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Abstract

In this thesis we will present explicit counterexamples for the class field tower problem,
hence proving that there exist number fields K that cannot be embedded into a larger
number field L with class number 1.

We will start by introducing profinite groups, which describe the Galois groups of
infinite Galois extensions. Special emphasis is given to pro-p groups, which describe
the Galois groups of p-extensions, as they appear in the solution of the class field tower
problem. We will explain how to describe a pro-p group in terms of generators and
relations, and prove the Golod-Shafarevich inequality, which establishes a criterion
for a pro-p group to be infinite.

After introducing the necessary notions of algebraic number theory, we will apply the
Golod-Shafarevich inequality to the class field tower problem via the Galois group
of the maximal unramified pro-p extension. We will obtain a criterion for a number
field K to have infinite class field tower, and give explicit examples of number fields
satisfying this criterion.

Keywords: number theory, class field theory, class field tower problem, profinite
groups, pro-p groups, Golod-Shafarevich inequality.

Resum

En aquesta tesi presentarem contraexemples explicit per al problema de la torre de
cossos de classes, demostrant aixi que existeixen cossos de nombres K que no poden
ser immergits dins un cos de nombres més gran L amb nombre de classes 1.

Comencarem introduint els grups profinits, els quals descriuen els grups de Galois
d’extensions de Galois infinites. Posarem un emfasi especial als grups pro-p, els
descriuen el grup de Galois de p-extensions, ja que apareixen en la solucié del problema
de la torre de cossos de classes. Explicarem com descriure un grup pro-p en termes
de generadors i relacions, i demostrarem la desigualtat de Golod-Shafarevich, la qual
estableix un criteri per a que un grup pro-p sigui infinit.

Després d’introduir les nocions necessaries de teoria algebraica de nombres, aplicarem
la desigualtat de Golod-Shafarevich al problema de la torre de cossos de classes a
través del grup de Galois de la extensié pro-p no ramificada maximal. Obtindrem un
criteri per a que un cos de nombres K tingui una torre de cossos de classes infinita, i
donarem exemples explicits de cossos de nombres satisfent aquest criteri.

Paraules clau: teoria de nombres, teoria de cossos de classes, problema de la torre
de cossos de classes, grups profinits, grups pro-p, desigualtat de Golod-Shafarevich.



Resumen

En esta tesis presentaremos contraejemplos explicitos para el problema de la torre de
cuerpos de clases, demostrando asi que existen cuerpos de ntimeros K que no pueden
ser inmergidos dentro de un cuerpo de nimeros mas grande L con numero de clases
1.

Empezaremos introduciendo los grupos profinitos, los cuales describen los grupos de
Galois de extensiones de Galois infinitas. Pondremos un énfasis especial a los grupos
pro-p, los cuales describen los grupos de Galois de p-extensiones, ya que aparecen
en la solucién del problema de la torre de cuerpos de clases. Explicaremos como
describir un grupo pro-p en términos de generadores y relaciones, y demostraremos
de desigualdad de Golod-Shafarevich, la cual establece un criterio para que un grupo
pro-p sea infinito.

Después de introducir las nociones necesarias de teoria de nimeros, aplicaremos la
desigualdad de Golod-Shafarevich al problema de la torre de cuerpos de clases a través
del grupo de Galois de la extension pro-p no ramificada maximal. Obtendremos un
criterio para que un cuerpo de niimeros K tenga una torre de cuerpos de clases infinita,
y daremos ejemplos explicitos de cuerpos de nimeros satisfaciendo este criterio.

Palabras clave: teoria de nimeros, teoria de cuerpos de clases, problema de la
torre de cuerpos de clases, grupos profinitos, grupo pro-p, desigualdad de Golod-
Shafarevich.

MSC2020: 11R37, 14G32
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Introduction

During the 19" century, class field theory developed around three main themes:
relations between abelian extensions and ideal class groups, density theorems for
primes using L-functions, and reciprocity laws. As explained in [Lem10], the need
to study class field towers originated with the only conjecture of Hilbert concerning
the Hilbert class field which turned out to be incorrect, namely the claim that the
Hilbert class field of a number field with class number 4 has odd class number.

In fact, Hilbert’s approach to proving the reciprocity law for fields with even class
number was the following:

1. establishing the quadratic reciprocity law in fields with odd class number.

2. proving it in fields with even class number by applying the reciprocity law in
its Hilbert class field which he conjectured implicitly to have odd class number.

In 1916, Philipp Furtwingler realized that the Hilbert 2-class field K} of a number
field K with 2-class group isomorphic to Z/27 x 7 /27 need not have an odd class
number. He observed that Hilbert’s method to prove the quadratic reciprocity law
in K would still work if the 2-class field K7 of KJ had odd class number. This made
Furtwangler ask the following question: does the p-class field tower of a number field
K always terminate?

A negative answer to that question would solve the class field tower problem, which
asks whether the class field tower of any number field always terminate. This problem
was posed by Furtwéngler in 1925 and remained open for almost 40 years, with no
clear indication whether the answer should be positive or negative. By class field
theory, this problem is equivalent to the following question: Given a number field K,
does it always exist a finite extension L of K such that the ring of integers of L is a
principal ideal domain?.

The class field tower problem could be solved by finding a number field K whose
maximal unramified prosolvable extension has infinite degree over K. A convenient
way to construct such K would be to prove that for some prime p, the maximal
unramified pro-p extension K;° of K has infinite degree, or equivalently, the Galois
group G, = Gal(K;°/K) is infinite.



A major evidence for the negative answer to the class field tower problem was given
by Igor Shafarevich in 1963 (see [Sha63]), where the formula for the minimal number
of generators d(Gk,p) of Gk, and an upper bound for the minimal number of relations
r(Gk,p) were established. A year latter, in 1964, Golod and Shafarevich (see [GS64])
were able to produce counterexamples for the p-class field tower problem by showing
that for any finite p-group G, the minimal numbers of generators d(G) and relators
r(G) (where G is considered as a pro-p group) are related by the inequality r(G) >
(d(G) — 1)?/4. This was improved to r(G) > d(G)?/4 in the subsequent works of
Vinberg (see [Vin65]) and Roquette (see [Roq65]). This inequality is known as the
Golod-Shafarevich Inequality. Golod and Shafarevich applied this inequality to G,
that is by definition a pro-p group, and use this to obtain a criterion for the p-class
field tower of K to be infinite.

The aim of the thesis is to present a proof of the class field tower problem, as well as
provide the necessary framework to be able to formulate this problem and solve it.
This thesis has three distinguished parts:

e The first four chapters introduce the group-theoretic base necessary for the class
field tower problem. These chapters can be read by anyone who is familiar with
the material covered in a regular bachelor’s degree in mathematics, and it is
mostly self-contained.

In Chapter 1 we define and explain some properties of profinite groups. In
Chapters 2 and 3 we introduce pro-p groups and explain how to present them
in terms of generators and relators. Finally, in Chapter 4 we prove the inequality
regarding the minimum number of generators and relators mentioned above.

The main reference used for this part is [Koc02], and [Ers12] has also been an
important reference in Chapter 4.

e Chapter 5 introduces the number-theoretic base of the thesis. It assumes some
general knowledge about number fields and rings of integers, as well as valua-
tions and completions. Ramification of primes are studied in this chapter, and
the concept of Hilbert class field is presented. They main references used for
this part are [Marl8] and [Jan96.

e Chapter 6 links the first two parts. The class field tower problem is stated and
the theory developed in the first five chapters is used to solve it.

Here, we will define the notion of p-Hilbert class field (although it will slightly
differ from the notion most authors use). We show how the p-class field tower
problem solves the class field tower problem, and use the Golod-Shafarevich
inequality to give a criterion for K to have infinite class field tower problem.
Finally, we will explicitly construct different number fields that satisfy this
criterion. The work presented in this part is mostly taken from [Ers12].



Chapter 1

Profinite Groups

Profinite groups are objects of interest for mathematicians working in a variety of
areas. They have an important role in number theory, as they are the groups which
arise as Galois groups of algebraic field extensions. For this reason, we shall start by
discussing the general properties of these groups.

1.1 Profinite Groups

Definition 1.1.1. Let I be a direct set, i.e., a partially ordered set such that, for
every i,j € I, there exists a k € [ with ¢ < k and j < k. A projective system
P = {I,G;, ¢!} is a collection of objects (groups, rings, topological groups, etc.)
{G}ier and collection of morphisms gog : G; — G, for all i < j satisfying that ¢! is
the identity on G; and ¢! = @k o ¢! for every i < j < k.

We will mostly be interested in the category of compact topological groups, although
we will also work with compact group algebras in Chapter 4. From now on, compact
topological groups will be assumed to be Hausdorff. The inverse limit of a projective
system can be define in any category using a universal property, although it does not
always exist. In the category of compact topological groups, the inverse limit of a
projective system always exists and it’s unique up to isomorphism.

We can construct the inverse limit in the following way:

Theorem 1.1.2. Let P = {I,G}, gpf} be a projective system of compact topological
groups. Then, the inverse limit of P is the group

lgnGi:{HgieHGi

el el

w?(gj)zgivz'éj}

with the topology induced by the product topology of [ Gi.
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Proof. First of all, we should verify that @ (5, is an object in the category of compact
(and Hausdorff) topological groups. [],.; G; is a topological group for being the prod-
uct of topological groups, and it is both compact and Hausdorff for being the product
of compact and Hausdorff spaces. Automatically, @Gi is a Hausdorff topological
group and to verify that is compact, we just need to see that is closed in [[ G;. Let
m; : [[ Gi = G; be the projection morphisms, that are continuous by the definition
of the product topology. Then, the functions (gof o 7rj) -1 are also continuous and,
since G; are Hausdorff, {1} € G; is closed and hence so is (((pf o ;) -ﬂ[l)fl {1}).
—1

This implies that @Gi = ﬂz‘gj ((gpf o 7Tj) T >—1 ({1}) is closed and thus compact.

)

Finally, one can easily check that the universal property of the inverse limit is fulfilled,
taking as the natural projections of the inverse limit the restrictions of the morphisms
Ure ]

Definition 1.1.3. Let P = {I,G;, gpf} and Q = {J, H;, !} be projective systems of
compact topological groups. A morphism of projective systems of compact topological
groups ¢ : P — () consists of a morphism of direct sets ¢ : J — I and morphisms of
compact topological groups v; : Ge;y — H; for every 4 € J such that the diagram

Cacy T d)iT
/ll}.
Gayy —— H;

commutes for all i < j.

A morphism ¢ of projective systems of compact topological groups induces a mor-
phism ¢’ : @Gi — leHZ as follows:

¢ (H gi> =[1¢ (9e0) -

iel jed

One can check that inductive limits behave well with exact sequences in the following
way:

Theorem 1.1.4. Let P = {I,F;,0’}, Q = {I,G;,¢!} and R = {I, H;,\!} be pro-
jective systems of compact topological groups. Let {0; : F;, — G; ‘ i € I} and
{y : F;, — H; | i € I} be to families of compact topological group morphisms such
that, for alli € I,

1 N BN AN - § > 1

is an exact sequence. Then, if 0 and v are the morphisms induced by {6;} and {;}
respectively, the sequence
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1 —— limF, — lim G; — lim H;, —— 1
15 also exact.
Proof. The proof of this theorem can be found in page 6 in [Koc02]. [

Definition 1.1.5. A profinite group is a topological group that can be realized as a
projective limit of discrete finite groups.

Remark. Since finite discrete groups are compact topological groups, so are profinite
groups.

We now will state some properties of profinite groups. The following lemma holds
not only for profinite groups, but for all compact topological groups:

Lemma 1.1.6. Let G be a compact topological group and H C G a subgroup. Then,
the following properties hold:

(i) H is open <= H is closed and [G : H] < co.

(i) If H is an open normal subgroup of G, then G/H is a discrete group with the
quotient topology.

Proof. Fix any g € G. Since the multiplication map is continuous, so is the translation
map defined by a — ga. Moreover, this map is an homeomorphism, and hence is both
open and closed.

Suppose H is open and consider the cosets {g; H ‘ i € I} for some index set I. Suppose
also that g; = 1. We can write GG as a disjoint union of its cosets:

G=HU| |J aH]|. (1.1)
ien\{1}
As the translation map is open, all cosets are open. Hence, Equation (1.1) defines

an open covering of G and, since GG is compact, there exist only a finite number of
cosets. In addition, |J,. N1} g;H is open and hence H is closed.

Suppose now that G is closed and [G : H| < co. Again, write G as a disjoint union
of cosets:

G=HUgpHU...Ug,H.

Since the translation map is closed, the different cosets are closed and H = G \
(92H U ...Ug,H) is open.

To prove (iz), one just needs to realize that, since H is open, gH are also open
and hence each point in the quotient G/H is open when G/H is given the quotient
topology. O
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Definition 1.1.7. Let G be a topological group. An open normal neighbourhood
basis at 1 € GG is a neighbourhood basis at 1 consisting of open normal subgroups of

G.

We can now prove the following theorem:

Theorem 1.1.8. Let {I,G;, 4,0{} be a projective system of finite discrete topological
groups and G = T&nGi a profinite group. Let w; : G — G; be the natural projections.
Then, {ker(m;) ‘ i € I} is an open normal neighbourhood basis at the unit element
1ed.

Proof. As G; are discrete, {1} C G, are open subgroups. It follows that ker(m;) =
7,1 ({1}) are open normal subgroups.

Let U C G be an open set containing 1 € G. A base of the topology of [[ G; is given
by the sets of the form

HU’ X H Gi,

eJ 1€I\J
where U; C G, is any subset containing 1 € G; and J C [ is finite. This base on [[ G;

induce a base of the topology of . Take a basic open V' = <Hi€J Ui X Tlieny Gi) NG

with 1 € V C U. Since [ is a direct set and J is finite, there exists m € I with i <m
for all ¢ € J. Then, ker(m,,,) must have a 1 in the m-th component and hence also in
the i-th component for all ¢ < m. So, 1 € ker(m,,) CV CU. O

The following proposition gives a characterization of profinite groups:

Theorem 1.1.9. Let G be a compact topological group. The following assertions are
equivalent:

(i) G is profinite.

(ii) There exist a set 3k of open normal subgroups of G that form a basis at the unit
element in G.

Proof. We have already seen that (i) implies (i7). Assume (ii) holds. First of all, we
turn 4 into a direct set by saying that U < U’ <= U’ C U. This set is direct
since, if U,U" € U, then U N U’ is an open neighbourhood at 1, so it must contain
an element of 4. Now, we consider the projective systems P = {8, Fy = U,6Y'},
Q = {{,Gy = G,idg} and R = {4, Hy = G/U,vY'}, where 69 is the inclusion
U' — U and and ¢Y : G/U" — G/U is the morphism that maps gU’ +— gU (this is
well defined for U < U’). By Lemma 1.1.6, G/U are finite discrete topological groups
and hence P, ) and R are projective systems of compact topological groups. Consider
the inclusion morphisms 0y : U < G and the quotient morphisms ¢y : G — G/U.
Then, for all U € i, we have an exact sequence
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1 s U s G wU>G/U—>1

that, by Theorem 1.1.4, induces an exact sequence
. 0 . Y . G
I — o, U —— lm, (¢ —— Jim,, =y — L

Clearly, lim  _ G = G. One can show that lim _ U = {1} as G is Hausdorff. With
this, we obtain the exact sequence

\ ’¢\ ] G
]_ /G II&HUEH /U—>1

This implies that G = @UE N G /U and hence G is profinite. [

From the proof of this theorem we deduce the following statement:

Corollary 1.1.10. Let G be a profinite group and let 4 be a set of open normal
subgroups of G' that form a basis at 1. Then G = @Ueu G/U.

Theorem 1.1.11. Direct products and fibered products exist in the category of profi-
nite groups.

1.2 Subgroups and Quotient Groups

Let G be a profinite group. In the following, {5 will denote the set of all open normal
subgroups of G.

Lemma 1.2.1. Let G be a profinite group and V C G a closed subgroup. Then, V 1is
a profinite group.

Proof. Clearly, V' is a Hausdorff topological group with the induced topology. Since
V is closed and G is compact, V' is compact. Consider the set 4 = {VNU | U e g}
Since, U <« G, VNU < V. The subgroups V N U are open in V with the induce
topology. Hence, 4 is an open normal neighbourhood at 1 € V and, by Theorem
1.1.9, V is a profinite group. n

Lemma 1.2.2. Let G be a profinite group and N a closed normal subgroup. Then
G/N is a profinite group.

Proof. G/N is a topological group that is compact with the induced topology. Since,
N is closed, G/N is also Hausdorff and thus it is a compact topological group (the
proof of this last statement can be found on Proposition 1.27 in [Kra20]). Take
U € $g. Then, UN = |,y Ug is open and hence UN/N is open in G/N. In
addition, UN/N is normal in G/N. Therefore, {UN/N | U € tl¢} is an open normal
neighbourhood basis at 1 € G/N and thus G/N is profinite. O
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The following theorem guarantees the existence of a continuous section, that is, a
continuous system of representatives of cosets with respect to a subgroup.

Theorem 1.2.3. Let G be a profinite group and H C G a subgroup. Then, there is
a continuous section o : G/H — G such that c(H) = 1, that is, a continuous map
o:G/H — G between topological spaces such that the composition

G/H — G —— G/H

15 the identity map.
Proof. The proof of this theorem can be find in pages 9-10 in [Koc02]. ]

This theorem will be used in the proof of Theorem 2.4.9.



Chapter 2
Free pro-p Groups

In the following, p will denote a prime number. We restrict our considerations on a
special type of profinite groups called pro-p groups, which describe the Galois groups
of p-extensions. We begin by studying free pro-p groups.

2.1 Construction of a Free pro-p Group

Definition 2.1.1. A pro-p group is a compact topological group that can be realized
as a projective limit of discrete finite p-groups.

Definition 2.1.2. Let G be a pro-p group. A system of generators of G is a subset
E of G with the following properties:

(i) G is the smallest closed subgroup containing F, i.e., G = (E) is the topological
closure of the group generated by E.

(ii) every neighbourhood of 1 € G contains almost all (all except finitely many)
elements of E.

Definition 2.1.3. A system of generators ' of a pro-p group G is called minimal if
no proper subset of F is a system of generators of G.

We shall see that systems of generators exist in any pro-p group. To do that, we
begin by constructing a free pro-p group.

Lemma 2.1.4. Let I be an index set and let F; be the free group with generators
{s ’ i€ I}. Let 3 be the set of all normal subgroups N of Fy satisfying that:

(i) [Fr: N| is a power of p.
(ii) almost all elements of {s; | i € I} are in N.

Then {F;/N } N € 8} is a projective system of finite p-groups.
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Proof. We begin by showing that il is closed by finite intersections. Take Ny, Ny € 4.
Clearly, Ny N Ny < F and satisfies the property (i7). It remains to see that the index
of Ny N Ny in F7 is a power of p. By the third isomorphism theorem, we have

F
I/NlﬂNQ gF

I/
N Ny
YN AN,
SO }FI/Nl N NQ‘ = }FI/NlHNl/Nz N N2|. By the second isomorphism theorem,

N ~ NN
1/N10N2: ! 2/N2

This implies that |F;/Ny N Ny| = |F;/Ni||N1No/Ny|. By hypothesis, |F;/Ni| is a
power of p and since Ny Ny/Ny < F;/Ny and ‘FI/]\G! is a power of p, we obtain that
|N1N2/N2‘ is also a power of p. Hence, the index of Ny N Ny in F} is a power of p.

Now, we turn 4l into a direct set by saying that N; < Ns if, and only if, Ny C N; (this
is indeed a direct set since Ny, Ny < N3 N Ny). The groups F;/N are finite p-groups,
and the natural projections F;/N; — F;/Ny for Ny < Nj make {F;/N ‘ N e i} a
projective system. L]

Definition 2.1.5. Let & be as in Lemma 2.1.4. A free pro-p group with system of
generators {s; ‘ i € 1} is the pro-p group

F(I) = lim £y,
(1) ]%11 N

where F;/N are given the discrete topology.

To justify this name, we should see that {s; ‘ i € I} is indeed a system of generators
of FI(I). We will do this later on. Let’s now see that we can embed Fj into F(I).
Consider the following group morphism:

o: Fy — F(I)

g — [J 9N
Nes

We will see that ¢ is invective. First of all, let’s prove the following lemma:
Lemma 2.1.6. The image of F; by ¢ is dense in F(I).

Proof. To prove this statement, we will see that the intersection of ¢(F7) with any
nonempty open set is nonempty. Let U C F'(I) be a nonempty open set. As we saw
on Theorem 1.1.8, {ker(my) | N € U4} is an open neighbourhood basis at the unit
element 1 € F(I). Recall that in a topological group G, for any subset X C G and
any element g € G, X is open (or closed) if and only if its translation gX is open
(or closed). This fact implies that {wker(ry) | w € F(I),N € &} is a base for the
topology of F'(I). Hence, there exist wy € F'(I) and Ny € Y such that wg ker(my,) C U.
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Write wy = [[yeqgn N and let go € Fy be a representative for the component of wy

corresponding to Ny. Then, ©(go) = [ yey 9oV, and wy ' ©(go) = [T yey 9 goN has a
1 in the component corresponding to Ny. This implies that wy'(go) € ker(my,) and
hence ¢(go) € woker(mn,) CU. As ¢(go) € p(Fr), we see that U N @(Fy) # 0. O

In the next section we will prove some auxiliary results in order to show that ¢ is
injective.

2.2 The Magnus Group Algebra

In this section we will start by defining the concept of Magnus algebra and use it to
prove the injectivity of the morphism ¢ defined in the previous section. This result
will help us justify that {s; | i € I} is a minimal system of generators of F'(I).

Definition 2.2.1. Let A be a ring with unity and let I be an index set. The Magnus
algebra A(I) is the A-algebra of formal power series in non-commutative variables x;,
i € I, with coefficients in A.

Take A = F,, and define a morphism of groups 1 from the free group F; generated by
{si | i € I} to the the unit group of F,(I) by putting

Y(si) =1+, (s = (T4z) ™ =) (—m:)".
Lemma 2.2.2. The map 1 is injective.
Proof. Let

g=si sy # 1, 6 € L,

be an element of F} in a simplified presentation (that is, i; # 7,41 and a; # 0). Since
g # 1, we may assume that £ > 1. We want to show that

U(g) = (i) - sif) = (L @i )™ - (L4 a,)™ # 1.

Using the generalization of the binomial expression for integer powers, we get that

(B0 B £.6)- @4
b1=0 b, =0 b1,...,bp=0

,,,,,

where (ZJ) € F,. Forevery j =1,...,k, let b; be the maximum power of p dividing a;.
J
Then, (Zj) # 0 and the coefficient of xfll x xf}’: does not vanish. Hence, ¢(g) # 1. O

Theorem 2.2.3. The map ¢ : F; — F(I) defined in the previous section is injective.
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Proof. From the definition of ¢, it’s easy to see that
g€ker(p) <= gN=1IN VNel < ge N VN €4,

so ker(¢) = (\yey V- Hence, proving that ¢ is injective is equivalent to proving that
ﬂNeu = {1}.

Let’s suppose first that I is finite. Let B¥ C F,(I), v > 1, be the ideal consisting
of all power series all of whose terms have degree at least v. Clearly, |F,(I)/B"| is
finite and a power of p for all » > 1. Observe that (-, B = {0}. Now define
N, :={g € F; | ¥(9) — 1 € B"}. We claim that N, is a normal subgroup F(I). This
can be seen from the identity:

ab—1=(a—1)b—-1)+a—-1+b—-1

This identity clearly implies that if g1, go € N, then g1go and g;! are in N,. To see

that N, is normal, take g € N, and h € F; and apply the previous identity two times:

(hgh™ )—1—(() D(¥(g) = D) = 1) + ((h) = D(¥(g) — )+
(9

+((h) =) (h) ™ = 1) + (¥(g) = (@ (h) ™ = 1) +(h) = 1+ (g) — 1+
+Y(R)™H = 1= (¥(h) = )((g) = D) (h) ™ = 1) + (¢(h) = 1)(¥(g) — 1)+
+((g) = D)™ = 1) +4(g) - L.
From this expression see that w(hgh_l) —1 € BY and so hgh™! € N,. Applying
Lemma 2.2.2, we see that (1,5, N, = {1}, as

ge[N, < geN, Vv>1 <= ¢(g)—1€B" Vv>1 <
v>1
= Plg)—1e[|B' ={0} <= d(g)=1 < g=1.

v>1

Let’s now show by induction on v that the index of N, is a power of p. For v =1, we
have that N, = F;. Now observe that the morphism 1) — 1 induces a monomorphism
N,/N,;1 = B”/B"*!. Since B”/B""! is a power of p, so is N, /N, ;.

We have seen that {N, | v > 1} is a set of normal subgroups of F; with [F} : N,]
a power of p that satisfy that their intersection is trivial. Since {N, ’ v>1} C 4,
the intersection of the subgroups of 4l is also trivial and hence ¢ is injective, as we
wanted to show.

Finally, assume that I is infinite. Consider the set of all normal subgroups N, ; of Iy
generated by the sets
N,(J), {si|iel\J},

where J C I is finite and N, (J) := {g € F; C Fy | ¢¥(9) — 1 € B"}. Then, N, ; € 8
and 1, ; N,,; = {1}, which proves the claim. O
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As ¢ is injective, we can identify F; with it image inside F'(I). We will use the abuse
of notation g = ¢(g) for the elements of F;. With this identification, we can prove
the following corollary:

Corollary 2.2.4. The set {s; € F; C F(I) | i € I} is a minimal system of generators
of F(I).

Proof. As we showed in Lemma 2.1.6, F; is dens in F'(I), so F'(I) is the topological
closure of the group generated by {s; | @ € I'}. This shows that property (i) of Defini-
tion 2.1.2 holds. Lets see the property (ii) of Definition 2.1.2: take a neighbourhood
U of 1. Since {ker(my) | N € U} is a neighbourhood bais of 1, there exists Ny € £l
with Ny C U. Now remember that the subgroups N € i satisfy by construction that
almost all elements of {s; ’ i € I} arein N. Hence, all but finitely many s; € Ny. s; is
seen as an element of F(I) though the embedding ¢(s;) = [[yeysilV. So if s; € No,
then s; € ker(my,) C U. This shows that almost all s; are in U.

We have seen that {s; | i € I} is a system of generators of F/(I). The minimality of
this system is a consequence of the fact that F7 is a free group. m

2.3 Abelian pro-p Groups

In this section we will state some facts about abelian pro-p groups, although we will
skip most of the proofs since we would required a deep study of the Pontryagin’s
duality. Abelian pro-p groups are used study some properties of arbitrary pro-p
groups and will appear in the following sections. Moreover, they are used to describe
the Galois group of abelian p-extensions, which will be used in Chapter 6.

Definition 2.3.1. Let G be an abelian profinite group. The Pontryagin dual group
G of G is the group of all morphisms of topological groups from G to the circle group
S' = R/Z with the usual topology.

Lemma 2.3.2. Let G be an abelian profinite group and x € G. Then, Im(y) C Q/Z.

Proof. Let U C S' be an open neighbourhood of 1 € S! such that the only subgroup
contained in U is {1} (such a neighbourhood clearly exists). Then x~'(U) is an
open neighbourhood of 1 € G and, by Theorem 1.1.9, there exist an open normal
subgroup N C G such that N C U. Then, x(/N) C U is a subgroup, and hence is
trivial. This implies that N C ker(x). By Lemma 1.1.6, G/N is finite and, since
|G : N| =[G : ker(x)][ker(x) : N], G/ker(x) is also finite. Since Im(y) = G/ ker(x),
we have that Im(y) C S* is finite. Im() is a subgroup of the multiplicative group of
C. Thus, Im(x) is cyclic and therefore contained in Q/Z. O

This lemma tells us that G is torsion. Normally, the Pontryagin dual of a locally
compact abelian group is seen as a topological group with the topology of uniform
convergence on compact sets. For an abelian profinite group, G is an abelian discrete
torsion group. More precisely, we have the following statement:
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Theorem 2.3.3. G — G is an ezact contravariant functor from the category of
abelian profinite groups to the category of abelian discrete torsion groups and wvice
versa.

Theorem 2.3.4 (Pontryagin duality theorem). Let G be an abelian profinite group.

~
~

Then, there is a canonical isomorphism G = G.

In the case of pro-p groups, the Pontryagin dual of an abelian pro-p group is a discrete
abelian p-primary torsion group, i.e., a discrete abelian group whose elements have
order a power of p.

Suppose G is an abelian pro-p group with exponent p. Then, its dual Pontryagin
group has a natural structure of an IF,-vector space. If a € F,, and x € G, we define

(a-x) (9) = (x(9)"
Under this consideration, the following result holds:

Theorem 2.3.5. Let G be an abelian pro-p group with exponent p. Let {x; ‘ iel}
be an Fp-basis of G. The elements s, € G, © € I, with

27

(86, X5) = X;(81) = € by

form a minimal system of generators of G, and G is isomorphic to [[; F,.

2.4 First Characterization of Free pro-p Groups

In this section we will give a characterization of free pro-p groups and use it to prove
that all pro-p groups have a system of generators. From now on, if not specified,
a homomorphism will refer to a homomorphism of pro-p groups, i.e., a continuous
group homomorphism. These morphisms have the following property:

Lemma 2.4.1. Let F' and G be pro-p groups and ¢ : G — F a bijective morphism.
Then, ¢ is an isomorphism.

Proof. We now that ¢ is an isomorphism of groups. Since F' is compact and G is
Hausdorff, ¢ is an homeomorphism and thus an isomorphism of pro-p groups. O

Lemma 2.4.2. Let G be a pro-p group and N an open normal subgroup. Then G/N
18 a finite discrete p-group.

Proof. We already know that G /N is a finite discrete group, so it suffices to prove that
its cardinality is a power of p. Suppose G = @ie s G, with G; discrete finite p-groups.
By Theorem 1.1.8, there exists ¢ € I with ker(m;) C N, where m; : G — G, is the
natural projection. Then, [G : ker(m;)] = [G : N|[N : ker(n;)]. Since G/ ker(m;) = G;
is a finite p-group, [G : N] must be a power of p. O
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Theorem 2.4.3. Let F(I) be a free pro-p group with system of generators {s; ’ iel}.
Let G be a pro-p, and {t; ‘ i € I} a subset of G satisfying that every neighbourhood
of 1 € G contains almost all elements of {t; ‘ iel}.

Then, there ezists a unique homomorphism ¢ : F(I) — G such that

o(si) =t Viel. (2.1)

Proof. Let’s first prove the existence. Equation (2.1) can be extended uniquely to a
group homomorphism v : F; — G, as F7 is the free group generated by the s;. Let U
be the set defined in Lemma 2.1.4 and let {g be the set of all open normal subgroups
of G. Take U € U4 and consider the induced group morphism

Let ®(U) be the kernel of this map. We claim that ®(U) € 4. First of all, it’s clear
that ®(U) < F;. By construction |G/U} is a power of p, and hence so is }FI/(I)(U)}.
Finally, by hypothesis, U contains almost all elements of {t; | i € I} and, since 9
maps $; to t;, almost all s; € ®(U). This proves the claim.

Consider the projective systems {il, F;/N, a%’} and {ilg, G/U, BU/}, where the order
of 4 and g is defined by S < S if, and only if, S’ C S, and the morphisms o and
/Bg/ are the natural projections

Oz%/:FI/N/—»FI/N, BU/:G/U/—»G/U.

As we have seen, G/U are finite discrete p-groups since U are open normal subgroups
of G and we give F7/N the discrete topology. Then, the morphism of direct sets

. Uy — by
U +— &) =ker(yy)

and the morphism of compact topological p-groups

bo: ey — S

g2(U)  +— (U
define a morphism of projective systems. As we saw on Section 1.1, this defines a
morphism of pro-p groups

P =lim Py —1im G > @

which maps [y gnN to HUGMG ¥ (gow))U. This morphism has the desired prop-
erties.

Let’s now see the uniqueness of this morphism. Let ¢ and ¢’ be to different morphisms
satisfying the property. We will obtain a contradiction. Since ¢ # ¢, there exist
g € F(I) such that ¢(g) # ¢'(g). Since G is Hausdorff, there exist two disjoint
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open subsets U, U’ C G with p(g) € U and ¢'(g) € U'. Define V. = ¢ }(U) and
V' = ¢~YU’), that are open since ¢ and ¢ are continuous. Then, its intersection is
open and nonempty because g € V N V’. Using that Fy is dens in F(I), we deduce
that the intersection of V NV’ and F; is nonempty. Let h € F; NV NV’'. As both
¢ and ¢’ agree on {s; } i € I}, they also agree on Fj. Hence, p(h) = ¢'(h). This
is a contradiction because p(h) € U and ¢'(h) € U’, but the sets U and U’ are
disjoint. O

Definition 2.4.4. Let G be a pro-p group. We define the Frattini subgroup of G,
denoted by Fr(G), as the intersection of all maximal open subgroups of G. This group
can be written as the close normal subgroup generated by the commutators and the

pP-powers, i.e., Fr(G) = G?|G, G].

The equivalence of these two ways to define the Frattini subgroups is proved on page
6 in [CT17].

Remark. The Frattini subgroup is the smallest closed normal subgroup N of G such
that G/N is an elementary abelian p-group, i.e., is an abelian group with exponent

D.

Before proving the next theorem, we will state a lemma that is a direct consequence
of the first Sylow theorem. The proof of this lemma can be find in [Hal59].

Lemma 2.4.5. Fvery subgroup of a p-group P of order p™ is contained in a maximal
subgroup of order p™~', and all the mazimal subgroups of P are normal subgroups.

Theorem 2.4.6. Let G and Gy be pro-p groups, and let ¢ : G; — Gy be homo-
morphism. Then, ¢ is surjective if, and only if, the induced map ¢, : G1/Fr(Gy) —
Go/Fr(Gy) is surjective.

Proof. Firs notice that ¢, is well defined since ¢ (Fr(G;)) C Fr(Gy). It is clear that

if ¢ is surjective, so is .

Now suppose that ¢ is not surjective, i.e., (G1) # Go. For an open normal subgroup
U of Go, denote 7y : Go — Go/U the natural projection. We claim that there exist
U € g, such that my(o(G1)) # mu(Ge) = Go/U. Recall that Gy = l'geruG Gy/U.

By the second isomorphism theorem,

mu(p(Gr) = AN =G

The set {p(G1)NU | U € g, } is an open normal neighbourhood basis of 1 €
©(G1), so p(Gh) is profinite and equal to @U@JG ©(G1)/p(G1) NU. Therefore,
2

if 7y (p(Gh)) = my(Ge) for all U € Ug,, then

p(G1) = M w(Gl)/gp(Gl) NnNU =~ 1&1 GZ/U = G,

UEHG2 UEMG2
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which would contradict our hypothesis. Hence, there exist U € g, with

@(Q)U/U + G

Observe now that since U is a normal open subgroup, G2/U is a finite p-group. By
the Lemma 2.4.5, ¢(G1)U/U is contained in a normal subgroup G’/U of index p of
Gy /U. Therefore, G' << Gy and [Go : G'| = p. This implies that Fr(Gs) C G’ and

G G G
P ( VFr(Gl)) ST R(Gy) & TV RNG,)
i.e., @, is not surjective. [

We know come to the characterization of free pro-p groups. Before, we will define the
concept of group extension for a pro-p group.

Definition 2.4.7. Let G and H be pro-p groups. A pro-p group extension of G by
H is given by a pro-p group H and an exact sequence

1 sy H s H y G s 1

in the category of pro-p groups. By Lemma 2.4.1, this allow us to identify (isomor-
phically) H as a subgroup of H such that H/H = G.

Definition 2.4.8. We say that an extension of pro-p groups

1 y H y H 2= G > 1
splits if there exist a morphism ¢ : G — H such that ¢ o o = idg.
Theorem 2.4.9. Let G be a pro-p group. The following assertions are equivalent:
(i) G is a free pro-p group.
(ii) every pro-p group extension of G by a pro-p group H splits.
(iii) G is a projective object in the category of pro-p groups.

Proof. (i) implies (i7): Let G be a free pro-p group with system of generators {s; ! i €
I}. Let

1 y H y H —"— G > 1 (2.2)

be a pro-p group extension. Since G = H/H, by Theorem 1.2.3, there exist a con-
tinuous section o : G — H. Now, we apply Theorem 2.4.3 to thee free pro-p group
G, the pro-p group H and the subset {o(s;) | i € I} C H. We find that there exist
a unique continuous morphism of groups o’ : G — H such that o’(s;) = o(s;) for all
i € I. The composition p oo’ : G — G is also a continuous morphism of groups that
lets s; fixed and, by the uniqueness condition of Theorem 2.4.3, p oo’ = id and hence
the exact sequence (2.2) splits.
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(73) implies (i7i): Let G,G1,Gs be pro-p groups, f : G — (G a morphism and
e : Gy — (1 and epimorphism, as seen in the following diagram

G
lf (2.3)
G2 — G1

We wish to define a morphism f : G — G5 such that eo f = f. Consider the fibered
product of G and Gs. This fibered product consists of the set Gy X, G = {(¢g2, 9) €
Gy x G | e(g2) = f(g)} and the projection morphisms ¢, : G2 xg, G — G and
¢ : Gy Xg, G — G. As e is surjective, so is ¢, and we can complete the diagram (2.3)
in the following way:

1 —— ker(p) —— Gy xg, G —— G > 1
lsoz lf
Gy —— G
By assumption, there exist a morphism ¢ : G — G2 Xg, G such that p o ¢ = id.
Then, f = @5 0 1) satisfies the desired condition.

(#74) implies (7): Assume G satisfies (ii7). By Section 2.3, we know that G/Fr(G) is
isomorphic to [ [,.; I, for some index set /. By Theorem 2.4.3, there is a morphism e :
F(I) = [];c; Fp. Clearly, this morphism is surjective and by how we constructed this
morphism, one can see that ker(e) = Fr(F'(I)). By hypothesis, there is a morphism
¢ : G — F(I) such that the diagram

e
F(I) — ]

commutes. We have that F'(1)/Fr(F (1)) = [[;c; Fp, so

G
lﬂ
F

€l P

LR

e Una) Von(F (1)

is an isomorphism. By Theorem 2.4.6, ¢ is surjective. Since F(I) is free, (as we
have already seen that (i) implies (i7)), there is a morphism ¢ : F'(I) — G such that
p o1 =1id. Hence, v is injective and since v, is surjective, so is ¢. By Lemma 2.4.1,
1 is an isomorphism of pro-p groups and thus G = F'(I) is free. O

We now will prove some consequences of Theorem 2.4.9.

Theorem 2.4.10. Let G be a pro-p group, I some index set, and

0:1]F, — G/Fr(G)

el
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an epimorphism. Then, there exist an epimorphism F(I) — G that induces 0. Every
system of generators of G/Fr(G) can be lifted to a system of generators of G.

Proof. Let np : F(I) — F(I)/Fr(F(I)) = [],c;F, be the quotient morphism and
consider the morphism forp : F'(I) — G/Fr(G). Consider also the quotient morphism

¢ : G - G/Fr(G). By condition (éi7) of Theorem 2.4.9, there exist a morphism
¢ : F(I) — G such that the diagram

c wp

G G/ Fr(G

commutes. By hypothesis, ¢, = 6 is surjective. Therefore, by Theorem 2.4.6, ¢ is
surjective, as we wanted to prove.

Now let {t; | i € I'} be a system of generators of G/Fr(G). By Theorem 2.4.3 there is
a unique epimorphism 6 : F(I) — G /Fr(G) mapping the generators s; of F/(I) to the
t; for all i € I. Since @ is surjective, so it is the morphism 6 : [[,., F, — G/Fr(G).
Therefore, there exist a epimorphism ¢ : F(I) — G that induces 6. Thus, the set
{©(s;) | i € I} is a system of generators of G that corresponds to {t; | i € I}. O

Corollary 2.4.11. Every pro-p group has a system of generators.
Proof. This is a direct consequence of Theorems 2.3.5 and 2.4.10. O

Theorem 2.4.12 (Burnside’s Basis Theorem). Let G be a pro-p group and E =
{si | i € I} a subset of G such that every neighborhood of 1 € G contains almost all
elements of E. Then, E is a system of generators of G if, and only if, {s;Fr(G | iel}
is a system of generators of G /Fr(QG).

Proof. The direct implication is clear. Assume {s;Fr(G) | i € I'} generates G/Fr(G).
There is a morphism ¢ : F(I) — G that maps the generators of F(I) to the s;
respectively. The induced morphism ¢, : F(I)/Fr(F(I)) — G/Fr(G) is surjective
since s;Fr(G) are generators. This implies that the corresponding map ¢ is also
surjective and hence E generates G. [

2.5 Cohomology of pro-p Groups

In this section we will introduce the basic notions of the cohomology of pro-p groups,
although we will skip some of the proofs. These notions will be used in the following
section to give another characterization of free pro-p groups. A further development
of the cohomology of profinite groups can be found on Chapter 3 in [Hal59].
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We will begin by defining the cohomology groups for any profinite group and then we
will restrict to pro-p groups.

Let G be a profinite group and A a unitary G-module, i.e., A is an abelian group
with a left action G x A — A such that:

g-(a+b)=g-a+g-b

for all ¢ € G and a,b € A. We make A into a topological space by giving it the
discrete topology.

Definition 2.5.1. A is called a discrete G-module if the map G x A — A induced
by the action of G is continuous.

Definition 2.5.2. Let G be a profinite group and A a discrete G-module. For any
n > 1, we define K"(G, A) to be the set of continuous maps from the n-fold product
G" to A. We put K°(G, A) := A and transfer the additive structure of A to K"(G, A).

As shown on page 11 on [Koc02] for the 1-dimensional case, the fact that f €
K™(G, A) is continuous is equivalent to say that the function f(z1,...,2,) only de-
pends on cosets of x; modulo some open normal subgroup of G.

Now consider the following group homomorphisms d,, : K"(G,A) — K"(G, A)
defined by

(dnf)(w1, .. Tpg1) = 21+ f(22, .., Tpg1)+

A (D)@ T Tt T) + (D) ().

m=1
These morphisms satisfy the following property:

Theorem 2.5.3. Forn > 1, we have d, od,_1 = 0.

This result tells us that the groups K"(G, A) together with the morphisms d,, is a
cochain complex. This allow us to define the cohomology groups in the following way:

Definition 2.5.4. The n-th cohomology group of G with coefficients in A is:

ker(dn)/lm(dn,l) ifn>1,

H(G.4) = { ker(d,) if n=0.

Example 2.5.5. Let’s take a look at the case n = 1. Let f € K'(G, A). The image
of f by dy is the function:

(dif)(x1,02) = 21 - f22) — f(2172) + f(20).



21 CHAPTER 2. FREE PRO-P GROUPS

Then, a continuous function f: G — A is in ker(dy) if, and only if,

f(g192) = f(g1) + 91 f(g2)

for all g1, g2 € G. These functions are called crossed homomorphisms.

Now take a € K°(G, A) = A. The image of a by dy is the function:

(doa)(z1) = 21 - @ — a.

Then, a continuous function f: G — A is in Im(dy) if, and only if, there exist a € A
such that

flg)=g-a—a

for all g € G. These functions are called split crossed homomorphisms. The group
HY (G, A) is the quotient of the group of all crossed homomorphisms by all the split
crossed homomorphisms.

We are interested in the case that A =, and G is a pro-p group acting trivially on
G. In fact, it could be shown that this is the only possible way a pro-p group can act
on [F,. We introduce the following abbreviation:

H"(G) := H"(G,F,).

Let’s take a look at the result described in Example 2.5.5 in this case. Since G acts
trivially on F,, the crossed homomorphism from G to [, are exactly the continuous
groups homomorphisms, and the only split crossed homomorphism is the zero mor-
phism. Hence, H'(G) is the group of all continuous group homomorphism from G to
F,. From this fact, we obtain the following result:

Lemma 2.5.6. An abelian pro-p group G with exponent p has H'(G) as its Pontryagin
dual group.

Proof. Since G has exponent p, for any y € @, the image of x will be contained in
the set of all p-th roots of unity. The natural identification of F, with the p-th roots

of unity will give us an isomorphism between G and H'(G). [

Remark. Let G be a pro-p group. As F), is abelian and has exponent p, any function
f € HY(G) satisfies that Fr(G) C ker(f). We have a correspondence between mor-
phisms f : G — F, and morphism f : G/Fr(G) — F,. Hence, H'(G) = H'(G/Fr(G)).

With this correspondence, and Theorems 2.3.3 and 2.3.4, one can state Theorem 2.4.6
in the following way:

Theorem 2.5.7. Let Gy and Gg be pro-p group, and let ¢ : G; — G4 be a continuous
group homomorphism. Then, o is surjective, if, and only if, the induced map ©* :
HY(Gy) — HY(G) is injective.
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Remark. Since K™(G,F),) is an abelian group of exponent p, it has a natural struc-
ture of an F,-vector space. This structure translate well to the cohomology groups
H"(G).

2.6 Second Characterization of Free pro-p Groups

In this section we will give a second characterization of free pro-p groups using coho-
mology groups. To do so, we need a further study of extensions of pro-p groups.

Definition 2.6.1. Let G and H be pro-p groups and H;, H, two pro-p group ex-
tensions of G by H. We say that they are equivalent if there exist an isomorphism
T : H — H, making the following diagram commutative:

H,

N

11— H T G —— 1.
H,

Remark. The equivalence of pro-p group extensions of G by H is an equivalence
relation.

Definition 2.6.2. Let H and G be topological groups. Let Aut,,(H) denote the
group of all continuous group automorphisms of H. Let p : G — Auty,(H) be a
group homomorphism such that the induced map

GxH — H
(9,h) = (p(g)) (n)

is continuous. We write p,(h) := (p(g)) (h) for simplicity. We define the semidirect
product of H and G with respect to p, denoted as H %, G as the the set H x ¢
together with the group operation:

(h1, 91) * (ha, g2) == (h1pg, (h2), g192)-

Lemma 2.6.3. (H x, G, x) is a group with identity (1,1) € Hx,G. In fact, Hx,G
1s a topological group with the product topology of H x G.

Theorem 2.6.4. Let G and H be pro-p groups and let

1 sy H vy H 25 @ s 1

be a pro-p group extension of G by H, where we identify H with its image inside
H. Suppose this extension splits, i.e. there exists a pro-p group homomorphism
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o : G — H such that ¢ o o0 = idg. Then, H is isomorphic as a topological group to
the semidirect product H x, G, where py(h) = o(g)ho(g)".

Proof. Consider the map
T: Hx,G — H
(hag) — h- U(g)'

By construction, this map is continuous. This map is a group homomorphism with
the product operation defined in H x, G. Now consider the map

T: H — Hx,G
b (B (o (o) e(B)
that is well defined because h - (o (go(ﬁ)))fl € ker(¢) = H. Again, by construction,

this map is continuous. In addition, on can easily check that 7" o T = idz and
ToT =idgw,q. Thus, T'is an isomorphism of topological groups. O

Remark. This theorem shows that, with these hypothesis, H x, G is a pro-p group.
Corollary 2.6.5. If the pro-p group extension

1 s H s H s G s 1

splits, then it is equivalent to the pro-p group extension

1 > H » Hx,G > G > 1

where p 1s the automorphism defined in Theorem 2.6.4.
Now we come to the characterization of pro-p groups using cohomology groups. Be-
fore, we need the following lemmas:

Lemma 2.6.6. Let A # {1} be a finite p-group and G a subgroup of p-power order of
the automorphism group of A. Then, the number of invariant elements AY := {a €

Algla)=aV geG}#{1}
Proof. We decompose A into disjoint orbits:
G-a={gla) e A|geG}.

If a is invariant, |G . a| = 1. If a is not invariant, |G . a| is a multiple of p since the
order of GG is a power of p. This can be seen using that |Ga| ‘G . a! = ‘G}, where G,
is the stabilizer subgroup of G with respect to a. Now we write

(A =D 14> [Grar =[A%+ ) |G- arl.
a€AG r=1 r—1

Since }A| and ‘G . ar{ are multiples of p, so is |AG‘ and since 1 € A%, !AG| has to be
at least p. O
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Lemma 2.6.7. Let G be a pro-p group and let H # 1 be a closed normal subgroup
of G. Then, there exist a closed normal subgroup H' of G such that H C H and
[H: H'| =p.

Proof. Since H # 1, we claim that there exist an proper subgroup H” of H satisfying
1. H"” is open in H.
2. H” is normal in G.

3. H" is closed in G.

Indeed, take a nontrivial element g € H. Since G is Hausdorff, there exist an open
subset U C G containing 1 with g ¢ U. By Theorem 1.1.9, G has a neighbourhood
basis at 1 consisting of open normal subgroups so, without loss of generality, we may
assume that U is an open normal subgroup of G. Then H” = H N U is an open
subgroup of H and, since both H and U are normal in G, so is H”. This group is
proper in H because g € H but g ¢ H”. Finally, since U is open in G, by Lemma
1.1.6, it is also closed. This implies that H” = H N U is closed in GG. This proves the
claim.

By Lemma 1.2.1, H is a pro-p group and, since H” is open in H, by Lemma 1.1.6,
[H : H"] is finite. Let H' be a maximal proper subgroup of H containing H” that
is normal in G. We want to see that [H : H'] = p. If [H : H'| > p, there exist a
subgroup H,/H' C H/H' of order p. G acts on H;/H' by conjugation. By Lemma
2.6.6, the subgroup Hy/H' C H,/H' of all the invariant elements of the action of G/H’
is nontrivial. So, H, satisfies that H' C H, C H and is normal to GG, contradicting
the maximality of H'. We can see that H' is closed in G because we can write H' as
a finite union of cosets gH". ]

Theorem 2.6.8. A pro-p group G is free if, and only if, H*(G) = 0.

Proof. In this proof we will use that there’s a bijection between the equivalence classes
of pro-p group extensions of G' by a I, and the second cohomology group H?(G). This
bijection is explained on Theorem 5.4.6 in [Wil21]

Suppose G is a free pro-p group. By Theorem 2.4.9, every extension H of G by F,
splits. Thus, by Corollary 2.6.5, H is equivalent to the extension

0 > I » Fp X, G > G > 1

for some p € Aut;y(F,) = F;. We will see that p = idp,. We claim that p is continuous
when we consider the discrete topology on Aut,(FF,). By construction, the map

®: GxF, — F,
(g,a) = pya)

is continuous. For any a,b € Iy, let f,, € Autyy(IF,) be the only automorphism that
sends a to b. Fix a,b € F,. Then,
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o) = | | o (fon) x {c}

ceFy

is open in GxF, and, intersecting with G x{a}, we obtain that p~(f, ) x{a} C GXF,
is open. Hence, p~!(f,4) is open in G. This proves the claim.

Since p is continuous, ker(p) C G is an open normal subgroup. Thus, G/ ker(p) is a
finite p-group and we have an induced group morphism G/ ker(p) < Auty,(IF,) = F>.
Since [} has order coprime to p, the only possibility is that this morphism is the
trivial morphism. Hence ker(p) = G, i.e., p is the constant function idg, € Aut.,(F,).
This implies that F, x, G = F, x G. Consequently, all extensions of G by [, are
equivalent to the trivial extension

0 » I > Fp, x G » G > 1.
Since there is only one equivalence class of extensions of G’ by F,, H*(G) = 0.

Now suppose that G is a pro-p group with H*(G) = 0. By Section 2.3, we have an
isomorphism

0:][F, » G/Fx(G)

for some index set I. By Theorem 2.4.10, there exists an epimorphism ¢ : F'(I) - G
that induces 0. Denote H = ker(p). If H = {1}, we obtain that ¢ is an isomorphism
and hence G is free. Suppose H # {1}. We will obtain a contradiction. H is
normal in F'(I) and since G is Hausdorff, H is closed. By Lemma 2.6.7, there exists
a closed normal subgroup H' of G such that H' C H and [H : H'] = p. By the third
isomorphism theorem, (F(I)/H')/(H/H') = F(I)/H. Denote G' = F(I)/H'" and
notice that F'(I)/H = G and H/H' = F,. Thus, ¢ induces the following pro-p group
extension:

0 > I > G > G > 1.

Since HQ(G) = 0, this extension is equivalent to the trivial extension, i.e., we have
G' = F, x G. Consider the following diagram:

F(I) —*—— G'=F, xG =2 > G
lﬁl lﬁQ l 3
1 / ~ 2
[1,F, —— G/Fr(G’) = F, x [[,F, —— G/Fr(G)

This diagram is commutative since the first row are just quotients of F'(I) by H" and
H and the second rows are the induced morphisms. In addition, the second rows are
isomorphisms since the composition is # and both maps are surjective by Theorem
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2.4.6. From this, we get a contradiction, as (1,0) € G’ = F, x G is map to 0 thought
P30 ag but fFo((1,0)) =1 x (0,...,0), contradicting the injectivity of . O

Theorem 2.6.9. Let G be a pro-p group. Suppose that H*(G) = 0 for some n € N.
Then H™(G) =0 for all m > n.

Proof. The proof of this theorem can be found on page 49 in [Koc02]. O

The two previous theorems lead to the following result:

Corollary 2.6.10. Let G be a free pro-p group. Then, H*(G) =0 for all n > 2.
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Chapter 3

Presentation of pro-p Groups

On of the most important methods for constructing pro-p groups is the presentation
by generators and relations. This will be used in Chapter 4 to introduce Golod-
Shafarevich groups and to present the Golod-Shafarevich inequality.

3.1 The Generator Rank

Let G be a pro-p group. As we saw on Section 2.5, the first cohomology group H*(G)
can be seen as the group of all continuous group homomorphisms from G to IF,,. There
is a natural way to regard H'(G) as an FF,-vector space.

Definition 3.1.1. The generator rank d(G) of a pro-p group G is the dimension of
H'(G) as an F,-vector space.

This definition is motivated by the following statement:

Theorem 3.1.2. Let G be a pro-p group. The cardinality of any minimal system of
generators of G equals d(G).

Proof. Let {si ‘ i € I} be a minimal system of generators of G. By Theorem 2.4.12,
{s;Fr(G | i € I} is a minimal system of generators of G/Fr(G). Then, by Theorem
2.3.5, we have an isomorphism

G ~
] Fr(G H Fy.
Taking into account Lemma 2.5.6 and dualizing this equivalence, we obtain

H(G) = 0 (Y )) = DF.

and so dim (H'(G)) = |1|. O
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This theorem shows that all minimal systems of generators of a pro-p group have
equal cardinality.

Remark. Notice that d(G) = d(G/Fr(G)).

Lemma 3.1.3. Let F be a finitely generated free pro-p group and G C F pro-p
subgroup of finite index. Then,

d(G) = [F: G| (d(F) — 1) + 1.

Proof. The proof of this lemma uses the concept of Euler-Poincaré characteristic of
a pro-p group. It is a consequence of Theorem 5.4 in [Koc02]. ]

In general, any pro-p subgroup of finite index in a finitely generated pro-p group is
finitely generated.

3.2 Relation Systems

Definition 3.2.1. Let G be a pro-p group. An exact sequence

1 > R s F 25 G > 1 (3.1)

of pro-p groups where F' is a free pro-p group with system of generators {t; ’ iel}
is called a presentation of G by F. We identify R with the corresponding subgroup
of F. If {(t;) | i € I'} is a minimal system of generators of G, then the presentation
is called minimal.

Definition 3.2.2. A subset £ C R is called a (generating) system of relations of G
with respect to the presentation (3.1) if it satisfies:

(i) R is the smallest normal subgroup of F' containing E.
(ii) every open normal subgroup of R contains almost all elements of E.
We say that E is minimal if no proper subset of E is a system of relations of G.

Definition 3.2.3. Let {G; ‘ i € I} be a family of pro-p groups and let {T; } iel}
be a family of normal subgroups of the G; such that the G;/T; are free pro-p groups.
Let G be a pro-p group. A family of morphisms {¢; : G; — G ‘ i € I} is called
admissible with respect to {T; ‘ i € I} if every open normal subgroup of G contains
almost all ¢;(7T;).

Theorem 3.2.4. Let G be a pro-p group with a presentation as in Equation (3.1).
Let the assumptions be as in Definition 3.2.3. Let {¢; : G; — G { i € I} be admissible
with respect to {T; | i € I}. For everyi € I, let
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1 » R, N G Nye) y 1 (3.2)

be a presentation of G;. Then, there exist morphisms x; : F; — F with restrictions
X : R; — R such that the diagram

R, y F, Vs Gy
l?i lxz' l%
R N N G

commutes and {X; | i € I} is admissible with respect to {R; | i € I}. In this case, we
speak about an admissible presentation of {¢; | i € I}.

Proof. By Theorem 1.2.3, there exists a continuous section o : G — F with o(1) = 1.
Let {t% } k € I;} be a system of generators of the free pro-p group F;, where the
images of ¢, under the map 0; : F; — G;/T; form a system of generators for some
subset I} C I; and are mapped to 1 for k € I? := I; \ I}. Then, by Theorem 2.4.3,
we can define a morphism y; : F; — F' by

Xi(ty) = (0o g oty) (t,), kel

This morphism satisfies that ¢; o 1; = 9 o x;. Moreover, if g € ker(y;) = R;, then
xi(g) € ker()) = R and hence the restriction ¥; is well define. Thus, the diagram
(3.2) is commutative.

Notice that the quotient R;/R; = {1} is a free pro-p group generated by 0 elements.
Thus, to see that {X; | i € I} is admissible with respect to {R; | i € I}, we just need
to see that every open normal subgroup of R contains almost all ;(R;).

Let N be an open normal subgroup of F. Then, c~!(N) is an open neighbourhood
of 1. Since G is profinite, there exists an open normal subgroup U of G with U C N.
By assumption, we have

ei(T;) CU (3.3)

for almost all ¢ € I. Let ¢ be an index for which (3.3) holds. Then, for all k € I?,
Y(tt) € T; and hence x;(tt) € o(U) C N. But this implies that x;(ker6;) C N, and
since R; C ker(6;), we have y;(R;) € RN N. Since every neighborhood of 1 € R
contains a group N N R, this implies the claim. O]

Lemma 3.2.5. Assume the hypothesis of Theorem 3.2.4 and consider the family
{X; : R = R | i € I}, that is admissible with respect to {R; | i € I}. Then, for
any f € H'(R) and for almost all i € I, the image of f, under the induced map
HY(R) — HY(R;) is 0.
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Proof. Let f € ker(d;) C K*(R,F,) be a cocycle representing f. Let U be a normal
open subgroup of R on which f is constant. By assumption, for almost all i € I, we
have a factorization

R; >y U > R,

and therefore induced maps

H'(R;) —— H'(U) —— H'(R).

Since f is constant in U, so is the image of f in H'(U). As we saw on Section 2.5,
H'(U) is the group of all continuous group homomorphisms from U to [, so the only
possibility is that the image of f in H'(U) is 0. O

This previous lemma guarantees that the map

X" H(R) — @ H(R) (3.4)

icl
is well defined.

Since R is normal to F', F' acts on R by conjugation. This action induces an action
of F on H'(R): if f € H'(R) and h € F, we define

(h- f)(r) = f(h™'rh).

Since H'(R) is the set of continuous group homomorphisms from R to F, and I, is
abelian, it is clear that R acts trivially on H'(R). Hence, we can regard this action as
an action of G. Moreover, we can regard H'(R) as a discrete G-module. With these
considerations and the morphism defined in Equation (3.4), we have the following
theorem:

Theorem 3.2.6. The groups x;(R;),i € I, generate R as a normal subgroup of F' if,
and only if, the restriction of x* to H'(R)€ is injective.

Recall that the normal subgroup of F' generated by x;(R;) is the subgroup generated
by {g7'rg e F } g€ F,rexi(R), 1€ 1}, 1ie., is the smallest normal subgroup of F
that contains y;(R;). For the proof of Theorem 3.2.6 we need the following lemma:

Lemma 3.2.7. Let G be a pro-p group and A a p-primary discrete G-module. Then,
A% =0 implies A = 0.

Proof. Using the same argument we used on the proof of Theorem 2.6.8, one can see
that the fact that the action of G' to A is continuous implies that the induced group
morphism

p: G — Aut(A)
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is continuous when we consider the discrete topology on Aut(A). Then, ker(p) is an
open normal subgroup of G and we have an induced action of G/ ker(p) on A. Since G
is pro-p, G/ ker(p) is a finite p-group. Then, each a € A generates a finite G-module
Ap. If we had Ay # 0, then Lemma 2.6.6 would imply that AS # 0 contradicting our
assumption. ]

Now we come to the proof of Theorem 3.2.6:

Proof of Theorem 3.2.6. Suppose that x;(R;),i € I, generate R as a normal subgroup
of F and let f € H'(R)® with x*(f) = 0. We have that foy; =0 for all i € I and
hence f (x;(R;)) = 0. Since f is invariant under G (and invariant under F'), for any
h € F we have f(h~'x;(R;)h) = 0. By assumption, the sets h='x;(R;)h generate R.
Therefore, f(R) =0, i.e., f =0.

Conversely, assume that the restriction of y* to H'(R) is injective and let R’ denote
the normal subgroup of F' generated by the x;(R;). The inclusion R’ < R induces a
homeomorphism ¢ : H'(R) — H'(R') which factorizes the map (3.4):

H'(R) —— H(R) —— @, H'(R)).

By assumption, ker(y) doesn’t contain any nonzero elements invariant under the
action of G. By Lemma 2.5.6,

H'(R) = H' (R/Fr(R)> = R//Fr(\R)’

and so H'(R) is a p-primary discrete G-module. Hence, ker(y) is also a p-primary
discrete G-module and, by Lemma 3.2.7, this implies that ker(¢) = 0. Now, applying
Theorem 2.5.7 we deduce that R = R. O

Lemma 3.2.8. Let the assumptions be as in Definition 3.2.3. Assume that {p; { 1€
I} is admissible with respect to {T; | i € I}. We consider the induced maps ¢} -
H"(G) — H"(G;). Then, for any o € H"(G), n > 2, it holds that ¢} () = 0 for
almost all i € 1.

Proof. Let f € ker(d,) € K"(G,F,) be a cocycle representing . Then f only
depends on cosets of G modulo some open normal group U of GG. Let i be an index such
that ¢;(7;) C U. Then , f induces a cocycle in K™(G;,F,) that depends only on the
cosets G;/T;, and which therefore must be induced from a cocycle in K™(G;/T;,F,).
Since G;/T; is free, by the Corollary 2.6.10, H"(G;/T;) vanishes for n > 2, hence so
does ¢f (). O

This lemma allow us to define the following map:

o H(G) — EHH(G)). (3.5)
iel
Now we come to the main result of this section. To formulate it, we first define the
notion of complementary set:
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Definition 3.2.9. A subset £ C R is called a complementary set of {x; ’ iel}if:

(i) E and |J,c; xi(R;) generate R as a normal subgroup of F.

(ii) Each neighborhood of 1 € R contains almost all elements of E.

The set E is called minimal if no proper subset of E is a complementary set.

Theorem 3.2.10. Let G be a pro-p group and let {¢; : G; = G | i €1} be a family
of morphisms admissible with respect to {T; | i€l}. Assume we have an admissible
presentation of {p; ‘ i € 1}, where the presentations of G and G; are minimal :

1 > R; > F; y Gy > 1

> G > 1
Moreover, let E be a minimal complementary set of {x; | i € I} and consider the
morphism ¢* defined in Equation (3.5). Then,

1 >

\
7

dimg, (ker(¢*)) = |E‘

The proof of this theorem requires some more development of the cohomology of
profinite groups. We will state the main ideas of the proof and cite [Koc02] for some
needed results:

Proof. For every j € E, let F; be the smallest closed subgroup of F' containing j,
i.e., F; = (j), which is a pro-p group. Let x; denote the inclusion F; — F. Consider
the subgroups R; = Fj. Note that F; C R, and hence we can define the restriction

X; : Rj — R. We have a commutative diagram

Ri > Fj > Gj

bl

R sy F s G

for j € U E. Condition (ii) in Definition 3.2.9 assures that the family {X; | J €
I U E} is admissible with respect to { R; | j € U E} and we have an admissible
presentation. In addition, by condition (i) in Definition 3.2.9,

U xi(R)
JEIVE
generate R as a normal subgroup of F'. Hence, by Theorem 3.2.6, the induced map

XH(R) — D HU(R)

jEIUE
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is injective. Consider the map
Yt HY(R)Y — PH(R)”
iel

and the commutative diagram

H'(R)® — P H'(R))

T (3.6)
ker(1*) —— @O H'(R;)

JEE

Clearly, the second row in (3.6) is injective, and even an isomorphism since F is
minimal. By Theorem 3.14 in [Koc02], we have the following exact commutative
diagram:

tra
lt’,ra

0 — ker(p*) —— HXG) —— PHAG)

i€l

| |

0 0

The morphisms inf, res and tra are called inflation, restriction and transgression. Its
definition is not simple, and hence we will omit it. It can be found on pages 28 - 34
in [Koc02]. One can see that, since the presentation of G; and G are minimal, the
inflation maps and the transgression maps are isomorphisms. Thus, the induced map
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ker(i*) — ker(¢*) is an isomorphism. Since,
dim (ker(¢*)) = dim <@ Hl(Rj)) = |E],
jeE
this implies the claim. O

We will give some consequences of this theorem. To this end, we introduce the notion
of relation rank:

Definition 3.2.11. The relation rank of a pro-p group G, denoted by r(G), is the
F,-dimension of H*(G).

Theorem 3.2.12. The relation rank of a pro-p group G equals the cardinality of any
minimal system of relations.

Proof. Let

1 sy R > F s G s 1

be a minimal presentation of G. Let I be a singleton and G; = G. Take T; = G;.
Then, G;/T; = {1} is a free pro-p group. Define ¢ : G; — G to be the trivial map.
Then {¢; | i € I} is admissible with respect to {7} | i € I}.

Consider for GG; the same presentation as G and apply Theorem 3.2.4 Then y; : F; —
F is the trivial map and we have an admissible presentation of {¢; | iel}.

Since x;(R;) = {1}, the notions of complementary set of {x; | i € I} and generating
system of relations coincide. Let £ C R be a minimal generating system of relations
and consider the map

" HY(G) — @Hz(Gi) = H2(G)).

By Theorem 3.2.10,

dimg, (ker(¢*)) = |E|.

Since ¢; is the trivial map, so is ¢*. Thus, ker(¢*) = H*(G). This implies the
claim. ]

Theorem 3.2.13. Under the assumptions of Theorem 3.2.10, R is generated as a
normal subgroup of F' by the subgroups x;(R;), i € I, if, and only if, p* is injective.
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Chapter 4

The Golod-Shafarevich Inequality

In this chapter we will prove the famous Golod-Shafarevich inequality. To be able to
state it, we need to define the concept of Golod-Shafarevich group. To do so, we shall
begin by taking about the complete group algebra of a pro-p group.

4.1 Complete Group Algebra of a pro-p Group

For finite groups G, the additive group of the ring F,[G] is isomorphic to the direct
sum of |G‘ copies of IF,, and thus inherits the discrete topology, that makes IF,[G]
into a compact group ring.

Let G be a pro-p group. For open normal subgroups N, N’ C G with N' C N, we
can lift the natural map

v — U
linearly to a homomorphism of group algebras
F, |Sn| — B S|
This defines a projective system {F,[G/N] | N € U} of compact rings.

Definition 4.1.1. The complete group algebra F,[|G]] of a pro-p group G over the
compact field F,, is the projective limit of the system {F,[G/N] | N € t¢}.

Remark. Since the algebras F,[G/N]| are compact, so is F,[[G]].

We can embed G into F,[[G]] via the following morphism

Lemma 4.1.2. The subring F,[G] (which is given the subspace topology) is dense in
F,[[G]]-
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Proof. The proof of this lemma is analogous to the proof of Lemma 2.1.6. [

Other basic properties of F,[[G]] are expressed in the following:
Theorem 4.1.3. Let G be a pro-p group. The following properties hold:

(i) The map G — F,[[G]] is a covariant functor from the category of profinite
groups to the category of compact Fy-algebras.

1) Let A be a compact Fy-algebra. FEvery morphism ¢ : G — A* from G to the unit
P
group of A can be extended uniquely to a morphism F,[[G]] — A.

(iii) Let ¢ : G — G’ be a morphism of pro-p groups with kernel N. The kernel of
the induced morphism ¢ : F,[[G]] = F,[[G']] is the closed ideal I(N) generated
by the elements h — 1, h € N.

Proof. (ii) First, notice that ¢ can be lifted uniquely to a continuous homomorphism
¢' : Fy|G] = A. By Lemma 4.1.2, F,[G] is dense in F,[[G]], and hence can be lifted
uniquely to F,[[G]].

(7) This is a consequence of (i7). Every map G; — G2 can be extended uniquely to a
map Iy [[G1]] — Fp[[G2]]-

(#ii) Since the image of ¢ is closed in G', Im(¢p) is also a pro-p group. Hence, without
loss of generality, we may assume that ¢ is surjective. It is clear that I(N) C ker(¢').
Thus, ¢’ induces a morphism

¢ FollCll g )y — Rl

The restriction of ¢ to the image of G in the quotient space F,[[G]]/I(N)

7/13G+](N)/](N)—>G/

is an isomorphism, since I(N) NG = N. By (i), ! can be lifted to a morphism
F,[[G']] — F,[[G]]/I(N), that turns out to be the inverse of ¢. This implies that
I(N) = ker(¢'). O

Remark. Let G be a finite discrete p-group. Then {1} is an open normal subgroup
of G and 4; = {1} is cofinal in ;. This shows that

F([G]) = lim F, |Sy] = im F, |Gy =E,[G]

Nelg Neil

Theorem 4.1.4. Let G be a pro-p group. The system {I(N) | N € Ug} is an open
neighborhood basis at 0 € F,[[G]].
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Proof. Notice that, for every N € Ug, (F,[G/N],+) is a finite discrete topological
group. Hence, F,[[G]] = I'&HNE » [F,|G] is a profinite group. Let my denote the map

7y F[[G]] — T, [G/N] .
By Theorem 1.1.8, {ker(wy) | N € tg} is an open neighborhood basis at 0 € F,[[G]].

Observe now that, for every N € g, G/N is also a pro-p group. Thus, by 4.1.3, the
morphism

PN - G — G/N
extends uniquely to a morphism
o TG — F, [[G]]

whose kernel is I(N). Since N is open, G/N is a finite discrete p-group. Hence,
F,[[G/N]] = F,[G/N]. This implies that ker(my) = I(N). O

In the following sections we will use this special case:

Lemma 4.1.5. Let G be a pro-p group. Then, F,[[G]]/I(G) = F,.

Proof. Consider the morphism ¢ : G — {1}. By Theorem 4.1.3, we can extend ¢ to
a morphism

¢ (Gl — F[{1}] = F,
with kernel I(G). Hence, F,[[G]]/I(G) = F,,. O

1

4.2 Filtrations

In this section we will start describing a special filtration of F,[[G]], and use it to
define a filtration of G known as Zassenhaus filtration. Remember that, for any open
normal subset N of G, I(N) denotes the closed ideal of F,[[G]] generated by the
elements h — 1, h € N.

Definition 4.2.1. We denote by I™(G) the topological closure of the n-th power of
I(G) in F,[[G]].

We will prove that the ideals I"(G) form an open neighbourhood basis at 0. First,
we need the following two lemmas:

Lemma 4.2.2. Let G be a finite p-group. Then I"(G) = 0 for all sufficiently large
n.



CHAPTER 4. THE GOLOD-SHAFAREVICH INEQUALITY 38

Proof. If G is a finite p-group, so is F,[[G]] = F,[G]. For any n > 0, let

]n<G):A03A13"'DAS:{O}

be a composition series of I"(G) as a G-module. If s = 0, we are done. Suppose
s > 0. We claim that the factors A;/A;_1 are isomorphic to F,. By Lemma 2.6.6,
(Ar/Ar_1)¢ is nonzero and hence Ay/A;_; must have a submodule isomorphic to I,
where G acts trivially. Since Ay/Aj_; is irreducible, this submodule is A /Aj_;.

G acts trivially on I"(G)/A1, so

ga=a (mod A;)

for all ¢ € G and all @ € I"(G). Thus, for all g € G, (9 — 1)I™(G) C A; and hence
I""1(G) C A;. This implies the claim. O

Lemma 4.2.3. IfG is a finitely generated pro-p group, then the index [F,[[G]] : I"(G)]
1s finite for allm > 1.

Proof. By Lemma 4.1.5, [F,[[G]] : I(G)] is finite, so it’s enough to prove that [["(G) :
I"1(@)] is finite for all n > 1. We will use induction.

Let sq1,...,s,, denote the generators of G. We put

x=s—1i=1,...,m, " =1"G).
I. n =1. We define

Al :]Fp$1 + ... +Fp$n.
Since A; is finite and I? is closed,

A+ 17 = U a -+ I?

a€A;

is also closed. Clearly, A;+1% C I. Let’s see that I C A;+1% Note that {sy,...,sn}—
1 C Ay + I,. Consider the following identity:

This shows that (s,...,s,)—1C A+ I? where (sq,...,sy,) is the group generated
by s;. Since A; + I? is closed and G < F,[[G]], we have that G — 1 C A; + I?, and
thus Spang (G — 1) C A, + I*. Now, for every g — 1 € G — 1 and every ¢’ € G,

9(g—1)=(g9g—1) = (¢ = 1) € Spang (G — 1),
so Spang (G — 1) = Spang (G — 1). Since F,[G] is dense in F,[[G]],

I = SpaanHGH(G - 1) g Al + 12.
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This proves the case n = 1.

I1. Assume that I"~!/I™ is finite. Let

I"t=A,  +1I" (4.2)

be a decomposition of finite abelian groups with A, _; finite. Multiplying by I, we
see that

I" DIA, + 1" D AA,_ + 1"

Again, since A;A,,_; is finite and ™" is closed, A1 A,_; + "' is a closed subset of
I™. Now repeat the argument used in the first case to see that A;A,_; + "t C ™
by Equation (4.2), we see that

(Si - 1)]%—1 = (Si - 1)An—l + (87; - 1)[“ g An—lAl + [n—i-l'
Using Equation (4.1) and a closure argument, we deduce that (G—1)I""1 C A1 A,,_;+
I"*1. As in the previous case, this implies that Spang o) (G — 1)I""") C A1 4, +
I™*1 and, since F,[G] is dense in F,[[G]],
Spaan[[G” ((G — 1)[71—1) g An—lAl + [n—i-l'

Since A1 A,_; + I is closed, we see that I™ C A;A,_; + I""1. This implies that
I /1™ s finite. O
Now, we can prove the following theorem:

Theorem 4.2.4. Let G be a finitely generated pro-p group. Then {I"(G) | n € Z*}
is an open neighbourhood basis at 0 € F,[[G]].

Proof. By Lemma 4.2.3, the ideals I"(G) have finite index in F,[[G]] and therefore
are open. Consider the maps

ev F[IG] — F, [,

with U € Ug. The set {ker(py) | U € g} is a neighbourhood basis at 0. Thus, it
remains to show that for every U € L, there is an n € Z* such that I"(G) C ker(op).

Take g1,...,9, € G and A\o(g1 — D)A1 - Ap—1(gn — DAy € (I(G))". Then,

YU (Ao(gl — DA A1 (gn — 1)>\n> = Xo(g1 — DA A1 (G — DA, € IM(G/U)

Since I"(G/U) is a closed ideal and ¢ is continuous, ¢y (I"(G)) C I"(G/U). By
Lemma 4.2.2, I"(G/U) = 0 for sufficiently large n. Therefore, I"(G) C ker(yy) for
sufficiently large n. O
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The descending filtration {I"(G) | n € Z*} induces a filtration in G defined in the
following way:

Definition 4.2.5. The Zassenhaus filtration filtration of a pro-p group G is the
descending filtration given by

G,={geG|g—1€I"(G)}

Remark. One can easily see using Equation (4.1) that G, are normal subgroups of

G.

In fact, it can be proved (Theorem 7.11 in [Koc02]) that this filtration is an open
neighbourhood basis at 1. The Zassenhaus filtration will be used in the following
section to introduce the Golod-Shafarevich groups. Now we will introduce another
filtration that will be used on Chapter 6 in the solution of the class field tower problem.

Let G be a pro-p group. Write Fr’(G) = G and Fr"(G) = Fr (Fr"(G)) for n > 1.
Note that Fr"(G) are pro-p since they are closed subgroups of a pro-p group. This
is known as the Frattini series. One can show that G is finitely generated if, and
only if, Fr"(G) is open in G for all n > 0. In this case, (), -, Fr"(G) = {1} and
{Ft"(G) | n > 0} is an open neighbourhood basis at 1. The proof of these facts can
be found in [Lub82] and [SemO02].

4.3 The Golod-Shafarevich Inequality

In this section we will define Golod-Shafarevich groups using the Zassenhaus filtration
introduced in Section 4.2. The Golod-Shafarevich inequality will give us a sufficient
condition for a pro-p group to be Golod-Shafarevich, and hence infinite.

Assume that we have a finitely generated pro-p group G and a minimum presentation

1 > R > F > G > 1. (4.3)

Recall that the generator rank d(G) := dimg, (H'(G)) equals the minimum number of
generators of GG. Since the presentation (4.3) is minimal, d(G) = d(F'). We write d =
d(G) for simplicity. Recall also that the relation rank r(G) := dimg, (H*(G)) equals
the minimum number of relations of G. Again, for simplicity, we write r = r(G).

Definition 4.3.1. The level of r € R is the unique positive integer m such that
r € Fu \ Fng1, where {F, | n € Z"} is the Zassenhaus filtration of F. We wite
lv(r) = m.

Let £ C R be a generating system of relations of G with respect to the presentation
(4.3). We introduce the following notations:
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. (G .
a, = dimp, ( ( )/]n+1(G)> ifn>1
1 ifn=0.

E,={reE|Iv(r)=n}, n>1

{\En\ ifn>1,
Ty = .
" 1 ifn=0.

Note that the definition of a, = dimg, (I"(G)/I"*!(G)) also generalizes for n = 0 if
we define I°(G) := F,[[G]], as Lemma 4.1.5 tells us that dimg (F,[[G]]/I(G)) = 1.
Note also that the sets F, can be chosen to be finite because of our assumptions. We
have the following lemma:

Lemma 4.3.2. Assume the above setting and define

n
b, = E ar.
k=0

Then,

—bn_ld + Z bkrn—k Z 1

k=0
foralln > 1.

The proof of this lemma is rather long and complicate. The main idea is to establish
an isomorphism between the complete group algebra F,[[F]] of a free pro-p group F'
and the Magnus algebra F,(I) defined in Section 2.2, consisting on the formal power
series in non-commutative variables x; with coefficients in F,. The explanation on
how to construct this isomorphism, as well as the proof of this theorem, can be found
on pages 68-71 in [Koc02].

A direct consequence of this lemma is the following theorem. To formulate it, we
define the following Hilbert series:

o0 o0

Hilba(t) = > ant",  Hilbg(t) = ryt".

n=0 n=1

Theorem 4.3.3. In the above setting, we have

(1 — dt + Hilbg(t)) - Hilba(t) o1
1—t 1=t

1 n
where T = ZnZot .
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Proof. Recall that given two formal series F'(t) = > -, fut" and G(t) = >, 5 gnt",
we say that F(t) > G(t) if f, > g, for all n > 0. Computing the products of the
formal series involved in the inequality we obtain that

(ro — dt + Hilbg(t)) - Hilba(?) > - .
¢ Zl—f—z —bn_ld—i-;bkﬂ“n_k t.

The claim follows from Lemma 4.3.2. OJ

n=1

Definition 4.3.4. Let G be a finitely generated pro-p group with a presentation as
in (4.3) and assume F C R is a minimum generating system of relations with respect
to that presentation. We say that G is a Golod-Shafarevich group if there exist a real
number 7 € (0,1) such that 1 — d7 + Hilbg(7) < 0.

Remark. This definition can be generalized to any abstract group G saying that G
is a Golod-Shafarevich group (with respect to p) if its pro-p completion Gy is Golod-
Shafarevich. However, we are only interested in pro-p groups. Hence, from now on,
a Golod-Shafarevich group will refer to a Golod-Shafarevich pro-p group.

Lemma 4.3.5. Let G be a Golod-Shafarevich group and T € (0,1) such that 1 —dr +
Hilbg(7) < 0. Then,

(i) Hilbs(7) diverges.
(ii) dimg, F,[[G]] = oo.

Proof. (i) Observe that the series ) ., t" converges to 1/(1 — 7) when we evaluate
it at 7. Suppose that Hilb,(7) converges. Take the inequality in Theorem 4.3.3 and
evaluate it at 7. Since 7 > 0 and all the series converge, the same inequality hols
after evaluating at 7. Then

(1 — dr + Hilbg(7)) - Hilba(7) > 1.

Note that ag = 1 and a,, > 0 for all n > 0. Thus, Hilbs(7) > 0 and we get a
contradiction.

(¢¢) Since a, = dimg,(["(G)/I"1(Q)) for all n > 0, ", -y a, = dimg, (F,[[G]]). If
F,[[G]] was finite-dimensional, Hilb4(¢) would be a finite sum, and therefore would
converge for any ¢ € (0,1). From (i), Hilba(7) diverges, so F,[[G]] must be infinite-
dimensional. O

Corollary 4.3.6. Golod-Shafarevich groups are infinite.

Proof. Let G be a Golod-Shafarevich group. If G was finite, it would have finitely
many open subsets and hence iz would be finite. But then,

(6] = tm 5, (Y] < T B [ Y1

Uellg

would be finite dimension, contradicting Lemma 4.3.5. Thus, G must be infinite [J
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Now we turn to the famous inequality d?/4 > r for Golod-Shafarevich pro-p groups
that is used in the solution of the class field tower problem:

Theorem 4.3.7 (Golod-Shafarevich inequality). Let G be a finitely generated pro-p
group with d > 1. If

then G 1s Golod-Shafarevich.

Proof. Suppose we have a minimum presentation of G as in (4.3). Let E C R be
a minimum generating system of relations with respect to that presentation. Then,
Yons1Tn = ‘E| = r. Note first that 7 = 0, that is, F has no relations of level 1. This
could easily be seen by the isomorphism between F,[[G]] and the Magnus algebra
F,(x1,...,24), as a level 1 relation would allow us to express one of the generators z;
as a linear combination of the others, contradicting the minimality of F,(z1, ..., zq)
and hence the minimality of F'. Therefore, for any 7 € (0,1), we have

1 —dr + Hilbg(r) < 1 —dr +r7°. (4.4)

If d = 2, necessary r = 0, and we see that any 7 € (1/2, 1) satisfies that 1 —dr < 0 and
hence GG is Golod-Shafarevich. Suppose so that d > 3. We proceed by contrapositive.
If G is not Golod-Shafarevich, then 1 — d7 + Hilbg(7) > 0 for all 7 € (0,1). In
particular, this is true for 7 = 2/d € (0,1) (note that we have treated separately the
case d = 2). Combining this fact with Equation (4.4), we obtain that d?/4 <r. [

Remark. Using a similar reasoning we could prove that if d*/4 > r, then G must
be infinite, but not necessary Golod-Shafarevich. This relies on the fact that if there
exist 7 € (0,1) such that 1 — dr + Hilbg(7) < 0, then Lemma 4.3.5 also holds (we
don’t need the strict inequality as happens for Golod-Shafarevich groups). In this
case, the theorem would also hold for d = 1 (for more details see [Ers12]).
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Chapter 5

Results from Algebraic Number
Theory

In the first four chapters we focused our study on profinite groups to be able to define
a Golod-Shafarevich group and establish a criterion for a pro-p group to be Golod-
Shafarevich in terms of its generators and relations. Now we change the subject
completely. In this chapter we will give all the necessary results in algebraic number
theory to be able to formulate and solve the class field tower problem. We will
assume some basic knowledge of number fields and ring of integers. For instance, we
will assume the theory given in the first three chapters in [Mar18] and in the first two
chapters in [Jan96].

5.1 Splitting of Primes in Extensions

In this first section we will remind some of the general aspects of the splitting of
primes in a finite extension of number fields. This will help us introduce the notation
we will follow in the next sections.

Let K be a number field. We denote by O its ring of integers. For every nonzero
prime ideal p of Ok and any real constant ¢ € (0,1), the function |af, = % for
a € K* (and |0, = 0) defines a nonarchimedean valuation on K. We call this a
p-adic valuation. For any two different primes ideals p and q, a p-adic valuation and
g-adic valuation are inequivalent.

On the other side, any embedding ¢ of K into R or C give rise to an archimedean
valuation by putting ||, = |o(«)|, where | - | is the usual absolute value on R or C.
Two embeddings give rise to equivalent valuations if, and only if, they are complex-
conjugates.

Ostrowski’s theorem tells us that any valuation on K is equivalent to a p-adic valua-
tion or to a valuation coming from a real or complex embedding of K. An equivalence
class of valuations on K is called a prime of K. By tradition, a prime is called an
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infinite prime if it contains an archimedean valuation, and a finite prime otherwise.
We shall now describe how primes split when extended to a finite extension L of K.
Let’s begin with finite primes.

Every finite prime of K can be uniquely identified with a nonzero prime ideal p of
Ok. We can describe how a prime splits when extended in L by describing how p
splits when extended in Op. From now on, the term “prime ideal” will be used to
mean "nonzero prime ideal”.

Fix a prime ideal p of Or. We denote by pO; the ideal generated by p in Op. If a
prime ideal P of Op divides pOy, we say that P lies over p or that p lies under B.
Every prime ideal of Oy, lies over a unique prime ideal of Ok and every prime ideal
of O lies under at least one prime ideal of Oy.

The primes lying over p are exactly the ones which occur in the prime decomposition
of pOp. The exponent with which they occur are called the ramification indices.
Thus, if B¢ is the exact power of P dividing pOp, then e is the ramification index of
P over p, denoted by e(P|p). We say that p is unramified if e(Blp) = 1 for all prime
ideals P of Oy lying over p, and ramified otherwise.

If 9B is a prime ideal of Oy, lying over p, the residue field O /p is canonically embedded
into the residue field O /B. The degree of this extension is called the inertial degree
of P over p, and it is denoted by f(B|p). The inertial degree is always finite, since it
is bounded by [L : K].

Notice that e and f are multiplicative in towers: if px C p; C pg are prime ideals of
the ring of integers of three number fields K C L C E, then

e(pelpr) = e(pelpr)e(prlrk),
frelpr) = f(pelpr)f(brlpx)-

Ramification indices, inertial degrees and the degree of the extension L/K are related
by the following formula:

Theorem 5.1.1. Let n be the degree of L over K and let Bq,..., B, be the prime
wdeals of O lying over p. Denote by ey, ...,e. and fi,..., f. the corresponding ram-
ification indices and inertial degrees. Then,

T

Zeifi ="n.

=1

We say that p splits completely if e(B|p) = f(Blp) = 1 for all prime ideals P of O,
lying over p. Theorem 5.1.1 tells us that this is equivalent to saying that there are
exactly [L : K| different primes ideals of Oy, lying over p.

If L is a Galois extension of K, it is easy to see that the Galois group of L over
K permutes the prime ideals of Op lying over p transitively. In other words, if B
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is a prime ideal of Oy lying over p and o € Gal(L/K), then o(*F) is also a prime
ideal of Op lying over p. Moreover, those are all prime ideals of Op lying over p.
As a consequence, all prime ideals lying over p have the same ramification index and
inertial degree.

Let’s now describe how infinite primes split when extended in a finite extension L
of K. An infinite prime p of K is called a real prime if the completion of K with
respect to any valuation contained in p is R. Similarly, p is called a complex prime
if the completion of K with respect to any valuation contained in p is C. Thus, the
real primes of K correspond to the distinct embeddings of K into R and the complex
primes correspond to the conjugate pairs of embeddings of K into C. We will describe
how p splits when extended in L by describing how its corresponding embedding can
be extended to different embeddings of L into R or C.

Consider first that p is a complex prime of K and let 0 : K — C be an embedding of
K into C such that |o(z)| is in p. As C is algebraically closed, we know from Galois
theory that there are exactly n = [L : K| different embeddings o; : L < C such that
oilk = 0. No two o; can be conjugates, as then they could not agree on K. Hence,
they represent n distinct complex infinite primes Ry, ..., B, of L. We can write

to indicate that the B3; are the primes of L extending p. In this case, we define the
ramification indices e(J3;|p) and the inertial degrees f(*B;|p) to be one. We will say
that the complex prime p is unramified in L (because all ramification indices are one).
Thus, in this case the formula )"  e;f; = n holds.

Consider now that p is a real prime of K and let ¢ : K < R be the corresponding
embedding. Regarding o as an embedding from K into C, we can apply Galois theory
again to assure the existence of exactly n = [L : K| different extensions of o to L,
some of which may have an image insider R. List the extensions of ¢ as

01;-..0r, 07"—}—1757"-1—1’ s JT+S7ET+S’

where 0;(L) C R for 1 < ¢ < r and 0,4;,0,4; give s pairs of complex conjugate
embeddings of L into C. Note that r + 2s = n. This give rise to r distinct real
primes B, ..., B, and s distinct complex primes P, 11, ..., B,s of L extending p.
We define the ramification indices as follows: if %3, is a real prime of L lying over p,
we set e(P;|p) = 1. If *B,.4, is a complex primes, we set e(P,1;|p) = 2. We define all
inertial degrees to be one. Thus, we formally write

p="P;- -‘BRB?H o -‘133+s-

Note that the we still have the formula /" e, f; = n.
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5.2 Galois Theory Applied to Prime Decomposi-
tion

In this section we will apply Galois theory to the general problem of determining
how primes of a number field split in an extension field. We will find connections
between the ramification indices and the inertial degrees introduced in the previous
section with some subgroups of the Galois groups of this extension. Some parts of our
discussion will be valid for both finite and infinite primes, although we will mostly
restrict to finite primes, as the notions of Frobenius automorphism and Artin map
are directly related to finite primes. In this section, all finite primes of a number field
K may be identified with the corresponding prime ideal of Of.

Let K and L be number fields, and assume that L is a Galois extension of K. Let
G be the Galois group of L over K and assume that the degree of the extension is
n=[L: K]. Let p be a finite prime of K. Recall that all primes B of L lying over p
have the same ramification index e and inertial degree f. Thus, if there are r of such
primes P, by Theorem 5.1.1, ref = n.

Definition 5.2.1. For each prime B of L lying over p, we define the decomposition
group as

D=Dlp) ={ceCG|o(P) =P}

and the wnertia group as

E=E®p)={cecCG|ola)=a (modP) VaecO,}.

Remark. D and E are subgroups of G with £ C D, as the condition o () = can
be expressed as o(a) =0 (mod P) if, and only if, « =0 (mod B).

The elements of D induce automorphisms of the field O /B in a natural way: Every
o € (@ restricts to an automorphism of Oy and, if 0 € D, the induced mapping

Or — Or/B has kernel B. Thus, each ¢ € D induces an automorphism @ of Op /B
that makes the following diagram commutative:

OL%OL

! |

O Oy

Moreover, it is clear that & fixes the subfield Oy /p pointwise since o fixes K. Thus,
 is an element of the Galois group G of O /B over Ok /p. In other words, we have
a mapping D — G, and it is easy to see that it is a group homomorphism. The
kernel of this morphism is easily seen to be F. This information is summarized in
the following lemma:
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Lemma 5.2.2. The mapping

D
o

al Q)

—
—
18 a group homomorphism with kernel E.

This shows that E is a normal subgroup of D. We will see that D — G is actually
onto, and hence D/E — G is a group isomorphism.

Definition 5.2.3. The decomposition field Lp is the subfield of L fixed by D and
the wnertia field Lg is the subfield of L fixed by E.

In general, we adopt the following notation: For a subgroup H of G, Ly denotes the
fixed field of H, and Py = P N Ly is the unique prime ideal of Oy, lying under
B. Clearly, By lies over p and Of,, /By is an intermediate field between Or /P and

We can now state the main result:

Theorem 5.2.4. With the notations above, we have the following:

DEGREES L T RAl\ﬁlg%AETSION %NEECI;%I;LF];/EISJ
e e 1
L pU
f 1 f
Lp RL
r 1 1
K p

Proof. We begin by showing that [Lp : K| = r. By Galois theory we know that
[Lp : K] is the same as the index of D in G. As D fixes 3, each coset 0D, 0 € G,
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sends P to o(*B). It is clear that oD = 7D if, and only if o(P) = 7(°B). This
establishes a one-to-one correspondence between the left cosets oD and the prime
ideals o(J3). As we explained in the previous section, G permutes the prime ideals of
Oy, lying over p transitively. Hence, {o(°B) ‘ o € G} are exactly all the prime ideals
of Op, lying over p. This shows what we wanted.

Next we show e(Bplp) = f(Pplp) = 1. Note first that P is the only prime of Of,
lying over Bp, since such primes are necessarily permuted transitively by the Galois
group of L over Lp; this group is D, which fixes . It follows by Theorem 5.1.1 that

[L: Lp] = e(BIBp) f(BIPBb).

Since we have shown that [Lp : K| = r and we know that [L : K| = ref, we have
that [L : Lp| = ef. Moreover, since the ramification indices and inertial degrees are
multiplicative in towers, e(P|Pp) and f(P|Pp) cannot exceed e and f respectively.
Hence, e(B|Pp) = e, f(P|PVp) = f, and we obtain that

e(Bolp) = f(Bolp) = 1.
Next we show that f(B|Pg) = 1. By definition, this means showing that O /B is
the trivial extension of Op,/PBr. We will do this by showing that the Galois group
of Op/P over Op, /P is trivial. To do this, we will show that for each § € O /B,
the polynomial (x — #)™ has coefficients in O, /Pg for some m > 1. It will follow
that every member of the Galois group sends 6 to another root of (x — #)™, which
can only be #. This will prove what we want.

Fix any a € Op, corresponding to 6 € O /B. Clearly the polynomial

o) = [J (2~ o())
ocek
has coefficients in Of,,, as each element of E' = Gal(L/Lp) fixes the coefficients of g.
Reducing modulo B we find that g € (O /P)[z] actually has coefficients in O, /Bg.
But, by the definition of F, all o(a) are send to 8 when reduced modulo . Hence,
g(z) = (z — )™, where m = |E|. That completes the proof that f(B|Bg) = 1.

Using that f(Pp|p) = 1 and the multiplicativity in towers, we get that f(Br|Pp) =
1. Thus, by Theorem 5.1.1 we must have that [Lg : Lp] > f. But by Lemma 5.2.2,
D/E is embedded in G, which is a group of order f, and hence [Lg : Lp] = [D : E] <
f. Thus, [Lg : Lp| = f. Using Theorem 5.1.1 again, we obtain that e(Pg|[Bp) = 1.
Finally, we easily obtain that [L : Lg| = e and e(*P|Pr) = e by considering the
degrees and ramification indices already established. O]

Corollary 5.2.5. D is mapped onto G by the natural map o — &. Hence, D/E = G
18 cyclic of order f.

Proof. We have already seen that D/FE is embedded in G. Moreover, both groups
have order f, since [D : E] = [Lg : Lp|. The fact that G is cyclic is a consequence of
being a Galois group of a finite extension of finite fields. O
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The following special case indicates a reason for the terms “decomposition field” and
“inertia field”. Even though this corollary won’t be needed in Chapter 6, we still
present it for completeness.

Corollary 5.2.6. Suppose D is a normal subgroup of G. Then p splits into r distinct
primes in Lp. If E is also normal in G, then each of them remains prime (is “inert”)
in Lg. Finally, each one becomes an e power in L.

Proof. If D is normal in G, then Lp is a Galois extension of K. We know that PTp
has ramification index and inertial degree 1, and hence so does any other prime 9/,
of Lp lying over p. By Theorem 5.1.1, there must be r primes of Lp lying over p.
It follows that there must be exactly r primes in Lg lying over p, since this is true
for both Lp and L. This implies that each prime ', of Lp lying over p lies under a
unique prime B’ of Lg. If F is normal in G, then Lg is Galois over K, and hence
e(P'zlp) = e(Pe|p) = 1. This shows that e(P|P,) = 1, and thus P, is inert in Lg.
Finally, by multiplicativity of the ramification index, we deduce that %z becomes an
et power in L. O

Corollary 5.2.7. Let L/K be a Galois extension of number fields. A finite prime
p of K is unramified in L if, and only if, for all finite primes B of L lying over p,
E(Blp) = {id}.

Proof. The finite prime p is unramified in L if, and only if, e(B|p) for all finite primes
P of L lying over p. We have seen that e(P|p) is the degree of the extension L/Lg.
Thus, this extension is trivial if, and only if, the inertia group E(|p) is trivial. [

Definition 5.2.8. We say that an extension of number fields L/K is unramified if
every prime of K (finite and infinite) is unramified in L. More generally, if S is a
set of primes of K, we say that L/K is unramified outside S if all primes of K not
belonging to S are unramified in L.

We will now prove two properties about the compositum and lifting of unramified
Galois extensions of number fields. This property will be very useful in Chapter 6.
First, we will need the following lemmas from Galois theory:

Lemma 5.2.9. If L/K is Galois, then every lifting LF/F is Galois. In this case,
the map

Gal(LF/F) — Gal(L/K)
o — oln

15 a well defined group monomorphism.

Lemma 5.2.10. The compositum of Galois extensions L/K and F/K is Galois. In
this case, the map

Gal(LF/K) «—— Gal(L/K) x Gal(F/K)
o — (olr, olr)

18 a well defined group monomorphism.
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Theorem 5.2.11. Let L/K be an unramified Galois extension of number fields and
F a finite extension of K. Then LF/F is unramified.

Proof. Let’s first see that any finite prime of F'is unramified in LF'. Let p be a finite
prime of F' and P a finite prime of LF lying over p. Note that B N O is a finite
prime of L lying over the finite prime PN Ok of K, and that e(PNOLIPNOk) = 1.
Take 0 € E(Blp). Then, for all « € O C Orp, we have o(a) = ol (a) = «
(mod B). As 0| (a) —a € Or, we also have that o| (o) = a (mod PN OL). Hence,
ol € E(PNOLIPNOk). By Corollary 5.2.7, |, = id and by Lemma 5.2.9, o = id.
This shows that e(B|p) = 1 and thus LF/F is unramified at the finite primes.

Let’s now see that any infinite prime of F' is unramified in LF'. Let p be an infinite
prime of F' and P an infinite prime of LF' lying over p. By Section 5.1, we know that
p correspond to an embedding o of F' into C and P corresponds to an embedding 7 of
LF into C with 7| = 0. If p is a complex prime, p is unramified, so suppose that p is
a real prime, i.e. o(F) C R. We must show that 7(LF) C R to see that e(P|p) = 1.
Note that 7|, corresponds to an infinite prime of L lying over an infinite prime of K
corresponding to 7|k. Note also that 7|x = 0|k is a real embedding and, since L/K
is unramified, the image of 7|, must also lie inside R. Now take any o € F'L and
write a = ). B;y; with §; € L and v; € F'. Then

(@) =Y 7(B)T(%) = Y Tle(Bi)o(v) € R.

K3 (2

This implies that 7(LF') C R and hence e(P|p) = 1. O

Theorem 5.2.12. Let L/K and F/K be Galois extensions of number fields. Let S
be a set of primes of K. Suppose L/K and F/K are unramified outside S. Then,
LF/K is also unramified outside S.

Proof. For the case of finite primes, take a finite prime p ¢ S of K and let B be
a prime of LF' lying over p. Then, P N O and P N O are finite primes of L and
F lying over p respectively. Take o € E(B|p). Using the same argument as in the
previous proof, one can see that o|, € E(P N Olp) and o|r € E(P N Op|p). Since
L/K and F/K are unramified at p, we have that 0|, =id; and o|r = idr. Then, by
Lemma 5.2.10, 0 = id and e(*B|p) = 1.

For the case of infinite primes, let P be an infinite prime of LF' lying over an infinite
prime p ¢ S of K. p corresponds to an embedding ¢ : K < C and B corresponds to
an embedding 7 : LF — C with 7|x = 0. Suppose p is a real prime (otherwise we
already know it is unramified). The restriction of 7 to L and F' correspond to infinite
primes of L and F' lying over p. Since p is unramified in L and F, 7(L),7(F) C R.
Writing any element of LF' in terms of elements of L and F' we deduce that 7(FL) C R
and so e(*Blp) = 1. O
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Corollary 5.2.13. Let L/K and F/K be unramified Galois extensions of number
fields. Then, LF/K is unramified.

Proof. Apply Theorem 5.2.12 with S = (). O

Assume L/K is a Galois extension of number fields and 9 a finite prime of L lying
over a finite prime p of K. We are interested in knowing what happens to the groups
D(*B|p) and E(P|p) when we replace B by another prime P’ of L lying over the same
p. As explained in Section 5.1, B’ = o (P) for some 0 € G = Gal(L/K). It is easy to
see that

Thus, D and E are just replaced by conjugate subgroups of G. In particular, we see
that when G is abelian, the groups D(*B|p) and E(*B|p) depend only on p, not on B.

5.3 The Frobenius Automorphism and the Artin
Map

In this section we will introduce two notions that play an important role in class
field theory: the Frobenius automorphism and the Artin map. This map will help us
understand some important properties of the Hilbert class field, as we will explain in
Section 5.4.

Assume that L/K is a Galois extension of number fields, and let 8 be a finite prime
of L lying over a finite prime p of K. Assume that p is unramified in L, so that
E(Blp) is trivial. In this case, we have an isomorphism from the decomposition
group D = D(B|p) to the Galois group G of O /% over Ok /p. G is cyclic of order
f(Blp), and has a special generator: the mapping which sends every x € O /P to
/Pl where ||p]| := |Ok/p|. The corresponding automorphism ¢ € D satisfies that

o(a) = ol (mod ‘B)

for every a € Op. Since p is unramified, ¢ is the only element in D with this property,
and in fact the only element in G (this property clearly implies that ¢ € D).

Definition 5.3.1. The described automorphism is called the Frobenius automor-
phism. We denote it by ¢(B|p) to indicate its dependence with P and p.

Lemma 5.3.2. Let 0 € Gal(L/K). Then o(*B) also lies over p and

S(o(P)lp) = od(Plp)o ™.
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Proof. For every a € Op, we have ¢(a(B)|p)(a) — o/l € o(P). Substituting a by
o(a) and applying o' we obtain that (67 ¢(c(B)|p)o) (a) — olPl € P for every
a € O, and hence ¢(Blp) = o7 1p(a(P)|p)o. O

We have already seen that all primes over p are of the form o () for some 0 € G =
Gal(L/K). Thus, the conjugacy class of ¢(P|p) is uniquely determined by p. In
particular, when G is abelian, ¢(*B|p) itself is uniquely determined by the unramified
prime p. This ¢ satisfies the same congruence for all primes lying over it, and hence
it satisfies

o(a) = ol (mod pOy).

Part of the significance of the Frobenius automorphism is that indicates how p splits
in L, as its order is the inertial degree. Thus, for example, an unramified prime p
splits completely in the Galois extension L if, and only if, ¢(P|p) = id for all B lying
over p.

Assume now that L is an abelian extension of K, that is, a Galois extension of K with
abelian Galois group. The ideal group [k is the group of fractional ideals of K, i.e.,
the group of Og-submodules of K. As happens with the ideals of Ok, any fractional
ideal can be uniquely express as a product (with integer exponents) of prime ideals
of Ok. Hence, I is a free abelian group generated by the prime ideals of Of. Let
P be the set of all (nonzero) prime ideals of Ox and S the subset of P of all primes
that ramify in L. Denote by I3 the subgroup of Ix generated by P\ S. Then, an
element of I3 has the form

g= ] p® (5.1)

where almost all the exponents are zero.
Definition 5.3.3. We define the Artin map as the following group morphism:

q)L/K: [IS(’ — Gal(L/K)
4o T oPp®

peP\S

where 4 has the form (5.1) and B is any prime of L lying over p.

Of course, when p is a prime ideal of Ok, ®(p) is the Frobenius automorphism of p.
One consequence of the Frobenius density theorem is stated in the following:

Theorem 5.3.4. The Artin map carries 1% onto Gal(L/K).

The statement and proof of the Frobenius density theorem, as well as the proof of
this theorem can be found in Chapter IV in [Jan96].
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5.4 The Hilbert Class Field

The aim of this section is to introduce the notion of the Hilbert class field of a given
number field. This notion comes from a general theory know as class field theory,
which studies the abelian extensions of global and local fields. The label “class field”
refers to a field extension satisfying a technical property that is historically related to
ideal class groups. One of the main theorems in class field theory is that class fields
are the same as abelian extensions. The the Hilbert class field will be a particular
class field of special interest.

We will not give a deep study of the notions and theorems of class field theory here,
as this would be rather long and unnecessary. A more detailed study of class field
theory is given in Chapter V in [Jan96]. We will just give a quick summary on the
notion of Hilbert class field, some of its properties, and how is it related with the
previous sections.

In 1898, Hilbert stated the following conjecture:

Conjecture 5.4.1. For any number field K there is a unique finite extension L such
that

(i) L/K is Galois and Gal(L/K) = CI(K).

(i) L/K is unramified, and every abelian unramified extension of K is a subfield of
L.

(iii) for every finite prime p of K, the inertial degree f(B|p) (for any prime P of L
lying over p) is the order of p in Cl(K).

(iv) every ideal of O becomes principal in Of.

Hilbert proved the existence of such extension when the class number (the cardinality
of the class group CI(K)) was 2 and [K : Q] = 2. In 1907, Philipp Furtwéngler
proved the first two parts of Hilbert’s conjecture in general, and used this to prove
the quadratic reciprocity law in all number fields in 1913. He proved the third part in
1911 and the fourth part in 1930, after Artin reduced it to a purely group-theoretic
statement.

Property (i7) is normally used to characterize this extension:

Definition 5.4.2. Let K be a number field. The Hilbert class field of K, denoted by
H(K), is the maximal unramified abelian extension of K.

Since all primes of K are unramified in H(K), property (iiz) implies that a finite
prime p of K splits completely on H(K) if, and only if, its principal. Consider the
Artin map associated to the extension H(K)/K:
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(I)H(K)/K: K — Gal( ( )/K)
I1p°® — ] oBlp)®
peP peP

Note that, since no finite prime ramifies in K, the Artin map is defined for all nonzero
fractional ideals of K (that is, S = ()). As we saw in the previous section, the order
of the Frobenius automorphism ¢(*B|p) of a given finite prime p of K is the inertial
degree f(*Blp). Hence, it is clear that p is in ker(®Pmx) k) if, and only if, p is a
principal ideal. This property holds not only for the prime ideals of O, but also for
all nonzero fractional ideals of K. Thus, the kernel of the Artin map is precisely the
set of nonzero principal fractional ideals of K. Since the Artin map is surjective, the
induce map

6H(K)/K¢ CI(K) — Gal(H(K)/K)

establishes an isomorphism between the class group of K and the Galois group
Gal(H(K')/K). The notion of Hilbert class field and properties (i) and (i7) in Con-
jecture 5.4.1 will be widely used in the following chapter.
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Chapter 6
The Class Field Tower Problem

In this finial chapter we will use all the theory developed in this thesis to formulate an
solve the class field tower problem. We begin by formulating the following problem:

Problem 6.0.1 (Embeddability problem). Given a number field K, does it always
exist a finite extension L of K such that the ring of integers of L is a principal ideal
domain?

If K is a number field, the extent to which O fails to be a PID is measured by the
class group CI(K). In particular, Ok is a PID if, and only if, CI(K) is trivial. The
class group of K is always finite and, by class filed theory, is isomorphic to the Galois
group Gal(H(K)/K). Thus, Ok is a PID if, and only if, its Hilbert class field of K
is K itself. This brings us to consider another problem. To state it, we need the
following definition:

Definition 6.0.2. Let K be a number field. Denote HY(K) := K and H"(K) :=
H(H"!(K)) for n > 1. The class field tower of K is the following tower of extensions:

K=H(K)CHY(K)CH*K)C...

We say that the class field tower is finite if it stabilizes at some point, i.e., if there
exists m € N such that H*(K) = H™(K) for all n > m. It is said to be infinite
otherwise.

Problem 6.0.3 (Class field tower problem). Is the class field tower of any number
field K always finite?

Problems 6.0.1 and 6.0.3 are equivalent in the following sense:

Lemma 6.0.4. Let K be a number field. Then, the class field tower of K is finite if,
and only if, there exists a finite extension LK with CI(L) = {1}.

Proof. Assume that the class field tower is finite. Then, there exists m € N with
H(H™(K)) = H™(K) and hence CI(H™(K)) = {1}. Since the Hilbert class field of
any number field is a finite extension of itself, H”(K')/K is finite.
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Assume now that L is a finite extension of K with trivial class group and consider
the tower of fields

L=LK CLHYK)C LH*K) C ...

For every n € N, we now that H"'(K)/H"(K) is an abelian unramified extension.
Then, LH""(K)/LH"(K) is abelian by Lemma 5.2.9 and unramified by Theorem
5.2.11. In particular, LH'(K) is an abelian unramified extension of L. But CI(L) =
{1}, so H(L) = L and L does not have nontrivial abelian unramified extensions.
This implies that LH'(K) = L. Repeating this argument inductively we find that
LH"(K) = L for all n > 0. Since H"(K) C LH"(K) = L, every field in the class field
tower of K is contained in L. L is a finite extension of K, so the class field tower of
K must be finite. O

6.1 A Criterion for Infinite Class Field Towers

Our goal now is to prove that there exists number fields K with an infinite class field
tower. Computing the class field of a given number is a rather difficult task. Its a bit
easier to control the p-class field, defined in the following:

Definition 6.1.1. Let K be a number field and p a fixed prime number. The p-
class field of K, denoted by HL,(K), is the maximal unramified Galois extension of K
such that the Galois group Gal(H,(K)/K) is an elementary abelian p-group, i.e., an
abelian group where every nontrivial element has order p.

Remark. Most authors define the p-class field of K to be the maximal unramified
abelian p-extension of K (without the extra condition that the corresponding Galois
group is elementary). We will use this alternative notion of p-class field, as this will
allow us to apply some of the results seen in the previous chapters.

Theorem 6.1.2. The p-class field of a given number field K always exists.

Proof. Let K be a number field and let L; and L, be unramified Galois extensions
of K with Gal(L,/K),Gal(Ly/K) elementary abelian p-groups. Then L;L, is also
a Galois extension of K. By Lemma 5.2.10, Gal(L,Ly/K) is an elementary abelian
p-group and by Corollary 5.2.13, Ly Ly/K is an unramified extension. In other words,
the compositum of unramified elementary abelian p-extension is also an unramified
elementary abelian p-extension. Thus, we define H,(K') to be the compositum of all
subextensions L of H(K) with Gal(L/K) an elementary abelian p-group. Clearly,
H,(K) satisfies the desired property. O

Definition 6.1.3. Let K be a number field. Denote HD(K) := K and H}(K) :=
H,(H:~(K)) for n > 1. The p-class field tower of K is the following tower of
extensions:
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_ 0 1 2
K=H)(K)CH,(K) CH(K)C...
As with the class field tower, we say that the p-class field tower is finite if it stabilizes

at some point and infinite otherwise.

The following lemma will allow us to reduce the problem of proving that a certain
class field tower is infinite to prove that the p-class field tower is infinite:

Lemma 6.1.4. Let K be a number field and p a prime number. Then, H}(K) C
H"(K) for any n > 1.

Proof. We will prove it by induction. By construction, H,(K) C H(K). Assume that
H}(K) € H"(K). Consider the following diagram of extensions:

Hi * (K)H" (K)

/

H;H*l (K)

Since H*'(K)/H(K) is an unramified abelian extension, the same is true for the
lifting H+!(K)H"(K)/H"(K). Then, by maximality of the Hilbert class field,

n+1 n n . 4+l
]I-]Ip+ (K)H"(K) C HH"(K)) := H""(K).
This proves the statement. [

Corollary 6.1.5. Let K be a number field. If the p-class field tower of K 1is infinite
for some prime number p, then the class field tower of K must also be infinite.

Definition 6.1.6. Let K be a number field and p a prime number. We define the
following extension of K:

HyX(K) == | Hy(K).

n>0

Clearly, the p-class field tower of K is finite if, and only if, H>*(K) is a finite extension
of K. Our goal now will be to give sufficient conditions for H>*(K) to be infinite. In
the following we will prove that H°(K) is the maximal unramified pro-p extension of
K (by pro-p extension we mean Galois extension with Galois group a pro-p group).
This extension is not necessary abelian. If it was, it would be contained in the Hilbert
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class field of K and hence it would always be finite. For a possibly infinite extension
L of K, we say that L/K is unramified if all of its finite subextensions are unramified.
We begin with the following lemma:

Lemma 6.1.7. Let K be a number field and p a prime number. Then, the extensions
H(K)/K are Galois.

Proof. We proceed by induction on n. Clearly, H,(K) is Galois over K. Sup-
pose HJ(K)/K is a Galois extension. We will see that for any o € Gal(K/K),
o (HM(K)) = Hrt(K) and hence HZH(K) /K must be Galois.

Let o € Gal (K/K). Since H2(K)/K is Galois, o lun(x) € Gal(Hj(K)/K). We have
the following diagram of extensions:

H»H (K) o (HM(K))

We claim that o (H2(K)) /HZ(K) is unramified. For the finite primes, notice
that o permutes the prime ideals p of Opn(x). Such prime ideals p decompose as
P1 - - P, when extended in H*'(K), as they are unramified. Then, o(p) decompose
as o(PB1) - - o(P,) when extended in o (H(K)), and hence finite primes of HZ(K)
are unramified in o (HZT(K)).

For the infinite primes, notice that o permutes the embeddings of H}(K) into C
when acting by composition: if 7 : H}(K) < C is one of these embeddings, so is
o~ HY(K) — C. If 7 extends to r = [H™'(K) : H(K)] different embeddings
of HP*'(K) into C (where no two are complex conjugates), namely 7i...,7,, then
mo~!,.. 7,0 " are the embeddings of o (HI!(K)) into C extending 7o' (again, no
two embeddings are complex conjugates). This shown that infinite primes of H (/)
are unramified in o (HZT(K)).

Now recall that H2™(K)/H2(K) is Galois, and hence so is o (HI™(K)) /Hr(K).
Sigma induces an isomorphism of groups between their Galois groups acting by con-
jugation:

Gal (HI'™(K)/HX(K)) — Gal (o (HTY(K)) /H2(K))
T L oot
This shows that Gal (H!'(K)/H(K)) = Gal (o (HT(K)) /H2(K)). Therefore,

o (H2t!(K)) is a unramified Galois extension of HP(K) such that the corresponding
Galois group is an elementary abelian p-group. By maximality of the p-class field, we
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must have o (H;‘“(K )) C HQH(K ) and, by injectivity of ¢, this must be an equality.
This proves the lemma. ]

Lemma 6.1.8. Let K be a number field and p a prime number. Then, HX*(K)/K is
an unramified pro-p extension.

Proof. First, notice that H}(K) is a finite unramified extension of K. This is a
consequence of the fact that ramification indices are multiplicative in towers. Let
L CHX(K) be a finite extension of K. Then, L C H}(K) for some n € N and hence
L/K is unramified. This shows that H*(K)/K is unramified.

By Lemma 6.1.7, the extensions HJ}(K)/K are Galois and

Gal (H™(K)/K ~ n
0, (B () /e (K )) = Gal (B (K)/K)

so |Gal (HI N (K)/K) | = |Gal (HH(K)/H2(K)) ||Gal (H?(K)/K) |. Thus, ap-

plying induction we see that Gal (]I-]IZ“(K )/ K ) are finite p-groups. As H>*(K) =

U,so H (K), by Galois theory, we have that H*(K)/K is Galois and

Gal (H}*(K)/K) = lim Gal (H}(K)/K)
n>0
(for more details, see Chapter 2 in [Koc02]). This shows that H>*(K)/K is a pro-p
extension. [

Now we can prove the following theorem:

Theorem 6.1.9. Let K be a number field and p a prime number. Then, H;O(K) 18
the mazimal unramified pro-p extension of K.

Proof. We already know that HgO(K ) is an unramified pro-p extension of K. Hence,
we only need to prove that is maximal. Let L be an unramified Galois extension
of K such that G = Gal(L/K) is a pro-p group. Let L; be the fixed field of
Fr(G) € G. Since Fr(G) is normal in G, L is Galois over K and Gal(L,/K) =
Gal(L/K)/Gal(L/Ly). Since Fr(G) is closed in G, by the fundamental theorem of Ga-
lois theory for (possibly) infinite extension, Gal(L/L,) = Fr(G). Hence, Gal(L,/K) =
G/Fr(G) is an elementary abelian p-group. Now note that L; is unramified over K.
This implies that L; C H,(K), that is a finite extension of K. In particular G/Fr(G)
is finite and, since d(G) = d(G/Fr(G)), G is finitely generated. As we explained in
the end of Section 4.2, in this case, the Frattini series {Fr"(G) | n € N} form an open
neighbourhood basis at 1 € G. Let L,, be the fixed field of Fr"(G). We will prove by
induction that L,, C HJ(K) for all n > 1.

We have already seen that L, C H}(K). Suppose L, C H}(K). L/L, is Galois
with Gal(L/L,) = Fr"(G). We have that Fr"™(G) := Fr (Fr"(G)) is normal in
Fr"(G). Then, L, is a Galois extension of L, with Galois group Gal(L,41/L,) =
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Gal(L/L,)/Gal(L/L,1) = Fr"(Q)/Fr""(G), and thus L,,; is an unramified ele-
mentary abelian p-extension of L,. Consider the following diagram of extensions:

ALn+lHﬂZ(l()

/

Ln+1

H (K)

14

/

L,

The lifting Ly, H (K)/Hy} (K) of Lyy1/Ly, is also an unramified elementary abelian
p-extension, and hence L, H(K) C H2*'(K). This shows that L, € HP*(K).

Let’s now see that L = |J,~; L,. Clearly, |J,~; Ln € L. Take a € L. Then
K(a) is a finite extension of K, and hence Gal(L/K(«)) is an open subgroup of
Gal(L/K). Then, since the Frattini series form an open neighbourhood basis at 1,
there exists n € N with Fr"(G) C Gal(L/K(«)). The corresponding fields fixed
by these subgroups satisfy the reverse inclusion, i.e., K(«) C L,. This shows that

LCU, L

Finally, since L,, C H}(K) for all n > 1, we have that

L=JL, c|Jm(K)=HK).

n>1 n>1

This finishes the proof. 0

Let Gk, = Gal (H°(K)/K). Proving that HX(K)/K is an infinite extension is
equivalent to proving that G ), is infinite.

We claim that Frattini quotient G ,/Fr(Gr ) is isomorphic to Gal (H,(K)/K). In-
deed, let L be the fixed field of the subgroup Fr(Gk,). Since Gk ,/Fr(Gk,p) is an
elementary abelian p-group and L is unramified, L C H,(K). On the other side,
Gal (H,,(K)/K) = Gal (H*(K)/K) /Gal (HX(K)/H,(K)) is an elementary abelian
p-group. Since the Frattini subgroup Fr(Gk,) is the smallest normal subgroup of
Gk p such that the quotient is elementary abelian, Fr(G,) C Gal (H*(K)/H,(K)),
and hence H,,(K) C L.

Recall that H,(K) is the maximal subextension of the Hilbert class field of K such
that its Galois group over K is an elementary abelian p-group. Thus, Gal(H,(K)/K)
is the maximal elementary abelian quotient of Gal(H(K)/K). Since the subgroup
lattice and the quotient lattice of a finite abelian group are isomorphic, every quo-
tient of Gal(H(K')/K) is isomorphic to one of its subgroups. This implies that the
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the maximum elementary quotient Gal(H,(K)/K) of Gal(H(K)/K) is isomorphic
to its maximal elementary subgroup: Gal(H(K)/K)[p|. Taking into account that
Gal(H(K)/K) = CI(K), we obtain that

Gal(H,(K)/K) = CI(K)I[p)].

Let p,(K) := dimg, (C1(K)[p]) be the p-rank of the class group of K. With all the
considerations made above, and recalling that the generator rank of a pro-p group is
the same as the generator rank of its Frattini quotient, we obtain that

A(Grep) = 4 (F%0 (G ) = A (Gal (B(K)/K)) = pp(K). (6.1)

The following theorem establishes a relation between the generator and relation ranks
of Gk, and the number of infinite primes of K:

Theorem 6.1.10 (Shafarevich). Let K be a number field and v(K) the number of
infinite primes of K. Then, for any prime number p we have

0 S T(Gij) — d(GKJ,) S V(K) — 1.

This theorem was originally proved by Shafarevich in [Sha63]. An proof in English of
this inequality can be found in Section 11.3 in [Koc02] as a consequence of Theorems
11.5 and 11.8.

Combining Theorem 6.1.10 with Theorem 4.3.7, we obtain the following criterion for
the group G, to be infinite:

Corollary 6.1.11 (Golod-Shafarevich). In the notations above, assume that
pp(K) >2+2y/v(K)+ 1.
Then G, is Golod-Shafarevich and therefore infinite.

Proof. By Equation (6.1), p,(K) = d(Gk,p). Rearranging the terms and squaring
this inequality we obtain that

Using Theorem 6.1.10 we deduce that

d 2
—(Gjp) > r(Gkp) + 1.

Hence d(Ggp) > 1 and d(Ggp)?/4 > r(Gkp). Theorem 4.3.7 implies the claim. [
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6.2 Particular Examples

To complete the negative solution to the class field tower problem it suffices to exhibit
examples of number fields satisfying the inequality in Corollary 6.1.11. We will see
that for any prime number p and any n € N, there exist a number field K = K(p, n)
such that [K : Q] = p and p,(K) > n. Since v(K) < [K : Q] (because K has [K : Q]
different embedding into C), we can choose any n > 2+ 2/p + 1. Then, K(p,n) will
satisfy the inequality in Corollary 6.1.11 and hence will have an infinite class field
tower.

6.2.1 Number fields with infinite 2-class field tower

Let’s start with the case p = 2. Take any n + 1 distinct prime numbers ¢, ..., g1
congruent to 1 modulo 4 (the Dirichlet’s theorem on arithmetic progressions as-
sures us that there are infinitely many primes congruent to 1 modulo 4). Let K =

Q@1 Gny1) and L = Q(/q1, - - -, v/@nt1). Note that [K : Q] = 2.

Lemma 6.2.1. The extension L/K is unramified.

Proof. Note that L is a totally real number field, i.e., all its infinite primes are real.
Therefore, L/K is unramified at the infinite primes. To see that is also unramified
at the finite primes, we will first see that L/Q is unramified outside {q,..., g1}
Then, we will see that the ramification indexes of the primes ¢; in L are 2 and use
this to deduce that L/K is unramified. Consider the following diagram:

L=Q(/dr. -+ \/ans?)
By Theorem 5.2.12; if a prime number ¢ € Z ramifies in L, it must also ramify at

Q(\/q1) or at Q(\/q2, - - -, \/Gny1)- Thus, applying this reasoning repeatedly, ¢ ramifies
in L if, and only if, ¢ ramifies in Q(,/g;) for some i. The discriminant of Q(,/g;)/Q
is ¢;, and hence the only finite prime of Q that ramifies in Q(,/g;) is ¢;. This tells us
that the only prime numbers that ramified at L are precisely ¢, ..., @ni1.

Q(/@s - - - »/Gn1)

Let’s now calculate the ramification indexes of ¢; in L. Let ; be a prime of L lying

over ¢;. Let F' = Q(\/q1, ... \/@i—1,\/@it1; - - - \/Qnt+1) and consider the group morphism
given by Lemma 5.2.10:
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$: Gal(L/Q) — Gal(Q(,/%)/Q) x Gal (F/Q)

o — (0|@(\/@,0|F)

Let 0 € E(Qi|g;). Then, using the same argument we used in the proof of Theorem
5.2.11, oloya) € E(QiNQ(/%)|a:) and o|r € E(QiN Flg;). In other words,

D(E(Qilg:) € E(QiNQ(Vai)lai) x E(QiN Flg;).

We know that the ramification index of ¢; in Q(,/g;) is 2 and, by the argument used in
the beginning of the proof, e(Q; N F'|g;) = 1. Using that the cardinality of the inertia
subgroup is equal to the corresponding ramification index, and that W is injective, we
deduce that

|E(Qilg)| < [EQiNQ(Va)|g)||E(QiN Flg)| =2-1=2.
Since ¢; ramifies in L, we must have e(Qi|q;) = 2.

Finally, note that the only possible finite primes of K that could ramify in L are
those lying over the primes ¢;. Let g; of be the unique prime of K lying under £;.
The discriminant of K/Q is ¢+ qni1, S0 ¢; ramifies in K. We must have that
e(qilg;) = 2. By the multiplicativity of the ramification indexes, e(;|q;) = 1. This
proves the statement. 0

L is an abelian extension of K with Galois group isomorphic to (Z/2Z)". Since L/K
is unramified, we must have L C H(K). By the isomorphism between the subgroup
lattice and the quotient lattice of a finite abelian group, Gal(H(K)/K) must have a
subgroup isomorphic to (Z/2Z)". Hence, po(K) = dimy, (G[2]) > dimy, ((Z/2Z)") =
n (it can be shown that, in fact, po(K) = n). For any n > 6 > 2 +21/3, by Corollary
6.1.11, Q(\/q1 -~ ¢») has an infinite class field tower.

6.2.2 Number fields with infinite p-class field tower for odd
primes p

Now let’s do the case where p is an arbitrary odd prime number. Take any n + 1
distinct prime numbers ¢, ..., ¢,+1 congruent to 1 modulo p. Let L; = Q((,)
be the ¢ cyclotomic field and let K; be the unique subfield of L; that has in-
dex p over Q. Let L = Ly---Lyyy and M = K;...K,y;. Since L N L; = Q
for i # j, Gal(L/Q) = @ Gal(L;/Q), and hence Gal(M/Q) = @ Gal(K;/Q) =
(Z/pZ)"**. Clearly, Gal(M/Q) has a subgroup of index p which does not con-
tain Gal(K;/Q) for any 7 (for instance, one could take the subgroup generated by
(1,0,...,0,1),(0,1,0,...,0,1),...,(0,...,0,1,1) € (Z/pZ)™*'). The field K fixed
by this subgroup has index p over Q and is not contained in the compositum of any
proper subset of {Ky,..., K 11}

Lemma 6.2.2. The exstensions KK;/K are unramified.
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Proof. To see that infinite primes of K don’t ramify in K K;, note that both K and
K; are Galois over QQ (since they are subextensions of an abelian Galois extension).
Then, they must be either totally real or totally imaginary, but since they have odd
degree over Q and the number of complex embedding is even, K and K; must be
totally real. Then, its compositum K K; is also totally real, so infinite primes of K
don’t ramify in K K.

For the finite primes, note that the only finite prime of Q that ramifies in L; is g;.
Then, by Theorem 5.2.12, L/Q is unramified outside S = {q,...,qn+1}, and hence
so is any subextension of L. Therefore, K K;/K may only be ramified a the finite
primes q; of K laying over ¢;. If KK;/K was ramified at some prime gq;, then so
would be M/K. This would be a contradiction since M = K [[,, K, but KK;/K
are unramified at g; for j # i and then so is their compositum M/K. m

The fields K K; are unramified over K, so their compositum M is also unramified over
K. In addition M/K is abelian with Galois Gal(M/K) = (Z/pZ)". Then, we must
have M C H(K). Using again the correspondence between quotients and subgroups
of a finite abelian group, we deduce that Gal(H(K)/K) has a subgroup isomorphic to
(Z/pZ)™. This shows that p,(K) = dimg, (C1(K)[p]) > n (again, one could show that
the equality holds). For any n > 2 + 2,/p + 1, the field K defined above has infinite
p-class field tower and thus cannot be embedded in a greater number field with class
number 1.
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