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Abstract. We study the Laplacian spectrum of token graphs, also called
symmetric powers of graphs. The k-token graph Fj(G) of a graph G is
the graph whose vertices are the k-subsets of vertices from G, two of
which being adjacent whenever their symmetric difference is a pair of
adjacent vertices in G. In this work, we give a relationship between the
Laplacian spectra of any two token graphs of a given graph. In particular,
we show that, for any integers h and k such that 1 < h < k < 3, the
Laplacian spectrum of Fj(G) is contained in the Laplacian spectrum
of Fj(G). Besides, we obtain a relationship between the spectra of the
k-token graph of G and the k-token graph of its complement G. This
generalizes a well-known property for Laplacian eigenvalues of graphs to
token graphs.
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1 Introduction

Let G be a simple graph with vertex set V(G) = {1,2,...,n} and edge set
E(G). For a given integer k such that 1 < k < n, the k-token graph Fy(G) of G
is the graph whose vertex set V (F;(G)) consists of the (}) k-subsets of vertices
of G, and two vertices A and B of Fj,(G) are adjacent whenever their symmetric
difference A A B is a pair {a,b} such that a € A, b € B, and {a,b} € E(G);
see Fig. 1 for an example. Note that if &k = 1, then F;(G) & G; and if G is the
complete graph K, then Fj(K,) = J(n, k), where J(n, k) denotes a Johnson
graph [5]. The naming token graph comes from an observation by Fabila-Monroy,
Flores-Penaloza, Huemer, Hurtado, Urrutia, and Wood [5], that vertices of Fy(G)
correspond to configurations of k indistinguishable tokens placed at distinct ver-
tices of GG, where two configurations are adjacent whenever one configuration can
be reached from the other by moving one token along an edge from its current
position to an unoccupied vertex. Such graphs are also called symmetric k-th
power of a graph by Audenaert, Godsil, Royle, and Rudolph [2]; and n-tuple
vertex graphs in Alavi, Lick, and Liu [1]. The token graphs have some applica-
tions in physics. For instance, a connection between symmetric powers of graphs
and the exchange of Hamiltonian operators in quantum mechanics is given in [2].
They have also been considered in relation to the graph isomorphism problem,
see Rudolph [8].

In this work, we focus on the Laplacian spectrum of Fj(G) for any value
of k. Recall that the Laplacian matrix L(G) of a graph G is L(G) = D(G) —
A(G), where A(G) is the adjacency matrix of G, and D(G) is the diagonal
matrix whose non-zero entries are the vertex degrees of G. For a d-regular graph
G, each eigenvalue A of L(G) corresponds to an eigenvalue p of A(G) via the
relation A = d— p. In [3], Carballosa, Fabila-Monroy, Leafios, and Rivera proved
that, for 1 < k < n — 1, the k-token graph Fj(G) is regular only if G is the
complete graph K, or its complement, or if k¥ = n/2 and G is the star graph
K1 n—1 or its complement. Then, for most graphs, we cannot directly infer the
Laplacian spectrum of Fj(G) from the adjacency spectrum of Fy(G). In fact,
when considering the adjacency spectrum, we find graphs G whose spectrum is
not contained in the spectrum of Fy(G); see Rudolph [8]. Surprisingly, for the
Laplacian spectrum, this holds and it is our first result.

This extended abstract is organized as follows. In Sect. 2, we show that the
Laplacian spectrum of a graph G is contained in the Laplacian spectrum of its
k-token graph Fj(G). Besides, with the use of a new (n; k)-binomial matrix, we
give the relationship between the Laplacian spectrum of a graph G and that of
its k-token graph. In Sect. 3, we show that an eigenvalue of a k-token graph is
also an eigenvalue of the (k+ 1)-token graph for 1 < k < n/2. Besides, we define
another matrix, called (n;h, k)-binomial matrix. With the use of this matrix, it
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Fig. 1. A graph G (left) and its 2-token graph F5(G) (right). The Laplacian spectrum
of G is {0,2,3,4,5}. The Laplacian spectrum of F»(G) is {0,2,3%,4,5% 7,8}.

is shown that, for any integers h and k such that 1 < h < k < 5, the Laplacian
spectrum of F}(G) is contained in the spectrum of Fi(G). Finally, in Sect.4,
we obtain a relationship between the Laplacian spectra of the k-token graph of
G and the k-token graph of its complement G. This generalizes a well-known
property for Laplacian eigenvalues of graphs to token graphs.

For more information, not included in this extended abstract, see [4].

2 The Laplacian Spectra of Token Graphs

Let us first introduce some notation used throughout the paper. Given a graph
G = (V, E), we indicate with a ~ b that a and b are adjacent in G. As usual, the
transpose of a matrix M is denoted by M ", the identity matrix by I, the all-1
vector (1,...,1)T by 1, the all-1 (universal) matrix by J, and the all-0 vector
and all-0 matrix by 0 and O, respectively. Let [n] := {1,...,n}. Let ([z]) denote
the set of k-subsets of [n], the set of vertices of the k-token graph.

Our first theorem deals with the Laplacian spectrum of a graph G and its
k-token graph Fj(QG).

Theorem 1. Let G be a graph and Fy(G) its k-token graph. Then, the Laplacian
spectrum (eigenvalues and their multiplicities) of G is contained in the Laplacian
spectrum of F(G).

Theorem 1 has a direct proof using token movements, and it can also be
obtained using the (n;k) binomial matrix B, defined in the following. Given
some integers n and k (with k € [n]), we define the (n;k)-binomial matriz B.
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This is a (Z) x n matrix whose rows are the characteristic vectors of the k-subsets
of [n] in a given order. Thus, if the i-th k-subset is A, then

C (1lifje 4,
(B)ij = {0 otherwise.

Lemma 1. The (n; k)-binomial matriz B satisfies

n—2 n—2
B'B = I J.
G (o)
Let G be a graph with n vertices and, for k < 7, let F, = Fj(G) be its k-token

graph. The following result gives the relationship between the corresponding
Laplacian matrices, L1 and L.

Theorem 2. Given a graph G and its k-token graph Fy,, with corresponding
Laplacian matrices Ly and Ly, and (n;k)-binomial matriz B, the following

holds: )
n—
B'L.B= (k - 1)L1. (1)

Corollary 1. Given a graph G, with G = Fy, and its k-token graph Fy,, with
corresponding Laplacian matrices Ly and Ly, and (n; k)-binomial matriz B, the
following implications hold:

(i) If v is a A-eigenvector of Ly, then Bv is a \-eigenvector of Ly.
(i) If w is a A-eigenvector of Ly and B'w # 0, then BT w is a M\-eigenvector
Of Ll-

Corollary 2. (i) The Laplacian spectrum of Ly is contained in the Laplacian
spectrum of Ly.

(ii) Every eigenvalue A of Ly, having eigenvector w such that B'w #£0, is a
A-eigenvector of L.

3 A More General Result

In this section, we show a stronger result. Namely, for any 1 < k < n/2, the
Laplacian spectrum of the k-token graph Fj(G) of a graph G is contained in the
Laplacian spectrum of its (k + 1)-token graph Fyy1(G).

A ‘local analysis’, based on token movements, is used to show that every
eigenvalue of Fj(G) is also an eigenvalue of Fj11(G).

Theorem 3. Let G be a graph on n vertices. Let h,k be integers such that
1< h<k<mn/2. If X is an eigenvalue of F,(G), then X is an eigenvalue of
Fr(G).
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All previous results can be seen as consequences of the following matricial
formulation. First, we define, for some integers n, ki, and ko (with 1 < ky <
ky < n), the (n; kg, k1)-binomial matriz B = B(n; kg, k1). This is a () x (;")
(0, 1)-matrix, whose rows are indexed by the ka-subsets A C [n], and its columns

are indexed by the kj-subsets X C [n]. The entries of B are

Lif X C A,
(B)ax = {O otherwise.
The transpose of B = B(n; ko, k1) is known as the set-inclusion matriz, denoted
by Wi, k, (1) (see, for instance, Godsil [7]).

Lemma 2. The matriz B satisfies the following simple properties.

(i) The number of 1’s of each column of B s (,?27_’211).
(i) The number of common 1’s of any two columns of B, corresponding to ks-

subsets of [n] whose intersection has k1 — 1 elements, is (,?2__’211__11).

The new matrix B allows us to give the following result that can be seen as a
generalization of Theorem 2 (see also Corollary 3).

Theorem 4. Let G be a graph onn = |V| vertices, with ki1- and ko-token graphs
Fy, (Q) and Fy,(Q), where 1 < k; < ko <n. Let Ly, and Ly, be the respective
Laplacian matrices, and B the (n; ks, k1)-binomial matriz. Then, the following
holds:

BL,, = Ly,B. (2)

Let us now see some consequences of this theorem. First, we get again The-
orem 2.

Corollary 3. With the same notation as before, the following holds.
(i) For every ki, ko with 1 <ky < ko <n,
B'L,,B=B'BILy,. (3)
(ii) For k1 =1 and ks =k,
n—2
B'L\B = L.
B (127

Since Fy(G) = F,_k(G) assume, without loss of generality, that 1 < k; <
ke < 5. Then, we have a generalization of Corollary 3.
Corollary 4. For any integers h,k such that 1 < h < k < 3, let B be the
(n; k, h)-binomial matriz. Then, the eigenvalues and eigenvectors of the Lapla-
cian matrices of the token graphs Fy, and Fy are related in the following way.

(i) If v is a A-eigenvector of Ly, then Bv is a A-eigenvector of Ly. Moreover,
the linear independence of the different eigenvectors is preserved. (That is,
the spectrum of Ly, is contained in the spectrum of Ly.)
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(i) If w is a A-eigenvector of Ly and B'w # 0, then B w is a \-eigenvector
of Ly. Moreover, all the eigenvalues, including multiplicities, of Ly are

obtained (that is, one eigenvalue each time that the above non-zero condition
is fulfilled).

In our context, Theorem 4 allows us to obtain the Laplacian matrix of F} in
terms of the Laplacian matrix of F}, provided that we know the binomial matrix
B(n; k,h) with its rows and columns in the right order (that is, the same order
as the columns of Lj, and Ly, respectively). Indeed, in this case, (3) with k1 = h
and ko = k leads to

L,=(B'B)"'B'L,B. (4)

Notice that B' B is a Gram matrix of the columns of B, which are linearly
independent vectors and, hence, B' B is invertible.

Following with the simplified notation &y = h and ky = k, the result of
Theorem 4 can also be written in terms of the adjacency matrices Ay, and Ay
of F}, and Fy, respectively. Then, we get

A.B - BA, = DB — BD, (5)

where D}, and Dy, are the diagonal matrices with non-zero entries the degrees of
the vertices of F} and F}, respectively. Some consequences of this are obtained
when both Fj, and F} are regular.

Corollary 5. Assume that a graph G = Fy and its k-token graph Fj are
dy-reqular and di-regular graphs, respectively. Let B be the (n;k,1)-binomial
matriz. Let A and Ay be the respective adjacency matrices of G and Fy,. If v is
a A-eigenvector of A, then Bv is a p-eigenvector of Ay, where = (dp —di+ ).

4 A Graph, Its Complement, and Their Token Graphs

Let us consider a graph G and its complement G, with respective Laplacian
matrices L and L. We already know that the eigenvalues of G are closely related
to the eigenvalues of G, since L + L = nI — J. Hence, the same relationship
holds for the algebraic connectivity, see Fiedler [6].

Observe that the k-token graph of G is the complement of the k-token graph
of G with respect to the Johnson graph J(n, k) (the k-token graph of K,), see
Carballosa, Fabila-Monroy, Leafios, and Rivera [3, Prop. 3]. Then, it is natural
to ask whether a similar relationship holds between the Laplacian spectrum of
the k-token graph of G and the Laplacian spectrum of the k-token graph of
G = K,, — G. In this section, we show that, indeed, this is the case.

Our result is a consequence of the following property.

Lemma 3. Given a graph G and its complement G, the Laplacian _matrices
L = L(Fy(G)) and L = L(F(Q)) of their k-token graphs commute: LL = LL.
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Theorem 5. Let G = (V,E) be a graph on n = |V| vertices, and let G be its
complement. For a given k, with 1 < k <mn —1, let us consider the token graphs
Fy.(G) and Fy.(G). Then, the Laplacian spectrum of Fy(G) is the complement
of the Laplacian spectrum of Fy(G) with respect to the Laplacian spectrum of
the Johnson graph J(n,k) = Fy(K,). That is, every eigenvalue Ay of J(n, k) is
the sum of one eigenvalue Ap, (o) of Fi(G) and one eigenvalue Ar@) of Fu(G),
where each \p, (a) and each AFk(é) is used once:

AR(@) T Ap @ = A
Theorem 5 leads to the following consequence.

Corollary 6. Let G be a graph such that its complement G has ¢ connected
components. Then, for 1 < k < n — 1, the k-token graph F(G) has at least c
integer eigenvalues. If each of the ¢ components of G has at least k vertices, then
Fi.(G) has at least (CJFﬁ*l) integer eigenvalues.

Acknowledgements. We thank Carlos Hidalgo-Toscano for valuable discussions.

References

1. Alavi, Y., Lick, D.R., Liu, J.: Survey of double vertex graphs. Graphs Combin. 18,
709-715 (2002)

2. Audenaert, K., Godsil, C., Royle, G., Rudolph, T.: Symmetric squares of graphs. J.
Combin. Theory B 97, 74-90 (2007)

3. Carballosa, W., Fabila-Monroy, R., Leafios, J., Rivera, L.M.: Regularity and pla-
narity of token graphs. Discuss. Math. Graph Theory 37(3), 573-586 (2017)

4. Dalfé, C., et al.: On the Laplacian spectra of token graphs (2020, submitted).
https://arxiv.org/abs/2012.00808

5. Fabila-Monroy, R., Flores-Penaloza, D., Huemer, C., Hurtado, F., Urrutia, J., Wood,
D.R.: Token graphs. Graphs Combin. 28(3), 365-380 (2012)

6. Fiedler, M.: Algebraic connectivity of graphs. Czech. Math. J. 23(2), 298-305 (1973)

7. Godsil, C.D.: Tools from linear algebra. In: Graham, Grotschel, Lovész (eds.) Hand-
book of Combinatorics, pp. 1705-1748. MIT Press (1995)

8. Rudolph, T.: Constructing physically intuitive graph invariants (2002). http://arxiv.
org/abs/quant-ph/0206068



