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Abstract

A set of integers S C N is an a—strong Sidon set if the pairwise sums of its elements are

far apart by a certain measure depending on «, more specifically if
(2 +w) = (y + 2)| > max{z®, y, 2%, w*}

for every z,y,z,w € S satisfying max{z,w} # max{y,z}. We obtain a new lower bound
for the growth of a—strong infinite Sidon sets when 0 < a < 1. We also further extend that
notion in a natural way by obtaining the first non-trivial bound for a—strong infinite By, sets.
In both cases, we study the implications of these bounds for the density of, respectively, the
largest Sidon or By, set contained in a random infinite subset of N. Our theorems improve
on previous results by Kohayakawa, Lee, Moreira and Rodl.

1 Introduction

A set of integers S C N is called a Sidon set if all pairwise sums of its elements are distinct,
that is © + w # y + 2z for any x,y,z,w € S satisfying z < y < z < w. Results of Chowla [2],
Erdés [6], Erdds and Turdn [8], and Singer [14] established that the maximum cardinality of a
Sidon set contained in [n] = {1,2,...,n} is (14 o(1)) v/n. We will however be interested in
studying the much less understood behaviour of infinite Sidon sets.

Given some set S C N, let us write S(n) = ’S N [n]| for its counting function. Sidon
himself found an infinite Sidon set satisfying S(n) = Q(n'/*) and Erdés [7] as well as Chowla
and Mian observed that the greedy approach yields a set satisfying S(n) = Q(n'/3). Ajtai,
Komlés and Szemerédi [I] improved that bound by a factor log'/3(n) and Ruzsa [13] finally

overcame the exponent of 1/3 by proving the existence (by probabilistic arguments) of an
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infinite Sidon sequence with counting function S(n) = nV2Z=1+o(1) Finally, Cilleruelo [3] gave
an explicit construction of an infinite Sidon set with the same exponent as Ruzsa. Regarding
upper bounds, Erdés showed that any infinite Sidon set satisfies liminf,,_ oo S(n)/v/n = 0 (see
also [15]). Note that limsup,,_,., S(n)/v/n < 1 trivially follows from the finite case, while Erdés
also proved the existence of an infinite Sidon set satisfying limsup,,_,., S(n)/v/n > 1/2 which
was later improved to 1/4/2 by Kriickeberg [12].

Our first result deals with a generalisation of infinite Sidon sets introduced by Kohayakawa,
Lee, Moreira and Rédl in [9] and then further studied in [10]. Given some fixed 0 < a < 1, they
define an a—strong Sidon set to be an infinite set of integers S C N for which the pairwise sums
of its elements are not just distinct, but in fact far apart by a certain measure depending on «.

More specifically, one requires that
|(z +w) = (y + 2)| > max{z®, y*, 2%, w"} (1)

for every x,y, z,w € S satisfying max{x, w} # max{y, z}. Note that for & = 0 one recovers the
traditional notion of an infinite Sidon set. Also note that this definition is particular to infinite
sets and that Kohayakawa et al. also proposed and studied finite a—strong Sidon sets where
(1) is modified accordingly; see also Section [3l We will however only be interested in bounds
for the infinite case.

Regarding lower bounds, Kohayakawa et al. [10] proved the existence of an a—strong Sidon

set S that satisfies
S(n) > n(V2-1+o(1)/(14+32va)

as long as 0 < o < 107%. They furthermore noted that a simple greedy argument gives a
construction satisfying

S(TL) > n(lfa)/3

for any 0 < a < 1, so that the previous bound only constitutes an improvement when o <
5.75 - 107°. We propose the following lower bound that markedly improves both of the two

previous bounds as long as a # 0.

Theorem 1.1. For every 0 < o < 1 there exists an a—strong Sidon set S C N satisfying

S(n) > n\/(1+a/2)2+lfo¢f(1+o¢/2)+0(1) _

Our approach to proving this bound is different from that taken in [I0] where the existence
of infinite Sidon sets S with density S(n) > n‘/i_H"(l), as originally proven by Ruzsa, is used
as a black box. Instead, we base our approach on Cilleruelo’s constructive proof of that same
bound (see [3]), making use of some particular properties of the family of sets defined by him.

Besides obtaining an improved bound, these ideas allow us to extend our result to study a
commonly studied generalisation of Sidon sets, so-called By, sets. In a By set S C N all h-fold
sums are required to be distinct, that is x1+---4+xp Zy1+---+yp forany z1,y1 ..., 2, yn € S
satisfying max{x1,...,z,} # max{y1,...,yn}. Note that for h = 2 this notion is the same as a
Sidon set. For a given 0 < o < 1, we now say that a set of integers S C N is an a—strong By
set if

(14 +xp) — (y1 + - +yn)| > max{zT,y7, ..., 27, y5}



for any z1,y1...,2p,yn € S satisfying max{zy,...,zp} # max{yl,...,yh}ﬂ We obtain a
new lower bound for the density of infinite a—strong By, sets. Note that the following result
generalises Theorem for h = 2.

Theorem 1.2. For every 0 < a < 1 and h > 2 there exists an a—strong By, set S C N satisfying

S(n) > nV/ (h=1+a/2)2+1-a—(h—1+a/2)+o(1)

Regarding upper bounds, Kohayakawa et al. [10] used the bounds that they obtained for the
finite case to show that any a-strong Sidon set S satisfies S(n) < ¢n(!=%/2 for some constant
¢ = ¢(a). Taking that same approach, we complement our lower bound for the density of infinite

a—strong By sets with the following result.

Theorem 1.3. For every 0 < o < 1 and h > 2 there exists some ¢ = c¢(a, h) such that for any
a—strong By, set S C N satisfies

S(n) < ent=e)/h,

While we believe that a—strong Sidon sets are interesting in their own right, Kohayakawa
et al. originally introduced them to study the maximum density of Sidon sets contained in
randomly generated infinite sets of integers. For a fixed constant 0 < d < 1, let Rs denote the

random subset of N obtained by picking each m € N independently with probability
Ppm = 1/m'°.
We note that Rs(n) = n®+°(1) with probability 1. Kohayakawa et al. were interested in finding

(a) the largest possible constant f(d) such that, with probability 1, there is a Sidon set S C Rs
such that S(n) > nf(@+e() and

(b) the smallest possible constant g(d) such that, with probability 1, every Sidon sequence
S C Rj satisfies S(n) < n9(®)+e(),

It is shown in [9] that the behaviour of f(§) and ¢g(J) markedly depends on whether § falls into
the first, second or last third of the interval (0, 1]. More precisely, they showed that

'A note on our definitions of (a-strong) Sidon and By, sets: in their definition of a-strong Sidon sets, Ko-
hayakawa et al. require that + < y < z < w. For the case of classic Sidon sets, that is & = 0, this clearly is
equivalent to our requirement that max{z,w} # max{y,z}. In the case of @ > 0 however, our definition also
covers the possibility that y < < z < w, that is it defines more obstructions and therefore results in a stricter
notion of a-strong Sidon sets. This comes at no detriment to currently known bounds or the application to
random sets.

While this distinction should be negligible for Sidon sets, we believe ours to be the more natural notion by
the fact that it readily generalises to Bj sets: for o = 0 it might at first seem like we, incorrectly, do not
exclude 4 +1+4 3 = 4 + 2 + 2 while excluding 1 +1+3 =1+ 2+ 2 from a set S when h = 3 even though
both contain the same ‘lower-order’ obstruction 1 + 3 = 2 + 2. However, our notion does in fact reduce to that
of a By, set for @ = 0, since a set containing the former must also contain the latter by simply replacing the
max{z1,...,xs} = max{yi,...,yn} terms on either side with any element of S strictly smaller. Going now to
the case of a > 0, we note that it is essential that the term max{z¥,y¥,...,z%, v} cannot be artificially inflated
for such lower-order obstructions by simply adding the same arbitrarily large element to both sides, since this

would render such a definition pointless. Requiring max{z1,...,zn} # max{yi,...,yn} prevents this.



(i) if 0 < § < 1/3 then f(6) = g(8) = 4,
(i) if 1/3 < § <2/3 then f(d) = g(d) = 1/3 and
(ii) if 2/3 < § < 1 then f(6) > max{1/3,v/2 -1~ (1 —§)} and g(d) < 6/2.

It follows that there is only a gap between the current bounds for f and g in the last third
where 2/3 <0 < 1.
Generalising the results in [10] regarding the connection between a—strong Sidon sets and

Sidon sets in the infinite random set R;_,, we obtain the following result for Bj, sets.

Theorem 1.4. For any h > 2 and 0 < § < 1 there exists, with probability 1, a By, set S in the

infinite random set Rs satisfying

S(n) > nVBE—1+1=0) /2245 ~(h=1+(1-8)/2) +o(1),

In the Sidon case, that is for A = 2, this is a strong improvement over the known lower
bound for f when 5/6 < 6 < 1. When h > 2 we believe that Theorem constitutes the first

non-trivial bound for By, sets in infinite random sets.

Outline. Following the approach laid out by Cilleruelo in [3], in Section [2| we will state and
prove a generalised version of Theorem which itself already implies Theorem Later, in
Section (3| will then first prove a finite version of Theorem which we will then use in order
to obtain a proof for the infinite case. Lastly, in Section [4] we will state and prove a generalised
version of a result of Kohayakawa et al. which allows one to use the existence of strong Bj, sets
to obtain bounds for By sets in the random setting. To conclude, we will also give some further

remarks and state open questions in Section

2 Proof of Theorem [1.1l and Theorem [1.2

Ruzsa [I3] and Cilleruelo [3] both based their approach on the observation that the set of
primes P forms a multiplicative Sidon set, so that the set {logp : p € P} is a Sidon set on the
reals. Both therefore considered sets of integers whose elements are indexed by the primes and
which, through the removal of few elements, can be turned into a Sidon set or more generally,
in the case of Cilleruelo’s approach, into a By, set. In Ruzsa’s approach that removal happens
through a probabilistic argument and in Cilleruelo’s it is explicit when A = 2 and probabilistic
for h > 2. We will limit ourselves to Cilleruelo’s probabilistic argument, which applies for any
h > 2. Let us finally mention that for the case of h = 2 it would be easy to adopt the explicit

construction by Cilleruelo to build a dense a—Strong Sidon set with the counting function given
by Theorem

2.1 A generalised statement

We will in fact prove a generalisation of Theorem which in itself is already a generalisation
of Theorem For a given 0 < o < 1 and v > 1, we say that a set of integers S C N is an
(o, y)—strong By, set if

|(z1+ -+ op) — (1 + - +yn)| = ymax{zT,yf', ..., 25,y } (2)



for any x1,y1...,zh,yn € S satisfying max{xi,...,xp} # max{yi,...,yn}. Extending the
statement of Theorem to cover this notion follows without any real additional effort and

will be a necessary ingredient when proving Theorem [I.4]

Theorem 2.1. For every h > 2,0 < a < 1 and v > 1 there exists an (o, y)-strong By, set
S C N satisfying

S(n) > nV/ (h=1+a/2)2+1-a—(h—14+a/2)+o(1)

Note that the we immediately recover the statement of Theorem when setting v = 1 and
the statement of Theorem [I.1] when setting v =1 and h = 2.

2.2 The construction

Our starting point for proving Theorem is the same family of infinite sets of integers Ag . n
constructed by Cilleruelo. For completeness and clarity of the exposition, we briefly recall its
definition; see Sections 2 and 3 in [3] for more details.

We start by fixing 0 < ¢ < 1/2, which roughly speaking determines both the growth and
the ‘Sidon-ness’ of the set we are going to construct in a negatively correlated way. We say that
an ordered set of positive integers ¢ = (q1,q2,qs,...) is a generalised basis. Observe that, for a

fixed ¢, one can uniquely express any given non-negative integer a in the form

a=z1+Toq +T3q1q2 + T q1qeq3 + -+ T 1 Gr—1, (3)

where 0 < z; < ¢;—1 for any 1 < i <k, z; # 0. We will refer to the numbers z;(a) (or z;(a, q)
if the generalised basis g is not clear from the context) as the digits of a in base ¢. Using the
notation in (3)), we also write len(a) = k = k(a, q) for its length. For notational convenience, we
also let z;(a, @) = 0 for any a when i > len(a).

The particular bases used for the construction of Bj, sets are of the form
q = q(h) = (h*qy, h*q5, h?qs, ....), (4)
where each ¢} is a prime number satisfying the condition
92—l g < 92i+1, (5)

Observe that by Bertrand’s Postulate we can always find prime numbers satisfying condition
for each ¢ > 1. Next, we will use P to denote the set of prime numbers. Writing f(c, k) =
ck?/(log k)'/2, we partition the set of primes into disjoint parts P = Uk23 Pr.c, where for any
k>3

Prc = {p e P 2o P=Sleh=1) < < 2‘3’“2‘1‘(0”“)} : (6)

The decisive property of f that will be used later is that f(c,k) = o(k?) but f(c,k) =
w(k?/logk). Note that, depending on the value of ¢, some of the initial parts may be empty.
Finally, for any given generalised basis g(h) = (h%q}, h®¢h, h*q}, . ..) and for each i > 1, we also
fix some primitive root g; = g;(¢,) of IFZ;.

We are now ready to define the set Ag .. Its elements will be indexed by the set of primes,

that is Ag.n = {a, : p € P}. The element a, is constructed as follows: we first consider the



unique subset Py . such that p € Py .. We set len(a,) = k and let the digit z;(a,) be given as

the unique solution to the equation
g7 =p mod g, (h—1)¢+1<wi(ay) <hg, 1 (7)

for each 0 < ¢ < k. As previously already noted, we set x;(ap) = 0 for any ¢ > k. Also note
that a, # ay if p # p’ by construction.
We conclude this section by stating the asymptotic growth of the set Ag .. A proof of this

can be found in [3] for Sidon sets. The extension for By, sets is straightforward.

Proposition 2.2. For any 0 < ¢ < 1/2 we have Agcp(n) = nctol),

2.3 Some auxiliary statements

Three important properties follow immediately from the definition of the sets Ag .. The first

one is a direct consequence of the construction of its elements.

Remark 2.3. The length of any element a, is determined by the part its indexing prime falls
in, that is len(ay) = k if and only if p € Py.

The second important observation is that, due to the second condition in (7)) and the constant
h? in the construction of the generalised basis, one can sum any h numbers in Agc.n, without

having to carry digits.

Remark 2.4. We can add up any h elements from Ag . without having to carry digits, that is
zi(ap, + ... +ap,) =zi(p1) + ...+ xi(pe)
forany 1 <t <h, p1,...,pt € P and i > 1 and therefore also
len(ap, + ...+ ap,) = max{len(ay,),...,len(ap,)}.

Remark 2.5. Let ap,,...,ap, € Agcp for some 1 <t < h. For any i > 1, one can determine
the number of non-zero i-th digits of the summands in ap, + ...+ ap, simply by considering the
i-th digit zi(ap, + ...+ ap,). To see this, write m; = [{1 < j < t: x;(p;) # 0}| and note again
that, by we have

mi(h —1) ¢ +m; < zi(ap, + ... +ap,) < mih g, — m;.

Clearly we also have mih q, —m; < (m;+1)(h—1) ¢, + (m;+ 1) and hence the possible different

intervals are disjoint. It follows that x;(ap, + ...+ ap,) uniquely determines the value of m;.

Let us show some additional auxiliary results regarding the bases g and the sets Ag . j, before
proving the bound in Theorem For all of these statements, let h > 2 be fixed and let § be
some arbitrary basis satisfying and .

Lemma 2.6. For any a € N with k = len(a) we have

2 2
h2k—2 2k —2k+1 <a< h2k 2k +2k.



Proof. By nature of the generalised basis, we have
h?q) - hPqp_y < a < h’q)---hPq,

and therefore by we have

k
a < h2k H22i+1 — 2k ok*+2k
i=1
as well as
k-1
2k—2 2i—1 2k—2 ok?—2k+1
a>h [[2% " =r"*"2 +
i=1
proving the statement. |

Lemma 2.7. For anyy>1,0<a <1 and a € N with k = len(a) we have

len(|ya®]) < (ak? + (logy b+ 1) 2ak + logy ) /2.

Proof. We have
'yao‘ < ,_y(thll L. h2q;€)a S Vhazk 201(k‘2+2k:)
so that the statement follows by the lower bound in Lemma [2.6 [ |

The next statement is reminiscent to Proposition 7 in [3].

Proposition 2.8. Let v > 1, 0 < a <1 and 0 < ¢ < 1/2. Assume that there are elements

pys Q) - -+ 5 Ay At € Ag e satisfying

(1) ap, > ... > ap,, a

gy = e 2 Gy and ap, > ay o as well as

(2) ‘(apl_’_'”"i_aph)_(ap’l+"'+ap’h)

<7vap .
We write k; = len(ap,) and ki = len(ay) for 1 <i < h as well as

(= max{l <i<ky:zi(p)+...+xi(pn) # xi(py) + ... + :L‘Z(p'h)}
Then, there erists some 1 <t < h such that

(i) ki =k, > 1 for all1 <i<t,

(ii) 02 < ak? + (logy h + 1) 2k1 +logy v + 1,
(iii) 02 > (1 —c)k} —c(k3+---+k? ;) and
(iv) q2+1"’q;ﬂ | ngl(pl"'pi — Py pp)-

Proof. By Remark we must have k; = kl if £ < max{k;,k}} for any 1 < i < h. Part (i)

therefore immediately follows by setting
t= max{l <i<h:l< max{ki,kg}}.
To see that part (ii) holds, we note that by definition of ¢ we have
{—1< len(](ap1 +-tap,) — (ap/1 4+t ap2)|)

7



and therefore by assumption of the proposition, by the fact that len(n) is an increasing function
in n and by Lemma [2.7] we have

¢ <len(|ya3 |) +1 < (ki + (logy h + 1)20k; + log, Y241,
In order to verify parts (iii) and (iv), we note that by choice of ¢ we have
zi(p1)+Fwi(p) —  wi(py)+-+zi(py)

Z =g, mod ¢}

for any ¢ < ¢ < k1. By the construction of the digits of the elements in our set and by the

previous observation, we therefore get

PPk, =Py p), mod g

forany 1 < j <t and kj;q1 +1 <4 < kj where we let k;4q = £. By the fact that the qg are

distinct primes, it follows that
1ok = phy m0d Qanon yar b,
for any 1 < j <t, which implies part (iv) when j =¢. By and @ it follows that
2D > py gy — bl | 2 Gl gl > 297,
for any 1 < j <t, which proves part (iii) for j = t. |

2.4 Proof of the bound in Theorem [2.1]

The set Agp satisfies the growth stated in Theorem by Proposition if we choose

c=+v(h—-1+0a/22+1—a—(h—1+a/2). (8)

However, it is unfortunately not guaranteed to be an («,y)-strong By, sequence. The plan is
p, € Agcn violating condition . This

removal clearly turns the initial set into an a—strong Bj. Using Proposition [2.8) we will show

to therefore remove a,, for every Upys Ayt s+ oo 5 Oy 5 @

that this alteration does not impact the growth of the infinite set. This will in fact follow
through a probabilistic argument by arguing that this statement is true for almost all choices
of the basis q.

Following the notation of Cilleruelo, let By () denote the set of all prime numbers p; € Py, .
<3 Opys Gyl € Agcn for some 1 <t < h such that {ap, >--- >

. . ,
for which there exist Ayt 5 Gy, Ay s - -

ap.} N{ay >+ >ay}t =0, ap >ay and

‘(apl+"'+apt)*(ap’1+"'+apg) <’7a?1' (9)
To see that for
P* = (Pec\ Br(@)
k>3
the set S = {a, : p € P*} is an a-strong By, set, we note that by Proposition for any
Apys Ayl s - - -5 Oy At € Agcn violating condition there exists some ¢ such that (using the

notation of that proposition) ¢ > max{ks;1, ki, } if t # h. By the definition of ¢, it follows that



Ayl s Ao Qpys -+ > Apy s a,, satisfy condition @ We can furthermore ensure that {a,,,...,ap, } N
{ay,....ay} = () by removing identical elements from both sides if necessary. It follows that
removing all p; coming from some set By (q) destroys all Apys pls -+ -5 Apyy 5 @
condition (|2)).

If we can show that |By(q)| = o(|Px|), then S(n) = ntoM) follows from Proposition as

desired, proving the statement. The dependence of the set By(g) on the choice of basis ¢ is

v, € Agcn violating

emphasised as we will argue over the probability space of all bases § = (h?q}, h?g,...) where
each ¢} is chosen uniformly at random (and independently) among all prime numbers satisfying
. In this probability distribution, we have

k1

1 2 2
2 240 Jg) = 02 —k74+0 (k1 log k1)
P’(h Qpi1s---sh qk, € q) i |Z|1 2 @) <9 i 1 1),

for any ¢;, ,, q2+2, - qul_l, q}ﬂ satisfying and for some 0 < ¢ < k;. Now let
Ky = U {(k,... .k, €) : 0 <<k <...< ki = k satisfying (ii) and (iii) }

for any k > 3 and note that clearly |Ky| < h(k+1)" = 200025 Given any k = (ky,...,f) € Ky,

we furthermore let

7Dk = {(plaplla o 7ptvp:€7€) plvp; € 7Dk:i,c for all 1 < 1 < t}
and note that
"Pk| < ‘,Pkl 0‘2 . |Pkt 0’2 < 22c(k%+...+kt2)f2f(c,k1)'

Lastly, for any p = (p1,p},...,pt, D}, ) € Pk we let

Qp = {(qy1s---»qr,) : each g satisfies and gy, - - - qp, satisfies (iv)}

and note that

t
1Qp| < 7 (H(pl cep =l .pg)) < T(Qo(k'f’)) — 90K}/ logh1)

i=1
where 7 is divisor function and we have used the fact that it satisfies 7(n) = 20(ogn/loglogn),
By combining the previous bounds and bounding k7 through (iii) in Proposition ¢? through
(ii) in Proposition and using k7 < k? for 1 < i < t, we can now conclude that

E(1Be(@)]) < D> > > P(hPquyr,--- hdh, €0)

kel pEPx 9€Qp
_ Z 92¢(ki+...+k7)+0>—kT—2f(c,k1)+O(k/ log k1)
ke
< Z (el ) k2 - (c,kn) +O(kE / log k1) _ ook =2 (ek1) +O(k} /loghn)
ke
where in the last inequality we have used property (ii) and (iii) and in the last equality we have
used that (2¢(t—1)+ (14+c)a)/(1 —c) —1 < ¢ if ¢ satisfies (8), with equality when ¢ = h. Since
|Pr.c| = (1 +0(1)) 2ek =1 (ek) it follows that

S 1B(@)]/Prel | < 3 27F ek +0G Togkn) _ 5 9ok /og k) (1o(1)),
k>3 k>3 k>3



which is convergent. We therefore have |By(q)| = o(|Pk,|) for almost all g. This proves the

statement. [

3 Proof of Theorem 1.3

Before proving the upper bound stated in Theorem we will first establish a corresponding
result for finite a—strong By, sets. Later, we can then make the step to the infinite setting.

Let n > 1 and h > 2 be integers and 0 < a < 1. Extending a definition of Kohayakawa et
al. [9, [10], we say that a set S C [n] is an n—finite a—strong By, set if

(@144 zp) = (Y1 + - +yp)| > n°

for any z1,y1...,zh,yn € S satisfying max{z1,...,xp} # max{yi,...,yn}. For a = 0 this

notion again coincides with that of a classic By, set.

Proposition 3.1. Let n > 1, h > 2 and 0 < a < 1. Any n—finite a—strong By, set S C [n]

satisfies
|S| < 2h1+1/h n(lfa)/h'

Proof. Let Ay ={a1+...+ap:a1 <...<ap € S} denote the set of sums of h distinct elements
in S and Ay = U, q,[5 — [7%/2], 5+ [n%/2]) the union of all intervals of size n® around those
elements. We have Ay C [h, hn] and therefore Ay C [h — [n®/2], hn + [n®/2]), so that

|Ai| < hn+ [n%/2] — (h— [n%/2])+1 < h(n—1)+n% + 1. (10)
Since S is an n—finite a—strong By, set, we also know that the intervals of the form [s—|n®/2], s+

[n®/2]) are distinct, so that
S S|
|Aﬂ:<%0na2ndwf (11)
The combination of and implies that

‘S‘h < hh+1 nlfoz + thrlnfa + hh < 3hh+1 nlfa,
as desired. |

We are now ready to transfer this bound to the infinite setting.

Proof of Theorem[1.3. We partition the set S into parts S; = S N (2¢,271] for all i > 0 and
note that each {s — 2¢ : s € S;} C [2] is a 2! finite a-strong By, set. Using Proposition it
follows that

[ogz ()] [ogy (n)] A
S(n) < Z |S;| < Z opl+1/h 9i(1—a)/h

i=0 i=0
_ 2h1+1/h 9([logy(n)1+1)(1—)/h _ 1 _ Api+1/h n(l—a)/h
2(l—ae)/h _ 7 — 9(1-a)/h _ 1 ’
so that the statement of Theorem holds with ¢ = ¢(a, h) = 4h!T1/h j(20-)/h _ 1), |

10



4 Proof of Theorem [1.4|

Theorem follows immediately from Theorem when using the following generalisation
of a result of Kohayakawa et al. (specifically Theorem 12 in [10]). It states that one can use
(1 — 6, h2'+1/9)strong By, sets to obtain dense By, sets in Rj.

Theorem 4.1. Let 0 < § <1 and h > 2. If there exists an (1— 8, h2'T1/%) —strong By, set S C N
satisfying
S(n) > nu(6)+o(1)

then, with probability 1, the random subset Rs of N contains a By, set S* satisfying
S*(n) > nu(§)+o(1)‘

We will follow the approach of Kohayakawa et al. in order to prove Theorem [£.1 We start

by giving some definitions. We partition the set of integers into intervals N = ;. I;, where
L =NN[iY (i +1)1%)

for any ¢ > 1. For a,b € N, we write

a~b

if a,b € I; for some i > 1. The goal is now to show that Rs intersects each I; with some positive
probability whereas, for & = 1 — § and v = h2'71/9_ the set S given by Theorem intersects
each I; at most once. One then simply shifts each element of .S within the respective intervals
I; so that it lands in the random set Rs, assuming that Rs meets that interval. The fact that S
isa (1—9, h2ltl/ 5)fstrong By, set gives one enough slack for the resulting subset of Rs to still
be a By, set.

In order to follow this approach, we will first need some auxiliary results. A simple proof of

the following statement can be found in the paper of Kohayakawa et al.

Lemma 4.2 (Lemma 13 in [I0]). For every 0 < § < 1 there exists some iy = io(0) such that if
i > 19 then
P(Rg NI # (Z)) > 1/3.

The following lemma establishes that the intervals I; are small with respect to the elements

contained in them.
Lemma 4.3. For any 0 < <1 and i > 1 we have |I;| < 91/6 ;1/6-1

Proof. Clearly
L) < G+ )Y —i% = (i (1 1/0)Y° — ) ¢1/5L,

We would therefore like to show that i (1 + 1/i)Y/% —i < 2%/, Let
1/5
<x + 1) B 1]
x
and note that

fl(x) = <x+1)1/5— _ 1 <x+1>1/61 (@)Y — gt —1/5 (x4 1)1/
- B 170 :

f@)=s(Q+1/a)° —z =2

X x x

11



We would like to show that f/(x) < 0 for all > 1. Clearly /% > 0, so let us show that the

1/6

numerator is not positive. Since 1/6 > 1, the function g(z) = x'/° is convex and therefore

@+ DY — Vo = gz +1) — g(z) < ¢'(z +1) = 1/ (z + 1)/*1,
It follows f’(x) <0 for x > 1 and we therefore have by monotonicity
i1/ —i < f(1) =20 =1 <217,

giving the desired statement. n

Lemma 4.4. Let h >2 and 0 < § < 1. If S C N is a (1 — §,2'71/9) —strong By, set, then, for
alli>1,
1SN <2.

Proof. Assume to the contrary that there are x > y > z such that z,y, z € SNI; for some i > 1.
By Lemma [4.3] it follows that

}(:c—i—z) _ (y+y)| < |.’E _y| + |Z . y‘ < 2‘11| < 21+1/§Z~1/6—1 < 21—&-1/51,1—5'

This is in contradiction to the fact that S is of course a (1 — 8, 2'71/9)-strong Sidon set since it
is a (1 — §,2%1/9)strong By, set. [ |

Lemma 4.5. Let h>2 and 0 <6 < 1. If S = {s; : i > 0} C N is a (1 — 6, h2"+1/9) —strong B,
set, then any set S = {8; 1 i > 0} satisfying 3; ~ s; for alli > 1 is a By, set.

Proof. Assume to the contrary that there are @1, 41, . . ., #n, G, € S satisfying max{Z1y,...,Tp} #
max{y1,...,9n} and Z1+...+Tp = §1+. . .+Yp. Let x; ~ &; and y; ~ g; denote the corresponding
elements in S for all 1 < ¢ < h. We may assume x1 > ... > xp, y1 > ... > yp as well as x1 > y;
and let 7; > 1 such that x; € I;;. By Lemma [4.3] we have

rr+...+xp)—(y1+...+yn)| < il < ;77 T < Ty

( ) - (y yn)| < h2|T | < B2 00T < 2t 0,

contradicting the fact that S is a (1 — 6, h2' /%) -strong By, set. |
We are now ready to prove Theorem along the lines of the proof of Theorem 12 in [10].

Proof of Theorem [J.1. Let S C N be some fixed (1— 8, h2'+1/%)-strong By, set satisfying S(n) =
nu@®+e(l) By Lemma we may without loss of generality assume that |[S N ;| < 1 for all
i > 1: observe that we can remove one element for each I; such that |I; N S| = 2 without
impacting the growth condition of the resulting set.

Write S = {s; : i > 0} and for each index j, let i; be such that s; € I;;. Let ip = ig(0) be
as given by Lemma and define the random set

J={j €N:ij>ipand Ry NI # 0}.

For each j € J, let 5; denote an element in Rj satisfying 5; ~ s;. By construction S* = {5; :
j € J} is a subset of Rs and by Lemma it is a By, set.

12



Let us show that, with probability 1, this set still satisfies S*(n) = n*(9)+0() By Chernoff’s
bound and Lemma we know that for any € > 0 there exists some ny = ng(e) such that, for

any n > ng we have
P(S*(n) < n“(5)_5) <2exp(— n“(‘s)_Qe/B) < 1/n%

Using now Borel-Cantelli Lemma and the fact that > oo, 1/n? < oo, it follows that with
probability 1 there exists some n; = nj(Rs) such that S*(n) > n*®=¢ for any n > n;. The

desired statement therefore follows. | |

5 Remarks and Open Questions

We believe that the lower bound obtained in Theorem [[.1]is a natural extension of the results
of Ruzsa and Cilleruelo and that any advance in closing the gap between the upper and lower
bounds for strong infinite Sidon sets should probably come as a result of an improvement on
either bound in the case of normal ‘non-strong’ Sidon sets. Unfortunately, this problem has
proven surprisingly defiant despite a fair amount of attention.

Concerning the question of the maximum size of Sidon or Bj, sets in infinite random sets
of integers, Theorem currently gives the best lower bound when h = 2 and 5/6 < § < 1.
In the case of h > 2 no other bounds are known, though we believe that using results of
Dellamonica et al. [4, 5] for the case of finite random sets, one can establish exact exponents
whenever 0 < § < h/(2h — 1). Note that Kohayakawa et al. [9] also made use of the case of
finite random sets established in [I1]. When ¢ is large enough, we believe that Theorem [1.4]
again gives the best lower bound that can be obtained without requiring significant new insight
into the non-strong and non-random case.

Kohayakawa et al. [10] also asked if their upper bound on the size of infinite a-strong Sidon
sets can be strengthened along the lines of the results of Erdés as well as Stohr [I5] mentioned in

the introduction. We extend this question to any a-strong By, set along the lines of Theorem[1.3]

Question 5.1. Let 0 < a <1 and h > 2. Does any a-strong By, set S satisfy

hnn;iong(n)/n(l*“)/h =07
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