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[7.3  Kato’s Euler System|




1 Motivation

Many arithmetic objects of interest in number theory can be attached L-functions. These are
meromorphic functions on the complex plane, and it is conjectured that special values of L-
functions (that is, the values of the L-function at negative integers) encode relevant arithmetic
information about the objects that they’re defined from.

For instance, if F is an elliptic curve over QQ, then we can attach to it an L-function L(FE,s),
given by analytic continuation of the following product:

L(E,s)=]] 713 -

Where A is the conductor of the elliptic curve, a, = N, —p and N, is the number of solutions of
the reduction of the elliptic curve modulo p. On the other side, the Q-rational points of E form
an abelian group, and the Birch and Swinnerton-Dyer conjecture states that

ords—1 L(F, s) = rankz(FE(Q))

A generalization of this conjecture to the case of an L-functions attached to a Galois represen-
tation is the Bloch-Kato conjecture. We will say something more about it in Section [7}

Much of the current progress for the proof of the Birch and Swinnerton-Dyer conjecture, or the
Bloch-Kato conjecture has been done using Euler systems and p-adic L-functions. p-adic L-
functions are variants of the classical L-functions: They’re analytic functions, but their domain
are the p-adic numbers Z,, instead of the complex plane. There are 2 ways to construct p-adic
L-functions. The first one is purely analytic, by interpolation of the special values of the L-
function. The second way uses Fontaine’s theory of (¢, I')-modules, the arithmetic of cyclotomic
fields and Iwasawa theory, and is closely connected with Euler systems.

One way to think about the role the different objects play is the following: We want to study the
connection between values of L-functions and arithmetic properties of a Galois representation.
But this is too difficult, so we study Euler systems, which are connected to both the L-function
(via the p-adic L-function) and the arithmetic of the representation. A diagram explains it better

Galois representation ——— L-function

l Jp—adic interpolation

Explicit reciprocity law .. .
Euler system —— = p-adic L-function

The purpose of this work is to study this circle of ideas in two situations, following [10]: For
the case of the p-adic Zeta function of Kubota-Leopoldt, which is the p-adic analogous of the
Riemann Zeta function, we construct with full detail the whole diagram: We define the p-adic
L-function by means of p-adic interpolation in Section 3| and we prove the explicit reciprocity
law in Section[6} For the case of L-functions attached to modular forms, we give the construction
of the p-adic L-function in Section [4 and in Section [7] we outline some details about the Euler
system and the explicit reciprocity law.



Section [2l and Section [5[ can be seen as the introduction of enabling tools: p-adic analysis, which
we need mostly for the construction of p-adic L-functions via interpolation, and the theory of
(¢, T')-modules, which is needed for the explicit reciprocity law.



2 p-adic analysis

This section contains an introduction to p-adic analysis. We introduce some important p-adic
concepts that we will need in the following chapters. We assume a certain familiarity with the
most basic concepts about p-adic numbers, like the first 2 chapters of [I8]. We work with spaces
of p-adic functions, whose properties can be formalized in the notion of a p-adic Banach space.

Definition 2.1. A p-adic Banach space B is a Q,, vector space with a lattice BY that is separated
and complete for the p-adic topology, B® =2 @n B /p"BO.

We define a valuation on B by vp(z) = sup,cz{n such that z € p"B°}. This integer always

exists because the fact that B is a lattice means in particular that B = BO[%].

Observation 2.1. We have the following properties:

i) vp(z +y) > min(vp(z),v(y))
ii) vp(Axr) = vp(A) +vp(x), for X € Q.

The examples of p-adic Banach spaces that we will deal with are those of functions over Z,.
For instance, C°(Z,,Q,) is a p-adic Banach space with lattice B = C°%(Z,,Z,) and valuation

vp(f) = infeez, vp(f(2)).

Definition 2.2. A Banach basis of a p-adic Banach space B is a family (e;);cs of elements of B
satisfying the following two conditions.

i) For every x € B, x = ), ; x;¢; in a unique way, with x; € Qp, z; — 0.
ii) vB ({L‘) = infie] vp(xi)

Before dealing with the classical structure of an analysis course (continuous functions, differen-
ciability, measures...), we introduce the p-adic version of the exponential and the logarithm, and
also the closely-related Teichmiiller character.

2.1 Teichmiiller character and p-adic exponential

Lemma 2.1. Z, contains exactly p — 1 (p — 1)-th roots of unity, and all of them are distinct
modulo p.

Proof. This is a corollary of Hensel’s Lemma. As Q) is a field, the equation f(z) = 2Pl —-1=0
has at most p — 1 solutions. Moreover, given 1 < a < p — 1, we have a?' —1 = 0 mod p by
Fermat’s Little Theorem. Therefore by Hensel’s Lemma, for every 1 < a < p — 1 there is a root
2q € Zy of zP~1 — 1 such that z, = @ mod p. O

Definition 2.3. The Teichmiiller lift is the map 7 : F; — Z; that maps every 1 <a <p—1 to
the only (p — 1)-th root of unity in Z,, z, satisfying that z, = ¢ mod p. The previous lemma
guarantees that it is well defined.

We define the Teichmiiller character as the map w : Z; — p,—1 given by reducing modulo p and
then taking the Teichmiiller lift.

Notation. In some places they use the term "Teichmiiller character" for both 7 and w.



Definition 2.4. We denote by (z) the character (o) : Zj — 1 + pZ, defined by z — R
It turns out that these characters are closely related with the p-adic exponential function, as we
will see next.

Definition 2.5. Let’s define exp : D — C,, by exp(z) = >.,50%;. This is called the p-adic
exponential, as it’s given by the Taylor series of the usual exponential map in R. However, it can’t
be defined on the whole C,,, as for it to converge we need s to be small enough to kill the p powers
that appear in n! as n — co. Therefore, the domain is restricted to D = {s € Cp|vp(s) > Zﬁ}

Analogously, we define the p-adic logarithm in terms of power series.

Definition 2.6. Let log : R — C, be the map defined by log(s + 1) = > 0%, (=1)"*!£.. The
domain of convergence is R = {s € Cpl|s — 1|, < 1}.

The domain of the p-adic logarithm is not the whole C,, but, unlike the case of the exponential,
it can be extended by the whole C,, using the following lemma:

Lemma 2.2. ([9], Proposition 4.4.44) C,, = p@ x j x R, where y denotes the set of roots of unity
of degree prime to p and R is the set in the definition of the logarithm.

Then, we can write every s € C, as s = p"wu and define log(s) := log(u). In addition, note
that if we restrict to Zy, log(s) € pZ, (this is given by the power series expression). Similarly,
exp(s) € 1+ pZj, for s € pZ,. Moreover, the maps exp : pZ, — 1+ pZ, and log : 1 + pZ, — pZ,
are inverses (c.f [11] for more details).

Proposition 2.1. i) w(z) = lim, e 2"
ii) (z) = exp(log(z))

Proof. i) By Fermat’s Little theorem, 2P" = 2 mod p. Moreover, (lim,, oo 27" )P = lim,, oo 27"
and so lim, s 2P" is a p — 1 root of unity such that is congruent to « modulo p, and by
Lemma 2.1] it is w(z).

ii) Let’s write x = w(z)(x). Then, by definition of logarithm, we have log(x) = log((z)). So,
taking exponentials, exp(log(z)) = explog({x)) = (x).

O

2.2 Continuous functions on Z,

We want to study continuous functions in the p-adic setting. What we will see is that this
p-adic Banach space has a basis, consisting of the binomial functions (Theorem . We will
explode this property, that simplifies a lot dealing with these functions, as every f € CO(Zp, Qp)
is completely characterized by a sequence of coefficients.

Definition 2.7. We define the binomial function (?) (for z € Z,) as

<x> )1 ifn=0
n) z(z—1)...(z—n+1) ifn>1

n!



Lemma 2.3. veo ((7)) =0

Proof. Since (') = 1, we have veo((%)) = infrez, vp((%)) < vp((1)) = 0. On the other side, if
z €N, then (¥) € N and so vp((£)) > 0. Therefore vp((¥)) > 0 for every @ € Zy, as N is dense
in Zy. O

Definition 2.8. Given f € C%(Z,, Q,) we define fI*! by

@) = f@) k=0

fE(z) = flE= (x4 1) — f=1(2) ifn>1
We denote a,(f) := f(0), and we call them the Mahler coefficients of f.

Proposition 2.2.

n

PGy = S0 () ot =)

k=0

Proof. We proceed by induction on n. The base case is simply the definition of fl!/ = f (x+1)—
f(x). Assume true the statement for n, and let’s prove it for n 4+ 1. By definition we have

Fri (@) = (@ 4+ 1) = fii(z)

Now applying the induction hypothesis, we have

n

Firtil(g Z <> (x+14+n—k)—
k

n

O(—U’“(Z)f(w bk =

k=0 =
:kno(—1)’“<2)f(:c+(n+1 +:§l () [+ (n+1) - k)

where we have let & = k + 1 in the second summatory. Then we can group the terms that are
different from 0,7 + 1 and we obtain

@) = fle+n+1 +Z fla+n+1)— k)((Z)—i—<k21>>+(—1)”+1f(x)

Now note that we have f(z+n+1) = (=1)°(¢) f(x+n+1-0) and (=1)"! f(z) = (=1)**! (n+1)f(x+
n+
k

n+1
(n+1)—(n+1))and (}) + (,";) = ( 1). In conclusion, we have the desired expression

n+1
i) = (" ) s+ ek - )



Observation 2.2. In particular, this proposition gives an expression for the Mahler coefficients:

1=0

Lemma 2.4. Let f € C%Z,,Q,). Then, there exists k € N such that
veo (fP)) > veo (f) +1

Proof. Using the result of Proposition we have that

pk—1
k

) = e 1)~ S0+ 3 - ( ) (pb— i)+ L+ (~17) f(a)

Where the last term is just a correction of the sign of f(z). Now note that v, (p:) > 1if
1 <i<pf—1and v,(l+ (=1)**) > 1 (if p # 2 this is 0 which has valuation oo and if
p = 2 this is 2 which has valuation 1). On the other side, since Z, is compact, and f is
continuous, f is then automatically uniformly continuous, and so for every ¢ € R, there exists
an N € N such that, when v,(z —y) > N we have v,(f(z) — f(y)) > c. Therefore, making k
greater, we can make v,(f(z + p¥) — f(z)) arbitrarily big, and so in conclusion, vp(f[pk](a:)) =

min{op(f(z + %) — (@), 0p(S0oy (=1 (%) £+ pF — i) + (1+ (=1)P") f())} and s0

veo (fP'1) > veo(f) + 1

Theorem 2.1. Let f € C°(Z,,Q,). Then, we have
i) limy, 00 Up(“n(f)) = +00

it) For every x € Zy, f(z) = > o gan(f)(5)
iii) veo(f) = inf,, vy(an(f))

Proof. First of all, we define Ioc = {a = (an)nen such that a,, € Q, is bounded }, with valuation
vl (@) = infpen Up<an)'

We claim that the map C%(Z,, Q,) — lo defined by f + a(f) = (an(f))nen is continuous, as
given f, g € C%(Zp, Qp), veo (f—g) = infzez, vp((f—g)(x)). On the other side, we have v;_(a(f)—

a(g)) = infpen vp(an(f — g)). But as an(f — g) = >io(=1)"(}) f(n — i) using the properties of
the valuation of the sum and Lemma we have vp(an(f) —an(g)) = min;eqo,.. ny f(n—1), and

50 v, (a(f) — alg)) = infpen f(n).

Therefore

If=gll, = pfvco(ffg) =p infoez, vp(f—9)(x) - P infrenvp(f—g)(n) — pfvzooa(f)*a(g) = lla(f)—a(g) i

Therefore Ve > 0,36 = € such that ||f — g[|, < ¢ implies ||a(f) — a(g)|le, so the map f — a(f) is
continuous and

v, (a(f)) = veo(f) (1)



Now we define 1, := {(an)nen € loo such that lim, ,o a, = 0}. It is a closed subspace of I,
as the map T : lc — R defined by (a,,) — limsup,, ||a, ||, is continuous, and 1, = T~1({0}), so
it is closed in ln,. By the same argument, B := {f such that a(f) € 1%} is closed in C%(Z,, Q,).

Now we define the morphism 1%, — C%(Z,,Q,) given by a — f, = > .°° a, (z) This is a well
defined map, as a,, — 0. Moreover

veo(fa) > inf(an (2)) = inf vy, = v (a) 2)

where the first equality is given by Lemma [2.3]
On the other hand, fyﬂ] =3 an+k( ) This can be shown by induction on k: The case k =0

x

n
is just the definition of f,. Assume that the statement holds for k£ and let’s show it for k + 1.
Indeed, f([zkﬂ] = f,gk] (x+1)— f(gk] () = 0 g(antk (xH) — (%)). The term n = 0 vanishes and

n n
so we have (letting n’ =n — 1)

> z+1 T > T
ft[zkﬂ] - Z (n/4+1+k ((n’ + 1) - <n’ + 1>> = ngoamkﬂ(n)

n'=0
where in the last equality we have used that (fli}) - (nil) = (7).

For every n we have a,(f) = f"/(0) = a,, and so a(f,) = a. Moreover, f — a(f) is injective, as
a(f) = 0 implies that f(n) = 0 for every n, but therefore f(z) =0 as N is dense in Z,.

Now let f € B. a(f) € 1% implies that [ = fa(r) = 0 because a(f — fqo(5)) = a(f) —a(f) =0, and
a is injective. So if f € B (i) and (ii) are immediately satisfied. We claim that B = C%(Z,, Q).
Using Lemma repeatedly, we have that, for every ¢ = veo(f) + k, veo (fI¥) > ¢. Therefore,
an(f) — oo, or, equivalently, f € B. This finishes the proof of (i) and (ii).

Finally, using Equation and Equation (2)), we have that v (a(f)) = veo(f), which proves
(ii). 0

Now let’s define the power functions on Z,, which will be needed to construct p-adic L-functions.
Definition 2.9. Let z € C, such that v,(z — 1) > 0. Then, we define 2% € C%(Z,, Q,) by
= (x
T . n
2% = nz:% <n> (z—1)

The function is well defined as it converges because v,(z—1) > 0. The notation is chosen because
it agrees with the usual power function with basis z, if x € N.

2.3 (C* functions

Let’s introduce the notion of differentiability in the p-adics. The usual notion of differenciabil-
ity in this setting fails to have some good properties (we will see this in Example . The
most natural notion in this setting is the one that we introduce below, sometimes called strict
differentiation.

10



Definition 2.10. Given f : Z, — Q,, we define f{(z) recursively as f{%(2) = f(z) and
f{l}(x, hl, hz, ce hz) = h% (f{z_l}(ili + hi, hl, hQ, ceey hi—l) — f{i_l}(l‘, hl, hg, cey hi—l))

Observation 2.3. fl# is an analogue of the derivation in C(R,C). In fact, if f: R — C is CF,
we have

f{l}(:v, hi,ho,..., hl) = / f(z) (:1: + tihq, ... ,tihi)dtl - dt;
[0,1]¢

Therefore, if f is C*¥, f{ is continuous and f(x,0,...,0) = f@(x). We use this fact to give

a definition of C* functions for f : Ly — Qp.

Definition 2.11. We say that f : Z, — Q, is C* if f1} can be extended to a continuous function
in (Zp)"™* — Qp, for every i < k.

By induction on 4, it is immediate to prove that, if f € C%(Zy,Qp), then vp(f{i} (x,h1,ho, ..., h;)) >
veo (f) = 2251 vp(hy)-

Example 2.1. We show that the definition of C* functions that we have given is not equivalent
to the usual one, and moreover, we show that the usual definition is not as good as the one
provided, as, for instance, there can be nonconstant functions with derivative 0. Indeed, take
f:Z, — Qp given by >0 pa, + > oo p*ay,. Then, we have v,(f(z) — f(y)) = 2vp(z — y)
and so the function is continuous, and f’(x) = 0 for every z. In consequence, f (k) = 0, and the
function would be C* with the usual definition.

However,

F2 b ) = h12 (f(a:+h1 +hy) = flz+h)  flz+h) —f(x)>

hl hl

And, therefore,

1 2p21’L —p2n p2n
70 = (e Py =0
p pr pr
f{2}(( B 1) n n n) B i p2n+1 +p2n _p2n+1 B p2n+1 _ (p _ 1)p2n B p2n+1 B
p p,pP D —pn o o _ p2n —p

Therefore, as n — oo, |(p — 1)p™| — 0, but f2((p — 1)p™, p™, p™) A f12H0,p",p"), and so it’s
impossible to extend this function continuously, and f is not C? in the strict differentiable case.

Definition 2.12. On the set of C¥ functions f : Zp — Qp, we define a valuation as ver(f) =
ming<;<g inf(x Bt oshi)EZI vp(f{i} (z,h1,...,hi)). This gives C* the structure of a Banach space.

Theorem 2.2. (Barsky) Let L(n, k) = max{zz-zl vp(nj),i < k,Y n; = n,n; > 1}. Then,
pL(n:k) (%) is a Banach basis of ck.

To prove Barsky’s theorem, we need a Lemma (which we don’t prove, it is essentially Mahler’s
theorem in n variables).

11



Lemma 2.5. (Mahler’s Theorem in several variables, c.f. [10], Theorem 1.6.6) Let g(zo,...,x;) :
Z; — Qp. We define the action ag»k] on g by ag.l]g(xo,...,a;i) = g(zo,...,xj +1,...,25) —

g(zo,...,z;), and ag.k] = ag.l] o-- -oagl] (the composition k times of ag.l}).Deﬁne also oy, 1, (9) =
k k
(ol allg)0,.. . 0).
Then, g : Z?Fl — C, is continuous if and only if ay, . x,(g) — 0 for all (ko,...,k;) = oo, and we
have
i) €T;
oo )= Y ako,...,ki(m(,fo) (k)

ko,...,k; EN

Reciprocally, if ag,, . x, — o0, then g defined by the expression above is continuous.

Proof. (of Barsky’s theorem) Denote by P, = ( ) We claim that

x
n

; 1 xo\ (h1—1 hi —1
Pilwo. by = 3 n<n><n—1><—1>

no+---+n;=n,nE>1

To prove the claim, let gr(x) = (1 + T)*. Then,

7 1 i—
g @) = [ 3 () gr@+ Y by | =
Lo\ pe (i) jel

i hj _
e [

j=1

On the other side, gr(z) = >_,5 ()T, so g}i}(:c) = >0 PT™. Therefore, equating the
same powers of T" in both expressions, we obtain the equality claimed.

After proving this claim, take a general f € CY(Z,,Q,), f = > n>0an(f) (%) by Mahler’s theorem.
Then, we have by the claim, f{3(zg,... 2;) = Yoo an(f)P{l{i}(xo, ...,x;). Now we define
Qni(zo, ..., 25) = Pil}(xo,arl +1,...,2; + 1) and gi(xo,...,2) = > pegan(f)Qn,. It’s clear
that f € C* if and only if g; is continuous for every i < k.

We have that ang,ny—1,...n,~1(91) = 225, @n(f)angni—1,.m,-1(Qni), with
0 ifns# Y
ano;nlfl,...nifl(Qn’i) = { " E],O j

P 4
o Afn=3on,

Therefore, by Mahler’s theorem in several variables g; is continuous if and only if ang n,—1,..n,—1(9i) =

a”“’"l_;’l‘f_’ﬁ;l(Q”’i) — 0 as n — 0o, and this must hold for every nq, ..., n; such that 23:1 n; =n,
i < k. This is true if and only if v,(a,(f)) > L(n, k), so p“(™*) is a Banach basis for C*. O

There’s also an easy characterisation of a function belonging to C* in terms of its Mahler coeffi-

cients, taking into account the fact that the asimptotics of L(n, k) is the same of k‘igg -

Proposition 2.3. The following are equivalent, for f =37 a,(f) ().

n

12



i)
i)

iii)

om0 an(y,) € CF. 1
limy, 00 Vp(ay) — kﬁi;

limy, 00 nk]an]p =0.

= OQ.

In particular, C* (Zy,Qp) becomes a Banach space with the valuation

2.4

ves(£) = inf {oulan) =7

neN

log(1+n)
log p

Analytic and locally analytic functions

Lemma 2.6. Let (an)nen, with a, € C, such that vy(a,) — oo. Let f =" a,T". Then,
we have

i)
ii)

iii)

ii)

iii)

After

If 2o € Oc,, k) (o) converges for every k, and limy_, oo vp(f(k) (z9)/k!) = o0.

Given zg, 1 € Oc,, f(z1) =Y 0", %(wl — x0)", and inf, v, (%) = inf,, v,(ay).
infvp(an) = infzeo., vp(f(2)) and vp(f(x)) = infvp(an) almost everywhere (outside a
finite number of z; 4+ mc,).

i) % = Z;’ioam("ik)T” For T' = =, vp((”Zk)) = 0, vp(ag) = 0, and so
|1k (”;:k) x| — 0 and the sequence converges. Moreover, as v,(xg) > 0, we have

(k) (n)
Up (fkk('l‘o)> > inf vp(ay,) = inf v, <fn'>

Write x1 = (21 — x¢) + 21, and so we have

flan) = f::o _ f; Zj (1) sty = (f} w(}) 0k> (01— a0)*

k=0 \n=0

But we know that Y ° ap (Z)ngk = %, hence the result. Moreover, exchanging 0
and x¢ we have inf, v, (%) = inf,, v,(ay).

For every o € Oc,, vp(z) = 0, so we have inf vy(an) < infzeo., vp(f(2)). Therefore it’s
enough to find an z satisfying the equality. As lim, o vp(an) = 00, there exists an ap,
such that inf v,(a,) = vp(an,). Therefore we can divide everything by a,, and assume that
inf vy (a,) = 0.

Let f(T) be the reduction of f modulo mc,. If z € Oc, doesn’t reduce to a root of f, then
(f)(z) # 0, which happens if and only if v,(f(z)) = 0.

Therefore the equality inf vy(an) = infzeo, vp(f(x)) holds for z, so it holds for all but a
finite number of z 4+ mc,, and in particular infvy(as) = infzeo., vp(f(@))-

O

this introductory result about power series and convergence in the p-adics, we introduce

the notion of analytic p-adic function, which is completely analogous to the usual one.

13



Definition 2.13. Denote D(zg,r) = {z € Cplvp(x — x¢) > r}. We say that a function f :
D(zg,7) = C, is analytic if f(x) =3, £ (o) (z — 20)™

n!

Observation 2.4. 5 > 0) (x —x0)"™ converges if and only if v, (fnr(ffo)) +nvp(z—x0) — 0.

But in D(xg,7) we have vp(x — xp) > r, so the formal sum converges in D(zg,r) if and only if

(n)
Up (f (x0)> +nr — oo

n!

This motivates the following definition.

Definition 2.14. The set of analytic functions f : D(zg,r) — C, forms a Banach space with

valuation .
Uig}(f) = i%f { <fn('5130)) + nr}

Now we introduce the notion of locally analytic function.

Definition 2.15. Let h € N. The space LAy (Zy,Q,) is the space of functions whose restriction
to xp + pth is the restriction of an analytic function f, on D(xg,h), for every zo € Z,. This
is a Banach space with the valuation

VLA, (f) = i:{}f Ua{cg}(fwo)

It is immediate from the definition that every function in LA}, can be written as

ph—1

f(@) = jz;) J+pth Zakg <H>

e, — ‘]

The following result gives another Banach basis of LAj that is more manageable.

Theorem 2.3. The functions Lﬁ(i)J are a Banach basis of LAy,.

For n = mp" —i, and 1 < i < ph.

The proof is quite long and is essentially managing the expressions of e, and Lﬁ (£)]. See [10],
Theorem 1.7.8.

Definition 2.16. Let LA = {locally analytic functions on Z,} = U, LAy, be the set of locally
analytic functions. It’s not a Banach space, but an inductive limit of Banach spaces.

In particular, we observe that a sequence f,, — f is in LA if and only if there exists an h such
that for every n, f, € LA, and f,, — f in LAy. As a corollary of Theorem and using the
fact that %Up(l_]%(i)J) ~ m, we have the following result

Theorem 2.4. The function f =3 " an (;’“;) is in LA if an only if there exists r > 0 such that
vp(an) —rn — oo.
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2.5 Measures and distributions

Definition 2.17. A distribution on Z, with values in a p-adic Banach space B is a continuous
linear map

w: LA(Zy,Qp) —B (3)

f —u(f) = i f(@)u(z) (4)

We denote by D(Z,, B) the set of distributions on Z, with values in B.

Definition 2.18. A measure on Z, with values in a p-adic Banach space B is a continuous linear
map

p:C(Zy, Qp) —B (5)

f —u(f) = | f@)u(z) (6)

Zyp

We denote by Dy(Zy, B) the set of measures on Z, with values in B. It is a p-adic Banach space

with valuation
upy (k) = inf ( ( /Z p fM) - vco(f))

Observation 2.5. The definition of measure that we have just given is equivalent to the one
given usually in calculus courses, i.e, as an additive function on the set of compact open sets of
Zp. See for instance [16].

Definition 2.19. A distribution p is a distribution of order r on 7Z, with values in a p-adic
Banach space B if it extends to a continuous linear map

p:C(Zy, Q) —B (7)
f —u(f) =: i f(@)p(x) (8)

We denote by D,(Z,, B) the set of measures on Z, with values in B. It is a p-adic Banach space

with valuation
! = i f / — T
vp, (1) flgcr (Up ( - fﬁ‘) ve (f))

Moreover, denote by LPIN the set of locally polynomial functions on Zy, of degree no more
than N. We have the following result, that will be needed in Section [d] The proof is skipped,
because it’s tedious and not very enlightening, but can be found in [10], Theorem 1.9.7.
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Theorem 2.5. Letr >0, N >r. If f— fzp fu is a linear function from LPION to a Banach

space B, such that 3C
w( [ @—app)zc+-nn
a+p"Zy

for every a € Z,, n,j € N, then u extends uniquely to a distribution of order r.
P J
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3 p-adic zeta functions of Kubota-Leopoldt

The aim of this chapter is to construct a p-adic zeta function: An analogous of the Riemann Zeta
function but with p-adic domain instead of C. We will do this by interpolating the Riemann
Zeta function at its special values. However, this can’t be done with whole generality, and we
will have to make some slight modifications to ¢ in order to be able to interpolate it p-adically.
All the construction is explained in detail in [I0].

We will also construct p-adic L-functions attached to Dirichlet characters, which are a gener-
alization of the case of the Riemann’s zeta function. The reference we follow for this second
method is [22].

3.1 Introduction: The Riemann Zeta function

Let

+o0
C(s) = Zn_s = H ! — if Re(s) > 1
n=1

1—
p prime p

The second expression of ¢ as a product is called an Euler product.
Recall that the gamma function I is the analytic continuation to C of T'(s) = [ e~ t°d. We

also have n™* = ﬁ f0+oo e*”tts%, and therefore

+o0 +00

1 s dt 1 [t 1 dt
— n tsi — tsi
) =13 /0 ;e P /0 1'%

The following lemma guarantees that ( can be analytically continued to C.

Lemma 3.1. Let f: Ry — C be a C* function on Ry, such that lim; 4 t" f(t) = 0 for every
n € N. Then, L(f,s) defined for Re(s) > 0 as

+00
e

has an analytic continuation to C, and we have
L(f,—n) = (=1)"f"(0)

Proof. First note that, to prove that L(f,s) converges for Re(s) > 0, it’s enough to show that
oo g (t)ts% converges, as ['(s) given by an expression of this kind, for f(¢) = e™!. Indeed,

0
400 1 +00
e = [ roes [ roed

The first integral is over a compact set, so we can bound f(¢) on it, and the result is finite. The
second integral converges by the condition lim;_, 1 t" f(t) = 0.

0

17



Now, to show that L(f,s) defines an holomorphic function for Re(s) > 0, we can use Morera’s
theorem. It states that a continuous, complex-valued function on an open set D such that

§7 f(2)dz = 0 for every piecewise closed path « on D is holomorphic on D.
Then, if we consider the function s + [;7° f(¢)t*%, we need to show that ¢, [ frdt =

0. But by Fubini’s theorem we can exchange the order of integration, and using that t° is
holomorphic, the equality holds. In conclusion, L(f, s) defines an analytic function on Re(s) > 0.

Now, using integration by parts, we get

[ et =[r0l] -1 [ e

t s o S t

Now, multiplying by 1/T'(s), we get

1 [t a -1 [t dt
L == O — = ‘T = = —L(f' s+ 1
R =5 [ 00T =g [ ot = -1ty
This equation allows us to extend L(f,s) to Re(s) > —1, by setting L(f,s) = —L(f’,s + 1).
Repeating this argument recursively, we can extend L(f, s) by analytic continuation to the whole

complex plane, and we have

L(f7 S) - (_1)nL(f(n)78 +n)

And so, to prove that L(f, —n) = (—1)"f"(0) we only need to show that L(f,0) = f(0). But

L(f,0) = —L(f' 1) = /0 " f0yde = £(0)
O

Now let f(t) = 15 = >.°°, B,L;, which satisfies the conditions of the lemma above. The

P e
coefficients B,, are called the Bernoulli numbers.

Theorem 3.1. ((s) has a meromorphic continuation to C, which is holomorphic except for a
simple pole at s = 1 with residue L(f,0) = 1. Moreover, ((—n) = % € Q.
Proof. We just have to use Lemma applied to f(t), and note that ((s) = ﬁL(f, s—1). O

Definition 3.1. The analytic continuation of ((s) is the Riemann Zeta function.

Observation 3.1. The fact that ((—n) € Q implies that it makes sense to try to interpolate
p-adically the ¢ function using its special values. However, note that it won’t be possible to
interpolate it straight away, and we’ll have to introduce some modifications. The most obvious
one is due to the fact that -

>

n=1

is p-adically divergent: For arbitrarily big n, we can find a power of p that is greater than n, so
the terms of the sum don’t go to zero, and the sum diverges. To address that, we will interpolate
¢ with the Euler factor at p removed, that is, (1 — p®){(s) instead of (.
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The result by Kubota and Leopoldt that we want to prove is the following theorem.

Theorem 3.2. Let p be a prime andi € Z/(p—1)Z (ori € Z/2Z if p = 2). Then there exists a
unique Cpi : Ly — Cp, analytic on Z,, such that (pi(—n) = (1 —p"){(—n) if n = —i mod p — 1.

This result might be confusing at the beginning, as it doesn’t seem to be what was expected as
an interpolation of the Riemann’s zeta function. It claims the existence of several several p-adic
functions, and each one interpolates the special values of some congruence class modulo p — 1.
This is necessary, as it is not possible to construct a single p-adic function that interpolates
all the special values of (1 — p*)((s) at the same time. The reason behind this is explained in

Section 3.4l

3.2 [L-functions attached to Dirichlet characters

In fact, the construction that we have outlined of the Riemann Zeta Function can be generalized
to the case of L-functions attached to a Dirichlet character.

Definition 3.2. A Dirichlet character is a multiplicative homomorphism
X : (Z/nZ)" — C*

Definition 3.3. If x : (Z/nZ)" — C* is a Dirichlet character, and n | m, then x induces a
character mod m via the composition with the projection (Z/mZ)* — (Z/nZ)*, so x can be
thought as defined on any multiple of n. Reciprocally, a character mod m satisfying x(a+n) =
x(a) for every a € (Z/mZ)* is induced from a character mod n. Therefore, for every character
there is a minimal integer f, such that x is defined mod f,. We call it the conductor of x, and
we say that ¢ is primitive when we think of it as defined mod f,.

We can define the product of characters
X : (Z/lem(fy, f)2)" — C*

by x¢(a) = x(a)é(a).

Observation 3.2. Via the isomorphism Gal(Q({,)/Q) = (Z/nZ)*, we can identify Dirichlet
characters with Galois characters. This identification allows to use Dirichlet characters to prove
important results in the arithmetic of number fields. See for instance chapter 3 in [22].

Now let’s construct the L-function associated to a Dirichlet character. Let x be a Dirichlet
character of conductor f,, and define the L-series associated to the character as

— x(s)

L(sv X) =

n=1

which converges for R(s) > 1. Notice that if we set x to be the trivial character, we recover the
definition of the Riemann zeta function. We can use the same strategy as we’ve done for the
Riemann’s zeta function to prove that it can be analytically continued to the whole C.
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Proof. Let
Ix
ft) =

a=

at

x(a)te
- efxt — 1

Now, we have

> X(TL) 1 > s - —nt dt
Z ns :F(S)/O t (Zx(n)e >t

n=1 n=1
But as x has conductor f,, we have x(a + nf,) = x(a), and therefore we have

o0

fx oo fX 1
—nt __ at —fynt _ at
doxme™™ =3 x(a)e™ Yy eThM =3 x(a)e"
n=1 a=1 n=1 a=1

Then, we have that L(s, x) = ﬁL(f, s — 1), and so L(s, x) has an analytic continuation to C
by Lemma O

Definition 3.4. The generalized Bernoulli numbers are the values defined by

Ix x(a)te™ > B "
a=1 efxt —1 Z Xl

n=0

Notice that L(—n,x) = _i’rll’x € Q(x), that is, Q adjoining the values of x. But as x is a

Dirichlet character, then its values are algebraic. Therefore we have that L(—n,x) € Q C Qp,
so it makes sense to try to interpolate p-adically L(s, x) using its special values.

Observation 3.3. L(s, x) also has an Euler product, given by

L(37X):H1_ !

1= x(p)p~*

The result that we will prove is the following one:

Theorem 3.3. Fiz a prime p and let g =p if p # 2 and ¢ = 4 if p = 2. Let x be a Dirichlet
character of conductor f, and let F' be a multiple of ¢ and F. Then, there exists a p-adic
meromorphic function Ly(s,x) defined on {s € Cp||s| < gp™"/®P~D} such that

B

nfl) n,xw—"

Lp(1=mn,x)=—(1—xw "(p)p "

Where w denotes the Teichmiiller character. Moreover, Ly, is analytic except for x = 1, when L,
has a simple pole at s = 1.
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3.3 Measures and the Amice Transform
Definition 3.5. The Amice transform is defined as the map

A : Do(Zp, B) — BJ[T]] (9)
" 1) = 3T [ (2)n (10)
Lemma 3.2. If v,(z — 1) > 0, then A,(z — 1) = pr 2% p(x).

Proof. z° = %>° (2 — 1)"(¥) converges normally in C°(Zy, Q,), and we can interchange sum
and integral. O

Theorem 3.4. The map p — A, is an isometry (distance preserving isomorphism between
metric spaces) from Do(Zy,,Qp) to the space

{Z b, T", by, bounded and b, € Q,}
n=0

where the valuation in this last space is giwen by v (3,2 bpT") = infpen vp(by).

Proof. First of all, if b = (b, )nen is bounded, the measure pp, given by f — > o7 a,(f)by is
well defined (by Mahler’s Theorem, as an(f) — 0, >_,° ; an(f)bn converges). Then we have, as

an((7)) = dni

=20 [ (= (v () - 20

This proves that p — A, is surjective.

On the other hand, given a measure p, we have A, = > > T"b, with b, = fzp (fl),u Now py is
defined by
> x > x
o a) [ (D= [ Sain(Z)a=[
nZ—O ( ) Zyp n Zyp nz—() ( ) n Zp

And we can exchange sum and integral in the last equality as we know that Y a,(f) (fL) converges.
Therefore, the map p +— A, is injective, and its inverse is b — fi,.

Now let’s see that the map preserves distances. Let A, = > 7 by (p)T", with by (u) = pr (i)u
Then, we have, using the definition of the valuation vp,,

(b)) = 0,0+ v () = vy 1)

Therefore we have the first inequality v(A,) > vp, (1)
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On the other side, we have

neN

Up (Z bnan(f)) > inf vp(bn) + vp(an(f)) =
n=0

> inf (0,(ba) + inf 0y(an(F) = v(4,) + v ()

Therefore vp, (up) = inf r2o vy (pr be) —veo(f) > v(A,), if welet b= (by) given by > 02 b, T" =
A, Therefore p;, = p and we have shown the other inequality. In conclusion,

VA, = UD, ()

O

Now we proceed to define some operations that we can do in the space of measures. The most
important ones, which play a key role in the theory of p-adic L-functions, are the actions of the
operators ¢ and .

Definition 3.6. ¢ : Dy — Dy is the operator defined by
(o DO — DO
()
fr— / f(px)p
Zp

1 : Dy — Dy is the operator defined by

Ib : DO — DO
()

f+—>/ f(z/p)u
p.

ZP
Analogously, we define the operators ¢, ¢ in the space {> -2 ,b,T™} as
p(F)(T) := F(1+T)"—1)

and

GE(A+TY 1) == 3 F((1+T)z 1)

p zP=1
The following result gives the basic properties of these operators.

Proposition 3.1. i) Ay = ¢(Ay) and Ay = P(AL).
i) Yop=1Id
iii) ¥(u) =0 <= p has support in Zj,.
iv) Reszs(p) = (1 —p)u
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Proof. The only nontrivial statement is the first one. Indeed, Ay, (T) = > 2 T" fzp P\ =
foy S0 T () = fy (1+ T = Au((1+T) — 1),
On the other side, Ay (T) = >, T" vz, (x/p)u = fzp 1% S o1 25(1 4+ T)®/P. Therefore,

n=0 n

AL+ TP = 1) = [, 35, 204 T) = LY, Au(14+T)z — 1), =

There are some other operations that can be made on measures and it’s worth defining them.

i) Multiplication by a function: Given f € C°(Z,,Q,), and u € Do(Z,, Q,) we can define
fu € Do(Zp, Qp) by

/gmqmaémmmm

ZP P

For instance, if we let f(z) = 2% such that v,(z — 1) > 0, and y such that v,(y — 1) > 0.
Then, [, y*(2"p) = [; (y2)*n = Au(yz —1).

ii) Action of I': Let I' = Gal(Qp(pp=)/Qp)). Let x : I' — Z; be the cyclotomic character.
Given v € ' and p € Dy we define yu by its action on each f € CY

%ﬂwwﬁéjwww

iii) Convolution: Given A, 1 two measures, we can define its convolution as
fl@)dxp = / ( flx+ y)u(%)) Ay)
ZP ZP ZP

This gives a product in the space of measures. In fact, it can be seen that the Amice
transform gives not only an isomorphism of vector spaces, but also of Z, algebras when
we take the usual product in {> 2 b, 7™} and the convolution in Dy. (See [19], Theorem
2.11).

3.4 The p-adic zeta function

After introducing the basic concepts, this section is dedicated to proof Theorem [3.2
Lemma 3.3. Let a € Z;,. Then, there exists a measure A\, € Dy such that

1 a
A==

Proof. Note that, as a consequence of Theorem it’s enough to show that % — W belongs

to Zy[[T]], with bounded coefficients. Indeed, using that (1 +7T)* —1 =Y, (¢)T™, we have

n=1

1 a 1 1 Ty e ()T T
T (1+T)e—1 T TYX ol ()Tt T2y o 1(Y)Tn!
_ Yo ()T
I O

(11)
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But, as (Cl”) = a, then the expression in the denominator has constant term 1, so it is invertible in
Zp[[T]] (see [3], Exercise 1.5), and its valuation is 0. Therefore, 7 — a1 € 2 »|[T]], and the

coefficients are bounded (as the coefficients of the numerator have valuation 0 and in particular
are bounded, and the denominator is a unit). This proves the existence of the measure \,. [

Proposition 3.2. For every n € N, we have
[ = (-0m = atg(-n)
ZP

Proof. Choose a € R* | and let T = €' — 1. Then, we define f,(t) = Ay, (T) = 5 — &

et—1 eat—1-°

Then f,(t) is C* on R, and exponentially decreasing, so, using Lemma we have that

_ sdt 1—5 s
Llfars) = / FaOF S = (1= a=)G() )
O = (B or) = (10— ()

As the last equation is true for all naturals, it is also true if we take a € Zj, and therefore to
conclude the proof of the proposition it’s enough to show that we have pr 2" Ag = f2(0). Indeed,

/Zp e = <;t) ( /Z emAa) =0 = <jt)nAAa(et — Dle=o = £3/(0)

Observation 3.4. The result of this last preposition is a step towards our result: We have

related a p-adic expression with the special values of the Riemann zeta function. We would like

to extend the map n — fZ z" )\, to a continuous function in Z,. However, this is not possible in
P

O

general, as n — pr x" )\, is not p-adically continuous, unless we restrict to a single class modulo
p — 1. This is proved in the following theorem.

Theorem 3.5. (Kummer’s Congruences) Let a € Zy, and k > 1 (k > 2 if p=2). Letni,n2 > k
such that ny = ny mod (p — 1)pF~t. Then,

(1 —a'*™)((=ny) = (1 —a'™™)¢(—ny) mod pF

Proof. From the last proposition, and the fact that n; = ny mod (p—1)p* (and so in particular
they’re congruent modulo 2) we have that

(1= a*™)¢(—my) — (1 — a*™2)¢(—ng) = (~1)™ / (™ — "2,
7

P

Moreover, from the definition of the valuation in Dy, we get the following inequality

Up </Z ™ — a:"2> > Upy(rg) T Voo (2" — 2?)
P
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We know from Lemma that vp,(»,) = 0. Therefore, as v,((—=1)") = 0, we have v,(1 —
a1 (=n1) — (1 — a*™)((—n2) > veo(z™ — 2™2). Therefore it’s enough to show that for
an arbitrary z, we have v,(2"™ — 2) > k. Indeed, there are 2 possibilities: If z € pZ,, then
vp(2h), vp(a™) > k, as ni,ny > k, and so we have v,(z™ — 2"2) > k. On the other side, if
T € Z,, then using that Z./p*7Z has order (p—1)p* and ny —ns is a multiple of (p — 1)p* we have
that 2™ — 2" = z"2(2z™ "2 — 1). But modulo p¥, 2™~ "2 = 1 s0 2™ — 2™ is 0 modulo p¥, i.e
vp(z™ —2"?) > k. O

However, we want to build a function that interpolates ¢(—n), instead of (—1)"(1 —a'*")((—n),
so we need to remove the dependency on a € Z;,. It turns out that this can’t be done preserving
continuity, unless we remove the Euler factor of  at p, which we can do by restricting the integral
to Zj. This is in agreement with the discussion in the introduction of this chapter, where we
already pointed out the need to remove the Euler factor at p to be able to interpolate (. We'll first
study the restriction to Z; and then justify in Observation that this grants p-adic continuity.

Proposition 3.3. 1(\;) = Aq.

Proof. We only need to show the same on the Amice transform of A,. Let 7, € I" be the inverse
of a by the cyclotomic character x : I' — Zj, that is, x(7a) = a. Then, we have

1 1 1
AAGZT—a(l-FT)a—l:T—a’ya(T)

Moreover, we claim that ¢(4) = +. Indeed, let F(T) = v(4). Then,

zP=1 2P=1n=0
== (1+T)n= 1+T)y—1

n=0
In conclusion, 1(4) = F(T) = 7 as claimed.

Therefore, as I' and 1 commute,
1 1 1 1
o) = () = (7)) = 7o () =

Corollary 3.1. %) Reszz(Aa) = (1 —p¢)Aa = (1 — p)Aa
i) Jgs 27" N = [z, 2" (1= 9)Aa = (=1)"(1 = ") (1 = p")¢(—n)

Observation 3.5. ([16], pg 44, Theorem 7) If p — 1 1 ny and nj,ng are such that n; = no
mod (p — 1)p¥, then

(1 —p")¢(=n1) = (1 — p™)¢(—n2) mod pk+1
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In other words, for natural numbers that are congruent modulo p — 1, the map
1
n— (1 —-p")((—n) = gl /Z* " Ny
D

is continuous.

Finally, we extend the function n — 1—41% fz* "\, to the whole Z,. It turns out that there
D

isn’t a unique way to construct this extension. This is a consequence of the following: To
extend fz* 2" \g, it seems natural to try to do it by exchanging " by z°, for every s € Z,.
p

However, this won’t work, as the definition that we have for z° (see Deﬁnition only works if
vp(z—1) > 0. In a second attempt, we can try to extend ™ as exp(slog(x)), which is well defined
as log(x) € pZ,, but this doesn’t exactly give z°, but (z)® (see Section this is explained).
This gives an intuition of why are there p — 1 different ways to extend this function. Moreover,
Observation also points in this direction, as we have only showed that n — H#Hl fZ; " A

is continuous for n € N that are congruent modulo (p — 1).

As we see next, the existence of these extensions is a consequence of Leopoldt’s I' Transform.

Proposition 3.4. If A is a function on Z;, let

® = p1p—1 be the set of p — 1 roots of unity in Z,, and ¢ = p, if p # 2.
e p={xl}and g=4if p=2.

Then, there exists a measure F(;) on Zy, the Leopoldt’s Transform of A, such that
[ wlar@ne = [ wrP) = Ao - 1)

zZ Zp A
Where u =1+ ¢, w(z) is the Teichmiiller character, and (r) = —F=.

*
p

Proof. By additivity of the integral, we have

| @@ =Y @ [ @ -

» ecp €+qZyp
=Y w0 [ (e
GEM 1+qu
Where v.-1 € T is such that x(y.-1) = €. Now observe that we have an isomorphism « :
1+ qZ, — Zj defined by z +— y = }gggg (c.f Section , and so for an arbitrary f, we have

F@)an(reiA) = / Fa(z)) 71\
Zp 14+qZyp

Now note that (x)® = exp(slog(x)) = exp(sylog(u)) = u®¥. Therefore, setting f(z) = (xe)®, and
noting that log(e) = 0, and therefore f(x) = (x)®, we have

S @ [ @) =Y w@ [ wa.ei@)

€Ep 1+qZp €eEp Ly
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In conclusion, we can set Fg\i) = eeu w(e) o (-1 A(2)). O

As a Corollary, we can finally prove the main Theorem for this chapter.
Definition 3.7. (p-adic zeta function) We define the p-adic zeta function as
i = T @@ @) Ml
P Tl ) Sy :

Corollary 3.2. (Theorem[3.3) Let p be a prime and i € Z/(p — 1)Z (or i € Z/2Z if p = 2).
Then there exists a unique Cp; : Z, — Cp,, analytic on Z, such that ,;(—n) = (1 — p™){(—n) if
n=-—i modp—1.

Arg\i) (u=*-1)

Proof. Indeed, (p; = T =@y T=s by Proposition Therefore, (,; is continuous where the

denominator doesn’t vanish, because A (u™*

—1) is continuous. This is ensured when w(a)! =% #
A

1,i.e i # 1. For i = 1, there is a simple pole at s = 1.

Moreover, if n =4 mod (p — 1), then

Gl =) = T L @)@ @) =

P

1 w(a)11+n<a>1+n /Z w(@)™(x)" Aa(z) = (1 = p")¢(=n)

*
p

This proves the existence of (;,. Uniqueness is trivial, as the set n € N such that n = i

mod (p — 1) is a dense subset of Z,. Finally, to show analycity, recall that v = 1 + ¢ and

so vp(Apm (u™® — 1)) > n. In particular, using Theorem [2.4, we get that (p; is analytic on
A

neighbourhoods small enough. However, it’s not true that ¢,; admits a power series expansion
that converges in the whole Z,,. O

3.5 p-adic L-functions attached to Dirichlet characters

We could generalize the whole last section to the case of the L-function associated to a Dirichlet
character. Indeed, one can show that for x # 1, taking py,a primitive f,-th root of unity, and

defining
fx—1

1 X *(a)
ft) = — -
ST a2 e -1

We have L(s, x) = L(f,s), and so we can define

1 )
Fy(T) = —— —
VD) = S s 2 T ) -1

Then, we can repeat the same arguments, find that 3u, € Dy(Z,, Qp) such that

Ay (T) = Fx(T)
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And so we have that

/Z z"py = L(—n, x)

P

Following the same arguments of the last section, we can then build Ly(s, x) such that L,(—n, x) =
(1 — x(p)p™)L(—n, x). A detailed explanation of this can be found in [I2]. Note that, in this
situation, if we assume x # 1, we have that F\(T") doesn’t depend on any choice (in contrast
with l — (H—fﬁ’ which depended on the choice of a € Zj). This is because the natural choice
of power series for the case of Riemann’s zeta function would have been , but we had to adapt
it as this doesn’t belong to Z,[[T]].

However, instead of proceeding this way, we will now follow a different approach, explained in
[22]. Our goal is to prove Theorem
Definition 3.8. The Bernoulli polynomials are the polynomials B, (X) defined by

teXt e tn
e —1 Bn(X)

n=1

n!

From the definition, it’s immediate that B, (X) = > (})B;X" "

Proposition 3.5. Let x be a character of conductor f, and let F' be any multiple of f. Then,

By =F"" 1Zx n(a/F)

Proof.

53 m (£) = 153 am (£) £ -

n=0a=1
F 1 Ftela/F)Ft F tela/F)Ft
Z F eFt _ 1 = X<a) eFt _ 1
=1 a=1

If welet g = F/f and a = b+ cf, we can rewrite the last expression as

S te(b+‘3f )t ! tebt

/
22 X0 = 2 X
b=1 c=0 b=1

o

Then, comparing the equal powers of ¢ in the first and last expressions, we get

By = F"" 1Zx n(a/F)
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Definition 3.9. We define the Hurwitz zeta function as the analytic continuation of

C(s,b):i(l R(s) > 1,0 < b< 1

Note that we can express the L-function of a character x in terms of Hurwitz zeta functions:

o0

00 f
o) =20 =3 M@ = zx 17 (s,0/0)
a=1

n=1

The same argument is used in the following definition.

Definition 3.10. Given F' a positive integer, 0 < a < F' and s a complex variable, we define

_ S _ = 1 _ —S a
e ) _mazr:nod Fm —;)W - C<S7 f)
H satisfies that » F"B, 1 (a/F)
—n,aF) = Tl €Q
This is a consequence of the special values of the Hurwitz zeta function, {(—n,b) = —Bf;jrll(b).

See for instance [2], Theorem 12.13 for a proof of this fact.

Now our first objective is to construct a p-adic analogue of the function H. To do so, we will
need a lemma first.

Lemma 3.4. (von Staudt-Clausen theorem) Let n be an even positive integer. Then,

n+z

(r—1) In
Proof. We claim that, for every prime p, either B, = *71 mod Zy, if (p—1) | nor B, =0

mod Zy, if (p — 1) t n. We prove the claim by induction. The case n = 0 is trivial. Let’s assume
that the claim holds for m < n and prove it for n. We have, by Proposition 3.5 that

p
Bn = Bn,l = pnil Z Bn(a/p)

Using the expression of Bernoulli polynomials in terms of the Bernoulli numbers, we have
b= 23 () menr = 23 () omae
a=1 j5=0 a=1 j=

By induction, we have that pB; € Z,, so the sum modulo Z, results as

By, =Y pBoa"p~? + npBia"'p~ + pBp"
a=1
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Note that By =1 and By = —1/2. Then B; € Z,, if p # 2, and if p =1, as n is even, nB; € Zs.
Therefore the second term is zero mod Zj,, and we have that

n:{ppl 1f(p—1)|n

—~
[l

|

i}

i

_
~—
oy

3

If

| —
()=
Q

0 if(p—1)tn

Since 1 —p"~1 =1 mod p, the claim follows.

Now B, + Z (p-1)ln » p is in Z,, for every p, so prime p, so there are no primes in the denominator,
and so it must be an integer. O

In particular, this lemma tells us that the denominators of the Bernoulli numbers do not contain
repeated powers of any prime. Now we can construct the p-adic analogue of H.

Theorem 3.6. Let q | F and p{a. Then, there exists a p-adic meromorphic function Hy(s,a, F')
defined on {s € Cp||s|gp™/ P~} such that

Hy(—n,a,F) =w '""(a)H(-n,a, F)

In particular, if n = 0 mod (p — 1), or mod 2 if p = 2, then Hy(—n,a,F) = H(—n,a, F).
Moreover, H is analytic except for a simple pole at s =1 with residue 1/F.

oS )

Jj=0

Proof. Let

Hp(sa CL,F) =

Note that we only have to prove that the infinite sum converges p-adically, as the rest of the
statement is immediate. Indeed, we have

Hy(1—n,a,F) = ;;( >n§<?>3j <I;>J

Multiplying and dividing by (%)n and rearranging the terms, we get

Fn—l -n
H,(1—-n,a,F)= —7(;; @ By (%)

Moreover, at s = 1 we have residue

Now let’s prove the converge. By Lemma the Bernoulli numbers have at most 1 factor p
at the denominator. Moreover, as ¢ | F' and p { a, we have that |B,(F/a)/| < q%. So, taking

r<1/q, 337 (‘;) Bj(F/a)’ is a Mahler series satisfying the conditions of Theorem and so it
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is locally analytic. Moreover, we can say more about the radius of convergence, and ensure that
this Mahler series will be analytic on

{s € C, such that |s| < qp /=y

As gp~ /=1 > 1, this is the same set as

{s € C, such that |1 — s| < gp~¥/®P~1}

Therefore, the series

S (') By

§=0
converges, and so does H)(s, a, F). O

As a consequence, we can prove the desired result.

Theorem 3.7. Let x be a Dirichlet character of conductor f and let F' be any multiple of
f and q. Then, there exists a p-adic meromorphic (analytic if x # 1) function, Ly(s,x) on
{s € C, such that |s| < qp~"/P~D} such that

B

n,xwfnfl

—n—1
( n+1

Lp(—n,x) = —(1 — xw »)p")

If x =1, then Ly(s,1) is analytic except for a pole at s = 1, with residue (1 —1/p). In fact, we
have the formula

Proof. We just have to show that the formula provided for Ly(s, x) satisfies the requirements.

Note that
F

LP(57X) = Z X(G)Hp(s>a>F)
a=1,pta

Therefore the convergence and analycity statements are automatically satisfied by Theorem [3.6]
At s =1, it has residue

which is (1 — 1/p) for x = 1. In the case x # 1, the value of the sum can be rewritten (summing
over all a and removing the multiples of p) as

F/p

1 1
=2 x(@) == > x(pb)
a=1 b=1

31



Both sums are zero, so Ly(s, x) doesn’t have a pole at s = 1 if xy # 1. Now it only remains to
compute the values of L,(s, x) at negative integers. Indeed,

F F
1 o a
Lyp(=n,x) = Z x(a)Hy(—n,a, F) = —EF" ! Z xw " Ya)Bpia (F) =
a=1,pta a=1,pfa

1 F ay 1 Fle b
o 7Fn71 —n—1 Bn (7) 7Fn71 —n—1 b Bn
- ;XW (@)Bni1 () + - ;XW (#0)But 77

But the second sum is zero, as either p | f,,-»-1 and then xw " (pb) = 0 for every b, or
fyw-n-1 | (F/p), and then we can apply Proposition on both sums and we have

1 -
Lp(=n,x) = =7 (1 =xw ™" (p)p") By o
Note that the case p | fy,-n-1 is also accounted in this formula, as then xw™""!(p) = 0. O

Observation 3.6. Note that Ly(s, x) doesn’t interpolate all the special values of L(s, x) (with
the Euler factor removed) at once. In particular, we have

Ly(—n,x) = (1 = x(p)p")L(-n,x) ifn=0 modp-1

In any other case, Ly(s,X) is a combination of L(s, yw’), for j in the different classes modulo
p — 1. In particular, if we set y = 1 we get

LP(S> 1) = CP,O(S)

It’s interesting to compare the two results that we obtained using different approaches: The-
orem [3.2] and Theorem [B.3l Both of them are consistent with the fact that we're allowed to
interpolate (1 — p®)((s) only at its special values congruent modulo p — 1.

Colmez’s result gives a more complete construction, as we get a different p-adic function that
interpolates the special values for each class modulo p — 1. The resulting functions are defined
on Zy,. On the other side, Washington’s approach results only in a function, defined in a disk of
C,, which interpolates the elements in 0 mod p — 1. In addiction, this construction is not only
valid for the Riemann zeta function, but for all L-functions attached to Dirichlet characters.
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4 p-adic L-functions of modular forms

We will now construct p-adic L-functions attached to modular forms. We begin by introducing
the classical L-functions of modular forms, and we see the analogies with Riemann’s zeta function.
Then we follow the same strategy as we did in the previous chapter for the Riemann Zeta function:
We prove that the special values of the L-functions attached to modular forms are algebraic (i.e.
€ Q), and so they can be p-adically interpolated. Via this p-adic interpolation, we construct the
p-adic L-functions. We assume that the reader has some basic notions of the theory of modular
forms, for instance the contents that can be found in [20] or chapter 2 of [I0].

4.1 Introduction: L-functions attached to modular forms

Lemma 4.1. (Estimates for the Fourier coefficients) Let I' C SLo(Z) be a subgroup of finite
index. Let f =3 -1 yan(f)g" € Mi(I',C). Then, we have
M

O(n*1) ifk>3
an(f) =14 O(nlogn) ifk=2
O(/(n) ifk=1

Moreover, if f € Si(T'), then a,(f) = O(n*/?).

Proof. 1t is long and tedious, so we don’t include it here. It can be found in [I0], Proposition
3.1.1. O

Definition 4.1. Given a sequence {ay, }nen, one defines its Dirichlet Series as

o0

D(s) = o

n=1

an,

Note that for a, = 1 for every n, we get the Riemann Zeta function, so Dirichlet Series may be
seen as a generalization of the zeta function. In particular, we can define a Dirichlet series using
the coefficients of the g-expansion of a modular form.

Definition 4.2. Given f € My(1), we define

L(f.s)=> “’;L(Sf) A(f,s) = (2;)8
1

n=

Example 4.1. If f = G, we get

n=1 n=1 \ad=n
= (Z a_s> (Z dk_l_s) =((s)C(s—k+1)
a=1 d=1



Observe that Lemma guarantees that L(f,s) converges for R(s) big enough (in particular,
for R(s) > k), so there is a semiplane of absolute convergence. This is completely analogous
to the situation of Riemann’s zeta function. Moreover, we will see that A(f,s) can also be
meromorphically continued to the whole C.

Theorem 4.1. Let f € My(1), f =3 7"y an(f)qg". Then, we have

i) A(f,s) has a meromorphic continuation to C.
ii) A(f,s) is holomorphic, except for simple poles at s = 0 and s = k, of residue ao(f) and
(—1)*ao(f)-
”Z) A(f7 k— 5) = <_1)kA(f7 3)

i) A(f,s) — 0 on each vertical strip.

Proof. Let ¢(t) = f(it) — ao(f). Then ¢ € C*®°(R,) and ¢(t) = O(e~2™) at co. As f € My(1),
we have

p(t7h) = (=1)MF(t) + (=1)"ao(£)t* — ao(k) (13)

For R(s) > 0 we have [;° e 2™¢39 = T'(s)/(2ms). So, for R(s) > k, we have uniform conver-
gence, so we can interchange sum and integral and we get

A(f,s) = Za”(f) F(s))s - Zan(f) /OOO e—27rntts@ _
n=1 n=1

(2mn t

o dt > Ldt ! Ldt
= [Tewr = [Tewrd v [ ewrd -
0 1 0

Now using Equation , we obtain finally

o [ a0 on) i (22

t S

Then, as the first term is holomorphic for all s € C, we have proved (i) and (ii), and (iii) follows
immediately by replacing s by k — s. As ¢(t) = O(e=2™), the integral is absolutely convergent
and uniformly on each vertical strip, so A is bounded on each vertical strip. O

Thanks to the results on Hecke operators we can prove the existence of an Euler product for
these L-functions.

Theorem 4.2. If f € Si(1) is primitive, then
1
L(f,s) =
(f 8) H 1— ap(f)p—s +pk—1—25

P

Proof. anm(f) = an(f)am(f) if n,m are coprime. Then,
L(f9) =] ( w(f)p—”)
P r=0
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Moreover, we have 0 = a,r+1(f) — ap(f)apr (f) + p"Lay—1(f). Multiplying by p~ s and
summing over r, we get

St (7 = S ap(Fap (Fp7" ™+ 3P e (1) = 0
r=1 r=1 r=1

Rearranging the terms we get

00 [e'S) [e%S)
—rs —s —rs k—1-2s —rs

E Qaprp — app g aprp +p E P Capr

r=2 r=1 r=0

Now denote L, = > 72 apr(f)p~"°. On one side, we have L(f,s) = Hp L,. On the other side,
Yoy ayp " =Ly —app~® —1,and > 7 apr (f)p~"® = Ly — 1. Therefore, substituting in the
expression above, we have

Ly—ap®—1—app (L, —1) —|—pk_1_2st =0

And so )
L pu—
p 1— app—s +pk—1—25
Which proves the result by taking the product over p. O

In fact, this results for M} (1) can be generalized to modular forms of higher level. Below we state
the generalized results, without proof. Set the following notation for congruence subgroups:

To(N) = { (a Z) € SLa(Z)|c=0 mod N}

C

We will also denote Si(N) = Sk(I'o(N)). For every level N, we can distinguish two types of
modular forms: Note that To(N) C Tg(M), for M | N. Therefore we have S(N) 2 Si(M).

Definition 4.3. We say that f € Si(N) is old if f € Si(M) for some M | N. We say that
f € Sk(N) is new if (f,g) = 0 for every old g. We denote by S () the set of new forms in

Si(IV).

Definition 4.4. For f € Si(IV), we define the action of the Hecke operator T),, for (N,n) =1

as
+b
Tn — k—1 d—k‘ az
Sl n ) Fl—

ad=n,a>1,b mod d

Definition 4.5. f € Si(1) is called primitive if f € SP(N), ai1(f) = 1 and f[i T, = an(f)f,
for (n, N) = 1.

Now we can state the analogue of Theorem [A.1] for higher level modular forms.
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Theorem 4.3. Suppose that f =377, anq" € Sk(N) is a primitive cusp form. Now we define

L(fis) =Y 2 A(f,s) =T(s) (W) L(f,s)

/ ns 2T
n=

Then we have

i)

1 1
L =
(f’ S) H H 1— appfs + pk7172s

J— —S
pIN1 P pIN

it) A(f,s) has an analytic continuation to C and we have

A(f,s) = i BA(f, k — s)

4.2 Algebraicity of special values of L-functions

In order to be able to interpolate the special values of these L-functions, we need to proof that
they satisfy some algebraic relation. However, we will see that the statement here is not as clean
as it was for the case of Riemann’s zeta function, as the special values are not rational, nor
algebraic, but algebraic modulo a product by a complex constant that only depends on f.

Notation. We denote by A[z] (@) the space of polynomials with coefficients in A of degree less
or equal than d.

Definition 4.6. Let 0 < j <k —2,and f € Sk(N). Then, a modular symbol is an integral of
the form [ f(z)P(z)dz, for some P € Alz]*=2)_ In particular, we define

100 )
ri(f) = (2)27dz
0
Observation 4.1. By induction and integration by parts, it’s immediate that

() = e L + )

So the modular symbols are related with the special values of the L-function.

The purpose of this section is to prove the algebraic relation satisfied by the special values of
L-functions (Theorem [4.5)). We will prove it for the case of N = 1 (that is, modular forms for
SLy(Z)). However, some parts of the argument are stated in more general terms, and the result
holds in general for Si(N).

Notation. e We denote by Ly the Z-module generated by {7;(f[r9) }scro(N)\SL2(2),0<j<k—2-
As congruence subgroups are of finite index in SLy(Z), Ly is finitely generated.

e Let N =1. Then we denote L? (and respectively L), the Z-module generated by r;(f),
for all odd (respectively even) j.
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Definition 4.7. Let f € S,(1), and ¢ : Z — Q constant mod M. Then, we let

L(f608) =D o) s A(f.d.5) = 5 S L(F609)
n=1

Lemma 4.2. Let P € A[z]*~2) and r € Q. Then

= f(2)P(z)dz € A- Ly

r

Proof. If r = 0 it follows immediately from the definition. Therefore we will reduce the general
situation to the case » = 0. Note that, given v € SLy(Z), by change of variable we have

/ T roP@dz= [t Ped) = [ Plhon(e)dz
~(0) 0 0

where Plo_py(2) = (cz + d)k_QP(%iS) € A[z]*=2). Therefore the last integral belongs to AL;.

b
If v = <a d)’ then 7(0) = b/d and (ico) = a/ec.
c

a1 a
Now let r = a/b, with (a,b) = 1. By [10], Proposition 2.2.1, there exists v, = <bl ! l) such
-1 4

that (ag, bo) = (1,0) and (ap, by) = (a,b).

Therefore, we have

100 n aj—1/b—1 n 100
1P =3 [ f@PEE =3 [ ) Pz € A+ Iy
=1

T =1 al/bl

Lemma 4.3. Let N=1, P ¢ A[:c](k_Q), r € Q and € = +1. Then, we have
100 100
f(2)P(z)dz — ¢ f(z)P(—z)dz € A- L%
T T
Proof. This is just a matter of writing the expressions. For j odd, we have
(2)(—2)dz = — (2)27dz
—r —r
Now, as in the proof of Lemma expressing from fiio in terms of foioo changgs he polynomial
involved in the integrals, but all the terms of even degree are the same in — fioro f(2)27dz and
f:oo f(2)27dz so they will cancel out and the difference belongs to A - L;f. The same reasoning
proves the case of L;. O

The first important result is the following proposition:
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Proposition 4.1. For f € Sj(1) and ¢ : Z — Q, constant modulo M, we have:

ii) If moreover ¢(—z) = e(—1)?¢(z), then A(f,¢,7) € Q- L%, if 1 <j <k -1

Proof. i) Tt’s enough to consider ¢(n) = e*™ U, for 0 < u < M —1, as these functions form a

basis of the periodic functions mod M (by Fourler As fooo e*ZW"yys dy — (2752))5, we have

A(S, 6,5) / Zane i =2y / PGS+ gy
=1
Now, with a change of variable 15 + iy = z, y = iy’ we get
o0 u -1
Mf.os) | fG) (- 1) dzeQ-Ly
ii) In this case, we can assume ¢(n) = 2™ + ¢(—1)7e 25 | and we have
10 u\J-1 oo u\J-1
Apod) = [ g@ (s gp) e [ @) (<)

and the result follows from Lemma 4.3

Definition 4.8. Let x be a Dirichlet character mod N. Then, we define

1 1—\(]) X(n)strlfk
Giys(z)== — E ,
ixs(2) 2 (—2mi)J P (mz + n)i|mz + n|2(s+1-k)
(N,n)=1

Note that, in particular, if we set x = 1 and s = k — 1, then G, -1 = G, so we can see this
as a generalization of the Eisenstein Series.

Definition 4.9. Let k = [+ j € N and let f = 3% anq" € Sp(N,x7h), 9 = 350, baq" €
M;(N, x2).

Then, we define the convolution L-series of f, g with respect to the characters x1,x2 : (Z/NZ)* —
C* as

nS

(fvgv )_ (X‘7+2(8—|—1_k))2@bn
n=1

Lemma 4.4.

D 1 4G ) [SLa(Z)  To(N)]
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Proof. 1t is basically an analytic calculation, the proof is based in the reasoning from [I]. We start
by recalling that I'(s f u*"te "du. With the appropriate change of variables v = 4wny, we
get

I'(s) = (47rn)s/ y e dy
0

o0 apbp
n=1 ns

Now, we multiply on both sides of this equality by (47)7* )" and we get

0o 0o 00
Z =S @b / oLt gy,
n=1 0

n=1

g’\

Therefore, we have

> anbn F(S) /oo = —4 -1
g g Anbne” Ty T N dy
ns  (4m)s Jo —

n=1

—2minT

Finally, we use Parseval’s theorem, applied to f = Yoo ane and g and we have that

12 ~
/ f(z)g(z)da: = Z@bne—%rny

On conclusion, we finally get

@bn _ F(S) o sfld 1/2 d
= iy | v [ Tt

M

Now let I'oo = (T'). Note that the vertical strip over which we want to integrate [—1/2, —1/2] x
[0, 00) is exactly ['oo\H. Therefore, we have

2. Tby, ) dxdy

> /F TR T =

_ I'(s) X s+1dzdy =
MW)S/F( NAIYS SN )f<72)g(72) 7 v*

(s - d _ dxd
_ (457))3/ f(2) | 9(v2) Z (ilx_i(d))%(’}’z)wrl k yk 2y
Do(N)\H Y€l \T'0(N) !

Therefore, multiplying by L(x1x2,j + 2(s + 1 — k)) on both sides we get the desired result. [

Proposition 4.2. i) D(f,g,s) admits a meromorphic continuation to C, which is holomor-
phic outside a simple pole at s = k if [ = k and y1x2 = 1.
ii) If f is a primitive form, and g € M;(N, x2,Q), then
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Proof. As already said, we will only give the proof for N = 1, x1x2 = 1. Using the last lemma,
(i) holds because the same statement holds for G; ,y,,s. Moreover, we have that

(4m)k=1 (—2mi)?
I(k—1) T()

D(f, g,k —1) = (f,9G;)[SLa(Z) : To(N)]

Therefore, it will be enough to prove that

But by the fact that f is primitive, we can take f; a basis of Si(1) of primitive forms, with
f1 = f As ng S Mk(l,@), we have ng = MGy, + Zz )\zfz with \; € @ But <Gk,f> =0 and
(fi,k) =0, for i # 1. Then, we have (f,9G;) = A\ (f, f). O

Lemma 4.5. Suppose that we have

an _ 3y oo 1
n=1 n n€Z[1/N]* n* pIN (1 —app=*)(1 = Bpp*)

and

1
11 (1 —9pp~5)(1 — dpp~*)

n=1 neZ[UN) L ) PN

with a3, = x1(p)p* ! and 7,8, = x2(p)p'~!. Then, we have

anb 1
D(f’ 9s S) = nsn —s -5 —s -5
TLGZ%;N]* n p,‘,H]V (1 - O[P’Ypp )(1 - /Bp’)/pp )(1 - O[p(spp )(]. — Bp(spp )

Proof. First we claim that, under the hypothesis of the statement, we have

r+1 _ or+1 r+1 r+1
T = o —BT b= R/
P p
ap — By Y — Op

Let’s prove the claim. Let’s substitute the expression into the L-series factor for p.
0o 00 +1 +1 o 1
Sy = ) = St
r=0 r=0 Ap ~ r=0 1_Bp/ap

Now we can separate this into two infinite sums, and we get

r 77"3_& = T, —TS
1_510/0‘10 (Z %gﬁ”p >

=0
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Now using the formal inverse of the geometric series, we get

1 ( 1 Bp 1 >
1—Bp/ap \1—app=® pl—Bpp~*
Now we just have to sum these two fractions, and we get

1 1— Bpp™* — %(1 —app~?) _ 1
1—Bp/ay (1 —app™s)(1 = Bpp~*) B (1 —app™5)(1 = Bpp~*)

So the claim is proved. Now, to complete the proof, we just have to substitute these expressions,
and we obtain the result after long and tedious computations. O

Theorem 4.4. Given f primitive we have, for | odd,

re—2ri(f) € Q(f, f)

Proof. For N =1, let f € Sk(1). For an even [, let ¢ = G; and we have

00 b, 1
Z:: ns H —p )1 —pl~tp9)

Therefore, in the terms of the previous lemma, we have v, = 1, 6, = p=1

H 1
» (1= app™)(1 = Bpp=*) (1 — cpp™s 1) (1 = Bpp=sti-1)

D(fv G[,S) =
And so
D(valvs) :L(f,S)L(f,S—l+1)
But, by Proposition D(f, G,k —1) € Qmitk=1(f ). Therefore,
L(fak; - 1)L(f7k - l) € @Wj+k_1<f7 f>

Substituting r;(f) = % (f,7+ 1), and using that j = k — [ we get

rr—2(f)re—i—1(f) € Q(f, f)

Finally, we have the desired result.

Theorem 4.5. If f is primitive, there exist Q}L and QJT € C such that, given ¢ : Z — Q, constant
mod M, and satisfying ¢(x) = e(—1)7¢(—x), we have,

A(f,¢,5) € Q-

For1<j<k-1.
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Proof. We prove the case of ¢ = 1. By Proposition H we have that A(f,¢,5) € Q- L}r. But by

Theorem all the 7;(f) for I odd belong to Q(f, f>7"k+2(f) Therefore take Q;{ = 7';51672f(>f) and
the result holds. O

We have reached an interesting point of the discussion. We aim to interpolate L(f,s) or A(f,s)
p-adically. For this purpose we need the special values of the L-functions to be rational or
algebraic. What we’ve seen in Theorem however, is slightly different from this. It’s in some
sense weaker, as the special values of the L-function are not algebraic, we only have that the
transcendence is "controlled". In another sense, we got an stronger result, as we also got the
results for any morphism ¢ : Z/MZ — Q and the twist of the L-function by this map: L(f, ¢, s).

Observation 4.2. Suppose that f € Si(N) is primitive. Take any ¢ : Z — Q, and define
¢t (2) = 5(¢(x) + ¢(—x)) and ¢~ (z) = 3(é(x) — ¢(—x)). Then,

Y A 9 +>. A 9 _a. ™
Af0.5)= ML) ALOT)
£y £y

forall1<j<k-—1.
Notation. We also denote A(f,j) = A(f,1,5) = A(f, 1z,,7)-

4.3 p-adic L-functions of modular forms

Definition 4.10. Let

Ls) = H Epl(s)

Q[p~*] is the Euler factor at p, and has degree at most 2 in p=*. (c.f Theorem [4.3)
—ap~®)(1 — Bp~*). Then, we define

fa(2) = f(2) = B[ (p2)

where Ep(s) €
Let E,(s) = (1

Let f € Si(IN). Before going on we recall the relation between the operators T}, and U, operators:

_ 1 .
oIk | o) PN
T,f = .
S0l | o) +P P N

G =3 1l ( )
=0 0 p
Therefore, we have

) Upf ifp| N
il = {Upf +p* 1 f(p2)  ifptN
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Lemma 4.6. For every f € Sp(N) primitive, it holds
fa‘kUp = afoz

Proof. In the case p | N we have E,(s) = (1 —ap™®), so a« = ap, f =0 and f, = f. Therefore
we have

fa’kU :f‘kTp:apf:af:afa

For the case p{ N, we have a + 8 = ap, o = p*~1 and f|}T, = (o + 8)f. Then

z4+1
p

Upf — (a+B)f +pFf =Tpf —apf=0

p—1
FalUy — afa = (F = BT, = ;Zf ( ) Bz +1) — af(2) + aB(2) =
1=0

O

In the last section we defined L(f, ¢, s) for ¢ a constant function mod M. This definition can
be extended for the case of f, to the situation where ¢ is locally constant in @, with compact
support.

Observation 4.3. Let ¢ € LC.(Qp, Q) be a locally constant function in Q, with compact
support in p~"Z,. Then there exists ¢g : Z — Q constant mod p™Z for some m, such that

P(x) = ¢go(p"x).
On the other hand, if f =3 _;b,q", then we have Upf = >_ _; bnpq™. Therefore, Lemma
implies that the coefficients of the g-expansion of f, satisfy by, = ab,.

Definition 4.11. Let ¢ € LC.(Q), Q) be a locally constant function in Q, with compact support
in p~"Zy. Then, we define L(fq, ¢, s) (and analogously A(fa,®,s)) as

L(fads)= D o(n)7%

neZ[1/p]

Where we have defined a,, := a~"byry,, for n € Z[1/p]. We have that L(fa, ¢,5) = o~ "p"*L(fa; ¢o, 5)-
In particular, A(fa,®,j) € Q for every ¢ € LC.(Qp, Q).

Definition 4.12. Let ¢ € LC.(Q)p,Q), and constant modulo p"Z. The discrete Fourier trans-
form is

Pa)y=p™ Y Sy

y mod p™
for m > n — vy(z).

Observation 4.4. Given a € Q,, let ¢, (z) = ¢(azx). Let a = pFa, with a € Zy. Then, we have

Gu@ =p" Y plya)e 2

y mod p™
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For m > n —wv,(x). Therefore, the sum has only p™~* different terms, each one p* times, and so
changing variables ya = vy’ we get

(ba(x) _ p—mpk Z ¢(y)e—27ria:y/a _ pvp(a)m

y/ mod pmfk

Theorem 4.6. i) There ewists a unique fifq Lplok—2] (Zp,Qp) — @p such that, for every
¢ € LC(Zp,Q), we have

/Z d)(aj)xj_l:u’f,oc = A(favaaj)

for1<j<k-—1.

it) Ypfa) = éﬂf,oc'
ii) If vp(a) <k —1, then py o extends uniquely as an element of D, (y)-

Proof. The first statement is immediate, because we only want pi ., : Lplok—2] (Zp,Qp) — Qp, s0

it’s enough to define how it acts on monomials of degree less than k —1 and extend the definition
by linearity. Indeed, we just need to define

7 ¢(x)$j_1/if,a = ]\(fcw&])

And note that both ¢ — a and ¢ — A(f, $,7) are linear maps.

For the second statement, using the observation above note that

x A 1 z - 1 = 1 ~
Lot G G) = [ o (G) s = a0 = G20 8.5

Now, as we saw on Deﬁnition we have A(fa,m,j) = épjj\(fa,a,j), and so
x\ [x
(D) () e = o o
/pzp p p d !

1
V(Hfa) = aﬂf,a

Or, in other words,

Finally, the last statement is just showing that Theorem holds here, that is, there exists a
constant C such that

Up (/ (x — a)j,u,f,a> >CH+(j—vp(a))n
a+p"Zy

Note that we have

1a+anp =

—n —2mri . —
p e~ 2miar ifzr e P nzp
0 otherwise
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A

And so (144pnz,) = p~"¢a(p"x), where ¢q(x) := e?miaz/r" for x € Z,. Therefore we have

/awnzp(fﬁ—a)juﬁa = Ej:(—a)l <g>p‘"f\(fa,¢/a(p\’"‘), I+1) =a™ Ej:(—a)j—l <‘Z>pnl]\(fa,g/b;, I+1)

=0 =0

Now, we have that ‘
PRt + 1) = | RGO
apn
And so
a" ) (—a)f <l>pnlA(fo“ Parl 1) = / > (z) (—a) " fal(2)(p"2 + a)!dz =

1=0 —a/P" 1=

/ Sl P € Ly,
—a/p™

Then we just have to pick C' = min(vy(7;(fa|r0))) and the result holds. O
As a consequence of this theorem, we can finally define the p-adic L function.
Definition 4.13. Let x : Z; — C} be a continuous character. Then, we define

Lp,a(f®X) = /* ZE_IX(‘T)Mf,a

P

Theorem 4.7. For 1 <j <k —1, we have

Lpalf @ a9) = (1 - pj_l) (1 - p@) AL )

a

Proof. We have to compute fz;; 2 g = A(fa,fz\;,j). First note that 1,7, (z) = 1z,(z/p),
o T I -17 -

and so 1zx(z) = 1z,(z) — p~ 1z, (zp). Therefore,

Where the last equality is provided by Definition [4.11

On the other hand, we have f,(z) = f(z) — 8f(pz), and ]\(f(pz), ¢,7) = L-/i(f, ®,7). Moreover,

p]

2=

R(fo 231) = R 250 = SR T2 o) = AU T (1 -

I/Z: = 1z,. Putting everything together, we have

i—1\ - —1 -~
/Z .rjilﬂf,a: <1—p]a> A(foanpvj): <1_> 1_5'> A(f’lzp’j):

*
p
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Observation 4.5. If p{ N, using that o3 = p*~!, we have

i—1
N}
o pr—I

Therefore, the Euler factor of the p-adic L-function at p is

() (-5)- (=) 0-8)

Recall that the Euler factor of the L-function at p is (1 —ap™*)(1 — Bp~*), so the Euler factor of
the p-adic L-function at p is the product of one part of the Euler factor of L(f,s) and one part
of the Euler factor of L(f, k — s). This is a general phenomena, which is in consonance with the
functional equation A(f,s) = A(f, k — s).

Observation 4.6. It’s interesting to compare the result we got for the case of modular forms,
and for the case of the Riemann’s zeta function or Dirichlet characters that we built in Section Bl
In the case of modular forms, the result obtained is much weaker: In addition to the discussion
on the algebraicity of the special values, we have only obtained a distribution that can interpolate
a finite number of special values. We haven’t obtained a p-adic function as in the case of the
Kubota-Leopoldt zeta function, but only a distribution that interpolates some of the values. This
tells us that, in the general case of a Galois representation, we can’t expect to get a p-adic L-
function interpolating the special values of the L-function, but the expected p-adic instance
of the L-function is played by a p-adic distribution that interpolates p-adically some
of the special values.
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5 Fontaine’s theory of (¢, I')-modules

5.1 Witt vectors

Let K/Q, be a finite unramified extension. Then K is a local field with p as an uniformizer, so
we can write elements of Ok as . = ) x,p", with some representatives x,, € K of the elements
of Ok /pOk = k. Usually, for K = Q,, we take z,, = {0,1,...,p — 1}, but it may be interesting
to choose other representatives.

Lemma 5.1. There is a unique homomorphism 7 : * — O, satisfying that 7(z) = 2 mod p,
and it is given by x +— lim,,_ z K"

This lemma is just a generalization of what we saw in Definition 2.3] of Z,. 7 is called the
Teichmdiller lift, and extends to a map k — O by 7(0) = 0. For every z € Ok there is a unique
sequence (), Tp € k such that z = > 7(xy,)p".
Let’s see how does the sum work for this expansion. Let z =) 7(z,)p" and y =) 7(yn)p".
Then,

Y or@a)p + > )" =Y (@ +y)a)p"

n n n

Reducing modulo p we get 7((x + y)o) = 7(x0) + 7(y0) (modp) so (x + y)o = xo + yo. Reducing
modulo p? and after some calculations we get pr((z + y)1) = T(a:(l)/p)p + T(yé/p)p — (o) P +
r(y5'")? + p(7(1) + 7(y1)) and so

p—1
L(p\ n -n
(:L-+y)1 =z +1y _Zp<n>x0/py(()p )/p

n=1

This construction is generalized to an arbitrary setting (not just Q) by the theory of Witt
vectors, which we summarize below.

Definition 5.1. Consider the set of variables {X¢, X1,...}. We define the ghost component of
the sequence (Xo, X1,...,) as

x(n) — Xé’n _|_pr"_1 T "X

Definition 5.2. Given a commutative ring R, a Witt vector over R (relative to a prime p) is
a sequence (Xo, X1,...) with X; € R. We give a ring structure on this set by X®) 4y —
(X +Y)™ and XYy = XY We denote this ring as W (R). We denote W,,(R) as the
projection of W (R) on the first n coordinates.

Observation 5.1. Note that W (F,) = Z,. In fact, the ring of Witt vectors can be seen as
a certain way to construct local fields with a given residue field. The following theorem ([13],
Theorem A.42) makes this observation precise.

Theorem 5.1. For every perfect field r of characteristic p, W (k) is the unique complete discrete
valuation ring of characteristic 0 (up to unique isomorphism) which is absolutely unramified and
has Kk as its residue field.
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In general, if the field is not perfect, there is a similar construction (namely, Cohen rings).

Definition 5.3. Given a field x of characteristic p, there is a unique complete discrete valuation
ring of characteristic 0 (up to isomorphism) which is absolutely unramified and has x as its
residue field. We call it the Cohen ring of  and denote it C(k).

5.2 p-adic Galois representations

We will introduce étale ¢-modules, and later on étale (¢,T')-modules, which will be a tool that
will help us solve problems about p-adic Galois representations. This section is a summary of
the results about (¢, I')-modules in [I0], complemented with some details from [13].

Definition 5.4. Let G be a topological group, B a topological commutative ring with a contin-
uous action of GG that preserves the ring structure. Then, a B-representation of G is a B-module
of finite type, equipped with a semi-linear continuous action of G. In other words, X is a
B-representation of G if, for every x; € X, A € B and g € GG, we have

g(w1 + x2) = g(21) + g(22) g(Ax) = g(N)g(z)

Observation 5.2. This definition is nothing else than an extension of the usual definition of

continuous representations, corresponding to the case when G acts trivially on B, and B is a
field.

Notation. We denote by Repp(G) the category of B-representations of G.

Let F be a field of characteristic p, and E*P be a separable closure of E with the Galois group
G = Gal(E°?/E). Let Repg, (G) be the category of p-adic representations of G. Let Og = C(E)
and £ = Frac(Og).

We can provide £ with a Frobenius ¢, a continuous endomorphism such that ¢(Og) = Og and

that induces the absolute Frobenius z + 2P in E.

Definition 5.5. A p-module M over Og is a pair (M, ), where M is a Og-module and ¢ :
M — M is semilinear, i.e. if x; € M, A € Og, then

p(r1 +22) = p(1) + (72) p(Ar) = p(N)p()

Similarly, a p-module D over £ is a pair (M, ¢), where M is a E-vector space and ¢ : M — M
is semilinear.

Let (Og), denote Og, viewed as an Og-module via the Frobenius ¢. Let M, = (O¢), ®o, M.
Then, giving a semi-linear map ¢ : M — M is equivalent to give a linear map ® : M, — M.

Indeed, given ¢ : M — M semilinear, ®(A ® z) = A\p(z) defines a linear map M, — M and,
reciprocally, given a linear map ® : M, — M, ¢(z) = ®(1 ® x) defines the corresponding
semilinear map M — M. The same construction holds for ¢-modules over £.

Definition 5.6. We say that a p-module M is étale if the corresponding map ® : M, — M is
an isomorphism.

48



Notation. Mét(Og) denotes the category of étale p-modules over Og. Respectively, Mg(é‘)
denotes the category of étale p-modules over &.

Let’s construct an equivalence of categories from the category of Z, (or Q,)- representations of
G to the category of étale ¢ modules over Z,, (or Q,). The following key lemma is a consequence
of the functoriality of Cohen rings, see [13], A.45.

Lemma 5.2. Let I be a finite separable extension of F.

i) There is a unique unramified extension p of £ whose residue field is F'.
ii) There is a unique endomorphism ¢’ : £ — Ep such that ¢'|¢ = ¢ and ¢’ induces the
Frobenius on F.
iii) If F//E is Galois, then £r /& is also Galois, and

Gal(Ep/E) = Gal(F/E)

Definition 5.7. €' := Up/g finite unramified €F- Let €Y be its completion. Then Ogy =

@n Oz / P"Ogz. ¢ extends by continuity to an action on Og; and 6/'17, which commutes with
the action of G.

Theorem 5.2. i) The functor
D : Rep; (G) — M (O¢)
T b—)(Ogu\T ®Zp T)G

s an equivalence of Tannakian categories, with inverse functor given by

Vi MI(Og) — Rep;, (G)
D »—)((95/1; R0, D)wzl

ii) The functor
D: Repy (G) — ME(E)

T — (8% @g, T)¢

is an equivalence of Tannakian categories, with inverse functor given by
V:MI(E) —  Repg,(G)
D —(E% @g D) ey
5.3 Fontaine’s rings

Definition 5.8. Let A be a ring of characteristic p, and ¢ the absolute Frobenius. We define
R(A) := 1&nn Ay, with A, = A and transition maps .

R(A) - {.Z' = (xn)neN such that 1‘2_,’_1 = g;n}
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Proposition 5.1. If A is a separated and complete ring for the p-adic topology, there is a
bijection between R(A/pA) and the set S = {((™), ey such that (™ € A, (z(*+D)P = z(M},

Proof. Given an element x = (z,) € R(A/pA), choose for each z, a lifting z, € A. We

m—+1 M

have Z, 11" = Z, mod pA, and S0 Tpnmi1 = Tpim’  mod p™FTtA. Therefore the limit
2™ = 1limy, oo Tnrm’  exists in A, and is independent of the choice of the liftings.

This defines a map R(A/pA) — S, whose inverse is the reduction modulo p. O

Observation 5.3. As a consequence of this result, there are 2 ways of writing elements of

R(A/pA). One is as a sequence {(z,)}, , € A/pA. The other one is as a sequence {z(™},
) c A

x € A.

Definition 5.9. E* := R(Oc,/pOc,), is a ring of characteristic p with valuation given by
vp(z) = vp(x().

Observation 5.4. Let’s fix an element ¢ = (1,6(1), .)€ E*, such that ) # 1. Then, each

¢ is a primitive p”-th root of unity. Let ¥ = e—1 € E+. We have 7(©) = limy,_, (e(®) — 1)pk. As
k) is a primitive pF-th root of unity, then for every k we have v, (e*) — l)pk = pkm = 1%’

and so vg(T) = I%.

el

Definition 5.10. We define an action of Gg, on € by

g(e) = X9

Where x : G, — Z,, is the cyclotomic character.

Notation. Now let K/Q), be a finite extension, and let k be its residue field. We denote

o K, :=K(e™)

o Koo =, Kn

e [’ the maximal unramified extension of Q, inside K

o Gk = Gal(Q,/K), Hx = Gal(Q,/K) and 'y = Gk /Hg = Gal(K+/K).
o B} :={x=(v,) € ET,2, € Ok, /pOk,, ¥n > n(K)}

o Er:=E}[7 1.

Theorem 5.3. o FEx is a local field of characteristic p, and ring of integers E;g If K/Q,
is unramified, then Ex = k((T)).

* E=E°=Ugq,j<c0 EKx is a separable closure of Eg,, and Gal(E®/Ek) = Hg.
o« E=FET [71] is the completion of the radical closure of E.

This theorem is proved in a course by Fontaine, and we will use this result several times. Let’s
introduce some other rings that will be useful.
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Definition 5.11. We denote
e Ag, = O¢ = C(Eq,) and By, = £. Similarly, Ax = Og,, = C(Ek), and Bx = k.

e B=Cu and A = (95/1;. Therefore BHx = By and AHK = Ag.

o At =W(E"), A=W(F) and B = A[1/p].

Definition 5.12. We denote by [¢] € At the Teichmiiller lift of €, and 7 := [¢] — 1. We also
define the actions of ¢ and Gg, as

Where x : Gg, — Z,, is the cyclotomic character.

All this new definitions (and some more that we still have to introduce) seem very difficult to
handle with at the beginning. However, while it’s true that working with these rings is sometimes
intangible, one should focus in the properties that these rings inherit from the constructions of
Cohen or Witt rings. Moreover, the following result shows that some of these rings turn out to
have nice expressions after all.

—

Proposition 5.2. Ag, = Z,[[7]][r], so we have

oo
k .
Ag, = {k%akﬂ lay, € Zy, kgr—noo vp(ag) = —i—oo}

Similarly,

oo
A = k e Opr, 1 =
K {;Zaw lag Fry vp(ag) +00}

Observation 5.5. The above characterization of Ag, and Ak shows that these rings have 2
topologies (and therefore they also induce 2 different topologies in A and B).

e Strong topology: The p-adic topology given by the valuation v,(3"32 v axm) = infr{v,(ax)}.

It is the same as the topology of the inverse limit A = @AQP /p" Ag, when we give the

discrete topology on each Ag,/p"Agq,. A basis of neighbourhoods of 0 is {pkAQp}k. (re-
spectively, the same for Ax and A).

e Weak topology: The (p,7)-adic topology, given by the valuation ve(d 30y apmh) =
infy{vp(ar)+kvp(m)}. It is the same as the topology of the inverse limit A = Jm Ag,/p"Ag,
when we give each Ag,/p"Ag, the topology induced by the valuation vg. A basis of
neighbourhoods of 0 is {p*Ag, + 7" Ag, }n- (respectively, the same for Ax and A).

We will also introduce the rings Byg, BjR which play an important role in p-adic Hodge theory.
Take a € AT = W(E*). Then we can write a = (ag, a1,...), with each a; € E+, so at its turn,
each a; can be written as a; = (a;,),, with a;, € (’)(cp/p, a’f,r—i—l = a;,. Therefore, we have a
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natural map At — Wn(Oc,/p) given by a — (aon,a1,n,...,an-1,). For every n, we have a
commutative diagram

AY —— Wn1(Og, /p)

s

Wn(o(cp /p)
where we have defined f,,(zo,...,2,) = (25,...,20 ;). It’s not difficult to see that we indeed
have ~
AT = 1im W, (Oc, /p) (14)
In

On the other hand, we have a map

(2 Wn—i—l(O(Cp) — Wn(O(Cp/p)

(a07-~'7an)'_>(a707"'7m)

which has kernel I = (pag, pai, ..., pan—1,a,). We can define a map

Wp+1 - Wn—i—l(OCp) — O(Cp

n

p'nfi i

(ag:---yan) = Y af P
=0

If we let w,+1 be the composition of w,4+1 and quotient mod p”, we get that I C kerw, 1, and
S0 Wy11 factors through W, (Oc,/p). We denote by 6,, this morphism

O : Wn(OCp/p) - O(Cp/pn

Moreover, we have a commutative diagram

On
Wn41(Oc,) —= Og, /p"*!

[# |

On
Wn(Oc,/p) —— Oc,/p"
and so we can induce a morphism

6: A" = lim W, (Oc, /p)
fn

Proposition 5.3. Let z € AT, Then,

i) If ¢ = (xg, 21,...), with z; = (xl(m))m € Et, we have

Ox) =Y pmaly
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i) If ¢ =), p"[xy], then
O(z) => pmal)

Proof. i) The image of x in W,,(Oc, /p) is (Ton, T1ms - -, Tn-1,n). Take xl(n) the lifting of x; ,,
and we have

n—1 n—1
gn(l‘()ﬁw Tiny--- 7$n—1,n) = sz(.xl(n))p”—l = ZPZ%@
=0 1=0
where we have used (ajgn))pr = acgn_r). Then we just have to take limits and we get the

desired result.
ii) We just have to relate the expression of = as Teichmiiller lift and the expression as a
Witt vector, noting that p"[z] = (0,...,0,2,0,...) and that the ghost components of

—n

O

Moreover, we can extend 6 to A*[1/p]. Now let w € ET such that w® = —p. Then, £ = [w]+p €
At ¢ = (w,1,0,...), and we have 6(¢) = 0.

Proposition 5.4. (c.f. [13], Prop. 5.12) ker 6 is the principal ideal generated by &, and moreover,
N (ker 6)" = 0.

Definition 5.13. Bjj is the completion of A*[1/p] with respect to ker .

By = lim A*[1/p]/(ker 6)"

Bypg is the fraction field of B:{R.

1
Bag := Frac(Bjp) = B H

Observation 5.6. As (9 =1, using Propositionwe have O(7) = 0([¢] = 1) = ® — 1 =0.

Observation 5.7. We have just defined the rings B;R, Bggr because they play a role in the proof
on a result that we need (Lemma . However, in this study we won’t go further enough to
realise the key role that these rings play. It turns out that B;r and the whole p-adic Hodge theory
provide a very useful tool to study Galois representations. In particular, there is an important
type of representations, namely de Rham representations, which are defined using Bgr (c.f. [0]
for a more detailed introduction to p-adic Hodge theory).

Definition 5.14. Let V' be a Q, representation of Gx. Then, we say that it is de Rham if
dimg (Bar ®g, V)% = dimg, V
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5.4 (¢,I')-modules

We finally introduce (g, I')-modules and see their connection with Galois representations.

Definition 5.15. An étale (¢, 'k )-module over Ag (or B) is an étale Ax (or Bg) p-module
with a continuous action of I' iy commuting with .

Then, Theorem is in this situation:
Theorem 5.4. The correspondence
V= D(V) = (Agg, V)HE

(respectively B and Q) is an equivalence of Tannakian categories from Repr(G k) (respectively
Repr (Gk)) to the category M?Z;,FK)(AK) (respectively Mf:;,FK)(BK))’ and the inverse functor
is

D V(D)= (A®a, D)¥!

The rest of the chapter will be dedicated to study (¢, ')-modules. Assume from now on that I'x
is procyclic, so it has a topological generator v. We start by defining an operator ¢, which is
analogue as the ones defined for measures and distributions. Let [¢] € A denote the Teichmiiller
representative of € € Eg,, and m = [¢] — 1. Then, we have the following lemma.

Lemma 5.3. i) {l,¢,...,e/ '} is a basis of Eqg, over ¢(Eg,).
ii) {1,¢,...,6?71} is a basis of Ex over p(Ek), for every finite extension K/Q,.
iii) {1,[e],...,[€""1]} is a basis of A over ¢(A).

Proof. i) Eg, = F,((7)), and therefore p(Eg,) = F,((77). As we're in characteristic p,
P = €P — 1 and the result is immediate.

ii) The polynomial X? — 7P € [F,((n?)[X] is purely inseparable. In the other side, Fx/Eq,
is a separable extension, and therefore so is p(Ef)/¢(Eq,). Therefore, we must have
Ex/p(FEk) purely inseparable (by multiplicativity of separable and inseparable degrees)
and the result follows.

iii) True using that E* = U[K:Qp}<oo Ek.

iv) As A is p-adically complete, then we have lim A/p™A = A and so every element has a
unique expression in the form ) p"[z,] with [z,] a representative of x,, € A/p. Then, as
Le...,e’ ! is a basis of E over p(E), {1,[e],...,[?71]} is a basis of A over p(A).

O]
Definition 5.16. We define the operator ¢y : A — A by
p .
v (Z[swm)) = 20
i=0

Proposition 5.5. (Properties of 1))

i) pop=1Id
ii) 1 commutes with Gg,.
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Proof. 1) Is clear.
ii) By definition of the action of G, on [¢] (Definition [5.12), we have

p—1 p—1
g <Z[6]i90($i)> = > (XD (g(:)

i=0 i=0
If we write ix(g) = ig + pjg, for 1 <iy < p—1, then we have

p—1

Y(g(z)) = < g9(z0) +Z (g (z )))Zg(xo)zg(w(w))

The following result generalizes this operator 1 to any étale (¢, I')-module.

Proposition 5.6. If D is an étale (¢, I')-module over Ax (or By), there is a unique operator
Y : D — D satistying that, for every a € A, x € D, {(¢(a)r) = arp(z) and ¢ (ap(x)) = ¢(a)x.

Proof. By Theorem it is enough to prove it for an étale (¢, I')-module of the form D(V),
for some representation V. In this situation, we have D(V) = (A ®z, V)5, Therefore, we can
define ¥ on (A®z, V') via the operator ¢ on A that we have already defined, ¢ (a®z) = ¥(a) ®x.
By the previous proposition, 1 commutes with Gg,, and therefore, if o € Hg, o(i(a ® z)) =
Y(o(la®x)) =Y(a® z). Therefore Y(a® z) € D(V) if a® x € D(V), and, in conclusion, 1 is
well defined as an operator D(V) — D(V).

Now let’s check that the properties are satisfied. Let a € Ax, * = b® v € D(V). Then,
Y(e(a)r) = P(e(a)b® ) = ah(b) ® x = atp(b @ x). The same argument shows that ¢ (ap(z)) =
b(a)z.

The uniqueness of the operator ¢ follows from the fact that D(V) is étale, and so ¢(D(V))
generates D(V) as an Ax-module, and so D(V) = Ax ®,(p(vy) ©(D(V)), and ¢ is completely
determined by ¢ (ag@(x)) = ¢ (a)x and the definition of ¢ : A — A. O

Example 5.1. Consider the trivial (¢,I")-module D = Ag, = Zp[mﬂ\ﬂ_l], and its submodule
Zp|[r]], that we’ll denote Aép. ¢ acts on Ag, in a way that it induces the Frobenius in Eg,.
Therefore it is enough to define its action on 7. But, as m = [¢] — 1, then p(7) = ¢([e] — 1) =
[e]P —1=(r+1)P—1.

Therefore, for every F(m) € Ag,, we can write F(r) = Y1~ (1 + 7)) F((1 + )P — 1), and
P(F(m)) = Fo(m).

Moreover, we have

p((F) == > Fla(l+m) —1)
zP=1

K=

This is because Fy((1+ )P — 1) can be written as 1 P~ Zzp A+ 1) F((2(1+7)P = 1),
as the i-th term of the sum for i is just pFy((1 + wgp — 1 for ¢ = 0 and for ¢ > 0 it is equal to

(Carm 2N+ ) F((L+m)P = 1)) =0as (.o 2) =0.
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We will now prove that given an étale ¢ module, the submodule D¥=! = {z € D such that 1(z) =
x} is compact. We need a lemma first.

Lemma 5.4. If D is an étale (p,I')-module, then the weak topology on Ax induces a topology
on D, and % is continuous for this topology.

Proof. As A is a finite extension of Ag, we can consider every Ax-module as an Ag,-module
and reduce to the case K = Q. The structure theorem of modules over a PID ensures that we
can write every Ag,-module as a direct sum D = P(Ag,/p™), for n; € NU oco. Thus, via this
identification, we can induce a topology on D via the weak topology on Ag,, and it’s enough to
check that 1 is continuous in Ag,.

To prove this, it’s enough to show that Q,Z)(Aap) - Aép (i.e. 1 doesn’t increase distances). As
these rings are complete for the p-adic topology, it’s enough to show the statement modulo p,
that is, ¢(E6p) C E&p (though we didn’t give a definition of ¢ in Eq,, its completely analogous:
Replace [e] by € in Definition [5.16]).
Indeed, with the notation of Example let F(m) = Zf;ol(l + ) F((1+mP—1) € A+p, S0
F doesn’t have denominators in 7. Modulo p, the expression transforms to F(7) = Zf;ol (14
7)!F;(7P). Suppose that we have '

Z;io a;m

Z;io bjﬁj

Note that by = 0, as otherwise the denominator is invertible in F,[[7]]. But then (1+7)"F;(7") =
%Gi, with G; with lowest T exponent ¢. Therefore the 7 in the denominator can’t be killed,
and we have a contradiction with F' € F,[[7]]. In consequence, if F(7) € A+p, then Fy(m) =

Y(F(m)) € A*p, and so 1) is continuous for the week topology. O]

F =

Proposition 5.7. If D is an étale p-module over Ag (respectively, over Bp), then D¥=! is
compact (respectively, locally compact).

Proof. Note that we can reduce to prove the same result over Eg,. Indeed, first we can reduce
to K = Qp. Moreover, the case Bi follows from the case of Ax by tensor product with Q.
Moreover, D¥=1 = yinn(D/p”D)w:l. Therefore it is enough to show that (D/p"D)¥=! is com-
pact. This follows from induction if we prove that (D/pD)¥=!, which is an étale p-module over
Eq,, is compact.

So, let {e1,...,eq} be a basis of D over Eg,. As D is étale, then {¢(e1),...,@(eq)} is still a
basis. Now let z = ) x;p(e;), and we have, by definition of valuation in D, vg(z) = inf; vg(x;).

Now let ¥(x) = > ¥(zi)es, e; = Z?:l a; jo(ej) and set ¢ = inf; jvp(a; ;). Then, we have

vE(¥()) 2 ¢+ mfop(y(z:))

On the other hand, write x = Zf;ol(l + 7) F;(7P), as we're in characteristic p. Then we have
vp(r) = minvg(F;(7P)) < vp(Fo(7P)) = pve(¥(z)). In conclusion,

vp(z)
vep(¥(z)) = | ) ]
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Therefore, the inequality above yields

vp((z)) > c+me“E(mi)

JZet+|

vp(z)
) ]

Therefore, if vg(x) < %, then vp(y(z)) > c+ L;jj > pgf__ll), and so x ¢ D¥=1.

In particular,

= -1
DY=' C M := {x such that vg(z) > p(Cl)}
p—

But M is compact (it is a closed disk), and D¥=! is closed in D since 1) is continuous (by

Lemma [5.4)), and so D¥=! is a closed subset of a compact set, and therefore compact. O

Finally, we state two more results about the structure of (¢, I')-modules that will be needed in
the following sections.

Proposition 5.8. ([I0], Proposition 5.3.8 (ii)) If D is an étale ¢-module over Ax (respectively,
over B), then D/(¢) — 1) is finitely generated over Z, (respectively Q)

Proposition 5.9. ([10], Proposition 5.3.13) If D is an étale (¢, I')-module over A or B, then
v — 1 has a continuous inverse on D¥=0,

5.5 Galois Cohomology

Now we will relate the theory of (¢,I')-modules with Galois cohomology. First of all we give a
brief introduction on the basics of this cohomology theory.

Definition 5.17. Let GG be a profinite group, and A an abelian group. We say that A is a G-
module if it has an action G x A — A that is continuous when we give A the discrete topology.

Lemma 5.5. The action of a profinite group G on a set E with the discrete topology is continuous
<= Ve € E the stabilizer G, = {0 € G : oe = e} is open in G.

Proof. Let A: G x E — FE denote the action. Let e € E. If the action is continuous, the set
U= A"1({e}) = {(0,9) such that og = e} is open. Then, U N (G x {e}) = G, is also open.

Reciprocally, let Ge denote the orbit of e € E. Let ¢/ € Ge, and 7o € G such that Toe = €.
Then, m;ﬁl(Ge) = {0 : o€/ = e} is open. Then, A~({e}) = Ue,eae(m;;(Ge) x {€'}) is open,

/

and so the action is continuous. O

Definition 5.18. Let G be a group, A a G-module. Denote C*(G, A) the set of continuous maps
G"™ — A (note that C°(G, A) is just A). We define the coboundary maps

B, : C™(G, A) = C"L(G, A)

by f(g1,--->9n) = 91f (g2, -, 9n) + 21 (1) f (915 -, 9igi1, -, 9n) + (1) f g1, gn)
This gives a cohomological complex
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0— CYG, A) ~ cl(G, A) —

whose cohomology groups H'(G, A) are called the cohomology groups of G with coefficients in A.

Definition 5.19. Given A a G-module, A% is the submodule of elements fixed by G, A¢ = {x €
A such that oz = x Vo € G}.

One has the following result (which we won’t prove), that gives an alternative definition for the
cohomology groups of G.

Lemma 5.6. The functors A — H*(G, A) are the right derived functors of the left exact functor
A A,

Definition 5.20. Let K be a field, and G its absolute Galois group, which is a profinite group.
If Ais a Gg-module, we define H' (G, A) the Galois cohomology.

Definition 5.21. Let ¢ : G’ — G be a morphism of groups. This induces a morphism of
complexes

0 —— CYG,A4) —— CHG,A) —— ...

[ J»

0 —— CYG",A) —— CHG, A) —— ...

by sending C*(G, A) > f — (fo¢) € C*(G', A). This induces a morphism in cohomology. There
are two main examples of this situation.

e When H is a subgroup of GG, and ¢ : H — G is simply the inclusion. The induced morphism
on cohomology is called the restriction:

Resg i H'(G,A) — H'(H, A)
On dimension 0 it’s simply the inclusion A¢ — A",

e If H is a normal subgroup of G, then ¢ : G — G/H induces a morphism on cohomology
called the inflation ' '
Infq/p: H'(G/H,A) — H'(G, A)

Theorem 5.5. (Inflation-restriction)([253]) The following sequence is exact
0 — HYG/H, AH) 2L gy (G, A) = HY(H, AYH - H2(G/H, AP) ™ 526, 4)

Observation 5.8. (|2I]) If H is an open subgroup of G of index n, there is also a corestriction
map

Cor: HY(H,A) — HY(G, A)

which in dimension 0 is the norm map Ng/y : AY — G¥, a — >_c/u o(a). Moreover, the
composition with the restriction is the multiplication-by-n map.

Cor o Res = |G/H|
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The following examples and results are a little motivation for the introduction of Galois coho-
mology.

Example 5.2. We consider the problem of lifting fixed points: Suppose that we have A C B
two G-modules and we consider the G-modules B/A and (B/A)®. Is it possible to lift elements
of (B/A)¢ to BG?

Let b € B be such that b € (B/A)“. Define the map f, : G — A given by g — gb — b. Note
that fy(99’) = gfp(d’ ) + fo(g), so fp gives rise to a l-cocycle, and, moreover, f, measures the

obstruction of lifting b to a fixed point in B. In particular, f, is a coboundary if and only if
fv(g) = ga — a for every g, that is, if and only if b — a is a fixed point over B.

Example 5.3. (Cohomology of cyclic groups) If the group G is a finite cyclic group, any cocycle
is determined by f(v), where « is a generator of G.

Note that f(y) € kerTrg, where Trg : A — A is the map a — ) ., 0(a). This is clear,
as Trg = > VEf(y) = >k F(YEY — f(#%) = 0, as it’s a telescopic sum. Reciprocally, if
f(v) = a, with a € ker(Trg), we have f(vky™ = f(v%) +~+*f(4™), as f(4™) = 0 = Trg(a) and
f(v*) = Z:‘L;ol v'a. Therefore it’s enough to show the result for k& +m < n, which is an easy
computation. Therefore, this shows that

ker T'rg

EN= G004

As a direct consequence, we have shown the additive form of Hilbert’s Theorem 90: Let a € k,
Gal(K/k) be cyclic of degree n. Then, Trqak/k)(a) = 0 if and only if a = a — ya, for a certain
a € K. In conclusion,

HY(G,K)=0

After this introduction on Galois Cohomology, let’s consider our problem. Suppose that we have
V a Zj, or a Q, representation of G, and we want to compute its Galois Cohomology groups. We
may do so using the theory of (¢,I')-modules. Recall that we've defined D(V) = (4 ®z, V)#x.

Definition 5.22. The complex Cy (K, V)* is the following one

0= D(V) ¥ pvy @ prvy DT By g

The complex is well defined, as v and ¢ commute.
Theorem 5.6. For every i € N, we have

H'(Cpn(K,V)) = H(GK, V)

This result was originally proved by Herr in [I4]. However, here we give another proof, which is
more explicit, following [7].

Proof. Note that
HO(C;,Y(K, V) ={z € DV)|y(z) = z,p(x) =2} = D(V)¥=17=1
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But we know that D(V) = (A ®z, V)#&, so D(V)*=! = (4?7 @4, V)x and A¥=! = Z, so
D(V)$=t = V& In consequence, D(V)?=17=1 = VCOx = HO(Gk, V).

In this case we have

{(z,y) e DV) & D(V)|(y = Dz = (¢ — Dy}
{(lp=1)z,(y = 1)2)|]z € D(V)}

HYCS (K, V)) =

First we claim that that the following sequence is exact.
0—>Zp—>A(p—71>A—>O (15)

To show this, it’s enough to prove it modulo p, as all the rings are complete w.r.t the p-adic
topology. Modulo p, the sequence is

0-F,»EX5 B0

The only non-trivial think to check is the surjectivity of ¢ — 1. But this is clear since F is the
separable closure of Eg,, so every separable polynomial has roots. In particular, as f,(z) =
XP — X — a is separable for every a € E, for every a € E¥ we can find b € E such that ¥ — b = a,
so ¢ — 1 is surjective.

Moreover, as V' is a free Z,-module, it is flat and so tensoring Equation with V' we get an
exact sequence

0=V o Acy, VED Agy V-0 (16)

Now let (z,y) € Hl(C(;ﬁ(K, V), so we have (v — 1)z = (¢ — 1)y. By Equation , we know
we can choose b € A®z, V such that (¢ —1)b = x. This allows us to define a cocycle with values
in V:
g—1
g€ G coylg) = o (9 —1)b

Where %y = limy oo (1474 -+ 1)y, with x(g) = lim; o x(7)™. It’s immediate that the
map we have defined is a cocycle, and moreover we have (p—1)cz 4 (g9) = (9—1)z—(p—1)(9—1)b =
0, 50 czy(9) € (A®z, Vel = v,

In addition, note that c(,_1);,(y—1)2(9) = (9 — 1)(z — 2) = 0. Therefore the map (z,y) > cz
induces a morphism

HYC (K, V)) = H Gk, V)

We will prove that it is an isomorphism. To prove injectivity, suppose that we have c;, = 0 in
HY(Gg,V), that is, we have that 3z € V such that ¢, 4(g) = (g9 — 1)z. Therefore we have

Ity = g+ 1)+ 2)

Then we have that b+2z € D(V'), because it’s fixed by H, and so we have that y = (y—1)(b+2)
and z = (¢ —1)(b+ 2) so (z,y) =0 in H(Cy_ (K, V)).
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To prove surjectivity, to every 1-cocycle ¢ we can associate a G g-module E., which is isomorphic
to Z, x V as a Z,-module, and Gk acts on E. by g(a,m) = (a,gm + ¢4). We have the exact
sequence

0=V —=E.—Z,—0

Let e € E. such that e — 1 € Z,,, we have ge = e + ¢4, so (g — 1)e = ¢4. As the functor D is an
equivalence of categories, we have

0— D(V)— D(E.) — Ax — 0

Leté € D(E;) — 1 € Z,, and let z = (p—1)é and y = (y—1)é, which satisty (y—1)z = (¢—1)y.
Let b=¢é—e€ A®z, E.. Then (¢ —1)b = and
g—1 g—1

Cczy(9) = o L i (g—1b= ﬁ(v —le—(g—1)(e—e)=(g—1e=c¢

Note that we have

D(V)

H*(Cy (K, V)) =
(CoaKoV)) (v—Le-1)

and H'(Cg (K,V)) =0, for i > 3.

From Equation we get a long exact sequence in cohomology

0 VHx & D(V) 25 D(V) = H'(Hg,V) = 0 (17)

As AV =2 @(A/p') as Hxg-modules and H*(Hg, A/pA) =0, so H(Hg, A® V) = 0 for every
1 > 1. Therefore the above exact sequence tells us that

HY(Hg,V) = D) (18)

AS)
—_

By the Hochschild-Serre spectral sequence (see [23]) for 1 — Hx — Gx — 'k — 1, we have
Hi(Tg,H/(Hg,V)) = H*Y(Gg,V). Then the cohomology vanishes for j or i > 2 so we have

HY(Gg,V)=0 fori>3

Fori=1,j =1weget H*(Gg,V) = H' Tk, H (Hg,V)). Since H'(Hg,V) = %, we have

H2(GK, V) = G

O

r
Observation 5.9. We have H'(Hy,V)'x = % * by Equation . On the other hand,

taking cohomology H(I'g, —) in the exact sequence Equation gives an exact sequence

D)=t & <5(_Vi>“ — HY (g, VHR)
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=1
And so we have that H'(I'g, VIK) = %. Therefore the inflation-restriction exact sequence
for G and Hi becomes the exact sequence

D(V)#=! D(V)\"¥

O%L%Hl(GK,V)% D) -0
v—1 p—1

Definition 5.23. The complex Cy (K, V)* is the following one

11
(p—1,y-1)

0— D(V) D(V) @ D(v) L=z mer by g

Proposition 5.10. The commutative diagram of complexes

Coy:0 —— D(V) —— D(V)® D(V) —— DV

(
l[d l(—zﬁ,]d) l—
(

Cyrn:0——DV) —— DV)® D(V) — DV

) —— 0
) —— 0

induces an isomorphism on cohomology.

Proof. The diagram commutes as (—¢)(¢ — 1) = ¢ — 1, and ¢ commutes with v (c.f Proposi-
tion . Moreover, 9 is surjective, so the cokernel complex ix 0. The kernel complex is

00— D(V)¥=0 =5 p(y)¥=0 ¢
But this complex has no cohomology because of Proposition [5.9] O

Therefore, as a corollary we have the following theorem

Theorem 5.7. IfV is a Z;, or a Q, representation of G, then we have
i) HO(Ge, V) = D(V)¥=17=1 = p(v)e=ia=t
iii) We have an exact sequence
D(V)*~!
v—1

— H' (Gg,V) — (Z(_VDM -0

0—

5.6 Iwasawa theory

Notation. Assume that I'k is procyclic and denote 7, the topological generator of Gal( K,/ Kp,).
n—1

We choose 7, to be compatible, that is, v, =~
Definition 5.24. The [wasawa algebra is Zy[[I'k]]. It’s isomorphic to Z,[[T]] via T — v — 1.

Definition 5.25. Let V be a Z, representation of Gx. We define the Iwasawa cohomology

groups as ' '
H}, (K, V) = lim H'(Gr,, V)
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where the transition maps are the corestriction maps.

If V' is instead a Q,-representation, we choose a stable Z, lattice T'in V' and define
H}w(Kv V/) = Qp ®Zp H}w(Kv T)

We want to relate H}, (K, V) with (¢, T')-modules. First we need a lemma:

Lemma 5.7. If M is compact with a continuous action of I'k; then we have

. M
M:@%z_l

n

Proof. There is a natural map M — lim L—1 To prove injectivity, it’s enough to show that
&t

Unen(¥n —1)M = 0. Choose a neighbou{lhogd V of 0 in M. By continuity of the action of 'k,
Vo € M, there exists n, € N and U, 3 x open set such that (v,, — 1)z’ € V, for every 2’ € U,.
Then, M = |J U, and by compactness we can choose a finite subcovering M = Ule U,,;. Choose
n = maxng, and we have (v, —1)M C V. This holds for every V', so the injectivity is proved.

Now let’s prove surjectivity. We have a Cauchy sequence (z,) € lim (M /(vn—1)). By compact-
ness, dx = limz,,. We have (2,41 — ) = (7n — 1)yx. Again by compactness, yj has a limit, so

we get © — xy, = (7, — 1)y, so (z,,) is the image of x by the natural map M — @n «/Tj‘{l O
Theorem 5.8. There is an isomorphism

Exp* : Hy (K,V) — D(V)¥=1
Proof. Let 1, = % =141+ ---+7"_,. Then, we have the following commutative

diagram
Cyrnp:0 —— DV) —— D(V)®DV) — D(V) —— 0

J/Tn l(Tn Jd) l]d

Cyrypr:0 —— D(V) — D(V)®oD(V) —— D(V) —— 0

It induces corestrictions on H?, as it is a functor and induces the trace map Try, /K,., on H 0,
Therefore, we have the following diagram

= n=1
0 — 2O s B (G, V) —— BT —— 0
lpl lcor Tn
P=1 Yn— =1
0 ; I;El‘f)l_l HY'(Gg, ,,V) — % )

Using the @ functor, we get the sequence

D(V)¥=! D(V)\"™!
0—>y_,§n11 —>H}w(K,V)—>1’£1<¢(_i>
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As D(V)¥=! is compact (c.f Proposition , then by Lemma we have lim 200% —

< -l
=1
D(V)¥=!. Moreover, (Z(fvl) is increasing and Z(_Vl) is finite dimensional (c.f Proposi-
tion 5.8)), so it must be stationary for some n, say N. But then 7, is just multiplication by
p for n > N, and so every element of %W is (infinitely) p-divisible. But % does not
D)

contain p-divisible elements. Indeed, any p-divisible element in <75 can be represented by

xz € D(V) and we have that Vn, Jy,, z, such that x = p"y, + (¢ — 1)z,. Therefore, fixing m,

we have that z, is a solution of (1) — 1)(z) = # mod p™*! for every n > m + 1. As D(V)¥=!

is compact, we can extract a convergent partial subsequence, and it is possible to do that (by

diagonal extraction) to obtain a sequence that converges modulo p™ for every m. Then, if z is
D(V)

the limit of such sequence, x = (¢ — 1)z and so it is 0 on .

. D(V) Tn=1 . .
Therefore @ (W) = 0 and so we have an isomorphism

Hj,(K,V) = D(V)*~!
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6 Z,(1) and Kubota-Leopoldt zeta function

In this section we give an alternative construction of the Kubota-Leopoldt zeta function, based on
the theory of (p, I')-modules of last chapter. In particular, we will produce the Kubota-Leopoldt
zeta function from a compatible system of cyclotomic units. As we will see in the next chapter,
this system of cyclotomic units can be extended to form an Euler system, so the construction
that we give in this chapter builds a relation between the p-adic L-function of Kubota-Leopoldt
and the Euler system of cyclotomic units, associated to the representation Q,(1).

The following observation gives an alternative approach to measures, that we will use.

Observation 6.1. (A&p)w:0 can be seen as measures on Z,. This is a consequence of the
isomorphism Z,[[T] = A@' = Zp|[r]] given by T + m. Moreover, the isomorphism preserves the
actions of ¢ and ¥, so (Aap)wzo correspond to measures with support in Z;, via the isomorphism
with Zp[[T]] and the Amice transform.

*

Moreover, (1A} )¥=% correspond to measures in Z
’ Qp Dy

has the T coefficient null).

such that fZ;; p = 0 (its Amice transform

Definition 6.1. Let Z,(1) be the module Z, with an action pf Gg, given by g(z) = x(g9)z,
where y is the cyclotomic character.

Similarly, Ag,(1) = D(Zy(1)) = (A ®z, Z,(1)) % = Ag, (1), which is just Ag, with the usual
actions of ¢, and an action of I' given by

Y(f(m) = x(N (L +mX) —1)
Proposition 6.1. i) Aéjl = Zp% o) (Aap)wzl
ii) We have an exact sequence

yo=1 L, (rAF )¥=0 ¢

0 — Z, — (A} 3,

QP
Proof. i) We know that w(Aap) - A&p (see Lemma , ¥(2) = L (see Proposition ,
and that vg(¢(z)) > [I’ETSI)] if z € Eg, (see Proposition . This implies that ¢ — 1 is
injective on E@p/ﬁ_lE&p and hence also on AQp/ﬂ'_lAap. Therefore, if z € (Ag,)?=", we
have ¢(x) =z and so = € 77_114617 =Zp: @ (Aap)wzl.
ii) First of all, note that the exact sequence

0= Z, — (48 )P~ 2= (wAd )P0 =0

is well defined. Indeed, we have (¢ — I)Aép C WAap. This is immediate as Aap = Zpl[n]].
Moreover, ¢ (¢ — 1)(146?)¢Z1 = (Yo — w)Aép)d’:l =0astY=1on (A(?’ip)w:1 and Y =1
always.

On the other side, again because Aap = Zp|[r]], it’s clear that ker(p — 1) = Z, and that

Ly — Az)fp is an inclusion. So it only remains to show the surjectivity of ¢ — 1. But, if
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S (WA&F,W:O, then lim,, o " (z) = 0 as " (z) € go(ﬂ)”AjQEp, and so y = > o7 " (x)
converges, and one has (¢ — 1)(—y) = x so (¢ — 1) is surjective.

O

Notation. Recall that we've fixed € = (1, e @ ,) € EJFP7 with €M) #£ 1. Let 7, = ™ — 1
and F,, = Qp(my).

Observation 6.2. We have Np, /g, (Tni1) = Np, /5, (D) — 1) = anzl(e(”ﬂ)n — 1), as
the minimal polynomial of €™V over F, is X? — ™, and so for every g € Gal(F,,1/F},),
g(etD)) = e+t for some 1 such that 7P = 1. Moreover, we have [[p—1(Xn—1)=X7 -1
and so Ng_,/F, (Tnt1) = T, and we have OF, , = Op, [mp41]/(1 + 7p1)P = (1 + 7).

Definition 6.2. We will define a Kummer map x as follows:

For every element a € F;;, we choose x = (a,m(l), ...) € E. The choice of z is unique up to
product by €, with u € Z,. As G, leaves a invariant, g(x) = (a, /M. . .) and so
9(x) = 9 with ¢(g) € Z,
x

Therefore this defines a map x : Ff — HY(GF,,Z,(1)) given by a — k(a) : g — c(g).

It should be checked that the Kummer map is well defined. First of all, x(a) is continuous, as
c(g) € p"Z, implies that g fixes the first m coordinates of x, that is, g € GF,_,,. Moreover, for
91,92 € GFn7 we have

9195(2) _ g1(e1%z) _ X9 gi (@) g eigarreton)

T T T

Therefore, c¢(g192) = x(g1)c(g2) + ¢(g1) and so gic(g2) — c(g192) + c(g1) = Xx(g1)c(g2) — c(g192) +
¢(g1) = 0 and k(a) is a cocycle. It only remains to see that the choice of x is not relevant.

Indeed, take ' = ez and we have another cocycle ¢’ given by

<) — g(@') _ g(e"x) _ g(ﬁu)ec(g)
! elx U

In conclusion, ¢/(g)—c(g) = g(u)—u = (g—1)u so they define the same element in H'(G, , Z,(1)).

Observation 6.3. i) The following diagram is commutative

F*—H — HI(GFM—NZP(U)

n

lN Fpi1/Fn lcor

F.n* —"— HY(Gp,,Z,(1))
i) H'(GF,, Zp(1)) = Zyk(mn) ® £(OF, ).
As a consequence, we can induce a Kummer map

ko lim By — Hi, (Qp, Zp(1)

where the transition maps of the projective limit are the norm maps Np, . /g,. Moreover, we
have

Hi,(Qp, Zy(1)) = Zpki(mn) @ “(1&1 OF,)
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6.1 Coleman’s power series

The aim of this section is to prove Theorem Here we follow [8] and [19] instead of Colmez’s
notes. We start by defining a norm operator on Z,[[T’]], which is a multiplicative analogue of 1.

Definition 6.3. N : Z,[[T]] — Z,[[T] is defined by

N +TP -1 =[] f(A+T)z-1)

zP=1

Lemma 6.1. ([8], Lemma 2.3.1) If o(f)(T) =1 mod p*, then f(T) =1 mod p*.

Proof. Write f in the following form

f() =1= <ZanT”) p"
n=0

Where m > 0 is such that p doesn’t divide all the coefficients ar. Note that it’s enough to see
that m > k.

Let r be the smallest integer such that p t a,. Then we have ¢(f)(T) — 1 = p™h(T'), with
h(T) = 302 s ane(T)". But we have ¢(T) = TP mod p, and so h(T) = a,T?" 4 ... mod p.
As p{a,, we have that p { h(T), and so we have ¢(f)(T) —1 # 0 mod p™*!, and therefore we
must have m > k. O

Now we can prove some properties about the operator N.

Lemma 6.2. i) Ng, . /5, (f(70s1)) = N(f)(70)
ii) If f € Z,[[T]]*, we have N(f) = f mod p.
iii) If f € Z,[[T]]* and f =1 mod p¥, then N(f) =1 mod p**!
iv) If f € Zp[[T]]*, k2 > k1 > 0, then N*2(f) = N*¥1(f) mod pr1+!

Proof. 1) On one side, we have N (f)(m,) = N(f)(14+mp41)P—1) = [[.r_; f(€Pz—1). On the
otherside, Ng, ., /r, (f(mn+1)) = ngGal(Fn+1/Fn) 9(f(mn11)) = ngGal(Fn+1/Fn) f(g(mnt1)).-

But the Galois conjugates of m,11 are precisely those et 21, for z# = 1, and this proves

the first equality.
ii) If 22 =1, then 2 =1 mod p: Indeed z =a mod p and so 2P = a” = a mod p and so we
must have a = 1. Therefore, modulo p we have

NI = NAHA+TP =1) = [ f(A+T)z=1)= f(T)’ = f(T?)  mod p

zP=1

Therefore N(f)(T) = f(T) mod p as desired.
iii) Suppose that f = 1 mod p*. Let p; denote the maximal ideal of Op,. For each z such
that zP = 1, we have
z(1+T)—1=T mod p1Zy[[T]]

And therefore, looking term by term we have

flz(1+T) = 1) = f(T) mod p1p*Zy[T]]
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But then (¢ o N(f)) = [Lo—; f(z(1 +T) — 1) = f(T)? mod p1p*Z,[[T]]. But both
polynomials belong to Z,[[T]], so its an equality modulo p1p* N Z, = p**1. In conclusion,

o(N(f)) = f(T)» =1 mod p*!

But then, using Lemma , we have that N(f) =1 mod pFt!.
iv) From a repeated application of (ii), we have that

NEh ()

=1 modp
f

But then, using (iii) k1 times we get N*¥2(f) = N¥'(f) mod p*+1.
O

Lemma 6.3. (Weierstrass preparation theorem)(|§], Theorem 2.1.3) Every f € Z,[[T]] can be
uniquely written in the form f(T") = p™u(T)g(T), where u € Z,[[T]]*, and g(T') is a distinguished
polynomial (i.e. it’s monic and its lower coefficients are multiples of p).

Theorem 6.1. (Coleman’s power series) Let u € lim Op, — {0}, where the projective limit is
built bu the maps Np, . /r,. Then, there erists a unique power series f, € Zy[[T]] such that

Ju(mn) = uy, for every n.

Proof. First we prove uniqueness. Note that every f € Z,[[T]] converges and yields a function on
mc,, and m, € mc,. It follows from Lemmathat f € Zp[[T)] can only have a finite number of
roots in mc,, as units in Z,[[T]] can’t have roots in mc,. Therefore, if f, g satisfy the conditions
of the theorem, (f — g)(m,) = 0, so f — ¢ has infinitely many roots, and we must have f = g.
Now we prove the existence of f,. First of all, note that we can reduce to the situation such
that v € lim O, , as we can write u, = nfaul, with o € p,—1, and u), € 1 +mp,. Then
Ng, .\ /k, (U 1) = up, and so if there exists f,s such that f(m,) = uj,, we can let f, = T"af,.
So let u € lim OF, , and choose an arbitrary f,, such that f,(mn) = u,. Then f, € Zp[[T]]*, and
let’s define g, := N"(f2,). By Lemma gn € Zp[[T]]* too. We claim that, if m > n, then

Im(Tn) = 4, mod p" Tt

To prove the claim, note that u,_1 = NFn/Fn_l(un), and S0 up—1 = N(fn)(mn—1), using
Lemma (i). Repeating this k times, we have u,_, = N*(f,)(m,_). Not let k = 2m — n,
and we have, using Lemma [6.2] (iv), and that 2m —n > m,

Un = NQm_anm(WQm—(Qm—n)) = N" fom(mn) = gm(mn) mod p™*!

Therefore any convergent sub-sequence {g,,} of {gn} satisfies the required property of the
theorem. We know that such a sequence exists as Z,[[T]] is compact. Therefore let f, =

limyy, 00 Ghy - d

Finally, we see the relation between Coleman’s power series and the p-adic zeta function. For
this we need to introduce the logarithmic derivation.
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Notation. Given f € Z,[[T]], we denote 0f = (1 + T)%

Theorem 6.2. For f, like in Theorem we have

i) N(fu) = fu
i) v () = G
Proof. i) By (i) in Lemma we have that N (fu)(m.) = Npg, /5, (fu(mni1))
therefore N(f,) — fu has infinitely many zeros, so we have N(f,) = fu-
) Note that it’s enough to see that 1 (9log f,) = 0(log N(f.)), as then it follows
_ Ofu

" <6’fu> = 1p(0log fu) = 9(log N(fu)) = O(log fu) = 7

Ju
= p(dlog N(f)). Recall

Moreover, by injectivity of ¢, it’s enough to see that ¢(1(91log f))
> w1 A+ T)P = 1), and o(N(f)) = Loy f(z(1+T)P —1).

= fu(my), and

that we have pp(¢¥(f)) =

We have, on one site,

pe($(D1og £)) = pv (‘if) (+TP )= ‘9ff<<1 1 T)-1)=
zP=1
) = J(log p(N(f)))

1+T )2f (14 T)z —
Z O+ =1 <1ogzl_[1f 1+4T)z-1)

On the other hand, noting that 0 o ¢ = py o 0, we get

(‘9N(f)> = d(log p(N(f)))

p(@log N(f)) =
@1osN () =pe (0
On conclusion,
1
p(¢(0log f)) = ~9(log (N(f))) = ¢(dlog N(f))
And by injectivity of ¢ the result is proved
O
Observation 6.4. Let a € Z such that a # 1, (a,p) = 1. Then, let
—aZE
e P —
un = —zr—— € Qi)
e »" —1
It’s clear

We have that Ng, /5 (unt1) = up and therefore we have an element u = L Or

that
fo = 1+T)"*—
YA+ -1
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And therefore of .
a
= = A (T
fu (Q+T)e—-1 T xa(T)

Therefore u — % produces the Kubota-Leopoldt zeta function from the system of cyclotomic

units (uy,).

6.2 Explicit reciprocity law

Theorem 6.3. (Ezplicit reciprocity law for Z,(1)) The following diagram is commutative

@OFn \ {0} . » Hi,(Qp, Zp(1))

Observation 6.5. This explicit reciprocity law relates a system of compatible cohomology
classes with the p-adic zeta function, using elements from the theory of (p,I')-modules: Exp*
produces the Amice transform of the measure A, from the system of cyclotomic units

g 2mi 1
e v —

Up = —%7 € Q(ppn)
e P —1

This is the simplest instance of a very general (conjectural) phenomena, which relates an Euler
system attached to a Galois representation (in this case, V' = Q,(1)) with the p-adic L-function.
We will treat this conjectural phenomena with some more detail in the following chapter.

Let’s begin with the proof of the Explicit reciprocity law. We need some lemmas first.

Notation. Let u € lim(OF, — {0}). We denote by g — Cy(g) the cocycle of Gp, given by
Kummer theory:

lim(OF, — {0}) > H}, (@, Z,(1)) = H'(Gr,, Z,(1))

On the other side, let y € D(Z,(1)) = A%:l(l), and denote g — C (g) the image of y under the
map
D(2Z,(1)) = Aj (1) r— Hi(Qp, Zy(1)) = HY(GF,, Zy(1))

Observation 6.6. It will be enough to prove that if C,,(g) = CJ(g) for every g and n, then

Ofu
= % (m).

Lemma 6.4. Given u € @(Opn —{0}) and y € Afé:l(l)
i) 3k € Z and b;, € Oc, /p" such that

2
p“lo n -1 .
P*Chlg) = iim ) -3 — Y (i) + (9 = DY, € Oc, /p
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ii)

Proof.

ii)

3b; € Oc, /p™ such that

PCo(g) = p*logx(g) Ofu

p 7, )+ (9= Dby, € Oc, /p"

i) From the definition of Fxp*, we have that
= logx(vn) g—1
(Bap) sy s Colg) = 22X IZ 0y (g1,

Now we observe that

e In At ¢ is invertible, and so we can define 7, := o~ "(7) = [!/?"] — 1

e C)(9) € Zyp, so ¢ is the identity on C/(g) and so we have
o~ RO (9) = Crlg)
o Let by, =) 15 p'[z]. By the multiplicativity of the valuation vz,

ve(e F(2)) = plkUE(Zl)

And so 3k such that vg(e="H%) (%)) > —1.

Now choose [p] € At with p € Et, p= (p,...). Then we have that, choosing k adequately
as above, pp~("t%)(z) € E*. Then, applying ¢~ "% to the expression of C’,(g) (and using
that ¢ commutes with the action of the Galois group), we get

logx(m) g—-1 . ~(n
Calg) = BN T2 D) — (9 = 1 1)

Now we just have to multiply by [f]?, reduce mod p™ and apply 6 : At /p" — Oc,/p",
sending [p] — p. We get

2
plogx(m) g-—1 n
P*Crlg) = pn( ). p— (k) + (9 = Dby € Oc, /p

where we have set b, = 0([p]2¢~ "% (b,)).
Note that any u € lim(OF, — {0}) can be written as (un) = (7F)(vy), with v, € O}, .
Moreover, we have that x(ujuz) = k(u1) + k(u2) by definition of the Kummer map, and

Ofujug _ 8ff “1 4 8ff“2 . Therefore, we can reduce to prove the result for 7 and v. In particular,
ul u2

Jugug
it’s enough to prove the formula for w such that vy (uy) < 1.

Now we define the following morphism

-1
H:1+ (ker0)Bi, — Cp, x 0 <m >

™
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Note that, given two elements of 1+ (ker6)Bjp, =142’ and y = 1+ ¢/, we have

H(zy) = H1+7(a' +y) + x%2"y') = H(z) + H(y)

Now let uy, := [(un,u}/p, ...)]- Then we have %{j‘) = [gn9) = 3% (C"(g))([e] —1)m =
1+ Ch(g)m+ .... Therefore

Culg) = H <Q(ZL)> (19)
Then, we have
9(FulT)) _ (Rl 7)XD — 1) (fu((Ltm) P (14 7))
Ful) Fultn) Ful)

Taking the Taylor expansion of the numerator at point 7,, we get that % =1+

8}{“( # )L}g}fl + .... Therefore, using that 6(m,) = m, by Proposition we have

o (g(fu(fn))) _ x(g) —10fu () (20)

fu(7n) " fu
Again by Proposition 0(tn) = uy,. Then,

O(fu(mn)) = fu(0(70)) = fu(mn) = upn = 0(1y)

So we have that 9(%7:”)) = 1. Let’s define a, := %f") In particular we have a, €
1+ (ker 0) B}p.

Putting everything together, we have that

Where we have used Equation in the first equality, the definition of a,, in the second
one, and in the last one, Equation and the property of H(zy) = H(z) + H(y).

Now note that
o) =0 (M) =0 (P ) o ()

But 7 /7 is a generator of ker 6 as (7 /71) = 0 and it has valuation vg (7w /1) = (1 - 7) vp(e—

1) = 1. Then 6 (%) € Oc,. Therefore H(an) € - L 0Oc .
Oc,. Therefore, multiplying Equation by p? we get the following equality in Oc,

In particular, p?H (a,) €

P’
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x(g) =10fu

p*Cn(g) = p° o fu( n) — (x(9) — 1)p*H (an)

Now we just have to note that x(¢g) =1 mod p", so we have that

x(g9) —1 _ exp(log x(9)) —1 _ log x(g)
pn - pn - pn

mod p”

And denoting b = —p?H (a,,) we have the desired result.

Now we need to introduce the notion of normalized trace maps.

Definition 6.4. Tate’s normalized trace maps are the maps R, : F — F, are defined by
P_kTTFHk/anE, for any k such that z € F, k.

These maps are well defined: Indeed, let m be the minimum natural number such that x € Fj,4p,.
Then, for every k > m we have

—k —k —k k—m —m
p Tan-!—k/an =p Tan+m/FnTTFn+k/Fn+m‘r =p TTFn+m/an r=p TTFn+M/Fn$

In conclusion, p~*Trp

v/, @ doesn’t depend on the k chosen, so the trace maps are well defined.

Definition 6.5. Let’s denote Y; = {z € F; such that Trg, ), x = 0}. We also define
Ry (%) = Royi(2) — Rpgic1(z) € Yo

Observation 6.7. Given z € F,, we can write

)+ Z Ry il
Lemma 6.5. vy(x) > 0 if and only if v,(R,(z)) > 0 and v,(R;_;(x)) > 0.

Proof. The inverse implication is an immediate consequence of the observation below. On the
other hand, given x € 0,4, we can write, for some a; € OF,

Z 1+7rn+k k

7=0
Calculating the trace with the irreducible polynomial of (1 + 7,4)7, it’s immediate that

(14 mpar)!  if (14 muar)! € Fy
0 otherwise

Rin((1+ mpsr)’) = {
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Therefore, R, (z) = ao and R}, ;(x) = Z] 61 ajRpti(1 4 mnik)?) — Rpsimi((1 + mnix)?). Each
summand only survives if (1 + m,41)’ € Fpy; but (1 +7,1%)? ¢ Fnii_1. Then, only the terms
of index j = p*~%5', with (p, j/) = 1 survive, and so

R:L+Z Z CL n—ij 1 +7T7’L+’L)
(J7"p)=1

Then, v,(Rn(2)) > vp(x) and vy (R} ;(2)) > vp(x) (we are taking the minimum of the valuations
of a subset of the summands of x) and the result holds. O

Lemma 6.6. Let j < i—1. Let u € Z; and let’s denote by ~; a generator of I';. Then, if
vp(u—1) > vp(m1) then wy; —1 is invertible on Y;, and moreover, given z € Y;, v,((uy;—1)"'z) >

vpl() — vp(m).

i—j—

Proof. Choosing the «y; adequately, we can assume that ;1 = 7? T Then, we have that

i—j—1

(wyy = 1) = @ i = DT () e ()Y

Therefore, to prove the invertibility of (uy; — 1) it’s enough to prove that of (WP il — 1),
Therefore we can reduce to the case j =i — 1. As {f(i)a}a:L...7p—1 is a basis of F; over F;_1, we
have that every x € O, NY; can be written (for certain =, € O, _,) as

p—1
r = Zxa(l + ;)
a=1

Now let x(7i_1) = 1 + p'~ 1o, with v € Zy. Just by immediate calculation we have

p—1 ,
(wyic1 — Dz = Zuxa(l o) 0PI g (14 ) Zﬂ?a (14 m)* (u(l 4+ m)* — 1)
a=1

Then it is immediate that (uvy;—1 — 1) has an inverse, which we can write explicitly as

p—1

(wiia = )7l =3 (u(1 + ;Cf)av —1) (L+mi)®

a=1

Then, developing (u(1+m1)* —1) in power series, we get (u(14+m)* —1) = (u—1)+umi+....
Then as vp(u — 1) > v,(m1) we have that v,(u(l +m)* —1) = vp(wrl) = vp(m1). Therefore on
each summand

Up <(u(1 T ma),w Y (1+ Wi)a) > Up(zq(14+m)) —vp(u(14+m1)" —1) > vp(aa(1+m)") —vp(m1)

As this holds on every summand, taking minimums on each side we get

vp((uyim1 — 1)) > vy(x) — vy(m)
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Lemma 6.7. (Ax’s theorem) There exists a constant C' € N such that, given z € C,, H C G,
a closed subgroup, if for every g € H we have v,((g — 1)) > a for some a, then there exists
Y€ Cf such that vy(z —y) > a - C.

Proof. This is a well known result from Ax, which he uses in the proof of Ax-Sen-Tate’s theorem.
One can find the proof in [4], Proposition 2. The statement in Ax’s paper is the same, if one takes
into account that A(z) is defined as {mingep vp(gz — x)}, and so the condition v,((g — 1)z) >
a, Vg € H is equivalent to a < A(z). O

Lemma 6.8. There exists a constant C' € N such that for all n, k, if x € Op, and b € Oc¢, are
such that

-1
vp(i_lx—(g—l)b)Zn Vg € GF,

Then,
R,(x) € p”_COFn

Proof. We will show that the result holds even for € O . For every g € ker x := Hg,, we get
by hypothesis that

vp((g —1)b) = n

Then by Lemma there exists a b € Fy, such that v,(b — ') >n — C.
On the other hand, if we take g = v, by hypothesis we have

o (224 = (= 10) =ty = (= 10) 2

Therefore,
08— (= 1) = vy — (3 — )b+ (30— 1)(b—b)) = min{up (@ — (30— 1)B), vpl(1a— 1) (b—¥))}

But above we’ve seen that v,(z — (v, — 1)b) > n and by Lemma vp((yn — 1)(b = 0)) >
vp(b— V) 4+ vp(m) > n— C, and so we have that

vpl(a = (v — W) =n—C

As the Galois action commutes with the trace operators, R,v, = 7R, = R, and we have that
Ry (z) = Rp(x — (70 — 1)V)

Taking valuations, and recalling that by Lemma [6.5 we have that v,(Ry(z)) > vp(z),

Up(Rn(x)) = Up(Rn(x — (Yn — 1)b,)) > Up(l' — (" — 1)b/) >n—-C
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Proof. (of the Explicit Reciprocity Law) Following the idea of the proof already outlined before
(Observation [6.6), take y € D(Z,(1))¥=!. So by hypothesis we have that y = ¥ (y). Then, as
we’ve seen in the proof of Lemma [6.5] we have that

R (y(mnsk)) = y(mn) (22)

Moreover we already know from Theorem that

01\ _ 0%
w(fu) fu

Now we let

_ ploexm) oy Ofu
Bo(w) = p* == (y(ma) = ()

Then, using that for every x € F,, ’an __llx = li‘)ggxﬁ(j;)x mod p", we have by Lemma

g—1
T —1

() + (g — )b = p*(Cp(g) — Cn(g)) =0 € O, /p"

That is,

o (L@ + o= 1p) 2

Therefore, using Lemma [6.8 we get that

lo n 0fu e
o) = EX) () - W) ) € o,
Therefore, for every n, we have that

log;CTE%) (y(ﬂ'n) _ %(ﬂ'n)) e pn—c—20Fn

Finally, let h =y — %ﬁ. Using Equation and the fact that R,(Op,,,) € OF,, we have that,

u

for every n > i,
h(m) = Ri(h(my)) € p" 20,

As this holds for every n, we have that h(m;) = 0 for every i and so h = 0, as it can’t have infinite
roots. This completes the proof. O
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7 p-adic L-functions and Euler systems: The big picture

Through this thesis we have studied the construction of the Kubota-Leopoldt zeta function and
of L-functions attached to modular forms, via p-adic interpolation. In the first case we've also
given an alternative arithmetic construction, using the Euler system of cyclotomic units, and
we have proven an explicit reciprocity law for this situation. This final chapter picks up the
thread of the exposition in the introduction, and pretends to contextualize which role do the
constructions we’ve explained play in a big conjectural picture. This chapter is more a summary
and intends to give a general view, so many details and proofs are skipped. We mainly follow
the exposition about Euler systems in [I7], and we also use some interesting points of view in
the introduction of [19] and [24].

7.1 Galois representations and the Bloch-Kato conjecture

Let K be a number field, and (p,V) be a p-adic Galois representation of Gal(K/K). We are
interested in a particular kind of representations, those coming from geometry.

Definition 7.1. We say that the representation (p, V') comes from geometry if it is a quotient
of a subspace of Hg, (X5, Qy)(j) := lim Hg (X5, Z/p"Z) @z, Qp(j), for some smooth algebraic
variety X/K and i, j integers.

Example 7.1. Given E an elliptic curve defined over K, the representation V,,(E) = lim En]®z,
Qp = Helt(EF, Qp), and so it’s a representation coming from geometry.

In particular, representations coming from geometry are unramified except at p and primes of
bad reduction of X.

Now let’s define the L-function attached to a representation. Let p | p be a prime of O. We
have an exact sequence

1 =1, = Ggp — Gr, — 1

Therefore, if (V, p) is unramified at p (i.e. the representation is trivial on the inertia subgroup
of p, p(Iy) = 1, for every p | p) the lift p(Froby) is well defined. In particular, the following
definition makes sense:

Definition 7.2. Let v be an unramified prime in K. The local Euler factor at v is
P,(V.T) = det(1 = Tp(Frob;")) € Q,[T]

There’s also a more complicated way of defining the local factor at v for bad primes, which we
won’t discuss.

Definition 7.3. The L-function attached to the representation (V, p) is defined as

L(V,S): H Pv(V7|OK/U|_S)

v prime in O
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Example 7.2. For the representation Qp(n), we get P,(Q,(1),7) =1 — £ and so

Lv,s) = ] H%:g(sm)

| prime

We want to study the Galois cohomology of the representation. It’s usually useful to impose
some local conditions on the cohomology groups, which leads to the definition of Selmer groups.
Observe that if v is a prime of K, we have a natural inclusion Gk, — Gg. This induces
morphisms in cohomology

HY(Gg,V)— H (Gg,,V)

Definition 7.4. A local condition on V at a prime v is a submodule 7, C H'(Gg,,V).

The most used examples of local conditions are F, strict = 0, Fo, relaxed = H (G K, V), Fo, ur =
Im(HY(Gk,/I,,VI*) - H(Gk,,V)) and F, gk, which is defined in terms of a condition from
p-adic Hodge theory.

Definition 7.5. A Selmer structure is a collection F = (Fy)y prime of K Satisfying that for almost
all v, we have F, = F, 4. Given a Selmer structure we define a Selmer group

Selr(K,V) = {z € H (G, V)|loc,(x) € F,, Y}

Equivalently, we can write it as
Selr(K,V) = ker (Hl(GK, V) — H HY(Gg,,V) /]—"v>

We’re mostly interested in 3 different Selmer groups: Selgrict, Selpx and Selyejgpeq Which cor-
respond to the choice of local conditions F,, = F,, y for all primes v { p and for primes v | p,
fv = ]:v, strict fv, BK; fv, relaxed respectively.

There is a conjectural relation between the dimension of Block-Kato Selmer groups and the order
of a certain L-function: This is the Bloch-Kato conjecture, which can be seen as a generaliza-
tion of the BSD conjecture for an arbitrary Galois representation. Note that, as stated in the
introduction, it relates an analytic object (L-functions) with an algebraic one (Selmer groups).

Conjecture 7.1. (Bloch-Kato) Let V' be a representation coming from geometry. Then,
dim Selpy (K, V) — dim H*(K,V) = ords—oL(V*(1), 5)

Where V* denotes the dual representation.

Observation 7.1. This very general definition of Selmer groups is modelled out of the case of
Selmer groups of an elliptic curve E. Indeed, for this case we have an exact sequence

0—Em—-F—FE—=0

And so this gives a long exact sequence in cohomology

0 — E(K)[m] — B(K) — E(K) - HY(Gg,E[m])) - H Gk, E) — HY G, E) — ...

78



This can be rewritten to obtain the Kummer sequence for an elliptic curve

0 — BE(K)/mE(K) — H(Gk, E[m]) — H(Gk, E)[m] — 0
Then, using the restriction maps on cohomology, we have the commutative diagram

00— B(K)/mE(K) —— HY(Gx, Elm]) —— HY (G, E)jm] —— 0

! ! |

0 — [1, B(K,)/mE(K,) — I[, H(Gky, Elm]) — T[], H (G, E)[m] —— 0
And one defines

Sel™ (E/K) = ker (Hl(GK, E[m]) — [[H'(Gk,. E) [m])

It can be seen that H' (G, F)[m] = H(Gk,, E[m])/Imk,, where x, is the local Kummer map
Ky : BE(K,)/mE(K,) — HYG,, Elm]). Therefore the elements in the Selmer group can be
seen as those that come from K,-rational points via the Kummer map.

If V,(E) := Im FE [p™] ®z, Qp denotes the Galois representation attached to the Tate module
of the ellpitic curve, we have F, px = H' (G, V,(E)), for v{p, as H(Gk,, V,(E)) = 0.

On the other side, there is an isomorphism F(K) ®z, Q, = Selpx(K,V), and so for v | p, we
have that being in the image of E(K,) via the Kummer map is the same as being in 7, px. In
conclusion, Sel,(E/K) := yLnSel(pn)(E/K) ®z, Qp = Selpr (K, V,(E)), and so the Block-Kato
Selmer groups are a generalization of the classical Selmer groups of an elliptic curve. See [5] for
a detailed explanation and proof about this relation between Selpk (K, V,(E)) and Sel,(E/K).

In addition, the Selmer groups yield an exact sequence
0 — BE(K)/mE(K) — Sel™ (E) — Illg[m] — 0
If the Tate-Shafarevich groups Iz [p™] are finite (as it is conjectured), then we have

dimg, lim Sel*")(E/K) ©z, Q, = rank(E(K))

Moreover, H°(Q,, V,(E)) = 0 and ords—oL(V*(1),s) = ords—1L(E/K,s), so the Bloch-Kato
conjecture is equivalent to the Birch and Swinnerton-Dyer conjecture if the Tate-Shafarevich
groups are finite. Otherwise, the Bloch-Kato conjecture just predicts the inequality

rank(E/K) < ords—1L(E/K, s)

This inequality can be proven (at least in some cases) using Euler Systems, which allow to control
the size of Selmer groups.
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7.2 Euler Systems

Euler systems are a tool for studying and controlling the size of Selmer groups. Let V' be a p-adic
Galois representation of Gg, T' C V a Z, lattice stable by Gg and ¥ be a finite set of primes
containing p and the ramified primes for V. For any number field K, we can regard V as a G
representation, and this induces corestriction maps on cohomology

cork H(L,V) - H(K,V) VL2 K

Definition 7.6. An Euler System for (T, X) is a collection ¢ = (¢ )m>1, with ¢, € HY(Q (i), T),
satisfying that

cor@Un) (o {cm ifleSorl|m

c
Qlpm) P(V*(1), Frob; Y)e,,  otherwise

The main reason why we should care about Euler Systems, is, as already said, that they allow
to control the size of Selmer groups. In particular, we have the following result:

Theorem 7.1. Suppose that ¢ is an Euler system for (T,X) with ¢; # 0. If V satisfies some
additional technical conditions,

dim Sel,;(Q, V) < dim(V="1)
Where ¢ denotes complex conjugation.

This result controls the size of Sel,¢;, and so it also allows to control Selpy, as we have

Selstrict(K, V) - SelBK(Ka V) - Selrel(Kv V)

This general definition of Euler systems is estrange, but as already discussed in Section [6 we
have already encountered an example of Euler system, that of cyclotomic units.

Example 7.3. Consider the representation V' = Q,(1). Recall how we defined in Definition
a Kummer map « : F} = Qu(m,)* — HY(GF,,Zy(1)). We can repeat the same argument
choosing a system of compatible m — th roots of unity (,, for all m (not just powers of p),
and define u,, = ( — 1. The same argument shows that there is a well defined Kummer map
k2 Q(um)* = HY (G, Zp(1)), and it commutes with norms and corestrictions.

Moreover, we have V*(1) = Q, and so PZ(V*(l),Frobl_l) =1- Frobl_1 (see Example . It

turns out that we have
U il |m
NQ (1) /Q(um) Uml = § (1 — Frobl_l)um ifltmand m>1
I ifm=1
Therefore, the elements (k(uy,))m would nearly give an Euler system. However, there are some

problems. On one side, we're seeing these factors for all primes, and we need to exclude at least
the prime p € 3. Moreover, we haven’t defined u;. To solve this, we define

{um if p|m
Um — .
NQump) /Qur) Ump Pt M
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Theorem 7.2. The classes ¢, = k(vp,) are an Euler system for (Zy(1),{p}), called the system
of cyclotomic units.

Note that the elements u, € Q(ppn) defined in Observation[6.4] (that we packed in Hy., (Qp, Zp(1)))
are exactly the v,» in the Euler system of cyclotomic units. Therefore, what we’'ve proved in
Section [f] is that we can construct the p-adic L-function of Kubota-Leopoldt from the
Euler system of cyclotomic units, using Fxp*.

This is exactly an instance of the picture explained in the introduction: For the representation
V = Q,(1), we have the following commutative diagram.

Galois representation ———  L-function

J Jp—adic interpolation

Explicit reciprocity law .. .
Euler system —— = p-adic L-function

This is a general conjectural phenomena: We expect to be able to build an "arithmetic" p-adic
L-function from an Euler system:

Euler system — H},,(Q,V) — H},,(Qp, V) —— D(V)¥=! ———— p-adic L-functions

Exp* Amice transform

Moreover, we expect to have an explicit reciprocity law that relates this "arithmetic" p-adic
L-function with the "analytic" p-adic L-function constructed via interpolation.

Observation 7.2. Applying the Amice transform to D(V)¥=! works for the case of Z,(1),

. . . =1
because 1 improves denominators in m, and so AEP C %A&p, so we can see the elements of

D(Q,(1))¥=! as measures on Z,. However, this is more complicated in general, and we have to
introduce more advanced tools from p-adic Hodge theory in order to be able to see the elements
of D(V)¥=! as measures on Z,.

Observation 7.3. This general picture is known to work in very few cases. One of them is the
one that we have studied in detail, the case V' = Q,(1). Another one is the case of L-functions
attached to modular forms. For this case, we have studied the construction of the p-adic L-
function in Section [d] Proving that the rest of the picture can be constructed is much more
difficult and falls beyond the scope of this study. It was done by Kato in [15].

7.3 Kato’s Euler System

For completeness, this last section summarizes some results that lead to the definition of Kato’s
Euler system. This is based in the exposition [I7]. First we give a short reminder about the
definition of modular curves, that we will need for the construction.

Definition 7.7. Let I" be a congruence subgroup. Then, there exists an algebraic variety Y (T'),
defined over Q, such that
Y(T)(C) =T\H

Y (T) is called a modular curve.
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In particular, for the congruence subgroups I'(IV) and I'; (IV), we have the modular curves Y (V)
and Y1 (V).
Y(N)(C)=T(N\H  Yi(N)(C) =T1(N)\H

Moreover, for every F'/Q, the F-points of Y;(N) are in bijection with isomorphism classes of
pairs (E, P), where FE is an elliptic curve and P is a point of order N in E.

Observe that we have introduced L-functions attached to a modular form, but to fit this into the
general picture about Galois representations (in particular, to build an Euler system), we should
see that we can attach a Galois representation to a L-function.

Let f =) ang" € Sk(N) be a primitive modular form. Then Q(f) = Q(a1,ag,...) is a finite

extension of Q, and Q,(f) = Qp(a1,asz,...) is a finite extension of Q,,.

Theorem 7.3. (Deligne) Given a primitive modular form f € Si(N), there exists a Gg-
representation Vy,(f), of dimension 2 over Q,(f), non ramified outside Np, such that if | { Np,
then

det(1 — Tp(Frob)™') =1 — T + 1F172

In particular,

L(Vp(f);8) = L(f )

Moreover, it was proved by Faltings, Tsuji and Saito that V,(f) is a de Rham representation
(J10], Theorem 8.4.8 for the precise statement), and by construction of this representation, it
comes from geometry: It is defined as the maximal subspace of HJ (Y1 (N )g» Qp) where the
Hecke operators Ty, for 1 N, act by multiplication by a;(f).

Now let’s proceed to define an Euler system for V,(f). Kato does this using Siegel units on
modular curves. Let’s introduce this concept.

Definition 7.8. Let I be a congruence subgroup. Then, a modular unit or level ' is a nowhere
vanishing I-invariant holomorphic function f : H — C with poles of finite order at the cusps.

Observation 7.4. There is a bijective correspondence

{Modular units of level I'} +— O(Y (T')(C))*

Where O denotes the coordinate ring of the algebraic variety. Therefore there are two different
ways to look at modular units. In particular, we can talk about the field of definition of the
modular unit.

Definition 7.9. Let (o, 8) = (a/N,b/N) # (0,0) € Q/Z. We define the functions g, 5 : H — C

as
9ap(m) = [T =" NG TTA = V¢

n>0 n>1
Where N is a primitive N-th root of unity, and w = % -5+ %

With a slight modification, these functions become I'1 (N )-invariant, and are modular units.
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Definition 7.10. Let ¢ > 1 such that ¢ is coprime to the order of «, 5 € Q/Z and coprime to 6.

Then, we define
2

_ (ga,ﬂ)c
cda,p =
YJea,cB

These are called Siegel units.

Theorem 7.4. g 1/y are modular units of level T'1(N), and are defined over Q.

Now, we want to construct an Euler system for V,(f). In fact, Kato builds an Euler system for
Vp(f)(2), but this is enough thanks to the following notion of twisting for Euler systems.

Theorem 7.5. Let x : Gg — Zp be a continuous character unramified outside ¥ (for instance,
a power of the cyclotomic character). Then, there is a canonical bijection ¢ — cX between Euler
systems for (T, X) and Euler systems for (T(x),X).

To construct the Euler system we need to introduce several maps coming from étale cohomology.

Definition 7.11. Let X be an algebraic variety. Then, we have the following maps
e Kummer map. r,: O(X)* — H(X,Q,(1)).
e Cup products. U: H(X,Qp(m)) x H/(X,Qp(n)) = H™(X,Qu(n +m))

Definition 7.12. Let ¢, d be integers coprime to 6 Np, where N is the level of the modular form
f- We define

un(7) = .g1No(NT)  oN(T) = 490,18 (T)
Both units are of level I'1 (N). upn(7) is defined over Q(uy) and vy (7) is defined over Q.
Definition 7.13. Given m, N > 2 and m | N, we define

2N = kp(tm) U kp(on) € HE(Y1(N)g(un)» Zp(2))
The units 2y, are those that define Kato’s Euler system. The main result is the following norm
relation.
Theorem 7.6. Let | be a prime. If I | m, then

Q(N’ml) —
noer(Mm) ZN,ml = ZN,m

If LY mN, then
normg&:l))z]v,ml = (1 — ()" (Frob) ™ + 1{) " (Frob) ™) znm

Observation 7.5. These elements (zy,)m>1 satisfy an appropriate norm relation, but they
belong to HZ (Y1(N)g(un): Zp(2)), and to have an Euler system for V,,(f)(2) we need elements in
HY(Q(um), Vp(f)(2)). However, it turns out that we have a Hochschild-Serre spectral sequence
for étale cohomology, that induces a map

HE,(Yo(un) Qp(m) = H' (Gou,), Ha(Yg, Qp)(m) = H'(Q(um), Vo(£)(2))
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And so we can translate (ZN’m)m21 S Hl(@(#m)» V})(f)@))

Moreover, via this map the Hecke operators 7; and (l) act as a;(f) and x(), respectively. There-
fore, for the case [t mN the Euler factor becomes

normm) 2 = (1= x(O) Y (£) (Frob) ™ + ()™ (Frob) ) zxm
Which is the Euler factor for V,(f ® x) evaluated at (Frob;)~t. Moreover, if V = V,(f)(2),
V*(1) = Vo(f ® x) and so (zn,m)m>1 satisfy the Euler system relation for V,(f)(2).
In a same way as we did for the case of cyclotomic units, to remove the Euler factors at p, we

replace zn m,m by z](\z,?m = normgg;’j:’j)(g N,mp), and the elements zj(\},)’)m form an Euler system for

Vo(£)(2)-
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