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Abstract

Self-consistent turbulent transport of high-concentration impurities in magnetically confined fu-

sion plasmas is studied using a three-dimensional nonlinear fluid global turbulence model which

includes ion-temperature gradient (ITG) and trapped electron mode (TEM) instabilities. It is

shown that the impurity concentration can have a dramatic feedback in the turbulence and, as a

result, it can significantly change the transport properties of the plasma. High concentration impu-

rities can trigger strong intermittency, that manifests in non-Gaussian heavy tails of the probability

density functions (PDFs) of the E ×B fluctuations and of the ion-temperature flux fluctuations.

At the heart of this self-consistent coupling is the existence of inward propagating ion-temperature

fronts with a sharp gradient at the leading edge that give rise to instabilities and avalanche-like

bursty transport. Numerical evidence of time non-locality (i.e., history dependence) in the delayed

response of the flux to the gradient is presented.
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The performance of magnetically confined fusion plasmas in general, and of ITER in

particular, can be critically affected by impurities. The accumulation of impurities in the

core can lead to radiation losses and fuel dilution detrimental to energy confinement. Thus,

a key issue of the magnetically confined plasma fusion program is the understanding of

impurity transport. An often used approximation is to treat the impurity as a passive scalar

ignoring the back reaction on the turbulence. Although this approximation is reasonable

and has yielded valuable insights when the impurity concentration is low, e.g. Refs. [1], it

might break down when the impurity concentration is high like in experiments involving

plasma radiative cooling [2]. Beyond the aforementioned relevance to fusion plasmas, the

study of transport of active scalars, i.e. scalars that modify the underlying advection flow,

is a problem of broad theoretical and practical interest. Well-known, important examples

include transport of temperature in turbulent convection [3], the magnetic dynamo problem

[4], potential vorticity mixing in geophysical flows [5], and self-consistent chaotic transport in

fluids and plasmas [6] among others. Although the physics mechanisms of the self-consistent

coupling is different in these problems, at a fundamental level, the description of these active

scalar transport problems share important similarities.

Here we focus on the self-consistent coupling between the dynamics of the impurity den-

sity (treated as an active scalar) and the E×B turbulence in a magnetically confined fusion

plasma. The novel results presented pertain to both the E×B turbulence and the transport

of the impurity itself. Regarding the E×B turbulence, we show that high-concentration of

impurities leads to a qualitative transition from a stationary state, characterized by Gaus-

sian PDFs (probability density functions) of the fluctuations, to strongly intermittent states,

characterized by non-Gaussian PDFs. This transition also manifests in the ion thermal flux

leading to bursty transport. The culprit of this transition is the self-consistent coupling

between the impurity and the flow that leads to the creation of strong gradients in the ion-

temperature profile that exhibit an inward front propagation. We show that this transition

is accompanied by a transition in the impurity density evolution from a diffusive transport

regime to a non-diffusive transport regime characterized by non-Fickian flux-gradient rela-

tions. Contrary to what would be expected within the diffusive (Fickean) description, the

time cross-correlation function between the impurity flux, Γz, and the impurity density gra-

dient, ∇nz, exhibits a shift in the maximum due to a delay in the response of the flux to the

gradient when the impurity concentration is high. An effective non-local in time (history
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FIG. 1: Impurity-driven intermittency. The main panels show the probability density function

(PDF) of E × B velocity fluctuations, ˜E×B = E × B − 〈E × B〉 in blue with a Gaussian fit in

red. The inserts show the time series at r/a = 0.5. The top (bottom) figure corresponds to low

(high) nickel impurity concentration for which 〈E×B〉 = 4.8× 10−3 (〈E×B〉 = 4.0× 10−3). The

dashed line in (b) indicates an exponential decay, ∼ e−νx, with ν ∼ 634.

dependent) model relating the flux and the gradient is proposed to describe the system in

the spatio-temporal transport scale. A Laplace transform method is proposed to obtain from

the numerical data the functional form of the non-local operator (memory kernel) relating

Γz and ∇nz.

Our study is based on the three-dimensional nonlinear fluid global turbulence model

originally proposed in Refs. [7], which includes ion-temperature gradient (ITG) and trapped

electron (TEM) instabilities. The model evolves the trapped electron, ion, and impurity
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pressures; the trapped electron and impurity densities; the ion and impurity parallel ve-

locities; and the vorticity. Passing electrons are assumed to be adiabatic, and the paral-

lel velocity of the trapped electrons is assumed zero. The fraction of trapped (passing)

electrons is ft = 2/π(2r/R)1/2 (fc = 1 − ft) where R is the plasma major radius.The

ion density ni is obtained from ambipolarity in terms of the vorticity, Ω according to

Ω = fcne,eq
φ−φeq
Te,eq

− (ni,eq + Anz,eq)∇2φ, where the subindex “eq” denotes flux average, and

φ is the electrostatic potential. Further details of the model can be found in Refs. [7]. The

parameter values used in the simulations are: adiabatic compression index, γ = 5/3; nor-

malized Larmor radius, ρ∗ = 6 × 10−3; ratio of the minor to major radius, a/R = 1/3;

sound speed, cs = 7.58 × 105 [m/s]; q-profile, qr/a=0 = 0.8, qr/a=1.0 = 3.3. The calculations

are performed at fixed flux. The main impurity used is Nickel which is introduced during

the steady state turbulence as an instantaneous perturbation. We present a comparative

study of low and high impurity concentrations. In the low (high) concentration case, the

concentration of the Nickel pulse at the time of injection is 0.03% (0.3%) of the average

impurity content if distributed as the electron density. The corresponding local (at the point

of injection) impurity density concentrations are 48% and 4.8% for the high-concentration

and the low-concentration cases respectively. Note that, although these numbers are high,

the pulse is very localized and thus the global average impurity concentrations are much

smaller, 0.3% and 0.03% as mentioned before. A Nickel impurity concentration of order

0.3% is compatible with ignited plasmas for 〈Te〉 > 14 keV [8].

As a simplified model of impurity injection we assume an instantaneous pulse initial

condition. As shown in Fig. 3(b) (black solid line), the pulse shape is a narrow, radially

symmetric, toroidal shell centered at r/a = 0.8. The TRB code has a “buffer zone” of the

order r/a ∼ 0.1 and thus r/a = 0.8 in the simulations corresponds to r/a ∼ 0.9 in the

physical domain, i.e., the plasma edge. A fully realistic model of the precise way in which

impurities are actually introduced in fusion plasma experiments is outside the scope of this

work. However, to asses the degree to which the results depend on the pulse injection model,

we have performed extensive numerical simulations for different initial conditions. Although

the detailed account of these simulations will be published elsewhere, below we discuss the

lack of dependence of the main results on the specific details and/or peculiarities of the

adopted impurity injection model.

The first evidence of the dynamic coupling between the impurity injection and the tur-
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FIG. 2: Effect of impurity concentration on ion-temperature flux. The top two panels show the

spatio-temporal evolution of the ion-temperature flux. The bottom panels show the corresponding

probability density functions (PDFs) of the fluctuations of the ion-temperature flux at r/a =

0.5. The left column corresponds to low Nickel impurity concentration, and the right column

corresponds to high Nickel impurity concentration.

bulence is reported in Fig. 1. For low concentration of a Nickel impurity, the E×B velocity

fluctuations exhibit a Gaussian distribution. However, for high concentration, the self-

consistent coupling between the impurity dynamics and the turbulence gives rise to strongly

intermittent velocity fluctuations which result on a non-Gaussian tail of the corresponding

PDF. The time reported in all the figures has been non-dimensionalized using the time scale

cs/a, and by definition, t = 0 corresponds to the time of the injection of the pulse. The

fluctuations relax after (cs/a)t > 4000 and eventually die out after (cs/a)t > 6000. We have
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FIG. 3: Inward front propagation of ion-temperature perturbations due to self-consistent impurity

driven turbulence for low (a), and high (b), impurity concentration. The scale of the impurity

density pulse is ×1019m−3. The solid (dashed) black curve on (b) corresponds to a localized

symmetric (spread asymmetric) initial condition.

also performed extensive computation with other impurities including Helium, Nitrogen,

Argon and Krypton, and concluded that the level of intermittency increases with the charge

number of the impurity.

Figure 2 shows the spatio-temporal evolution of the ion thermal flux. Throughout the

paper, the spatial dependence of the results are presented only as function of r because

they correspond to flux-average quantities. For a Nickel impurity, the ion-temperature fluc-

tuations become stronger (by a factor of 2) and intermittent. In particular, the PDF of

ion-temperature fluctuations (i.e., with the mean subtracted) transitions from a near Gaus-

sian profile in the low Nickel impurity concentration case, to an skew, non-Gaussian PDF

with heavy tails in the high Nickel impurity concentration case. In the low (high) impurity

concentration case, the mean ion temperature is 6.23×10−5 (5.72×10−5). Figure 3 shows the

radial temperature profiles at successive times following the introduction of the impurity. In

the low concentration case, the interaction is negligible and the temperature profile remains

practically unchanged. In the high concentration case, the impurity acts an active scalar

and the temperature profiles are significantly modified. In particular, an inward propagating

temperature front with a sharp gradient at the leading edge is observed. This front, in turn,

triggers ion-temperature instabilities responsible for the intermittency observed in Fig. 1,
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FIG. 4: Spatio-temporal evolution of the normalized impurity density pulse for low, panel (a), and

high, panel (b), impurity concentrations. The small rectangle in (b), isolates a single avalanche-like

event leading to a “bursty” transport of the impurity.

and the avalanche like bursty transport observed in Fig. 4. The peaking of the density profile

at r/a = 0.8 is not evident in Fig. 4 because in this figure we eliminated the transient phase,

0 < t < 500, for visualization purposes. Similar behavior is observed in reduced models

of plasma turbulence [9]. The effect of the concentration level in the impurity transport is

shown in Fig. 4 that shows the spatio-temporal evolution of the impurity density for low (a)

and high (b) concentration. “Bursty” transport is observed in the high-concentration case,

caused by the impurity-driven intermittency in the E×B turbulence shown in Fig. 1.

To address the dependence of the results on the impurity injection model, we have per-

formed extensive numerical simulations changing the shape, width, and amplitude of the

initial impurity profile. In particular, as a more realistic model of the way impurities might

enter the plasma (e.g., laser blow-off experiments) we have considered asymmetric initial

profiles with a broader tail towards the edge to account for the spatial spreading of the

impurity as it penetrates the plasma (see dashed line in Fig.3(b)). We have observed the

same phenomenology for these asymmetric profiles and concluded that what matters is not

the spatial localization of the impurity, but the presence of a sharp gradient in the leading

edge (i.e. towards the core) of the impurity profile. Another issue of interest is the descrip-

tion of the impurity perturbation as an instantaneous pulse initial condition versus a time

dependent source. Numerical simulations indicate that the latter option typically enhances
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the observed intermittency as the strong density gradient (responsible for the triggering the

instabilities) acts longer. The exception to this scenario is when the time scale of the im-

purity source is slower than the growth rate of the instabilities triggering the intermittent

plasma response. In this case, the plasma exhibits an adiabatic response and the impurity

is transported as a passive scalar.

To conclude, we present numerical evidence of non-local transport of impurities in the

high-concentration case. Following Ref. [10], by non-local transport we mean that the flux,

Γz, at a given point in space, r, at a given time, t, depends on the gradient, ∇nz, over the

whole domain (in the case of spatial non-locality) and over the time history (in the case of

temporal non-locality) of ∇nz, i.e., Γz(r, t) = −D
∫
dρ

∫ t
0 dτ L(r, t; ρ, τ)∇nz(ρ, τ), where the

kernel L(r, t; ρ, τ) determines the properties of the spatio-temporal non-local response. Our

working hypothesis is that, in the high impurity concentration case, there is memory in the

flux-gradient relation which we model as Γz(r, t) = −D
∫ t
0 dτ K(t− τ)∇nz(r, τ), where Γz is

the effective impurity density flux in the spatio-temporal transport scale. To get the kernel

function, K, we perform a Laplace transform on the flux and obtain K̃(s) = −Γ̃/(D∇̃nz),

where f̃(s) =
∫∞
0 e−sτf(τ)dτ . An inversion of the Laplace transform is then performed to get

K(τ). The result of this procedure, for a fixed (r/a = 0.5) radius, is reported in Fig. 5-(a)

that shows K(τ) obtained from the density data in Fig. 4, and the flux data (not shown).

It is observed that the decay of K(τ) can be fitted by the normalized exponential function

K(τ) = λe−λτ . As indicated in Fig. 5-(a), in the low (high) impurity concentration case,

λl = 3.5× 10−3 (λh = 0.9× 10−3).

The memory, 〈τ〉 =
∫∞
0 τK(τ)dτ = 1/λ, in the high impurity concentration case,

〈τ〉h ∼ 1100, is longer than the memory in the low impurity concentration case, 〈τ〉l ∼ 285.

Most importantly, 〈τ〉h is much longer than the turbulent fluctuations time scale (see Fig. 1),

and it encompasses several bursting transport events both in the ion thermal fluctuations

(see Fig. 2) and in the impurity density evolution (see Fig. 4). This indicates that the mem-

ory is a property of the macroscopic time scale. According to Fig. 3, 〈τ〉h is also of the same

order of magnitude as the inward front propagation time scale. When the Fourier-Fick’s

prescription applies, the cross-correlation function, C(τ) =
∫
dr

∫
dtΓz (r, t+ τ)∇nz (r, t),

peaks at τmax = 0. Accordingly, a shift of the extremum of C(τ) to τmax 6= 0, result-

ing from a delay in the response of the flux to a change in the gradient, is indicative of

non-diffusive transport. As Fig. 5-(b) shows, this is precisely what happens in the high
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FIG. 5: Transition to non-local in time turbulent transport due to high-concentration impurities.

(a) Memory kernel function, T (τ), at r/a = 0.5. The slowly (rapidly) decaying function corresponds

to the high (low) impurity concentration case. (b) Flux-gradient time-cross correlation function.

The dashed (solid) line corresponds to low (high) impurity concentration.

impurity concentration case, where τmax ∼ 250. To establish a connection between the

memory and τmax in an analytically tractable setting, consider a density gradient of the

form ∇nz ∼ e−µt providing a simple model for the relaxation of the impurity density follow-

ing an avalanche-like event, like the one indicated in the rectangle in Fig. 4(b). In this case,

τmax = ln [2λ/ (λ+ µ)] /(λ − µ). Assuming a time scale of the event of the order ∼ 150,

we chose µ ∼ 1/150, and for λh = 0.9 × 10−3 (see Fig. 5(a)), conclude τmax ∼ 250, a value

consistent with the shift in C(τ) observed in Fig. 5(b).
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