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Abstract This chapter is motivated by a question I asked myself: “How can com-
binatorial structures be used in a work of art?” Immediately, other questions arose:
Are there artists that work or think combinatorially? If so, what works have they
produced in this way? What are the similarities and differences between art works
produced using combinatorics? Combinatorics is a very transversal branch of math-
ematics. It is connected to logic and it intervenes in the building of languages in
general as natural language, musical language and poetry. Combinatorics has been
present in artistic practice for millenia, especially in music and poetry; for instance,
in the shaped poems of Simmias of Rhodes in Ancient Greece. However, we are in-
terested in artistic practices that are driven by the use of combinatorial ideas, struc-
tures, and methodologies; artists whose work is conceptualised or merely inspired
by combinatorics. This often happens in connection with an interest in structure
and language, and the phenomena was significant in the twentieth century, as a by-
product of the revolution that took place not only in art but in many other areas of
knowledge. In this chapter, we present a survey of artists that think combinatorially,
work combinatorially and construct combinatorial artworks. The selection covers
music, literature, visual arts including digital art and an example of early physical
interactive art, dance, theatre and cinema. It is a non-exhaustive list of artists, se-
lected to show differences and similarities in their ways of approaching art when
using combinatorics.

Introduction

Combinatorics is the study of sets, subsets and other discrete, finite structures, as de-
fined by a number of accepted combinatorial rules. Typical combinatorial problems
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are existence, counting, and optimisation of a particular configuration. Combina-
torics is related to many other branches of mathematics, for instance, enumerative
combinatorics, or the “art of counting”, is the basis of (discrete) probability. That
is to say, it is related to randomness in the sense that whenever you have a choice
to make, the study of the range of that choice is a combinatorial problem. The ba-
sic configurations are the permutations and combinations of the elements of a set.
Other combinatorial structures include graphs, hypergraphs, partitions of sets, and
combinatorial designs which are much more complex, including Latin squares and
finite geometries, and have fundamental connections with finite fields, group theory
and number theory (Cameron 1994, Stinson 2004).

Motivated by the question: “How can combinatorial structures be used in a work
of art?”, this chapter presents a survey of the relationship between combinatorics
and the arts, focusing on the twentieth century. It is certainly possible to find com-
binatorial structures in artworks before the twentieth century. There are numerous
examples in music, such as Bach’s fugues or Indian traditional music. In literature,
especially in poetry, the use of permutations and rearrangements dates back to the
fourth century, with the Carmina of Publilius Optatianus Porphyrius. Visual arts are
more inclined to geometry, although one could argue that the symmetry groups in
Islamic art and architecture are a particular case of discrete structure.

Here, the emphasis is on artists that take a combinatorial approach to their work,
and on works in which combinatorial structures are part of the creative process
itself rather than simply being a tool to achieve some kind of ‘artistic’ result. In
such works, whether the artist intends to make the combinatorial structure visible or
not, it is consciously and purposely made part of the work rather than being only a
means to an end.

This artistic approach is one of the consequences of the artistic revolution that
took place, in consonance with the changes in science, philosophy and technology,
at the beginning of the twentieth century, with the avant-garde and the beginnings
of abstract art. In most of the disciplines, the artistic language had exhausted its
resources. Artists in search of a renaissance, wanted to break with tradition and
certainly did it in many different ways. Some of them opted for simply destroy-
ing the old rules, like the Dadaists, and later Burroughs, others looked for new re-
sources, new materials. In music, Russolo, Edgar Varèse and – some years later –
John Cage, three musicians whose work aims to liberate sound, were open to includ-
ing any kind of sound in their music, abolishing the distinction between ‘musical’
and ‘not-musical’ sounds. Other artists developed a growing interest in formalism
as a defining aspect of their work, generating new narratives in literature and music,
and working with simple geometric shapes to evidence abstraction and structure in
the visual arts. Thus meaning became less important.

In this context, the Constructivists and the artists of the Bauhaus school became
interested in mathematics as a way to free their art from subjectivity. Unsurprisingly,
in the visual arts, combinatorics comes together with geometry. The revolution be-
gins with geometric abstraction, with works where the presence of combinatorics is
not so evident. But the artists were already thinking combinatorially. For instance,
a varied set of combinatorial schemes and diagrams can be found in the teaching
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notes of Paul Klee (see Fig. 1), who taught at the Bauhaus. Since the beginning of
the artistic abstraction, the artistic language has become more diverse.

Fig. 1 Three pages of Paul Klee’s Teaching Notes on Pictorial Creation he taught at the Bauhaus
from 1921 to 1931. (From the Online-Data Base at Zentrum Paul Klee, public domain.)

What motivates an artist to use combinatorics, to create a system, to follow a
process, in which combinatorics plays an important role? We have seen that combi-
natorial techniques are a resource for artists with an interest in formalism. Many of
them intend to create an art with no meaning and, in the case of music and litera-
ture, with no narrative or with a non-linear narrative determined by a mathematical
structure and process.

A desired consequence of this formalism is the abolition of the artist’s ego. Ulti-
mately, the work of art will no longer be a masterpiece, rather it becomes a process
that – in theory – anyone could carry out. One seeks for a more objective art. Al-
though, in our opinion, this remains a utopia, it does open new doors to new forms
of working and creating.

Another approach with a long tradition is to confer on the use of mathemati-
cal tools, particularly logic and combinatorics, a mystical meaning. This is in con-
nection with the ideas of Ramon Llull who at the end of the thirteenth century
designed a universal, rational system of knowledge, which he called Ars Combi-
natoria, based on logical and calculatory operations, translated into diagrams and
“thinking machines” on paper. Because of its enormous influence on formal logic
and algorithmic theories, it is considered a precursor of program languages and their
algorithmic logic. The ultimate goal of Llull was to get closer to God. The exhibition
DIA-LOGOS. Ramon Llull and the Ars Combinatoria, which took place in 2018 in
the Zentrum für Kunst und Medien in Karlsruhe, Germany, was dedicated to Llull’s
work and life and to artists whose work can be related to Llull’s ideas (Vega, Weibel,
Zielinski 2018).

Zweig (1997) presents some examples of art that make use of the basic com-
binatorial structures: combinations, permutations, and variations. Her focus is on
literature and music and she includes some works based on the use of randomness.
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Indeed, the use of combinatorics is often connected with the use of randomness,
because discrete probability calculus is a combinatorial calculus. In art, this relates
to the exploration of possibilities of a configuration or a set of restrictions, often
implying the notion of total exhaustion, which takes advantage of a new form of
artwork, the serial work, and is enlarged by the advent of computers.

Indeed, combinatorics is a very transversal branch of mathematics which has
undergone significant development since the arrival of computers. Before that, in
the mid-nineteenth century, Charles Babbage devised his “analytical engine”. Even
though the machine was never built, Ada Lovelace designed a programming lan-
guage for it. In the Notes to the translation of Menabrea (1843), she wrote:

[The Analytical Engine’s operating mechanism] might act upon other things besides num-
ber, were objects found whose mutual fundamental relations could be expressed by those
of the abstract science of operations, and which should be also susceptible of adaptations
to the action of the operating notation and mechanism of the engine. . . Supposing, for in-
stance, that the fundamental relations of pitched sounds in the science of harmony and of
musical composition were susceptible of such expression and adaptations, the engine might
compose elaborate and scientific pieces of music of any degree of complexity or extent.

This quote shows how ahead of her time Lovelace was, because she conceived of
Babbage’s machine as a general purpose machine, as computers would later be. By
doing this, she understood that the goal of the Analytical Engine was to manipulate
discrete structures, “other things besides numbers”, as she says. Combinatorics is at
the foundations of computer science; two areas that have benefitted each other.

Code can be considered a set of combinatorial rules; built upon logic and com-
binatorics, it is a means to manipulate discrete structures. Working with code, pro-
gramming implies working with combinatorics. As with many other technologies,
artists have used the computer and worked with code since the very beginning. It
is not surprising that an important segment of the artists that use combinatorics in
their work are digital or computer artists.

Nowadays, combinatorics is an available resource for artists of any discipline.
Combinatorics has become a common tool in the artistic language or the set of
artistic languages. Artists use it in habitually, using different approaches, according
to their implication, background, and formalism. Some artists use combinatorics
only in one work, others, the ones we are more interested in, devote their entire
artistic life to works or creative processes based on combinatorics.

In the following pages, we present the works and ideas of some artists in music,
literature, visual art, dance, theatre and cinema. The list of artists we present is not
exhaustive, for the evident reason of time and space. We focus on Western art of the
twentieth century, on artists that decided to use combinatorics as a main tool seeking
for a renovation of the artistic language, or on artists that, although using combina-
torics in only few of their works, did so in a significant and representative way.The
examples are chosen to answer the following questions: “Are there artists who work
or think combinatorially? If so, which works are the result of this mode of creation?
What are the similarities and differences between combinatorial artworks?”
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Combinatorics in Music

Music has been associated with mathematics from its very beginnings. Among the
mathematical models that have inspired musical theories, combinatorics has had a
continuous role because almost all musical systems are discrete. From the musical
systems of the Middle Ages to the present day, combinatorics has been present,
underlying scales and chords, rhythm patterns, and compositional techniques, as
explained in Knoblock (2002) and Nolan (2000).

Some famous examples are the fugal works by Johann Sebastian Bach, a mas-
ter in counterpoint techniques. Some decades later, while Bernoulli and Euler
were independently working on some combinatorial problems, the Musikalisches
Würfelspiel was a musical game that allowed the composition of polonaises and
minuets. With strict aesthetics, this game presented a table of motifs, chosen with
a die. The result was a classical musical piece, with a pre-established structure,
in order to not get “undesirable” results. Some of the musicians that composed a
Musikalisches Würfelspiel are Wolfgang Amadeus Mozart, Joseph Haydn, and Carl
Philipp Emmanuel Bach.

Fig. 2 The Componium, invented in 1821 by Dietrich Nikolaus Winkel. (Source Wikipedia. Li-
cence CC Attribution-Share Alike 4.0.)

Diedrich Nikolaus Winkel constructed, in 1821, the first machine for auto-
matic composition: the Componium (see Fig. 2), which was, in fact, a mechanised
Musikalisches Würfelspiel.

https://creativecommons.org/licenses/by-sa/4.0/deed.en
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Benson (2006) dedicates a chapter to the study of symmetry in music, which
includes a section on change ringing and permutation groups, and another on the
use of Pólya’s enumeration theorem in solving music-related counting problems.
Read (1997) presents a number of musical combinatorial problems, with a focus on
Messiaen and Stockhausen. Sethares (2007) carried out an original study of rhythm,
with a chapter dedicated to its combinatorial aspects. In fact, when composition
is viewed as a methodology of choice, the range of options that a musical system
provides is always a combinatorial problem (Loy 2006, chapter 9).

In the twentieth century, just as the conventions of figurative painting were rad-
ically transformed by abstraction, so too the fundamental forms of music were
changed by the shift from tonal music to atonality. Musicians who wished to break
with tradition began to explore new sonic territories, for which they needed new
methodologies. This new way of thinking resulted in the stronger presence of com-
binatorics in modern musical works. The mid-century appearance of computers fur-
ther enhanced this presence through the development of automatic composition sys-
tems.

Dodecaphonic music

In addition to these new developments, there emerged dodecaphonic music, also
known as serialism, developed by Arnold Schoenberg (1874-1951). This method-
ology of composition, based on the permutations of the 12 notes of the chromatic
scale, was later transformed into a more organised system, so-called “integral seri-
alism”.

The first wave of serialist composers, the Second Viennese School, was a group
of composers from the early twentieth century formed by Arnold Schoenberg and
his pupils, including Alban Berg (1885-1935) and Anton Webern (1883-1945)
among others. With the objective of deconstructing tonal expectation, serialism
works with 12-tone rows, consisting of ordered sequences of the 12 notes in which
each of the notes appears just once. Schoenberg 1975 established the following
rules, which he called Method of Composing with Twelve Tones Which are Related
Only With One Another:

• A composition uses a particular ordering of the 12 notes. The chosen tone row is
called the basic set. It can be viewed both as a sequence of notes or a sequence
of intervals, and it can be denoted by a permutation of the set {0,1, . . . ,11}. The
notes can be freely applied to any octave.

• Each time a new tone is needed in the composition, the composer uses the next
tone in the row, circling back to the first tone when the row is exhausted.

• The composer can also use the tone rows obtained from the basic set via the
application of the following operations:

– Inversion. Replace each tone by its negative (modulo 12).
– Retrograde. Read the sequence in reverse order.
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– Retrograde inversion. The composition of the inversion and the retrograde
operations.

– Transposition by n half-tones. Add n to each tone (modulo 12).

After World War II, a second group of composers, including Karlheinz Stock-
hausen (1928-2007), Pierre Boulez (1925-2016), Milton Babbitt (1916-2011), and
Olivier Messiaen (1908-1992), inspired by the systematic treatment of pitch, rhythm,
dynamics and articulation of the compositions of Anton Webern, created a new form
of music. Integral serialism is a composition methodology that represents a stage
further in dodecaphonic techniques. Essentially, it consists of extending the 12-tone
ordering technique to all other parameters of music. For instance, Olivier Messiaen
established series or modes of 36 pitches, 24 durations, 12 articulations or attacks,
and seven degrees of loudness for his work Mode de valeurs et d’intensités, a work
that was not strictly dodecaphonic but inspired, as Anton Webern did, this second
group of composers.

Iannis Xenakis

Musicians have tried to formalise music using mathematics since ancient times. The
Pythagorean construct, the music of the spheres, related the musical notes with num-
bers and further examples can be found throughout history. Among these examples,
of particular importance is Iannis Xenakis (1922-2001), a Greek composer who re-
acted against serialism and is known for his “stochastic music”. His musical theory
is based on an idea of using all available mathematical tools for composition. As he
says:

The formalization that I attempted in trying to reconstruct part of the musical edifice ex
nihilo has not used, for want of time or capacity, the most advanced aspects of philosophical
thought. But the escalade is started and others will certainly enlarge and extend the new
thesis. (Xenakis 1971.)

Although stochastic music is based on probability theory, combinatorics is present
in Xenakis’s stochastic compositions (see Fig. 3). Moreover, he also produced some
combinatorial compositions, like Duel, 1958, and Stratégie, 1962, both based in
game theory, and Nomos alpha, 1965, and Nomos gamma, 1968, both based on the
permutation group of the cube (see Fig. 4). He also was one of the first musicians to
use a computer to compose.

In Xenakis (1971) he gathers his proposals for composition, which cover a widely
diverse use of mathematics. The treatise includes an interesting analysis of some of
his works.
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Fig. 3 Two pages from a Xenakis’s notebook from 1959. ( c©Collection Famille Iannis Xenakis,
with permission.)
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Fig. 4 Schemes of the cube’s rotations for the piece Nomos Alpha by Xenakis, 1965. ( c©Collection
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Tom Johnson

Another composer that uses combinatorics in his music is Tom Johnson (born 1939),
who takes an approach quite different both from that of the serialist composers and
from that of Xenakis. Johnson uses combinatorics to define the structure of his com-
positions, sometimes using complex combinatorial design configurations. However,
as he himself admits, one of his goals is to make his music accessible, understand-
able, and its mathematical (combinatorial) structure and process easy to perceive.
He has sometimes been called “The man who counts”.

Johnson’s webpage (2020a), is a rich source of information, including writings,
scores, and links. He also maintains a YouTube channel, with explanatory videos
about his music (2020b).

Johnson devises graphs and diagrams to represent and understand the structures
used in his compositions. He collaborated with the mathematician Franck Jedrze-
jewski to explain the combinatorial content of his drawings and music in Looking at
Numbers (Johnson and Jedrzejewski 2014).

b ¼ k
v!

ðv# tÞ!
ðk # tÞ!

k!

The following table with u and v defined by mapping x!
ðxþ 1Þ mod 13ð Þ þ 1 produces 13 disjoint KTS(15)s which

form a large set of KTS(15)s. Each row is a parallel class.

A Pasch configuration, as we have already seen, is a
4-cycle arising from a set of four triples on six points,

awx; ayz; bwz; bxy

and it is worth looking at that now, as this pattern becomes
interesting later on as well. If you choose any diagonal line
in Fig. 4.3, take the two triplets at the end of this line and
then combines them with the two triplets that form the
orthogonal line, you will find a Pasch configuration. The
circle whose center is (1,2,3) has diagonal elements:
(6,11,13), (4,11,15), (6,9,15) and (4,9,13) that form a Pasch
configuration. Moreover, each portion of each circle forms a
parallel class. The following solution drawn in Fig. 4.3
(blocks are written vertically)

with a ¼ 10, b ¼ 11,..., f ¼ 15, has 56 parallel classes
and 105 Pasch configuration. But it is not always the case
for all non-isomorphic designs. The 80th solution

Fig. 4.2 The (15,3,1) solution used in Kirkman’s Ladies

11111112222223333334444555566677789
2468ace457abd45689c789b69bc89a8adab
3579bdf689cefa7bfdecdefeadfcfdbfeec

1; 2; 10 3; 5; 13 6; 11; 12 8; 9; u 4; 7; v

1; 3; 8 4; 5; 9 6; 7; 13 10; 12; u 2; 11; v

1; 4; 12 2; 8; 13 7; 9; 11 3; 6; u 5; 10; v

1; 5; 7 2; 9; 12 3; 10; 11 4; 13; u 6; 8; v

1; 6; 9 2; 3; 4 7; 8; 10 5; 11; u 12; 13; v

1; 11; 13 4; 6; 10 5; 8; 12 2; 7; u 3; 9; v

2; 5; 6 3; 7; 12 4; 8; 11 9; 10; 13 1; u; v

11111112222223333334444555566667777
2468ace4589cd4589cd89ab89ab89ab89ab
3579bdf67abef76bafecdefdcfeefcdfedc

40 4 Kirkman’s Ladies, a Combinatorial Design

Fig. 5 A representation of the (15,3,1) design used by Tom Johnson in Kirkman’s Ladies, 2005.
(With permission of the author.)

Johnson systematically explores ways to apply mathematical ideas to rhythm,
melody, and harmony. Some works that make particular use of combinatorics are
L’opéra de quatre notes, 1972, Symmetries, 1981-1990, Full rotation of 60 notes
through 36 positions, 1996, and Automatic music, 1997, to name only a few.
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A selection of techniques used in Johnson’s combinatorial works from the early
2000s include the following:

• Integer partitions are used to construct chords with the same average height. In
Trio, 2005, the three instruments play chords that add up to 72 while in Hexagons,
2005, two sums, 30 and 31, are combined.

• Subsets. In Mocking, 2009, three percussionists play rhythms constructed by
choosing four different numbers from 1 to 8. This is represented by Johnson
as sums from 10 = 1+ 2+ 3+ 4 to 26 = 5+ 6+ 7+ 8, in a graph connecting
intersecting subsets.

• Combinatorial designs: working with block designs, Johnson identifies the ele-
ments of the blocks with musical parameters, such as pitch and rhythm, and uses
the combinatorial structure of these blocks to create a path through the musical
material, linking blocks by their common objects.
In Vermont Rhythms, 2008, he uses 42× 11 rhythms based on the (11,6,3) de-
sign, while Block Design for Piano, 2012, is built on the 4-(12,6,10) design
defined by 30 base blocks and one automorphism of the permutation group over
12 elements. The score Kirkman’s Ladies, 2005, was inspired by the well-known
school girls problem, posed by Reverend Kirkman in 1847 in The Lady’s and
Gentleman’s Diary:

Fifteen young ladies in a school walk out three abreast for seven days in succession: it
is required to arrange them daily so that no two shall walk twice abreast.

The solution to this problem involves Kirkman triple systems, a special case of
combinatorial design. In the score, Johnson uses a (15,3,1) design with 13×35
blocks (see Fig. 5). As he explains:

In my score, entitled Kirkman’s Ladies, the 15 ladies become a scale of 15 notes, and
the daily walks of five rows, three ladies in each row, become phrases of five chords with
three notes in each chord. Each lady/note occurs once in each sequence of five chords,
each pair of ladies walks together once a week, and by the end of the 13 weeks/sections,
all 455 possible trios of women, all 455 possible combinations of three notes, have
passed by. (Johnson and Jedrzejewski 2014, page 39.)

Elliott Carter

A composer that explored new forms of composition involving the use of combina-
torial structures is Elliott Carter (1908-2012), famous for his innovations in rhythm
and metric forms, and for developing a new rhythmic language. However, his ex-
periments covered all aspects of musical creation. His exhaustive exploration of all
possible chords of a certain number of notes is particularly innovative.

Carter, who received a quite traditional musical education, had been influenced
by Charles Ives (1874-1954), Henry Cowell (1897-1965), and Conlon Nancarrow
(1912-1997), three composer that were at the time experimenting with tone divi-
sions, polytonality, polyrhythms, and new harmonies in a very radical way. As a
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consequence, in the 1940s, he engaged in new directions with the composition Pi-
ano Sonata, 1945, and more clearly Cello Sonata, 1948, beginning his search for a
new treatment of rhythmic matters.

Ives’s combinatorial ideas come from his eagerness to experiment with new
forms of music. For instance, he applied dodecaphonic rules (independently of
Schoenberg’s theory) to some compositions and worked with cyclical structures
(Bellamann 1933, Lambert 1990). The compositions by Nancarrow and Cowell
achieved a great rhythmic complexity, to the point that some of them were impossi-
ble to play by human musicians; they both constructed machines to play their works.
Cowell published the influential book New Musical Resources (1969), in which
he discusses new techniques regarding tone, overtones and polyharmony, time and
rhythm, and tone-clusters as a new form of chord formation.

As for Carter’s works, being influenced by these three composers, he took a step
further in the formalisation of his new musical language. He introduced a technique
that is now called rhythm modulation, which consists of moving from one speed to
another by means of changes of time signature and revision of the beat. This tech-
nique evolved until its culmination: the projection of simultaneous speeds together,
with acceleration and retardation in the same passage (Bernard 1988). Besides his
exploration and renovation of rhythm patterns, from the 1960s, Carter engaged in a
search for new pitch structures. As an example, in his piece Piano Concerto, 1964,
he composes with all twelve 3-note chords, each with a set of speeds. Carter’s Har-
mony Book (2001) is a handbook of harmonic materials that he used in nearly all
of his works from the early 1960s, written in the form of a catalogue of all possible
chords, with a complete and systematic analysis of them in a non-tonal universe.

Further examples

Combinatorics has flooded the realm of music composition, becoming a regular
tool for all kinds of composer. Hybrid techniques involving combinatorics and other
mathematical ideas are applied by almost all composers in contemporary music.
This makes it impossible to compile a complete list of composers that use com-
binatorics in their works. However, we can point out some notable examples of
composers, works, and theorists.

James Tenney (1934-2006) worked in many different areas, including algorith-
mic composition, for which he formally and computationally developed the ideas of
dissonant counterpoint (Polanski, Barnett, Winter 2011). He defined the concept of
harmonic distance based on the idea that harmonic relations between pitches can be
modelled by a multidimensional space with metrical and topological properties that
reflect how the human auditory apparatus perceives relations between pitches. In the
model, pitches are represented by points in a multidimensional lattice and the per-
ceived harmonic distance between two pitches is the Manhattan distance between
the corresponding points in harmonic space. (Winter 2019)
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Luiz Henrique Yudo (born 1962) is an auto-didact musician, trained as an archi-
tect. His experimental music comes from structures, labyrinths, alphabets, codes,
patterns, architecture, paintings, drawings, sculptures, displays, textiles, numbers,
geometry, tables, anything visual with a sonic potential.

James Saunders (born 1972) started to develop the idea of modular music with
the piece compatibility hides itself, 1998-1999. The work consists of small pieces of
music, each of a few seconds’ duration, which could be recombined into longer var-
ious combinations for each performance. This has become a combinatorial method
of composition (Saunders 2008).

Samuel Vriezen (born 1973) is a composer with a mathematical background. His
piece Within Fourths/Within Fifths, 2006, is his most clearly combinatorial work and
he also composed some pieces exploring block designs as a harmonic technique. As
he says, “I have been, increasingly, more interested in game-like structures. [. . . ]
certain structures of enumeration, permutation, combination etc. pop up in my work
all the time, but they do not always occupy the centre stage, the way it happens in
Tom’s [Johnson] work for example. Rather, they are among the formal tools that I
use for a wide variety of purposes” (Vriezen 2020). His piece Linking, 2019, ded-
icated to Tom Johnson on his 80th birthday, is structured as a card game. Vriezen
(2017) explains how game-like structures can be applied to the analysis of open
scores.

Ferran Fages (born 1974) is a composer that, with the notion of memory as a
common thread of ideas, is interested in sound and silence, space, and vibration.
He has no mathematical background. However, he has used combinatorial ideas to
generate a structure using combinations in Un lloc entre dos records, 2017, or a
process using the notion of a tree in 107 arbres, 2018-2020 (Fages 2020).

To refer to other genres, some discussion of mathematics in jazz can be found in
Maurer (2004). To mention only two examples, the music of the pianist Thelonious
Monk is concerned with permutation, and the band Dawn of Midi use translations
and permutations to compose their music, a sort of minimalistic jazz. In rock, math
rock and mathcore, are two styles that involve the use of complex and changing
rhythm structures, sometimes with explicit application of combinatorial techniques.
We can mention the bands The Dillinger Escape Plan, Converge, Meshuggah, Car
Bomb, and Jute Gyte.

Combinatorics in Literature

In literature, poetry stands apart from prose since metrics and rhyme patterns
can be considered combinatorial structures. Moreover, mathematical permutations
have been used in poetry since the twelfth century. The sextine, invented by the
troubadour Arnaut Daniel, is a famous structure involving a permutation of six
elements. A typical rhyme scheme is ABCDEF, FAEBDC, CFDABE, ECBFAD,
DEACFB, BDFECA. The sextine was practiced by several medieval poets, includ-
ing Dante and Petrarch and, as a poetic form, it has survived to the present day: it
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was recovered during the French resistance by Louis Aragon, generalised by Ray-
mond Queneau, and the Catalan experimental poet Joan Brossa wrote four books of
sextines. Another known poetic form that uses permutations is the proteus poem, in
which each line employs the same words but in a different order. The earliest sur-
viving proteus poem dates back to 1561 (Higgins 1987). In the twentieth century,
we find permutations in the cut-up technique of the Dadaists and the machine for
making poems of Tristan Tzara, and some decades later, in the works of the digital
poetry pioneer Brion Gysin, among others.

Fig. 6 The shaped poem The Mouse’s Tail in Carroll’s manuscript Alice’s Adventures Under
Ground, 1865, which would be published as Alice’s Adventures in Wonderland. (Public domain.)

More ancient and also with a combinatorial flavour are the carmina figurata,
which are poems written in a way that form a figure or a shape, sometimes hidden
inside another text. The oldest documented carmina figurata is the calligram The
egg, by Simmias of Rhodes, in the fourth century BCE. Maybe the most famous,
both for its simple visual appeal and for its display of remarkable technical skill,
are the poems written by Publilius Optatianus Porphyrius to honour the Emperor
Constantine (Edwards 2005). This poetic form has survived to our time and has
been used by a number of poets and writers, particularly the Dadaists and the Con-
crete movement. There is even an example in Lewis Carroll’s Alice’s Adventures
in Wonderland, 1865 (see Fig. 6). In the twentieth century, a number of poets that
have cultivated the carmina figurata, sometimes called calligrams or shaped poems,
including Guillaume Apollinaire, Allen Ginsberg, William Carlos William, Dylan
Thomas, Vicente Huidobro, Guillermo Cabrera Infante, Gerardo Diego, and Joan
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Brossa, among others. D’Ors (1977) studies this long tradition of experimental po-
etry, which passes through poets from Ancient Greece, artists in the Middle Ages,
in the sixteenth and seventeenth centuries, and, as we have seen, more recent ones.

Fig. 7 Gulliver’s engine, an illustration from one of the first editions of Gulliver’s Travels, 1735.
(Public domain.)

In prose, there are a number of works that contain references to combinatorial
structures, mainly permutations. The most relevant examples are: in chapter five of
part three of Gulliver’s Travels, by Jonathan Swift (1735, pp 188–189), Gulliver vis-
its the Grand Academy of Lagado. There he encounters a professor that shows him
an engine that would create prose and poetry, entirely mechanically. The method of
its operation involved turning the frame on which all the words of the language hung
and having students read them aloud while capturing the results. This is one of the
earliests mentions of a computer-like machine, one hundred years before Babbage’s
engine (see Fig. 7).

A similar example is found in Jorge Luis Borges’s novel La biblioteca de Babel,
1941, which describes a “universe” in the form of a library that consists of a structure
filled with volumes of text, each a unique and random permutation of the letters
of the alphabet. Because permutations of finite items, when repetition is allowed,
provide infinite variations, Borges touches on the notion that exhaustive variations
suggest a key to the mysteries of the infinite, one of the recurrent themes in his work.

The science fiction novel Permutation City, 1994, by Greg Egan, who holds a
Bachelor in Mathematics, starts with a 20-line poem consisting of anagrams of the
title of the novel:
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Into a mute crypt, I
Can’t pity our time
Turn amity poetic
Ciao, tiny trumpet!
Manic piety tutor
Tame purity tonic
Up, meiotic tyrant!
I taint my top cure
To it, my true panic
Put at my nice riot
To trace impunity
I tempt an outcry, I
Pin my taut erotic
Art to epic mutiny
Can’t you permit it
To cite my apt ruin?
My true icon: tap it
Copy time, turn it; a
Rite to cut my pain
Atomic putty? Rien!

Moreover, the chapter headings also consist of a permutation of the title: “(Rip, tie,
cut toy man)” appears in the headings of the prologue and chapters 3, 6, 9, and 12;
“(Remit not paucity)” in the headings of chapters 1, 2, 4, 5, 7, 8, 10, 11, 13, 14, 15,
17, 18, 19, 21, 22, and the epilogue;“Toy man picture it” in chapter 16; and “Can’t
you time trip” in chapter 20.

More conceptually interesting are the writers that explore new forms of narrative.
The innovative narrative techniques of the Argentinian writer Julio Cortázar eschew
temporal linearity. His most famous work is the novel Rayuela, 1963, in which the
reader decides the chapters’ reading order. Another work is the novel Composition
no. 1, 1962, by the French experimental writer Marc Saporta, where pages are read
in arbitrary order. These two novels connect with the idea of potentiality, one of the
fundamentals of the Oulipo group.

The Oulipo

The “Ouvrier de Littérature Potentielle”, Oulipo, was a group of writers and mathe-
maticians founded in 1960 by François Le Lionnais and Raymond Queneau (math-
ematicians) as a reaction against both traditional, in particular romantic, literature
and surrealism. The group worked basically with two objectives: first, to generate
what they called “potentiality”, to provide methodologies to create potential works,
even if they were not realised, to create what they called “the book of all stories”;
and second, to write with “constraints” or rules, in order to elaborate new forms and
structures to serve as a support for literary works. This technicist vision of litera-
ture, aiming to use language in a more abstract manner and understand it as a sort
of Meccano of signs which can be assembled by following rules, combinations, or
even algorithms, is what gives to the works of the Oulipo their combinatorial char-
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acter. Claude Berge, a member of the Oulipo and, as a mathematician, a renowned
expert in combinatorics and graph theory, explains how the literature of the Oulipo
is related to combinatorics and proposes many ways to represent the combinatorial
structure of some Oulipian works using graphs (see Berge 2016).

Besides Le Lionnais, Queneau and Berge, other relevant members of the group
were Georges Perec, Italo Calvino, and Marcel Duchamp. It is worth mentioning
that Cortázar refused to be part of the Oulipo, for political reasons, and Boris Vian,
who could have belonged to the group, died one year previous to the foundation.
The following authors produced works as part of this group.

Raymond Queneau

The most famous work of Raymond Queneau (1903-1976) is Cent mille milliards
de poèmes, 1961, which is, in fact, a set of 10 sonnets. Since each sonnet follows the
same rhyme scheme and bears the same rhyming sounds in the same places, each
line of one poem can be replaced by the equivalent line of another without breaking
any formal rules. The work is made by cutting slits on either side of each line of
each poem, which yields a set of 140 recombinable lines, easy to rearrange into one
hundred trillion possible sonnets. In this way, the author goes beyond the use of a
permutation, with the purpose of having the whole set of poems together, showing
the potentiality of the work. An edition of Cent mille milliards de poèmes is shown
in Fig. 8.

Fig. 8 The book is an object of art, in Cent mille milliards de poèmes, by Raymond Queneau.
(Photo by Glòria Solsona.)
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George Perec

Georges Perec (1936-1982) is one of the most representative members of the Oulipo.
His novel La vie, mode d’emploi, 1978, is an extremely detailed description of the
rooms of a house and of everything found there, including occupants, at a partic-
ular moment of time. Throughout the novel, many connections are established be-
tween the rooms, objects and characters, which create a network, a novel of novels.
A number of combinatorial schemes are involved in the writing of La vie, mode
d’emploi. For example, the rooms are mapped onto an orthogonal Latin square of
order 10, which consists of two Latin squares over two n-sets, S and T , defined over
the same n× n square, so that each pair (s, t) of the Cartesian product S× T ap-
pears exactly once. Furthermore, during the first part of the novel, the movements
around the house, that is, the 10×10 square, follow a Hamiltonian path, according
to the movements of a knight on a 10×10 chessboard (Perec 1981). In 1976, Perec
explained La vie mode d’emploi in a video recorded by the Institut Nationale de
l’Audiovisuel (1976).

Perec was extraordinarily prolific and his work has been extensively studied.
One example that is less famous, but in our opinion, very interesting and revealing
of Perec’s mode of creation is the piece Deux Cent Quarante-Trois Cartes Postales
en Couleurs Véritables, 1978, a set of 243 postcards supposedly sent from different
places around the world. They were created according to five “ingredients”: loca-
tion, activities, entertainments, special mentions, and farewells, each of them with
three possible values. The values were converted into names from a table – one
for each ingredient – containing 81 possibilities, some of them invented by Perec
(Bonch-Osmolovskaya 2018).

Italo Calvino

Italo Calvino (1923-1985), an Italian writer who joined the Oulipo in the last stage
of his career, wrote novels that potentially contain many different stories which must
be constructed by the reader, and that have been called “combinatorial literature”
(Calvino 1968). As a precursor of hypertext, he called his novels “hypernovels”,
novels that may potentially contain many different stories. In this period, the most
famous books he wrote are Le città invisibili (1972), a series of short stories that
describe a number of fantastic cities; Il castello dei destini incrociati (1973), for
which he used combinations of tarot cards; and Se una notte d’inverno un viaggia-
tore (1979), a collection of interwoven stories, some of them interrupted by acci-
dents such as an error a typing (purposely made by the author). In all three books,
the story is conceived as a network of stories.

Calvino (1983) is an essay in which the author explains how he created Se una
notte d’inverno un viaggiatore, enlarging the hypertextual character of the novel. In
this essay, Calvino shows a diagram representing the structure of the novel using
graphs.
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Juan Eduardo Cirlot

Juan Eduardo Cirlot (1916-1973) was a musician, an intellectual, a critic of art, a
medievalist, the author of a dictionary of symbols, and a poet. His early poems were
classical sonnets, but shortly after he began a very personal exploration through
surrealism – he was in personal contact with André Breton –, experimental poetry,
and permutational poetry. His interests in the Jewish kabbalah, symbolism, struc-
turalism, musical serialism, and almost all ancient and modern literary traditions,
including esoterism, occultism and Sufi mysticism, intensely leak in his writings.
Cirlot chooses topics from all these sources to combine them with his own spiritual
search (Janés 2014).

The kabbalah is the science of esoteric interpretation of the sacred texts, not
only through letters, but through numbers, since in the Hebrew alphabet each letter
has an associated numeric value. Juan Eduardo Cirlot found in the hermeneutical
techniques of Abraham Abulafi, a Spanish kabbalist from the thirteenth century, a
source of inspiration for his permutational poetry, also influenced by dodecaphonic
music and the study of symbology. Cirlot’s use of permutations is closely linked to
the phonetic value of the words, rhyme and rhythm, and structure. It also relies on
the visual distribution of the verses in the page, as in shaped poems.

Maybe, the most original feature of Cirlot’s permutational poetry is the connec-
tion that he establishes between permutations and symbolism. As he says in the
prologue to his Diccionario de los sı́mbolos:

[. . . ] the premises that allow the symbolist conception [. . . ] are: (a) Nothing is indifferent.
Everything expresses something and everything is significant. (b) No form of reality is
independent; everything is related in some way. (c) The quantitative becomes qualitative at
certain essential points that constitute precisely the significance of quantity. (d) Everything
is serial. (e) There are correlations of situation between the various series and of meaning
between said series and the elements they comprise. Seriality, a fundamental phenomenon,
encompasses the physical world as well as the spiritual world.

His first experiment with permutations is the work Homenaje a Bécquer, 1954-
1968, in which he composes 23 poems using exclusively lines and words from the
famous poem Volverán las oscuras golondrinas, by the Spanish romantic poet Gus-
tavo Adolfo Bécquer. Only one word of the original poem is missing in Cirlot’s
homage: Dios, the Spanish word for God (Martı́n Ortega 2012). Other permutational
works are El palacio de plata, 1955, and Inger, permutaciones, 1971, in which he
applies permutations to letters and syllables.

His creative inquiries resulted in the immense collection of poems Bronwyn,
1966-1971. This work gathers all the influences and resources of the poet, including
the use of combinatorial rules for rhyme, in the books Bronwyn, II and Bronwyn, V,
and permutations, in the books Bronwyn, permutations and Bronwyn, n (Berenguer
Martı́n 2007).
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Digital poetry

In 1952, Christopher Strachey wrote an algorithm for a Ferranti Mark I that created
combinatorial love letters. The algorithm built the love letters according to a pre-
determined structure, choosing the words to use in each part from a list compiled
by Strachey from a thesaurus. In 1959, Theo Lutz produced what he called stochas-
tic texts with a program in ALGOL on a Zuse Z 22. He generated a database with
100 words from Franz Kafka’s novel The Castle. The program selected words from
the database and generated syntactically correct sentences. These two examples are
known as the first digital poetry experiments, although they both were singular ex-
periments with no artistic context.

According to Funkhouser (2007), “digital poetry is a new genre of literary, vi-
sual and sonic art launched by poets who began to experiment with computers in the
late 1950s.” As Strachey and Lutz’s examples show, digital poetry began with text
generators, which were based either on random choices of words from a database, or
permutations of words from a source text. Since the beginning of the 1980s, hyper-
text has provided the possibility of non-linear texts to digital poets, enhanced with
the possibility of dissemination and communication that came with the advent of the
Web and network technology. Digital poetry has become a wide field of creation,
resulting in a myriad types of expressions.

The foundations of digital poetry are the poem Un coup de dés jamais n’abolira
le hasard, 1914, by Stéphane Mallarmé; and the cut-up techniques from the Dadaists,
rediscovered in the 1960s by Brion Gysin, who explained, and “lent” it to William
Burroughs. In fact, the influence of the Dada poets, who challenged convention with
methods like collage, the invention of neologisms, typographical distortion, and the
use of non-semantic sounds, is very strong on digital poets that create by means of
programmed text generators.

Most of the techniques used in digital poetry are based either on the use of ran-
domness, or the use of combinatorics, like the permutation poems and the works
that use hypertext to create a network structure. Moreover, combinatorial thinking
is always present in computer programming and this gives computer art a more
combinatorial character. However, we need to notice that, in general, digital poetry
is conceptually more involved with pure randomness than combinatorics.

The book by Funkhouser (2007) is a very complete and reliable source of infor-
mation. It begins with a chronology of works from its origins in 1959 to 1995. With
numerous examples, it covers the different types of computer poetry the author has
identified, namely, computer programmed texts; visual works (static and kinetic);
hypertext and hypermedia; early Internet publications and audio productions; code
poetry; and holographic poetry. It also addresses some interesting questions on digi-
tal poetry, like how to classify such a varied spectrum of works, and how the technol-
ogy, hardware and software, available to the poets evolved over time. Bailey (1973)
is an interesting anthology of computer poems. The author relates the computer po-
ems in the anthology with known poetic tendencies, such as concrete poetry, sound
poetry, shaped poetry and haiku, a Japanese poetic form that was considered easily
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mechanized because of its shortness. The webpage iloveepoetry (2020) is a good
repository of works and resources on digital poetry.

Brion Gysin

Brion Gysin (1916-1986) was a painter, poet, inventor, historian, novelist, song-
writer, performer, polyglot – he could handle seven languages – and an artist who
made things happen. His eclectic interests are variations of a single fascination: lan-
guage, in all its forms.

He lived in London, Greece, New York, Tangier (Morocco), and Paris, the city
that through the years remained his most constant home. In the late 1950s, he spent
four years in the so called “Beat Hotel”, where he began long-lasting artistic col-
laborations with both the writer William Burroughs and a student of mathematics
interested in electronic and computer programming, Ian Sommerville. Those years
turned out to be the most productive of Gysin’s artistic career.

One of his most famous works, the Dreamachine, was a recreation, by means of
stroboscopic light, of an experience he had on a bus:

I had the actual experience, in the back of a bus, driving along a row of trees that was spaced
exactly as was necessary to produce the effect with the sun setting behind the trees. I closed
my eyes and had what I thought was a spiritual experience. (Weiss 1991.)

The Dreamachine, constructed by Gysin and Sommerville, was the first artwork to
be experienced with the eyes closed.

As a poet, Gysin (re)discovered the cut-up technique and was one of the fathers
of sound poetry with his permutation poems. He says that the permutations idea
came from the famous divine tautology “I am that I am”, which was quoted in
The Doors of Perception by Huxley, and which he started to play with, repeating
and rearranging its words to finally built his first permutation poem. The poem is
generated by a cyclical randomised representation of the three words contained in
that phrase. One version of his first permutation poem is:

I AM THAT I AM
I THAT AM I AM
I AM I THAT AM
I I AM THAT AM
I THAT I AM AM
I I THAT AM AM
I AM THAT AM I
I THAT AM AM I
I AM AM THAT I
I AM AM THAT I
I THAT AM AM
I AM THAT AM I
I AM I AM THAT
I I AM AM THAT

Gysin’s permutation poetry imposes a preestablished pattern on the words in a
phrase, so they appear in different orders until all possibilities have been exhausted.
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The availability of computer technology automated the process of randomising these
permutations. Other permutation poems by Gysin are Rub Out The Word, In the
Beginning there was the Word, Kick That Habit Man, Poets Don’t Own Words, I
Don’t Work You Dig, and Junk Is No Good Baby.

In a 1964 piece called Cut-Ups Self-Explained Gysin declares, “The permuted
poems set the words spinning off on their own; echoing out as the words of a potent
phrase are permuted into an expanding ripple of meanings which they did not seem
to be capable of when they were struck and then stuck into that phrase” (Kuri 2003).
Another famous poem by Gysin is the Pistol Poem, composed by cutting into pieces
a recording of a pistol firing, and rearranging them.

Corbett (1998) writes about Gysin’s collaboration with the saxophonist Steve
Lacy as a songwriter. He also collaborated with the graffiti artist Keith Haring, who
was also interested in language and used permutations and anagrams in his draw-
ings.

Combinatorics in Visual Art

The interaction between art and geometry has existed since antiquity. In the early
decades of the twentieth century, starting with the experiments in Cubism and Ex-
pressionism, visual art turned from the figurative to the abstract. A large number of
artistic movements arose, some of them inspired by mathematics and, in the case of
Constructivism, Geometric Abstraction and Minimalism, by the most simple forms
of geometry. Non-representational compositions were concerned with the produc-
tion of various geometric shapes where the size and character of these shapes, their
relationship to each other, as well as the colours used throughout the work, become
the defining motifs of abstraction. Such art works were conceived as combinations
of forms and colours. The survey by Lorenzi and Francaviglia (2011) provides de-
tailed descriptions of the relations between geometry and art in the twentieth cen-
tury.

In some cases, geometry is the visual part of a work that makes use of, or is
based on, combinatorial structures and methodologies. In this sense, and despite the
strong geometric character of the works of avant-garde artists, Paul Klee, Vassily
Kandinsky, and Josef Albers, who were teachers at the Bauhaus in the interwar
period, were influenced by the work of the chemist and Nobel laureate Wilhelm
Ostwald, who used combinatorics as a creative and interdisciplinary way of thinking
in areas such as knowledge organisation and in his theory of colours and forms, as
studied by Hapke (2012). In Fig. 1, three pages of the teaching notes of Paul Klee
at those years show how he used graphs to represent the relations between colours.

From the mid-twentieth century, conceptual geometric abstract artists have worked
with systems of rules or instructions that often were considered an artwork in them-
selves. The use of numerical sequences and the basic combinatorial structures –
combinations and permutations –, sometimes with the exploration of all possibili-
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ties, together with the work in series are the main characteristics of their combina-
torial work.

Conceptual art developed in parallel with the works of computer art pioneers. In
the late 1960s, several computer labs in universities around the world hosted groups
of artists that wanted to use computers to draw. Some of these artists were, in fact,
scientists who had turned into artists: mathematicians, engineers, physicists. Many
collective exhibitions took place around the world: from 1961 to 1973, five exhibi-
tions of artists from the group EXAT51 under the title Nove Tendencije in Zagreb;
in 1965, Computer Art in Stuttgart; in 1968, Cybernetic Serendipity in London. The
first solo exhibition of a computer artist was Manfred Mohr: une esthétique pro-
grammée, at the Musée d’Art Moderne, in Paris in 1971. Computer art is a vast
territory. For those who want to explore it, Shanken (2009) is a survey on how
artists use electronic media; McCormack and d’Inverno (2012) and Paul (2016), are
good collections of writings on the history, aesthetics and politics of computer art;
Migayrou (2018) is a catalogue of the exhibition Coder le monde that took place in
the Centre Georges Pompidou, Paris, in 2018.

Sol LeWitt

A conceptual artist, Sol LeWitt (1928-2007) is known for his series of cube works
and for his wall drawings. His first cube work, Serial Project #1, 1966, shows the
36 possible configurations that result from two cubes nested into each other, each
with two parameters, “surface” (open/closed) and “height” (low/middle/high). In
his accompanying text, LeWitt (1967a) describes the combinatorial rules that define
this work. Variations of incomplete cubes, 1974, is an installation that explores all
possible figures that can be obtained by removing the edges from a cube (see LeWitt
and Garrels 2011). Fig. 9 shows some of the constructed figures.

Fig. 9 Some of the LeWitt’s incomplete open cubes, 1974. (Courtesy MASS MoCA.)

The next example allows us to grasp the combinatorial character of LeWitt’s
creative process. Between 1969 and 1970, LeWitt created four drawing series on
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paper. In each series he applied a different system of change to each of twenty-four
possible combinations of a square divided into four equal parts, each containing one
of the four basic types of lines LeWitt used. The result is four possible permutations
for each of the twenty-four original units, which are presented in a grid of twenty-
four sets of four squares, each divided into four equal parts. In Drawing Series IV,
LeWitt used the Cross Reverse method of change, in which the parts of each of
the original units are crossed and reversed. In Wall Drawing 413, shown in Fig. 10,
LeWitt executed his Drawing Series IV using ink.

Fig. 10 Sol LeWitt’s Wall Drawing #413, 1984. (Courtesy MASS MoCA.)

Other works that follow combinatorial rules are Wall Drawing #450, A wall is
divided vertically into four equal parts. All one-, two-, three- and four-part combi-
nations of four colors, 1985, and Wall Drawing #493, The wall is divided vertically
into three equal parts. All one-, two-, and three-part combinations of three colors,
1986.

LeWitt wrote about his ideas and his art in a easy to read style, not lacking
a sense of humour. The most famous writings are the Paragraphs on Conceptual
Art (1967b) and the Sentences on Conceptual Art (1969). They are short artist state-
ments, in which he says, for example: “Ideas can be works of art; they are in a chain
of development that may eventually find some form. All ideas need not be made
physical.” (sentence number 9) or “For each work of art that becomes physical there
are many variations that do not.” (sentence number 11) – two sentences that con-
nect with the ideas of the Oulipo group – and also “Conceptual artists are mystics
rather than rationalists. They leap to conclusions that logic cannot reach.”(sentence
number 1), which suggests connections with Llull’s Ars Combinatoria and Cirlot’s
permutation poems.

LeWitt’s interest in making the combinatorial structure of the work visible to
the observer contrasts with the conception of Donald Judd, an artist that worked in
numerical sequences and whose early work influenced LeWitt. Judd thought that the
mathematics in his work had to be somehow hidden or, at least, made less clear to
the observer (Rottman 2015).
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Vera Molnar

Fig. 11 Structure de Quadrilatères by Vera Molnar, 1987. (Courtesy Spalter Digital Art Collec-
tion.)

Vera Molnar (born 1924), who was educated in classical painting, worked with a
variety of techniques such as collage, gouache and pencil, and yet her fame comes
from being a pioneer of digital art (Molnar 2020). She used the computer as a tool to
develop a systematic language. “Its immense combinatorial capacity facilitates the
systematic investigation of the infinite field of possibilities”, she said (Molnar 1984).

In her work, influenced by the ideas of Max Bill (1996) concerning mathematics
in art, she used geometric figures such as squares, circles and lines, with an empha-
sis on repetition. Besides the use of simple geometric figures (as she says, “I love
squares”), her art works are based on an investigation of the expressive possibilities
of the contrast between order and disorder, which she accomplishes by combining
irregularities or randomness with the structure given by combinatorics.

The representation and decomposition of the 3× 3 grid, sometimes using poly-
ominoes, is a recurrent theme in Molnar’s work, and more generally, the square grid,
a combinatorial structure that is decomposed and deconstructed in different ways in
a large number of her works (see Fig. 11). One of these works is Hommage à Dürer,
a series that she started in 1948, and on which she worked for more than fifty years.
It represents a magic square by a line following a permutation of the squares of a
4×4 grid, referring to the magic square in the painting Melencolia I, an engraving
by Albrecht Dürer from 1514. A number of different permutations are generated and
placed to occupy the squares of a 10×10, 15×15, or 20×20 grid. Fig. 12 shows a
reinterpretation of this work by Lali Barrière, a creative programming exercise.



Combinatorial Artists 25

Fig. 12 A recreation of Vera Molnar’s Hommage à Dürer by L.B.

Manfred Mohr

Manfred Mohr (born 1938) was attracted to computer-generated algorithmic ge-
ometry after discovering Max Bense’s information aesthetics in the early 1960s
(Bense 1956). In 1969, he programmed his first computer drawings. Since then he
has continued to develop and write algorithms for his visual ideas and his art is
produced exclusively with computers. As he explains:

The first step in that direction was an extended analysis of my own paintings and drawings
from the last ten years. It resulted in a surprisingly large amount of regularities, deter-
mined of course by my particular aesthetical sense, through which I was able to establish a
number of basic elements that amounted to a rudimentary syntax. After representing these
basic constructions through a mathematical formalism, and setting them up in an abstract
combinatorial framework, I was in a position to realize all possible representations of my
algorithms. (Mohr 1971, page 36.)

Despite the fact that Mohr has worked for more than fifty years with comput-
ers, he does not consider himself a digital artist; similarly, despite the fact that he
has always used elements of mathematics to realise his ideas, he does not consider
himself a mathematical artist. Language and logic are the intellectual concepts that
sustain his work, and he sees the computer as a tool that allows him to write down
what he wants to do.

Combinatorial ideas show up in Mohr’s work very early, before he began to use
the computer, but become completely realised in his computer works. In 1973, Mohr
started his work on the cube and its combinatorial properties, first considering the
12 lines of the cube as an alphabet, and explicitly showing combinations of a cer-
tain number of lines in the computer generated films Cubic Limit, 1972-1975, and
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Complementary Cubes, 1973-1974 (see Fig. 13). His work on the cube has contin-
ued to the present day with an extension to multidimensional hypercubes and their
combinatorial properties.

Fig. 13 Some images from Mohr’s film Cubic Limit, 1972-1975. (With permission of the author.)

Mohr has succeeded in constructing a very rich, personal language from fixed
and apparently simple geometric structure. In using the cube as an instrument to
create his language, the necessity of working in higher dimensions comes not from
a desire for complexity, but from the fact that more complex structures provide more
elements to work with, more possibilities (Mohr 2019). In the series Dimensions I,
1978, he introduced the concept of the diagonal path in his works, which he used first
in the graph of the 4-dimensional hypercube, with some interesting combinatorial
works: exploration of all possible diagonal paths between two opposite vertices, for
all pairs of opposite vertices; the construction of maximal planar graphs containing
only diagonal paths between two vertices; and arranging the sets of edges in subsets
with some given properties. With an increasing structural complexity, given by the
dimension of the hypercube Mohr worked with, other combinatorial series of works
are: Divisibility I, II, III, 1980-1985, Dimensions II, 1986-1989, Line Cluster, 1989-
1990, and Laserglyphs,1990-1993.

Mohr’s work is based on the systematic creation of signs from a simple geometric
structure, the cube and the hypercube. Showing only some aspects of it breaks the
symmetry of the underlying structure and creates an ambiguity in the sign. This is
especially true in his series of works from 2009: parallelResonance, 2009-2011,
Artificiata II, 2012-2016, Transit code, 2017-2018, and Algorithmic Modulations,
2019. Through explorations of the diagonal paths of hypercubes of dimensions 11
and 12 and their rotations, Mohr generates aesthetically appealing works where the
hidden structure is suggested but difficult to infer. Fig. 14 and 15 show two of these
works.
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Fig. 14 parallelResonance by Manfred Mohr, 2009-2012, on a diagonal path through the 11-
dimensional hypercube. (With permission of the author.)

Fig. 15 Manfred Mohr’s Algorithmic modulations, 2019, one of his late works, on diagonal paths
through the 12-dimensional hypercube. (With permission of the author.)

Manfred Mohr’s webpage (2020a) is very well maintained and a huge source of
information. Besides his artworks, it includes information about the processes that
led him to them and also documents from all the exhibitions and events he was
involved in. Several videos from Artificiata II can be watched on Mohr’s Vimeo
channel (2020b).

Vladimir Bonačić

Vladimir Bonačić (1938-1999) was an electrical engineer at the University of Za-
greb. In 1967, he wrote a PhD thesis on pattern recognition and data structures, a
very advanced subject at that time. In 1968, on the occasion of the 4th Nove Tenden-
cije exhibition, he collaborated with the painter and graphic designer Ivan Picelj, a
constructivist artist that was a founder member of the Croatian group EXAT51. This
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collaboration was the beginning of Bonačić’s artistic career and he became a pioneer
in interactive kinetic art, using computer systems to create what he called cybernetic
art. From 1969 to 1973, he was the head of the Laboratory of Cybernetics at the Re-
search Institute Ruder Bošković in Zagreb, and in 1971 served as an advisor to the
UNESCO on art and science matters. From 1973 to 1977, together with the soft-
ware developer Miro A. Cimerman and the architect Dunja Donassy, he created the
laboratory bcd – cybernetic art in Jerusalem, in the framework of the “Jerusalem
Program in Art and Science”, where he taught “computer-based art”, again, a very
advanced matter to teach in the 1970s.

Fig. 16 The dynamic object GF.E (16,4) CNSM, 1969-1971, by Vladimir Bonačić. ( c©Dunja
Donassy-Bonačić, with permission.)

Just as Manfred Mohr was influenced by the aesthetical and theoretical ideas of
Max Bense, and Vera Molnar by Max Bill’s proposal of formalising art using mathe-
matics, Vladimir Bonačić was influenced by the ideas of Matko Meštrović, who did
not consider artworks as unique goods for the artistic market, but as “plastic-visual
research, with the aim of determining the objective psychophysical bases of the plas-
tic phenomenon and visual perception, in this way a priori excluding any possibility
of including subjectivism, individualism, and romanticism [. . . ]” (Meštrović 2005).

Bonačić’s innovative approach was a result of the combination of his artistic
personality with his scientific and technological knowledge. In his exploration of
interactivity he said:
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The fact that the dimension of time is a key factor in objects of a kinetic art type makes
it possible to give artistic expression to visual and auditory experiences, perhaps of more
significance than those that can be made by computer display methods that have been com-
monly used (Bonačić 1974).

This quotation shows Bonačić’s worries about kinetics and interactivity, in the
early stages of this form of art.

His artworks are physical works that he calls “dynamic objects”, constructed
using group theory and other mathematical concepts. Most of them were panels of
light (and sometimes sound) combinations, controlled by a computer that generated
sequences of Galois fields patterns. They also provided some primitive interaction.
The most known is GF.E (16,4) CNSM, 1969-1971, a 178× 178 centimetres panel
of coloured lights that weighted half a tonne, shown in Fig. 16.

Far from the artists that used the computer to simulate existing art, Bonačić con-
ceived of the computer as a tool to uncover a new world where scientists and artists
could work together. In his aesthetic and artistic conception, he was very critical of
the use of pure randomness in computer art. His reflections on this matter, which
can be found in Bonačić (1974), led him to the creation of the work Random 63,
1969 (see Fig. 17).

Fig. 17 Vladimir Bonačić’s Random 63, 1969. (Photo by L.B.)

Bonačić (1974) is a good source for a first-hand explanation of both Bonačić’s
works on the Galois fields and Bonačić’s ideas on what and how computer art must
be. Fritz (2008) and (2011) shed more light on the history of Bonačić’s artistic career
and other works.
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Anders Hoff aka inconvergent

inconvergent (2020) is a young digital artist that explores algorithms in depth. Since
the beginning of his career as an artist, he has evolved from works inspired by nature
simulation to more conceptual ones, leading him to a more combinatorial approach
to creation.

Hoff has a profound knowledge of programming languages, advanced data struc-
tures and algorithms, from which he gets inspiration in his work. He is one of the
current digital artists that thinks combinatorially.

inconvergent’s webpage (2020), a repository of his work, shows images of his
digital prints and plotter drawings, but also some writings about how he approaches
his artistic activity and some technical explanations on some of the algorithms he
creates. Fig. 18 shows two of his plotter drawings.

Fig. 18 The plotter drawings 8dbcdd3 and 89143f7, 2017-2020, by inconvergent. (With permission
of the author.)

Other combinatorial visual artists

Conceptual geometric abstraction is an artistic tendency that favours the use of com-
binatorial ideas. Besides Sol LeWitt, other artists have used combinatorial ideas in
their work, although in a less committed way. In this sense, the most interesting
works are the drawings of Kenneth Martin (1905-1984) and Mary Martin (1907-
1969), but also the use of the grid structure by Luis Tomasello (1915-2014), the
original coloured paintings by Channa Horwitz (1932-2013), the graph-like struc-
tures of Gertrude Goldschmidt a.k.a. Gego (1912-1994), and the conceptual art by
François Morellet (1926-2016).
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Algorithmic artists Vera Molnar and Manfred Mohr shared their interest for
drawing with the computer with other digital art pioneers, who necessarily used
combinatorics in their works, though interested in other areas of mathematics. In-
teresting works include those of Frieder Nake (born 1938), based on probability
and Markov chains, some of them on the grid structure (see Fig. 19), the computer
calculated but hand painted works of Hiroshi Kawano (1925 - 2012), the graphic ex-
periments using random numbers by Georg Nees (1926 - 2016), and the geometric
but somehow combinatorial drawings of Edward Zajec (born 1938), to name only a
few.

Fig. 19 Frieder Nake’s Walk-through-raster Series 7.1-6 and Walk-through-raster Series 2.1-4,
1966. (With permission of the author.)

During the 1980s and 1990s, the rapid evolution of the computational power and
graphic capabilities of computers awakened artists’ interest in graphic and com-
putational challenges like simulation and 3D, far from the conceptual ideas and
mathematical formalisation of combinatorial artists.

As we have already mentioned, the use of combinatorics has become natural for
artists nowadays, often mixed with other techniques and methods. We have high-
lighted some of the works by Anders Hoff, a.k.a. inconvergent, because they rep-
resent a younger generation of computational artists that have a solid background
in modern computer science (data structures and programming) and discrete math-
ematics. We are interested in artists that pay attention to the process, to the systems
they create, something that will always involve the use of combinatorics. The fol-
lowing list is subjective and represents only a tiny sample: the minimalist conceptual
art of Casey Reas, the artistic projects based on data visualisation of Ryoji Ikeda, the
generative works of the software designer and artist Reza Ali, the data visualisation
works of Manuel Lima, the computational geometric universe of Marius Watz, and
the works Forms, 2012, by Memo Akten and Quayola, Colorfield, 2009-2016, by
Jon McCormack, and Sphere Packing: Bach, 2018, by Rafael Lozano-Hemmer.
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Dance, Theatre and Cinema

Dance, cinema and theatre are artistic manifestations that revolve around the notion
of “the spectator”: the processes of expression, communication, and reception are
an important part of the artist’s interests. Moreover, in dance and theatre, there is an
obvious interest in the body and movement. These notions are not easy to formalise
using mathematics, and so there are few examples of combinatorics applied to these
three forms of art. In most of them, artists get close to combinatorics through their
interest in language and structure. We have combined them in this section for the
sake of completeness.

Dance

Merce Cunningham (1919-2009) was an influential dancer and choreographer. For
more than fifty years he developed an experimental and innovative body of work,
in collaboration with artists from other fields. His lifelong partner, the musician
John Cage, was known for the use of chance in his music, something that they also
applied in their numerous works together. Cunningham is famous for applying the
technique of collage to dance and for being the first choreographer to use the com-
puter as a choreographic tool. The earliest dance Cunningham choreographed with
the assistance of the computer program Life Forms was Trackers in 1991 (Copeland
1999 and 2002, Cunningham 1994).

Lucinda Childs (born 1940) and Deborah Hay (born 1941) are two pioneering
dancers and choreographers in the field of experimental dance. They both trained
with Merce Cunningham. Lucinda Childs’ conceptual dance is based on creating
patterns by means of the repetition, combination and permutation of simple mini-
malistic movements. She has collaborated with Philip Glass and Sol LeWitt among
others (Bither and Engberg 2011). Deborah Hay is one of the founding members
of the Judson Dance Theater. She used specific movements as permutable elements
in 20 Permutations of 2 Sets of 3 Equal Parts in a Linear Pattern, 1969 (Hay and
McDonagh 1970).

Matteo Fargion (born 1961), musician, and Jonathan Burrows (born 1960),
choreographer, met in 1989 and have collaborate closely since then. Together they
have built a language that explores the relationship between music and dance. They
are interested in the process more than the result, and concerned with attention,
rhythm, repetition, unpredictability, surprise, and counterpoint (see Burrows 2020
and Fargion 2020).
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Theatre

Samuel Beckett (1906-1989) was a playwright, theatre director, writer and poet
known for his exploration of language. The linguistic experimentation present in
his works, which throughout his career became increasingly minimalist, is embod-
ied in Beckett’s use of mathematical processes as artistic techniques. Beckett tries
to describe the world mathematically by presenting all (or many) possible combi-
nations or permutations of a situation, and shows the contrast between the limited
but precise world of mathematics and the imprecise but unlimited world of natural
language. Quad, 1981, is a performance he wrote for television based on the number
4, which involves a very committed use of combinatorial structures (Stevens 2010).
Watt, 1945, is a novel that explores the absurd and the contradictions of language
(Howard 1994). Beckett’s universe has been and continues to be widely studied. The
article by Brits (2019) is devoted to the use of mathematics in Beckett’s works.

Allan Kaprow (1927-2006) is known for inventing, in the late 1950s, the concept
of happening, an artistic action which blurred the line between life and art, and
between the artist and the audience. He advocated against competition in favour of
a playful participation:

[. . . ] This critical difference between gaming and playing cannot be ignored. Both in-
volve free fantasy and apparent spontaneity, both may have clear structures, both may (but
needn’t) require special skills that enhance the playing. Play, however, offers satisfaction,
not in some stated practical outcome, some immediate accomplishment, but rather in con-
tinuous participation as its own end. Taking sides, victory, and defeat, all irrelevant in play,
are the chief requisites of game. In play, one is carefree; in a game one is anxious about
winning. (Kaprow 1993, page 122.)

His work influenced the Fluxus movement and the art of installation. Although his
approach is not mathematical, in his explorations of the artistic language he used
variations on a given number of elements in performance work. Some of the nu-
merous and interesting essays he wrote about his work and ideas are collected in
Kaprow (1993).

Cinema

In cinema, there are two different types of combinatorial works: abstract works that
show combinatorial geometric structures, and works that treat the narrative in a non-
linear combinatorial way.

The earliest combinatorial abstract film we found is John Whitney’s Permuta-
tions, 1968, although we could find, with little effort, some combinatorial elements
in early films classified as “visual music”, namely the films by Viking Eggeling
(1880-1925), for example Symphonie Diagonale, 1924, and the works of Oskar
Fischinger (1900-1967) (Jennings 2015, Keefer and Guldemond 2013).

Hollis Frampton (1936-1984) was a photographer and experimental filmmaker
who made audacious films that shunned narrative and adopted systems based on
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mathematics and linguistics for their organisational structures. His most famous
film, Zorns Lemma, 1970, takes the title from a result in set theory. In fact, for
Frampton, set theory permits the abstract representation of film’s capacity to cata-
logue intersecting planes of perception in infinite combinations (MacDonald 1979,
Ragona 2004).

Raul Ruiz (1941-2011), a Chilean filmmaker exiled in France since 1973, cre-
ated an experimental cinema that explores lack of identity and loss of territory. Raul
Ruiz’s cinema comes from a continuous reflection on narrative modes that results
in a narrative universe made of interwoven stories which cross and turn over them-
selves. This generates a network of stories. All of them seem possible. (Vásquez
Rocca 2013).

Peter Greenaway (born 1942) is a filmmaker that uses numbers, sets and propor-
tions, to help him structure a film. Greenaway writes:

I am constantly looking for something more substantial than narrative to hold the vocabulary
of cinema together. I have constantly looked for, quoted, and invented organising principles
that reflect temporal passing more successfully than narrative and that code behaviour more
abstractly than narrative, performing these tasks with some form of passionate detachment.
[. . . ] Numbers help. Numbers can mean definable structure, readily understandable around
the world. And numbers essentially carry no emotional overload. (Greenaway 2005.)

Closing time

We have seen several musicians that work with combinatorics in one way or another.
Dodecaphonic music, a rigid system based on permutations of the twelve tones;
Iannis Xenakis, a musician that wanted to formalise music using mathematics and
who created combinatorial compositions; Tom Johnson, “the” combinatorial musi-
cian, the man who counts, whose whole production is inspired by the application of
mathematical rules, most of them combinatorial; and Elliott Carter, an experimental
musician who explored rhythm and harmony in a very combinatorial way.

In literature, permutations have been the most used combinatorial structure since
very early times. The examples of Juan Eduardo Cirlot, who managed to give per-
mutations a mystical meaning, and Brion Gysin, who used them in a playful way as
part of his diverse artistic production, show two very distinct approaches. Besides
permutations, we have presented some works exploring the idea of potentiality, such
as the novels by Cortázar and Marc Saporta, and also the Oulipo group. This group
of writers were strongly involved in using combinatorics in their art in all possible
forms, with the help of some of the members of the group that were also mathemati-
cians.

Like music and literature, visual art became combinatorial with the arrival of
abstraction. However, in visual art, combinatorics is always mixed with geometry.
We have presented the conceptual geometric art of Sol LeWitt, together with two
digital artists, Vera Molnar and Manfred Mohr, who are the most combinatorial ex-
amples among the pioneers of computer art. These three artists were contemporary
and shared ideas, but clearly have different approaches. Vladimir Bonačić, an artist
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who worked with hardware and electronics and was interested in collaboration be-
tween scientists and artists, built an emblematic installation based on a Galois field,
an algebraic discrete structure, and made other interesting cybernetic artworks.

Many of the early computer artworks involved the use of combinatorial struc-
tures and methodologies, but not all artists adopted a combinatorial approach in
their work. Among those who did, we found two main non-exclusive approaches:
the ones that worked conceptually with combinatorial ideas, structures and method-
ologies, and the ones that were inspired by discrete structures and algorithms in a
more technical manner. Combinatorial artists are those artists that merge these two
interests in a balanced way. Concepts and ideas matter, methodologies and tech-
niques matter too. This is the reason why Anders Hoff a.k.a. inconvergent is “the”
artist we choose to represent the current generation of digital combinatorial artists.

Notice that in dance, theatre and cinema there are few examples. We cannot think
of these examples as isolated cases, because they belong to the extended family of
artists of all disciplines that worry about structure and about renewing language in
a formal way, and in doing so, rely on mathematics.

The selection of artists we have presented shows a variety of combinatorial works
and a variety of approaches to the use of combinatorics. Nowadays, combinatorics is
in the toolbox of all artists, and we can find a huge number of works of art or artistic
projects with the work “permutation” in the title. This current state of affairs is
thanks to the pioneers that philosophically and artistically engaged in the paradigm
changes that took place during the twentieth century.

To the question we posed in the introduction of this chapter, “Are there artists
who work or think combinatorially?” the answer is yes. Those artists (in order of
appearance) are our beloved Tom Johnson, Georges Perec, Sol LeWitt, and Manfred
Mohr.
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