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We study the repulsive Fermi polaron in a two-component, two-dimensional system of fermionic
atoms inspired by the results of a recent experiment with 173Yb atoms [N. Darkwah Oppong et
al., Phys. Rev. Lett. 122, 193604 (2019)]. We use the di�usion Monte Carlo method to report
properties such as the polaron energy and the quasi-particle residue that have been measured in
that experiment. To provide insight on the quasi-particle character of the problem, we also report
results for the e�ective mass. We show that the e�ective range, together with the scattering length,
is needed in order to reproduce the experimental results. Using di�erent model potentials for the
interaction between the Fermi sea and the impurity, we show that it is possible to establish a regime
of universality, in terms of these two parameters, that includes the whole experimental regime. This
illustrates the relevance of quantum �uctuations and beyond mean-�eld e�ects to correctly describe
the Fermi polaron problem.

The problem of a single particle surrounded by a
medium plays a crucial role in many di�erent quantum
many-body systems. Some examples are the Kondo ef-
fect [1] and Anderson's orthogonality catastrophe [2]. Be-
cause of this, it has been studied in di�erent �elds of
physics, such as condensed matter [3�5] and neutron mat-
ter [6]. In particular, an impurity coupled to a Fermi sea
leads to the formation of a quasi-particle, known as Fermi
polaron. The properties of such quasi-particle can di�er
drastically from the properties of the bare particle [7].
Ultracold atoms constitute an excellent platform for

the investigation of the properties of the Fermi polaron,
mainly due to their high tunability and controllability.
Speci�cally, the interaction between the impurity and
the bath can be controlled by means of a Feshbach res-
onance. Experimentally, two-component mixtures of ul-
tracold gases with a very small concentration of one of
the components are used to study the physics of the
Fermi polaron. This includes mixtures of two di�er-
ent atomic species [8, 9] and mixtures of two di�erent
hyper�ne levels of the same atom [10] and of di�erent
atoms [11, 12]. While initially only alkali atoms were
employed [13�18], the recently discovered orbital Fesh-
bach resonance (OFR) in 173Yb [19�21] has made it pos-
sible to use alkaline-earth atoms, which feature richer
interactions that can induce spin exchange as well as
SU(N)-symmetric collisions [22]. Under these conditions,
it has been possible to spectroscopically probe the en-
ergies of the repulsive and attractive branches of the
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two-dimensional (2D) polaron, and to measure the quasi-
particle residue by driving Rabi oscillations [22].

Previous di�usion Monte Carlo (DMC) calculations re-
veal the existence of a universal regime in terms of the gas
parameter na2

s for the 2D Fermi polaron, that stands for
values na2

s ≤ 10−3 [23], with n the particle density and
as the 2D s-wave scattering length. These results di�er
from the ones found for three-dimensional Fermi systems
(na3

s . 10−2 [24]), which re�ects the enhanced relevance
of quantum �uctuations in the 2D Fermi polaron. Re-
markably, the energy of the 2D polaron and the quasi-
particle residue have been measured recently for gas pa-
rameters outside of the universal regime exploiting the
OFR in 173Yb [22]. As a consequence, mean-�eld theory
and its �rst perturbative correction (the Lee-Huang-Yang
-LHY- term), which are functions of only the scattering
length, are unable to accurately describe this problem.

With the aim of extending the regime of universality,
we study in this Letter the 2D Fermi polaron problem
including in the interaction both the s-wave scattering
length and the e�ective range. We �x both quantities to
values compatible with the experiment of Ref [22]. We
perform our calculations with two di�erent model poten-
tials, detailed below, in order to check if the scattering
length and the e�ective range are su�cient to quantita-
tively describe the system in the regime of gas parameters
considered. Similar calculations have been carried out in
other systems, where good agreement with experimental
results has been found, see for example Ref. [25, 26] for re-
sults regarding quantum droplets in Bose-Bose mixtures.
Our results show that the explicit consideration of the �-
nite range of the interaction allows for an excellent agree-
ment with experimental data. In fact, this agreement is
not possible by only including the scattering length. In-
terestingly, we observe in the 2D Fermi polaron a regime
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of universality in terms of the two scattering parameters.
Our microscopic approach is based on the di�usion

Monte Carlo (DMC) method. DMC allows to accurately
describe the ground state of quantum systems both in
dilute and in strongly correlated regimes. Starting from
a variational ansatz, the initial wave function ΨT (R) is
propagated in imaginary time keeping its nodal surface
constant. In this way, one keeps the Fermi sign prob-
lem under control, leading to a statistical representa-
tion of the best possible wave function within a nodal
surface constraint (�xed-node approximation -FN- [27]).
As a consequence, FN-DMC produces variational results
whose quality is related to the accuracy of the model
nodal surface. For the trial wave function, we use a
Jastrow-Slater ansatz, which consists on a product of
an antisymmetric part ΨA(R) times a Jastrow factor
ΨJ(R), that is symmetric to the exchange of particles.
It reads

ΨT (R) = ΨA(R↑) ΨJ(R) , (1)

where R = {r1, . . . , rN↑ , r↓} is the set of all N↑ + 1 par-
ticle coordinates, and R↑ accounts only for the coordi-
nates of the N↑ particles of the bath. The antisymmetric
term corresponds to a Slater determinant of plane waves,
which is accurate enough for the low densities considered
in this work [28]. The Jastrow term in Eq. (1) is chosen
as a product of two-body correlation functions, which are
taken as the ground-state wave function of the two-body
problem at short distances matched with a phonon-like
long-range term. The propagator employed in DMC is
accurate up to second order in the imaginary time step.
O�-diagonal estimators have an additional bias related
to the choice of ΨT (R). In order to correct this, up to
�rst order, we use the extrapolated estimator technique.
The error bars of our results account for this source of
error, statistical Monte Carlo uncertainty, bias originat-
ing from the �nite imaginary time step, and �nite-system
size e�ects.
To describe the 2D Fermi polaron, we study a system

of N = N↑ + 1 particles composed by a Fermi sea of N↑
non-interacting fermions and a spin ↓ impurity, all with
the same mass m. The Hamiltonian of the N -particle
system reads

Ĥ = − ~2

2m
∇2
↓ −

~2

2m

N↑∑
i=1

∇2
i +

N↑∑
j=1

V int(r↓j) , (2)

where r↓j ≡ |r↓ − rj | is the distance between a bath
particle at rj and the impurity position r↓. The two-body
potential V int(r) models the interaction of the polaron
with the bath. We use two di�erent potentials. The �rst
one is a Square-Well-Soft-Core (SWSC) potential, which
reads

V (r) =


−U0, 0 < r < R0,

U1, R0 < r < R1,

0, R1 < r <∞ ,

(3)

R0[a3D] R1[a3D] U0[~2/(ma2
3D)] U1[~2/(ma2

3D)]
SC 0 2.40593 0 0.425291
SWSC 0.91627 2.29069 0.62099 0.576351

TABLE I. Parameters of the interaction potentials (SWSC,
SC) that reproduce the experimental values of a3D and reff

3D.

with all the parameters (R0, R1, U0, U1) being positive.
The second model is a Soft-Core (SC) potential, that
can be considered a limiting case of the previous one
by setting R0 = 0, and thus it is uniquely described by
U1 and R1. The values of the parameters of Eq. (3)
are reported in Table I. These values are chosen so that
the potential reproduces the experimental results from
Ref. [29], which corresponds to setting a3D = 1878a0

and reff
3D = 216a0, with a0 the Bohr radius [30, 31]. In

Ref. [29], it is reported a second value for the e�ective
range, which is smaller (reff

3D = 126a0), but we checked
with DMC that experimental data are only reproduced
by choosing the larger value, reff

3D = 216a0.
One of the mosy relevant quantities in the study of

the polaron is the polaron energy, which is in fact the
chemical potential of the impurity. Within the DMC
framework, it can be evaluated by means of the energy
di�erence

εp = [E(N↑, 1)− E(N↑, 0)]V , (4)

where E(N↑, 0) is the energy of the N -particle pure sys-
tem and E(N↑, 1) is the one obtained when the impurity
is added, keeping the volume constant. Within the mean-
�eld approximation, the polaron energy is given by

εMF =
4π~2n

m ln(c0na2
s)
, (5)

with c0 a free parameter [32] that is related to the energy
scale of the system. Following previous works [23, 28, 33],
we �x it so that the choice for the energy scale corre-
sponds to that of the free Fermi system (EF = 2~2πn/m),
which results into c0 = e2γπ/2 ' 4.98, where γ ' 0.577
is the Euler's gamma constant.

In order to benchmark the present results, we com-
pare our DMC energies for the SWSC and SC models
to those obtained with a hard-disk (HD) potential (from
Ref. [23]) and to the mean-�eld prediction (5). While
the hard-disk potential shares the same scattering length
with the SWSC and SC potentials, its e�ective range is
di�erent and cannot be imposed in the construction of
the model potential because the HD potential has only
one free parameter, that is the diameter of the disk. We
report in Fig. 1 our DMC results for the polaron energy
corresponding to the SWSC and SC potentials. In the
same �gure, we include the mean �eld prediction, the HD
model results, and the experimental results of Ref. [22].
As it can be seen in the plot, both mean-�eld theory and



3

10 1 100

kFas

0.25

0.50

0.75

1.00

1.25

1.50
p/E

F
Mean field
Experiment
HD
SWSC
SC

FIG. 1. Polaron energy in units of the bath Fermi en-
ergy EF = 2~2πn/m. The red dashed line corresponds to
the mean-�eld prediction ((5)) and the orange solid line to
the experimental results reported in Ref. [22]. Symbols are
DMC results: circles correspond to the HD model reported
in Ref. [23], and squares and triangles to results obtained us-
ing the SWSC and SC potentials, respectively. Dashed lines
joining the symbols are guides to the eye.

the HD model fail to reproduce the experimental data.
On the other hand, our two present models, in which both
scattering length and e�ective range are �xed at the same
time, show good agreement between them and with the
experimental measurements [22]. Therefore, the scatter-
ing length is not the only relevant parameter to quanti-
tatively describe the system and, to this end, �nite range
e�ects need to be included. Moreover, the independence
on the speci�c shape of the potential, when both scat-
tering length and e�ective range are reproduced, shows
a universal behavior in these two quantities for the range
of gas parameters shown in the �gure.
To better characterize the polaron, we evaluate proper-

ties that are related to the quasi-particle character of the
polaron, in the weakly interacting regime. An example
of those is the quasi-particle residue Z, which is de�ned
as the overlap between the wave function of the system
featuring an interacting impurity and the wave function
of a pure system with a non-interacting impurity with
zero momentum, k = 0 [34]. Formally, it reads

Z =
∣∣〈ΦNI|φ〉

∣∣2 . (6)

For the calculations presented here, ΦNI = |FS + 1〉,
which stands for a Fermi sea (FS) with an added non-
interacting impurity at zero momentum. Following pre-
vious works [23, 35, 36], we evaluate the quasi-particle
residue from the long-range asymptotic behavior of the
one-body density matrix when the interacting polaron
moves in the Fermi bath. In our DMC implementation,
this is obtained from the following estimator

Z = lim
|r′↓−r↓|→L/2

〈
ΨT (R↑, r

′
↓)

ΨT (R↑, r↓)

〉
. (7)
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FIG. 2. Quasiparticle residue Z as a function of the gas pa-
rameter na2

s. Orange circles correspond to the experimental
results reported in Ref. [22]. Green circles, squares and tri-
angles are results for the Hard-disk of Ref. [23] and for the
SWSC and SC models described in the text, respectively. The
red point corresponds to a calculation with the soft disk po-
tential with a small e�ective range. Dashed lines are guides
to the eye.

In Fig. 2, we show DMC results for Z using the SWSC,
SC, and HD potentials. In the same �gure, we include
the experimental results of Ref [22] for this quantity. For
values of the gas parameter na2

s < 10−3, we �nd that
the results of the three models coincide, in agreement to
the universal regime for this observable, as reported in
Ref. [23]. However, as the gas parameter is increased,
the results of the SWSC and SC models, for which the
e�ective range and scattering length are �xed simultane-
ously, show good agreement with the experimental data
of Ref [22] and a clear discrepancy with the HD short-
range model. These results reinforce the ones for the
polaron energy and remark the importance of going be-
yond the usual mean-�eld prescription in order to provide
an accurate description of the two-dimensional Fermi po-
laron. For completeness, we also include a point in which
the quasi-particle residue is evaluated for an SC model
with lower e�ective range. As it can be seen from the
�gure, in this case, the short-range SC model does not
reproduce the experimental results and seems to be in
agreement with the HD model. In Ref.[23], it was al-
ready shown that the HD model is in agreement with
the T-matrix results of Ref. [37], which correspond to
a short-range model, up to values of the gas parameter
na2

s = 10−1.

In order to provide a further insight into the descrip-
tion of the Fermi polaron as a quasi-particle, we evaluate
its e�ective mass. This mass corresponds to the one of a
quasi-particle, formed by the impurity �dressed� by the
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FIG. 3. Inverse e�ective mass of the polaron as a function of
the gas parameter na2

s. Squares and triangles are results for
the SWSC and SC potentials, respectively. The dashed line
is a guide to the eye.

medium, which propagates freely. In the DMC algorithm,
the e�ective mass can be obtained by evaluating the long
imaginary-time asymptotic behavior of the di�usion co-
e�cient of the impurity throughout the bath [5, 38].

m

m∗
= lim
τ→∞

1

4τ

D↓s(τ)

D0
, (8)

with D0 = ~2

2m corresponding to the free-particle di�u-

sion constant and D↓s(τ) = 〈(r↓(τ) − r↓(0))2〉 the mean
squared imaginary-time displacement of the impurity in
the medium. The e�ective mass of the polaron can be
experimentally accessed through its low-momenta exci-
tation spectrum,

εp(k) = εp(k = 0) +
~2

2m∗
k2 +O(k4) (9)

with εp(k) being the polaron energy corresponding to a
state with momentum k and εp(k = 0) the ground state
polaron energy, as de�ned in Eq. (4).
We present in Fig. 3 our DMC results for the e�ec-

tive mass of the polaron. Similarly to previous reported
quantities, we show results for the SWSC and the SC
models. As can be seen from the Figure, both models
agree within the statistical error, coming from the MC

sampling, for na2
s ∈ [10−2, 10−1]. As expected, the ef-

fective mass increases with the gas parameter due to the
enhanced contributions of correlations polaron-medium.
Unfortunately, we are not aware of any measurement of
m∗ in this range of densities to compare with.
In conclusion, inspired by a recent experiment with

173Yb [22], we have addressed the two-dimensional re-
pulsive Fermi polaron problem by means of the di�usion
Monte Carlo technique. With the aim of reproducing
the experimental results of Ref. [22], which are outside
of the universal regime for this problem in terms of the
gas parameter [23], we include, through the two-body in-
teraction potential, information of the e�ective range of
the impurity-bath interaction. Our results for the po-
laron energy and the quasi-particle residue show agree-
ment between two di�erent model potentials with the
same scattering length and e�ective range, and are in
good agreement with the experimental ones. Thus, our
results hint at the existence of a universal regime in terms
of two parameters: the gas parameter and the e�ective
range. This assertion seems to be con�rmed when the
e�ective mass of the polaron is evaluated. Therefore,
we have shown that the employment of quantum Monte
Carlo techniques o�er insight into this problem once the
universality limit is surpassed. Similar results have been
shown recently in the formation of droplets in Bose-Bose
mixtures [25] and in the description of dipolar droplets of
Dysprosium atoms [39]. Altogether points to the observa-
tion of many-body e�ects going beyond the simple mean-
�eld approach, that will stimulate further theoretical and
experimental work with the advantage, over other quan-
tum systems, of the high tunability of interactions and
the versatility of setting reduced dimensionalities practi-
cally at will.
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