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Abstract

Volume-of-Fluid (VOF) method with its Piecewise-Linear-Interface-Calculation (PLIC) reconstruction algo-

rithm is one of the most popular approaches in numerical simulation of interfacial flows with a wide range

of applications in different areas. In an effort to evaluate the similarity of the PLIC-generated planes in

comparison with the exact interface, a point-cloud, based on the polygon centers of PLIC planes is extracted,

which later is used to form a triangular grid that represents the estimated interface. The main objective

of this paper is to evaluate the interface geometrical properties based on the extracted triangular grid of

the interface. The methods presented in this paper, characterized by a higher spatially convergence ratio,

are compared with the commonly used methods. The proposed methods are tested for two 3D general test

cases, where an evident improvement is seen in calculation accuracy and spatial convergence of the errors

of interface normal vector and curvature.
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Introduction

The numerical solution of interfacial flows is of huge interest for a large variety of applications, i.e.

engineering, environmental, and geophysical fields,1 just to name a few. Different approaches have been

developed by the researchers to numerically resolve the moving interface boundaries in multiphase flows.

These approaches could be characterized in two groups: (i) Interface tracking methods, where the interface

is treated as the boundary between two sub-domains in a moving grid arrangement2 or as the trajectories

of massless particles3 as it is in Front Tracking (FT) approach. (ii) Interface capturing methods, where

scalar fields are used to define the location of different fluids embedded in a fixed grid, e.g. Volume-of-Fluid

(VOF),4,5 Level-Set (LS),6,7, 8 and Coupled Level-Set/Volume-of- Fluid approaches.9

Although there might be similarities in these methods, their numerical implementation may differ greatly,

resulting in different advantages and disadvantages, thus making them appropriate for the solution of dif-

ferent multiphase flow problems. For example in the Front Tracking method, the interface is being tracked

explicitly by a separate Lagrangian grid, which leads to extremely accurate results in some problems, e.g.

dense bubbly flows10 where coalescence of bubbles can be explicitly controlled, but since dynamic re-meshing

of the Lagrangian interface mesh is required, it would be rather complex to implement in general multiphase

flow problems where one can expect large topological changes.

On the other hand, methods of the category (ii) perform better in resolving general topological changes,

appearing in many applications, i.e. breakup and coalescence of bubbles/droplets.11,12,13 LS method de-

scribes the interface as the zero contours of an auxiliary signed distance function, while in VOF method,

the interface is captured implicitly using a color function scalar field, representing the volume fraction of a

phase inside each cell of the discretized domain. It can be concluded that the main difference between these
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two methods is that VOF methods resolve the interface motion by using discontinuous color function while

LS methods describe the interface using a continuous auxiliary function. Consequently, compared to VOF

methods, LS methods are more accurate in calculating geometric quantities such as curvature and normal

vectors. However in standard LS methods, the discrete solution of the advection equation of LS function

alters the distance-function nature of the auxiliary function, thus there is a need for a re-initialization step

which contrary to VOF methods, leads to loss or gain of the mass in standard LS methods.

The main focus of this work is to analyse and improve the calculation of geometric quantities, curvature

and normal vectors, using available information of discontinuous color function in VOF approach.

Navier-Stokes equations are used to describe the conservation of mass and momentum of two incom-

pressible immiscible Newtonian fluids on a spacial domain Ω with boundary ∂Ω as following:12

∂

∂t
(ρu) +∇ · (ρuu) = ∇ · S + ρg + σκnδΓ in Ω (1)

S = −pI + µ(∇u + (∇u)T ) (2)

∇ · u = 0 in Ω (3)

where ρ and µ are density and dynamic viscosity of the fluids, u is the velocity field, S is the stress tensor,

p pressure field, g gravitational acceleration and δΓ is the Dirac delta function concentrated at the interface

(Γ). In this formulation, n is the normal unit vector outward to interface, σ is the interface tension coefficient,

and κ = κ1 + κ2 is the interface curvature, with κ1 and κ2 as principal curvatures of the interface.

The correct calculation of surface tension term in equation 1 is of vital importance for the accuracy of the

momentum solver. The accuracy of this term depends on extracting the geometrical properties of interface,
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i.e. interface normal vector n and curvature κ. In the VOF method, in addition to momentum equation,

there is need for an advection equation to resolve the temporal evolution of the color function by the known

velocity field using:

∂αk
∂t

+∇ · (αku) = 0 (4)

where αk is the volume fraction of fluid k, and u is the known velocity vector in the associated grid cell. In

the context of finite-volume methods, the application of the divergence theorem and the spatial discretization

of the latter equation over a cell with volume ∂v and face set F with area vectors of dAf leads to:

∫
∂v

∂αk
∂t

+
∑
fi∈F

(αku)fi · dAfi = 0 (5)

where the first term concerns the temporal evolution of the interface and the second term is the total

volumetric flux of fluid k across the faces of the associated grid cell in a timestep based on the selected

temporal scheme. While different approaches could be used in temporal discretization of the first term, the

main difficulties are associated with correctly calculating the second term.

There are two methods to approach the solution of this equation, (i) using standard numerical convection

schemes, (ii) using geometrically reconstructed interface calculated based on volume fraction values at inter-

face cells. The first and second approaches are usually known as Algebraic and Geometric VOF methods,

respectively. In the first approach, the sharpness of the interface is not preserved in the advection process,

resulting in the smearing of the interface. There are anti-diffusion or artificial steepening approaches, which

can be applied by high-resolution and compressive schemes14,15,16 which reduce, but not completely elimi-
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nate this issue. As a result the solution quality is usually inferior compared to geometric VOF methods.16

In the geometrical approach, the second term in left hand side of equation 5 considered as the volumetric

flow of fluid k across face f is evaluated using geometrical tools starting by first reconstructing the interface

at the associated grid cell and then using this interface to calculate the total volumetric flux of fluid k

across the faces of each interface cell. In the simplest approach to reconstruct the interface known as (SLIC)

scheme,17,5 the interface is considered to be a line (2D) or plane (3D) parallel to coordinate axis which

divides the cell into two sub-cells associated with volumes αk and (1 − αk). However, the accuracy of this

method is at question, as it provides only a first-order accurate representation of the interface. Eliminating

the constraints that the interface line (2D) or plane (3D) has to be parallel to the coordinate axis, results

in development of different approaches categorized as piecewise linear interface calculation (PLIC) methods

where the interface can have an arbitrary orientation in each cell. Although there have been studies to

reconstruct the interface not as a line (2D) or plane (3D) but as parabolic,18 or spline19 functions, the

application of these methods on arbitrary unstructured meshes raises difficulties in implementation as well

as increased computational cost, leaving PLIC-VOF methods the most common geometric VOF approaches.

In this method, regardless of grid cell type, i.e. structured or unstructured, the interface in each cell is

defined as:

x · n− d = 0 (6)

where n is the unit-normal vector pointing outward with respect to the phase αk, x, position vector of a

point in the interface and d is the signed distance from the origin to the plane. As the main constraint is
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the local volume conservation of αk in the associated grid cell, thus, the value of d could be found in which,

for a given normal vector n, enforces the αk volume fraction in the associated grid cell. In other words, the

interface truncates the grid cell in a way that the volume ratio of the two resulting polyhedrons is equal to

αk. Thus, for a given normal vector n, in each grid cell, the value of d could be accurately calculated using

root-finding algorithms, e.g. Brent’s method.20 As a result, two functions are required in a PLIC-VOF

method. One named volume truncation, to calculate the volume fractions of a cell truncated by a fixed

plane (given n and d). This function is usually denoted by β. And another named volume enforcement,

to enforce a volume fraction αk by a movable plane, i.e. to determine d for a given n and αk. There

have been developments to perform these tasks using analytical and geometrical tools for rectangular and

hexahedral,21 triangular and tetrahedral,22 convex,23 and non-convex24 polyhedral elements.

Thus the correct estimation of the interface normal in arbitrary grid cells, i.e. structured and unstructured

meshes, is the key to any PLIC algorithm and has been an active research field. In the next sub-section,

different advancements on this topic in literature are evaluated briefly.

Interface Normal Estimation

Various methods have been proposed for structured and unstructured grid cells, including Parker–Youngs

(PY) method,25 the least-square fit,26 the least-squares volume-of-fluid interface reconstruction algorithm

(LVIRA) and its efficient variation for structured grids,27 the geometric least-squares (GLS) method for un-

structured grids,28 Height Function (HF) interface reconstruction method,4 and Mosso–Swartz algorithm29

along with its modified variations.30,31 Since the objective of this study is to improve the accuracy of

PLIC-VOF method in calculating interface geometrical properties, each of these approaches will be briefly

discussed. There are other variations of PLIC-VOF method that have been presented recently which are in
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one way or another relying on the fundamental ideas of PLIC-VOF method. For example, in Moment-of-

Fluid (MoF) algorithm30 a variant of Swartz method32 is used to estimate the interface normal where, in

addition to the color function, centroids of the interface are advected as well. This method increases the

spatial-convergence of error in calculating interface normals on 3D arbitrary/unstructured meshes, however

the additional advection and minimization steps of this approach, increase implementation complexity and

associated computational cost.33 The focus of the current work is to compare/improve the interface recon-

struction based on classical PLIC-VOF method, without the need for additional advection, minimization, or

formulations. Thus more complicated ideas like MoF, EHF, etc, are not discussed in details. An overview

of earlier interface reconstruction problems,5 along with a more recent review of reconstruction algorithms

on structured Cartesian grid cells27,26 could be found in literature.

The PLIC algorithm, known as Parker–Youngs (PY) method, was introduced25 based on a simple nor-

malized gradient of the volume fraction in the grid cell as n = ∇αk/|∇αk|. It has been reported that using

a vertex-connectivity least-squares method to calculate the term ∇αk, will increase the accuracy in case of

3-D unstructured meshes.34 Despite the simplicity and its computationally inexpensive nature, this method

is at most first-order accurate. A least-square fit procedure was presented26 which showed better results

compared to PY method, and later was extended to unstructured grid cells.35 However, similar to PY

method, this approach lacks the second-order accuracy, as well. In the LVIRA method, as depicted in figure

1, the normal vector in a cell is calculated such that if the linear interface is extended to the neighbourhood

cells of associated cell, the discrepancy in volume truncation ratio resulted from this linear interface (βk)
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and cell’s phase volume fraction ratio (αk) is minimized in a least-square approach:

e(n) =

√ ∑
F∈nbCells

(αkF − βkF )
2 (7)

where nbCells refers to the set of all the neighbouring cells of associated grid cell. Thus for each grid cell,

in an iterative procedure, costly geometrical steps of volume enforcement and volume truncation must be

done.27

Fig. 1 should be placed here

For structured meshes, ELVIRA eliminates the need of iterations by selecting the normal vector n from

a set of candidates obtained from backward, central and forward estimations in each direction. Similar to

LVIRA, geometric least-square (GLS) method requires costly geometric iterations within an unstructured

framework.28

The HF method,36 is another prevalent second-order approach originally developed for curvature calcu-

lations. In structured meshes, first an initial approximation of normal vector n is calculated using a simpler

method. Afterwards, the volume fraction (αk) is integrated in vertical or horizontal direction, based on

which direction is closest to the approximated normal, to estimate a height function denoted by H. The

slopes of this function in the other two cartesian directions are used to correct the approximated normal

vector n.36,37 In unstructured meshes with irregular cell arrangements, this integration could be cumber-

some, since the area for integration could not be determined appropriately, imposing extra implementation

complexities to the algorithm.38 Figure 2 illustrates the definition of HF using the predicted normal vector

on arbitrary unstructured meshes.
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Fig. 2 should be placed here

This method was extended39 to 2D nonuniform rectangular grids; to 2D unstructured rectangular/triangular;38

and to 3D unstructured meshes.24 There are different variations of HF methods reported in the literature,

including unstructured-HF,38 n aligned HF,40 and embedded HF (EHF),24 aiming to advance further upon

the existing method. However, a loss in second-order convergence of HF method24 on finer unstructured

meshes was reported.41

The formulation of Swartz method32 was extracted for unstructured meshes29 . In their approach, PY

method is used to calculate an initial estimate of the normal vector n in an interface cell p, denoted by

np, and extract interface plane in a volume enforcement step. Interface center is calculated as the center of

a polygon extracted from interface plane-cell intersection, denoted by xp. For cell p a set of estimates of

normal vectors based on each neighbouring cell F and their interface polygon center xF is calculated such

that nFp is perpendicular to the vector (xp − xF ) as:

nFp · (xp − xF ) = 0 (8)

The modified interface normal nmp is selected such that its least-square error with regard to other nFp

values is minimized:

e(n) =
∑

F∈nbCells

(
nmp − nFp

)2
(9)

Using the new estimate of interface normal vector n, the interface can be reconstructed again to obtain

a new set of interface polygon centers x, to be used in further improving the interface normal estimates. To
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achieve second-order convergence, this process has to repeat four times.29

In an effort to eliminate the need for these four iterations, the modified interface normal was calculated

as an arithmetic average of all the normal estimates,30 including the one extracted by PY method:

nmp = 0.5

(
nPY +

∑
F∈nbCells n

F
p

NnbCells

)
(10)

The nPY normal vector in equation 10 was eliminated31 and the arithmetic average of estimated normal

was changed to sum of these values as long as they angle under 30 degrees with nPY . This 30 degree

parameter was extracted based on numerical tests:31

nmp =
∑

F∈nbCells

nFp if ∠(nFp ,nPY ) < 30◦ (11)

The extracted interface normal then needs to be normalized.

Interface Curvature Estimation

As mentioned in Introduction section, correct calculation of surface tension term in equation 1 is vital for

the accuracy of momentum solver. Assuming an exact estimation of normal vector n, the main remaining

challenge of this term is calculating the local curvature of the interface κ which is based on second derivative

of the volume fraction distribution. However, since volume fraction distribution is a discontinuous and non-

differentiable function, an accurate calculation of the second derivative is not easy. There have been efforts

reported in literature to tackle this issue:

Continuous surface force model (CSF) was proposed for surface tension computation42 which converts
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the term σκnδΓ in Eq. 1 to a volume force term of σκ(α)∇α. This approach could be interpreted as using

a convolution of the volume fraction with a kernel function to make a smooth function of the α distribution.

By applying this approach, the explicit tracking of the interface is not necessary, and κ is evaluated by

net tensile force acting on the interface, which is expressed as κ = −∇ · n where n in this formulation is

traditionally replaced by ∇α/|∇α|, resulting to κ = −∇ · (∇α/|∇α|). The CSF method is extensively used

by researchers in methods developed on both structured and unstructured meshes.

Another family of methods developed to improve calculation of curvature from discontinuous volume

fraction information are reconstructed-distance function (RDF) methods, also referred to as "coupled LS-

VOF" methods. In these methods, based on the location of interface extracted from PLIC, a signed-distance

function is created for a stencil of cells surrounding the interface, to provide a smooth differentiable field,

φ, which is used to calculate the curvature usually as κ = −∇ · φ. There are different ways reported to

construct the distance function, e.g. distance constructed in a cell based on weighted average of all nearby

PLIC-interface cells,37 or based on single value distance from PLIC-interface cells.43 There have been

successful extension of RDF method on arbitrary unstructured meshes.44,43

HF method described in Interface Normal Estimation section has been used to calculate the curvature37

in addition to normal vectors for 2D uniform structured meshes,45,46 2D nonuniform rectangular meshes,39

unstructured rectangular/triangular meshes38 and 3D unstructured meshes.24 Despite the advances in this

approach, there are difficulties associated with HF method to calculate curvature. For instance, to improve

the convergence ratio of HF method, the n-aligned column approach was proposed which improved the

accuracy of the method on coarse meshes. However, an extra neighbourhood search step was required to

compute the intersections with the mesh and the columns which added to the already high complications of
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the method and its computational costs.40 Besides, relatively larger computational stencil required in HF

methods increases the communication complexity and overhead in parallel simulations.

Other approaches to calculate the curvature based on fitting a function to available information from

the interface are also reported in the literature. For example, there are reports where the curvature is

calculated from a quadratic function that is best-fitted to the volume fraction data,47 or calculated using a

paraboloid function that was best-fitted to the HF data.48 There are alternative approaches that deviate

from classical PLIC method. For instance, in the Parabolic Reconstruction Of Surface Tension method,

PROST,18 an implicit quadratic interface is being fitted to the volume fraction information in structured18

and 2D unstructured41 grid cells. As mentioned before, the intersection of a cell with relatively higher-

order interfaces imposes complexities in implementations and computational costs. In the next section, the

available information in PLIC-VOF method will be analysed. A novel approach for calculating normal vector

and curvature of interface based on these available information will be studied. Two test cases are used to

examine these approaches in Numerical experiments and discussions section. Finally, concluding remarks

are presented in Conclusion section.

Numerical method

Available information in PLIC interfaces

As described in Interface Normal Estimation section, in PLIC-VOF method the interface is estimated

by a line (2D) or plane (3D) with the forced constraint that the volume truncation ratio of the resulting

polyhedrons βk is equal to the volume fraction of the cell αk. Figure 3 illustrates the interface polygons

extracted by PLIC-VOF method in a domain with arbitrary unstructured cell arrangements compared
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to exact interface. In this figure, LVIRA method is used to extract normal vectors in PLIC approach.

Although the PLIC interface conserves the mass of the phases, as can be seen in this figure, it estimates

the interface with lines/planes which do not necessarily represent the exact location of the interface, but a

rough approximation of it.

Fig. 3 should be placed here

In this paper, the centers of polygons resulting from interface plane-cell intersection, here called interface

polygons, are used to form a set of points, herein after called point-cloud, very close to the not-available

exact interface. Figure 4 illustrates the point-cloud of the interface polygon centers (Pi) in PLIC-VOF

method, compared with the exact surface of the associated analytical function (top: an oblate spheroid,

bottom a wave function). The color palette in this figure represents the error E = (Pi − P) · nP /h × 100,

where P is the point on the spheroid surface closest to Pi, nP is the exact normal vector, normal to the

spheroid surface at point P, and h=0.2 is characteristic size of grid cell. For each case (spheroid, and wave

implicit functions), the method of Lagrange multipliers is used to extract a system of non-linear equations

which its solution using an iterative solver have led to obtaining the point P closest to point Pi on the

associated surface. According to this figure, in the simulation of an oblate spheroid (figure 4 (top)) and the

wave function interfaces (figure 4 (bottom)), each with characteristic grid size of h=0.2, the center points

of PLIC-VOF interface polygons have at most 0.02h error compared with the exact interface. This means

the distance of the worst point Pi to the exact interface is around 2% of the characteristic grid size. The

majority of these points have a negative error, meaning the extracted points from PLIC-VOF method of

phase k fall inside the phase k.

Fig. 4 should be placed here
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Figure 5 illustrates the spatial convergence of first and infinite norms of error, calculated as: L1 =

|
∑

(eiVi)|/
∑

(Vi) and Linf = max(|ei|) where ei = (Pi −P) · nP and Vi is the volume of associated cell i.

As can be seen, the interface polygon center points are converging to the exact surface of spheroid, as the

mesh is refined. According to this figure, the L1 and Linf are spatially converging with an order around

O(2). It is also evident that by refining the mesh from h=0.1 to h=0.06, the spatial convergence order of

Linf is reduced to almost O(0), meaning that further mesh refinements are not reducing the Linf anymore,

or in other words, mesh refinements do not improve the quality of estimated interface in the region with the

worse quality.

Fig. 5 should be placed here

Considering implicit surfaces of F (x, y, z) = 0 and F ∗(x, y, z) = 0 representing the exact, and estimated

interfaces, respectively, where the error of estimated interface with regards to the exact interface is spatially

converging with an order of m, one can write F (x, y, z) = F ∗(x, y, z) + O(hm) where here m = 2. For the

given implicit surface F, the normal vector and curvature of the surface could be extracted as:

N = ∇F (12)

κ =
∇F H(F ) ∇FT − |∇F |2 Trace(H(F ))

|∇F |3
(13)

with H(F) as the 3 × 3 Hessian matrix of F. In this formulation, the unit normal vector is n = N/|N|.

Hence, for the implicit surface F and its estimated counterpart, the normal vector is given by N = ∇F =

(∂F/∂x, ∂F/∂y, ∂F/∂z) = ∇F ∗ + O(hm−1). Thus, if no special care is taken into account and if only

the local information of estimated surface is used to calculate normal vector N, spatial convergence of N
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would be at best one order smaller than F ∗. However, it is important to note that based on formulation of

equation 12, in order to calculate normal vector N, the estimated interface F ∗ must be at least one degree

differentiable. If not, the error of applying gradient operator (∇) to the non-differentiable function F ∗ will

be added to the already one-order lower estimated normal vector N. This is what one witnesses in PY

method, where estimated surface F ∗ is the discontinuous, non-differentiable color function αk and normal

vector at each point is evaluated using N = ∇F ∗ = ∇αk. As depicted in figure 6, for a spheroid interface,

although the estimated surface F ∗ is spatially second-order accurate, the added error due to differentiating

the discontinuous function F ∗ causes a spatial convergence error of not O(1) but almost O(0) in calculating

normal vector N. One the other hand, the LVIRA method does not suffer from this extra reduction of order

of spatial convergence as this approach does not require differentiating the discontinuous surface function.

Details of the numerical simulations related to the results presented in figure 6 will be discussed in Numerical

experiments and discussions section.

Fig. 6 should be placed here

Regarding the curvature calculations, due to the presence of second-order derivatives in its formulation,

it is expected that the spatial convergence of κ to be two orders smaller than F ∗ as κ = κ∗ +O(hm−2). As

a result, if no special care is taken into account and if only the local information of the estimated surface is

used to calculate curvature, spatial convergence of κ would be two orders smaller than F ∗. It is important

to note that the mentioned two orders reduction occurs if in the discretized form, the surface function F ∗

is two degrees differentiable, and there are no difficulties in calculating the first and second order spatial-

derivatives. But if, as in its usual form, the curvature is calculated based on the discontinuous color function

α , κ = ∇ ·
(
∇α
|∇α|

)
, then the error of two times spatially differentiating a discontinuous function will be
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added to the already two-order lower estimated curvature of κ∗ + O(hm−2), and one can even witness a

negative order of spatial convergence in curvature calculation. Figure 7 illustrates the L1 and Linf of spatial

convergence for surface curvature κ using original formulation method as κ = ∇·
(
∇α
|∇α|

)
compared with RDF

method as κ = ∇·
(
∇φ
|∇φ|

)
with φ as distance function for a spheroid interface. As can be seen in this figure,

by generating a continues representation of interface through φ and using this distance function to calculate

the curvature of the interface, the first-norm of error is showing a convergence ratio between O(0) and O(1),

almost two times smaller than the spatial convergence error of the interface itself, as represented in figure

5 left. However for this figure, L1 error of calculating κ by directly using αk is one order of convergence

smaller than what was expected and is negative which could be associated with the two-times differentiating

a discontinuous function. Similar pattern can be seen in Linf norm of error as depicted in figure 7 (right).

Fig. 7 should be placed here

In conclusion, if no special care is taken into account, the normal and curvature calculations from a

surface that is spatially second-order accurate would be at best first, and zero order accurate, respectively.

Different methods in calculating normal vector and curvature e.g. LVIRA, HF etc. are trying to overcome

this limit by involving information of neighbouring cells in calculation of these geometrical properties in

each cell.

Proposed Normal Estimation method

In this section a normal estimation method is presented where for each cell, the interface normal vector

is calculated using the interface point-cloud extracted from PLIC polygon centers. For each point Pi, a set

of immediate-adjacent neighbouring points are extracted and sorted in a clockwise (or counter-clockwise)

orientation. Using these neighbouring points, a triangular grid could be formed by connecting point Pi to
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two consecutive neighbour point, j and k, as depicted in figure 8.

Fig. 8 should be placed here

For each triangular grid of /jik, an estimation of unit normal vector could be calculated by vector-

producting the edges associated to vertex i as:

n/jik =
~PiPj × ~PiPk

| ~PiPj × ~PiPk|
(14)

This normal vector is a rough estimation of the normal vector at point Pi. Performing this step to all the

triangular grids with point Pi as center piece leads to a set of estimated normal vectors, Ni, for this point.

The size of Ni is equal to the number of neighbour points surrounding Pi. This ensures the involvement of

information of neighbour cells in calculating the normal vector of each cell. The final value of unit-normal

vector ni at point Pi is calculated as a weighted average of all the members of Ni, as:

ni =

∑
nj∈Ni

wjnj∑
wj

(15)

Different weighting parameters were tested for averaging, and the best results were obtained where wj is

the area of associated triangle used in calculating nj .

Proposed Curvature Estimation

In this section, three different approaches are being used to calculate the interface curvature from the

spacially second-order points extracted from PLIC polygon centers as discussed in Available information in

PLIC interfaces section. Different methods have been introduced in the literature for calculating the surface
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curvature from a given point-cloud which are developed mainly for applications in computer graphics, reverse

engineering, medial visualization, etc. In general, methods of calculating curvature from point-cloud data

could be categorized in two types:

1. Discrete method,49 which tries to calculate curvature directly from the point-cloud information by

forming grids from data points and estimating fundamental forms per grid.

2. Surface fitting methods50,51,52 which are based on finding a local approximation of the surface and

calculating the curvature based on obtained formulation of this approximation.

In this section we analyse the accuracy of these approaches in calculating the interface curvature from

data points extracted by PLIC-VOF method.

Extracting Fundamental Forms

For the interface surface formed by a point set, one can define the two Fundamental Forms, I and II,

at each given edge formed by connecting two points, Pi and Pj , describing the first and second order

derivatives of parameterization of surface for that edge, respectively.49 These derivatives define the extrinsic

invariants of the surface, its principal curvatures as needed to calculate the curvature in surface tension term

of equation 1. The Basic theory, details and proofs of theorems of fundamental forms of surfaces could be

found in literature.53

For each given point Pi, one can define m edges, by connecting Pi to its immediate-adjacent neighbours.

For each of these edges, formed by Pi and Pj , a local coordinate system (Tu,Tv, n) could be defined

with two arbitrary (and not necessarily orthogonal to each other) tangent vectors of Tu and Tv which are

orthogonal to the normal vector n. Coefficients of first fundamental form (I) are the inner product of the
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tangent space of a surface in three-dimensions as:

I =


A B

B C

 (16)

where A = Tu · Tu, B = Tu · Tv, and C = Tv · Tv. The second fundamental form, or shape tensor, is

calculated from the normal vector and second derivatives of tangent vectors as:

II =


D E

E F

 (17)

where D = Tuu · n, E = Tuv · n, and F = Tvv · n. Using these fundamental forms, one can form the

shape operator, usually denoted by W standing for Weingarten, as W = I−1II. For the given edge, this

2× 2 symmetric matrix contains information on variation of the normalized normal vector in the direction

of a tangent vector. The eigenvalues (λ1 and λ2) of this operator correspond to the principal curvatures of

the surface at the given point. Thus the curvature of the surface used in equation 1 could be calculated as

κ = λ1 + λ2. If selected tangent vectors in local coordinate system are orthogonal, i.e. Tu · Tv = 0, the first

fundamental form is equal to the Identity matrix, resulting in W = II.

By forming W matrix for each edge, one would obtain the change of the normal vector along that edge.

However, the resulting system of equations is under-determined, as three unknowns of D, E, and F are more

than the available information, i.e. variation of two normal vectors along the edge. That is why there is

a need to involve more neighbour vertices in calculating the W matrix. As discussed in Proposed Normal

Estimation method section, in the data point extracted, one can connect the neighbour points and form a
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set of triangular meshes that represent the surface of the interface. The objective is to find the W matrix

at each given point Pi using associated triangular grid of /jik and corresponding normal vectors at each

vertex.

For each triangle /jik, a local coordinate system, i.e. tangent space, can be defined with origin at Pi,

as depicted in figure 9, where Tu =
Pj−Pi

|Pj−Pi| , n = Tu×(Pk−Pi)
|Tu×(Pk−Pi)| , and Tv = Tu×n

|Tu×n| . By this transformation,

one of the dimensions is constant and thus reduced. So the resulting problem could be studied in 2D space

instead of 3D with saves in computational cost.

Fig. 9 should be placed here

The edges of this triangle are being transformed to the local coordinate system using transformation

matrix of the tangent space. This transformation for point Pj could be written as:

PLj =



Tu1 Tu2 Tu3

Tv1 Tv2 Tv3

n1 n2 n3


(Pj −Pi) (18)

In this formulation, L stands for Local coordinate system. In addition to the locations, already known normal

vectors at vertices need to be transformed to the local coordinate as well. However, since the tangent space

is orthogonal, the transformation matrix would be the same as the one formulated in equation 18. For each

edge, formed by Pi and Pj , the following under-determined system of equations could be written as:


D E

E F




(PLj −PLi)u

(PLj −PLi)v

 =


(nLj − nLi)u

(nLj − nLi)v

 (19)
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By constructing the same system of equations for the all three edges of triangle /jik, an over-determined

system of equation would be formed that can be solved using least-square approach as X = (MTM)−1MTY.



(PLj −PLi)u (PLj −PLi)v 0

0 (PLj −PLi)u (PLj −PLi)v

(PLk −PLi)u (PLk −PLi)v 0

0 (PLk −PLi)u (PLk −PLi)v

(PLj −PLk)u (PLj −PLk)v 0

0 (PLj −PLk)u (PLj −PLk)v


︸ ︷︷ ︸

M



D

E

F


︸ ︷︷ ︸

X

=



(nLj − nLi)u

(nLj − nLi)v

(nLk − nLi)u

(nLk − nLi)v

(nLj − nLk)u

(nLj − nLk)v


︸ ︷︷ ︸

Y

(20)

For each triangle, the obtained values of D, E, and F are being used to calculate the value of κ = D + F .

This process is repeated for all the triangles created by connecting point Pi to its immediate-adjacent

neighbours. The value of κ for points Pi could be calculated by weighted averaging over all the corresponding

triangles. Different weighting parameters were tested for averaging, and the best result was obtained when

this weighting parameter is the area of associated triangle.

Surface fitting

Different formulations could be used to best-fit a local surface to each point of interest Pi and its

neighbours. In a pre-processing step, point Pi and its neighbours are transformed to a local coordinate

system, similar to the one discussed in Extracting Fundamental Forms section. In this section, three different

surfaces/approaches are described that can be used to calculate the curvature from the fitted surface:
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1. Best-fit a quadratic surface:

F (ai, u, v, w) = a0u
2 + a1v

2 + a2uv + a3u+ a4v − w = 0 (21)

Curvature could be calculated either by using W matrix or using the implicit formulation as presented

in equation 12.

2. In an effort to use all the available information to best-fit a local surface, one can use a cubic surface,

by including the information of normal vectors at each points, as described in:52

F (ai, u, v, w) = a0u
2 + a1v

2 + a2uv + a3u
3 + a4u

2v + a5uv
2 + a6v

3 − w = 0 (22)

The curvature could be calculated either by using W matrix of this formulation or using the implicit

formulation as presented in equation 12. For the implicit function presented in equation 22, the normal

vector at each point would be:

N(ai, u, v, w) = (Fu, Fv,−1) = (2a0u+a2v+3a3u
2+2a4uv+a5v

2, 2a1v+a2u+a4u
2+2a5uv+3a6v2, −1)

Since the normal vector for each point Pi is known from Proposed Normal Estimation method section,

one can convert the Ni = (Nu, Nv, Nw) to (−Nu/Nw,−Nv/Nw,−1). Thus the under-determined
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system of equation for each arbitrary point can be written as:



u2 v2 uv u3 u2v uv2 v3

2u 0 v 3u2 2uv v2 0

0 2v u 0 u2 2uv 3v2





a0

a1

a2

a3

a4

a5

a6



=



w

−Nu/Nw

−Nv/Nw


(23)

By including all the immediate-adjacent neighbours of Pi to this formulation, one can obtain a

determined/over-determined system of equation which could be solved using direct/least-square ap-

proaches.

3. In the proposed approach, a quadratic surface with formulation of equation 21 is best-fitted to point

Pi and all its immediate-adjacent neighbouring points as:

F (ai, u, v, w) = a0u
2 + a1v

2 + a2uv + a3u+ a4v − w = 0 (24)

The difference of this approach is that the fitted surface is not used to calculate the curvature only at

Pi, but also to calculate the curvature at all the neighbouring points used in fitting process. Thus, as

each point Pj appears in m different neighbouring sets, and as a result, in m different fitted surfaces,

different values of κ can be set for Pj . The final curvature value for this point, κfj , is the average of
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all curvature values calculated from all the obtained m surfaces:

κfj =

∑m
κj

m
(25)

In next section the results and comparisons of different discussed approaches would be presented. The

numerical methods are implemented in an in-house parallel c++/MPI code called TermoFluids.54 Valida-

tions and verifications of the general framework of numerical tools used in this work have been reported

in.12,13,55,56,57,58,59

Numerical experiments and discussions

Two different test cases are introduced to perform comparisons and verification on accuracy of aforemen-

tioned methods. For each case, at each given interface cell i, the errors of estimated normal vector (ni) and

curvature (κi) are calculated as:

eni = 1− ni · nexact (26)

eki = 1− ki/kexact (27)

Based on these values, the first and infinite norms of error are calculated as L1 = |
∑

(eiVi)|/
∑

(Vi) and

Linf = max(|ei|) with Vi as the volume of the associated cell.
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Spheroid test case

Numerical tests are performed for a spheroid interface with implicit formulation of:

F (x, y, z) =
(x− x0)2

a2
+

(y − y0)2

b2
+

(z − z0)2

c2
− 1 = 0 (28)

The simulations are done in a cube domain with side length of L. For simplicity in extracting normal and

curvature formulations, an oblate spheroid with a = b = L/3.33, and c = L/4.44 is selected. Two different

grid types of structured and unstructured (triangular) meshes have been used to discretize the domain as

depicted in figure 10 with characteristic grid size of h = L/n, for n ∈ {10, 20, 40, 80, 160}. Although the

simulations have been done in both of these meshes, since the proposed methods are based on the extracted

point-cloud representation of the interface, the results have shown to be independent of the grid type. Hence,

to avoid redundancy, only the results obtained with the unstructured meshes are presented in the rest of

the paper. In each case the simulations are repeated 100 times where (x0, y0, z0) is randomly changed to

eliminate the effect of initial location on results.

Fig. 10 should be placed here

For each point in point-cloud extracted from PLIC-VOF interface polygon centers, in a minimization

problem, using Lagrange Multiplier approach and solving the resulting equations by Newton–Raphson

method, the closest point on the surface of associated spheroid is extracted to compare the results. For

the extracted point, the exact values of normal and curvature are calculated by applying equations 12 to

the implicit formulation of equation 28. Figure 4 (top) illustrates the surface of selected spheroid.
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3D wave test case

Numerical tests are performed for a three-dimensional wave interface with implicit formulation of:

F (x, y, z) = (z − z0)− sin (x− x0) cos (y − y0)− L

2
= 0 (29)

The simulations are done in a cube domain with side length of L = 8. The domain is discretized with

the same characteristic grid sizes as Spheroid test case. As before, the simulations are repeated 100 times,

randomly selecting (x0, y0, z0) coordinates to eliminate the effect of initial location on results. Similar to

the spheroid test case, for each point in point-cloud extracted from PLIC-VOF interface polygon centers,

in a minimization problem, using Lagrange Multiplier approach and solving the resulting equation by New-

ton–Raphson method, the closest point on the surface of associated wave is extracted to compare the results.

For the extracted point, the exact values of normal and curvature are calculated by applying equations 12

to the implicit formulation of 29. Figure 4 (bottom) illustrates the surface of selected wave.

Results

Figures 11 and 12 illustrate the L1 (left) and Linf (right) norms of errors in interface normal vector

n for the spheroid and wave interface test cases, respectively. Different approaches of PY,25 LVIRA,27

Mosso-Swartz,29 and Modified Swatrz,30 are used and the results of these approaches are compared with

the proposed method presented in Proposed Normal Estimation method section.

Fig. 11 should be placed here

Fig. 12 should be placed here

As can be seen in these figures, for both cases of spheroid and 3D wave interfaces, the PY and Swartz
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methods show similar results, with around 1st order of accuracy for coarser meshes, and almost zero order

of accuracy for finer meshes in L1. For Linf , these two methods represent an order of convergence of less

than one and even close to zero. The Modified Swartz algorithm is an improvement on Swartz approach but

still does not present an order of accuracy better than one. LVIRA method, illustrates an order of accuracy

around 2 for L1 in both cases, but fails to achieve anything better than 0.8, and 1.5 for spheroid and wave

test cases, respectively. The method proposed in this paper, discussed in Proposed Normal Estimation

method section, shows 2nd and 3rd order of spacial convergence for L1 in spheroid and wave test cases,

respectively. For Linf , however, these values are around 2 for both test cases. It is noticeable that the

proposed method for calculating the normal vector n outperforms other methods studied in this section,

leading to higher spatial convergence, while maintaining simplicity in implementation.

Figures 13 and 14, illustrate the L1 (left) and Linf (right) norms of errors in interface curvature κ for

the spheroid and 3D wave test cases. Different approaches of fundamental forms (Extracting Fundamental

Forms section), quadratic surface fitting ( Surface fitting section item 1), and cubic surface fitting (Surface

fitting section item 2), are used and their results are compared with the method proposed in Surface fitting

section (item 3).

Fig. 13 should be placed here

Fig. 14 should be placed here

As can be seen in these figures, in case of very coarse meshes, both L1 and Linf norms of error for

methods of Fundamental Forms, Quadratic and Cubic surfaces fittings show an error of convergence around

2 in both test cases of spheroid and 3D wave. However, this order of convergence converts to zero for

L1 and even negative for Linf for moderate to fine mesh sizes in both test cases. The method proposed
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in this paper, however maintains an order of convergence close to two for both L1 and Linf in both test

cases. This convergence order is indeed an improvement on curvature calculation using classical formulation

of κ = ∇ ·
(
∇α
|∇α|

)
or RDF methods illustrated in figure 7. For very fine meshes, however, the order of

convergence in the proposed method reduces to zero. This pattern is also visible in curvature calculations

using the classical formulation and RDF methods as depicted in figure 7.

According to figure 5, one can notice that for very fine meshes, the convergence error in Linf is reducing,

which means that further mesh refinements does not lead to improvements on the information available in

the area on the interface surface responsible for maximum error. In other words, if a region on the estimated

interface has the maximum error compared to the exact interface, by refining the mesh size, this region is

not resolved any better, and still introducing the same error in the solution. This can be associated to the

nature of PLIC method, as its objective is not to estimate the exact location of the interface, but to satisfy

the volume fraction of the phases in each cell by a line (in 2D) or plane (in 3D). Thus the order of spatial

convergence of this region is zero, meaning no improvement due to the refinement of the mesh. Since the

curvature calculation is based on the available information of the interface, and since for very fine meshes,

the further refinement does not provide extra information of the estimated interface, and the curvature

calculation shows a reduction in convergence order.

Figure 15 illustrates the execution time of curvature and normal vector evaluation functions in 100-

times repeated spheroid test case. The curvature evaluation execution times are normalized by the average

execution time of the classical formulation function, and the normal vector execution times are normalized

by the average execution time of PY method. According to this figure, the proposed method for normal

vector evaluation, the Swartz and modified Swartz approaches have similar execution times, which is around
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twice the execution time of PY method. The LVIRA function execution time however ranges between 36 to

around 50 times the execution of the PY method.

For curvature, however, as expected, the execution time of Classical formulation is lowest, followed by

execution time of RDF Quadratic Surface, Proposed method, Fundamental Forms, and Cubic Surface. These

approaches range from 2 to around 4.5 times the average execution time of Classical formulation.

Fig. 15 should be placed here

Conclusion

In this work, difficulties in calculating the geometrical properties of the interface, i.e. normal vector and

curvature, using the PLIC-VOF approach were studied. Different methods available in the literature for

calculating these parameters have been analyzed. For two 3D test cases of spheroid and a wave function

interface, evaluations were performed to understand how well the PLIC interface estimates the actual location

of the interface. In other terms, the scope of the test consists in quantifying, how much information of the

actual interface is available in estimated PLIC interface. A point-cloud, based on the interface polygon

centers, was formed to estimate the interface. Different approaches for calculating the interface normal

and curvature from this point-cloud were tested. The method proposed in this study to evaluate the

interface normal vector has shown to be spatially second-order accurate for both L1 and challenging Linf

norms of error, outperforming well-known widely-used methods, e.g. LVIRA, while maintaining simplicity

in implementation and lower computational costs as there is no need for expensive optimization steps.

Different methods for evaluating the interface curvature from the available information of PLIC interface

were tested as well. Diverse ideas for the calculation of the interface curvature were tested and it was shown
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that the method proposed in this study improves the spatial convergence of curvature error while being

independent of the grid type. Indeed, the method has shown to be effectively applicable to both structured

and unstructured meshes, presenting improvements in spatial convergence order.
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Figure 1: LVIRA error function for a 2D unstructured mesh stencil. Error e(n) for the central cell c is

calculated by extending its reconstructed interface to all the neighbor cells and summing all the hashed area

representing αkF − βkF in each neighbour cell
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Figure 2: Definition of HF, using the predicted normal vector of n in reference cell P.

40



Figure 3: A comparison of PLIC interface (left) with grid spacing of h = 0.1d (with d as droplet diameter)

Vs. exact spherical interface (right).
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Figure 4: Extracted center points (Pi) of interface polygons in PLIC-VOF method compared with the exact

surface of the associated oblate spheroid (top), and wave function (bottom). The color palette represents

the error E = (Pi −P) · nP /h× 100, where P is the point on the exact surface closest to Pi, and h=0.2 is

characteristic size of grid cell.
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Figure 5: L1 and Linf spatial convergence for error = (Pi−P) ·n where Pi is the interface polygon center

in PLIC-VOF method and P is the point on the surface of spheroid (left) and wave function (right) closest

to Pi.
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Figure 6: L1 and Linf of spatial convergence of error in evaluating surface normal vector n as defined in

equation 26 using PY method compared with LVIRA for a spheroid interface. Left: L1, right: Linf
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Figure 7: L1 and Linf on spatial convergence of error in evaluating surface curvature κ as defined in equation

26 using classical formulation method as κ = ∇ ·
(
∇α
|∇α|

)
compared with RDF method as κ = ∇ ·

(
∇φ
|∇φ|

)
with φ as distance function for a spheroid interface. Left: L1, right: Linf
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Figure 8: Interface polygons (area with red-line edges) along with interface polygon centers (blue points) and

constructed triangular meshes obtained by connecting the point Pi to its neighbours Pj and Pk. (please

note that for the sake of clarity of viewing this figure, the plotted interface polygons are not necessarily

planar).
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Figure 9: Transformation of each triangle into a local coordinate system.

47



Figure 10: Two different computational grids with structured (left) and unstructured (right) mesh types
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Figure 11: L1 (left) and Linf (right) of spatial convergence of error in evaluating surface normal vector n as

defined in equation 26 using PY, Swartz, Modified Swartz, and LVIRA methods compared with the method

proposed in this paper for spheroid test case.

49



Figure 12: L1 (left) and Linf (right) of spatial convergence of error in evaluating surface normal vector n as

defined in equation 26 using PY, Swartz, Modified Swartz, and LVIRA methods compared with the method

proposed in this paper for the 3D wave test case.
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Figure 13: L1 (left) and Linf (right) of spatial convergence of error in evaluating surface curvature κ

as defined in equation 26 using methods presented in Extracting Fundamental Forms and Surface fitting

sections (items 1,2) compared with the method proposed in Surface fitting section (item 3) for spheroid test

case.
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Figure 14: L1 (left) and Linf (right) of spatial convergence of error in evaluating surface curvature κ as

defined in equation 26 using methods presented in Extracting Fundamental Forms and Surface fitting section

(items 1,2) compared with the method proposed in Surface fitting section (item 3) for 3D wave test case.
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Figure 15: Execution time distribution of different approaches for 100-times repeated spheroid test case.

Left: Execution time of different curvature estimation approaches normalized by the average execution

time of Classical formulation tests. Right: Execution time of different normal vector estimation approaches

normalized by the average execution time of PY method tests.
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