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Abstract
For a given set of points U on a sphere S, the order k spherical Voronoi diagram SVk (U) decomposes
the surface of S into regions whose points have the same k nearest points of U. We study properties for
SVk (U) using different tools: the geometry of the sphere, a labeling for the edges of SVk (U), and the
inversion transformation. Among the obtained properties, we show that SVk (U) has a small orientable
cycle double cover, and we identify configurations that cannot appear in SVk (U) for small values of k. We
generalize the construction of spherical Voronoi diagrams defined by Hyeon-Suk Na, Chung-Nim Lee and
Otfried Cheong (2002) for order one to any order. We use that construction to prove that the numbers
of faces, edges and vertices in SVk (U) are constant for fixed values of k and |U|, i.e., do not depend on
the positions of the points of U on the sphere. Also, several connections and differences between Voronoi
diagrams in the plane and in the sphere are addressed in this thesis.

Keywords
spherical Voronoi diagrams, higher order Voronoi diagram in the sphere, double cover, edge labeling,
inversion transformation, alternating hexagon
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1. Introduction
Voronoi diagrams are important structures in Computational Geometry and they have several applications
in different fields of science [2]. Voronoi diagrams in the plane were already considered by Descartes in 1644
[18]. But it was Voronoi in 1907 [20] who defined these diagrams, giving them his name, and extended
the investigation of these diagrams to higher dimensions. From there on, much work has been carried
out, generalizing them not only to higher dimensions but also to different surfaces, metrics and sets, see
for example [1, 19]. In this line, Brown was a pioneer using geometric transformations to study Voronoi
diagrams [5]. Precisely, we take inspiration for Section 7 in his construction of planar Voronoi diagrams
using the inversion transformation to relate the plane and the sphere [6].
The most studied Voronoi diagrams are for point sets in the plane, and for these planar Voronoi
diagrams, a lot of properties are already known, see [13]. However, in comparison, there are not as many
studies for Voronoi diagrams for points on a sphere, especially for diagrams of higher order. Thus, our
interest is to prove and compile properties for Voronoi diagrams of point sets in a sphere. In parallel to the
research for this thesis we carried out a related study of properties for Voronoi diagrams in the plane, which
was presented in the congress Spanish Meeting on Computational Geometry [7]. Thus, several connections
and differences between Voronoi diagrams in the plane and in the sphere are addressed in this thesis.
Let U be a set of n points in a sphere such that no three of them lie in the same great circumference
and no four of them are cocircular, and let 1 ≤ k ≤ n − 1 be an integer. The order k spherical Voronoi
diagram SVk (U) decomposes the surface of S into regions whose points have the same k nearest points
of U. Then, each of these regions are associated with a subset Pk ⊂ U of size k. Additionally, each region
defined by a subset Pk of U is a face f (Pk ) of SVk (U).
Many researchers studied the nearest (k = 1) and the furthest (k = n − 1) spherical Voronoi diagrams,
[5, 16, 17]. For these two diagrams it was seen that practically all algorithms in the plane can be adapted
to the sphere [10]. In this thesis we try to deepen in these diagrams and the properties and algorithms that
we present are for Voronoi diagrams of arbitrary order k in the sphere.
One of the most important tools that we use in our proofs is an edge labeling. This labeling is an
extension to the sphere of the already defined edge labeling for Voronoi diagrams in the plane that we
studied in [7]. An edge that delimits a face of SVk (U) is a spherical segment of the perpendicular bisector
(in the sphere) of two points i and j of U. This observation induces a natural labeling of the edges of
SVk (U) with the following rule:
• Edge rule: An edge of SVk (U) which belongs to the perpendicular bisector of points i, j ∈ U has
labels i and j, where we put the label i on the side (half-sphere) of the edge that contains point i and we
put label j on the other side. See Figure 1.
Also, from this one, we deduce two more rules of the labeling of SVk (U) that will be proved in Section 5:
one rule for the vertices and one rule for the faces. Vertices can be of type I, if they are centers of circles
passing through one point of Pk and other two from U \ Pk , or type II, if they are centers of circles passing
through two points of Pk and another one from U \ Pk .
• Vertex rule: Let v be a vertex of SVk (U) and let {i, j, `} ⊂ U be the set of labels of the edges
incident to v . The cyclic order of the labels of the edges around v is i, i, j, j, `, ` if v is of type I, and it is
i, j, `, i, j, ` if v is of type II.
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• Face rule: In each face of SVk (U), the edges that have the same label i are consecutive, and these
labels i are either all in the interior of the face, or are all in the exterior of the face.
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Figure 1: The edge labeling of SV2 (U) for a set U (the visible ones are drawn in green color) of ten points
{0, 1, ... , 9} in general position. Vertices of type I are drawn in blue, and vertices of type II in red.

Note that when walking along the boundary of a face, in its interior (exterior), a change in the labels
of its edges appears whenever we reach a vertex of type II (type I), see Figure 1.
From this edge labeling, we observe that edges with same label i always form a cycle in SVk (i); see
Figure 2. These edges with the same label i enclose a region Rk (i) that consists of all the points of the
sphere that have point i ∈ U as one of their k nearest neighbors from U. We observe that R1 (i) is contained
in the kernel of this star-shaped set Rk (i), and we identify the reflex (convex) vertices on the boundary
Bk (i) of Rk (i) as vertices of type II (type I). Also, we show that every higher-order Voronoi diagram in
the sphere admits an orientable double cover [11] of its edges, using, precisely, the cycles in ∪i∈U Bk (i).
We refer to [7] for related results on double covers of the edges of higher order Voronoi diagrams in the
plane. In addition, we use the labeling to show that certain configurations cannot appear in SVk (U) for
small values of k.
We further generalize to any order the construction of spherical Voronoi diagrams defined by HyeonSuk Na, Chung-Nim Lee and Otfried Cheong [17] using precisely the regions Rk (i) and the inversion
transformation. We use this construction to prove some more properties. One of our main results of
the thesis, whose proof is precisely based on this construction, states that the numbers of vertices, edges
and faces of SVk (U) are constant as a function on the cardinality of U and the order of the diagram. We
also obtain formulas for the number of vertices of type I and for the number of vertices of type II in SVk (U).
The thesis is organized as follows. We start in Section 2 defining some important concepts on geometry
in the sphere. In Section 3 we define the spherical Voronoi diagrams and in Section 4 we give a list of basic
properties for these diagrams whose proofs are based on the geometrical concepts that we defined before.
In Section 5, properties of the edge labeling are studied. Section 6 is on properties of Rk (i) and presents a
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Figure 2: SV2 (U) for the same point set U in Figure 1; in each face, its two nearest neighbors are indicated.
In yellow, the region R2 (1) formed by all the faces of SV2 (U) that have point 1 as one of their two nearest
neighbors. The boundary of R2 (1) is formed by all the edges which have the label 1 and this label is always
inside R2 (1). The boundary vertices of R2 (1) with an incident edge lying in the interior of R2 (1) are of
type II in SV2 (U) and the remaining boundary vertices are of type I in SV2 (U).

double cover for order k spherical Voronoi diagrams. In Section 7 we prove some properties for Voronoi diagrams by using the inversion transformation. In Section 8 we study properties about alternating hexagons
and configurations that cannot appear in SVk (U) for small values of k. Finally, we present conclusions in
Section 9.
We give a proof for each property stated in this thesis but we point out that some of the presented
properties are well known. While some properties for SVk (U) were proven by using tools of Differential
Geometry [16, 17], all our proofs rely on elementary geometric arguments in the sphere. As an additional
remark, all the images presented along the thesis are original, some of them can also be found in [7] and
many of them are result of the implementation in SageMath of the algorithms described.
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2. Concepts on Geometry in the Sphere
In this section we will introduce some concepts about the geometry on the sphere that are interesting to
us. These concepts will be used in the next sections in order to give a better comprehension about the
Voronoi diagrams in the sphere.
We consider the sphere as a surface that lies in three-dimensional space and we give some definitions
and properties for it. In spite of the fact that we do not give a proof for all of them, they can be proved
by using the tools of the three-dimensional geometry as is more detailed in [21].
Definition 2.1. Let O be a point in R3 and r a positive real number. A sphere S with center O and radius
r is the locus of all points in R3 which lie at distance r from O.
Definition 2.2. Two points on the sphere are said to be antipodal if they are contained in the same line
that passes through the center of the sphere. The antipodal of a point A is denoted as A∗ .
Definition 2.3. A great circumference is the intersection between the sphere and a plane that passes
through the center of the sphere. These circumferences have the maximum possible diameter.
From this definition, it is easy to see that there exists just one great circumference that passes through
two non-antipodal points in a sphere, and in this way a great circumference is equivalent to a line in the
plane.
Property 2.4. Two great circumferences always intersect in two antipodal points.
Definition 2.5. The spherical distance between A and B, d(A, B), is defined as the minimum length of
a path on the sphere between A and B. This minimum path between A and B is always an arc from the
great circumference that passes through both of them.
Definition 2.6. A spherical segment is any arc from a great circumference that connects two points
minimizing the distance between them.
Unlike in the plane, where there exists a unique form to connect two points with a straight segment,
in the sphere we have that for antipodal points there are infinite ways to connect them with a segment, as
there exists an infinite number of great circumferences passing though them.
Property 2.7. For three given points A, B, C in a sphere, their spherical distances verify that d(A, B) +
d(A, C ) ≥ d(B, C ). This is the triangular inequality in a sphere.
Definition 2.8. A circumference or circle in the sphere is the curve traced out by the points on the sphere
whose spherical distance to another one called the (spherical) center is a constant, the (spherical) radius.
Note that, for a given circumference on the sphere, there exist two possible centers which are antipodal.
Any circumference on the sphere is the intersection between a plane and the sphere; and its possible centers
in the sphere are the intersections between the sphere and the perpendicular line to the plane that passes
through the center of the circumference in the plane (the line also passes thought the center of the sphere).
This implies that given 3 points on the sphere there exists just one circumference (with two possible centers)
that passes through these points.
Definition 2.9. A disk with (spherical) center C and (spherical) radius r in the sphere is the locus of
points from the sphere whose spherical distance to C is less or equal than r .
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It is important to remark that following the previous observations about the circumferences, as the
boundary of a disk is a circumference, for each disk there exists another one which is its complement in
the sphere and their centers are antipodal points.
Definition 2.10. The circular angles between two great circumferences are the dihedral angles between
the planes that define the circumferences. If this angle is a right angle then the circumferences are said to
be perpendicular.
Now, we can define the perpendicular bisector in the sphere in the same way as commonly done in the
plane. Note that if the two points are not antipodal, then, there exists just one segment between them.
Definition 2.11. The spherical perpendicular segment bisector is the great circumference that passes
through the midpoint of the spherical segment and that is perpendicular to the great circumference containing the segment. It is the locus of points in the sphere which are equidistant to the endpoints of the
spherical segment.
In order to simplify the nomenclature, from now on, we will refer to this just as bisector. Although
there exist an infinite number of great circumferences that pass through two antipodal points, there exists
just one bisector between them. Also note that, as the bisectors are great circumferences, they always
divide the sphere into two half-spheres.
Definition 2.12. A lune is the set of points on the intersection of two half-spheres defined by two great
circumferences which meet in two antipodal points.
From the previous definitions one also gets the usual concepts of polygon and convexity in the sphere.
In particular, a spherical convex polygon can be defined as the intersection of half-spheres. We state some
properties about them.
Property 2.13. A convex polygon cannot have two sides from the same great circumference. Moreover,
if the convex polygon has more than two sides, it cannot contain two antipodal points.
Proof. It is clear that for a lune it is not possible to have two sides from the same great circumference, so
let us consider polygons with at least three edges.
Suppose that the polygon is the intersection of at least three half-spheres. The intersection of two
half-spheres is a lune with two antipodal points v and v ∗ . For the intersection with a third half-sphere
h, since the great circumference of h defines a side of the polygon, exactly one of v and v ∗ belongs to
the interior of h, suppose v , see Figure 3. That is, the intersection of the three half-spheres is a triangle
contained in each half-sphere whose three vertices cannot be on the same great circumference. A similar
argument works for the intersection of more half-spheres. The polygon is always contained in each halfsphere such that it is not possible to revisit the great circumference that defines such half-sphere. Then, it
is not possible for a convex polygon to have two sides of the same great circumference or to contain two
antipodal points if it is not a lune.

In particular, we will use this property for polygons bounded by the intersection of bisectors. Then,
each bisector in that intersection can be identified with one and only one edge in a convex polygon.
Property 2.14. The intersection of two convex polygons is a convex polygon, a segment, a point, two
antipodal points, or the empty set. The case of convex polygons intersecting in two antipodal points is
only possible for the intersection of lunes.
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v
h
v∗

Figure 3: The intersection of three half-spheres defines a triangle. v is in the half-sphere h and v ∗ is not.

Proof. It is clear that if the intersection is empty, a segment or just a point, we are done. By Property 2.13,
the case in which there are two antipodal points in the intersection is just possible for two intersecting
lunes. Then, there are only two options for their intersection: two antipodal points if the lunes do not have
any common segment between the antipodal points, see Figure 4 c), or a lune containing all the segments
common to both lunes, and which connect these antipodal points.
Otherwise, the intersection is unique and convex, as if two non-antipodal points are in the intersection
then the unique segment between them must be in each of the polygons and therefore in the intersection.
Therefore, the cases shown in Figure 4 a) and b) are not possible.

(a)

(b)

(c)

Figure 4: Some topological configurations for the intersection between two convex polygons (blue and red).
a) and b) are not possible and c) is just possible for the intersection of lunes.

Next, we extend the definition of antipodal points to polygons.
Definition 2.15. Two polygons P and P ∗ are said to be antipodal if for each point in P its antipodal
point is in P ∗ and vice versa.
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3. Spherical Voronoi Diagrams
Voronoi diagrams can be defined for different sets of objects in different spaces or surfaces and also for
different metrics, see [4, 12]. Our interest focuses on Voronoi diagrams for sets of points in a sphere in
general position with the metric provided by the spherical distance. This is a natural interest if we think
that the common representation of the earth is a sphere and, in this way, we can solve proximity problems
considering its radius.
A set U of points {1, ... , n} in the sphere is in general position if no more than three point of the
given set U are cocircular in the sphere and also there are no three points of U lying in the same great
circumference.
For a set of points U and a point v ∈
/ U in a sphere S, the k-nearest neighbor of v , which could be
non-unique, is the point x from U such that there exist exactly k − 1 points in U whose distance to v is
less than d(v , x). We refer as the k nearest neighbors of v to a set of k nearest points from U to v . Take
into account that this set is unique if v has a unique k-nearest neighbor. Similarly, we refer as k farthest
neighbors of v to the set of k points from U with the largest distances to v .
Definition 3.1. The order k spherical Voronoi diagram, SVk (U), of a given set of points U in a sphere S is
a subdivision of the sphere into regions such that the points in a region have the same k nearest neighbors
of U.
Each such region is called a face of the spherical Voronoi diagram SVk (U) and is defined by a subset
Pk of k points of U. However, note that not all subsets of size k of U define a face of SVk (U). In the
literature, these faces are sometimes defined as open and sometimes as closed. We denote by f (Pk ) the
face corresponding to Pk and we define this face f (Pk ) as the set of points of the sphere whose k nearest
neighbors from U are the points in Pk . Then, in this text, faces of SVk (U) are always closed.
For each pair of points i, j of U we can define the bisector bij that divides the sphere into two halfspheres, determining the spherical points that are closer to i than to j, and vice versa. Therefore, each region
of SVk (U) is the intersection of the half-spheres given by the bisectors involving a point inTPk and a point
in U \ Pk . Precisely, the face f (Pk ) is the following intersection of half-spheres: f (Pk ) = i∈Pk ,j ∈P
/ k h(i, j)
where h(i, j) is the half-sphere of points from S that are closer to i than to j. From this, it is clear that all
faces of a spherical Voronoi diagram must be spherically convex polygons.
An edge bij on the boundary of two faces f (Pk ) and f (Qk ) is a segment on a bisector bij . We remark
that the points on a edge bij are at the same distance of i and j such that both of them are k-nearest
neighbors of the points on that edge. A vertex abc of SVk (U) is the point of intersection of three bisectors
of the form bab , bac , and bbc , and therefore it is the center of a circle passing through a, b and c. Then,
a, b and c are k-nearest neighbor of abc. Also, vertices are either of type I or of type II.
Definition 3.2. A vertex v on a face f (Pk ) of a spherical Voronoi diagram is of type I if the vertex is the
center of a circle passing through exactly one point of Pk and two other points of U \ Pk and it is of type
II if it goes through two points of Pk and one of U \ Pk .
Note that we use the same notation as in the plane, see [7], and also, the notation old and new could
be used instead of type I and type II respectively, as in [13].
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Figure 5: The spherical Voronoi diagram of a set of twenty points (the visible ones are drawn in green
color) in the sphere for k = 1.

4. Properties of SVk (U)
Many properties of the order k Voronoi diagram in the plane are well known, see for instance [7, 13]. In
this section we give the corresponding properties on the sphere and also some exclusive properties of the
spherical Voronoi diagrams.
Note that, since the sphere acts like a plane locally, many of the arguments for the plane work the same
way for the sphere. From this, we can expect that most of the properties of Voronoi diagrams in the plane
hold for Voronoi diagrams in the sphere, just with the consideration that there do not exist unbounded
faces in this surface. We will exploit this fact, and several of the figures are shown for point sets in the
plane instead of the sphere.
Property 4.1. Let U be a set of n points on S. Then SVk (U) = SVn−k (U ∗ ), where U ∗ = {u ∗ |u ∈ U}.
Proof. For points x, y ∈ S we have that d(x, y ) = πr − d(x, y ∗ ) where r is the radius of the sphere.
It follows that the k nearest neighbors of a point x must be the k farthest neighbors of x ∗ . Therefore,
x ∈ f (Pk ) if and only x ∈ f (U ∗ \ Pk∗ ) where Pk∗ = {p ∗ |p ∈ Pk }, and the property follows.
This property, which was already known by Kevin Q. Brown in 1979 [5] for k = 1 and k = n − 1,
represents the principal difference between the plane an the sphere, and brings us the idea of symmetry
between the Voronoi diagrams in the sphere. The given proof is essentially the same as the one given by
Na, Lee and Cheong [17] for the nearest Voronoi diagram.
Also, we can interpret the Property 4.1 as SVn−k (U) being the image of SVk (U) in a homothety with
the same center as the sphere and ratio minus one, see Figure 8.
Property 4.2. Let f (Pk ) and f (Qk ) be two faces of SVk (U) sharing an edge. Then, Qk = (Pk \ {i}) ∪ {j}
for some i, j ∈ S. Furthermore, the edge shared by f (Pk ) and f (Qk ) is a segment bij on the bisector bij .
Proof. By definition of SVk (U), there is at least one point i ∈ Pk \ Qk and one point j ∈ Qk \ Pk . Then
the common boundary of f (Pk ) and f (Qk ) contains a segment of the bisector bij . Since faces of SVk (U)
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are the intersection of half-spheres, they are convex, and then the common boundary of f (Pk ) and f (Qk )
can only contain one such segment. Hence Qk = (Pk \ {i}) ∪ {j}.
Property 4.3. Let bij be an edge delimiting a face f (Pk ). If i ∈ Pk , then i belongs to the half-sphere
defined by bij that contains f (Pk ) and j does not.
Proof. By Property 4.2, exactly one of i or j belongs to Pk . Since bij is the perpendicular bisector of the
points i and j, exactly one of i or j lies in the half-sphere defined by bij that contains f (Pk ). Let x be a
point on bij , then x is equidistant to points i and j. Moving x to the interior of f (Pk ), i gets closer to x
than j, by definition of Pk . Therefore, the point in the half-sphere defined by bij that contains f (Pk ) must
be i.
Property 4.4. Any two consecutive vertices on a face f (Pk ) of SVk (U) are of the form ija and ijb. The
edge connecting them is bij .
Proof. A vertex of SVk (U) is the intersection point of three bisectors, which is the center of a circle passing
through three points of U. Adjacent vertices are incident to a common bisector. See Figure 6.

a
j

Cija

Cijb

b
f (Q3 )
ija bij

c

ijb

Q3 = {j, b, c}
P3 = {i, b, c}

f (P3 )

i
Figure 6: The edge bij connects vertices ija and ijb. The sets P3 and Q3 differ in points i, j. The circle
Cijb encloses one point of P3 (that is, k − 2 points for k = 3); then the vertex ijb is of type II. The circle
Cija encloses two (that is, k − 1) points of P3 ; then the vertex ija is of type II.

Property 4.5. Let bij be an edge delimiting a face f (Pk ). Then, Pk ⊂ Dija ∩ Dijb , where ija and ijb are
the endpoints of bij .
Proof. The disk Dija centered in ija and passing through the points i, j and a must contain the points
of Pk because ija is a point of f (Pk ) and at least one of the points in {i, j, a} is not in Pk . The same
argument holds for Dijb .
Property 4.6. The vertices of a face f (Pk ) of SVk (U) are the centers of the circles through three points
of U that enclose exactly k − 1 or k − 2 points of Pk and no points of U \ Pk . If such a circle encloses
k − 1 points, then the vertex is of type I; otherwise it is of type II. The interior of an edge bij of a face
f (Pk ) in SVk (U) consists of exactly those points of bij that are centers of circles through one point of Pk ,
enclosing the remaining k − 1 points of Pk and no point of U \ Pk . See Figures 6 and 7.
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Proof. Let ijx be a vertex of the face f (Pk ). Then ijx is the intersection point of the three bisectors of
the points i, j, x ∈ U. Points i, j and x are equidistant to the vertex ijx. In addition, by Property 4.3, at
least one of {i, j, x}, say i, belongs to Pk , and at least one of them, say j, does not belong to Pk .
First, assume that x ∈
/ Pk . Then ijx is of type I because it is the center of a circle through i ∈ Pk and
j, x ∈
/ Pk . Furthermore, the k + 2 nearest points of U to ijx are Pk ∪ {j, x} by definition of f (Pk ). The
circle Cijx encloses Pk \ {i}, and no points of U \ Pk . See Figure 7 (a) and (b), where a plays the role of x.
Second, assume that x ∈ Pk . Then x ∈ Pk , and vertex ijx is of type II. The k + 1 nearest points of U
to ijx are Pk ∪ {j}. Then, the circle Cijx encloses Pk \ {i, x}, and no points of U \ Pk . See Figure 7 (a)
and (c), where b plays the role of x.
Now consider the edge bij with endpoints ijx1 and ijx2 , and let C be a circle through i and j with
center in the interior of bij . Note that C does not pass through any other point of U. Note also that
Pk ⊂ Dijx1 ∩ Dijx2 ⊂ D and D ⊂ Dijx1 ∪ Dijx2 , where D is the closed disk with boundary C . See Figure 7.
Hence, C passes through one point i ∈ Pk , and encloses the remaining k − 1 points of Pk and no point of
U \ Pk .

C

Cija
C
Cijd

Cija
j

Cijb

Cijc
C
Cijb

j

j

d
ija bij ijb

a

bia

bbj
f ({i, b, c})

b

c
i
(a)

a

ija bij ijd
bia f ({i, b, c}) bid

b

c
i
(b)

ijc bij
ijb

bcj

f ({i, b, c}) bbj

b

c
i
(c)

Figure 7: Possibilities for the endpoints of an edge of SV3 (U), according to the vertex type. In all three
cases, the yellow cell represents a face of SV3 (U) defined by P3 = {i, b, c}. The circle C (in dashed) goes
through i and j, and is centered in the interior of bij . It always encloses k − 1 = 2 points of Pk . In case
(a), ija is of type I (in blue) and ijb is of type II (in red). In case (b), there are two vertices of type I (in
blue). And in case (c), there are two vertices of type II (in red).

Although there exist algorithms with better computational time, as we can see in [10] or the algorithm
described in Section 7, from this Property 4.6, we get a simple algorithm to construct spherical Voronoi
diagrams of arbitrary order in O(n4 ) time in the sphere. This is sufficient for our purpose of visualization of
higher order Voronoi diagrams of small size. We therefore implemented an algorithm based on the following
steps. To construct a diagram SVk (U) we just look for all the centers of circles enclosing k − 1 and k − 2
points of U, as we know that they must be the vertices of SVk (U). Then we join two vertices with an edge
following Property 4.6, by checking which points of U are on the circles and which are in the interior.
Property 4.7. Let v be a vertex of type I of SVk (U). Then v ∗ is a vertex of type II of SVn−k (U). Similarly,
if v is a vertex of type II of SVk (U) then v ∗ is a vertex of type I of SVn−k (U). See Figure 8.
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Proof. If v is a vertex of type I of SVk (U), by Property 4.6, then it is the center of a disk that passes
through three points of U and contains (k − 1) points of U. From this, by the geometry of the sphere, the
remaining (n − k − 2) points are contained in the complementary disk whose center is v ∗ . Therefore, by
Property 4.6, v ∗ must be a vertex of type II of SVn−k (U). The symmetric argument works for v of type II.

q
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h
p

i

j∗

j

f

h∗

f∗

k∗

k

b

q∗
g∗

b∗

c

i∗
∗

p∗

c
a∗

a

d

d∗

l∗

l
e

e∗
m

m∗

o

o∗
n

n∗

Figure 8: Two complementary Voronoi diagrams on an sphere SVk (U) and SVn−k (U), showing the homothetic relation between them and their corresponding antipodal points types. Vertices of type I are blue
and vertices of type II are red.

Now, from Properties 4.1 and 4.7 it is interesting to mention the case of SVn/2 (U) for n even. In this
case, by Property 4.1, we have that for any face of SVn/2 (U), its antipodal polygon is also a face of the
same Voronoi diagram SVn/2 (U) and, by Property 4.7, SVn/2 (U) has the same number of points of each
type.
Property 4.8. Let f (Pk ) be a face of SVk (U), with 1 < k < n − 1. Then not all the vertices of f (Pk )
can be of the same type.
Proof. Suppose that all the vertices of f = f (Pk ) are of type I for k > 1. For Pk = Pk−1 ∪ {a}, by
Property 4.2, the adjacent faces to f are of the form f (Pk−1 ∪ {b1 }), f (Pk−1 ∪ {b2 }), ..., f (Pk−1 ∪ {bi }),
i.e., the edges of f must be of the form babj for j = 1, 2, ..i and a must be in the interior of f .
Consider a point q on an edge of f and let q 0 be the other intersection of the great circumference
passing through q and a with the boundary of f . Note that q 0 must exist since a is in the interior of the
face. Let x be any point in Pk . Since a is the k-nearest neighbor of q and q 0 , d(q, x) < d(q, a) and
d(q 0 , x) < d(q 0 , a). Thus, d(q, x) + d(q 0 , x) < d(q, a) + d(q 0 , a) = d(q, q 0 ), contradicting the triangle
inequality d(q, x) + d(q 0 , x) ≥ d(q, q 0 ).
Now suppose that all the vertices of a face f (Pk ) of SVk (U) are of type II for k < n−1. By Property 4.1
and Property 4.7, there has to exist a face of SVn−k (U) whose vertices are all of type I, and this is not
possible by the previous argument.
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See that, although this proof starts following the proof of Lee [13] for the same property in the plane,
at the end of this proof we use an argument that is exclusive for the sphere, based on the symmetry of
spherical Voronoi diagrams. This argument will be applied in several more proofs.
Property 4.9. Any property that relates SVk (U) and SVk+1 (U) must hold also for SVk (U) and SVk−1 (U)
and vice versa. Also, any property for all the vertices of one type must hold for the other type.
Proof. On the one hand, by Property 4.1, SVk (U) = SVn−k (U ∗ ) and SVk+1 (U) = SVn−k−1 (U ∗ ). Then,
if we have some property that relates SVk (U) and SVk+1 (U), it also must work for SVn−k (U ∗ ) and
SVn−k−1 (U ∗ ), and the statement follows.
On the other hand, by Property 4.7, for all the vertices of one type in SVk (U) its antipodal vertices
are of the other type in SVn−k (U), which corresponds to the homothetic image of SVk (U). Therefore, any
property for all the vertices of one type must work for the other type.
Property 4.9 will be applied to prove the properties 4.10, 4.11, 4.13 and 4.14; which are about the
union of graphs SVk−1 (U) ∪ SVk (U) and SVk (U) ∪ SVk+1 (U).
Property 4.10. Let v be a vertex of SVk (U). If v is of type II in SVk (U), then v is also a vertex of type
I in SVk−1 (U). Otherwise, if v is of type I in SVk (U), then v is also a vertex of type II in SVk+1 (U).
Further, the three edges incident to v in SVk (U) alternate with the three edges incident to v in SVk−1 (U),
respectively SVk+1 (U), in cyclic order around v .
Proof. We make use of the following observation. Given a circle through three points a, b, c of U, if we fix
two of them and slightly move the center of the circle along their bisector, the third point becomes either
an exterior point or interior point to the circle. Let v = abc be a vertex of a cell f (Pk ) in SVk (U). By
Property 4.6, v is either of type I or of type II.
In the case that v is of type I, let a ∈ Pk and b, c ∈
/ Pk , and consider the circle through a, b, c. Suppose
we fix b and c, and move the center of the circle along bbc towards the interior of f (Pk ); see Figure 9.
By Property 4.3, this means moving the center of the circle closer to a, so a lies in the interior of the new
circle through b and c, and the two edges of f (Pk ) incident to v are bab and bac . Precisely, a lies in the
convex region bounded by bab and bac that contains the cell f (Pk ) of SVk (U). We conclude that the new
circle passing through b and c with center in the interior of f (Pk ) contains one point more than the circle
through b and c centered in v . Since v is of type I in SVk (U) and the circle centered in v encloses k − 1
points of S, the new circle, centered on an interior point of the edge bbc incident to v , encloses k points
of S. By Property 4.6, bbc is an edge of SVk+1 (U). Vertex v is in SVk+1 (U) because it is an endpoint of
bbc .
Remark that if we move the center of the circle towards the exterior of f (Pk ), see Figure 9 (left), a lies
outside of the circle, and bbc delimits two cells in SVk (U) defined by (Pk \ {a}) ∪ {b} and (Pk \ {a}) ∪ {c},
respectively. Here bbc denotes an edge of SVk (U), whereas in the previous paragraph it denoted an edge
of SVk+1 (U) in the same bisector bbc . Both edges are incident to v and consecutive along bbc .
Now, by Property 4.9, the analogous case for v of type II in SVk (U) is also true; v is of type I in
SVk−1 (U) and the three edges incident to v in SVk (U) alternate with the tree edges incident to v in
SVk−1 (U); see Figure 10.
Note that every vertex has degree three in SVk (U) and its type is the same for any cell of SVk (U)
incident to it. Therefore, applying the previous argument to each cell, the three edges of SVk (U) incident
to v alternate with the three edges of SVk−1 (U) (resp. SVk+1 (U)) incident to v . See Figures 9 and 10.
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Vk+1(S)
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f ((Pk \ {a}) ∪ {c})
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f ((Pk \ {a}) ∪ {b, c})

f ((Pk \ {a}) ∪ {b})

v
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f (Pk ∪ {c}) f (Pk ∪ {b})
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a

Figure 9: The vertex v is of type I, a ∈ Pk and b, c ∈
/ Pk . Left: v moves outside f (Pk ). The yellow
regions represent the three faces of SVk (U) incident to v . Right: v moves inside f (Pk ). The dashed circle
through b and c encloses a. The blue regions represent the three faces of SVk+1 (U) incident to v .

Vk (S)

ba

Vk−1(S)

ba
c

c
f ((Pk \ {a}) ∪ {c})

f ((Pk \ {a, b}) ∪ {c})

f ((Pk \ {b}) ∪ {c})

v
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c
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c
b

f (Pk )
b

c
a
f (Pk \ {a}) f (Pk \ {b})

a

b

c
b

a

Figure 10: The vertex v is of type II, a, b ∈ Pk and c ∈
/ Pk . Left: v moves outside f (Pk ). The yellow
regions represent the three incident faces to v . Right: v moves inside f (Pk ). The dashed circle through a
and b does not enclose c. The green regions represent the three faces of Vk−1 incident to v .
Property 4.11. Let f (Pk ) be a face of SVk (U). Any edge bij of the induced graph of SVk+1 (U) in f (Pk )
has labels i, j ∈
/ Pk . And any edge bij of the induced graph of SVk−1 (U) in f (Pk ) has labels i, j ∈ Pk .
Proof. Let bij be an edge of the induced graph by SVk+1 (U) in f (Pk ). By Property 4.2, bij delimits two
faces of SVk+1 (U) whose defining sets of points are Pk ∪ {i} and Pk ∪ {j}, respectively. We conclude that
i∈
/ Pk and j ∈
/ Pk .
Let bij be an edge of the induced graph by SVk−1 (U) in f (Pk ). By Property 4.2, the edge bij delimits
two faces of SVk−1 (U) whose defining vertices are Pk \ {i} and Pk \ {j}, respectively. Then i ∈ Pk and
j ∈ Pk .
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Property 4.12. SVk (U) ∪ SVk−1 (U) for k > 1 is a planar graph. See Figure 11.
Proof. First, note that SVk (U), when interpreted as a graph, is a planar graph: Since faces of SVk (U) are
convex, if two edges intersect in their interior, then two of their adjacent faces must also intersect in their
interior, which contradicts the definition of a Voronoi face.
Suppose that there is an intersection point x in the interior of two edges, bij of SVk (U), and b`m
of SVk+1 (U). The edge bij is incident to two faces, defined by two sets of k points, Pk and Qk . By
Property 4.2, Qk = (Pk \ {i}) ∪ {j}. Then, the k + 1 nearest neighbors in U of x are the points in
Pk ∪ Qk . The edge b`m ∈ SVk+1 (U) traverses both cells f (Pk ) and f (Qk ). Therefore, by Property 4.11,
the points ` and m cannot belong to Pk ∪ Qk . Moreover, since x ∈ b`m , the k + 2 nearest neighbors of x
are the points of Pk ∪ Qk ∪ {`, m}. This implies that {`, m} ∩ {i, j} 6= ∅, which is a contradiction. Then,
SVk (U) ∪ SVk+1 (U) is a planar graph. See Figure 11.
SV2 (U )
SV3 (U )

(a)

SV3 (U )
SV4 (U )

(b)

Figure 11: Consecutive higher order Voronoi diagrams for the same set U of twenty points.
(a) SV2 (U) and SV3 (U). (b) SV3 (U) and SV4 (U).

Property 4.13. Let f (Pk ) be a face of SVk (U). Then, the graph induced by SVk−1 (U) in f (Pk ) and the
graph induced by SVk+1 (U) in f (Pk ) are connected.
Proof. Suppose that the graph induced by SVk−1 (U) in f (Pk ) is not connected. Let f (Pk−1 ) be a cell of
SVk−1 (U) that overlaps with f (Pk ), see Figure 12 (a). Note that since the k − 1 nearest neighbors of a
point in f (Pk−1 ) ∩ f (Pk ) are the same, then Pk = Pk−1 ∪ {m} for some m ∈ U. There are two types of
edges in the boundary of f (Pk−1 ) ∩ f (Pk ), see Figure 12 (a):
1. Edges of SVk−1 (U), that are in the boundary of f (Pk−1 ) and in the interior of f (Pk ). By Property 4.3,
/ Pk−1 . By
any edge of f (Pk−1 ) ∩ f (Pk ) in SVk−1 (U) is of the form bxy , with x ∈ Pk−1 , y ∈
Property 4.11, then y ∈ Pk . Since y ∈ Pk and y ∈
/ Pk−1 , necessarily y = m and bxy = bij m for some
ij ∈ Pk−1 . The same argument applies to another edge of this type in another connected component
of the graph induced by SVk−1 (U) in f (Pk ). Let us denote it by bi` m .
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2. Edges of SVk (U), that are in the boundary of f (Pk ) and in the interior of f (Pk−1 ). Let bxy be such
an edge. Suppose x ∈ Pk , then by Property 4.3, y ∈
/ Pk . Since Pk−1 ⊂ Pk , y ∈
/ Pk−1 . In addition,
x ∈
/ Pk−1 by Property 4.11. Then, x = m and y = a for some a ∈
/ Pk , so bxy = bma . The same
argument applies to another edge of this type in another connected component of the graph induced
by SVk−1 (U) in f (Pk ). Let us denote it by bmb .

f (Pk−1 )
a
m
ij m

m i`
f (Pk )
m
b

Figure 12: Overlapping of the faces f (Pk ) from SVk (U) and f (Pk−1 ) from Vk−1 (U). The face f (Pk ) is
represented in bold line and the face f (Pk−1 ) is in dashed line. The induced subgraphs of SVk−1 (U) in
f (Pk ) are not connected, which is not possible.
By Property 4.3, m belongs to the two half-spheres defined by bma and by bmb that contain f (Pk ), but
does not belong to the two half-spheres defined by bij m and by bi` m that contain f (Pk−1 ). But this is not
possible because the intersection of the respective half-spheres containing m is empty.
By Property 4.9, the graph induced by SVk+1 (U) in f (Pk ) is connected.
Property 4.14. Let f (Pk ) be a face of SVk (U). If k > 1, the graph induced by SVk−1 (U) in f (Pk ) does
not contain cycles. If k < n − 1, the graph induced by SVk+1 (U) in f (Pk ) does not contain cycles.
Proof. Suppose towards a contradiction that there is a cycle of SVk−1 (U) contained in f (Pk ). Then, since
edges of SVk−1 (U) must alternate with edges of SVk (U) around any common vertex by Property 4.10, the
vertices of this cycle cannot be also vertices of SVk (U). Hence this cycle of SVk−1 (U) is in the interior of
f (Pk ). For k = 2 this is a contradiction because all the vertices of SV1 (U) are also vertices of SV2 (U).
Otherwise, for k > 2 all the vertices of the cycle are vertices of SVk−1 (U) ∩ SVk−2 (U). In particular, they
are all vertices of the same type in a face of SVk−1 (U), contradicting Property 4.8. Finally, by Property 4.9,
it also works for SVk+1 (U).
In Property 2.14, we already have seen two geometrically not possible intersection patterns of convex
polygons. Now, we present further impossible patterns for the intersections of the faces of two consecutive
higher order Voronoi diagrams (which are convex polygons).
Property 4.15. Let f (Pk ) be a face of SVk (U) and let f (Pk−1 ) be face of SVk−1 (U). Suppose that the
two cells have a common interior point. Then f (Pk ) and f (Pk−1 ) share exactly two vertices, and neither
f (Pk ) ⊆ f (Pk−1 ) nor f (Pk−1 ) ⊆ f (Pk ). This is, among the four configurations of Figure 13 only (a) is
possible.
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Proof. Consider two cells of consecutive higher order Voronoi diagrams, f (Pk ) and f (Pk−1 ). By Property 2.14, the four possible cases are shown in Figure 13.
Case (b), in which one cell is inside the other and the cells have at least one common vertex v , is not
possible: By Property 4.10, the three edges of SVk (U) incident to v have to alternate with the three edges
incident to v from SVk−1 (U) in cyclic order around v .
Case (c) is not possible because the graph induced by SVk−1 (U) in f (Pk ) or the graph induced by
SVk (U) in f (Pk−1 ) has to be connected by Property 4.13.
Case (d) is not possible because of Property 4.14.
Finally, only case (a) is possible, that is, the two cells share exactly two vertices, and none of the cells
is contained in the other.

(a)

(b)

(c)

(d)

Figure 13: Configurations in which f (Pk ) and f (Pk−1 ) have a common interior point. Only case (a) is
possible.

Property 4.16. Let f (Pk ) be a bounded cell of SVk (U). For k > 1, the graph induced by SVk−1 (U) in
f (Pk ) is a tree with at least two vertices. Analogously, for k < n − 1, the graph induced by SVk+1 (U) in
f (Pk ) is a tree with at least two vertices.
Proof. By Properties 4.8 and 4.10, the boundary of f (Pk ) contains vertices of both SVk−1 (U) and
SVk+1 (U); further the edges of SVk+1 (U) (analogously, SVk−1 (U)) and of SVk (U) incident to a common vertex v alternate in cyclic order. Then, every vertex v of f (Pk ) is an endpoint of an edge of
SVk+1 (U), or of SVk−1 (U), lying in f (Pk ). By the planarity of the graph induced by SVk (U) ∪ SVk+1 (U)
(or SVk (U) ∪ SVk−1 (U)) in f (Pk ), the other endpoint of this edge is also in f (Pk ); see Property 4.12.
Then, f (Pk ) contains at least two vertices of SVk−1 (U) and at least two vertices of SVk+1 (U). By Properties 4.13 and 4.14, the graph induced by SVk−1 (U) in f (Pk ) has no cycles and is connected. Therefore,
it is a tree. See Figure 14 for an illustration.
The following result provides a more precise statement on the number of vertices in each of the two
trees of Property 4.16.
Property 4.17. Let f (Pk ) be a face of SVk (U) with ` vertices, for k > 1. Suppose that j of those vertices
also belong to SVk−1 (U). Then, the graph induced by SVk−1 (U) in f (Pk ) is a tree with 2j − 2 vertices,
whose j leaves are on the boundary of f (Pk ). And for k < n − 1 the graph induced by SVk+1 (U) inside
f (Pk ) is a tree with 2(` − j) − 2 vertices, whose ` − j leaves are on the boundary of f (Pk ).
Proof. By Property 4.16, the graph induced by SVk−1 (U) in f (Pk ) is a tree T with at least two vertices.
Since every vertex of SVk−1 (U) has degree three, all the leaves of T are on the boundary of f (Pk ).
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SV2(U )
SV3(U )
SV4(U )

Figure 14: The graph induced by SVk−1 (U) in a cell f (Pk ) of SVk (U) is a tree. Analogously, the graph
induced by SVk+1 (U) in f (Pk ) is a tree.

Moreover, by Property 4.10, all the vertices of T on the boundary of f (Pk ) are leaves of T . Therefore T
has exactly j leaves. If i is the number of interior vertices of T , then T has i + j − 1 edges. And double
counting the number of incidences of vertices and edges of T , we get that j + 3i = 2(i + j − 1). This
implies that T has 2j − 2 vertices. By Property 4.10, the ` − j vertices of f (Pk ) that are not in SVk−1 (U)
belong to SVk+1 (U). Hence the tree induced by SVk+1 (U) in f (Pk ) has 2(` − j) − 2 vertices, whose ` − j
leaves are on the boundary of f (Pk ).
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5. Labeling of Edges and Faces of SVk (U)
From the definition and the properties of the previous section, a natural labeling appears for the edges and
faces of the Voronoi diagrams in the sphere. The label of a cell f (Pk ) is the set of the k points that define
Pk , namely, the k nearest neighbors of the points of f (Pk ). For an edge b ij of SVk (U), we put the label i
in the half-sphere defined by bij that contains the point i, and the label j in the other half-sphere, i.e., this
is the edge rule of the labeling, defined in the introduction. Also, by Property 4.3, the label at each side of
an edge is one of the points that define the face where it is inside. That is, for f (Pk ) and f (Qk ) the two
faces sharing the edge b ij , if i ∈ Pk then j ∈ Qk , the label i for the edge must be in the interior of f (Pk )
and the label j must be in the interior of f (Qk ). The faces f (Pk ) and f (Qk ) have k − 1 common nearest
neighbors and they differ in i and j, such that the labeling of the edge given by the bisector indicates us
exactly the neighbors that they exchange.
By Properties 4.16 and 4.17, the graph induced by SVk+1 (U) (or SVk−1 (U)) in f (Pk ) is a tree with
its leaves in the boundary of f (Pk ). The tree gives rise to a subdivision of f (Pk ) into regions, where each
of them is the intersection of f (Pk ) with a cell of SVk+1 (U) (resp., SVk−1 (U)).
Property 5.1. Let f (Pk ) be a face of SVk (U), for k > 1. The edges in the boundary of any region
induced by SVk+1 (U) (resp. SVk−1 (U)) in f (Pk ) have the unique (k + 1)-nearest neighbor (resp. knearest neighbor) from U as label inside (outside) the region. Edges in the boundary of f (Pk ) incident to
this region have this label outside (inside) the region. See Figure 15.
Proof. Let Rmi = f (Pk ) ∩ f (Pk ∪ {mi }) be one of the regions induced by SVk+1 (U) in f (Pk ). There are
two types of edges in the boundary of Rmi : edges of f (Pk ∪ {mi }) (edges of the tree) and edges of f (Pk ),
see Figure 15 (a). On the one hand, the edges of f (Pk ∪ {mi }) that delimit Rmi belong, by Property 4.3, to
bisectors between a point from Pk ∪ {mi } and another point from U \ (Pk ∪ {mi }). Since these edges are
contained in f (Pk ), by Property 4.11, their labels are not from Pk . Then, one of these labels is always mi ,
the label of the unique (k + 1)-nearest neighbor from U of the points of Rmi . Further, by Property 4.3, the
label mi is inside the region Rmi . On the other hand, by Property 4.3, the edges from f (Pk ) that delimit
Rmi belong to bisectors between two points, such that one of them is from Pk and the other is from U \ Pk .
Since these edges are contained in f (Pk ∪ {mi }), by Property 4.11, their labels are from Pk ∪ {mi }. Then,
one of them is always mi , and this label is outside the region Rmi by Property 4.3.
By Properties 4.16 and 4.17, the graph induced by SVk−1 (U) in f (Pk ) is also a tree that gives rise to
a subdivision of f (Pk ) into regions. Each of them is the intersection of f (Pk ) with a cell of SVk−1 (U).
Let Rij = f (Pk ) ∩ f (Pk \ {ij }) be one of these regions. A symmetric argument to the previous case
shows that all the edges of Rij have label ij , where ij is the unique k-nearest neighbor from U of the points
of Rij . Furthermore, this label is inside Rij for the edges in the boundary of f (Pk ) and outside for the
others.
Property 5.2. Let v be a vertex of SVk+1 (U) or SVk−1 (U) in the interior of f (Pk ). If v is from SVk+1 (U),
let mr , ms , mt be the points of U that define the incident bisectors with v . Then the cyclic order of the
labels of the edges around v is mr , ms , ms , mt , mt , mr . If v is from SVk−1 (U), let ir , is , it be the points
of Pk defining the incident bisectors with v . Then, the cyclic order of the labels of the edges around v is
ir , is , it , ir , is , it .
Proof. Let v be a vertex from SVk+1 (U) in the interior of f (Pk ). By Property 4.11, the incident bisectors
with v are bisectors between pairs of points of U \ Pk . These points are mr , ms , mt . By Property 5.1, all
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Figure 15: (a) The graph induced by SVk+1 (U) in fu(Pk ) gives rise to a partition of the cell f (Pk ) into
regions Rmi delimited by bisectors between the (k + 1)-nearest neighbor mi ∈ U of the points of the region,
and another point. The cyclic order of the labels of the edges around a vertex v incident with Rms , Rmr
and Rmt , is mr , ms , ms , mt , mt , mr . (b) The graph induced by SVk−1 (U) in f (Pk ) divides the cell f (Pk )
into regions Rij delimited by bisectors between the k-nearest neighbor ij ∈ U of the points of the region,
and another point. The cyclic order of the labels of the edges around vertex v incident with Rir , Ris and
Rit , is ir , is , it , ir , is , it .
the edges delimiting a region induced by SVk+1 (U) in f (Pk ) belongs to the bisector between two points,
where one of them is the (k + 1)-closest neighbor from U of the points of the region. For i ∈ {r , s, t} let
Rmi = f (Pk ) ∩ f (Pk ∪ {mi }) be the region where the (k + 1)-closest neighbor from U is mi . Therefore,
v is the vertex incident to the regions Rmr , Rms and Rmt . Since the two edges incident to Rmi have label
mi in the interior of Rmi , the cyclic order of the labels of the edges around v is: mr , ms , ms , mt , mt , mr .
See Figure 15 (a).
Now suppose that v is from SVk−1 (U). By Property 4.11, the incident bisectors with v are bisectors
between pairs of points of Pk . These points are ir , is , it . By Property 5.1, every edge delimiting a region
induced by SVk−1 (U) in f (Pk ) belongs to the bisector between two points, where one of them is the
k-nearest neighbor from U of the points of the region. For j ∈ {r , s, t} let Rij = f (Pk ) ∩ f (Pk \ {ij }) be
the region where the k-nearest neighbor from U is ij . Therefore, v is the vertex common to the regions
Rir , Ris and Rit . Since the two edges incident to Rij have label ij in the exterior of Rij , the cyclic order of
the labels of the edges around v is: ir , is , it , ir , is , it . See Figure 15 (b).
We restate Property 5.2 in terms of vertices of type I and II.
Property 5.3 (Vertex rule). Let v be a vertex of SVk (U) and let i, j, ` ∈ U be the points that define the
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three incident bisectors with v . If v is of type I, the cyclic order of the labels around v is i, i, j, j, `, `. And
if v is of type II, the cyclic order of the labels around v is i, j, `, i, j, `.
Proof. Assume first that v is a vertex of type I of SVk (U) for k > 1. Then, by Property 4.10, v is not a
vertex of SVk−1 (U), and therefore v is in the interior of a face of SVk−1 (U). By Property 5.2, the cyclic
order of the labels around v is i, i, j, j, `, `.
Now assume that v is a vertex of type II of SVk (U). Then v is in the interior of a face of SVk+1 (U).
By Property 5.2, the cyclic order of the labels around v is i, j, `, i, j, `.
Note that a vertex of type I in SVk (U) is a vertex of type II in SVk+1 (U) and symmetrically a vertex
of type II in SVk (U) is a vertex of type I in SVk−1 (U). Hence, by Property 4.10, Property 5.3 is also valid
for k = 1 and k = n − 1.
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v

Vk+1 (S)
i

j`
i

i

`
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Figure 16: (a) The edge labeling in SVk (U) ∪ SVk−1 (U) around a vertex v in SVk (U) ∪ SVk−1 (U). (b)
The edge labeling around a vertex v in SVk (U) ∪ SVk+1 (U).
Property 5.4 (Face rule). All the edges in the boundary of a face f (Pk ) of SVk (U) that have an interior
(exterior) label i are consecutive along the boundary of f (Pk ).
Proof. By Property 5.1, a face f (Pk ) of SVk (U) can be constructed by joining regions of at most k faces
of SVk−1 (U) as described in Figure 15. Each of these regions is the set of points in the sphere with the
same set of k nearest neighbors Pk , but with a different k-nearest neighbor. That is, each point in Pk
determines at most one such region in f (Pk ). According to Property 5.1, if the k-nearest neighbor of a
region is the point i, then the boundary edges of the region that belong to SVk (U)) of the region have the
interior label i. Note that any other region in the subdivision of f (Pk ) cannot have label i as an interior
boundary label. Since each boundary edge of f (Pk ) must be a boundary edge of one such region, then all
the boundary edges of f (Pk ) with interior label i are precisely the edges of the region of f (Pk ) such that
i is the k-nearest neighbor for this region. Therefore they are consecutive. The graph of SVk−1 (U) inside
f (Pk ) is a tree, then there is a single interval of consecutive edges with the same label i.
A similar argument is used to show that the edges with label i in the exterior of f (Pk ) are consecutive.
Consider the subdivision in regions of SVk+1 (U) inside f (Pk ) given in Property 5.1. Each of these regions
is the set of points in with the same set of k nearest neighbors Pk , but with a different (k + 1)-nearest
neighbor. If the (k + 1)-neighbor of a region is the point i, then all edges of the region in the boundary
of f (Pk ) (edges of SVk (U)) have the exterior label i; see Figure 15. Therefore, different regions have
a different exterior label of the edges of f (Pk ). This implies that all the edges of f (Pk ) with the same
exterior label i are consecutive. Note that by Property 4.2, the consecutive labels i have to be either all in
the interior or all in the exterior of f (Pk ).
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Properties 5.3 and 5.4 define the rules for the labeling of vertices and faces, respectively. These rules
are the same as for Voronoi diagrams in the plane [7] but the following one is exclusive for spherical Voronoi
diagrams.
Property 5.5. Let f (Pk ) be a face of SVk (U) and let f (U \ Pk ) be its corresponding antipodal face in
SVn−k (U). f (Pk ) and f (U \ Pk ) use the same labels but in opposite sides, i.e., if i is an interior label of
an edge of f (Pk ) then it is an exterior label for the corresponding antipodal edge in SVn−k (U).
Proof. By Property 4.1 it is clear that f (Pk ) and f (U \ Pk ) are antipodal polygons. Then we just need
to observe that antipodal polygons are defined by the complementary half-spheres defined by the same
bisector, i.e, their edges are from the same bisectors but the antipodal polygons lie in opposite sides of
those bisectors, see Figure 17. Therefore, by the edge rule, the statement is clear.
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Figure 17: Two antipodal polygons, one has labels b, d, f , h, j in its interior, the other one has these labels
in its exterior.

Note that from this property we have a new argument that allows us to simplify the proof of Property 5.4.
The presented proof for this property follows [7]. See that it is sufficient to prove the property for the
interior labels, and then, the inversion of the labeling between antipodal faces in complementary diagrams
implies that this property must be the same for the exterior labels.
Now, using the rules of the labeling defined we can prove some more properties for the Voronoi diagrams
in the sphere with simple arguments based on the labeling.
Property 5.6. For 1 < k < n − 1, every face f (Pk ) of SVk (U) contains at least two and at most n − k
vertices of type I and at least two and at most k vertices of type II. In particular, SVk (U) does not contain
triangles or lunes.
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Proof. The lower bound is a consequence of Properties 4.16 and 4.17: Each face of SVk (U) has at least
two vertices of SVk−1 (U) and at least two vertices of SVk+1 (U) on its boundary. Then it has at least four
vertices.
For the upper bound of vertices of type II consider the subdivision defined by SVk−1 (U) inside f (Pk )
given by Property 5.1. Since each region of the subdivision is defined by the points of the sphere with the
same set of k nearest neighbors but with a different k-nearest neighbor, there are at most k such regions
(one for each k-nearest neighbor). Each such region is incident to exactly two vertices in the boundary
of f (Pk ) that also belong to SVk−1 (U), and each such vertex is incident to two regions through an edge
of SVk−1 (U). Therefore f (Pk ) has at most k vertices that also belong to SVk−1 (U). By Property 4.10,
these are the vertices of type II of f (Pk ). By Property 4.7, since the antipodals of the vertices of type I in
SVk (U) are of type II in SVn−k (U), by the bound proved for those of type II, we have that the maximum
number of vertices of type I in a face is n − k.

Note that Property 5.6 implies that every face of SV2 (U) contains exactly two vertices of type II, and
every face of SVn−2 (U) contains exactly two vertices of type I.
Property 5.7. Let f (Pk ) be a face of SVk (U), for 1 < k < n − 1. Then, on its boundary not all vertices
of the same type are consecutive. Equivalently, there is an edge of SVk+1 (U) inside f (Pk ) that crosses an
edge of SVk−1 (U) inside f (Pk ).
Proof. By Property 4.17, the boundary of f (Pk ) has vertices of type I and II, which are the leaves of the
trees induced in f (Pk ) by SVk+1 (U) and SVk−1 (U), respectively. Let T1 and T2 be the corresponding
trees.
Suppose that all the vertices of the same type are consecutive in the ordered list of the boundary vertices
of f (Pk ). Let v1 , · · · , vj be the vertices of type II and vj+1 , · · · , v` the vertices of type I of f (Pk ). By
Property 5.1, T1 gives rise to a subdivision of the cell f (Pk ) into regions which differ in their (k +1)-nearest
neighbor from U. Analogously, T2 gives rise to a subdivision into regions which differ in their k-nearest
neighbor from U.
There is a path between vj+1 and v` in T1 , that delimits a region whose (k + 1)-nearest neighbor from
U is a point of S \ Pk . Let ms be this point and Rms the corresponding region, see Figure 18 (a). Then, by
Property 5.1, the edges v1 v` and vj vj+1 have label ms outside Rms . Analogously, there is a path between
v1 and vj in T2 , that delimits a region whose k-nearest neighbor from U is a point of Pk . Let ir be this
point and Rir the corresponding region, see Figure 18 (b). Then, by Property 5.1, the edges v1 v` and
vj vj+1 have label ir inside Rir .
Therefore, the edges rv1 v` and vj vj+1 should belong to the same bisector, bms ir , which is impossible.
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Figure 18: (a) The edges vj vj+1 and v` v1 belong to the bisector between ms and another point of Pk . (b)
The edges vj vj+1 and v` v1 belong to the bisector between ir and another point of U \ Pk .

6. The Regions Rk (i) and a Cycle Double Cover of
the Edges of SVk (U)
As can be seen in Figure 15, there are several edges with the same label i in SVk (U) and, from that fact,
we have that all these edges with label i enclose a region that we denoted as Rk (i). Such region Rk (i)
consists of all the points of the sphere that have point i ∈ S as one of their k nearest neighbors from S.
The boundary Bk (i) of Rk (i) is the set of all the edges of SVk (U) with label i.
Property 6.1. All the faces in SVk (U) that have the label i form a unique connected region, Rk (i). Its
boundary Bk (i) is a cycle formed by all the edges of SVk (U) that have the label i, and this label is always
inside Rk (i).
Proof. Recall that, by Property 4.2, proximity points are exchanged at the edges of SVk (U). That is, two
adjacent cells f (Pk ) and f (Qk ) sharing the edge bij have k − 1 common nearest neighbors from U and
they differ in i ∈ Pk \ Qk and j ∈ Qk \ Pk . The edge b ij has the labels i and j; by Property 4.3, the label
i is inside f (Pk ) and the label j is inside f (Qk ). Therefore, the only edges that have the label i are the
edges incident to a cell in Rk (i) and incident to a cell not in Rk (i). Thus, the boundary of Rk (i) is formed
by all the edges of SVk (U) which have the label i. Furthermore, by Property 4.3, for all the edges of the
boundary of Rk (i), both the point i and the region must be on the same side of the edge. This implies
that if Rk (i) was formed by more than one connected component, i should be inside all of them, which is
impossible. Hence Rk (i) is connected.
Note that each vertex of SVk (U) is incident to either zero or two edges with the same label. Thus
Bk (i) is a cycle.
We remark that this property is a little different for Voronoi diagrams in the plane. This is because,
in the plane, Voronoi diagrams have unbounded edges and therefore Bk (i) in the plane is either a cycle or
one or more paths whose first and last edge are unbounded edges of the planar Voronoi diagram, [7]. But
in the sphere there do not exist unbounded faces and we have that all the Bk (i) must be cycles.
Property 6.2. For every i ∈ U, the region Rk (i) formed by all the cells which have the label i in SVk (U)
is star-shaped and the face R1 (i) of SV1 (U) is contained in its kernel.
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Proof. Let q be any point in R1 (i). Then q and i lie to the same side of any bisector bij for any j ∈ S \ {i}
because i is the nearest neighbor of q in S. Then q is in the intersection of all the half-spheres delimited
by bij that contain i. This implies that Rk (i) is star-shaped and that q is in its kernel.
Property 6.3. Let f (Pk ) be a face of Rk (i). Then Rk (i) \ f (Pk ) is connected.
Proof. For the sake of a contradiction, suppose that Rk (i) \ f (Pk ) is not connected. Let F be a set of
faces of Rk (i) that forms one of the connected components of Rk (i) \ f (Pk ); see Figure 19. Necessarily,
F and f (Pk ) share a chain of edges e1 , ... , ej and all the other edges of the boundary of F are boundary
edges of Rk (i) having label i inside F . Let v1 and vj be the endpoints of the path e1 , ... , ej . In particular,
v1 and vj are boundary vertices of Rk (i) and therefore incident to two edges with label i. For both vertices,
one of these edges is a boundary edge of F . The edges in the chain e1 , ... , ej do not have label i because
they are interior edges of Rk (i). Then the edge of f (Pk ) incident to v1 , respectively vj , not shared by F
has label i. By Property 5.4 all the other edges of f (Pk ) different from e1 , ... , ej have label i. Hence, all
the edges of f (Pk ) are either edges of Bk (i) or edges shared with the component F , which implies that
Rk (i) = F ∪ f (Pk ) and Rk (i) \ f (Pk ) is connected.

Rk (i)
i v1 i
e1

f b(Pk )

F

i

ej
i

vj

i

Figure 19: Illustration of the proof of Property 6.3.

A vertex v of Bk (i) is reflex if the spherical angle spanned by the two edges of Bk (i) incident to v ,
inside Rk (i), is greater than π. It is a convex vertex if this angle is less than π.
Property 6.4. The vertices of Bk (i) that are incident to an edge of SVk (U) lying in the interior of Rk (i)
are of type II, and the remaining vertices are of type I. Moreover, for k > 1, Bk (i) encloses at least three
faces of SVk (U). If Bk (i) has r reflex vertices, then it encloses at least r faces of SVk (U).
Proof. By Property 6.1, all the edges of Bk (i) have the label i inside Rk (i); see Figure 2. Hence, for a
vertex v ∈ Bk (i) that has an incident edge lying in the exterior of Rk (i), there are two consecutive i labels
around v . Thus, the cyclic order of the labels of the edges around v is i, i, j, j, `, `. Then, by Property 5.3,
v must be of type I. For the remaining vertices, they have an incident edge lying in the interior of Rk (i).
This edge separates the two labels i. Thus, the cyclic order of the labels around v must be i, j, `, i, j, ` and
therefore, by Property 5.3, v must be of type II.
Let k ≥ 2. By Property 5.7, it cannot happen that all vertices of a cell of SVk (U) are of the same type
or that the vertices of the same type are all consecutive in the boundary of the cell. Therefore, there are
at least two edges of SVk (U) in the interior of Bk (i), which implies that Bk (i) cannot be the boundary
of a unique cell or of the union of two cells; see Figure 20. Assume then, that Bk (i) has r reflex vertices.
Each reflex vertex v of Bk (i) has an incident edge ev that lies in the interior of Bk (i), because otherwise
the face incident to v in Rk (i) would not be convex. Note that each reflex vertex of Bk (i) is of type II.
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Figure 20: The vertices of Bk (i) that have an incident edge lying in the interior of Bk (i) are of type II (red
color). The remaining vertices of Bk (i) are of type I (blue color).

When walking along the boundary Bk (i) of Rk (i) in clockwise order, we can assign to each reflex vertex of
Bk (i) the face of Rk (i) that lies to the left of ev , when orienting this edge towards the interior of Rk (i).
Then, to each reflex vertex we assign a different face in Rk (i). It follows that Bk (i) encloses at least r cells
of SVk (U).

Property 6.5. Let v be a vertex in the boundary Bk (i) of Rk (i). If v is of type I, then it is a convex vertex
of Bk (i). If v is of type II, it is a reflex vertex of Bk (i).
Proof. This property follows from Property 6.4. If v is of type II, then it has an incident edge that lies in
the interior of Rk (i). Then, since all faces of Rk (i) are convex, v must be a reflex vertex. If v is of type
I, then it has an incident edge that lies in the exterior of Rk (i). Using again that all faces of Rk (i) are
convex, v must be a convex vertex.
Property 6.6. For every k > 1, and for every point i ∈ U, Rk−1 (i) ⊂ Rk (i). That is, the regions associated
to the same point i in Voronoi diagrams of consecutive orders are nested.
Proof. Let p ∈ Rk−1 (i). Then i is one of the k − 1 nearest neighbors from U of p. Hence, i must be one
of the k nearest neighbors from U of p. And therefore p ∈ Rk (i). See Figure 21.

For i ∈ U, let A(i) be the arrangement of the bisectors bij , with j ∈ U. Since U is in general position,
at most two such bisectors intersect in a common point.
Next, we show that Bk (i) is determined by Bk−1 (i) using the arrangement A(i).
Property 6.7. For 2 ≤ k ≤ n − 1, Bk (i) can be obtained from Bk−1 (i) by going through the arrangement
of bisectors of A(i) in an orderly way.
Proof. Any bisector bij in A(i) is cut into 2(n − 2) open segments, delimited by the centers of the circles
through i, j and one of the n − 2 remaining points of U. Note that A(i) contains all the vertices and edges
n−1
[
of SVk (U) that contain the label i, for every k. In particular, A(i) =
Bk (i).
k=1
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R3 (1)

R2 (1)

R1 (1)

Figure 21: Nested regions Rk (1) formed by the cells that have the point 1 as one of the k nearest neighbors,
for k ∈ {1, 2, 3}.
Let v be a vertex of Bk (i). By Property 5.3, in A(i), v is incident to exactly four edges that have the
label i, see Figure 16. We describe the steps of an algorithm for computing Bk+1 (i) from Bk (i).
1. For each convex vertex v of Bk (i) we add to Bk+1 (i) the two edges incident to v that are not in
Bk (i) and their endpoints. See Figure 22. If one of these vertices has degree 1 in Bk+1 (i), we go
to step 2. Otherwise, if the endpoints of these edges have degree 2 in Bk+1 (i), we have obtained
Bk+1 (i) and the algorithm stops.
2. Let vw be an edge of Bk+1 (i) such that v has degree 2 in Bk+1 (i) and w has degree 1. There are
three possible edges of A(i) incident to w that we could add to Bk+1 (i). One of them is consecutive
to vw along the same bisector and therefore cannot be an edge of Bk+1 (i). Among the two remaining
edges, we add the one that is to the same side of the great circumference containing vw as the point
i. See Figure 22. We repeat this step until there are no vertices of degree 1 left. Then we have
obtained Bk+1 (i).
We now justify the correctness of the algorithm. By Property 6.5, each convex vertex of Bk (i) is a
reflex vertex in Bk+1 (i), and they are the only reflex vertices in Bk+1 (i). In step 1 we add these vertices
and their incident edges to Bk+1 (i). When the algorithm is finished, all the vertices of Bk+1 (i) must have
degree 2 since Bk+1 (i) is a unique cycle, see Property 6.1. But after step 1, there might still be vertices
of degree 1 because there are missing edges in Bk+1 (i). In step 2 we address those vertices.
It only remains to prove that, among the two possible edges that we can add to a vertex w of degree
1 in step 2, we choose the edge that belongs to Bk+1 (i). But among these two edges only one is visible
from point i, preserving the property that Rk (i) is star-shaped, see Property 6.2, and that is precisely the
chosen edge in step 2.

A cycle double cover of a graph G is a collection of cycles C such that every edge of G belongs to
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Figure 22: (a) Obtaining B2 (1) (steps 1 and 2) from B1 (1). (b) Obtaining B3 (1) (step 1) from B2 (1)
precisely two cycles of C. A double cover C is orientable if an orientation can be assigned to each element
of C such that for every edge e of G , the two cycles that cover e are oriented in opposite directions. We
show in Property 6.8 that SVk (U) has a double cover C that is formed by the cycles in ∪i∈S Bk (i), where
Bk (i) is the set of edges of SVk (U) containing the same label i.
Property 6.8. When SVk (U) is interpreted as a graph, it has an orientable cycle double cover consisting
of |U| = n cycles.
Proof. For every 1 ≤ i ≤ n, Property 6.1 states that all the edges that have the label i in SVk (U) form a
cycle. Each edge of SVk (U) has two labels, and belongs therefore to exactly two cycles. Since each label
i, corresponding to a point i ∈ S, is inside the corresponding region Rk (i), we can orient all the edges of
a cycle with label i clockwise around point i, which is also contained in Rk (i). This shows that the cycle
cover is orientable. Finally, as there is a cycle for each point of U, we have that SVk (U) has an orientable
double cover of n cycles.
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7. Relations between Planar and Spherical Voronoi
Diagrams
Hyeon-Suk Na, Chung-Nim Lee and Otfried Cheong [17] give a construction for the nearest and furthest
Voronoi diagrams in the sphere based on mapping two planar Voronoi diagrams of the points by an inversion.
In this section we generalize this construction to Voronoi diagrams of arbitrary order k and we prove some
more properties using this construction.
First, we need to define the inversion transformation, as it is the basis of the relation between Voronoi
diagrams on the sphere and on the plane.
Definition 7.1. The inversion transformation is determined by two parameters: The center of inversion O
and the radius of inversion R. Two points P and P 0 in R3 are said to be inverses of each other if:
1. The points P and P 0 lie in the same half-line with origin in O.
2. The Euclidean distances |OP| and |OP 0 | in R3 verify that R 2 = |OP||OP 0 |
For this transformation it is important to remark the following properties of inversions in R3 as they
are the key of the constructions that we define. For more details about the inversion and its properties see
[3].
Property 7.2. The inverse of any sphere S which does not pass through the center of inversion is a sphere
S 0 which does not pass through the center of inversion. Also, if the center of inversion is not at the interior
of S, then the interior of S transforms to the interior of S 0 and the exterior of S transforms into the exterior
of S 0 .
Property 7.3. The inverse of any sphere which passes through the center of inversion is a plane which
does not pass through the center of inversion. And the interior of the sphere transforms to a half-space
bounded by that plane and the exterior of the sphere transforms to the opposite half-space.
Now, we can proceed in a similar way to [6] to prove the construction for Voronoi diagrams in the
sphere of arbitrary order, SVk (U). For now on, we denote by S 0 the plane inverse of the sphere S, by U 0
the set of points on the plane S 0 that are inverses of the points of U ⊂ S, and by Vk (U 0 ) the Voronoi
diagram of order k in the plane for the set of points U 0 .
Property 7.4. Let i ∈
/ U be a point in the sphere S such that U ∪ {i} is in general position. Let U 0 be
the set of inverse points of U for a chosen inversion radius r and i the center of inversion. SVk (U) is
homeomorphic to the union Vk (U 0 ) and Vn−k (U 0 ), joined by the unbounded edges common to Vk (U 0 ) and
Vn−k (U 0 ) (unbounded edges from the same bisector are glued together). Moreover, Rk (i) in SVk (U ∪ {i})
partitions SVk (U) into two subgraphs that are homeomorphic Vk (U 0 ) and Vn−k (U 0 ). The vertices of type
I (type II) in Vk (U 0 ) correspond to the vertices of type I (type II) in SVk (U) and the vertices of type I
(type II) in Vn−k (U 0 ) correspond to the vertices of type II (type I) in SVk (U). See Figures 23 and 24.
Proof. By Property 7.3, since i is a point of S, the inverse of the sphere is a plane S 0 . Let abc be a vertex
of SVk (U). By Property 4.6, it is the center of a circle passing through a, b and c that either encloses
k − 1 or k − 2 points of U. This circle is contained in a sphere Sabc with the same center and radius.
Points in the edges of SVk (U) are centers of circles that pass through two points of U and enclose k − 1
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of U, and, in the same way, all such circles are contained in a sphere with the same center and radius. We
distinguish three cases for that circles.
Case 1: If the circle goes through a, b and c, and does not enclose or pass through the inversion’s
center, so neither does Sabc . By Property 7.2, the inverse of Sabc is a sphere whose intersection with S 0
is a circle that passes through a0 , b 0 and c 0 (the inverses of a, b and c), and encloses the inverse of the
points in the interior of Sabc . Thus, there exists a circle with center a0 b 0 c 0 that passes through the inverses
of a, b and c and encloses the same number of points (k − 1 or k − 2) of U 0 . Therefore, as Property 4.6
works in the same way as the corresponding property in the plane [7], a0 b 0 c 0 is a vertex of Vk (U 0 ) and
it is of the same type as abc. From that, we have that there is an one-to-one correspondence between
vertices of SVk (U) and Vk (U 0 ). Note that, as the points in the edges of SVk (U) are centers of circles that
pass through two points of U and enclose k − 1 points of U, if they do not contain or pass through the
inversion’s center we can proceed in the same way to show that the inverses of such edges of SVk (U) are
edges of Vk (U 0 ). See Figure 23.
Case 2: If the circle encloses the inversion’s center, so also does Sabc . By Property 7.2, the inverse of
Sabc is a sphere whose intersection with S 0 is a circle that passes through a0 , b 0 and c 0 . But, as it contains
i, the number of points of U 0 that are enclosed is not the same as the number of points of U enclosed by
Sabc . Note that abc is a point in the interior of Rk (i) because if the circle encloses i, it means that i is
one of its k nearest neighbors of abc in SVk (U ∪ {i}). By Properties 4.1 and 5.5, the boundary of the
antipodal polygon of Rk (i) has label i in the exterior, i.e., the interior of the antipodal polygon of Rk (i)
is the exterior Rn−k (i). Then, the induced graph by SVk (U) in the interior of Rk (i) in SVk (U ∪ {i}) is
homeomorphic to the induced graph by SVn−k (U) in the exterior of Rn−k (i), and it is as in Case 1. So,
Vn−k (U 0 ) is homeomorphic to the induced graph by SVk (U) in the exterior of Rn−k (i) and, therefore, is
homeomorphic to the induced graph by SVk (U) in the interior of Rk (i). By Property 4.7, the corresponding
vertex to a type I (type II) vertex in Vn−k (U 0 ) is of type II (type I) in SVk (U). See Figure 24.
Case 3: If the circle passes through the inversion’s center i, so also does the corresponding sphere with
the same center and radius. Note that abc cannot be the center of a circle passing through i, a, b and c as
U ∪ {i} is in general position. Therefore, we can assume that the center of any circle that passes through
i must be of the form abi where a and b are points of U, i.e., abi is a vertex of a Voronoi diagram of some
order for U ∪ {i} that is also a point of SVk (U). So, since this point cannot be a vertex of SVk (U), it
must be a point in an edge of SVk (U). The points on the edges are centers of circles that pass through
two points of U and enclose k − 1 points of U, then abi must be a vertex of type I in SVk (U ∪ {i}). The
point abi is a convex vertex of Bk (i), by Property 6.5. By Property 7.3, the inverse of the sphere Sabi is
a plane that intersects with S 0 in a line that passes through a0 and b 0 . Finally, since lines can be regarded
as circles with center in the infinity, such point abi corresponds precisely to the point at infinity of the
perpendicular bisector between a0 and b 0 . Note that, as these points on the edges of SVK (U) correspond
to points at infinity, those edges split into the unbounded edges of Vk (U 0 ) and Vn−k (U 0 ). See Figures 23
and 24.

From this property we have that to construct the Voronoi diagram of order k in the sphere, we just
have to invert the points of U, compute Voronoi diagrams of order k and n − k in the plane for U 0 and
map them to the sphere as follows: each vertex a0 b 0 c 0 of either Vk (U 0 ) or Vn−k (U 0 ), center of a circle that
passes through a0 , b 0 and c 0 in the plane, corresponds to a vertex abc of SVk (U) that is center of the circle
that passes through a, b and c in the sphere; the vertices get connected in the same way as in the plane,
i.e., if a0 b 0 c 0 is connected to d 0 e 0 f 0 in the plane then abc is connected to def in the sphere. And finally,
the vertices in the sphere corresponding to the vertices of the unbounded edges from the same bisector in
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Vk (U 0 ) and Vn−k (U 0 ) get connected.

V2(U 0)

SV2(U ) \ R2(i)

(a)

(b)

Figure 23: For a set U of ten points in the sphere (the visible ones are drawn in green color). The
picture shows the homeomorphism between: (a) The induced graph by SV2 (U) at the exterior of R2 (i) in
SV2 (U ∪ {i}). (b) The planar Voronoi diagram of order 2 for the points of U 0 (black color).

B2(i)

V8(U 0)

SV2(U ) ∩ R2(i)

(a)

(b)

Figure 24: For a set U of ten points in the sphere (the visible ones are drawn in green color). The
picture shows the homeomorphism between: (a) The induced graph by SV2 (U) at the interior of R2 (i) in
SV2 (U ∪ {i}). (b) The planar Voronoi diagram of order 8 for the points of U 0 (black color).
Let us shortly also comment on the computational complexity of constructing higher order Voronoi
diagrams on the sphere. The inversion is a linear time transformation and, once we have the planar Voronoi
diagrams, mapping them to the sphere also only requires linear time. Therefore, the computational time
for constructing the spherical Voronoi diagrams is bounded by the computational time for the planar ones,
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i.e, O(k 2 n log(n)) [13]. We also refer to [15] for a discussion on the several algorithms for higher order
Voronoi diagrams.
In the previous sections we have proved properties for Voronoi diagrams in the sphere just using geometrical arguments in the sphere. Now, from these constructions, it is easy to see that they must be true
for the sphere as these properties were proved for the planar Voronoi diagrams [7]. Now, we can prove
easily some properties in the sphere using results from the plane but also we can prove properties in the
plane using the sphere. In particular, this allows us to show that the number of vertices of type I (type II)
in SVk (U) only depends on the number n of points, but not on their positions in the sphere.
Property 7.5. For a set U of n points in the sphere, the number of vertices of type I in SVk (U) is
2k(n − k − 1) and the number of vertices of type II is 2(k − 1)(n − k).
Proof. By Property 7.4, we can define an inversion transformation such that there is a one-to-one correspondence between the vertices of SVk (U) and the vertices of Vk (U 0 ) and Vn−k (U 0 ).
Vertices of type I if SVk (U 0 ) and vertices of type II of Vn−k (U 0 ) correspond to the vertices of type I in
SVk (U). Then, the number of vertices of type I in SVk (U) is the sum of type I vertices of Vk (U 0 ) and type
II vertices of Vn−k (U 0 ) which correspond to the circles enclosing k − 1 points, ck−1 , and circles enclosing
n − k − 2 points of U 0 , cn−k−2 , respectively. By Theorem 5.3 of [14], we have that:
ck−1 + cn−k−2 = 2(k − 1 + 1)(n − 2 − k + 1) = 2k(n − k − 1)

(1)

Then, the number of points of type I in SVk (U) is 2k(n − k − 1).
Similarly, we can compute the number of points of type II as the sum of vertices of type II in Vk (U 0 )
and type I in Vn−k (U 0 ), i.e., the sum of the circles enclosing k − 2 points, ck−2 , and n − k − 1 points of
U 0 , cn−k−1 . Again, using Theorem 5.3 of [14], we have that:
ck−2 + cn−k−1 = 2(k − 2 + 1)(n − 2 − k + 2) = 2(k − 1)(n − k)

(2)

Then, the number of points of type II in SVk (U) is 2(k − 1)(n − k).
Property 7.6. For a set U of n points in the sphere, the order k Voronoi diagram SVk (U) has (4kn −
4k 2 − 2n) vertices, (6kn − 6k 2 − 3n) edges and (2kn − 2k 2 − n + 2) faces.
Proof. Vertices of spherical Voronoi diagrams are either of type I or type II so the total number of vertices
is the sum of vertices of the two types. Then, by Property 7.5, the number of vertices |V | is
|V | = 2k(n − k − 1) + 2(k − 1)(n − k) = 4kn − 4k 2 − 2n

(3)

Now, as each vertex has degree three in SVk (U), we can count the total number of edges. Since each edge
is incident to two vertices, by double counting, the number of edges |E | is
|E | =


3
−4k 2 + 4kn − 2n = 6kn − 6k 2 − 3n
2

(4)

Finally, as SVk (U) is a planar graph by Property 4.12, we can apply the Euler’s Formula to count the
number of faces |F | and we have that
|F | = 2 − (−4k 2 + 4kn − 2n) + (−6k 2 + 6kn − 3n) = 2kn − 2k 2 − n + 2

(5)
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8. Alternating Hexagons
This section is on alternating hexagons and on certain configurations that cannot appear in SVk (U) for
small values of k. A hexagonal face in SVk (U) is alternating if its vertices alternate between type I and type
II, see Figure 25. The interest on alternating hexagons comes from the previous section. By Property 7.6,
we can show that the average number of vertices in a face in a higher order Voronoi diagram is close to
six, and, by Property 7.5, the numbers of vertices of type I and of type II in SVk (U) do not differ a lot,
depending on the order k of the diagram (and they are equal for k = n/2). For k = 2, it follows from
Property 5.6 that SV2 (U) contains no alternating hexagons. We consider then SV3 (U).
Property 8.1. Let v be a vertex of type I in SV3 (U). Then, at most two of the three incident faces to v
are alternating hexagons.
Proof. Let v be a vertex of type I in SV3 (U) and suppose that the three faces incident to v are alternating
hexagons; see Figure 25. By Property 4.2 we can assume that these hexagons are defined by P3 = {i, j, `},
P30 = {j, `, m}, and P300 = {j, `, n}. By Property 5.2, the labeling of one of these hexagons, say f (P3 ),
determines the labeling of the other two hexagons. But then their common vertex w of type II does not
comply with Property 5.3. See Figure 25. Therefore, there cannot be three alternating hexagons with a
common vertex of type I in SV3 (U).
Property 8.2. Any alternating hexagon in SV3 (U) is adjacent to at most three other alternating hexagons.
Proof. This follows directly from Property 8.1.

`

`n
w m
j`m
j
m n
j
i
m v
j`n
i
n
mj
i
`
ij`
i
` n
j
`
j

j
`

Figure 25: Three alternating hexagons incident to vertex v of type I. The labels shown in red, corresponding
to edges incident to w, do not comply with Property 5.3.
Using the same strategy we can show that for k = 4, in SV4 (U) it is possible that all the adjacent faces
to an alternating hexagon are alternating hexagons. But we have a contradiction when we assume that the
second layer consist also of alternating hexagons around the central face. Consecutively, for larger values
k, the labeling rules can be satisfied for more layers of alternating hexagons surrounding a given alternating
hexagon. The maximum number of layers is expected to be for k = n/2, as by Property 4.1 complementary
order Voronoi diagrams must have the same configurations of alternating hexagons exchanging the type
of its vertices. But, note that, not even for k = n/2, all the faces of spherical Voronoi diagrams can be
alternating hexagons taking into account that, by Property 7.6, not all the faces of a spherical Voronoi
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diagram can be hexagons no matter the order. In Figure 26 for SV6 (U) it is possible to form two consecutive
layers (in yellow and blue) around the central alternating hexagon. However, it is not possible to form a
third layer, independent of the labeling. See Figure 26 for one possible labeling. We leave for future
investigation whether this labeling is realizable for some point set.
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Figure 26: Labeling of alternating hexagons in V6 (S). Two consecutive layers around the central face
f ({1, 2, 3, 4, 5, 6}) satisfy the labeling rules. The three red faces do not comply with the vertex rule.
We finally present a property on alternating hexagons in Rk (i).
Property 8.3. For every i ∈ S, the faces forming the region Rk (i) cannot all be alternating hexagons.
Proof. Note that if Rk (i) is formed only by alternating hexagons, then there is always a vertex v of type
II in Bk (i) without an incident edge lying in the interior of Rk (i). By Property 5.3, the two edges of Bk (i)
incident to v cannot both have the label i inside Rk (i).
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9. Conclusions
In this thesis we have proved several properties of the order k Voronoi diagram for a set of n points in
a sphere. Moreover, by the construction presented in Section 7, we have observed that every property
that does not involve unbounded faces of Voronoi diagrams in the plane works the same for the Voronoi
diagrams in the sphere for arbitrary values of k. Also, we have studied some exclusive properties for the
diagrams in the sphere, 4.1, 4.7, 4.9, 5.5, 7.5 , and 7.6.
We have seen that there exists a strong symmetry between complementary order Voronoi diagrams in
the sphere. If a vertex of SVk (U) is of type I (type II) then its antipodal point in the sphere is a vertex
of type II (type I) in SVk (U) and each face is the antipodal polygon of the faces of the complementary
order Voronoi diagram. From that, we have seen that any property about all the vertices of one type must
hold for the other type and, similarly, any property that relates SVk (U) and SVk+1 (U) must hold also for
SVk (U) and SVk−1 (U) and vice versa.
We have defined for the sphere the same labeling rules for Voronoi diagrams that we have in the plane
[7]. But we have seen that, unlike on the plane where we have unbounded faces, on the sphere all regions
Rk (i) are bounded by a cycle and all Voronoi diagrams in the sphere can be double covered by a constant
number n = |U| of cycles that are precisely the boundary Bk (i) of the regions Rk (i), for i = 1 ... n.
By the construction defined in Section 7, we have seen that, no matter the distribution of the points
in the sphere, spherical Voronoi diagrams of order k of sets of n points always have the same number of
faces, vertices and edges. This construction also gives us a tool to study not only properties of Voronoi
diagrams in the sphere but also for the diagrams in the plane. For example, we can look for a good choice
of inversion’s center i in the sphere such that the induced cut by Rk (i) in SVk (U) minimizes the number
of resulting unbounded edges in the planar diagrams. This relates to the famous problem of bounding the
number of k-edges, see [9].
We have seen impossible configurations of faces of SVk (U) consisting of alternating hexagons. Particularly, we have seen that, although a subdivision of the surface into hexagons is a natural tessellation, this
is not feasible for a Voronoi diagram in the sphere no matter if the hexagons are alternating or not. There
is still a lot of investigation to do in this work line. For example: How many 4-gons, 5-gons, etc. are there
at least and at most in SVk (U)? Furthermore, the problem of finding tight lower and upper bounds for
the number of alternating hexagons in spherical Voronoi diagrams is still open.
In conclusion, the lack of unbounded faces, the symmetry between complementary spherical Voronoi
diagrams, and the fact that the numbers of vertices, edges and faces are constant in the sphere make
specially interesting the study of Voronoi diagrams in the sphere. Then, the study of spherical Voronoi
diagrams is a very strong tool for the investigation of properties of Voronoi diagrams in the plane.
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