objective function, the state variables with their respective bounds 

and all the constraints (both equality and inequality constraints) are defined, the extended for-

mulation for the OPF model applied to AC/DC hybrid grids is completely given.  
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6 Proposed test system 

The test system that is introduced in this section corresponds to the hybrid AC/DC transmission 

power system for which the optimal power flow study is carried out, based on the model pro-

posed in the previous sections. It is a test system based on the one developed in article [27], 

not only the structure and generation and consumption data are offered, but also the technical 

data of interest on the transmission lines, VSC converters and network limits; all of them are 

necessary to perform the OPF calculation. 

 

6.1 AC system 

The AC system has a total of 66 AC nodes, which are divided into three control areas. The three 

areas are interconnected with each other with five transmission lines. About the generation 

units and the loads, they are directly connected to the system. There are a total of 17 synchro-

nous generation units and two large-scale wind farms. 

Figure 6.1 shows the structure of the AC system, which locates the synchronous generation 

units, the wind farms and the converter stations; in addition to showing the different transmis-

sion lines that interconnect the AC nodes. 
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Figure 6.1: AC system with generation units, wind farms, VSCs and transmission lines. 

 

The AC system has a total of 102 AC branches, each with a thermal current limit of 3500 A. It 

is also important to point out that the transformers will not be taken into account in the ana-

lysed system, since they are not necessary to perform the OPF calculations. According to the 

defined AC system model, all branches will have an equivalent resistance and reactance as is 

shown in Table 6.1, which includes these characteristics for a standard 400 kV OHL. Each of 

the AC transmission lines is 100 km long. 
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Table 6.1: Data for 400 kV OHL (Al/St 240/40). 

R'  (Ω/km) X'  (Ω/km) C'  (nF/km)            (A)

0.03 0.26 13.5 3500

 

In the original system presented in article [27], there is an offshore wind farm that is located 

outside the commented control areas and that allows the system having another generation 

point, with one more AC node (node 67). However, the offshore wind farm will not be taken 

into account in this work, as it focuses only on the OPF calculation for hybrid AC/DC transmis-

sion with embedded DC-grids. 

 

6.2 HVDC system 

The HVDC system has a total of 8 VSC converter stations that allow it to be connected to the 

AC system discussed in the previous section 6.1. This system will have a bipolar operation and 

will work at ±500 kV. In the original system of article [27] there is a ninth VSC converter 

station that allows the offshore wind farm to be linked to the system by means of a single tap 

line, but this will not be taken into account as previously mentioned.  

The OPF study is carried out for three different structures of the HVDC system. Each of these 

structures will correspond to a different stage of development of the meshed HVDC system, 

since its construction is intended to be carried out in a staggered manner. In this way, the results 

of the OPF are shown for the different stages of implementation of the HVDC system. 

Stage 1 consists of a set of three independent point-to-point interconnections. This system has 

a total of 7 VSC converter stations and only 4 HVDC branches. Figure 6.2 shows the structure 

of the HVDC system in stage 1. 
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Figure 6.2: HVDC system for stage 1. 

 

In order to obtain a partially meshed system, in stage 2 some interconnections are made be-

tween the three subsystems presented in stage 1. In addition, one more VSC converter station 

is added that allows offering a more robust HVDC system and expanding its dimensions. With 

this, there are a total of 8 VSC converter stations and 8 HVDC branches. The structure of the 

HVDC system in stage 2 is presented in Figure 6.3. 

 

Figure 6.3: HVDC system for stage 2. 
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Finally, for stage 3 there is a fully meshed HVDC system, in which there is no tap line. The stage 

3 HVDC system has a total of 8 VSC converter stations and 10 HVDC transmission lines, ar-

ranged as shown in the Figure 6.4. 

 

Figure 6.4: HVDC system for stage 3. 

 

All transmission lines in the HVDC system are modelled as cables. The technical data related to 

the equivalent resistance and capacity of the cabling are presented in Table 6.2. The data for 

±400 kV cables are taken as acceptable, since there is no data available for the ±500 kV that 

the system has. Comment that the transmission capacity of the lines is set as 3500 A, which is 

equivalent to 3500 MVA for bipolar operation at ±500 kV. Each of the HVDC branches will 

have a total length of 300 km. 

Table 6.2: Data for ±400 kV HVDC cable. 

R'  (Ω/km) C'  (μF/km)            (A)

0.01 0.01 3500
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6.3 Input data 

The input data related to the considered test system are tabulated in Appendix 2, following the 

structure and nomenclature specified in the MatPower 7.0 manual [4]. They are organized in 

different tables, each one related to one of the input data matrices that the user can define in 

the modified version of MatPower for the calculation of the OPF in hybrid AC/DC networks. 

These matrices are related to the input data for AC nodes, generation units, AC transmission 

lines, VSC converters and HVDC transmission lines. 

As input data for each of the AC nodes: the type of bus (PQ, PV or Slack), the demand for active 

and reactive power (in MW and Mvar), the initial value of the voltage magnitude (in pu) and 

the voltage angle (°) and the maximum and minimum value allowed for this bus voltage in pu. 

In addition, the area of which each node is part of the three presented is specified; as well as 

the base voltage, which in all cases is 380 kV. It should be noted that the shunt conductance 

and susceptance are considered null. These data are presented in Appendix 2.1. 

For synchronous generation units is offered the bus to which they are connected, the initial 

value of active and reactive power generated (in MW and Mvar) and the voltage magnitude set 

point (in pu). It also shows the maximum and minimum value of active and reactive generation 

power (in MW and Mvar) and the base power value (in MVA) for each generation unit. These 

data are presented in Appendix 2.2.  

The matrix relative to the branch data shows the origin and destination bus for each transmis-

sion line, the equivalent resistance and impedance of the line in pu and the long term rating 

that allows specifying the branch flow limits. These data are presented in Appendix 2.3. 

On the input data for each VSC converter station, the AC bus to which it is connected is offered, 

as well as the initial value for the active and reactive power injected into the respective AC bus 

(in MW and Mvar), the magnitude and the angle for the voltage on the AC side of the converter 

in pu and the voltage on the DC side of the converter in pu. The maximum and minimum values 

are also defined for the power injected into the AC bus and for the different variable voltages 

in pu. Furthermore, it is specified if it is a master or a slave converter station, applied to its 

control. These data are presented in Appendix 2.4. 

Finally, for the definition of the input data related to the HVDC transmission lines, the origin 

and destination buses of each branch, the equivalent resistance in pu and the transmission ca-

pacity of the line in amperes are offered. These data are presented in Appendix 2.5. The base 

value of the equivalent resistance of the HVDC line has been calculated from Equation 76, for 
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which a 500 kV base voltage in DC and a 100 MW base power for a bipolar HVDC line have 

been considered. 

𝑅dc,base =
𝑈dc,base
2

𝑃dc,base
 (76) 

 

The initial values presented for the different variables of the OPF model of the AC/DC system 

have been determined from a steady state study based on a power flow calculation. From this, 

it has been possible to extract the initial data of the AC bus voltage, of the generated and in-

jected active and reactive power from the generation units and the VSC converter stations re-

spectively, and the voltage magnitude set points also from the generators and the converters. 
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7 Optimal power flow results 

From the MatPower extension for the calculation of the OPF for hybrid AC/DC grids, the results 

for the different stages of the test system presented in section 6 are shown. 

 

7.1 Test system results I – Stage comparison 

This section presents a comparison of the OPF results obtained for the different stages of the 

test system. A comparison with the initial values defined in the input data matrices is also shown 

for some of the results, in order to check how the model has varied these values to obtain an 

optimal operation of the system.  

First, the total losses in the test system for each stage are presented in Figure 7.1. As can be 

seen, the stage with the most losses is stage 1. This is due to the fact that it is the stage that has 

an HVDC system with the lowest level of meshing (based on three independent point-to-point 

interconnections), and which performs less use of this HVDC system. On the other hand, the 

one with the lowest losses is stage 3, which has a fully meshed HVDC system. 

 

Figure 7.1: OPF total losses for each stage. 

 

Table 7.1 depicts the losses in depth for the different stages. This table differentiates the losses 

in AC and HVDC systems, and shows the relative losses with respect to the generation in each 

case. 
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Table 7.1: OPF total losses and generation for each stage. 

 

 

As previously mentioned, stage 1 is the one with the highest losses in the AC system and the 

lowest losses in the DC system. This is due to the little power transmission through its HVDC 

lines. The difference in the losses of the HVDC system for stages 2 and 3 is explained by the 

different levels of meshing they have. In stage 2, some of the HVDC lines transmit very high 

powers, which leads to higher losses, due to the quadratic dependence of the voltage on the 

losses in DC. On the other hand, stage 3 has a much more balanced HVDC system, which, 

despite transmitting similar amounts of power, is capable of distributing it among all its lines. 

Figure 7.2 presents the power generated by each of the test system generators (G). The gener-

ation for the three stages and the initial values are shown. 

 

Figure 7.2: OPF generation for each stage and initial values. 

 

The power generated in each of the generators has been optimized, within its bounds, to have 

to transmit the least power over long distances, in order to minimize transmission losses. As 

can be seen, the generation has been varied with respect to the initial value in all the stages. 

The G1 (slack bus) generation has been reduced in the three stages with respect to its initial 

value. 

Generation (MW) AC losses (MW) DC losses (MW) Losses (MW) % losses

Hybrid - Stage 1 9517.68 246.58 4.55 251.13 2.64%

Hybrid - Stage 2 9475.49 196.85 11.64 208.49 2.20%

Hybrid - Stage 3 9462.30 189.84 5.91 195.75 2.07%

Total losses and generation
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Figure 7.3 shows the AC bus voltage of the test system for each of the AC nodes (B), and for all 

the stages and initial values. 

 

Figure 7.3: OPF AC node voltages for each stage and initial values. 

 

The voltage levels for each of the AC buses are within the defined bounds (between 0.9 and 

1.1). Some of the nodes have voltage values very close to the lower limit. This is due to the fact 

that these buses are further away from generation and converters, and are also connected to 

loads with higher active and reactive power demand. While the buses with voltages closer to 

the upper limit are connected with generators or converters. 
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Figure 7.4 shows the power injected into the AC system from each of the converters. This power 

is positive when the converter injects it into the AC system and is negative when the converter 

injects it into the DC system. The results for the three stages and the initial values are presented. 

 

Figure 7.4: OPF injected power from converters to AC nodes for each stage and initial values. 

 

Again, the results obtained for the stages differ from the initial values, since the optimal results 

are taken for each of the stages. It should be noted that, in stage 1, converter 4 has no injected 

power, because this converter is not connected to the system in this stage. It is interesting to 

see that converter 7 has changed its power direction for all the stages with respect to the initial 

value. This is due to the fact that converter 7 is close to several generators, and the OPF calcu-

lation optimizes the power flow from converter 7 to other converters in areas with higher energy 

need. 

 

7.2 Test system results II - Optimal solution 

In this section, a comparison of the total losses of the system for different scenarios is presented 

for each of the stages. The first scenario always corresponds to the OPF, while for the rest of 

the scenarios the losses are defined from the PF calculation with different conditions. The vari-

ations considered for each scenario in the PF calculation apply to the active power generated 

by each generator (except for the slack bus), to the power transmitted by the converters and to 
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the selection of the master converter. The bounds defined for each parameter have always been 

respected.  

Figure 7.5 presents the losses in the test system with stage 1 for different scenarios. It should 

be remembered that stage 3 has three independent point-to-point interconnections, so a master 

converter has to be defined for each of the interconnections. 

 

Figure 7.5: Total losses for different scenarios for stage 1. 

 

For the test system with stage 2, Figure 7.6 shows the losses obtained for different scenarios. In 

the same way as Figure 7.7 for the test system with stage 3. 

 

Figure 7.6: Total losses for different scenarios for stage 2. 
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Figure 7.7: Total losses for different scenarios for stage 3. 

 

For all stages, the lowest losses are presented in the scenario defined through the OPF. With 

this, the correct operation of the MatPower extension on OPF calculation applied to hybrid 

AC/DC grids is demonstrated. Note that the PF calculations have been made from MatACDC 

[28], a Matlab based open source program for AC/DC power flow analysis. 

 

7.3 Case 5 results 

Additionally, the analysis of a second test system based on Case 5 of MatACDC [28] is presented. 

In order to demonstrate the generality of the developed MatPower extension, it has been used 

another hybrid test-bench system. Case 5 is made up of 5 AC nodes, 7 AC lines, 2 generators, 3 

converters and 3 HVDC lines. 

In the same way as in the previous section, the system losses for different scenarios are pre-

sented. The first scenario is based on the OPF, while the other scenarios will be defined from 

the PF calculation with different conditions. Each of the scenarios defined by the PF will have 

a variation in the power generated by the generators (except for the slack bus). Figure 7.8 

shows the comparison of the losses for the different scenarios. 
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Figure 7.8: Total losses for different scenarios for Case 5. 

 

As can be seen, the OPF scenario is the one that shows the least losses. In this case, making 

greater use of the HVDC transmission system has been taken as the optimal option, which has 

made possible to considerably reduce AC transmission losses. 
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8 Conclusions 

The purpose of this thesis was the development of an extension of MatPower that would allow 

the calculation of the optimal power flow applied to hybrid AC/DC grids. From this extension, 

it was intended to determine the impact of the DC system on a specific test system. To achieve 

these objectives, the physical modeling of hybrid grids has first been presented. An OPF model 

based on this modeling has been defined in order to minimize system losses, whose new varia-

bles and constraints have been introduced. The MatPower extension has been developed, ap-

plying the theoretical OPF model defined for hybrid grids to the existing one for AC networks. 

Finally, the results that demonstrate the correct operation of the extension have been presented, 

and the results obtained for the studied test system have been analyzed.  

From the results of the studied test system, it can be ensured that the incorporation of an HVDC 

system reduces the global losses of the system. In addition, from the analysis of the different 

stages, it has been seen that the most efficient stage is the one with a fully meshed HVDC system. 

The difficulties that have appeared during the realization of the project have been mainly re-

lated to the development of the MatPower extension. This is due to the complexity of the 

MatPower base code, which has had to be modified to incorporate the new variables and con-

straints. The need to work with Jacobian and Hessian matrices has also been a difficulty, which 

has been the hardest mathematical complication of the thesis. 

In future works an improvement of the MatPower extension may be made. Some of the simpli-

fications presented can be cancelled, through the development of new constraints. In addition, 

the improvement of the bounds for the variables with the application of penalties would allow 

the results to be even closer to realistic values. 
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Appendix 

Appendix 1: Constraints’ derivatives 

In this section of the appendix, the first partial derivatives that make up the Jacobian matrix 

and the second partial derivatives that complete the Hessian matrix for the constraints related 

to the nodal power balance (Appendix 1.1) and to the power flow in the AC side of the converter 

(Appendix 1.2) are presented. In the case of the partial derivatives of the nodal power balance 

constraint, only those that are not null are shown. 

 

Appendix 1.1: Nodal power balance 

First Derivatives 

𝜕𝐺S

𝜕𝜃
= 𝑗 [𝑉] · ([𝐼bus

∗
] − (𝑌busAC)

∗ · [𝑉∗]) (A1) 

𝜕𝐺S

𝜕𝑉
= [𝑉] · ([𝐼bus

∗
] + (𝑌busAC)

∗ · [𝑉∗]) · [𝑉]−1 (A2) 

𝜕𝐺S

𝜕𝑃G
= −𝐶G (A3) 

𝜕𝐺S

𝜕𝑄G
= −𝑗 · 𝐶G (A4) 

𝜕𝐺S

𝜕𝑃s
= 𝐶s (A5) 

𝜕𝐺S

𝜕𝑄s
= 𝑗 · 𝐶s (A6) 

 

Second Derivatives 

𝜕𝐺S

𝜕𝜃2
= [𝑉∗] · {(𝑌busAC)

∗T · [𝑉] − (𝑌busAC)
∗T · [𝑉]}  + [𝑉] · {(𝑌busAC)

∗ · [𝑉∗] − [𝐼bus
∗
]}  (A7) 

𝜕𝐺S

𝜕𝜃𝜕𝑉
= 𝑗 · [𝑉]−1 · {[𝑉∗] · ((𝑌busAC)

∗ · [𝑉] − (𝑌busAC)
∗T · [𝑉])} − [𝑉] · {(𝑌busAC)

∗ · [𝑉∗]

− [𝐼bus
∗
]}  

(A8) 

𝜕𝐺S

𝜕𝑉2
= [𝑉]−1 · {[𝑉] · (𝑌busAC)

∗ · [𝑉∗] + [𝑉∗] · (𝑌busAC)
∗T · [𝑉]} · [𝑉]−1 (A9) 

𝜕𝐺S

𝜕𝑉𝜕𝜃
= 𝑗 · [𝑉]−1 · {[𝑉∗] · ((𝑌busAC)

∗ · [𝑉] − (𝑌busAC)
∗T · [𝑉])} − [𝑉] · {(𝑌busAC)

∗ · [𝑉∗]

− [𝐼bus
∗
]}  

(A10) 
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Appendix 1.2: Power flow in the AC side of the converter 

First Derivatives – Active power 

𝜕𝐺𝑃c  

𝜕𝑈c
= 2 · 𝑈c,𝑖 · 𝐺tc − 𝑈s,𝑖 · [𝐺tc · cos(𝜃s,𝑖 − 𝜃c,𝑖) − 𝐵tc · sin (𝜃s,𝑖 − 𝜃c,𝑖)] (A11) 

𝜕𝐺𝑃c

𝜕𝑈s
= −𝑈c,𝑖 · [𝐺tc · cos(𝜃s,𝑖 − 𝜃c,𝑖) − 𝐵tc · sin (𝜃s,𝑖 − 𝜃c,𝑖)] (A12) 

𝜕𝐺𝑃c

𝜕𝜃c
= −𝑈c,𝑖 · 𝑈s,𝑖 · [𝐺tc · sin(𝜃s,𝑖 − 𝜃c,𝑖) + 𝐵tc · cos (𝜃s,𝑖 − 𝜃c,𝑖)] (A13) 

𝜕𝐺𝑃c

𝜕𝜃s
= −𝑈c,𝑖 · 𝑈s,𝑖 · [−𝐺tc · sin(𝜃s,𝑖 − 𝜃c,𝑖) − 𝐵tc · cos (𝜃s,𝑖 − 𝜃c,𝑖)] (A14) 

𝜕𝐺𝑃c

𝜕𝑃c
= −1 (A15) 

𝜕𝐺𝑃c

𝜕𝑄c
= 0 (A16) 

 

First Derivatives – Reactive power 

𝜕𝐺𝑄c

𝜕𝑈c
= −2 · 𝑈c,𝑖 · 𝐵tc + 𝑈s,𝑖 · [𝐺tc · sin(𝜃s,𝑖 − 𝜃c,𝑖) + 𝐵tc · cos (𝜃s,𝑖 − 𝜃c,𝑖)] (A17) 

𝜕𝐺𝑄c

𝜕𝑈s
= 𝑈c,𝑖 · [𝐺tc · sin(𝜃s,𝑖 − 𝜃c,𝑖) + 𝐵tc · cos (𝜃s,𝑖 − 𝜃c,𝑖)] (A18) 

𝜕𝐺𝑄c

𝜕𝜃c
= 𝑈c,𝑖 · 𝑈s,𝑖 · [−𝐺tc · cos(𝜃s,𝑖 − 𝜃c,𝑖) + 𝐵tc · sin (𝜃s,𝑖 − 𝜃c,𝑖)] (A19) 

𝜕𝐺𝑄c

𝜕𝜃s
= 𝑈c,𝑖 · 𝑈s,𝑖 · [𝐺tc · cos(𝜃s,𝑖 − 𝜃c,𝑖) − 𝐵tc · sin (𝜃s,𝑖 − 𝜃c,𝑖)] (A20) 

𝜕𝐺𝑄c

𝜕𝑃c
= 0 (A21) 

𝜕𝐺𝑄c

𝜕𝑄c
= −1 (A22) 

 

Second Derivatives – Active power 

𝜕𝐺𝑃c

𝜕𝑈c
2 = 2 · 𝐺tc (A23) 

𝜕𝐺𝑃c

𝜕𝑈c𝜕𝑈s
= −(𝐺tc · cos(𝜃s,𝑖 − 𝜃c,𝑖) − 𝐵tc · sin(𝜃s,𝑖 − 𝜃c,𝑖)) (A24) 

𝜕𝐺𝑃c

𝜕𝑈c𝜕𝜃c
= −𝑈s,𝑖 · (𝐺tc · sin(𝜃s,𝑖 − 𝜃c,𝑖) + 𝐵tc · cos(𝜃s,𝑖 − 𝜃c,𝑖)) (A25) 
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𝜕𝐺𝑃c

𝜕𝑈c𝜕𝜃s
= −𝑈s,𝑖 · (−𝐺tc · sin(𝜃s,𝑖 − 𝜃c,𝑖) − 𝐵tc · cos(𝜃s,𝑖 − 𝜃c,𝑖)) (A26) 

 

𝜕𝐺𝑃c

𝜕𝑈s𝜕𝑈c
= −(𝐺tc · cos(𝜃s,𝑖 − 𝜃c,𝑖) − 𝐵tc · sin(𝜃s,𝑖 − 𝜃c,𝑖)) (A27) 

𝜕𝐺𝑃c

𝜕𝑈s
2 = 0 (A28) 

𝜕𝐺𝑃c

𝜕𝑈s𝜕𝜃c
= −𝑈c,𝑖 · (𝐺tc · sin(𝜃s,𝑖 − 𝜃c,𝑖) + 𝐵tc · cos(𝜃s,𝑖 − 𝜃c,𝑖)) (A29) 

𝜕𝐺𝑃c

𝜕𝑈s𝜕𝜃s
= −𝑈c,𝑖 · (−𝐺tc · sin(𝜃s,𝑖 − 𝜃c,𝑖) − 𝐵tc · cos(𝜃s,𝑖 − 𝜃c,𝑖)) (A30) 

 

𝜕𝐺𝑃c

𝜕𝜃c𝜕𝑈𝑐
= −𝑈s,𝑖 · (𝐺tc · sin(𝜃s,𝑖 − 𝜃c,𝑖) + 𝐵tc · cos(𝜃s,𝑖 − 𝜃c,𝑖)) (A31) 

𝜕𝐺𝑃c

𝜕𝜃c𝜕𝑈s
= −𝑈c,𝑖 · (𝐺tc · sin(𝜃s,𝑖 − 𝜃c,𝑖) + 𝐵tc · cos(𝜃s,𝑖 − 𝜃c,𝑖)) (A32) 

𝜕𝐺𝑃c

𝜕𝜃c
2 = −𝑈𝑐 · 𝑈s,𝑖 · (−𝐺tc · cos(𝜃s,𝑖 − 𝜃c,𝑖) + 𝐵tc · sin(𝜃s,𝑖 − 𝜃c,𝑖)) (A33) 

𝜕𝐺𝑃c

𝜕𝜃c𝜕𝜃s
= −𝑈c,𝑖 · 𝑈s,𝑖 · (𝐺tc · cos(𝜃s,𝑖 − 𝜃c,𝑖) − 𝐵tc · sin(𝜃s,𝑖 − 𝜃c,𝑖)) (A34) 

 

𝜕𝐺𝑃c

𝜕𝜃s𝜕𝑈𝑐
= −𝑈s,𝑖 · (−𝐺tc · sin(𝜃s,𝑖 − 𝜃c,𝑖)−𝐵tc · cos(𝜃s,𝑖 − 𝜃c,𝑖)) (A35) 

𝜕𝐺𝑃c

𝜕𝜃s𝜕𝑈s
= −𝑈c,𝑖 · (−𝐺tc · sin(𝜃s,𝑖 − 𝜃c,𝑖) − 𝐵tc · cos(𝜃s,𝑖 − 𝜃c,𝑖)) (A36) 

𝜕𝐺𝑃c

𝜕𝜃s𝜕𝜃c
= −𝑈c,𝑖 · 𝑈s,𝑖 · (𝐺tc · cos(𝜃s,𝑖 − 𝜃c,𝑖) − 𝐵tc · sin(𝜃s,𝑖 − 𝜃c,𝑖)) (A37) 

𝜕𝐺𝑃c

𝜕𝜃s
2 = −𝑈c,𝑖 · 𝑈s,𝑖 · (−𝐺tc · cos(𝜃s,𝑖 − 𝜃c,𝑖) + 𝐵tc · sin(𝜃s,𝑖 − 𝜃c,𝑖)) (A38) 

 

Second Derivatives – Reactive power 

𝜕𝐺𝑄c

𝜕𝑈c
2 = −2 · 𝐵tc (A39) 

𝜕𝐺𝑄c

𝜕𝑈c𝜕𝑈s
= 𝐺tc · sin(𝜃s,𝑖 − 𝜃c,𝑖) + 𝐵tc · cos (𝜃s,𝑖 − 𝜃c,𝑖) 

(A40) 
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𝜕𝐺𝑄c

𝜕𝑈c𝜕𝜃c
= 𝑈s,𝑖 · (−𝐺tc · cos(𝜃s,𝑖 − 𝜃c,𝑖) + 𝐵tc · sin (𝜃s,𝑖 − 𝜃c,𝑖)) (A41) 

𝜕𝐺𝑄c

𝜕𝑈c𝜕𝜃s
= 𝑈s,𝑖 · (𝐺tc · cos(𝜃s,𝑖 − 𝜃c,𝑖) − 𝐵tc · sin (𝜃s,𝑖 − 𝜃c,𝑖)) (A42) 

 

𝜕𝐺𝑄c

𝜕𝑈s𝜕𝑈c
= 𝐺tc · sin(𝜃s,𝑖 − 𝜃c,𝑖) + 𝐵tc · cos (𝜃s,𝑖 − 𝜃c,𝑖) (A43) 

𝜕𝐺𝑄c

𝜕𝑈s
2 = 0 (A44) 

𝜕𝐺𝑄c

𝜕𝑈s𝜕𝜃c
= 𝑈c,𝑖 · (−𝐺tc · cos(𝜃s,𝑖 − 𝜃c,𝑖) + 𝐵tc · sin (𝜃s,𝑖 − 𝜃c,𝑖)) (A45) 

𝜕𝐺𝑄c

𝜕𝑈s𝜕𝜃s
= 𝑈c,𝑖 · (𝐺tc · cos(𝜃s,𝑖 − 𝜃c,𝑖) − 𝐵tc · sin (𝜃s,𝑖 − 𝜃c,𝑖)) (A46) 

 

𝜕𝐺𝑄c

𝜕𝜃c𝜕𝑈c
= 𝑈s,𝑖 · (−𝐺tc · cos(𝜃s,𝑖 − 𝜃c,𝑖) + 𝐵tc · sin (𝜃s,𝑖 − 𝜃c,𝑖)) (A47) 

𝜕𝐺𝑄c

𝜕𝜃c𝜕𝑈s
= 𝑈c,𝑖 · (−𝐺tc · cos(𝜃s,𝑖 − 𝜃c,𝑖) + 𝐵tc · sin (𝜃s,𝑖 − 𝜃c,𝑖)) (A48) 

𝜕𝐺𝑄c

𝜕𝜃c
2 = 𝑈c,𝑖 · 𝑈s,𝑖 · (−𝐺tc · sin(𝜃s,𝑖 − 𝜃c,𝑖) − 𝐵tc · cos (𝜃s,𝑖 − 𝜃c,𝑖)) (A49) 

𝜕𝐺𝑄c

𝜕𝜃c𝜕𝜃s
= 𝑈c,𝑖 · 𝑈s,𝑖 · (𝐺tc · sin(𝜃s,𝑖 − 𝜃c,𝑖) + 𝐵tc · cos (𝜃s,𝑖 − 𝜃c,𝑖)) (A50) 

 

𝜕𝐺𝑄c

𝜕𝜃s𝜕𝑈c
= 𝑈s,𝑖 · (𝐺tc · cos(𝜃s,𝑖 − 𝜃c,𝑖) − 𝐵tc · sin (𝜃s,𝑖 − 𝜃c,𝑖)) (A51) 

𝜕𝐺𝑄c

𝜕𝜃s𝜕𝑈s
= 𝑈c,𝑖 · (𝐺tc · cos(𝜃s,𝑖 − 𝜃c,𝑖) − 𝐵tc · sin (𝜃s,𝑖 − 𝜃c,𝑖)) (A52) 

𝜕𝐺𝑄c

𝜕𝜃s𝜕𝜃𝑐
= 𝑈c,𝑖 · 𝑈s,𝑖 · (𝐺tc · sin(𝜃s,𝑖 − 𝜃c,𝑖) + 𝐵tc · cos (𝜃s,𝑖 − 𝜃c,𝑖)) (A53) 

𝜕𝐺𝑄c

𝜕𝜃s
2 = 𝑈c,𝑖 · 𝑈s,𝑖 · (−𝐺tc · sin(𝜃s,𝑖 − 𝜃c,𝑖) − 𝐵tc · cos (𝜃s,𝑖 − 𝜃c,𝑖)) (A54) 
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Appendix 2: Input data matrices for the test system 

In this appendix, all the input data for the test system are tabulated, organized in different 

matrices: bus matrix (divided into two parts), generator matrix, AC branch matrix (divided into 

two parts), VSC converters matrix and HVDC branch matrix; as presented in the MatPower 

interface. The input data tables are shown for the case of the test system in stage 3, which 

includes the total number of converters and the total number of HVDC lines. It should be noted 

that the boxes containing variable data are shown in blue. 
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Appendix 2.1: Bus input data matrix 

Table A2.1: Bus input data matrix for the test system: part 1. 

 

bus_i type Pd (MW) Qd (Mvar) Area Vm (pu) Va (°) baseV (kV) Zone Vmax (pu) Vmin (pu)

1 3 0 0 1 1.00 0.00 380 1 1.10 0.90

2 1 -1500 -100 1 1.00 0.00 380 1 1.10 0.90

3 2 0 0 1 1.00 0.00 380 1 1.10 0.90

4 2 0 0 1 1.00 0.00 380 1 1.10 0.90

5 1 -1200 -100 1 1.00 0.00 380 1 1.10 0.90

6 1 191 76 1 1.00 0.00 380 1 1.10 0.90

7 2 0 0 1 1.00 0.00 380 1 1.10 0.90

8 1 287 73 1 1.00 0.00 380 1 1.10 0.90

9 1 186 74 1 1.00 0.00 380 1 1.10 0.90

10 2 0 0 1 1.00 0.00 380 1 1.10 0.90

11 1 271 55 1 1.00 0.00 380 1 1.10 0.90

12 1 171 87 1 1.00 0.00 380 1 1.10 0.90

13 2 0 0 1 1.00 0.00 380 1 1.10 0.90

14 1 199 60 1 1.00 0.00 380 1 1.10 0.90

15 1 113 52.5 1 1.00 0.00 380 1 1.10 0.90

16 1 38 7 1 1.00 0.00 380 1 1.10 0.90

17 1 275 106 1 1.00 0.00 380 1 1.10 0.90

18 2 0 0 1 1.00 0.00 380 1 1.10 0.90

19 1 165 46 1 1.00 0.00 380 1 1.10 0.90

20 1 178 82.5 1 1.00 0.00 380 1 1.10 0.90

21 1 0 0 1 1.00 0.00 380 1 1.10 0.90

22 1 30 7 1 1.00 0.00 380 1 1.10 0.90

23 2 0 0 1 1.00 0.00 380 1 1.10 0.90

24 1 32 7 1 1.00 0.00 380 1 1.10 0.90

25 2 0 0 1 1.00 0.00 380 1 1.10 0.90

26 1 395 89 2 1.00 0.00 380 1 1.10 0.90

27 2 0 0 2 1.00 0.00 380 1 1.10 0.90

28 1 665 99 2 1.00 0.00 380 1 1.10 0.90

29 2 0 0 2 1.00 0.00 380 1 1.10 0.90

30 1 266 100 2 1.00 0.00 380 1 1.10 0.90

31 1 845 119 2 1.00 0.00 380 1 1.10 0.90

32 1 332 137 2 1.00 0.00 380 1 1.10 0.90

Bus Data I
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Table A2.2: Bus input data matrix for the test system: part 2. 

  

bus_i type Pd (MW) Qd (Mvar) Area Vm (pu) Va (°) baseV (kV) Zone Vmax (pu) Vmin (pu)

33 2 0 0 2 1.00 0.00 380 1 1.10 0.90

34 1 540 158 2 1.00 0.00 380 1 1.10 0.90

35 1 460 97 2 1.00 0.00 380 1 1.10 0.90

36 2 0 0 2 1.00 0.00 380 1 1.10 0.90

37 1 451 190 2 1.00 0.00 380 1 1.10 0.90

38 1 150 0 2 1.00 0.00 380 1 1.10 0.90

39 1 629 87 2 1.00 0.00 380 1 1.10 0.90

40 2 0 0 2 1.00 0.00 380 1 1.10 0.90

41 2 0 0 2 1.00 0.00 380 1 1.10 0.90

42 1 859 180 2 1.00 0.00 380 1 1.10 0.90

43 2 0 0 2 1.00 0.00 380 1 1.10 0.90

44 1 474 92 2 1.00 0.00 380 1 1.10 0.90

45 1 668 109 2 1.00 0.00 380 1 1.10 0.90

46 1 614 95 2 1.00 0.00 380 1 1.10 0.90

47 1 81 -50 2 1.00 0.00 380 1 1.10 0.90

48 2 0 0 2 1.00 0.00 380 1 1.10 0.90

49 1 0 0 2 1.00 0.00 380 1 1.10 0.90

50 2 0 0 2 1.00 0.00 380 1 1.10 0.90

51 1 430 123 2 1.00 0.00 380 1 1.10 0.90

52 1 309 102 3 1.00 0.00 380 1 1.10 0.90

53 1 100 30 3 1.00 0.00 380 1 1.10 0.90

54 2 0 0 3 1.00 0.00 380 1 1.10 0.90

55 1 303 110 3 1.00 0.00 380 1 1.10 0.90

56 2 0 0 3 1.00 0.00 380 1 1.10 0.90

57 2 0 0 3 1.00 0.00 380 1 1.10 0.90

58 1 324 157 3 1.00 0.00 380 1 1.10 0.90

59 2 0 0 3 1.00 0.00 380 1 1.10 0.90

60 1 115 42 3 1.00 0.00 380 1 1.10 0.90

61 1 187 75 3 1.00 0.00 380 1 1.10 0.90

62 1 319 95 3 1.00 0.00 380 1 1.10 0.90

63 2 0 0 3 1.00 0.00 380 1 1.10 0.90

64 2 0 0 3 1.00 0.00 380 1 1.10 0.90

65 1 315 97 3 1.00 0.00 380 1 1.10 0.90

66 2 0 0 3 1.00 0.00 380 1 1.10 0.90

Bus Data II
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Appendix 2.2: Generators input data matrix 

Table A2.3: Generators input data matrix for the test system. 

  

bus Pg (MW) Qg (Mvar) Qmax (Mvar) Qmin (Mvar) Vg (pu) mBase status Pmax (MW) Pmin (MW)

1 800.793733 22.805901 1000 -500 1.052632 1500 1 1000 400

4 523.00 141.048321 350 -350 1.052632 1500 1 560 220

10 436.00 106.545757 350 -350 1.052632 1500 1 560 220

13 541.00 118.272949 300 -300 1.052632 1500 1 630 250

18 681.00 -31.607769 400 -400 1.026316 1500 1 720 300

25 469.00 60.146949 250 -250 1.039474 1500 1 560 220

29 500.00 100.195450 350 -350 1.026316 1500 1 630 250

33 496.00 305.933255 500 -500 1.026316 1500 1 850 350

36 512.00 248.825328 400 -400 1.026316 1500 1 720 300

41 350.00 230.478296 450 -450 1.039474 1500 1 850 350

43 574.00 233.526045 500 -250 1.026316 1500 1 720 220

50 581.00 149.886082 400 -400 1.039474 1500 1 720 300

56 496.00 56.359801 250 -250 1.039474 1500 1 560 220

59 431.00 205.939667 350 -350 1.044737 1500 1 720 300

63 488.00 152.216856 250 -300 1.044737 1500 1 520 250

64 300.00 61.043416 250 -400 1.047368 1500 1 560 250

66 537.00 144.008771 300 -400 1.044737 1500 1 630 250

Generators Data
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Appendix 2.3: AC branches input data matrix 

Table A2.4: AC branches input data matrix for the test system: part 1. 

 
fbus tbus r (pu) x (pu) b (pu) rateA rateB rateC

1 5 0.002078 0.017313019 0 1000 0 0

1 7 0.002078 0.017313019 0 1000 0 0

1 8 0.002078 0.017313019 0 1000 0 0

1 14 0.002078 0.017313019 0 1000 0 0

2 3 0.002078 0.017313019 0 1000 0 0

2 9 0.002078 0.017313019 0 1000 0 0

3 4 0.002078 0.017313019 0 1000 0 0

2 12 0.002078 0.017313019 0 1000 0 0

3 10 0.002078 0.017313019 0 1000 0 0

3 12 0.002078 0.017313019 0 1000 0 0

3 9 0.002078 0.017313019 0 1000 0 0

4 14 0.002078 0.017313019 0 1000 0 0

4 19 0.002078 0.017313019 0 1000 0 0

5 6 0.002078 0.017313019 0 1000 0 0

5 7 0.002078 0.017313019 0 1000 0 0

5 8 0.002078 0.017313019 0 1000 0 0

6 7 0.002078 0.017313019 0 1000 0 0

7 15 0.002078 0.017313019 0 1000 0 0

7 16 0.002078 0.017313019 0 1000 0 0

8 9 0.002078 0.017313019 0 1000 0 0

10 11 0.002078 0.017313019 0 1000 0 0

10 22 0.002078 0.017313019 0 1000 0 0

11 12 0.002078 0.017313019 0 1000 0 0

11 13 0.002078 0.017313019 0 1000 0 0

12 13 0.002078 0.017313019 0 1000 0 0

13 53 0.002078 0.017313019 0 1000 0 0

14 15 0.002078 0.017313019 0 1000 0 0

14 18 0.002078 0.017313019 0 1000 0 0

16 17 0.002078 0.017313019 0 1000 0 0

16 18 0.002078 0.017313019 0 1000 0 0

17 24 0.002078 0.017313019 0 1000 0 0

18 20 0.002078 0.017313019 0 1000 0 0

18 24 0.002078 0.017313019 0 1000 0 0

19 20 0.002078 0.017313019 0 1000 0 0

19 23 0.002078 0.017313019 0 1000 0 0

20 21 0.002078 0.017313019 0 1000 0 0

21 22 0.002078 0.017313019 0 1000 0 0

21 23 0.002078 0.017313019 0 1000 0 0

21 25 0.002078 0.017313019 0 1000 0 0

22 25 0.002078 0.017313019 0 1000 0 0

22 56 0.002078 0.017313019 0 1000 0 0

24 49 0.002078 0.017313019 0 1000 0 0

25 43 0.002078 0.017313019 0 1000 0 0

26 27 0.002078 0.017313019 0 1000 0 0

26 30 0.002078 0.017313019 0 1000 0 0

26 31 0.002078 0.017313019 0 1000 0 0

26 40 0.002078 0.017313019 0 1000 0 0

27 28 0.002078 0.017313019 0 1000 0 0

27 31 0.002078 0.017313019 0 1000 0 0

28 35 0.002078 0.017313019 0 1000 0 0

28 37 0.002078 0.017313019 0 1000 0 0

Branch Data I
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Table A2.5: AC branches input data matrix for the test system: part 2. 

fbus tbus r (pu) x (pu) b (pu) rateA rateB rateC

29 35 0.002078 0.017313019 0 1000 0 0

29 39 0.002078 0.017313019 0 1000 0 0

29 44 0.002078 0.017313019 0 1000 0 0

30 31 0.002078 0.017313019 0 1000 0 0

30 32 0.002078 0.017313019 0 1000 0 0

32 40 0.002078 0.017313019 0 1000 0 0

33 34 0.002078 0.017313019 0 1000 0 0

33 35 0.002078 0.017313019 0 1000 0 0

33 51 0.002078 0.017313019 0 1000 0 0

34 51 0.002078 0.017313019 0 1000 0 0

35 36 0.002078 0.017313019 0 1000 0 0

35 47 0.002078 0.017313019 0 1000 0 0

36 37 0.002078 0.017313019 0 1000 0 0

36 38 0.002078 0.017313019 0 1000 0 0

37 38 0.002078 0.017313019 0 1000 0 0

39 40 0.002078 0.017313019 0 1000 0 0

39 43 0.002078 0.017313019 0 1000 0 0

40 41 0.002078 0.017313019 0 1000 0 0

41 42 0.002078 0.017313019 0 1000 0 0

42 43 0.002078 0.017313019 0 1000 0 0

42 49 0.002078 0.017313019 0 1000 0 0

43 44 0.002078 0.017313019 0 1000 0 0

43 49 0.002078 0.017313019 0 1000 0 0

44 45 0.002078 0.017313019 0 1000 0 0

44 48 0.002078 0.017313019 0 1000 0 0

45 46 0.002078 0.017313019 0 1000 0 0

45 50 0.002078 0.017313019 0 1000 0 0

47 48 0.002078 0.017313019 0 1000 0 0

46 48 0.002078 0.017313019 0 1000 0 0

47 50 0.002078 0.017313019 0 1000 0 0

47 51 0.002078 0.017313019 0 1000 0 0

47 59 0.002078 0.017313019 0 1000 0 0

52 53 0.002078 0.017313019 0 1000 0 0

52 54 0.002078 0.017313019 0 1000 0 0

52 64 0.002078 0.017313019 0 1000 0 0

54 65 0.002078 0.017313019 0 1000 0 0

54 66 0.002078 0.017313019 0 1000 0 0

55 57 0.002078 0.017313019 0 1000 0 0

55 63 0.002078 0.017313019 0 1000 0 0

56 58 0.002078 0.017313019 0 1000 0 0

56 59 0.002078 0.017313019 0 1000 0 0

57 58 0.002078 0.017313019 0 1000 0 0

57 63 0.002078 0.017313019 0 1000 0 0

58 60 0.002078 0.017313019 0 1000 0 0

58 61 0.002078 0.017313019 0 1000 0 0

59 60 0.002078 0.017313019 0 1000 0 0

61 62 0.002078 0.017313019 0 1000 0 0

62 63 0.002078 0.017313019 0 1000 0 0

62 66 0.002078 0.017313019 0 1000 0 0

65 66 0.002078 0.017313019 0 1000 0 0

66 64 0.002078 0.017313019 0 1000 0 0

Branch Data II
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Appendix 2.4: VSC converters input data matrix 

Table A2.6: VSC converters input data matrix for the test system. 

 

Nconv AC bus Ps (MW) Qs (Mvar) Psmax (MW) Qsmax (Mvar) Vc (pu)

1 3 -553.725074 113.300554 2000 1000 1.00

2 7 -553.509400 355.128590 2000 1000 1.00

3 23 -603.338373 255.599579 2000 1000 1.00

4 27 996.380364 558.336834 2000 1000 1.00

5 40 996.499337 272.949505 2000 1000 1.00

6 48 996.612471 445.632712 2000 1000 1.00

7 54 469.404427 128.794544 2000 1000 1.00

8 57 -553.051856 291.252835 2000 1000 1.00

Angc (°) Vsmax (pu) Vsmin (pu) Vdc (pu) dcBase (kV) Vdcmax (pu) Vdcmin (pu)

0.00 1.10 0.90 1.00 500 1.10 0.90

0.00 1.10 0.90 1.00 500 1.10 0.90

0.00 1.10 0.90 1.00 500 1.10 0.90

0.00 1.10 0.90 1.00 500 1.10 0.90

0.00 1.10 0.90 1.00 500 1.10 0.90

0.00 1.10 0.90 1.00 500 1.10 0.90

0.00 1.10 0.90 1.00 500 1.10 0.90

0.00 1.10 0.90 1.00 500 1.10 0.90

VSC Converters Data
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Appendix 2.5: HVDC branches input data matrix 

Table A2.7: HVDC branches input data matrix for the test system. 

 

  

fromConv toConv r (pu) ImaxDC (A)

2 5 3.00E-04 3500

1 3 3.00E-04 3500

3 6 3.00E-04 3500

7 8 3.00E-04 3500

1 2 3.00E-04 3500

5 4 3.00E-04 3500

6 4 3.00E-04 3500

7 3 3.00E-04 3500

3 5 3.00E-04 3500

8 6 3.00E-04 3500

HVDC Branch Data
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