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Abstract

Keywords: High Frequency Data, Integrated Volatility, Quadratic Variation, Realized
Volatility, Geometric Brownian Motion, Microstructure Effects, Sub-sampling, Two Scale,
Kernel, Pre-Averaging, Mean Square Error

MSC2000: 62G05

Aquest treball revisa i estudia la literatura economètrica sobre l'estimació de la variació
quadràtica fent ús de la variància realitzada (RV). Quan el procés subeditat es com-
porta com una semimartingale l'estad́ıstic RV estima de manera consistent la variació
quadràtica. Es presenten les bases i assumpcions necessàries per construir aquest esti-
mador. El raonament però, canvia dràsticament quan es treballa amb preus observats.
La presència de soroll en les dades provoca que l'estimador ja no sigui consistent. Tot i
això, hi ha maneres de filtrar aquest soroll i eliminar el biaix que la presència de soroll
provoca en les estimacions. En particular es treballa amb tres estimadors de la variància
quadràtica. Cada estimador depèn d’uns paràmetres que s'estimaran mitjançant minim-
ització de la variànça asimptòtica i mitjançant criteris de minimitzacó del Error Quadràtic
Mig (EQM). Provarem els estimators en una base de dades amb preus Bitcoin minut a
minut entre els peŕıodes 7 de febrer 2022 i 27 d'abril 2022. Discutirem si els estimadors
son eficients al estimar la variació quadràtica, i en concret el mètode Pre-Averaging serà
el que millors resultats oferirà.
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Keywords: High Frequency Data, Integrated Volatility, Quadratic Variation, Realized
Volatility, Geometric Brownian Motion, Microstructure Effects, Sub-sampling, Two Scale,
Kernel, Pre-Averaging, Mean Square Error

MSC2000: 62G05

This thesis revises and looks the econometric literature on estimating the quadratic vari-
ation of financial prices. When the underlying process is a semimartingale, the very well
known statistic Realized Volatility (RV) consistently estimates the quadratic variation.
We present the fundamentals and additional assumptions to build the estimator. More-
over the position changes dramatically with observed asset prices in high frequency data,
since the estimator is no longer consistent due to the presence of noise. Nevertheless,
the quadratic variation can be still estimated correcting the bias due to the presence of
noise. In particular, three estimators based on RV are presented to filter out the noise and
estimate the quadratic variation. Optimal parameters through minimizing the asymp-
totic variance of the estimation error and by minimizing the Mean Square Error (MSE)
are also discussed. We test the estimators on a minute-by-minute sample returns from
Bitcoin prices over the period between the 7th of February, 2022 and the 27th of April,
2022. We argue that the methods proposed produce efficient estimates of the quadratic
variation, with the Pre-Averaging giving the best estimations.
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Chapter 1

Introduction

1. Overview

In a context of continuously growing financial markets and complex financial in-
struments, pricing modelling and risk management has played a central role. It is
widely known that daily returns are difficult, if not impossible, to predict although
the volatility of the returns seems to be relatively easier to estimate. Volatil-
ity estimation is an important issue in pricing models, specifically regarding risk
management theories and portfolio management. However those models have an
inherent problem: the conditional variance is not directly observable, it only can
be estimated.

Many references can be found for classical volatility estimations. The moving aver-
age or autoregressive approaches, for instance the Generalized Autorregresive Con-
ditional Heteroskedastic (GARCH) model or the Exponentially Weighted Moving
Averages (EWMA). However, Bollerslev (1987), Malmsten and Teräsvirta (2004),
and Carnero et al. (2004), to name a few, observed that this volatility methods fail
on describing satisfactorily the latent volatility due to the microstructure effects.
These effects can arise through the bid-ask bounce, price discreteness, asynchronous
trading, infrequent trading, among others, that make observed prices depart from
theoretical mathematical models.

Merton in 1980 stated the variance for a certain period of time can be estimated by
the so-called Realized Volatility (RV), i.e the sum of squared returns, provided that
data are available with a sufficient high sampling frequency. The availability of high
frequency data allowed the researchers to study and document the properties of RV
estimator. Nevertheless microstructure effects impose a theoretical and empirical
limitation since they introduce a severe bias on the daily volatility estimations
(Brandorff-Neilsen and Shephard (2002), Andersen et al. (2003) and Meddahi
(2002)).

This work aims to asses the volatility estimation in high frequency framework in
a critical sense from the scratch. We depart form the theoretical model defining
the Geometric Brownian Motion and the features it has. From the theory we can
consistently estimate the variance of a process, but observed prices are far from the

5



6 1. INTRODUCTION

theoretical ones due to the presence of microstructure. We will see that if prices
are defined as a Geometric Brownian Motion, their quadratic variation consistently
estimates the continuous variance for a random fixed period of time. Market prices,
although, are contaminated by noise due to this microstructure effects, and RV
estimator is no longer consistent (see Mykland, P. A., and Zhang, L. (2012)).

In this work, we study the Bitcoin returns at high frequency and its realized volatil-
ity measure. It will be shown that RV estimator is sensitive market frictions affect-
ing to returns recorded in high frequency time intervals (see Leopoldo Catania et
al. (2019)). To consistently estimate the variance of the observed, and so contami-
nated, Bitcoin returns we will propose three Integrated Volatility (IV) estimators to
try to filter out the effect of the noise, Two Scale, Kernel-Based and Pre-averaging
estimators.

The first part of the analysis focuses on describing and cleaning our Bitcoin data
set with prices recorded minute-by-minute. We study then the auto-correlation
and RV estimator for the integrated volatility for every given trading day. We
show that our observed log-prices are not affected by noise, although we know form
Leopoldo Catania et al. (2019) they are. We add noise to our observed prices, that
will be considered as the theoretical prices, to test the different estimation methods
proposed to filter out noise and estimate the ex-post volatility. Also estimation for
minimizing the asymptotic variance is done for every method since they all achieve
it at a certain rate. To compare their performances ever different parameters using
MSE criteria.

2. Bitcoin

In 2008 a paper from Satoshi Nakamoto was released. In it, a new framework for the
finance world was introduced. It described a coin as a digital asset stored in blocks
related one to another by a cryptographic chain on the net. The aim was to give
the user the ability to send and receive money from other users in a reliable, secure
and open source network. This peer-to-peer relation between users is enforced
by the consensus algorithm, called Proof-of-Work (PoW). PoW is far beyond the
scope of this work, but it is worth mentioning that the consensus algorithm enables
standard computational hardware to verify transactions and gives reliability to the
net (Nakamoto, 2008).

Bitcoin was the latest revolutions for financial markets and, after Bitcoin brake
through in 2017, it became really popular for banks, financial institutions, insur-
ance companies and many others from the private sector. A wide range of new
possibilities for trading, hedging, speculation and futures contracts came with the
new framework presented by Nakamoto.

Rather than the speculation power and all their related features, the most inter-
esting development was the introduction of Blockchain, a cryptographic network
where data can be stored safely. Bitcoin as a digital asset is just one application
of Blockchain technology. Indeed, there are many other cryptocurrencies that also
use Blockchain technology. Bitcoin currently domains the market accounting for
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49% of the market, followed by Ethereum, which holds a 19% share. In December
2016, Bitcoin accounted for 89% of the total market capitalization.

Not only the private sector have taken advantage of the new features, furthermore,
people were the main target for Bitcoins platform. Bitcoin aim was, and still
is, for every person to have access to financial services without relying on third
party institutions as traditionally. Then Nakamoto tries to get rid of the central
organisations as we know them, creating a network that works as a trusted third
party in transactions.

Cryptocurrencies have also raised a continuous interest for the financial econometric
world (see for instance Catania et al. 2019, Zheng et al. (2017, 2018) or Christidis
2016). A large amount of literature can be found about volatility measures, the
long term memory of the financial series, forecasting on returns, and many other
fields. Every Bitcoin network user should be interested in the behavior of Bitcoin
due to the possible systemic risk they would face by entering in this new market.





Chapter 2

Mathematical Modeling

This section aims to approach the main tools and understanding of the mathematics
behind the estimation methods (See A.Mykland and Lan Zhang, 2012). Section 2.1
motivates the RV estimation method for the returns variance. Section 2.2 covers
estimation in the high frequency framework. Section 2.3 describes how market
prices are generally modelled as Itô process.

1. The Geometric Brownian Motion and Features

In the financial world it is very common to generate prices following the very well
known Geometric Brownian Motion (GBM) process. The GBM is a theoretical
price modelling which allows to generate prices under an additive model on the
log-scale, although it has several limitations and drawbacks. It will be shown in
later sections that market prices don’t follow a GBM process, but it is widely used
to price assets, options, futures and many other financial instruments in a very
simple way.

Consider a stochastic process (St)t≥0 describing the price of a financial asset and
let

Xt = logSt

be its logarithmic price. The GBM model is

(1) Xt = X0 + µt+ σWt

with µ called drift and σ known as volatility. They measure the expected growth
and standard deviation of the annual log returns, respectively. The GBM model
assumes that both µ and σ are constants. On the other hand, Wt is the so-called
Brownian Motion (BM) and is defined as

9



10 2. MATHEMATICAL MODELING

(1) W0 = 0.
(2) t→Wt is a continuous function of t.
(3) W has independent increments: if t > s > u > v, thenWt−Ws is independent

of Wu −Wv

(4) for t > s, Wt −Ws is normal with mean zero and variance t− s, N(0,t− s).

1.1. Estimation with GBM prices. Under some regularity conditions, prices
can be generated under GBM process in an arbitrary and friction-less environment.
It is instructive first to consider a discrete framework for estimation in this model
where t = 0 is the begining of the trading day, and t = T the end of the trading
day. Later on we will assess the continuous model to give the general sense.

Some assumptions have to be made when dealing with GBM prior to estimating the
parameters. Let’s assume our data have n observations at time tn,i, i = 0, 1, . . . , n
and, for the sake of simplicity, that they all are equally spaced. This consideration
is not mandatory, one can actually not consider that prices are observed equally
spaced. Although on a theoretic framework this consideration makes sense for
simplicity because it allows us to build ∆tn = T

n , i.e the time interval between
prices.

Log-prices at time tn,i are defined as Xtn,i
and transactions take place every ∆tn. If

we take the log-returns, i.e the differences on the log-prices ∆Xtn,i = Xtn,i−Xtn,i−1 ,
it can be proven that ∆Xtn,i are independently and identically distributed following

a N(µ∆tn, σ
2∆tn) from the former GBM model above (1). One can then find

unbiased and minimum variance estimators for the drift, µ and variance parameter
σ2 of the process.

µ̂n,MLE,UMV U =
1

n∆tn

n∑
i=1

∆Xtn,i

σ̂2
n,MLE =

1

n∆tn

n∑
i=1

(∆Xtn,i
−∆Xtn)

2

(2) σ̂2
n,UMV U =

1

(n− 1)∆tn

n∑
i=1

(∆Xtn,i
−∆Xtn)

2

Here, MLE stands for the maximum likelihood estimator, and UMVU for the uni-
formly minimum variance unbiased estimator.

Also note
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∆Xtn =
1

n

n∑
i=1

∆Xtn,i = µ̂n∆tn

.

The estimators above not only estimate the parameters, also clarify some basics. It
follows immediately that µ̂n = (XT −X0)/T , i.e it depends only on the log-prices
taken into consideration at the beginning and at the end of the time period T .
Therefore, µ cannot be consistently estimated for a fixed T as n→ ∞.

On the contrary, it is perhaps surprising that σ2 can be estimated consistently
for a fixed time period T as n → ∞. To prove that, set the following statistic:

Un,i = ∆Xtn,i/(σ∆t
1/2
n ). This will allow us to standardize the log-price difference

variance. Then Un,i is iid with distribution N((µ/σ)∆t
1/2
n , 1).

We can now adapt the variance estimator in (2) with data from the new statistic
Un,i as follows:

σ̂2
n = σ2∆tn

1

(n− 1)∆tn︸ ︷︷ ︸
A

n∑
i=1

(Un,i − Un,·)
2

︸ ︷︷ ︸
B

where

Un,· =
1

n

n∑
i=1

Un,i

Part A is to adapt the estimator with the statistic we have built and B is the sum
of the difference between standard normal random variables to the square. Further
considerations on B have to be done prior to estimation regarding its distribution.
B is distributed as χ2 with n − 1 degrees of freedom which yields to the following
identity in law:

σ̂2
n

L
= σ2 χ

2
n−1

n− 1
,

i.e. the two random variables have the same distribution.

Moreover,

E(σ̂2
n) = σ2
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V ar(σ̂2
n) =

2σ4

n− 1

given that the the Expectation of a χ2 with m degrees of freedom is Eχ2
m
= m and

its Variance is V ar(χ2
m) = 2m. Hence, it follows that the UMVU estimator for

the variance parameter is consistent, namely σ̂2
n → σ2 in probability as n→ ∞ for

fixed T .

2. High Frequency Data Framework

Above we have discussed and presented the classical estimators for the drift and
variance parameter on an iid basis. When dealing with high frequency financial
data, it is commonly used the non-centered estimator for the variance rather than
the classical ones in (2). The reason is due to the fact that the mean of intraday
returns are considered negligible in a context where n→ ∞ in a finite interval [0,T].
The non-centered estimator is the following:

(3) σ̂2
n,non−center =

1

n∆tn

n∑
i=1

(∆Xtn,i
)2

and if we recall the σ̂2
n,MLE estimator for the variance and the non-centered esti-

mator in (3), we can show that they both yield to the same results in the limit. In
fact

σ̂2
n,MLE =

1

n∆tn

n∑
i=1

(∆Xtn,i
−∆Xtn)

2

=
1

n∆tn

( n∑
i=1

(∆Xtn,i
)2 − n(∆Xtn)

2
)

= σ̂2
n,non−center −∆tnµ̂

2
n

= σ̂2
n,non−center −

T

n
µ̂2
n

(4)

The last term tends to zero as n → ∞, since µ̂n does not depend on n. Hence,
σ̂2
n,non−center consistently estimates σ2 and has the same asymptotic properties as

σ2
n,MLE estimator. This holds for σ2

n,UMV U as well, since it is a rescalation of the
maximum likelihood estimator for the variance.
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The non-centered estimator is also known as the Realized Variance estimator for the
Spot or Instantaneous Variance σ2. We remark that in the econometric literature
this estimator is commonly denoted as Realized Volatility estimator, i.e the terms
volatility and variance are considered as synonyms. From now on we will adopt
this convention.

3. General Pricing Model

We are about to address the main part of this chapter. In the financial econometric
world, the drift and volatility of the log returns cannot be defined as a constant as
stated until now. Pricing theory requires to make them time varying.

Prior to present the general pricing model we define mathematical concepts to help
the interpretation and the understanding of the new general process (Mykland and
Zhang (2012)).

First consider a stochastic process (Xt)t≥0, where the time variable t ∈ [0, T ].

Information sets. σ − fields

Information is usually described by σ − fields. Consider a probability space
(Ω,F ,P), where Ω is the set of all possible outcomes w, F is a collection of subsets,
and P is a probability measure for w to occur with values in [0,1]. F is required to
be a σ − field.

Definition 2.1 A collection of events F of Ω is a σ − field if

(1) ∅, Ω ∈ F ;
(2) if F ∈ F , then F c = Ω− F ∈ F ;
(3) if Fn, n = 1, 2, ... are all in F , so is the event U∞

n=1Fn.

F can therefore be considered as a collection of decidable events.

Random Variables

A random variable X is a function Ω → ℜ that is measurable with respect to F ,
i.e such that ∀x ∈ ℜ : {w ∈ Ω : X(w) ≤ x} ∈ F .

Filtrations
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The evolution of our knowledge is defined by the filtration (Ft)t≥0 up to time t.
Since increasing time makes more sets decidable, Ft satisfies that if s ≤ t then
Fs ⊆ Ft.

Adapted Processes

One can say a process (Xt)t≥0 is adapted to Ft if for all t ∈ [0, T ], Xt is Ft-
measurable.

Wiener Process

We come back again to the Brownian Motion, but adapted to Ft. From now on,
when referring to Wt it will be relative to Ft and will be called Wiener process.
Specifically:

Definition 2.2 The process (Wt)0≤t≤T is an Ft-Wiener process if it is adapted to
the information in Ft and

(1) W0 = 0.
(2) t→Wt is a continuous function of t.
(3) W has independent increments relative to Ft: if t > s, then Wt − Ws is

independent of Fs.
(4) for t > s, Wt −Ws is normal with mean zero and variance t− s, N(0,t− s).

Quadratic Variation

Consider a uniform decomposition of the interval [0,t]

0 = t0 < t1 < . . . < tn = t.

For any Xt process, we define the quadratic variation of X as the stochastic process

(5) [X,X]t := p− lim
n→∞

n∑
i=1

(Xti −Xti−1
)2

where the convergence is in probability.

Stochastic Integrals
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The central concept of a stochastic integral relies on a generalization of the Riemann
integral where both integrand and integrator are stochastic processes.

The Riemann integral is defined as follows:

∫ t

0

f(s)ds := lim
n→∞

n−1∑
i=0

f(si)∆s

where 0 = s0 < s1 < . . . < sn = t and ∆s = t
n

and the stochastic integral generalisation would be to make f(si) and ∆s stochastic
processes. Therefore, given a Wiener process Wt, the Itô stochastic integral is
defined as:

(6)

∫ t

0

f(s)dWs := p− lim
n→∞

n−1∑
i=0

f(si)(Wsi+1 −Wsi)

3.1. The Itô Process. With all the statements above we are able to present the
so-called Itô process (Xt)t≥0.

(7) Xt = X0 +

∫ t

0

µsds+

∫ t

0

σsdWs

where µs is the drift function and σs is the instantaneous or sport volatility.

The Itô process is also written in differential form for simplicity and it is also called
Diffusion Process

(8) dXt = µtdt+ σtdWt.

Itô processes are commonly used in finance to model asset log-prices. If we take
into account the Quadratic variation and the Wiener process properties, it can be
proven that given any Itô process Xt the quadratic variation of X is
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(9) [X,X]t =

∫ t

0

σ2
sds

This quantity is also known as Integrated Volatility (IV) and is what we aim to es-
timate. Then a consistent estimator for IV can be naturally derived from Equation
(5), the quadratic variation of (Xt)t≥0:

(10) ÎV t = RVn =

n∑
i=1

(Xi −Xi−1)
2 ≃

∫ t

0

σ2
sds.

This estimator is commonly known in financial-econometric world as Realized Volatil-
ity (RV) and instead of taking log-price increments as in Equation (10) it is often
used the returns for notation RVn =

∑n
i=1(ri)

2, where ri = Xi −Xi−1.

Moreover, it can be proved that RVn is an unbiased estimator of [X,X]t, namely
E[RVn|Ft] = [X,X]t.



Chapter 3

Microstructure Noise and RV Esti-
mation

In this chapter we address the problem of estimating the integrated volatility form
observed price in the trading period [0,T]. Once the theoretical process has been
stated, it is time to present which is the situation in reality.

In theory, sampling at a high frequency should deliver a consistent estimation of
the quadratic variation. RVn consistently estimates the integrated volatility of an
Itô process X, defined in the previous chapter, as the integral for the variance of
the log-price over [0,T]. Therefore, in the presence of high frequency data the RVn
estimator should provide a good approximation of the quadratic variation [X,X]T
of our (Xt)t≥0 log-price process. Selecting the sampling interval of asset prices as
small as possible is optimal, since the consistency is reached in the limit.

1. Observable Prices

Price modeling would be perfect if it was not for the fact that financial assets returns
are subject to a vast array of frictions. This frictions are represented as noise and
known in financial econometric world as Microstructure Effects. Theoretical prices
are considered non-observable directly from the market and it is mainly because of
the microstructure effects. As a result for an observed transaction log-price a more
realistic model wouldn’t be Xt but Yt, namely the sum of non-observable price Xt

and a noise component due to imperfections of the trading process, ϵt:

(11) Yti = Xti + ϵi.

and the observed returns are

(12) r̃i = ri + ηi.

17



18 3. MICROSTRUCTURE NOISE AND RV ESTIMATION

Increments on observed log prices Yt are represented as r̃i to evidence the difference
with the theoretic ones ri, which are the result of computing the increments on
efficient log-prices Xt. ϵi summarizes market microstructure effects such as the bid-
ask bounces, discreteness of price changes, differences in trade sizes or informational
content of price changes, inventory control among many others. Some assumptions
when dealing with the noise have to be done:

Assumption 3.1 The microstructure noise.

(1) The random shocks ϵi are i.i.d with mean 0.
(2) The returns ri are independent of ηi.

One will not observe the true asset log-returns r, but a contaminated log-returns
r̃ which is given by r plus a random shock η that is independent from r, as in
Assumption 3.1.

2. Effects of Noise on IV Estimation

The first observable consequence due to the presence of microstructure is the depen-
dence of observed returns r̃. We can observe a negative first-order auto-correlation
on the returns, therefore independence does not hold any more (Bandi-Russell,
2003).

Fig. 1. Serial Auto-correlation for Bitcoin returns r̃t in presence
of microstructure.
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It is known that when dealing with an observed price series, the negative first order
auto-correlation of the microstructure contamination in returns determines a first-
order auto-correlation in the contaminated return series as can be seen in Figure 1.
Moreover, we can show this by computing the auto-covariance of the noise returns

Cov(ηi, ηi−1) = E[(ηi − 0)(ηi−1 − 0)]

= E[(ϵi − ϵi−1)(ϵi−1 − ϵi−2)]

= E[ϵiϵi−1]− E[ϵiϵi−2]− E[ϵ2i−1] + E[ϵi−1ϵi−2]

= −E[ϵ2i−1]

(13)

Another problem when taking into account microstructure for the observed log-
prices has to do with the variance estimation. RV estimator presented in chapter
2 is no longer consistent in the limit since the quadratic variation is swamped by
this noise. We can rewrite the realized volatility estimator in Equation (10) taking
into account the noise, namely

(14) R̃V n :=

n∑
i=1

r̃2i =

n∑
i=1

r2i︸ ︷︷ ︸
A

+

n∑
i=1

η2i︸ ︷︷ ︸
B

+2

n∑
i=1

riηi︸ ︷︷ ︸
C

.

In a high frequency framework, if the true price process were observable, then only
term A would drive to RV estimator as showed in Equation (10). The presence of
microstruture noise introduces two additional components, i.e B and C.

It can be seen in Equation (14) that term B diverges to infinity almost surely as
n→ ∞, since more and more noise is being accumulated for a fixed period of time
T . The sum that contributes C does not diverge to infinity as n → ∞ since each
noise term is multiplied by an increasingly smaller returns.

Furthermore, since it is clear that r̃i is an auto-correlated process and considering

Assumption 3.1 for the noise, it is straightforward to show that R̃V n will be a
biased estimator for the variance. In fact, if we take Equation (14) we can show
that the conditional expected value,
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E(R̃V n|FT ) = E
[ n−1∑

i=0

(Yti+1 − Yti)
2
]

= E
[ n−1∑

i=0

(Xti+1
+ ϵi+1 −Xti − ϵi)

2
]

= E
[ n−1∑

i=0

(Xti+1
−Xti)

2
]
+ 2E

[ n−1∑
i=0

((Xti+1
−Xti)(ϵi+1 − ϵi))

]
+ E

[ n∑
i=1

(ϵi+1 − ϵi)
2
]

= E
[
RVn

]
+

n−1∑
i=0

E
[
(ϵi+1 − ϵi)

2
]

= IVT +

n−1∑
i=0

E
[
ϵ2i+1 + ϵ2i − 2ϵi+1ϵi

]
= IVT +

n−1∑
i=0

2V ar[ϵi]

= IVT + 2nV ar[ϵ]

(15)

R̃V n therefore, is a biased estimator for the Integrated variance. In addition, Bandi

and Russell, (2005a) and Zhang et al. (2005) showed that, scaled by (2n)−1, R̃V n

estimates the variance of the microstructure noise consistently such that

(16)
1

2n
R̃V n

P→ E(ϵ2).

3. Sparse RV

As stated in Chapter 2, the RV estimator is consistent for IV in the absense of
microstructure noise. However, since observable prices are shifted from the theo-

retical ones due to the presence of microstructure noise, we have shown that R̃V n

is no longer accurate and may have no connection to the true volatility. From

Equation (15) we have shown that R̃V n is biased, and the bias grows up to infinity
almost surely in we increase the data frequency. Also from Equation (16) we can
see that realized volatility estimates not the true IV , but rather the variance of the
microstructure noise.

Even working on a high frequency framework over the period [0,T], the number of
intraday periods, n, is finite and so price records are discrete. Discretization under

Assumption 3.1 introduces a bias to R̃V n estimator such that
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(17) R̃V n
L
≈ IVT + 2nE(ϵ2)︸ ︷︷ ︸

bias due to noise

+
[
4nE(ϵ4)︸ ︷︷ ︸
due to noise

+
2T

n

∫ T

0

σ4
t dt︸ ︷︷ ︸

due to discretization

]1/2
︸ ︷︷ ︸

Total variance

Ztotal

Here Ztotal is a standard normal random variable and ”
L
≈” means that, when mul-

tiplying by suitable factor, the convergence is in distribution. Note that in the
limit, the bias due to discretization is null and only remains the bias due to the
microstructure noise remains as in Equation (15) (see Zhand et al. (2005) and
Aı̈t-Sahalia et al. (2005)).

One possible solution to the microstructure bias is to build samples at a lower
frequency, since the bias is magnified with size of n. Sampling sparsely at a lower
frequency is a very well known method introduced by Andersen et al. (2003). We

will denote it as R̃V
sparse

n when estimating IVT with sparse data sample. For a fixed
period [0,T] where nsparse = T/∆t is the number of intraday periods, obviously
nsparse < n. Under the distribution of RVn,

(18)

R̃V
sparse

n

L
≈ IVT + 2nsparseE[ϵ2]︸ ︷︷ ︸

bias due to noise

+
[
4nsparseE[ϵ4] +

2T

nsparse

∫ T

0

σ4
t dt
]1/2

Ztotal︸ ︷︷ ︸
total variance

It can be seen from equation (18) that this estimator is less biased than RVn

E(RVn − IVT |FT ) > E(RV sparse
n − IVT |FT ),

since expectations for the total variance factor are null and only the bias due to
noise remains. Alternatively, one can see the effect of sparse sampling on the RV
estimator in the following figure
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Fig. 2. R̃V
sparse

n at a different sample frequencies. Illustration
for sparse sampling method on bitcoin data.

RV sparse
n has less bias than RVn. Moreover, since not every stock time series is

equivalent, Zhang, Mykland and Aı̈t-Sahalia (2005) proposed a method to calculate
an optimal n∗sparse by minimizing the asymptotic variance of the estimator error.
We will address this topic in the next chapter, but for equidistant observations it
can be proven that

n∗sparse =
( 16T

4(E[ϵ2])2

∫ T

0

σ2
t dt
)1/3

.

Although true, sparse sampling has severe drawbacks since it considers data at
a lower frequency, meaning it gets rid of a great amount of information and the
variance is increased due to greater discretization and dispersion of the estimator.

4. Average Realized Volatility

Sparse sampling is inefficient in terms of data usage and it has a drawback due to
discretization in lower frequency framework. This is present even determining the
optimal sampling frequency. In this section we aim to present an estimator that
minimizes the bias without increasing the variance. Zang et al. (2005) proposed
an estimator constructed by averaging the sparse estimators across grids. They
proposed a Sub-sampling method in order to estimate the IV consistently, building
non overlapping subgrids. Formally suppose that the full grid, G = (t0, . . . , tn), is
partitioned into K nonoverlapping subgrids, G(k), k = 1, . . . ,K, such that
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G =

K⋃
k=1

G(k).

We can now define our Sub-sampling RV estimator in terms of the k-th subgrids as

(19) R̃V
(k)

n =

n(k)∑
i=1

r̃2i .

and if averages of estimator R̃V
(k)

n across K grids of average size n̄ are taken, one

can construct R̃V
average

n̄ which is distributed as

(20) R̃V
average

n̄

L
≈ IVT + 2n̄E[ϵ2]︸ ︷︷ ︸

bias due to noise

+
[
4
n̄

K
E[ϵ4] +

4T

n̄

∫ T

0

σ4
t dt
]1/2

Ztotal︸ ︷︷ ︸
total variance

.

Although bias has been reduced from of the initial R̃V n estimator, and variance is

now lower then it was with R̃V
sparse

n̄ , Zang et al. 2005 showed that R̃V
(average)

n̄

still was not able to estimate consistently the IVT . R̃V
(average)

n estimator is also
known in the econometrics world as Average Realized Volatility (ARV).
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Fig. 3. IV estimators comparison over different frequencies. The
blue line is the realized volatility sub-sampled for the latent Bitcoin
log-prices.

ARV is a very well known method in finance to filter out the noise and estimate
the true signal. Although it can be seen in Figure 3 it is still a biased estimator for
IVT . Many work has been done to fix this bias due to noise and many estimators
have also been proposed to filter it out and allow to estimate the true variance of
the price process.



Chapter 4

Estimation Methods

The initial approach to the microstructure problem sets the basis behind more
complex estimation methods. The philosophy behind sparse sampling is that the
size of noise ϵ is really small, and so if we have a small data set, then the effect of
the noise will be limited. While true, we have seen that this method uses the data
inefficiently.

Moreover, the sub-sampling is more efficient in terms of using the data, but it
is still biased estimator for the Integrated Volatility, as can be seen in Figure 3.
Both methods do not estimate accurately the IVT of the process, but they do
provide for some guidance on how to proceed to more complex schemes. In this
chapter we present the Two Time Scales estimator, Kernel-Based estimator and
Pre-Averaging estimator for the Integrated Volatility and we give evidences of their
efficiency dealing with microstructure problem.

1. Two Time Scales

Since sparse sampling and sub-sampling are not yet efficient estimators for the IVT ,
as can be seen in the preceding section, Zhang et al. (2005) proposed an estimator

which successfully corrects the bias R̃V
(average)

n has. This is the well known Two

Time Scales estimator and is defined as the combination of R̃V
(average)

n and R̃V n

as follows:

(21) R̃V
(TTS)

n = R̃V
(average)

n̄ − n̄

n
R̃V n

where R̃V
(average)

n̄ is constructed by averaging sparse sampled RV estimators across
K subgrids of average size n̄ ≈ n

K .

Furthermore, since the bias of R̃V
(average)

n̄ is

25
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E
[
R̃V

(average)

n̄ − IVT

]
= 2n̄E[ϵ2]

from Equations (15) and (20) respectively, it can be shown that, the Estimator (21)
is unbiased under Assumption 3.1 as follows:

E
[
R̃V

(TTS)

n

]
= E

[
R̃V

(average)

n̄ − n̄

n
R̃V n

]
= IVT + 2n̄E[ϵ2]− n̄

n

(
2nE[ϵ2]− IVT

)
= IVT + 2n̄E[ϵ2]− 2n̄E[ϵ2]− n̄

n
IVT

= IVT − n̄

n
IVT → IVT .

(22)

as n, n̄→ ∞ such that n̄
n → 0.

1.1. Optimal Parameters. The Two Time Scale estimator is a function that
ultimately depends only on parameter K. Finding an expression for the optimal
number of non-overlaping subgrids K is of relevance for the estimator to be effi-
cient. One can derive the asymptotic properties of the estimator which will lead on
finding the number of non-overlaping subgrids that minimizes its variance. Zhang
determines the optimal choice of K as

(23) K = cn2/3.

At a rate of n1/6 we have a convergence in law in terms of unknown parameter c

(24) n1/6
(
R̃V

TTS

n − IVT

)
L
=

(
8c−2

(
E(ϵ2)

)2
+ nξ2T

)1/2

N(0, 1).

c is a constant and ξ2 = 4
3

∫ T

0
σ4
t dt is the realized quarticity. One can find such c∗

that minimizes the variance of Equation (24)
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(25) c∗ =

(
16
(
E(ϵ2)2

)
Tξ2

)1/3

.

The second moment of the noise can be consistently estimated as

E[ϵ2] =
1

2n
R̃V n.

Regarding the rescaled quarticity ξ2, from Bandi-Russell 2003 and Zhang et al.
(2005) we estimate it with the following equation

(26) ξ2 =
4

3

∫ T

0

σ4
t dt ≈

4

3

( m
3T

m∑
i=1

r̃i
4
)

estimated by summing up m returns at a lower frequency. Hence, one can choose
K based on past data since c∗ can be consistently estimated from data in past time
periods.

Alternatively, Zhang et al. (2005) also proposed a re-scaling or adjustment for

R̃V
TTS

n . When the data set is large but one wants to work or is only available
to have a certain small amount of data, such a representative sample, they proved
that a bias correction has to be done. The final estimator becomes

(27) R̃V
TTS,adj.

n =
(
1− n̄

n

)−1

IVT .

Both estimators are derived from Assumption 3.1 and have the same asymptotic
properties.

2. Kernel-Based Estimator

Estimating the quadratic variation when prices have the underlying effect of mi-
crostructure noise has, in a sense, similarities with studying the long term variance
of a time series (see Andersen (1997) and Newey and West (1986)). RV is analogous
to the sum of square variances, as seen in the first chapters, and kernel − based
estimators rely on this work. The Two Scales Estimator form Zhang was the first
to consistently estimate the quadratic variation of the prices. In this section we
present the next estimator of Realized Kernel type
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The first to consider on using Kernel methods was Zhou (1996) to deal with the
problem of microstructure noise on high frequency data. Zhou proposed for in-
tegrated volatility estimation the linear combination of auto-covariances between
observed log-prices with a certain leads and lags. The estimator he proposed is
known as Asymmetric Kernel Estimator

(28) R̃V
KB

n = w0γ̂0 + 2

H∑
h=1

whγ̂h.

where γ̂h are the realized auto-covariances for the returns

γh =

n∑
j=|h|+1

r̃j r̃j−|h|.

Zhou (1996) took H=1 and so the first order auto-covariance to estimate the ex-
post variance. It can be proven that this estimator successfully eliminates the
bias caused by the microstructure frictions. However, Hansen and Lunde (2006)
proved the estimator was inconsistent at H=1. In their work they also discuss the
properties of the estimator (28) for a more general framework with unrestricted H,
w0 = 1 and w1 = m

m−s but it still was inconsistent.

Given these inconsistencies, Barndorff-Nielsen et al. (2008) show that sutably

weighting auto-covariance of the returns, the estimator R̃V
KB

n can be consistent at
a certain rate. Using kernel weight functions k(x), Barndorff-Nielsen et al. (2008)
showed that the error of the estimator was a mixed normal Gaussian converging at
a rate of n1/6 when H = cn2/3.

Moreover, they advocate that an estimator with a kernel weight function which
satisfies k′(0)2 = k′(1)2 = 0 have the fastest convergence rate until now at n1/4.
After testing eight of this smoother-kernel based estimators, Barndorff-Nielsen et
al. (2008) stated that the one with the lowest asymptotic variance was the Parzen
kernel. For our tests we will use the following Parzen Kernel-based estimator

(29) R̃V
ParzenKB

n =

H∑
h=−H

k
( h

H + 1

)
γh.

The Parzen kernel function is given by
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k(x) =


1− 6x2 + 6x3 0 ≤ x ≤ 1/2

2(1− x)3 1/2 ≤ x ≤ 1

0 x > 1.

2.1. Optimal Parameters. From Barndorff-Nielsen et al. (2008) we know that
H = cξ4/5n3/5 offers the best trade off between bias and asymptotic variance.
Although true, this is only achieved if c makes H minimize the variance. Barndorff-
Nielsen et al. (2009) set c∗ to be considered

(30) c∗ = ((12)2/0.269)1/5

for the Parzen kernel. Moreover, following Barndorff-Nielsen et al. (2009), ξ2 is

now the integrated quarticity
∫ T

0
σ4
t dt and can be estimated as in Equation (26)

without the correction, as follows:

(31) ξ2 =
m

3T

m∑
i=1

r̃4i ,

for m being a sample in lower frequency to avoid microstructure problem. This
allows one to estimate the optimal H∗ = c∗ξ4/5n3/5 and make the estimator asymp-
totically consistent.

3. Pre-Averaging Estimator

Until now we have described two of the main approaches for estimating the in-
tegrated variance, i.e. the two scale estimator from Zhang (2005) and the Kernel
approach from Barndorff-Nielsen (2008). The first one is based on the linear combi-
nation of Realized volatilities obtained by sub-sampling while the Kernel estimator
is composed from a weighted auto-covariances of the returns.

Christensen, Kinnebrock, and Podolskij (2010) propose a pre-averaging technique
in order to reduce the microstructure effects. The idea is not far from the previous
methods we have described. It is supposed that observed prices Yt are as in Equation
(11) and noise follows Assumption 3.1. In addition, observations are recorded at
times ti = i∆n equally spaced. To build the estimator, they considered that by
averaging kn observed log-returns r̃t,i, one is closer to the latent process Xt, because
with that they reduce the variance of the error by kn. This can be shown as follows
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1

kn

kn∑
i=1

Yi =
1

kn

kn∑
i=1

Xi +
1

kn

kn∑
i=1

ϵi;

V ar(
1

kn

kn∑
i=1

ϵi) =
1

k2n

kn∑
i=1

V ar(ϵ) =
1

kn
V ar(ϵ).

(32)

The estimator of the integrated variance is called Pre-Averaging estimator. Like
sub-sampling and auto-covariance methods, the pre-averaging approach gives rise
to optimal estimators when parameters are well implemented. As it will be seen
later on, the pre-averaging estimator is a function of a parameter kn which, when
well implemented, it will lead to the lower bound for the variance.

The estimator can be written in terms of parameter kn as follows

(33) R̃V
PA

n =

√
∆n

kn∆tψ2

[t/∆n]−kn+1∑
i=0

(Y i)
2 − ψ1∆n

2kn∆2
tψ2

[t/∆n]∑
i=0

(r̃i)
2

︸ ︷︷ ︸
Bias correction due to noise

with the weighted average for the returns, Y i are defined as

Y i =

kn−1∑
j=1

g
( j

kn

)
r̃i+j i = 0, . . . , n− kn + 1.

Consideration 1. The Pre-averaging method differs form the ARV in the sense
that it does not only average over log-price differences from non-overlaping intervals,
but rather uses a moving window kn.

kn is a sequence of integers satisfying

(34) kn =
θ√
∆n

.

Moreover, to define the constant θ one will have to decide the moving window
length. In our high frequency framework kn goes to ∞ as n→ ∞.

Consideration 2. As can be seen from Equation (33), a correction bias due to
noise has to be considered. Although, it is worth mentioning that it plays no role
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in the central limit theorem when we want to know the asymptotic properties of
the estimator.

Consideration 3. As stated before, pre-average estimator is a weighted function
for the moving window averages, not far from the kernels intuition. The estimator
can be generalized by the use of a general weight function g on [0,1] and g : [0, 1] →
R with the following weight function

gi = g(i/kn).

This allows us to consider g(0) = g(1) = 0 and makes the estimator much easier
with an straightforward construction. In addition the simplest weight function g is

g(x) = min(x, 1− x),

also known as triangular function, it will allow us to reach optimal parameters
specified later. g(x) in this case is a symmetric function with a maximum when
x = 1/2 and minimum when x = 0 and x = 1. It gives symmetric relevance to
auto-correlations equally spaced. Given this weight g(x) function, the weighted
returns average form Equation (33) can be defined as follows:

(35) Y i =
1

kn

( kn−1∑
j=kn/2

Yi+j −
kn/2−1∑
j=0

Yi+j

)
.

Y i equality can be proven when kn is an even integer as

Y i = g
( 1

kn

)
r̃i+1 + g

( 2

kn

)
r̃i+2 + g

( 3

kn

)
r̃i+3 + . . .

+ g
( (kn/2)− 1

kn

)
r̃i+ kn

2 −1 + g
(kn/2
kn

)
r̃i+ kn

2
+ . . .

+ g
(kn − 1

kn

)
r̃i+kn−1 =

1

kn
(Yi+1 − Yi) +

2

kn
(Yi+2 − Yi+1)+

+
3

kn
(Yi+3 − Yi+2) + · · ·+ (kn/2)− 1

kn
(Yi+ kn

2 −1 − Yi+ kn
2 −2)+

+
(kn/2)

kn
(Yi+ kn

2
− Yi+ kn

2 −1) + · · ·+ 1

kn
(Yi+kn−1 − Yi+kn−2) =

=
1

kn
(−Yi − Yi+1 − Yi+2 − · · · − Yi+ kn

2 −1 + Yi+ kn
2
+ Yi+ kn

2 +1 + · · ·+ Yi+kn−1).

(36)
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3.1. Optimal Parameters. The Pre-averaging estimator depends on the band-
width kn. Our weight function g(x) = min(x, 1−x) allows us to reach the optimal
bandwidth that minimizes the asymptotic variance of the estimation error. For any
other weight function than a triangular one, the decision for optimal parameter will
be different from the ones we have considered (see Jacod and Mykland, 2015).

Essentially, pre-averaging estimator is a kernel based estimator. One can take the
pre-average estimator (33) and adapt it in terms of a weight function k(x) instead
of g(x) as follows

(37) R̃V
PA

n = Kt(1 +O(
√

∆t))−
ψ1∆n

2θ2ψ2

n∑
i=1

(r̃i)
2

where

Kt =

n−kn+1∑
i=kn

(r̃i)
2

+
∑

kn≤i≤n−kn+1,1≤j≤kn

k
(j − 1

kn

)
(r̃ir̃i+j + r̃ir̃i−j)

(38)

where the weight function k is defined between [0,1] having k(0) = k(1) = 0 and
also k’(0) = k’(1) = 0 as with our kernel based proposal in past sections. Further-
more, Equations (33) and (37) will have the same asymptotic distributions. It can

be proven that our estimator R̃V
PA

n reaches the convergence with the Integrated
Volatility at a rate of n−1/4

(39)
1

n1/4

(
R̂V

PA

n − IVT

)
.

Since asymptotic distributions are the same as for the Kernel estimator, also one
can take the same optimal values to reach the lowest bound of the variance. From
Barndorff-Nielsen et al. (2010), the bandwidth parameter which will minimize the
variance is kn = θn3/5 with θ = c∗ξ4/5. Note thatH∗ and kn are equivalent, namely
H∗ = kn = c∗ξ4/5n3/5. c∗ is the same constant as for kernel estimator and ξ2 can
be estimated as in the previous sections.



Chapter 5

Bitcoin Realized Volatility Analysis

In this chapter we aim to present our Bitcoin data and test the different IV es-
timators described along the thesis. We compare the results on estimating the
underlying variance of the Bitcoin prices and choose the best one.

1. Data Description

Our data set is composed by intra-day Bitcoin prices. We have been able to access
Bitcoin data from the trading platform Trading View. Founded in 2011, it is a
trading and analysis network for investors and brokers.

Observations starts on February the 7th, 2022 up to April the 27th, 2022. We
have recorded a total of 114.398 minute-by-minute prices in USD since most of the
Bitcoins are traded in this currency. Unfortunately the only free data available
we had access to was minute-by-minute. Although it is considered high frequency
data, most of the works related with variance estimation in the literature is done
second-by-second (Leopoldo Catania et al. (2019)). We have worked with log-open
prices of Bitcoin every minute with times in UTC format. Table 1 is an excerpt
Bicoins prices for Monday, February 7, 2022.

33
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Time Open Log-Open

2022-02-07T00:00:00Z 42420,24 10,6553808858113
2022-02-07T00:01:00Z 42499,76 10,6572537078377
2022-02-07T00:02:00Z 42404,26 10,6550041078712
2022-02-07T00:03:00Z 42366,27 10,6541078057591
2022-02-07T00:04:00Z 42343,51 10,6535704415835
2022-02-07T00:05:00Z 42345,88 10,6536264108141
2022-02-07T00:06:00Z 42300,58 10,6525560765243
2022-02-07T00:07:00Z 42286,63 10,6522262394218
2022-02-07T00:08:00Z 42351,51 10,6537593546984
2022-02-07T00:09:00Z 42288,04 10,6522595827384
2022-02-07T00:10:00Z 42250,00 10,6513596327853

Table 1. Sample of our Bitcoin data set.

Before any analysis, a cleaning process has to be done. It is a common practice
when cleaning Bitcoin data to dismiss observations with volume values equal to
zero or negative (see Catania et al. (2019)) and fill missing data with the last tick
interpolation 1.

In our data there are no record presenting volumes less or equal to zero. If there
were, we would have to get rid of them because, obviously, they would be an error.
It is not possible to have a trading volume less than zero. Nevertheless, our data set
has missing observations. We then apply last tick interpolation to fill the existing
gaps.

For our analysis we are going to work with the logarithm of the open prices, see
Table 1. Now that our data set has no blanks we are able to start with the analysis.
We first compute the returns and give a basic descriptive statistics on the following
table:

Statistics Values
n 114.398
mean -7,127292e-07
standard deviation 8,544257e-04
median 0
minimum -0,02
maximum 0,03
range 0,05
skewness 0,44
kurtosis 29,03

Table 2. Basic Descriptive statistics from our data set.

1The last tick interpolation considers the latest existing observation to fill non available ones.
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From Table 2 one has an global view of the data and some comments are in order.
Regarding the mean, one would expect the returns to be close to zero, but since
the standard deviation is also close to zero, one can state the period is rather
calm. Moreover, the returns depart form the normal distribution since it is right-
skewed, meaning more values are clustered arround the left tail while the right tail
of the distribution is longer. Furthermore, has an excess kurtosis of 26,03, which
means our tails approaches to zero slower than the gaussian distribution (fat tail
distribution).

2. Data Analysis

For the data analysis we want to test if our observed prices are afected by noise,
namely if there is presence of microstructure effects.

Following the theory we compute RVn for every trading day. In Figure 1a we can
see that the Realized Volatility estimation for every 79 trading days is rather stable.
Since we have stated that the study period is rather clam, a stable RVn fits the
expected output.

To see if there is presence of microstructure effects captured in our data set we

compute in Figure 1b the RV (sparse)
n estimator. In presence of noise one would

expect higher estimations for higher frequencies as in Figure 3 of Chapter 3. How-
ever, what is shown in Figure 1b are close estimations for each and every different
sparse sample frequency in a range between 0.080 and 0.085. Furthermore, Figure
3 of Chapter 3 RVn (blue) and 1b are equivalent.
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(a) RVn estimates for every trading day.

(b) RV with observed log-returns r̃i at dif-
ferent frequencies using Sparse Sampling
method.

Fig. 1. RV computations with observed returns r̃i

This can be enforced by computing the ACF function for the returns, see Figure
2. As have been seen in previous chapters, in presence of noise the returns have a
negative first order correlation. Given the sparse sampling estimator behaviour we
expect no noise and so no correlation between observed returns as in Figure 1 in
Chapter 3.
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Fig. 2. ACF for Bitcoin observed returns on log-prices in our data
base from February the 7th, 2022 to April 27th, 2022

After studying the Realized Volatility estimators on our Bitcoin log-prices it is clear
that they are not affected by noise. All this evidences allows us to assume from now
on that the observed log-prices are the latentXt process in Equation (11). However,
from Catania et al. (2019) we know that bitcoin prices are indeed affected by noise,
so our data source is providing for smoothed prices at 1-minute frequency.

3. Estimators Implementation

In this section we want to present and enforce our research on Bitcoin underlying
ex-post variance over time. We aim to test the estimators we have proposed on our
data set by choosing optimal parameters minimizing the asymptotic variance in the
Central Limit Theorem CLT and also minimizing the Mean Square Error MSE.

Prior to implement the estimators, we have to contaminate our data set because,
being free of market microstructure effects, the RVn can consistently estimate the
IV. The aim of this thesis, however, is to present and test efficiency of alternative
estimators filtering out the presence of noise in high frequency data. Therefore,
Bitcoin prices have been contaminated with a suitable microstructure effect and a
new data base has been generated.

Following Assumption 3.1 on noise, we can generate normally distributed i.i.d noise
as ϵi ∼ N(0, ζ2). One has to bear in mind that a suitable noise for our data set would
be one proportional to the standard deviation of the log-prices. A proportional
standard deviation for the noise would be

(40) ζ = a · std(Y )
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where std(Y ) is the standard deviation of our log-prices and a is known as noise to
signal ratio. Then selecting a one can generate suitable noise for a certain prices.
Once the noise has been added, Realized Volatility estimates are far from the former
ones, as can be seen in the following Figure 3.

Fig. 3. RV comparison between RVn and RV
(noise)
n after contam-

inating our data base with i.i.d noise.

As expected from Equation (15), we have successfully biased the IV estimation,
Figure 3 shows how the Realized Volatility estimator, RV noise

n is now severely
biased after contaminating our data base with i.i.d noise. We are able now to build
estimators that filter out the noise due to the microstructure effect.

3.1. Two Times Scale Estimator. In this section we proceed on testing the
Integrated variance estimation performed by the Two Time Scales estimator, given
the optimal non-overlaping subgrids number K for each trading day as derived in
Equations (23) - (26). We will use Estimator (21) over K sub-grids.

To find the optimal number K one uses the CLT distribution to minimize the error
variance. The resulting values for K are ploted in Figure 4

In addition, we are able to see the estimator performance with asymptotic optimal

parameter K for every trading day. Figure 5 captures R̃V
TTS

n estimation for the
IV. The estimation difference between RV noise

n and the Two Scales Estimator is
evident. The latter completely filters out the bias due to the presence of noise to
rely only to the true signal and estimate the IV. As a benchmark we show RVn from
our former noise-free data set, which we know consistently estimates the continuous
quadratic variation.



3. ESTIMATORS IMPLEMENTATION 39

Fig. 4. K number of subgrids that minimizes the asymptotic vari-
ance of the error on every day in the sample.

Fig. 5. TTS Estimation for optimal k with minimum variance
criteria on every day of the sample.

3.2. Kernel-Based Estimator. In the following section we apply the same test
performance for the Kernel based Estimator (29). Similarly with the Two Scale
estimator, we first derive the optimal parameter, number of auto-covariances H for
Kernel estimators, taken into account to be weighted for the kernel function. In this
case the kernel function we will use is the Parzen kernel as can be seen in Chapter
4. The optimal estimated H for every day in the sample is shown in Figure 6
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Fig. 6. Number of realized auto-covariance H which minimizes
the asymptotic variance of the estimation error on every day of
the sample.

The estimations for the Integrated Volatility using asymptotic optimal parameter
H from Equations (30) and (31) for Kernel Estimator are shown in Figure 7

Fig. 7. KB Integrated Volatility estimation using minimum vari-
ance criteria on every day of the sample.

Similarly to the previous estimator, the Kernel Estimator also produces a reliable
estimations for the IV, as can be seen in Figure 7. However, comparisons cannot
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be made up to this point just based on the plots. Later on we will provide for a
quantitative comparison method.

3.3. Pre-Averaging Estimator. This is our last proposed estimator. The Pre-
Averaging estimator in Equation (33) is defined in terms of parameter kn. In this
section, and similar to what has been done with previous estimator parameters, we
will compute the optimal parameter that minimizes the asymptotic variance in the
CLT according to Equation (32).

In Figure 8 we can see the different bandwidth estimations for parameter kn and
for each trading day.

Fig. 8. Optimal bandwidth parameter kn for every Trading day.
It has to be a even integer due to the estimator construction.

The integrated volatility estimation with asymptotic optimal parameter kn is shown
in Figure 9.
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Fig. 9. PA Integrated Volatility estimation using minimum vari-
ance criteria on every trading day.

4. Comparison

It is very common to compare estimators performance using theMean Squared Error
(MSE) method. This provides for a measure of how accurate are the estimations
with respect to the true underlying process. Moreover, MSE will also allow us
to compare between models since it calculates the estimation error, a quantitative
comparable measure. To apply MSE one has to know the actual process or value
that aims to estimate to be able to make comparisons on performances. This
methodology is also known as unfeasible since one has to know the actual values,
however, it applies since we know the actual IV from our RVn noise-free estimation.
Therefore, we can use this estimation as a proxy of the true IV to compute the MSE
of the different estimates built on the noise contaminated data set.

The MSE for the Integrated Volatility, given estimators, is:

(41) MSE = E
[
(ÎV n − IVT )

2
]
.

Up to now, and from the Figures 5, 7 and 9, we have only been able to reproduce
every estimation, but not to perform any comparison. Since we have introduced
the quantitative MSE, we can calculate the error every estimation has with the
parameters found in the limit.

Starting from Equation (41), we calculate the MSE for every estimator given their
optimal bandwidth parameter in previous sections. The results are provided in
Table 3 and indicate the PA as the most efficient estimator in terms of MSE.
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MSETTS∗ MSEParzen,KB∗ MSEPA∗

4.166906e-06 5.391602e-06 3.06716e-06

Table 3. MSE calculated over optimal parameters K∗,H∗ and
k∗n, for every estimator, respectively. In bold the estimation with
smaller error.

Since we are working with a finite sample from a high frequency data, the optimal
parameters we are able to estimate minimizing the asymptotic variance could turn
out to be sub-optimal ones. In our framework we don’t achieve the CLT rate,
namely our n→ ∞, therefore, one cannot rely just on these asymptotic results (see.
Bandi and Russell (2003)). We will base the choice of the bandwidth parameters
for the different estimators on the minimization of the MSE over the whole sample.

In the following sections we give minimum MSE parameter estimations for each
estimator.

4.1. MSE for the Two Time Scale Estimator. Calculus for the Two Time
Scale estimation error is as follows

(42) MSETTS = E
[
(R̃V

TTS

n − IVT )
2
]

K MSETTS

2 3.083455e-05
3 1.204682e-05
4 6.791061e-06
5 4.777700e-06
6 4.015265e-06
7 3.647966e-06
8 3.512836e-06
9 3.477572e-06
10 3.721111e-06
12 4.310056e-06
15 5.308646e-06
18 6.002404e-06

Table 4. MSE for the Two Time Scale estimator over different
K. In bold the estimation with less error.

In Table 4 MSE for R̃V
TTS

n is evaluated at a different constant parameter K. The
best trade-off between them both is K = 9 constant for every trading day. It
can also be seen that, in one hand, the error for lower K, i.e high sub-sampling
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frequency, is due to the fact that the estimator is not able to get rid of all the bias,
and on the other hand, the error for high K, i.e lower sub-sampling frequency, is
due to the variance addition due to discretization.

4.2. MSE for the Kernel Based Estimator. Calculus for the Parzen Kernel
Estimator error is as follows

(43) MSEParzen,KB = E
[
(R̃V

Parzen,KB

n − IVT )
2
]

H MSEParzen,KB

2 1.144340e-04
3 4.773067e-05
4 2.373312e-05
5 1.385073e-05
10 5.424316e-06
11 5.370415e-06
12 5.411094e-06
15 5.806344e-06
18 6.339024e-06
20 6.677436e-06
25 7.413086e-06
30 8.098493e-06
35 8.835234e-06

Table 5. MSE for the Parzen Kernel based estimator over differ-
ent H realized autocovariances. In bold the estimation with less
error.

The performance of the Parzen Kernel estimator through different H is captured
in Table 5. The MSE is minimized when H = 11 and very close to the MSE of the
variance-based estimator in Table 3. Moreover, we notice the kernel estimator is
less effective than the TTS in terms of MSE.
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4.3. MSE for the Pre-Averging Estimator. Calculus for the Parzen Kernel
Estimator error is as follows

(44) MSEPA = E
[
(R̃V

PA

n − IVT )
2
]

kn MSEPA

2 1.311846e-04
4 7.050681e-06
6 2.256767e-06
8 2.711014e-06
10 3.462410e-06
12 4.125213e-06
14 4.729814e-06
16 5.306066e-06
18 5.850685e-06
20 6.344426e-06
22 6.770901e-06
24 7.152013e-06
26 7.507414e-06
28 7.845780e-06

Table 6. MSE for the pre-average estimator over different kn
bandwidth. In bold the estimation with less error.

Similarly with the previous estimators, MSE is computed for Pre-averaging esti-
mator over different kn in Table 6. As can be seen the bandwidth that minimize
the MSE for the estimator is kn = 6. Furthermore, we can see when comparing
all errors in Tables 4, 5 and 6 that Pre-Averaging is the one providing the best
estimations.





Chapter 6

Conclusions

In this work we have applied and tested three different methods to quantify and
correct the effect of noise when estimating the Integrated Volatility of the returns
from high frequency data. We have argued that due to the presence of noise,
the Realized Volatility from observed prices Yt, in a fixed period of time, does no
longer converge to the Integrated Volatility. We have used sub-sampling, realized
auto-covariance and averaging techniques to construct our estimations.

The first method based on sub-sampling is R̃V
TTS

n , the Zhang et al. (2005) esti-
mator build non-overlaping sub-grids to filter out the noise still using all the data
available. The motivation behind building this type of estimator was to try to use
all high frequency data available without throwing away any as in sparse sampling.

Regarding the Kernel estimators, they are built on realized auto-covariances. We
have seen that there are many proposals for kernel estimators, but following Barndorff-

Nielsen et al. (2008, 2009) we have used the Parzen Kernel estimator R̃V
Parzen,KB

n .
This type of estimators use a weighted averaging based on auto-covariances to filter
out the noise.

Finally, Pre-Averaging estimator, R̃V
PA

n from Podolskij et al. (2009) has been
proposed. This estimator uses the averaging idea as the previous ones, but instead
of creating sub-grids or taking into account auto-covariances, it is based on local
weighted averages of returns. Also it has to be decided which kernel function to
use.

We have tested these estimators on a sample of 1-minute Bitcoin data form February
7th, 2022 to April 27th, 2022. From the results we are able to say that every
estimator gets rid of the bias due to the microstructure noise successfully. The
choice of the bandwidth parameters for the defined estimators can be based both
on minimization of the asymptotic variance of the error in the CLT and on the
minimum of the MSE. Through our analysis, it turns out that in both cases the
one with less error is the Pre-averaging estimator.

These evidences leads us to conclude that the Pre-averaging estimator from Podol-
skij et al. (2008) is the one that showed the best performance in terms of getting

47
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rid of the microstructure noise when estimating the continuous Integrated Volatil-
ity. Even though the Pre-averaging method showed the best results, the Two Time
Scales estimator has an estimation error close to the best one. Further on the re-
sults, all the estimators showed a fair IV estimations, even the kernel Based one
that has the greatest MSE of all them.
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