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Abstract. Recently a new kind of quintessential inflation coming from the Lorentzian dis-
tribution has been introduced in [1, 2]. The model leads to a very simple potential, which
basically depends on two parameters, belonging to the class of α-attractors and depicting
correctly the early and late time accelerations of our universe. The potential emphasizes a
cosmological seesaw mechanism (CSSM) that produces a large inflationary vacuum energy in
one side of the potential and a very small value of dark energy on the right hand side of the
potential. Here we show that the model agrees with the recent observations and with the
reheating constraints. Therefore the model gives a reasonable scenario beyond the standard
ΛCDM that includes the inflationary epoch.
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1 Introduction

After the discovery of the current cosmic acceleration [3–6], several theoretical mechanisms
were developed in order to explain it. One of them is quintessence (see for instance [7–15]),
where a scalar field is the responsible for the late time acceleration of our universe. The next
step was to unify both acceleration phases: the early acceleration of the universe, named
inflation [16–18], with the current acceleration. One of the simplest ways to do it is the
so-called quintessential inflation, introduced for the first time by Peebles and Vilenkin in [19],
where the inflaton field is the only responsible for both inflationary phases.

Several authors developed and improved the original Peebles-Vilenkin model [20–52] ob-
taining models whose theoretical results match very well with the observational data provided
by the Planck’s team [53–55]. A simple model, constructed from the well-known Lorentzian
distribution, was recently presented in [1, 2]. We show that the model provides the same
spectral index and ratio of tensor to scalar perturbation as the α-attractors models [17, 56–61],
meaning that it yields a power spectrum of perturbations agreeing with the observation data
and is able to depict correctly the current cosmic acceleration. Another property of the model
is that it provides a seesaw mechanism. In the theory of grand unification of particle physics
and, in particular, in theories of neutrino masses and neutrino oscillation, the seesaw mech-
anism is a generic model used to understand the relative sizes of observed neutrino masses
of the order of eV , compared to those of quarks and charged leptons, which are millions of
times heavier [62–67]. The approach adopted in [39, 68–70] explains the difference between
the inflationary vacuum energy density value and the late dark energy density value. As in
the case of masses difference in particle physics, here the model predicts that as long as the
one epoch has a very low energy density the other one has to have very large energy density.
In [1, 2] a potential is constructed from the Lorentzian form of the ε parameter. Here we
consider some scalar potential from the beginning which implements the same features of the
original models, with much less parameter numbers. We study in detail this simple model,
which only depends on two parameters, and we show its viability.

The paper is organized as follows: In Section 2 we introduce the Lorentzian quintessential
model, studying its power spectrum during inflation and providing the theoretical value of
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the parameters involved in the model. Sections 3 and 4 are devoted to the study of all the
evolution of the inflaton field, showing that the theoretical results provided by the model
agree with the current observational data. Then, in Section 5 we discuss the viability of other
similar models and in Section 6 we use a combination of cosmological probes from different
data sets to constrain further our model and verify its viability. Finally, Section 7 summarises
the results. The units used throughout the paper are ~ = c = 1 and we denote the reduced
Planck’s mass by Mpl ≡ 1√

8πG
∼= 2.44× 1018 GeV.

2 The Lorentzian Quintessential Inflation model

Based on the Cauchy distribution (Lorentzian in the physics language) in [1, 2] the ansatz to
be considered is the following one,

ε(N) =
ξ

π

Γ/2

N2 + Γ2/4
, (2.1)

where ε is the main slow-roll parameter and N denotes the number of e-folds. From this
ansatz, we can find the exact corresponding potential of the scalar field, namely

V (ϕ) = λM4
pl exp

[
−2ξ

π
arctan (sinh (γϕ/Mpl))

]
·
(

1− 2γ2ξ2

3π3

1

cosh (γϕ/Mpl)

)
, (2.2)

where λ is a dimensionless parameter and the parameter γ is defined by

γ ≡
√

π

Γξ
.

This potential can be derived by using equations (37) in [71]. However, in this work we are
going to use a more simplified potential, keeping the same properties as the original potential
but not coming from the ansatz (2.1),

V (ϕ) = λM4
pl exp

[
−2ξ

π
arctan (sinh (γϕ/Mpl))

]
. (2.3)

We can see the shape of the potential on Fig. 1, where the inflationary epoch takes place
on the left hand side of the graph, while the dark energy epoch occurs on the right hand side.

The main slow roll parameter is given by

ε ≡
M2
pl

2

(
Vϕ
V

)2

=
2ξ/(Γπ)

cosh2
(
γ ϕ
Mpl

) =
2γ2ξ2/π2

cosh2
(
γ ϕ
Mpl

) (2.4)

and, since inflation ends when εEND = 1, one has to assume that 2ξ
Γπ > 1 to guarantee the

end of this period.
In fact, we have

ϕEND =
Mpl

γ
ln

(√
2ξ

Γπ
−
√

2ξ

Γπ
− 1

)
= (2.5)

Mpl

γ
ln

[√
2ξ

π

(
γ −

√
γ2 − π2

2ξ2

)]
< 0
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Figure 1. The shape of the scalar potential (2.3) with ξ ∼ 122 and λ ∼ 10−69. The left side shows
the inflationary energy density and the right side shows the late dark energy density.

and we can see that, for large values of γ, one has that ϕEND is close to zero. Thus, we will
choose γ � 1 =⇒ Γξ � 1, which is completely compatible with the condition 2ξ

Γπ > 1.
On the other hand, the other important slow roll parameter is given by

η ≡M2
pl

Vϕϕ
V

=
2ξγ2

π

tanh
(
γ ϕ
Mpl

)
cosh

(
γ ϕ
Mpl

) +
4γ2ξ2/π2

cosh2
(
γ ϕ
Mpl

) . (2.6)

Both slow roll parameters have to be evaluated when the pivot scale leaves the Hubble radius,
which will happen for large values of cosh (γϕ/Mpl), obtaining

ε∗ =
2γ2ξ2/π2

cosh2
(
γ ϕ∗
Mpl

) , η∗ ∼=
2ξγ2

π

tanh
(
γ ϕ∗
Mpl

)
cosh

(
γ ϕ∗
Mpl

) (2.7)

with ϕ∗ < 0. Then, since the spectral index is given in the first approximation by ns ∼=
1− 6ε∗ + 2η∗, one gets after some algebra

ns ∼= 1 + 2η∗ ∼= 1− γ
√
r/2, (2.8)

where r = 16ε∗ is the ratio of tensor to scalar perturbations.
Now, we calculate the number of e-folds from the leaving of the pivot scale to the end

of inflation, which is given by

N =
1

Mpl

∫ ϕEND

ϕ∗

1√
2ε
dϕ =

π

2γ2ξ
[sinh (γϕEND/Mpl)− sinh (γϕ∗/Mpl)] ∼=

ξ√
2ε∗

,
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so we have that

ns ∼= 1− 2

N
, r ∼=

8

N2γ2
, (2.9)

meaning that our model leads to the same spectral index and tensor/scalar ratio as the
α-attractors models with α = 2

3γ2
(see for instance [17]).

Remark 2.1 For the original potential coming from the ansatz (2.1), i.e., for the potential
given in the formula (2.2), one can use the slow roll parameters ε1 = ε and ε2 = d ln ε1

dN =
2(2ε− η) to obtain, for large values of the number of e-folds,

ε1 =
1

2γ2N2
and ε2 = − 2

N
, (2.10)

and thus, taking into account that ns = 1 − 2ε1 − ε2, one easily gets the result given in the
formula (2.9). Unfortunately, since our potential (2.3) is a simplified version of the original
potential coming from the ansatz (2.1), in order to justify the expression of the spectral index
and the ratio of tensor to scalar perturbations, we cannot do this simple calculation, which
only holds for the original potential, and we must perform all the calculation presented in this
section.

Finally, it is well-known that the power spectrum of scalar perturbations is given by

Pζ =
H2
∗

8π2ε∗M2
pl

∼ 2× 10−9. (2.11)

Now, since in our case V (ϕ∗) ∼= λM4
ple

ξ, meaning that H2
∗
∼=

λM2
pl

3 eξ, and taking into

account that ε∗ ∼= (1−ns)2

8γ2
, one gets the constraint

λγ2eξ ∼ 7× 10−11, (2.12)

where we have chosen as a value of ns its central value 0.9649.
Summing up, we will choose our parameters satisfying the condition (2.12), with γ � 1

and ξ � 1, which will always fulfill the constraints Γξ � 1 and 2ξ
Γπ that we have imposed.

Then, to find the values of the parameters one can perform the following heuristic argument:
Taking for example γ = 102, the constraint (2.12) becomes λeξ ∼ 7 × 10−15. On the

other hand, at the present time we will have γϕ0/Mpl � 1 where ϕ0 denotes the current value
of the field. Thus, we will have V (ϕ0) ∼ λM4

ple
−ξ, which is the dark energy at the present

time, meaning that

0.7 ∼= Ωϕ,0
∼=

V (ϕ0)

3H2
0M

2
pl

∼ λe−ξ

3

(
Mpl

H0

)2

. (2.13)

Taking the value H0 = 67.81 Km/sec/Mpc = 5.94× 10−61Mpl, we get the equations

λeξ ∼ 7× 10−15 and λe−ξ ∼ 10−120, (2.14)

whose solution is given by ξ ∼ 122 and λ ∼ 10−69.
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Figure 2. The Marginalized joint confidence contours for (ns, r) at 1σ and 2σ CL, without the
presence of running of the spectral indices. We have drawn the curve for the present model for γ � 1
from N = 58 to N = 67 e-folds. (Figure courtesy of the Planck2018 Collaboration).

If we choose γ ∼ 102, we see that the values of ξ and γ could be set equal in order to
obtain the desired results from both the early and late inflation. From now on we will set
ξ = γ, since it may help to find a successful combination of parameters because it reduces
the number of effective parameters. As we will see later, numerical calculations show that, in
order to have Ωϕ,0

∼= 0.7 (observational data show that, at the present time, the ratio of the
energy density of the scalar field to the critical one is approximately 0.7), one has to choose
ξ = γ ∼= 121.8.

To end this section we aim to find the relation between the number of e-folds and the
reheating temperature, namely Trh. For this derivation, we are going to use the same
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procedure as in [33], which resembles the ones in [72] and [73]. We start with the formula

k∗
a0H0

= e−N
H∗
H0

aEND
akin

akin
arh

arh
amatt

amatt
a0

, (2.15)

where a is the scale factor and aEND, akin, arh, amatt and a0 denote respectively its value
at the end of inflation, at the beginning of kination, radiation and matter domination, and
finally at the present time.

Taking into account that(
akin
arh

)6

=
ρrh
ρkin

and
(
arh
amatt

)4

=
ρmatt
ρrh

, (2.16)

and noting that H0 ∼ 2 × 10−4Mpc−1 ∼ 6 × 10−61Mpl and k∗ = a0kphys, where we have
chosen kphys = 0.02Mpc−1, we have obtained

N = −4.61 + ln

(
H∗
H0

)
+ ln

(
aEND
akin

)
+

1

4
ln

(
gmatt
grh

)
+

1

6
ln

(
ρrh
ρkin

)
+ ln

(
T0

Trh

)
,(2.17)

where we have used that after the matter-radiation equality the evolution is adiabatic, that
is, a0T0 = amattTmatt as well as the relations ρmatt = π2

30 gmattT
4
matt and ρrh = π2

30 grhT
4
rh being

gmatt = 3.36 the degrees of freedom at the matter-radiation equality and we have chosen as
degrees of freedom at the reheating time the ones of the Standard Model, i.e., grh = 106.75.

Now, from the formula of the power spectrum (2.11) we infer that H∗ ∼ 4×10−4√ε∗Mpl,
obtaining

N = 125.37 +
1

2
ln ε∗ + ln

(
aEND
akin

)
+

1

6
ln

(
ρrh
ρkin

)
+ ln

(
T0

Trh

)
, (2.18)

and introducing the current value of the temperature of the universe T0 ∼ 9.6× 10−32Mpl we
get

N = 54.36 +
1

2
ln ε∗ + ln

(
aEND
akin

)
− 1

3
ln

(
HkinTrh
M2
pl

)
. (2.19)

As we will see in next section we have numerically checked that Hkin ∼ 4 × 10−8Mpl,
which leads to

N + lnN = 54.82− 1

3
ln

(
Trh
Mpl

)
, (2.20)

where we have used that ε∗ = 1
2γ2N2 and we have also numerically computed that ln

(
aEND
akin

)
∼=

−0.068.
Since the scale of nucleosynthesis is 1 MeV and in order to avoid the late time decay

of gravitational relic products such as moduli fields or gravitinos which could jeopardise the
nucleosynthesis success, one needs temperatures lower than 109 GeV. So, we will assume that
1MeV ≤ Trh ≤ 109GeV, which leads to constrain the number of e-folds to 58 . N . 67. And
for this number of e-folds, 0.966 . ns . 0.970, which enters within its 2σ CL range.
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3 Dynamical evolution of the scalar field

In this section, we want to calculate the value of the scalar field and its derivative. In this
model, as always happens in quintessential inflation, the early inflation is followed up by a
kination phase, which is essential to match the model with the Hot Big Bang. Effectively,
immediately after the end of inflation the potential is so low that the kinetic energy density
of the inflaton field dominates, that is, the universe enters in a kination phase, which is
characterised by an effective Equation of State (EoS) parameter weff equal to 1 because the
potential is negligible. Thus, the energy density of the scalar field decreases as a−6, being a
the scale factor. On the contrary, the particles produced during the phase transition between
inflation and kination, whose energy density decreases as a−4, will eventually dominate and
the universe will become reheated.

Remark 3.1 Note that this kination phase is not needed in standard inflation where the
inflaton field loses all its energy oscillating in the deep well of the potential and producing the
particles that will reheat the universe.

Then, taking into account the importance of the kination phase in quintessential infla-
tion, analytical calculations can be done disregarding the potential during kination because
during this epoch the potential energy of the field is negligible. Then, since during kination
one has a ∝ t1/3 =⇒ H = 1

3t , using the Friedmann equation the dynamics in this regime will
be

ϕ̇2

2
=
M2
pl

3t2
=⇒ ϕ̇ =

√
2

3

Mpl

t
=⇒ (3.1)

ϕ(t) = ϕkin +

√
2

3
Mpl ln

(
t

tkin

)
,

where we use by definition [74, 75] as the beginning of the kination the moment when the
Equation of State parameter is close to 1, which coincides when the derivative of the field is
maximum, corresponding to ϕkin ≈ −0.03Mpl and wϕ ≈ 0.99 for γ = ξ = 122.

Recall that for our choice of the parameters ϕEND is very close to zero and, looking at
the shape of the potential, this regime has to start very near from ϕ = 0. In order to check
it numerically, we have integrated the dynamical system

ϕ̈+ 3Hϕ̇+ Vϕ = 0,

with initial conditions when the pivot scale leaves the Hubble radius, that is, with ϕi = ϕ∗
and ϕ̇i = 0, where

(1− ns)2

8γ2
=

2γ2ξ2

π2

1

cosh2 (γϕ∗/Mpl)
, ns = 0.9649.

Thus, at the reheating time, i.e., at the beginning of the radiation phase, one has

ϕrh = ϕkin +

√
2

3
Mpl ln

(
Hkin

Hrh

)
, (3.2)

where we assume, as usual, that there is not drop of energy from the end of inflation to the

beginning of kination, i.e., Hkin = HEND =

√
V (ϕEND)√

2Mpl
, which is numerically satisfied, both

being of the order of 4× 10−8Mpl.
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And, using that at the reheating time (i.e., when the energy density of the scalar field
and the one of the relativistic plasma coincide) the Hubble rate is given by H2

rh = 2ρrh
3M2

pl
, one

gets

ϕrh = ϕkin +

√
2

3
Mpl ln

 Hkin√
π2grh

45

T 2
rh

Mpl

 (3.3)

and

ϕ̇rh =

√
π2grh

15
T 2
rh, (3.4)

where we have used that the energy density and the temperature are related via the formula
ρrh = π2

30 grhT
4
rh, where the number of degrees of freedom for the Standard Model is grh =

106.75 [76]. Because of the smoothness of the potential, since the gravitational particle
production [77–81] only works for potentials with an abrupt phase transition leading to a
non-adiabatic process which allows the production of particles (see for instance the Peebles-
Vilenkin potential [19]), we consider “Instant Preheating” [82–85] and, thus, we will choose
as the reheating temperature Trh ∼= 109 GeV, which is its usual value when the mechanism
to reheat the universe is this one.

Effectively, considering a massless scalar X-field conformally coupled with gravity and
interacting with the inflaton field as follows, Lint = −1

2gϕ
2X2 [82, 83], where g is the dimen-

sionless coupling constant and where the Enhanced Symmetry Point (ESP) has been chosen
at ϕ = 0 because, as we have already shown numerically, the beginning of the kination starts
at ϕkin ∼ −0.03Mpl. Then, at the beginning of the kination, the adiabaticity is broken and
X-particles are produced with a number density equal to [86]

nX,kin =
g3/2ϕ̇

3/2
kin

8π3
(3.5)

and, since these particles acquire a very heavy effective mass equal to gMpl, in order to reheat
the universe they have to decay into lighter ones forming a relativistic plasma, whose energy
density will eventually dominate the one of the inflaton field (recall that during kination
the energy density of the field decays as a−6 and the one of the relativistic plasma as a−4),
obtaining a reheated universe with a reheating temperature given by [84]

Trh =

(
30

g∗π2

)1/4

ρ
1/4
X,dec

√
ρX,dec
ρϕ,dec

(3.6)

∼ 1014g15/8

(
Mpl

Γ

)1/4

GeV,

where g∗ = 106.75 are the degrees of freedom for the Standard Model, Γ is the decay rate
and the sub-index “dec” denotes the moment when the X-field decays completely.

Assuming now that the X-field decays into fermions via a Yukawa type of interaction
hψψ̄X with decay rate Γ =

h2gMpl

8π , where h is a dimensionless coupling constant, one gets

Trh ∼ 1014g13/8h−1/2 GeV, (3.7)

which leads for the narrow range of viable parameters g and h [84] to a reheating temperature
around 109 GeV.
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So, finally, at the beginning of the radiation era we have

ϕrh ∼= 20Mpl ϕ̇rh ∼= 1.4× 10−18M2
pl. (3.8)

4 Numerical simulation

First of all, we consider the central values obtained in [53] (see the second column in Table
4 of [53]) of the red-shift at the matter-radiation equality zeq = 3365, the present value of
the ratio of the matter energy density to the critical one Ωm,0 = 0.308, and, once again,
H0 = 67.81 Km/sec/Mpc = 5.94 × 10−61Mpl. Then, the present value of the matter energy
density is ρm,0 = 3H2

0M
2
plΩm,0 = 3.26 × 10−121M4

pl, and at matter-radiation equality we
will have ρeq = 2ρm,0(1 + zeq)

3 = 2.48 × 10−110M4
pl = 8.8 × 10−1eV4. So, at the beginning

of matter-radiation equality the energy density of the matter and radiation will be ρm,eq =
ρr,eq = ρeq/2 ∼= 4.4× 10−1eV4.

In this way, the dynamical equations after the beginning of the radiation can be easily
obtained using as a time variable N ≡ − ln(1 + z) = ln

(
a
a0

)
. Recasting the energy density

of radiation and matter respectively as functions of N , we get

ρm(a) = ρm,eq

(aeq
a

)3
→ ρm(N) = ρm,eqe

3(Neq−N) (4.1)

and

ρr(a) = ρr,eq

(aeq
a

)4
→ ρr(N) = ρr,eqe

4(Neq−N), (4.2)

where Neq
∼= −8.121 denotes the value of the time N at the beginning of the matter-radiation

equality. To obtain the dynamical system for this scalar field model, we will introduce the
dimensionless variables

x =
ϕ

Mpl
, y =

ϕ̇

H0Mpl
. (4.3)

Taking into account the conservation equation ϕ̈+3Hϕ̇+Vϕ = 0, one arrives at the following
dynamical system,

x′ = y/H̄, y′ = −3y − V̄x/H̄, (4.4)

where the prime is the derivative with respect to N , H̄ = H
H0

and V̄ = V
H2

0M
2
pl
. It is not

difficult to see that one can write

H̄ =
1√
3

√
y2

2
+ V̄ (x) + ρ̄r(N) + ρ̄m(N) , (4.5)

where we have defined the dimensionless energy densities as

ρ̄r =
ρr

H2
0M

2
pl

, ρ̄m =
ρm

H2
0M

2
pl

. (4.6)

Finally, we have to integrate the dynamical system (4.4), with initial conditions x(Nrh) =
xrh = 20 and y(Nrh) = yrh = 2.4 × 1042 imposing that H̄(0) = 1, where Nrh denotes the
beginning of reheating, which is obtained imposing that

ρr,eqe
4(Neq−Nrh) =

π2

30
grhT

4
rh, (4.7)

– 9 –



that is,

Nrh = Neq −
1

4
ln

(
grh
geq

)
− ln

(
Trh
Teq

)
∼= −50.68, (4.8)

where we have used that ρeq,r = π2

30 geqT
4
eq with geq = 3.36 and, thus, Teq ∼= 7.81× 10−10 GeV.

We have numerically checked that, to obtain the condition H̄(0) = 1, the parameters
γ and ξ have to be equal to 121.8. Once these parameters have been properly selected, the
obtained results are presented in Figure 3.

5 Other similar possible models

In this section, we are going to test different models that resemble the one that has been
considered so far. An analogously built simplified model would be

V (ϕ) = λM4
ple
−α arctan

(
β ϕ

Mpl

)
, (5.1)

for α and β being its positive parameters, where we have suppressed the sinh function. Its
slow-roll parameters ε and η are

ε =
1

2

 αβ

1 +
(
β ϕ
Mpl

)2


2

, (5.2)

η =

 αβ

1 +
(
β ϕ
Mpl

)2


2(

1 + 2
β

α

ϕ

Mpl

)
.

Hence, the slow-roll parameter ε is also related to a Lorentzian distribution, in this case in
function of ϕ instead of N and with an overall square involved, which makes this model an
interesting case worth to study. Using that

∣∣∣β ϕ∗
Mpl

∣∣∣� max(1, |α), we get that

ns ∼= 1 + 4
α

β

(
Mpl

ϕ∗

)3

, r ∼= 8

(
α

β

)2(Mpl

ϕ∗

)4

. (5.3)

Using the same approximations, one can find that

N =
1

Mpl

∫ ϕEND

ϕ∗

1√
2ε
dϕ ∼= −

β

3α

(
ϕ∗
Mpl

)3

(5.4)

and, therefore,

ns ∼= 1− 4

3N
and r ∼= 8

(
α

9βN2

)2/3

. (5.5)

In order to study the viability of this model, let’s start by fixing the value of the parameters
in analogy to the main model considered in this work, namely β = γ and α = 2ξ

π . In this
case, the relation between the number of e-folds and the reheating temperature yields

N +
2

3
lnN = 53.13 + ln

(
aEND
akin

)
− 1

3
ln

(
Trh
Mpl

)
, (5.6)
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Figure 3. Upper: The density parameters Ωm = ρm
3H2M2

pl
(orange curve), Ωr = ρr

3H2M2
pl

(blue curve)

and Ωϕ =
ρϕ

3H2M2
pl
, from kination to future times. Lower: The effective Equation of State parameter

weff , from kination to future times. As one can see in the picture, after kination the universe enters
in a large period of time where radiation dominates. Then, after the matter-radiation equality, the
universe becomes matter-dominated and, finally, near the present, it enters in a new accelerated phase
where weff approaches −1.

which leads to 57.6 . N . 66.7, for which the spectral index clearly falls outside of the
allowed range. So, this model does not work in the same way as we have shown for the
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Parameter LQI LQI + SH0ES
H0(km/sec/Mpc) 70.06± 1.123 71.75± 0.8885

ϕ0/Mpl 22.72± 1.541 22.38± 1.395
ϕ̇0/(H0Mpl) 10−71 4.113± 2.635 5.279± 2.675

Ωm 0.2679± 0.01286 0.2610± 0.01647
Ωϕ 0.7250± 0.09131 0.7304± 0.01107
ξ 121.9± 1.865 122.0± 1.94

rd(Mpc) 145.8± 2.363 143.0± 1.957

Table 1. The best fit values for the discussed model for a uniform prior of the Hubble parameter and
for a Gaussian prior that demonstrates the SH0ES measurement (Supernovae and H0 for the Dark
Energy Equation of State). The values ϕ0, ϕ̇0 denote the current values of the scalar field and its
derivative.

previous one. However, this does not rule out that for other values of the parameters α and
β viability could be proved as well. The same applies to the model named “arctan inflation”
introduced in [87],

V (ϕ) = λM4
pl

(
1− α arctan

(
β
ϕ

Mpl

))
, (5.7)

whose viability was proved in Section 4.19 of [88] for some given parameters α and β, which
does not contradict our statement.

To finish this section a final comment is in order. One could also use the original model
obtained in [1],

V (ϕ) = λM4
pl exp

[
−2ξ

π
arctan (sinh (γϕ/Mpl))

]
·(

1− 2γ2ξ2

3π3

1

cosh (γϕ/Mpl)

)
, (5.8)

which is negative around ϕ ∼= 0. However, it leads to the exact same results, given that the
only change is the behavior of the potential for ϕ ∼= 0.

Effectively, when the pivot scale leaves the Hubble radius one has(
1− 2γ2ξ2

3π3

1

cosh (γϕ∗/Mpl)

)
∼=
(

1− r

64π

)
∼= 1, (5.9)

because r ∼= 8
N2γ2

� 1. Thus, the last term of the potential (5.8) does not affect to the power
spectrum of perturbations. In the same way, one can easily check that at the end of inflation
the potential is positive. Therefore, defining once again that kination starts when wϕ ∼= 1,
which occurs when ϕkin = 0.073Mpl (corresponding now to the time when the potential
becomes positive again), everything works as expected.

6 Cosmological Probes

In order to constrain our model, we use a few data sets: Cosmic Chronometers (CC)
exploit the evolution of differential ages of passive galaxies at different redshifts to directly
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Figure 4. The posterior distribution for the LQI model with 1σ and 2σ. The data set include Baryon
Acoustic Oscillations dataset, Cosmic Chronometers, the Hubble Diagram from Type Ia supernova,
Quasars and Gamma Ray Bursts and the CMB. R19 denotes the Riess 2019 measurement of the
Hubble constant as a Gaussian prior.

constrain the Hubble parameter [89]. We use uncorrelated 30 CC measurements of H(z)
discussed in [90–93]. For Standard Candles (SC) we use measurements of the Pantheon
Type Ia supernova dataset [94] that were collected in [95] and the measurements from Quasars
[96] and Gamma Ray Bursts [97]. The parameters of the models are to be fitted with by
comparing the observed µobsi value to the theoretical µthi value of the distance moduli, which
is given by

µ = m−M = 5 log10(DL) + µ0, (6.1)

where m andM are the apparent and absolute magnitudes and µ0 = 5 log
(
H−1

0 /Mpc
)

+25 is
the nuisance parameter that has been marginalized. The distance moduli is given for different
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redshifts µi = µ(zi). The luminosity distance is defined by

DL(z) =
c

H0
(1 + z)

∫ z

0

dz∗

E(z∗)
, (6.2)

where E(z) = H(z)
H0

. Here, we are assuming that Ωk = 0 (flat space-time).
We use uncorrelated data points from different Baryon Acoustic Oscillations (BAO)

collected in [98] from [99–110]. Studies of the BAO feature in the transverse direction provide
a measurement of DH(z)/rd = c/H(z)rd, where rd is the sound horizon at the drag epoch and
it is taken as an independent parameter and with the comoving angular diameter distance
[111, 112] being

DM =

∫ z

0

c dz′

H(z′)
. (6.3)

In our database we also use the angular diameter distance DA = DM/(1 + z) and DV (z)/rd,
which is a combination of the BAO peak coordinates above, namely

DV (z) ≡ [zDH(z)D2
M (z)]1/3. (6.4)

Finally we take the CMB Distant Prior measurements [113]. The distance priors provide
effective information of the CMB power spectrum in two aspects: the acoustic scale lA char-
acterizes the CMB temperature power spectrum in the transverse direction, leading to the
variation of the peak spacing, and the “shift parameter” R influences the CMB temperature
spectrum along the line-of-sight direction, affecting the heights of the peaks, which are defined
as follows:

lA = (1 + z)
πDA(z)

rs
, R(z) =

√
ΩmH0

c
(1 + z)DA(z). (6.5)

The observables that [113] reports are:

Rz = 1.7502± 0.0046, lA = 301.471± 0.09, ns = 0.9649± 0.0043 (6.6)

with a corresponding covariance matrix (see table I in [113]). The points incorporate the
expansion rate from the CMB epoch, and the observables from inflation. We also include
other measurements from the late universe in addition to the CMB points. The combination
yields a good test for the model with respect to the data.

In our analysis we used rs as independent parameter. We take the complete analyses
that combine the likelihoods from all of the datasets. We use a nested sampler as it is
implemented within the open-source packaged Polychord [114] with the GetDist package
[115] to present the results. The prior we choose is with a uniform distribution, where Ωr ∈
[0; 1.], Ωm ∈ [0.; 1.], ϕ0 ∈ [20; 25], ϕ̇0 ∈ [0; 10−70] Ωϕ ∈ [0.; 1.], H0 ∈ [50; 100]Km/sec/Mpc,
ξ = γ =∈ [100; 130], rs ∈ [130; 160]Mpc. The measurement of the Hubble constant yielding
H0 = 74.03± 1.42 (km/s)/Mpc at 68% CL by [6] has been incorporated into our analysis as
an additional prior (R19).

Figure 4 shows the posterior distribution of the data fit with the best fit values at
table 1. One can see that the Gaussian prior of the Hubble parameter does not change the
results by much. For both cases the χ2 minimized value gives a good fit, since χ2/Dof =
[255.7/273, 257.0/273] ∼ 1, where Dof are the degrees of freedom for the χ2 distribution.
The statement from the fit shows that the QI models that we discuss here are viable models
and can describe early times as well as late times.
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Figure 5. The posterior distribution for the LQI model with 1σ and 2σ, for the Hubble parameter vs.
the parameter ξ. The data set include Baryon Acoustic Oscillations dataset, Cosmic Chronometers,
the Hubble Diagram from Type Ia supernova, Quasars and Gamma Ray Bursts and the CMB. R19
denotes the Riess 2019 measurement of the Hubble constant as a Gaussian prior.

7 Concluding remarks

In this paper we study the phenomenological implications of a Lorentzian Quintessential
Model, depending only on two parameters, where the reheating of the universe, due to the
smoothness of the corresponding potential, is produced via the well-known Instant Preheating
mechanism. We have shown, analytically and numerically, that for reasonable value of these
parameters, this simple model is able to depict correctly our universe unifying its early and
late time acceleration. In fact, the model belongs to the class of the so-called α-attractors and,
thus, matches very well with the observational data of the power spectrum of perturbation
during inflation provided by the Planck’s team. It leads to a current dark energy density
around 70% of the total one.

In addition to the reheating constraints, we have tested the model with different mea-
surements, some of them from the late universe such as Type Ia supernova, Gamma Ray
Bursts and Quasars and the others from the Cosmic Microwave Background from the early
universe. The model fits very well to the latest measurements and gives a reasonable scenario
beyond the standard ΛCDM that includes the inflationary epoch. Further analysis of the α
attractors with LQI background is studied in [116].
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