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Abstract

Doctor in Mathematics

An effective method to study the Hopf Galois module structure of certain
extensions of fields

by Daniel Gil-Mufioz

We develop a method to compute a basis of the associated order Ay in a Hopf
Galois structure H of the ring of integers O of an extension of number or p-adic
fields L/K. We state and prove a necessary and sufficient condition for a given el-
ement f € Op to be a free generator of O as Ay-module. Whenever it exists, one
can use such a free generator and a basis of g to build a basis which can be seen
as an analog of the normal integral basis in the Galois case. We use this method to
determine the associated order and the existence of normal integral basis generators
for different classes of extensions of fields, such as Galois extensions of degrees 2, 3
and 4, and separable degree p extensions of Q, with normal closure having Galois
group isomorphic to the dihedral group D, of 2p elements. We shall use the theory
of induced Hopf Galois structures to study the same problem for the normal closure
itself, i.e. a dihedral degree 2p extension of Q,. We give complete answers for the
cases p =3 and p = 5.
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Introduction

A normal basis of a Galois extension of fields is a basis of the top field of the exten-
sion whose elements correspond to a single orbit of the action of the Galois group.
Concretely, if L/K is a Galois extension with Galois group G, a normal basis is a
K-basis of L of the form

{o(a) o € G}, ©)

for some a € L. The Galois action can be extended K-linearly to an action of the K-
group algebra K[G] on L, which endows L with K[G]-module structure. Condition
(1) is then equivalent to L being a free K[G]|-module of rank one with generator «,
thatis L = K[G] as a left K[G]-module. This identifies L with the regular represen-
tation of G. In virtue of the normal basis theorem, every Galois extension of fields
possesses a normal basis, which solves the problem of the existence. The interest
of normal bases relies in the fact that elements written with respect to one of these
are more manageable and easier to operate with, which makes them attractive from
both theoretical and practical points of view.

If L /K is an extension of local or global fields, then we may ask whether a similar
description is available for the ring of integers O, of the top field L. If the extension
is Galois with Galois group G, then Oy is certainly an Ox[G|-module, commonly re-
ferred to as the Galois module structure of Or. Thus, we may ask whether this module
is free (in which case, it is of rank one). If it is indeed free and « € O, is a generator,
then the Galois conjugates of this « is an Ok-basis of O which is a normal basis,
i.e. an integral normal basis. The answer when L/K is an extension of local fields is
given by Noether’s theorem: O} is Og[G]|-free if and only if L/K is tamely ramified.
Equivalently, in the global case, the tameness of L/K is a necessary and sufficient
condition of O; being a locally free Ox[G]-module.

Galois extensions of local (resp. global) fields that are not tamely ramified (resp.
tamely ramified at a prime) are called wildly ramified (resp. wildly ramified at that
prime). Let L/K be some such extension. Since tameness is a necessary condition
in Noether’s theorem, Oy, is not Ok |[G]-free (resp. Ok[G]-locally free). For studying
those extensions, Leopoldt noted that O might still be free over

Agig)={h € K[G]|h-x € O forallx € O},

where -: K[G] ®x L — L is the classical Galois action of K[G] on L. This is called
the associated order of O}, in K[G]. Leopoldt also proved that for abelian extensions
L/Q of number fields, the number ring O of L is Ag¢-free of rank one. This result
is generally known as Leopoldt’s theorem. It generalizes Noether’s theorem since
Ok[G] C (g with equality if and only if L/K is tamely ramified.

Although the introduction of the associated order led to a considerably better
comprehension of the Galois module structure of the algebraic integers, it has visi-
ble limitations, for instance there are extensions that have no normal integral basis
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as defined above. In his paper [Chi87], Childs obtained results on the Galois module
structure of Oy based in the Hopf algebra structure of K[G]. This led to the devel-
opment of Hopf Galois module theory, in which K[G] is replaced by another Hopf
Galois structure of L/K: a K-Hopf algebra acting on L satisfying similar properties
as K[G] with the Galois action.

The notion of Hopf Galois structure is the beginning of Hopf Galois theory, which
is a generalization of Galois theory by the use of Hopf algebras. Concretely, if L /K is
a finite extension of fields (not necessarily Galois) and G is a subgroup of Autg(L),
then L/K is a Galois extension with group G if and only if the map

j: L®xK[G] —» Endg(L)
x@h o jlx@h)(y) =x(h-y)

is bijective. The Hopf Galois condition for the extension L/K then arises naturally by
replacing K[G| by an arbitrary K-Hopf algebra and the Galois action K[G] ®x L — L
by any action -: H ®x L — L that endows L with H-module algebra structure. The
pair formed by H and the module algebra action is what we call a Hopf Galois struc-
ture of the extension, and the extension is called Hopf Galois or H-Galois. Then, the
classical Galois theory is generalized in the sense that given a Galois extension L/K,
the K-group algebra of the Galois group and its action on L is a Hopf Galois structure
of L/K. This approach was introduced by Chase and Sweedler in their book [CS69].

If L/ K is now an H-Galois extension of local or global fields, the associated order
of O in H is defined as

Ay ={h e H|h-x € O forallx € O},

and this is easily proved to be the unique Ok-order in Ay over which O;, could
be Ap-free (see Proposition 1.29). Then, the question turns to the study of the y-
module structure of O;, which is naturally referred to as the Hopf Galois module struc-
ture of Or. The main advantages of the introduction of Hopf Galois theory are:

¢ The class of Hopf Galois extensions enlarges the class of Galois extensions, in
the sense that every Galois extension is Hopf Galois and there are Hopf Galois
extensions that are not Galois. The Hopf Galois module structure of particular
classes of Hopf Galois non-Galois extensions is studied for instance by Elder
in the local case (see [Eld18]) and by Truman in the global case (see [Tru20]).

* A single extension may have different Hopf Galois structures, each of which
gives rise to a different associated order of O;. Research has shown that there
is not a general rule for the behaviour of Or, as 2g-module as H runs through
the Hopf Galois structures of L/K (see for example the papers [Byo02] and
[Chi87] or the final comment of the book [Chi00]).

In this thesis, we enlarge what is known on the determination of the associated
order and the Hopf Galois module structure of an extension of local or global fields.
We establish a constructive method to compute a basis of the associated order in a
Hopf Galois structure and give a necessary and sufficient condition for the freeness
of the ring of integers as a module over that associated order. This method does not
depend inherently in the ramification of the extension L/K, even on the nature of the
fields: all we need is our fields to have rings of integers attached and Ok to be a PID.
In that situation, Oy, is Ok-free. But more importantly, the property that ensures the
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validity of the method is that Ok is a Hermite ring in the sense of Kaplansky (see
[Kap49]), and consequently we will say that these are Hermite extensions.

The idea behind the method is the same as in representation theory: instead of
working with the elements of the Hopf algebra, whose structure is often tricky, we
use the matrices representing them, and in that setting we have at our disposal the
tools of linear algebra. More concretely, if L/K is H-Galois, the action of H on L
induces a linear representation of H

PH: H— EndK(L)

that encodes full information about the action of H on L. Once we have fixed bases
of H and L, we consider the canonical basis of Endg (L) (in its identification with a
space of matrices) and we take the matrix of py as linear map (see Proposition 2.6).
The key step is a reduction of this matrix to an n x n invertible matrix using only
integral operations. Consequently, we call this method the reduction method. The
characterization of the freeness also is closely related with the matrix of the action
and depends on a single element of O;: for every B € O, we find a necessary and
sufficient condition for  being a free generator of Oy, as Ay-module.

Content of the chapters

This thesis is organized as follows. The first chapter is a review of the main notions
that will be needed later on and most of the concepts mentioned in this introduc-
tion are studied in more detail. Chapter 2 is the most important one and is devoted
to the study of the reduction method in all its generality and the related concepts.
Throughout the chapter we develop the example of the Hopf Galois non-Galois ex-
tension Q(+v/2)/Q, taking the description of its unique Hopf Galois structure given
in the paper [GP87]. We present the particularities obtained when the extension has
an integral basis of eigenvectors of the action. Concretely, the associated order has a
basis of pairwise orthogonal idempotents and normal integral basis generators are
characterized. At the end of the chapter, we use the reduction method to study the
Hopf Galois module structure of absolute extensions of degree 2 and 3.

The rest of the chapters consist essentially in applying the reduction method to
different classes of extensions. In Chapter 3, we consider quartic Galois extensions.
We determine all the Hopf Galois structures and apply the reduction method suc-
cessively in the cases that the ground field is Q and Q;. In Chapter 4, we move on to
separable extensions of degree p whose Galois closure has Galois group the dihedral
group Dy, of order 2p. We describe the unique Hopf Galois structure and determine
the matrix of the action. However, we are not able to perform the reduction in gen-
eral, which leads us to consider particular cases. We provide a complete answer
when the ground field is Q3 and Qs. We end the chapter by considering radical ex-
tensions of Q.

At this point, to understand dihedral degree 2p extensions themselves we must
make a parenthesis to study induced Hopf Galois structures of semidirect Galois
extensions (that is, Galois extensions whose Galois group is a semidirect product),
which is carried out in Chapter 5. Those are a special kind of Hopf Galois structures
that can be seen as a tensor product of Hopf Galois structures in the factor exten-
sions, whose Galois groups are those appearing in the semidirect product. Finally,
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in Chapter 6 we study dihedral degree 2p extensions with ground field Q,, by using
the different ideas and results presented in Chapters 2, 4 and 5. We give complete
answers for the cases p = 3 and p = 5.

Most of the contents in Chapters 2 and 5 (but not all of them) are based in pa-
pers [GR] of the author with Anna Rio. Namely, it contains the development of the
reduction method and its application to induced Hopf Galois structures.

The computations that are sophisticated enough have been carried out with Maple.
Most of the results are displayed in line with the development of this thesis. How-
ever, there are some that are considerably bulky and are shown in Appendix B.



Chapter 1

Preliminaries

1.1 Hopf algebras

Since we want to study the action of Hopf algebras on extensions of fields, we begin
with a brief review of the main notions of Hopf algebras that are needed. A Hopf
algebra is, roughly speaking, a vector space with algebra and coalgebra structures
dual with each other (i.e a bialgebra), and a compatible coinverse operation. In this
thesis we will work with Hopf algebras over fields, but they can be defined without
difficulty over commutative rings with unity. The main reference for this part is
[Und15, Chapter 3].

Definition 1.1. Let R be a commutative ring with unity. An R-Hopf algebra is a 6-uple
(H, mg, AR, Ar, €r, 0r) where:

1. H is an R-module.

2. (H,mpy, Ay) is an R-algebra, that is, my: H Qg H — Hand Ag: R — H are
R-linear maps that satisfy:

2.a. [Associative property] Given a,b,c € H,
my(my @ Idg)(a®@b®c) =my(ldg @ myg)(a®@b®c).
Equivalently, the following diagram is commutative:
Idy®@my

mH®IdH mpy

mgy

H®H

2.b. [Unit property] Givena € H and r € R,
my(Ag @1dy)(r@a) =ra=my(ldyg @ Ag)(a®@r).
Equivalently, the following diagrams are commutative:

Idg®Ay

H®R H®H
52 " An@Idy
H R® H

51
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where s1: R® H — H and s;: H® R — H are defined by s1(r ® a) =
ra=s(a®r).

The map mpy is called the multiplication map, and Ay is called the unit map.

3. (H,Apn,€n) is an R-coalgebra, that is, Ay: H — H ® H and ey: H — R are
R-linear maps that satisfy:

3.a. (Coassociative property) There is a commutative diagram:

Ay

H H®H
Ay Idc®Ay
HoH— 2" peHeH

Equivalently, forall h € H,

3.b. (Counit properties) The following diagrams are commutative:

H 1~ _ReoH
—-®1 A eg®Idy
HXR<~——H®XH
ldy®ey

Equivalently, forall h € H,
(eg @ Idy)Ay(h) =1&h,
(Idy @ eg)Ap(h) =h® 1.
The map Ap is called the comultiplication map and €y is called the counit map.

4. (H,my, Ay, Mg, €y) is an R-bialgebra, that is, Ay and ey are homomorphisms of
R-algebras.

5. og: H — H is an R-linear map satisfying the following property:

mH(IdH ®0’H)AH(1’1) = €H<h) 1y = mH((TH & IdH)AH(h), h € H.

Remark 1.2. In the fourth point we ask Ay: H — H ® H to be an R-algebra homomor-
phism, that is, it may respect the R-algebra structures on H and H ® H. The R-algebra
structure of H ® H is given by

mueH((@©b) @ (c©d)) = (ac)© (bd),

AueH(r) = AHeH(r) ® 1H.
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An R-Hopf algebra is a ring with unity with the usual sum and product
ab:=my(a®b),

because of the associative and unit properties. However, this ring is not in general
commutative.

Letus definet: H®r H — H®rHast(a®b) =b®a foreverya® b.
Definition 1.3. Let H be an R-Hopf algebra.

1. We say that H is commutative if mpy o T = mp.

2. We say that H is cocommutative if Ay = T o Ap.

The easiest example of an R-Hopf algebra is the ring R itself. Another example
of R-Hopf algebra is the following:

Example 1.4. Let G be a finite group and let R be a commutative ring with unity. Then, the
group ring

R[G] ={)_aggla, € R}
g€eG

is clearly an R-module. It is finitely generated because the elements of G form a system of
generators, which is free by definition. Thus, R[G] is R-free with basis G. Actually, it is an
R-Hopf algebra with the maps

mric)(§ ©h) =gh, & €G,
Arig)(r) =rec, r €R,
Aric)(8) =8® 8 8€G
€rg)(8§) =1, 8€G
oric)(8) =8, § €G.
1t is clearly cocommutative but it is commutative only if so is G.

Now, we introduce a notation for the image of any element of H by the comul-
tiplication, called the Sweedler’s notation. Given h € H, we know that Ay (h) €
H ®g H, so it is a sum of elements of the form h ;) ® h(), where h(y), h(p) € H. We
denote

(h)

Keeping Sweedler’s notation in mind, we make the following definition.

Definition 1.5. Let H be an R-Hopf algebra and let A be an R-algebra which is also a
left H-module with action denoted by -. We say that A is a left H-module algebra if the
following conditions are satisfied:

1. h-(ad) =Y (hpy-a) (hp)-a') forallh € Hand a,a’ € A.
(h)

2. h-14 =ey(h) 14 forallh € H.
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1.2 Hopf Galois structures

Let L/K be a finite extension of fields and let G be a group of K-automorphisms of
L in a previously fixed algebraic closure K of K. The most usual definition of L/K
being Galois with group G is that every K-embedding of L into K restricts to an el-
ement of G. If so, G is the set of all K-embeddings of L in K, which coincides with
the group Autg(L) of automorphisms of L that fix K. A Hopf Galois structure is an
object that in some sense plays the role of the Galois group and when it exists the
extension is called Hopf Galois. More accurately, in the case of the Galois group,
this role depends on the K-group algebra K|[G| and its K-linear action on L, which
endows L with left K[G]-module algebra structure (see [Und15, Proposition 4.5.1]).
The definition of Hopf Galois structure arises naturally from the following charac-
terization of Galois extensions:

Theorem 1.6. Let G be a subgroup of Autg(L). Then, L/K is Galois with Galois group
G if and only if the map j: L @k K|G] — Endk (L) defined as j(x @ 0)(y) = xo(y) for
o € G and extended by K-linearity is an isomorphism of K-vector spaces.

A proof can be found in [Und15, Proposition 4.5.3]. Although in that statement
the ground field is an extension of Q, it is actually not used in the proof since it is
based on the Dedekind independence theorem, which does not need the field L to
be an extension of Q.

As aforementioned, since the group G is finite, K[G] is a finite dimensional co-
commutative K-Hopf algebra. By replacing it with another Hopf algebra with simi-
lar properties, the definition of Hopf Galois structure follows.

Definition 1.7. A Hopf Galois structure on L/K is a pair (H,-) where H is a finite di-
mensional cocommutative K-Hopf algebra and -: H ®x L — L is a K-linear action that
endows L with H-module algebra structure, such that the map

j: LoxH —1L
x@h > jxeh)(y) =x(h-y)

is an isomorphism of K-vector spaces.

If (H, -) is a Hopf Galois structure of L/K and the action - is implicit in the con-
text, we will also say that L/K is H-Galois. A Hopf Galois extension is an extension
that admits some Hopf Galois structure. With this definition, every Galois exten-
sion is Hopf Galois, as K[G] together with the classical Galois action extended by
K-linearity is a Hopf Galois structure. This is called the classical Galois structure,
denoted by H. henceforth.

However, the converse does not hold in general: for instance, Q(f@)/ Qisa
Hopf Galois extension that is not Galois. This is an example of extensions that will
be studied broadly later on in this thesis: the separable degree p extensions whose
normal closure has Galois group isomorphic to D), the dihedral group of 2p ele-
ments, with p an odd prime number. Actually, that example is a particular case of
Proposition 1.12 below.

There are also extensions that have several different Hopf Galois structures. For
example the Galois closure of the previous one admits in total 5 Hopf Galois struc-
tures.
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1.3 Greither-Pareigis theory

Finding and describing all Hopf Galois structures of a given extension may be an ex-
tremely difficult task, but if the extension is separable, Greither and Pareigis gave in
their paper [GP87] a one-to-one correspondence between the Hopf Galois structures
and a class of permutation subgroups, giving rise to the so called Greither-Pareigis
theory.

1.3.1 The Greither-Pareigis theorem

Let L/K be a finite separable extension of fields. We call L the Galois closure of L/K,
G = Gal(L/K), G’ = Gal(L/L) and X = G/G’ the set of left cosets of G’ in G. The
coset of an element ¢ € G is denoted by g.

Definition 1.8. The left translation map of G is the map A: G — Perm(X) defined as
Alt) (o) =70

Definition 1.9. A subgroup N of Perm(X) is regular if it satisfies two of the following
conditions (in which case, it also satisfies the third one):

1. [N| = [X].
2. N acts transitively over X.

3. Given x € X, the stabilizer of the action of N on x, Stay(x) = {n € N|n(x) = x},
is trivial.

These are all the ingredients we need to give the full statement of the Greither-
Pareigis theorem:

Theorem 1.10 (Greither-Pareigis). Let L/K be a finite separable extension and consider
the previous notation. The Hopf Galois structures of L/K are in one-to-one correspondence
with the regular subgroups of Perm(X) normalized by A(G).

If N is such a subgroup, the corresponding Hopf Galois structure is given by
H:=L[N]® = {h € L[N]|o(h) = hVo € G},
where G acts on L by means of the classical Galois action and on N as follows:
c-n=AMo)yA(c™!),c€ G,y €N.

Note that this is actually an action closed on N because it is normalized by A(G).
Regarding the actionof Hon L, if h = Y[ ; hjij; € H, then for every x € L,

n
hex =Y hig (1) ().
i=1
For the proof and related information, see [Chi00, Theorem 6.8].

1.3.2 Consequences

The appearance of the Greither-Pareigis theorem led to a number of results classify-
ing Hopf Galois structures of many classes of extensions and in general allowed a
deeper comprehension of Hopf Galois extensions.
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The classical Galois structure and the canonical non-classical Galois structure

Let L/K be a Galois extension with Galois group G. In this case, the left translation
map becomes A: G — Perm(G) defined by A(7)(0) = 70.

Definition 1.11. The right translation map of G into Perm(G) is the map p: G —>
Perm(G) defined as o(7) (o) = o1

Note that the definition of p is not correct if the extension is not Galois.

The Greither-Pareigis theorem in this case says that Hopf Galois structures of
L/K are in one-to-one correspondence with regular subgroups of Perm(G) normal-
ized by A(G). But A(G) and p(G) are themselves some such subgroups, so they give
rise to Hopf Galois structures of L/K:

* The group p(G) gives the classical Galois structure H, (see [Chi00, Proposition
6.10]).

e The Hopf Galois structure given by A(G) is called the canonical non-classical
Hopf Galois structure, denoted by H).

It holds that A(G) = p(G) if and only if G is abelian (see [Chi00, Example 6.9]).
Hence, they actually define the same Hopf Galois structure of L /K if and only if L /K
is abelian.

A refinement of the Greither-Pareigis theorem: Byott’s translation

When the degree of the extension is very low, explicit computations may be carried
out so as to compute explicitly the Hopf Galois structures of the extension. For in-
stance, if L/K is a separable extension of degree at most 4, then L /K is Hopf Galois
(see [Chi00, Thoerem 6.13]).

The main disadvantage of the Greither-Pareigis theorem is that the complexity
of the computation grows quickly with the degree of the extension. A refinement
reversing the relationship between G and N was introduced by Byott, the so called
Byott translation. We will not state the corresponding theorem here, but the reader
can consult it for instance in [Chi00, Theorem 7.3]. Among its applications, it pro-
vides a formula for the number of Hopf Galois structures on a extensions in terms
of G, G’ and N (see [By096, Proposition 1]). Moreover, it can be used to prove easily
the following:

Proposition 1.12. Let L/K be a separable extension of fields with prime degree, let L be
its normal closure and let G = Gal(L/K). Then, L/K is Hopf Galois if and only if G is
solvable.

The proof can be found in [Chi00, Proposition 7.5]. In particular, if G is isomor-
phic to S, or A, with p > 5 prime, then L/K is not Hopf Galois. Hence, the first
example of separable extension that is not Hopf Galois can be found at degree 5.

Almost classically Galois extensions

Let L/K be a separable extension and let I, G, G and X as usual. By the Greither-
Pareigis theorem, Hopf Galois structures of L/K are in one-to-one correspondence
with regular subgroups N of Perm(X) normalized by A(G). However, the theorem



1.3. Greither-Pareigis theory 11

does not tell us whether N C A(G) or not. Actually, in practice we can find both situ-
ations. This distinction leads us to an important subclass of Hopf Galois extensions:
the almost classically Galois extensions.

Theorem 1.13. Let L/K be a separable extension. Then, the following are equivalent:

1. There is some Galois extension E /K such that E @ L is a field that contains L.

2. There is some Galois extension E /K such that E @x L = L.

3. There is some normal complement | of G’ in G.

4. There is a reqular subgroup N of Perm(X) normalized by A(G) such that N C A(G).
Proof. See [GP87, Proposition 4.1]. O

Definition 1.14. Let L/ K be a separable extension. We say that L/ K is almost classically
Galois if it satisfies some (any) of the equivalent conditions of Theorem 1.13. An extension
E /K satisfying statements 1 or 2 is said to be a Galois complement.

It is also possible to define what we understand by an almost classical Galois
structure.

Definition 1.15. Let (H,-) be a Hopf Galois structure of a separable extension L/K and
let N be the reqular subgroup of Perm(X) normalized by A(G). We say that (H, -) is an
almost classically Galois structure if N°PP C A(G).

In this statement, N°PP is the centraliser of N in Perm(X), which is called the
opposite group of N (see [GP87, Lemma 2.4.2.]). It can be identified with the group
with the same underlying set as the group N and operation ab := b -y a, where -y is
the operation of N. The definition of almost classically Galois structure is correct be-
cause N is regular if and only if so is N°PP. The reason why we choose N°PP instead
of N is that the Hopf algebra it provides is somewhat similar to K[N] (see [GP87,
Theorem 2.5] and the preceding remark).

As one may expect, L/K is almost classically Galois if and only if it has some
almost classically Galois structure. Then, every almost classically Galois extension
is Hopf Galois. The converse does not hold in general, but it is not trivial at all
(see [GP87, Theorem 4.4] for a counterexample). Moreover, every Galois extension
is almost classically Galois.

Byott’s Uniqueness Theorem

Another important consequence is the Byott Uniqueness Theorem. A number ¢ € Z
is said to be Burnside if g is coprime with ¢(g), where ¢ is the Euler function. The
statement of the theorem is as follows:

Theorem 1.16 (Byott). Let L/K be a Galois extension and let G be its Galois group. Then,
L/K has a unique Hopf Galois structure (the classical Galois structure) if and only if |G| is
a Burnside number.

For a proof, see [Byo96, Theorem 1] or [Chi00, Theorem 8.1]. Actually, there is
a version of the previous theorem for separable extensions that are not necessarily
normal (see [By096, Theorem 2]):
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Theorem 1.17. Let L/K be a separable Hopf Galois extension of degree a Burnside number.
Then, L/K admits a unique Hopf Galois structure. Moreover, this Hopf Galois structure is
almost classically Galois.

Examples of Burnside numbers are a prime number or pg for p and g primes
such that g < p and g does not divide p — 1. Hence, for extensions of those degrees,
there is a unique Hopf Galois structure, which is the classical one if the extension is
Galois.

1.4 Extensions of number fields

In this section we recall briefly the most basic lines of the theory of number fields.
The main reference is the book of Marcus [Mar77].

A number field is a finite extension of the field Q of rational numbers. Since Q
is a perfect field, such an extension is always monogenic. The most common exam-
ples of number fields are the quadratic fields, those of degree 2, and the cyclotomic
fields, generated by a primitive n-th root of unity, where n > 1.

An algebraic integer is a complex number which is root of a monic polynomial
with integer coefficients (that is, a polynomial of Z[x]). The ring of integers Ok of a
number field K is the set of its algebraic integers, that is, Ok is the intersection of K
with the set of all algebraic integers. It is a subring of K which is an integral domain,
and K is its field of fractions. What is more, Ok is a Dedekind domain: an integral
domain such that every ideal factorizes uniquely as a product of prime ideals.

In general, Ok is not a principal ideal domain, it is so if and only if it is a unique
factorization domain. Let ~ the relation on ideals of R such that I ~ ] if and only
if there are &, B € R such that al = B] for every pair of ideals I and | of R. This is
an equivalence relation, and the quotient set has group structure with the operation
induced by the product of ideals. This is what we call the ideal class group of K.
The class of principal ideals is the identity element. One of the main results in clas-
sical algebraic number theory is that the ideal class group is finite (see for example
[Mar77, Chapter 5]). Its cardinal is called the class number of K. Hence, Ok is a PID
if and only if it has class number 1.

An important notion concerning the arithmetic of a number field is its discrimi-
nant. Although it can be defined specifically for number fields, we give the general
definition in [Chi00, Chapter 6]. Let R be a commutative ring and let A be an R-
algebra which is finitely generated and free of rank n as an R-module. Given x € A,
let us denote Ty: A — A the multiplication-by-a map and let tr(x) be its trace as
linear map. If {x1, ..., x, } is an R-basis of A, the discriminant of (x1, ..., x,,) is defined
by

disc(x1, ..., xn) = det((tr(x;x;))7i—1)-
The ideal in R generated by disc(xy, ..., x,) is the discriminant ideal A. This defini-
tion is correct because such ideal is an invariant of R-bases of A (see [Chi00, Corol-
lary 22.3]).

We are interested in extensions of number fields L/K rather than number fields
themselves. Clearly, O has Ox-module structure with the operation of L. It is
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finitely generated because L/K is finite, and torsion-free because it is contained in
a field. Let us assume that in addition Ok is a principal ideal domain. Then, O is
Ok-free, and a basis of this module is called an integral basis of L. Moreover, the
discriminant is an invariant of the integral bases of L, and then we can define the
discriminant of L/K, denoted by disc(L/K) as the discriminant ideal of any of its
integral bases. Another distinguished type of basis of L is a power basis: the one
formed by the powers up to [L : K] of a single element « € L. This is actually a
K-basis of L whenever « is a primitive element of L/K.

Although there is a ramification theory for extensions of number fields, we will
not deal with it in this thesis. The interested reader can consult [Mar77, Chapter 3].

1.5 Extensions of p-adic fields

Let p be a prime number. In this thesis, we will refer to a p-adic field as a finite ex-
tension of the field Q, of p-adic numbers. While number fields form a class of global
fields (see [LLO7, Chapter 25, Definition 2]), the class of p-adic fields is contained
in the one of local fields (see [LL07, Chapter 25, F2]). Roughly speaking, the p-adic
fields can be seen as a local analog of number fields.

If K is a p-adic field, the valuation ring or the ring of integers of K, denoted by
Ok, is the set of elements of K that are roots of monic polynomials with coefficients
in Z,. In this case, Ok is a discrete valuation ring, that is, it has a unique prime ideal
P, which subsequently is principal. In particular, Ok is always a PID. Any generator
of P is called an uniformising parameter of K, denoted by 7k.

Every non-zero element of Ok is of the form x = (), where u € Ok and
vk (x) € Z>o. Then we have a map vg which can also be defined on the whole K by
using that K = Frac(Ok): ifa = ; € K, vx(a) = vk(x) — vk (y). Defining vk (0) = oo,
the map vg: K — Z U {co} is a discrete valuation of K, the mx-adic valuation of K.
By construction, an element a4 € K belongs to Ok (resp. Ox) if and only if vg(a) > 0
(resp. vk(a) = 0).

On the other hand, since P is the unique prime ideal, it is maximal, and so
k = Ok/P is a finite field, called the residue field of K. If K = Q,, the ring of inte-
gers is Z;, and the uniformising parameter (up to multiplication by units) is p. The
corresponding valuation v, is called the p-adic valuation, and on a € Q is defined
as the power of p in the factorization of a (where we accept non-positive powers).

We review one of the most famous results concerning p-adic fields theory and
with many applications, which is commonly known as Hensel’s lemma.

Theorem 1.18 (Hensel’s lemma). Let K be a p-adic field and let f € Ok[x]. Let f €
k[x] be the reduction of f, that is, the polynomial whose coefficients are the classes of the

coefficients of f modulo P. If f has a simple root 6 € k, then there is a unique a € Ok such
that f(a) = 0anda = 6.

The statement is actually a bit more general (see [Con, Theorem 9.1]).

Let L/K be an extension of p-adic fields. Then the corresponding rings of in-
tegers form an extension Or/Ok of commutative rings, and in particular Of is an
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Ok-module. It is again finitely generated and torsion-free, and now Ok is always
a PID, so Oy is Ok-free and its rank is the degree [L : K] of the extension. Again,
an Og-basis of Oy is called an integral basis of L, and the discriminant of L/K,
denoted by disc(L/K), is the discriminant of any of its integral bases. The number
¢(L/K) = vk (disc(L/K)) will be called the discriminant exponent. A power basis
of an extension of p-adic fields has the analog definition as in the case of number
fields. If K = Q,, a Galois splitting model of L/Q, is an irreducible polynomial
f € Q[x] such that L = Q,[x]/(f), and the Galois group of f over Qy, is isomorphic
to that of f over Q. The Galois splitting models used in this thesis are taken from the
web page [LMFDB]. There are examples of local fields that have no Galois splitting
models (see the help page of [LMFDB]).

We now explore the ramification theory for extensions of local fields. For the
ideal mxOp, of Oy, there is an integer ¢(L/K) € Z>; such that xO; = NZ(L/K) Or.
This number e(L/K) is the ramification index of L/K. If  and k are the correspond-
ing residue fields, then I/k is a finite extension of fields, whose degree f(L/K) =
[l : k] is called the residue class degree of L/K. By [LL07, Chapter 24, Theorem 1],

e(L/K)f(L/K) = n.
Definition 1.19. Let L/K be an extension of p-adic fields.
1. We say that L/K is unramified if e(L/K) = 1.
2. We say that L/K is totally ramified ife(L/K) = [L : K].

3. We say that L/ K is tamely ramified if gcd(e(L/K), p) = 1. Otherwise, we will say
that L/ K is wildly ramified.

For a p-adic field K, a monic polynomial g(x) = x" + Y} a;x’ € Ok|x] is called
nik-Eisenstein if vg(a;) > 1forall0 < i < n—1and vg(ap) = 1. If L/K is a totally
ramified extension of p-adic fields, then O; = Ok[m1]. In order to find integral bases
of L we have the following result at our disposal (see [FT92, Theorem 24]):

Theorem 1.20. If « € L is a primitive element of L/K which is also a root of some mtg-
Eisenstein polynomial § € Ox|x], then L/K is totally ramified and « is a uniformising
parameter of L.

Next, we recall the theory of higher ramification groups. The main reference for
this part is [Ser, Chapter IV].

Definition 1.21. Let L/K be a Galois extension of p-adic fields with Galois group G. For
i > —1, the i-th ramification group of L/K is defined as G_1 = G and

Gi={oc€Glo(x) =x(mod ™) forall x € O}
fori>0.

It is immediate that G; O Gj;; for every i > —1, and actually G;; is a normal
subgroup of G;. Moreover there exists iy > 0 such that G; is trivial for all i > i
(see [Ser, Chapter IV, Proposition 1]). Then, the ramification groups of L/K form a
filtration

G=G.1D0G DG D---D{1},

which will be referred to as the chain of ramification groups of L/K in the sequel.
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Definition 1.22. A ramification number of L/K is an integer number t > —1 such that
Gt # Gyy1. If the extension is cyclic of degree p, it is unique and denoted by t(L/K).

The group Gy is also called the inertia group of L/K. We have that L/K is un-
ramified (resp. totally ramified, resp. tamely ramified) if and only if Gy = {1} (resp.
Go = G, resp. G; = {1}). This last property is due to the fact that G; is the p-Sylow
subgroup of Gy (see [Ser, Chapter IV, Corollaries 1 and 3]). It is a characterization of
tamely ramified extensions, and it motivates the introduction of the following class
of extensions, which will be very relevant later on:

Definition 1.23. An extension L/K of p-adic fields is said to be weakly ramified if G, =
{1

To determine the chain of ramification groups of an extension in practice, what
we will do is to determine the discriminant exponent ¢(L/K) and then use the fol-
lowing result (see [Ser, Chapter IV, Proposition 4]):

Proposition 1.24. With the previous notation,

o(L/K) = f(L/K) i (IGi| — 1)

1.6 Galois module structure of the algebraic integers

The starting point of Galois module theory is the normal basis theorem for Galois
extensions.

Theorem 1.25 (Normal basis theorem). If L/K is a finite Galois extension of fields with
Galois group G, then there is « € L such that L has K-basis

{o(a) |0 € G}.
Proof. See, for example, [Coh07, Section 3.2]. O

A basis as in the previous statement is called a normal basis of L/K, and what
the normal basis theorem means is that it always exists for an arbitrary extension
of fields. If L/K is now a Galois extension of number or p-adic fields, Noether’s
theorem tells us whether O, has some such basis.

Theorem 1.26 (Noether). If L/ K is an extension of p-adic fields, then there is some x € O,
such that
{o(a) o € G}

is an integral basis of L if and only if L/ K is tamely ramified.

In the literature, a basis as in the previous statement is called a normal integral
basis. But in this thesis we will reserve that name for a more general concept, in
the setting of Hopf Galois theory. As we know from the introduction, the idea is to
replace Ok|[G] with a more general object. These objects are Og-orders in K[G]| or
a given Hopf Galois structure, and the general definition is as follows (see [Tru09,
Definition 2.1.3.]):

Definition 1.27. Let R be a Dedekind domain and let K = Frac(R) be the field of fractions
of R. Let A be a finite dimensional K-algebra. An R-order in A is a subring 2 in A such
that:
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1. The centre of 2 contains R.

2. s finitely generated as an R-module.

3. A®r K = A.

Now, the object we consider as ground ring for Oy is the following:

Definition 1.28. Let L/K be an H-Galois extension of number or p-adic fields. The asso-
ciated order of O in H is defined as

Q[HI{]’IEH“’[-XGOLfOVuZZXGOL}.

The associated order is indeed an Ok-order in H. The following proposition
shows that the associated order is actually the right object to choose (see [Chi00,
Proposition 12.5]):

Proposition 1.29. If L/K is an H-Galois extension of number or p-adic fields and 2 is an
Ok-order in H such that Oy is A-free, then A = Ap.

If H is either the classical Galois structure of L/K or the unique Hopf Galois
structure of L/K, we will denote 2 /x = Ay. Whenever Ok is a PID (which is the
case if K is a p-adic field or a number field of class number 1), 2y is Ok-free of rank
[L : K]. Hence, if Of is Ay-free, it has rank one, as both of them are Ok-free of the
same rank. Consequently, if « generates Or, as 2p-module and { vi}?zl is an Ok-basis
of Q[H,

{v1-a,...0,-a}

is an Ok-basis of Op, which is what in this thesis will be called a normal integral
basis. A free generator of Oy as Ap-module like a will be called a normal integral
basis generator. Its existence implies, obviously, that Oy, is Ay-free.

It does not hold in general that Oy is Ay-free for a given Hopf Galois structure H.
Nevertheless, there are a number of results finding conditions to imply or implied
by the freeness. Concerning the classical Galois structure, one of the most celebrated
is the following;:

Theorem 1.30 (Leopoldt). If L/Q is an abelian extension of number fields, then Oy is
2 ,q-free and a normal integral basis generator can be constructed explicitly.

The local analog of Leopoldt’s theorem also holds: for any abelian extension
L/Qy of p-adic fields, Oy is A}, /Qp—free. Actually, Lettl proves in [Let98, Theorem
1] the analog result for the slightly more general class of extensions L/K of p-adic
fields with L/Q, abelian.

There are positive results due to Truman for the Hopf Galois module structure
of Oy in the cases that L/K is an unramified or tamely ramified extension of p-adic
fields.

Theorem 1.31. Let L/ K be a finite Hopf Galois unramified extension of p-adic fields, and let
H = L[N]C be a Hopf Galois structure of L/ K. Then, Ay = O[N]® and Oy is Ay-free.

Proof. See [Tru09, Theorems 3.3.2 and 3.1.1]. O

Theorem 1.32. Let L/K be an H-Galois tamely ramified Galois extension of p-adic fields
and suppose that H is commutative. Then, Oy, is Ap-free.
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Proof. See [Trul8, Theorem 4.6]. O

These and other results show that we have a better comprehension of tamely
ramified extensions. For this reason, in this thesis we will prioritise the study of the
wildly ramified ones.

Cyclic extensions of degree p

Let L/K be a cyclic extension of degree p of p-adic fields. By Byott Uniqueness
Theorem, the classical Galois structure H, is the unique Hopf Galois structure of
L/K. A description of the associated order is given in the following (see [Fer74,
Section 2.1 and Proposition 3]):

Proposition 1.33. Let G = (o) be the Galois group of L/ K, let t be its ramification number
and let a = rem(t, p) be the remainder of the Euclidean division of t by p. Ifa = 0, Ay /k is
the maximal Ok-order in K[G]. Otherwise, a basis of 2y sk is given by

{(o- 1@1}”‘1
”Zi i=0 '

where n; = ming<j<p_1-;(Viy; — vj) and v; = [”%} forall0 <i<p-—1

The problem of the 2} ,x-freness of O was completely solved by M.]. Ferton (see
for example [Fer74] or [Tho10, Theorem 3.4]):

Theorem 1.34. Let L/K be a cyclic extension of degree p of p-adic fields, let e = e(K/Qp),
and let t be its ramification number. Call a = rem(t, p). Then:

1. Ift < % —1, Or is Ay jx-free if and only if a|p — 1.

2. If 5 =1 <t < JF5, Opis Ay xcfree if and only if the length of the expansion of
as continued fraction is at most 4.
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Chapter 2

The reduction method

The reduction method is the central tool of this thesis. For an H-Galois extension
L/K of number or p-adic fields (with K of class number 1 if the extension is of num-
ber fields), it provides an Ok-basis of Ay and gives a necessary and sufficient con-
dition to determine whether or not a given element of O is a normal integral basis
generator. In this chapter we develop the theory required to state the method and
prove its validity.

We will work actually in a slightly more general situation. Let K be the field of
fractions of a principal ideal domain Ok. Let L be a separable extension of K and
let Or, be the integral closure of Ok in L. Under these conditions, we will say that
L/K is a Hermite extension of fields with rings of integers Or/Ok. The notions
concerning the associated order in Section 1.5 are valid in this case. Examples of
Hermite extensions include extensions of p-adic fields and extensions of number
fields where the ground field is of class number 1. The reason of this name is that in
this case Ok is a Hermite ring in the sense of Kaplansky:

Definition 2.1. A commutative ring R is Hermite if for every pair of elements a,b € R
there is an unimodular matrix Q € M3 (R) and an element d € R such that

°(3) = (o)

This property is the key fact in order to establish the reduction method (see
[Kap49, Theorem 3.5]).

Indeed, the idea behind the reduction method is that of the theory of linear rep-
resentations: as the structure of a group (or more generally, an algebra) is in general
not easy to determine, we embed it in a space of matrices, where we have the power
of linear algebra at our disposal. Following this idea, for an H-Galois Hermite exten-
sion L/K of fields, we define the matrix of the action M(H, L) € M, ,,(K), which
encodes full information about the action (see Definition 2.4). But M(H, L) can be
used to test membership to Ap for the elements of H (see Proposition 2.11). Then,
M(H, L) is reduced to a square n x n matrix and preserving its integrality, that is, by
multiplication with a unimodular matrix, which is possible since Ok is a Hermite
ring, and the inverse of the resulting matrix gives a basis of the associated order (see
Theorem 2.25).

Using the matrix of the action, we are also able to give a characterization for the
freeness of O in terms of the matrix of the action. This is not constructive, however,
as it tells whether or not a given element g of Oy is normal integral basis generator.
Then, in concrete examples we must find manually a concrete element that satisfies
the required property.
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2.1 Linear representation associated to a Hopf Galois struc-
ture

In this section we will see the action of a Hopf Galois structure as a linear represen-
tation of its Hopf algebra as endomorphisms of the top field fixing the ground field.
Its definition generalizes the one of the representation of the Galois group of a Galois
extension by automorphisms.

Namely, let L/K be a finite extension and let G be a group that acts on L by au-
tomorphisms. We look for an equivalent condition to L/ K being Galois with Galois
group G in such a way that this condition involves Hopf algebras. There is a natural
group representation of G

PG: G — AutK(L)
o — y—o(y).

Now, we can extend this map by K-linearity, and since linear combinations of auto-
morphisms are in general endomorphisms, we obtain

PK[G]Z K[G] — EndK(L)
ZaeGaU‘T — ]/HZUEGHUU(]/)/

which is a linear representation of the K-group algebra K[G].

Let us consider the regular representation of L as K-vector space

1: L —> Endg(L)
X — Y xy.

Then, we can combine it with p¢ to form a canonical map
(LPK[G}) : L ®k K[G] — EndK(L)

defined by sending each x ® ¢ to the endomorphism y —— xo(y) for ¢ € G and
extended by K-linearity. But this map turns out to be the map j of Theorem 1.6, so
L/K is Galois with group G if and only if (1, pk(g)) is bijective. In such case, this
representation involves also the classical Galois action in its definition.

Now, the K-group algebra K[G] and the Galois action is nothing but a Hopf Ga-
lois structure of the Galois extension L/K, and as usual in Hopf Galois theory, we
shall replace it by an arbitrary one. Let L/K be a finite extension and assume that H
is a K-Hopf algebra that endows L with left H-module algebra structure. Similarly
we have a linear representation

PH: H — EndK(L)
h — x—h-x

of the K-Hopf algebra H. Again, we can construct a canonical map
(LPH) :L®xH — EndK(L)

defined by sending each x ® h € L ®k H to the endomorphism y — x(h - y) which
is the map j of Definition 1.7. Then, L/K is H-Galois if and only if (1, p) is bijective.
In such case, py is an object that encodes both the K-Hopf algebra H and the Hopf
action of H on L.
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Example 2.2. We regard the introductory example of [GP87] with the perspective of
linear representations. We consider the extension Q(w)/Q, where w = v/2. We call
L = Q(w) By the reference above, this extension has a unique Hopf Galois structure,
which is the K-Hopf algebra

H=Q(c,5)/(3s* + ¢ — 1y, (2c + 11)s, (2c + 1n) (¢ — 1))
whose comultiplication and coinverse maps are given by
Alc) =c®c—35®s, A(s) =c®s+s®c¢,

e(c) =1y, €(s)=0,

together with the action of H over L defined as

1g-1=1, 1y -w=w, 1y w?=w?
1 1

c1=1, cw=-5w o= 2.1)
1 1

s-1=0, s wziw, s-w2:—§w2.

This determines completely the action because a Q-basis of H is given by {1p, ¢, s}.
Then, the linear representation that defines the Hopf Galois structure (H, ) is the
map py: H — Endg(L) defined by py(h)(w') = h-w' for every h € H. Note
that with this approach ¢ and s are symbols while pg(c) and py(s) are endomor-
phisms of L, which in [GP87] are called c and s. Thus, in this example we can see
pH as a representation of H as an algebra of endomorphisms. Since L/K is H-Galois,
(1,pn): L®qg H — Endg(L) is an isomorphism and in particular pf is a monomor-
phism, so the Hopf Galois condition for L/Q means that we can identify uniquely
the symbols with the endomorphisms by means of pp.

2.2 From linear maps to matrices

Let L/K be a Hermite H-Galois extension. As the linear representation py: H —
Endg(L) defines completely the Hopf Galois structure (H, -), we can use it to de-
termine the associated order 2y. To this end, we fix an integral basis of L and by
executing a change of bases of py as linear map, we transform a basis of H into a
basis of 2. This procedure is called the reduction method. In order to carry out this
transformation, we work with the matrix of py, and this is what we call the matrix
of the action.

Although the computation of the associated order only makes sense with Her-
mite extensions, the definition of matrix of the action is valid for extensions of arbi-
trary fields. Thus, we take L/K an H-Galois extension of fields. Let us fix a K-basis
W = {w;}" | of H and a K-basis B = {'yj};;l of L. The matrix of the action is often
deduced from a more tractable matrix, which we call the Gram matrix.

Definition 2.3. The Gram matrix of the Hopf Galois structure H is defined as the matrix
Wi-Y wi-7Y2 o WiTn
W2-y1 w272 o W2rYn
G(HW/ LB) — . . . . € Mn(L)

wn.r)/l wn.r)/z wn.r)/n
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We have chosen this name in an analogy to the case of the Gram matrix of a scalar
product. Of course, in this case the action of H on L is not a scalar product, but we
extend the terminology to this situation. When the bases of H and L are implicit in
the context, we will write G(H, L) instead of G(Hyw, Lp).

The matrix of the action arises from replacing the entries of G(Hw, Lp) by row
vectors of coordinates and taking the transpose. Namely:

Definition 2.4. Given 1 < j < n, we denote

| TP
M;(H,L) = (wl Y w2 .. Wee i | € Muxa(K),

that is, M]-(H, L) is the matrix whose i-th column is the column vector of the coordinates of
w; - yj with respect to the basis B. Then, the matrix of the action is defined as:

Mi(H,L)

M(HfL) = € anxn<K>'

M,(H,L)

As in the case of the Gram matrix, we will normally omit the explicit mention
to the bases W and B. Let us fix a notation for the entries of M(H, L). For each
1 < j < n, the element w; - 7; belongs to L, so it has an expression as vector of
coordinates with respect to the basis B

w; -y = Zm (H, L)y, (2.2)

where m( )(H L) € K forevery 1 < k < n. Then, the j-th block of M(H, L) is the
matrix
M;(H, L) = (m) (H, L)1,

where k increases from top to bottom and i does from left to right. Hence, M(H, L)
can be expressed as

M (HL) - (H,L)

(L) - m(H L)
M(H,L) =

mi) (H,L) - m,&%)(H,L)

w{(HL) - i) (L)

Let us analyze what the definition of M(H, L) means. The definition above fo-
cuses on the blocks of the matrix, but we can also look at its columns. Let us fix the
canonical basis {E;;}};_; of M, (K), givenby Ej; = (6ydj1)i,_; forevery 1 <i,j <mn,
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where ¢, is the Kronecker delta. That is, E;; is the matrix with 1in its (7, j)-th entry
and 0 in the other ones. We also fix the canonical basis {ez} v, of K™ . Let us define

Ej = Cit(j—1)n
Since ¢ sends a basis to a basis, it is an isomorphism of K-vector spaces.

Proposition 2.5. If we identify endomorphisms with their matrices, the matrix of the action
may be described as

| | |
M(H,L) = (¢(0H(w1)> <P(pH|<wz)) cP(pH<wn))) € M2y (K).

Proof. Tt is enough to check that for every 1 < i < n the matrix of py(w;) as endo-
morphism is (mg{) (H,L) )?,k:y where j increases from top to bottom and k does from
left to right. Indeed,

on(w )('Y] =wj-j= Zm (H, L)k,

so for every 1 < k < n, the k-th column of the matrix py(w;) is
k k
mOH, L) - mP(H L)
O

This suggests the interpretation of the matrix of the action as the matrix of the
linear map pp. Let & = {gol} defined as follows: For every 1 < i < n?, there
are 1 < k,j < nsuch thati = k + (j — 1)n. Then, let ¢; be the map that sends v;
to ¢ and the other 7; to 0. For simplicity, we call ¢; = ¢;;. Under this notation,
@xj(71) = 6j7k, where ¢ is the Kronecker delta. The matrix of ¢y; as linear map is
the n x n matrix whose (k, j)-th element is 1 and the other ones are 0, that is, Ej;.

Proposition 2.6. The matrix of the action M(Hw, Lg) is the matrix of the linear map
pr: H — Endg(L) when we consider the basis W in H and the basis ® in Endg(L).

Proof. By definition, the i-th column of the matrix of py is the column vector of
coordinates of py(w;) with respect to the basis ®. Let us compute this vector. For
every 1 <[ <n,wehave

(Dn (L) gok]) = w0, Ly = = p) ).

k,j=1

Thus, we have the equality of endomorphisms

Zm HLq)k]
k,j=1

forevery1 <i <mn.

Hence, the i-th column of the matrix of py is

m

n n t
(ml(ll)(H,L) mﬁl)(H,L) mg)(H/L) m()(H,L)),

which coincides with the i-th column of M(H, L). O
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Example 2.7. We consider the extension of Example 2.2. We fix the K-basis {1, ¢, s}
of H and the K-basis {1, w, w?} of L. With these choices, we can use the expressions
in (2.1) to find that the Gram matrix of the Hopf Galois structure is

1 w w?
GH L) =1 —jw —iu?
0 %w —§w2

and the matrix of the action of H on L is given by

S O O
NI—
S O oo O O O

%

h

N—

Il
—ococor~roocoRX

coo

NI—=

NI—=

Identifying endomorphisms with their matrices,

100 1 0 0
pu(lg)=[0 1 0], pu(c)=(0 —3 0
00 1 0 0 —3

0
0

7

oNI— O

1
, pu(s)= (0 )
00 —3

and when we apply ¢: M;3(Q) — Q’, we obtain indeed the columns of the matrix
of the action.

The definition of M(H, L) does not use the property that L/K is H-Galois. Actu-
ally, to define the matrix of the action it is enough to assume that L has left H-module
structure. However, the H-Galois condition is used in the following:

Corollary 2.8. The matrix M(H, L) has rank n.

Proof. Since L/K is H-Galois, by definition the map (1, py): L ®x H — Endg(L) is
bijective. Moreover, the restriction of this map to H coincides with py. Hence, py
is injective, and then its matrix as linear map, which is M(H, L), has maximal rank
n. ]

2.21 Change of bases

Next, we consider the dependence of M(Hy, Lg) on the K-bases of W and B of H
and L. We will study successively the changes of the basis of H and the basis of L.
There is also a formula for the simultaneous change of the two bases, but we will not
make it explicit because it is obtained by composing the other two changes.

Change of the basis of H

It is the most simple to express and, for this reason, the first we work with. We
consider K-bases W = {w;}!;, W' = {wi}]_; of H and a K-basis B = {7;}/_; of L.
We want to study the relation between the entries of the matrices M(Hy, Lg) and
M(Hw, Lp).
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Proposition 2.9. Let Py be the matrix of change of bases from the basis W to the basis W',
Givenl <j<mn,
M;(Hw, Lg) = M;(Hw, Lg)Pyy .
Proof. Let us fix 1 < i < n. By definition of matrix of the action, we have
o0
wi-yj=Y m;; (Hwr, Lp) Y.
k=1

Now, call P}’ = (aij);szl' Then,

so we compute

The uniqueness of coordinates yields

BN

ml(]k) (HW’/ LB) = Z ml(]k) (HW/ LB)”ZZ'-
=1

Since i and k are arbitrary, we obtain the desired expression. ]

Change of the basis of L

When we change the basis of L, the situation is a bit trickier, since it affects not
only the entries of the matrix but also the basis from which we write the vectors.
However, we can still represent the relation with a matrix expression, in this case
involving the columns of the matrices rather than the blocks. We consider a K-basis
W = {w;}}], of H and K-bases B = {7, 1 and B = {’y; iq of L. Call w;(B)
(resp. w;(B’)) the representing matrix of w; by py when we consider matrices with
coordinates with respect to B (resp. B’). Note that w;(B) (resp. w;(B’)) is the matrix
of the linear map py(w;): L — L where we fix the basis B (resp. B’) in both domain
and codomain. By the general change basis formula for linear maps, we have

w;(B") = P~'w;(B)P,
where P = P’ is the matrix of change of bases from the basis B to the basis B’

There is a more simple formula for the change of basis of L in which we use the
Gram matrix instead of the matrix of the action, and this is the one that actually will
be useful in practice.
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Proposition 2.10. With the previous notation,
G(H,Lp) = G(H, Lg)P§,

where in the product of the right side member we consider P} as a matrix with coefficients
in L.

Proof. Let us write Pg/ = (di]-)lff]-zl and fix 1 <i,j < n. Then, 'y} = Yi—1 dkj7k so the
(i,j)-th entry of G(Hy, Lp') can be described as

n
!/
w; -y = kz djw; - Y-
-1

For each k, w; - 7y is the (i, k)-th entry of G(Hw, Lg) and dy; is the (k, j)-th entry of
PE'. Therefore, the expression above is also the (i, j)-entry of G(H, Lg)P§ , proving
the statement. O

Although theoretically the problem is solved, in practice there is an extra step. If
one knows G(H, Lg) and applies the formula above, then one obtains the entries of
G(H, Lp) in terms of the basis B. However, in order to construct the matrix of the
action M(H, Lp), we need to write the entries of G(H, Ly/) in terms of the basis B'.
Hence, we need to change each entry from B to B/, for instance applying the matrix
PJ to its vector of coordinates with respect to B.

2.3 Reducing the matrix of the action

Let L/K be an H-Galois Hermite extension. We can interpret the definition of Ay in
terms of py. Concretely, given h € H, we know that h € 2y ifand only if h- x € Or
for every x € Op. This means that i € 2y if and only if the K-endomorphism
pr(h): L — L restricts well to Oy, that is, pg(h) € Endp,(Or). Now, since
M(H, L) is the matrix of py, we can rewrite this condition in terms of coordinates.
Let us fix again bases W = {w;}}_; of Hand B = {7;}7_; of L.

Proposition 2.11. Assume that B is an integral basis of L. Given h = Y_I' ; hjw; € H,
h € Ay if and only if
hy
M(H,L) | : | eoF, (2.3)
hy

that is, M(H, L) takes the column vector of the coordinates of h with respect to B to a vector
of n? integer coordinates in K.

Remark 2.12. Since L/K is a Hermite extension, Ok is a PID and then Op, is Ok-free (see
Section 1.5), so an integral basis exists.

What Proposition 2.11 means is that M (H, L) filters the elements of the associated
order among the ones in H. Now, we regard condition (2.3) as a family of systems of
n? linear equations, where the matrix of coefficients is M(H, L), the indeterminates
are the coordinates hy, ..., h;,, and the independent terms run through Ol’f. Under this
interpretation, the elements of 2(y are the vectors i € H whose vector of coordinates
(hy, ..., hy) with respect to W is a solution of a system of equations as before with
independent term a vector of integers in K.
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2.3.1 Reduced matrices

To solve a system of equations as in (2.3), we can apply linear transformations in
M(H, L) to reduce it to an n x n matrix, which will be invertible since M(H, L) has
rank n. However, the independent term of the new system of equations should have
integer components in K so that the reduced matrix also filters the elements of the
associated order. Hence, we must use only elementary transformations f such that
both f and f~! preserve Ok. Such transformations will be called integral linear
transformations.

Even though we need transformations that preserve integrality, the matrix M(H, L)
does not have in general coefficients in Okg. Both in theory and practice it will be
more convenient to work with a matrix which plays the role of M(H, L) but with
integral coefficients. To this end, we introduce the notions of content and primitive
part classically used for polynomials.

Definition 2.13. Let Ok be a PID with fraction field K. Let A € M,,(K).

1. The content of A is defined as cont(A) = 2, where a € Ok is any element that
satisfies aA € M, (Ox) and d is the greatest common divisor of the coefficients of
aA.

2. The primitive part of A is pp(A) = Cor{:ﬁ-

3. We say that A is primitive if A = pp(A), that is, cont(A) = 1.

Remark 2.14. The definition of content does not depend on the choice of a. Indeed,
since Ok is an UFD, fractions in K have a unique irreducible expression, up to units.
Then, if I is the least common multiple of the denominators of the entries of A in
irreducible form, g = | independently on the choice of a.

In similarity with the case of polynomials, every matrix with coefficients in the
fraction field of a unique factorization domain may be written as the product of its
content and its primitive part. Moreover, the primitive part of a matrix in K has co-
efficients in Ok. If K = Q (which is the fraction field of the principal ideal domain
Z), decomposing M(H, L) as the product of its content and primitive part is to drop
the common denominators of its entries out of M(H, L).

Let us go back to the problem of reducing M(H, L). The matrix associated to
an integral linear transformation is an invertible element in M,,(Ok) (i.e, an ele-
ment of GL,(Ok)). Such matrices are called unimodular. Hence, the concatenation
of integral linear transformations may be represented by a product of elementary
unimodular matrices, which is a unimodular matrix. Thus, we would like to find
a unimodular matrix U such that UM(H, L) is essentially a n x n matrix, meaning
that all its n x n blocks are the 0 matrix except the first one. Actually, this is always
possible.

Theorem 2.15. Let Ok be a PID with fraction field K. Let m > n and let A € My xn(K)
be a matrix of rank n. Then there is a matrix D € M, (K) and a unimodular matrix
U € GL,,(Ok) with the property that

D
UA:H,
O

where O is the zero matrix of My _p)xn(K).
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Proof. Since Ok is a PID, it is a Hermite ring, so we can apply [Kap49, Theorem
3.5] to pp(A) € Myxn(Ok), giving the existence of a matrix I' € M,,(Ok) and a
unimodular matrix U € GL,(Ok) such that

r
LIA:H.
O

Then, U and D = dI satisfy the equality of the statement. O

Remark 2.16. The matrix given by [Kap49, Theorem 3.5] is triangular, but this fact is
ignored in our exposition because it is completely useless for our purposes. Besides, changing
conveniently the unimodular matrix U can give any type of square matrix D.

Definition 2.17. A matrix D as in the previous statement is called a reduced matrix of A.

Clearly, a reduced matrix is not unique: left multiplication of a reduced matrix
by any unimodular matrix gives another reduced matrix.

The utility of the reduced matrix to compute associated orders falls on the fact
that it also tests membership of the associated order for elements in H. The key fact
is that the linear transformations involved preserve Ok, that is, the reducing matrix
U is unimodular.

Corollary 2.18. Assume that B is an integral basis and let D be a reduced matrix of
M(H,L). Givenh =Y hjw; € H, h € Ay if and only if

hy
DI : | €Ok
h

Proof. We know that i € 21y if and only if

hy
M(HL) | : | e 0F. (2.4)
hy

By the definition of reduced matrix, there is a unimodular matrix U such that

D
un(H, 1) = @

Since U is unimodular, it sends (’)I’éz to itself. Thus, applying U to (2.4) yields that

h € Ay if and only if
p\ (M )
o C | € Ok.
hy,

This is clearly equivalent to the condition in the statement. O
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2.3.2 The Hermite normal form

The definition of the Hermite normal form of a matrix is well known for matrices
with coefficients in Z. As we work with matrices with coefficients in an arbitrary
PID, we must use a more general definition, given in [AW92, Chapter 5, Definition
2.8]. First we review a couple of notions.

Definition 2.19. Let R be a PID.

1. A complete set of non-associates in R is a subset P C R such that for every non-zero
a € R thereis a unique b € P and a unit u € R* such that b = au (that is, every
element of R has a unique associate in P).

2. A complete set of residues modulo an element a € R is a subset of R that contains a
unique element in each coset modulo a.

Now, the Hermite normal form of a matrix with coefficients in a PID is defined
as follows.

Definition 2.20. Let R be a PID, P a complete set of non-associates in R, and for every
a € R, let P(a) be a complete set of residues modulo a. Let A = (a;;) € Myxn(R) be a
non-zero matrix. We will say that M is in Hermite normal form if there exists an integer
1 <r < m such that:

1. Given 1 < i < r, the i-th row of M is non-zero, and given r +1 < i < m, the i-th
row of M is zero.

2. There is a sequence of integer numbers 1 < ny < --- < n, < m such that for every
1<i<r:

- Given j < n;, aj; = 0.
- al',l’ll‘ € P— {O}
- Given1 <j <i, aj, € P(a;y,)

Example 2.21. 1. If R = Z, a complete set of non-associates is P = Zx>( and for
every positive integer a, a complete set of residues moduloais {x € Z | [— ‘;—'W <

x < [y,

2. If R = Z, for a prime number p, a complete set of non-associates is P =
{p"} - U m > nisof rank n and A € My, (Ok), the elements of the diag-
onal in the Hermite normal form are non-negative powers of p. If an element
above the diagonal also belongs to Q, we will choose the element in its coset
whose usual absolute value is strictly less than 5.

The following result assures the existence and the uniqueness of the Hermite
normal form of a matrix.

Theorem 2.22 (Hermite normal form). Let R be a PID, let P be a complete set of non-
associates in R, and for every a € R, let P(a) be a complete set of residues modulo a. Let
A € Myn(R) a matrix of rank n. Then:

1. There exists an m x m unimodular matrix U € GL,,(R), such that UA is a matrix
in Hermite normal form. If in addition R is euclidean, U can be written as a product
of elementary matrices with coefficients in R.

2. The Hermite normal form of A is unique.
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Proof. See [AW92, Chapter 5, Theorems 2.9 and 2.13]. ]

Note that the Hermite normal form of a matrix is unique because of the choice of
a complete set of residues modulo every element of the diagonal. If we do not take
any such system, then there exist still echelon matrices that satisfy Definition 2.20 ex-
cept the last point in 2. For simplicity, we shall admit all of them as Hermite normal
forms of the original matrix. Consequently, we will usually think of a Hermite normal
form of a given matrix. Another convention we will follow is that we will consider
the Hermite normal form as the matrix resulting from deleting the zero rows from
the original Hermite normal form.

We have defined the Hermite normal form of a matrix A when the coefficients in
A belong to a PID. However, the matrix M (H, L) has coefficients in K and they need
not to lie in Ok. To be able to talk about the Hermite normal form of M(H, L), we
use the content and the primitive part.

Definition 2.23. Let d = cont(M(H,L)) and M = pp(M(H, L)). The Hermite normal
form of M(H, L) is defined as the matrix dT, where T is the Hermite normal form of M.

Example 2.24. Consider again Example 2.2. Since Z.is a PID, L/Q is a Hermite extension.
We computed M(H, L) in Example 2.7. In this case, cont(M(H, L)) = 3 and

2 2 0
0 0 0
00 0
00 0
pp(M(H,L)) = [2 —1 1
00 0
00 0
00 0
2 -1 -1
r
Now, Upp(M(H,L)) = @, where
0000 1 000 0
1000 1000 0
0000 1 000 —1
0001 0 000 0 )y 11
Uu=|o100 0 000 0 |, r=|(o 3 -1
0000 0 100 0 00 2
0000 0 010 0
0000 0 001 0
0010 0 000 0

Then T is the Hermite normal form of the principal part of M(H, L), and consequently, the
Hermite normal form of M(H, L) is

1 2 -1 1
DZE 0 3 -1].
o 0 2
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This is a reduced matrix of M(H, L). Another reduced matrix arises simply by deleting the
zero rows of M(H, L), that is,

1 2 2 0
D = > 2 -1 1
2 -1 -1

2.4 Determination of a basis

Recall that an element 1 = }}' ; hjw; € H belongs to 2y if and only if its vector of
coordinates (hy, ..., h, ) with respect to W is a solution of any system of equations with
matrix of coefficients M(H, L) and independent term any vector with components
in Og. If U € GL,2(Ok) is a unimodular matrix that reduces M(H, L) to a reduced
matrix D, then multiplication by U yields a system with only n equations and the
same solutions. Moreover, the matrix of coefficients of this new system is D, which
is invertible, and its inverse gives the solutions. Explicitly:

Theorem 2.25. Let L/K be a degree n Hermite H-Galois extension of fields, W = {w;}!_,
a K-basis of H and B = {y;}}_, an O-basis of Oy. Let D be a reduced matrix of M(H, L)

and call D™ = (d;j)},_. The elements
n
vi=) dyw,1<i<n
I=1

form an Ok-basis of Ay. Moreover, if we identify each v; with the column vector of its
coordinates with respect to W, the action of this basis on Oy, can be expressed as

vi-vj = M;(H, L)v;,
with coordinates with respect to B.

Proof. Leth = Y ;"1 hjw; € H, with h; € K. By Corollary 2.18, h € 2y if and only if
there exist elements ¢y, ..., ¢, € Ok such that

Multiplying by D! at both sides, this is equivalent to
hq din -+ diy 1
hn di’ll T di’ll/l Ci’l

that is,

n
hl = Zdlici/ 1< l <n.
i=1

Hence, h € 2y if and only if there exist ¢y, ..., ¢, € Ok such that

=Y duciw = ch (Zdlm) = Lew
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The last member clearly belongs to (vy, ..., vn) 0, Hence, {v;}! ; is an Ok-system of
generators of Ay. Now, it is K-linearly independent because {w;}!_, is a K-basis and
D~!isinvertible, so it is also Ok-linearly independent and hence an Ok-basis of 2.

The action of this Ok-basis on Oy is given by
n n n (k)
(U ’)/] = Zdliwl : ’)/] = Z Zdliml]. (H, L) Yk-
=1 k=1 \I=1
t

Theset V = {v;}! ; determined in the previous theorem is in particular a K-basis
of H, and the matrix D! is the matrix of the change of K-basis from W to V (in the
notation of Proposition 2.9, D~ = PY). This is why its columns give the coordinates
of the new basis with respect to W. So the reduction method finds a matrix of change
of basis that carries W to a K-basis of H which in addition is an Og-basis of 2(g.

Example 2.26. In the situation of Example 2.2, we can apply Theorem 2.25 because
{1,w,w?} is a Z-basis of O, as O = Z|w).

The Hermite normal form of M(H, L), computed in Example 2.24, has inverse
1 (31 -1
Dl=2(02 1.
00 3

v {Idlld—gZC’ —Id+3c+3s}

Then, by the theorem,

isa Z-basis of Ay. Let us compute the action of this basis on Or. Obviously, Id - w! =
w' fori € {1,2,3}. Regarding the other two elements,

110% 1
000]|[35]=(0] = M4x.1=1,
00 0/ \0 0

) : Idgzc cw=0,

RS
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0 0 0\ /-3 0
0 0 0 Tl=10] = X .w?=-u?
1 -1 -1 1 ~1

2 2

Hence, the Gram matrix for this new basis is

1 w W?
G(Hy,Lg)= |1 0 0
0 0 —w?

On the other hand, the other reduced matrix in Example 2.24 gives rise to the
basis

v Id+2c Id —c+3s Id—c—3s
- 3 7 3 ! 3 '
The first element in this basis is the second element in V, and the third one is the

negative of the third element in V, so we know how they act on Or. Let us compute
the action of the remaining element:

110\ /4% 0
000][-%]=]0 — =g,
0 00 1 0
0 0 0 : 0
1 _% % _% — |1 — Id—§+35_w:w,
0O 0 O 1 0
0 0 0 : 0
00 0|[-%]=[(0] = M=.u2=0
1 1
Hence, the Gram matrix for this case is
1 0 0
G(HV/,LB): 0 w 0
0 0 w?

That is, the Gram matrix is diagonal with diagonal filled by the elements of the basis
V'. In short, we say that the action of V' on L is diagonal. This implies that the
elements of V' are pairwise orthogonal idempotents, as we prove below in a more
general situation.

Proposition 2.27. Let L/K be an H-Galois extension, W = {w;}"_, a K-basis of H and
B = {7 14 K-basis of L. Assume that the action of W on L is diagonal. Then, the
elements of W are pairwise orthogonal idempotents.

Proof. Note that the action of W on L being diagonal means that w, - 7y, = 4,73 for
everyaand b. Let1 <i,j < n. Then, forevery 1 <k <mn,

(wiwj) - v = wi - (wj - vk) = wi - (S7k) = Fjtwi - Yk = Sdjic Y-

If i = j, this says that w? - 7, = dyyx = w; - vk for every k, and since py is injective
(because L/K is H-Galois), wz-2 = w;. Otherwise, if i # j, (wjw;) - 1 = 0 for every k,
so again the injectivity of py gives that w;w; = 0. O

In the situation of Proposition 2.27, B is a basis of eigenvectors of the action of H
on L (see Section 2.6).
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2.5 Freeness over the associated order

Let L/K be an H-Galois Hermite extension of fields. Let W = {w;}" ; be a K-basis
of Hand B = {’y]-};7:1 an Og-basis of O1. In this section we discuss the problem of
determining whether or not Oy, is Ay-free. For each element g € O;, we will give a
necessary and sufficient condition that tests if  is a normal integral basis generator
of Op. The tool will be again the matrix of the action, or more precisely, the linear
combination of its blocks with the coordinates of g with respect to B. This is what
we will call the matrix associated to .

2.5.1 Matrix associated to an element

Call V = {v;}' | an Ok-basis of Ay computed by the reduction method. That is, if
D is a reduced matrix of M(Hyy, L) and we call D~! = (dij)gjzl, then

n
v =Y djw
=1
forevery1 <i <mn.

Let B € Or be a potential Ap-generator of Or. Since py is injective, {B} is lin-
early independent over y. Then, B is an 2Ap-free generator of Oy if and only if
Or = Ay - B. Thus, we want to determine a necessary and sufficient condition for
the equality O, = 2 - B to hold. In general, Ay -  C Op, and {v; - B}?_; is an Ok-
basis of 2 - . Then, the equality holds if and only if {v; - B}7_, is an Ok-basis of Oy

Determining conditions under which the vectors v; -  form a basis are closely
related with the study of the matrix M ﬁ(HV, Lp) whose columns are the coordinates
of the elements v; - B with respect to the basis B. Let us find its explicit form. We
have

v =10 (iﬁm) = iﬁﬂ’i'%‘-
= j=1

Recall that, by Theorem 2.25, the action of the basis V on O}, is given by the equalities
0; - ’)/] = M]'(Hw, LB)Z)I‘. Hence,

n
(K 5 — Zﬁ]M](HWILB)UZI 1 S l S n.
j=1

These n vectors are the columns of the matrix Mg(Hy, Lg). Now, recall that the
vectors v; are the columns of the matrix D~!. We obtain

n

M,B<HV/ LB) = ZIB]M](HW/ LB)Dil‘

j=1
Finally, by Proposition 2.9, M;(Hy, Lg) = M]'(HW,LB)D*1 for every 1 < j < n.
Thus,

n

Mg(Hy,Lg) = Y_ BiM;(Hy, Lg).

=1

This leads us to introduce the following general notion.
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Definition 2.28. Let L/K be a degree n H-Galois extension of fields, W = {w;}! , a
K-basis of H and B = {v;}7_; a K-basis of L. The associated matrix of an element p =
Y1 Bjvj € L with respect to the K-bases W and B is defined as the matrix whose columns
are the coordinates of the elements w; - B with respect to B, that is,

Mg(Hw, Lp) : Zﬁ] (Hw, Lp).

There is a formula of change of basis for the matrix associated to an element
which is a trivial consequence of the one in Proposition 2.9.

Proposition 2.29. If W' is another K-basis of H, then

Mg(Hw, Lg) = Mg(Hw, Lg) Py’

2.5.2 Criteria for freeness

Next, we use the matrix Mﬁ(HV, L) to characterize whether or not Oy is 2Ay-free.
We know that {v; - B}, is an Ok-basis of Oy if and only if it is Ok-linearly inde-
pendent and an Og-system of generators. As 2y acts on Oy, it is immediate that
Mg(Hy,Lg) € M;(Ok). Standard linear algebra yields that the Ok-linear inde-
pendence of {v; - B}, is equivalent to the invertibility of the matrix Mg(Hy, Lp) in
M, (K) (with the remark that in this case Ok-linear independence is equivalent to
K-linear independence), that is, Mg(Hy, L) € GL,(K). This condition means that
the associated matrix has an inverse with entries in K, but not necessarily in Ok. The
condition of having integral entries turns out to be equivalent to the freeness of Oy.

Corollary 2.30. Let L/K be a degree n Hermite H-Galois extension. Let V be an Ok-basis
of Uy and B an Ok-basis of Op. An element B € Op generates Or, as Ay-module if and
Ol’lly Z'fM[;(Hv, LB) € GLH(OK)

Proof. Suppose that Oy, is Ay-free. Then, B’ := {v; - B}/, is an Ok-basis of O. As
the matrix Mg (Hy, Lp) is the matrix whose columns are the coordinates of v; - f with
respect to B, it is the change-basis matrix Pg/, and hence unimodular. Conversely,
assume that Mg(Hy,Lg) € GL,(Ok). Since B is an Ok-basis of Or and v; - B =
Mﬁ(HV, Lg) - vyiforevery1 <i <mn,{v;- B}, is an Og-basis of O;.. d

Remark 2.31. The matrix Mg(Hy, Lp) being unimodular means that its determinant
is a unit of Og. This determinant is actually the generalized index [0 : Ay - B]
(see [FT92, Section I1.4] for a definition), and it is invertible if and only if the ideal it
generates is trivial, that is, O; = 2y - B, which is consistent with the previous result.

Example 2.32. Let us consider the extension L/Q of Example 2.2 and let § = B +
Baw + Bsw? € Op. In Example 2.26 we computed two bases V and V' of 2y and
the action of these bases on 0. Looking at the results obtained, we may write the
matrices associated to p with respect to these bases:

B1 P1 0 i 0 O
Mg(Hy,Lg) = B 0 0 |, Mg(Hy, Lg) = [ 0 B2 0
s 0 —ps3 0 0 B3

The determinant of both matrices is 818283, which is an invertible element of Z if
and only if all the B; are 1 or —1. Then, Oy, is Ay-free and all possible generators are
B = B1+ Baw + Baw?* with B; € {—1,1} foralli € {1,2,3}.
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A reformulation. The index of a Hopf Galois structure

Taking into account Proposition 2.29,
Mg(Hy, Lg) = Mg(Hw, Lg)Py.

For an element B € Ok, let us denote Dg(Hyw, Lp) = det(Mg(Hw, Lp)). Then, the
criterion of Corollary 2.30 is satisfied if and only if

Dﬁ(HW/ LB> S det(D)OI*( (2.5)

Now, assume that Ok is a Euclidean domain with Euclidean norm Nx. We also
assume that N is either additive (i.e. Nx(ab) = Nx(a) + Nk(b) for every non zero
a,b € Or) or multiplicative (i.e. Nx(ab) = N (a)Nk(b) for every a,b € Opr). Given
u € O, Nx(u) = 0if Nk is additive and Nx(u) = 1 if Nk is multiplicative.

Example 2.33. The ring Z is an Euclidean domain with multiplicative Euclidean
norm the usual absolute value Ng = | - |. If p is a prime number, for a p-adic field K,
Ok is an Euclidean domain with additive Euclidean norm the rrg-adic valuation vg
for an uniformising parameter 7.

Under these considerations, (2.5) is equivalent to
Nk(Dg(Hw, L)) = Nk(det(D)).
Proposition 2.34. The number Nk (det(D)) does not depend on the reduced matrix chosen.
Proof. Letus call M(H, L) = M(Hw, L) for convenience.

M
Since M(H, L) has rank n, its Hermite normal form is for a certain matrix
M € GL,(K) in echelon form. Let D be a reduced matrix of M(H, L). By definition
of reduced matrix, the matrices M(H, L) and o are equal up to left multiplication

by a unimodular matrix (left equivalent according to [AW92, Definition 2.1]) and the
Hermite normal form is unique (see [AW92, Theorem 2.13]), so they have the same

M
Hermite normal form @ .

We claim that M is the Hermite normal form of D. Indeed, if M’ is the Her-
mite normal form of D, then there is a unimodular matrix U € GL,(Ok) such that

u 0
— !
LID—M.Then<0 i

n2—n
determinant is det(U) € Oy, and satisfies

u o'
o 1,12

where O’ is the zero matrix in M, (,2_,)(K). By the uniqueness of the Hermite nor-

mal form, H H thatis, M = M’. Moreover, we deduce that UD = M.

> € M,2(0Ok) is a unimodular matrix because its
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This proves that for every reduced matrix D there is a unimodular matrix car-

D M
rying o to @ that has its first n x n block U unimodular, and the equality

UD = M holds for this block. Then Nk(det(D)) = Nk(det(M)) for every reduced
matrix D. O

This leads to the following definition:

Definition 2.35. Let W be a K-basis of H. The index of the Hopf Galois structure (H, -) is
defined as
Iw(H, L) = Nx(det(D)),

where D is a reduced matrix of M(H, L).

Let us assume that Nk is additive (if it is multiplicative, we replace the additions
by products). If W’ is another K-basis of H, then

I (H,L) = Iy(H, L) + Ng(det(PW')).

With this notation, we can rewrite Corollary 2.30 in a more convenient way, without
requiring the basis V:

Proposition 2.36. An element p € Oy is an Ag-free generator of Oy if and only if
Nx(Dg(Hw, L)) = Iw(H, L).

Note that this new condition is independent on the basis of H. Indeed, if W’ is
another K-basis of H, then Mg(Hw, Lg) = Mg(Hy, Lg)PW, so

vk(Dg(Hywr, Lp)) = Nx(Dp(Hw, L)) + Nk(det(Py)),

and joining this with the equality of indexes above, we obtain that Nx(Dg(Hw, Lg)) =
Iw(H, L) if and only if Nx(Dg(Hw, Lp)) = Iy (H, L).

Example 2.37. We consider once again the extension L/Q in 2.2. The determinant
of the reduced matrix D in Example 2.24 is %, which has absolute value % Then, the
index of the Hopf Galois structure of L/Qis I(H,L) = % The matrix associated to 8
considering the basis W is

g1 P1 0
Mg(Hw,Lg) = | B2 —% ’372 ,

B _Bs _Bs

3 2 2

with determinant w This coincides with Iiy(H, L) if and only if 818283 has
absolute value 1, which recovers the conclusion that these are all the elements that
can generate Oy, as 2g-module.

2.6 Bases of eigenvectors

Although the reduction method works with every Hermite H-Galois extension L/ K,
reducing the matrix M (H, L) may be a very difficult task, especially when the degree
of the extension is big enough. However, for the extension in Example 2.2 we ob-
tained a reduced matrix of M(H, L) by only removing the zero rows. This happens
because the action on the chosen basis of L gives a scalar multiple of the original
element. In this section we study that property.
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Definition 2.38. Let L/K be an H-Galois extension and let us fix a K-basis W = {w;}! ,
of H and a K-basis B = {v; j—1 of L. We say that B is a basis of eigenvectors if for every
1 <i,j < n there exist elements /\ij € K such that

w; - ) = Aijyj-
The matrix
M1 A oo A
B M2 Ap o0 Ap
/\1;1 /\271 to )\nn

is called the matrix of eigenvalues with respect to W. We will also say that L/K has the
eigenvectors property with respect to the Hopf Galois structure H.

If B is a basis of eigenvectors, then the Gram matrix can be written as

Aum AM2rz 0 AT

Aanyr Any2 o A
G(Hw, Lg) = : : . :

/\nlf)’l /\HZ'YZ e )\nn')’n

Moreover, the j-th block of the matrix of the action is the n x n matrix whose rows
are all 0 except the j-th one, which is (A;j)!_;. Taking into account the expression
(2.2), we deduce that
k
ml(j)(Hw, Lp) = oA

forevery 1 <i,j,k <mn.

As the definition of the eigenvectors property for the basis B is written in terms
of the basis of H, we need to prove that it actually does not depend on this choice.

Corollary 2.39. Assume that there exist elements Ajj € K such that w; - y; = Ayjy; for
every 1 < i,j < nandlet W' = {w;}[_; be another K-basis of H. Then, there exist A;; € K
such that w} - yj = A;ﬂ]-.

Proof. Let us call P}’ = (ai]-)l’fj:l. We know by Proposition 2.9 that M;(Hyw, Lp) =
M;(Hy, LB)PI‘,/VV/ forall 1 < j < n. Then, following the description of M;(Hy, Lp)
above, we deduce that w] - v; = (¥jL; ajiA;j) 7j. Then, it is enough to take Ajj

Z?:l aliAlj € K. O

Note that the matrix of eigenvalues does depend on the basis of H (this is why
in the definition we referred to it as the eigenvalues matrix with respect to the basis
W). However, the previous proof yields easily that if A’ is the eigenvalues matrix
with respect to another basis W/, then A’ = AP} .

The most common situation is to work with a K-basis of L formed by the powers
of a primitive element.

Definition 2.40. Let L/K be a degree n H-Galois extension. Assume that L/K satisfies
the eigenvector property with respect to H. A basis of eigenvectors of L/K is said to be
primitive provided that it has the form {a/ }}:Ol for some primitive element a of L/ K.

Example 2.41. Let L/Q be the extension of Example 2.2. Then, {1,w, w?*} is a primitive
basis of eigenvectors of L, as can be observed from (2.1). The matrix of eigenvalues with the
fixed bases is the matrix D' in Example 2.24.



2.6. Bases of eigenvectors 39

2.6.1 Associated order and freeness

Let us assume that L/K is Hermite and B is an integral basis of eigenvectors of L.
Reducing the matrix M(H, L) is trivial in this case, as we can permute its rows so as
to place the zero ones at the bottom of the matrix. This shows that the eigenvalues
matrix A is a reduced matrix of M(H, L). Let us call Q) = (wij)ﬁjzl its inverse. Then

2 has an Og-basis V given by the elements v; = ) ' ; wjw;, 1 <i < n.

Now, we focus on the action of this basis on Q. In the case of Example 2.26 we
proved that the action diagonalizes and by only using the definition of the action, we
proved that the basis of the associated order is of pairwise orthogonal idempotents.
This inspires the general result:

Proposition 2.42. Let L/K be an H-Galois Hermite extension of fields and assume that
B = {7}/, is an integral basis of eigenvectors of L. Let V' = {v;}{; be the basis of An
obtained from the matrix of eigenvalues A. Then, the action of V on Oy is diagonal, so the
elements of V are pairwise orthogonal idempotents.

Proof. By Theorem 2.25, the coordinates of v; - y; with respect to the basis B are given
by the column vector obtained from the multiplication M; (Hw, L)Q). Now, the
unique non-zero row of M;(Hyw, Lp) is the j-th one, which is by definition the j-
th row of A. But Q) is the inverse of A, so the matrix-vector product above is actually
the j-th vector of the canonical basis. This means that v; - y; = J;jy; foralll1 <i,j <,
proving that the action is diagonal. O

Let us move on to the question of the 2Ay-freeness of 0. Given = 2;7:1 Bivi,
the matrix associated to B with respect to the bases V and B is

B 0 -+ 0
0 B - 0
Mp(Hy, Lp) = . . . |
0 0 - B

The determinant of this matrix is Dﬁ(HV, Lg) = B1B2 - - - Bn, and there are of course
choices of B for which this product is in O; for instance p = }i'; y;. This proves:

Proposition 2.43. Let L/K be a Hermite H-Galois extension and assume that B = {; -1
is an integral basis of eigenvectors of L. Then, Oy, is Ay-free and the elements that (individ-
ually) may generate Op as Ay-module are the elements B € O, such that By - - - B, € Ok.

We summarize the results obtained in this part:

Theorem 2.44. Let L/K be an H-Galois Hermite extension of fields. Assume that L/K
admits some integral basis of eigenvectors B = {'Vj}?:l with respect to H. Then:

1. IfQ = (wi]')?jzl is the inverse of the eigenvalues matrix of B, then the elements

n
vi=Y wwl<i<n
=1

form an Ok-basis of Ap.

2. The elements of the basis above are pairwise orthogonal idempotents.
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3. Oy is Ay-free and the normal integral basis generators are the elements p € Oy, such
that B - - - By € Ok.

Example 2.45. Let L/K be a cyclic degree p extension of p-adic fields with Galois
group G = () and assume that K contains a primitive p-th root of unity ¢. Assume
that there is a primitive element a of L/K such that vk(aP) = 1, that is, L/K is of
the first type among the three possible listed in [Chi00, Proposition 24.2]. By [Chi00,
Proposition 24.3], A /k is the maximal Ok-order in K[G] and O is 2 ,x-free. We can
reach the same conclusions by using the results established in this section. Indeed,
we may assume without loss of generality that o(a) = &, so o(a/) = &lal for all j.

Then, B = {(Xj }]p:—Ol is a basis of eigenvectors of the classical Galois structure, and it

is integral because « is a root of a Tx-Eisenstein polynomial. The eigenvalues matrix
is the Vandermonde matrix

1 1 1
1 ¢ grt
1 ¢gr-! glp=1?
with inverse
11 & N )
pl: o
1 &1 . 12

By the second statement of Theorem 2.44, the elements ¢; = %Z,f;é & kg* form
an Ok-basis of Ay. Since this is a basis of primitive pairwise orthogonal idempo-
tents, it gives the maximal Ok-order in K[G|. On the other hand, Proposition 2.43
gives that Oy is Ay -free.

Remark 2.46. If we assume that L/K is of one of the other two types in [Chi00,
Proposition 24.2], then for a primitive element a of L/K, the basis of its powers
{aj}]r.’:l is still a primitive basis of eigenvectors, but it is not integral, and then we
cannot apply the results in this section. In fact, Theorem 2.44 does not hold because
O is not in general 2 /x-free.

2.6.2 The eigenvectors property in the Galois case

By definition, the eigenvectors property is satisfied for a Hopf Galois extension L/K
whenever we can find a K-basis of L formed by eigenvectors of the action of the Hopf
Galois structure that we are considering. In this section, we will see the meaning
of this property with the point of view of Galois theory. That is, we characterize
the eigenvectors property for a Galois extension with respect to the classical Galois
structure, what we call the classical eigenvectors property. Accordingly, a basis of
eigenvectors with respect to the classical Galois structure will be called a classical
eigenvectors basis. In Example 2.45 we showed that for a cyclic degree p extension
the key property for the existence of such a basis was the fact that the primitive root
¢ was in the ground field, that is, the extension was Kummer. Actually, this property
characterizes the cyclic extensions with a classical basis of eigenvectors.

Proposition 2.47. Let L/K be a Galois extension of degree n. Then, L /K has some classical
primitive basis of eigenvectors if and only if L/ K is cyclic and Kummer.
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Proof. Letus call G = Gal(L/K). Assume that there exists some primitive element «
of L/K such that ' '
(@)=, c€G,0<i<n-—1,

where A, ; € K. Let f = irr(a, X, K) be the minimal polynomial of «. Then,

fX)=T1X=0o(@) =TT(X-Ac10).

ceG ceG

Since « is a primitive element, all the o(a) are distinct as ¢ runs through G, so the
independent term of this polynomialis (—1)" [],cg As,14", which obviously belongs
to K. Since the A, also do, we obtain that #” € K. This says that f(X) = X" — a”.
Hence, if ¢ is a primitive n-th root of unity, the roots of f are «, ¢, ..., C”_lzx. By stan-
dard Galois theory, G permutes the roots of f, so for every ¢ € G there is a unique
0 < iy < n—1such that c(a) = ¢va. But by the hypothesis, c(a) = A, 1a. Hence,

e — Asq1 € K for every ¢ € G. In particular, { € K, so L/K is Kummer. Then,
since the primitive element & of L /K is a root of f and this polynomial is of the form
f(X)=X"—a", L/Kis cyclic.

Conversely, assume that L /K is cyclic and Kummer. Then, L is the splitting field
over K of a polynomial of the form f(X) = X" — a” for some primitive element «
of L/K, whose roots are a, &« ...,¢" 'a. Since G permutes the roots of f, for every
o € G there is a unique 0 < iy < n — 1 such thato(a) = Cim. Since L/K is Kummer,
gz € K for all ¢ € G. Then the basis of the powers of a is a classical primitive basis
of eigenvectors. O

This result does not characterize completely the Galois extensions that satisfy the
classical eigenvectors property, because there may be Galois extensions L/K with a
basis of eigenvectors in which no element is primitive. However, we can consider
the extensions generated by the elements of a basis, apply the previous result, and
compare with the whole extension. In order to lift the eigenvectors property, we use
the following lemma.

Lemma 2.48. Let E/K and F /K be Galois extensions such that ENF = Kand let L = EF.
If E/K and F / K satisfy the classical eigenvectors property , then so does L /K.

Proof. Let {a;}]_, be a classical basis of eigenvectors of E and {zj}]?‘zl a classical basis
of eigenvectors of F. Then {a;z;}} j—1 is a K-basis of L. Since EN F = K, we have

G = Gal(L/K) = Gal(E/K) x Gal(F/K).
Hence, foreveryor € Gand1 <i<rand1 <j<uy,

AE By

UT(“:'Z]‘) = Noi i Yisj
Then, {a;z;} is a classical eigenvectors basis of L/K. O
The following result proves the characterization that we wanted.

Theorem 2.49. Let L/K be a Galois extension. Then, L/K satisfies the eigenvectors prop-
erty with respect to the classical Galois structure if and only if L / K is a compositum of cyclic
Kummer extensions.
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Proof. Assume that L/K satisfies the eigenvectors property with respect to the clas-
sical Galois structure. Let {w;}? ; be a K-basis of L such that

o) = A, 1<j<nc€G,

where A, ; € K. Thus, for every 1 < j < n, the conjugates of «; are scalar multiplies
of a;. Then, K(a;)/K is a Galois extension that satisfies the eigenvectors property
with respect to the classical Galois structure with a primitive eigenvector basis, the
one generated by ;. Therefore, by Proposition 2.47, K(«;) /K is cyclic and Kummer
forevery1 <j <n.

Now, it is quite clear that L = []i_; K(«;). Indeed, the product is contained in L
because K(ocj) C L for every 1 < j < n, and for the other inclusion it is enough to
notice that the product contains the K-basis {1, ..., &, } of L, and hence all elements
of L. This proves that L /K is the compositum of cyclic Kummer extensions.

Conversely, assume that L/K is a composition of cyclic Kummer extensions. By
Proposition 2.47, all of them satisfy the eigenvectors property with respect to the
classical Galois structure and a primitive element. By the previous lemma, L/K
satisfies the eigenvectors property with respect to the classical Galois structure. [

2.7 Absolute extensions of fields with low degree

The reduction method provides a way to determine effectively the associated order
of a Hopf Galois structure and a necessary and sufficient condition for the existence
of a normal basis generator. However, since it requires to know how the Hopf Galois
structure acts on the ring of integers, it is difficult to carry out the explicit compu-
tations unless the degree of the extension is very low. In this section we study the
most simple cases: extensions L/K of degree 2 and 3. Except for a particular case of
quadratic extensions, we will take the ground field K to be Q or Q, for some prime
number p. We already know the answer for the question of the freeness: By Theo-
rem 1.16, these extensions have the classical Galois structure as their unique Hopf
Galois structure, and by Leopoldt’s theorem in its local version, Oy is free over its
associated order. We will reach the same conclusion using the criterion in Section 2.5
and compute a generator for each case.

2.7.1 Quadratic extensions

Let L/K be a separable Hermite quadratic extension of fields. Then, L/K is Galois
with Galois group of the form G = (¢) and ¢? = 1. For simplicity, let us assume
that char(K) # 2. Hence, we can write L = K(z) where z € L — K, z> € K and
0(z) = —z. The unique Hopf Galois structure of L/K is the classical Galois structure
H.. To apply the reduction method, we need a basis of H,, an integral basis of L, and
how H, acts on this basis. The first one is immediate: the elements {Id, o'} of G form
a K-basis of H,. Since the extension is Hermite, there is an element z € Oy, such that
m = z? € Ok. Then {1,z} is a K-basis of L. Let us assume that it is also an integral
basis.

Theorem 2.50. Let L/K be a Hermite quadratic extension of fields with char(K) # 2 such
that z = /m, with m € K, generates an integral basis of L. Then, 2 ;x has a basis of
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Id+o Id—o
2 72

and Oy, is Ay s x-free with generator any element B = B1 + Boz € Or such that B1B, € Oxk.
In particular, 1 4 z is a generator.

idempotents

Proof. The hypothesis means that {1,z} is an integral basis of eigenvectors, and since
0(z) = —z, the eigenvalues matrix is

()

The columns of its inverse give the Ok-basis of A} /x

Id+oc Id—¢
2 7 2 !

which by Proposition 2.42 is a basis of pairwise orthogonal idempotents. Regarding
the freeness, Proposition 2.43 gives that Oy is 2} ,x-free with generator any element
B1 + B2z such that g1 5> € Ok. O

Remark 2.51. If in addition 2 is an invertible element in Ok, the same basis {1d, o} of H,
is an Ok-basis of A . That is, A ;x = Ok[G|. Note that this is the case if the ground
field is Qp, with p an odd prime number, which is coherent with what we obtain if we apply
Noether theorem, as such an extension is tamely ramified.

If {1,z} is not an integral basis, then a general description of Oy is not available
and the behaviour depends on the nature of the fields.

With ground field Q

If L/Q is a quadratic extension and L = Q(z) with z2 = m € Z square-free, it is a
classical exercise in number theory to prove that an integral basis of L is given by
{1,z}if m =2 or 3 (mod4) and {1, 2} if m = 1 (mod 4).

In the first case, {1,z} is an integral basis and Theorem 2.50 gives the solution.
Otherwise we have the Gram matrix

1 14z
D= (i 1 ),
and hence

M(H,, L) =

[ e = R
e R

-1
Then, the reduced matrix D is the identity, so A, = Z[G]. Let B = B1 + P2z € Oy.

Then,
Mg(H,, L) = (/ﬁs; 51_252>,

which has determinant

Dg(Hc, L) = —(2B1 + B2) B2
In this case [H, : L/Q] = |det(D)| = 1. If B = —1+ z, then Dg(H, L) = 1 as well,
so Or is Ay jo-free with generator B.
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With ground field Q;

Let L/Q; be a quadratic extension. According to [Rio95, Section 2.4], L is the split-
ting field over Q; of one of the polynomials

X*+1, x*+5 x*+2, 2*+10.
Let us call f the polynomial of that list that indeed defines L/ Q5.

The unique case in which the extension is unramified is when the defining poly-
nomial is f(x) = x? — 5. In such case, 21,0, = Z2[G] and O is Ay /x-free.

We study the rest of the cases. Let us assume that f(x) = x>+ 2a with a €
{1,—1,5,—5}. The roots of f are z = V2a and w = —/2a = —z. Since fis 2-
Eisenstein, {1,z} is an integral basis of L, so it is enough to apply Theorem 2.50.

Otherwise, we suppose f(x) = x> +a,a € {1,5}. Then f is not 2-Eisenstein, but
we can try to build a polynomial with such property defining the same extension.
Indeed, we define

g(x)=f(x+1)=x*+2x+a+1,

and vp(a + 1) = 1, so g is 2-Eisenstein. The roots of this polynomial are
z=—-14+—a, w=-1—+—-a=-2-—z

Now, {1, z} is an integral basis of O and

G(H,, L) = G _22_ Z) .

Then, the matrix of the action is

0
N I
-1

M(H,, L) =

-0 O -

11
0 2

—Id+o
{1 =1
Let B = B1 + B2z € Or. Then,

Dy(H, L) = <g; P 1_—15[%2),

which has Hermite normal form D = ( > . Then, 2} /q, has basis

which has determinant
Dg(He, L) = 2(—pB1 + B2)Bo-

Then, we have that O} is 2} ,g,-free and B = z is a generator.
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2.7.2 Cubic cyclic extensions

If L/K is a degree 3 extension of fields, then it is not necessarily Galois: its Galois
closure L may have Galois group C3 or D3 over K. In this chapter we explore the first
of these cases (the other one being treated in Chapter 4).

Thus, let us assume that L/K is a cyclic degree 3 extension of fields and let G =
Gal(L/K). The classical Galois structure is the unique Hopf Galois structure and a
basis of the Hopf algebra is given by the Galois group G = (0), ¢®> = Id. As in the
quadratic case, the form of an integral basis of L depends strongly on the nature of
the fields.

With ground field Q

If L/Q is a cyclic cubic extension, then we have at our disposal a complete descrip-
tion of L and an integral basis.

Theorem 2.52. 1. There exists a unique pair of integers (e,u) € Z? such that e =

% is for a certain v € Z a product of distinct primes congruent to 1 modulo 3,

u =2 (mod3) and L = Q(«) where w is a root of the polynomial

fx) = x® —3ex — eu.

2. The other two roots of f are

2e u-+v 1,

o) == =Ty AL
2¢e  u—v 1

2 YA

a(oc)———v—i— T o

3. If3{ v, then {1,a,0(a)} isan integral basis of L and disc(L/K) = (9e)?. Otherwise,
foro/ =1 {1,a',0(a’)} is an integral basis of L and disc(L/K) = é2.

Proof. The statement above is a summary of the results in [Coh93, Section 6.4.2]. []

Let us assume that 3 { v. Fixing in L the integral basis {1, «,0(«)}, we have
1 « o(a)
G(H,L)= {1 o(a) oc?*a)].
1

We need the coordinates of o%(a) with respect to the integral basis. Of the two
equalities in the second part of the previous theorem, the first one is equivalent to
a? = 2¢ + P2y + vo(a), and replacing this in the left side member of the second, we
obtain

5 2 u—v 2e u+v
O e PR AC)
= —a—o(a).

1 « o(a)
G(H. L) = (1 o(a) - — (T(oc)) .

1 —a—o(a) i

Then,
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The Hermite normal form of M(H,, L) is

1 0 -1
D={(0 1 -1],
00 3

2
{Id,g,mf;H}

is a Z-basis of A /q. On the other hand, given § = B1 + o + B3o(x) € O, we
have

whence

Dg(H,, L) = 3B1(B5 — B2p3 + B3)-

If 5 = 1+ a, the determinant is 3, which coincides with the absolute value of the
determinant of D. Then, Oy, is 2; ,g-free with generator B.

Assume that 3|v. In this case, the integral basis is {1,a/,0(a’)} where a’ = 1%,

and the Gram matrix is
1 o(a’)
G(H,L)= {1 o) *&)],
1

so now we have to determine the coordinates of ¢%(a’) in terms of the aforemen-

tioned basis. We have:
(o) = 0? <1 Jg“)

l-a—o0o(a)
N 3
1 1 1
= 5_5“_50(“)'

To obtain the coordinates with respect to {1,a’,0(a’) }, we replace & = 3a’ — 1 in the
expression above:

1 1 1
201 _ -~ I - I —1_ A _ /
oo () = 3 3(304 1) 3(7(30c 1)=1-a" —0o(a').
Then,
1 o o(a”)
G(H.,L)= |1 o(a’) 1—a —o(a) | .
1 1—da —o(a)) o

In this case we obtain the 3 x 3 identity matrix as the Hermite normal form D of
M(H,, L). Thus, A, = Z[G]. On the other hand, for B = B1 + Boa’ + Bso(a’) € Oy,
we have

Dg(Hc, L) = (B3 — B2Bs + B3)(3B1+ B2 + B3),

and for B = a’ the determinant is 1, which coincides with the absolute value of
det(D). Hence, Oy is A /q-free with generator B.



2.7. Absolute extensions of fields with low degree 47

With ground field Qs

Let us study the cyclic degree 3 extensions of Q3. Although this case is actually
solved with the result of Bertrandias and Ferton, we will also apply the reduction
method in order to compare the results obtained.

First, if L/ Qs is a cyclic degree 3 extension, then L is defined by one of the poly-
nomials

W¥Pox+1, ¥®—3x2+3, x¥*—-3x2+12, x*—3x%+21.

These polynomials have been taken from [LMFDB, p-adic field 3.3.0.1, p-adic field
3.3.4.2, p-adic field 3.3.4.3, p-adic field 3.3.4.1], respectively. For the first polynomial,
L/Qj is unramified. Then, for this case, A o, = Z[G] and O, is A} /q,-free.

For the other polynomials, L/Q3 is totally ramified. All of these are 3-Eisenstein,
so a root of the aforementioned polynomials generates an integral power basis of L.
Let f be one of those polynomials. Then, disc(L/Q3) = disc(f). Fora € {1,4,7},

disc(x® — 3x* + 3a) = 3*(4a — 3a%),

so v3(disc(L/Q3)) = 4. From 4 = Y°(|G;| — 1) it follows that |Gy| = |G| = 3
and |G;| = 1foralli > 1,sot = 1. We apply Theorem 1.34 with K = Q3: we have
that % —1= % < t and the expansion of % as continued fraction is trivial, so O} is
21 ,q,-free for all cases. Moreover, by Proposition 1.33, 4 /g, has Z3-basis

(2.6)

- 2

3

Let us check that we obtain the same conclusions by applying the reduction
method. First we determine the Gram matrix with respect to an integral basis of
L.

Let f be one of the polynomials above and fix a root a of f, which gives rise
to a power integral basis. In order to determine the action of the Galois group on
this basis, we have to deal with the conjugates of « and their powers. Let a1, a5, a3
be the roots of f, where, for instance, ; = «. By reordering these roots or replac-
ing o by 02, we can assume that ¢ induces the permutation (a1, az, w3). There is a
quadratic polynomial f; € L[x] such that f(x) = (x —a)fi1(x), and in practice f;
can be determined by using for instance Ruffini algorithm. Then, a; and a3 are roots
of a quadratic polynomial and consequently can be expressed explicitly in terms of .

There are two possible obstacles:

¢ The appearance of the square root of an element of L, i.e. a linear combination
of the powers of a. But since the degree of the extension is very low, it can be
solved easily with some mathematical computation software.

* There is no factorization of f as the one above with coefficients in Q(«), that
is, the coefficients of the corresponding linear combinations of the powers of
« could be 3-adic numbers that are not rational. In that case, we replace f


https://www.lmfdb.org/LocalNumberField/3.3.0.1
https://www.lmfdb.org/LocalNumberField/3.3.4.2
https://www.lmfdb.org/LocalNumberField/3.3.4.2
https://www.lmfdb.org/LocalNumberField/3.3.4.3
https://www.lmfdb.org/LocalNumberField/3.3.4.1

48 Chapter 2. The reduction method

by a polynomial that generates the same extension and factorizes with coeffi-
cients in Q, for example its Galois splitting model. If that polynomial is not
3-Eisenstein, we cannot use Theorem 1.20 to assure whether or not some of its
roots give rise to an integral basis. Then, what we do is either to prove it in
some other way or to carry out a change of variables so that the factorization
property is preserved and obtain a 3-Eisenstein polynomial.

3

First, we consider the unramified case, i.e. f(x) = x> — x 4+ 1. In this case, if

filx) = %, then this polynomial does not have coefficients in Q(«). Then, we re-
place f by its Galois splitting model g(x) = x® + x2 — 2x — 1 (see [LMFDB, p-adic
field 3.3.0.1]).

We claim that a root a of ¢ generates a power integral basis of L, that is, that
the Zs-algebras O and Zs[a] coincide. We have trivially that Zz[a] C Op. We
will prove that their discriminant ideals (in the sense of the definition given in Sec-
tion 1.4) coincide. By [Chi00, Corollary 22.4], this will imply that the equality fol-
lows. Again by [LMFDB, p-adic field 3.3.0.1], the discriminant exponent of L is 0, so
disc(OL) = Zs. On the other hand, disc(g) = 49 € Z}, so the ideal it generates is
disc(Z3[a]) = Z3, so we have the equality.

By Ruffini algorithm, we find that
g(x) = (x—a) (X + (e +Dx+a®+a—2),

so the two conjugates of « are roots of the quadratic polynomial. Its discriminant is
—3a? — 2a + 9. Solving a system of three equations with three indeterminates, one

finds that
V=302 -20+9=2a>+a—3,

with the sign chosen by convenience. Hence, the conjugates of « are

—(a+1)+202+a—3 20>—4

2
= = —2
X2 5 5 x ,
— 1) —2a2% — 3 202 —-2a+2

2 — (a+1)—2a°—a+3 2 a+ W —atl

2 2
Thus, the Gram matrix of the action is
1 a o 1 « a?
GH,L)=[1 ap a3 =1 -2+4a®> 3—a—a?

1 a3z o} 1 1—a—a? 24«

Then, the matrix of the action is

M(H,L) =

—_ O OO R OO
e}
|
—_


https://www.lmfdb.org/LocalNumberField/3.3.0.1
https://www.lmfdb.org/LocalNumberField/3.3.0.1
https://www.lmfdb.org/LocalNumberField/3.3.0.1
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The Hermite normal form of this matrix is the identity matrix of order 3, proving that
{1,0,0?} is an Z3-basis of A /Q,, that is, Ay = Z3[G]. With respect to the freeness,
given B = B1 + Boa + B3a?, the matrix associated to B is

B1 B1—2P2+3B3 P1+ P2+ 2B
Mg(Hc, L) = | B2 —B3 —B2+Bs |,
B3 B2 — B3 —B2

with determinant

Dg(He, L) = (B5 — B2PBs + B3) (3B1 — B2 + 5B3).

In particular, if § = —1+ a2, then Dg(H,, L) = 2 € Zj}, so v3(Dg(H,, L)) = 0 for
this specific B. On the other hand, since the Hermite normal form is the identity, the
index of the classical Galois structure is I(H,, L) = 0. Then, by Proposition 2.36, O,
is Ay ,q,-free with generator —1 + a2.

Next, we move on to the totally ramified cases. Let us assume that f(x) = x° —

3x? + 3. In this case
flx) = (x —a)(x® + (« — 3)x +a® — 3a).

Solving the corresponding quadratic equation:

a =34+a—a? oc3:—2¢x+1x2.

Now, the action of G on the power basis generated by a gives the Gram matrix

1 o a2
G(H,L)= {1 3+a—a® 6+3a—2a°].
1 —2a+a?> 3—3a+a?

Now, suppose that f(x) = x> — 3x% + 12. As in the unramified case, the poly-
(x)

nomial f1(x) = £22 does not have coefficients in Q(«). Then, we first replace f by
its Galois splitting model x> — 21x + 35 (see [LMFDB, p-adic field 3.3.4.3]), and then
make the change of variable x — x + 1, obtaining the polynomial

g(x) = x® +3x* — 18x + 15.

This is 3-Eisenstein and also factors with coefficients in Q. Thus, let us take « to be a
root of g. The other two roots of g are

Ky = —12+40c+uc2, o3 =9 51—’
Then, the Gram matrix in this case is
1 o o?
G(H,L)= |1 —12+4a+a®> 69—2la—5a% |.
1 9—5x—a? —24 + 21w + 4a?

Finally, let us take f(x) = x® — 3x? 4 21. For this polynomial, we again replace
f by its Galois splitting model x> — 21x — 28 (see [LMFDB, p-adic field 3.3.4.1]), and
after that we make the change x +— x + 1, obtaining

g(x) = x® +3x* — 18x — 48,


https://www.lmfdb.org/LocalNumberField/3.3.4.3
https://www.lmfdb.org/LocalNumberField/3.3.4.1
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If « is a root of g, the other two roots are

—18 — a + a2 12 —a — a2
azzf, 0(3:#.

The Gram matrix in this case is

1 o o?

G(H,L)= |1 —18—21x+1x2 42—320c—a2

1 12—a—a? 48430 —a?
2 2

Now, we proceed to study the Hopf Galois module structure of Or. The Hermite
normal form of M(H,, L) in the three cases is

1 0 -1
D=|01 -1].
00 3

The inverse of this matrix gives the basis of 2 /o,

2
{Id,glm(;ﬂf},

Note that this is coherent with the basis in (2.6) as the corresponding change of basis
has determinant in Z3.

Let us study the existence of a normal integral basis generator. In this case, the
index of the Hopf Galois structure is I(H,, L) = 1. We proceed as usual: we try to
find some B = Y7 Bia'~! € Oy for which v3(Dg(H,, L)) = 1.

For the polynomial f(x) = x® — 3x? + 3,

B1 6B3+3B2+PB1  3B3+ P
Mg(He, L) = | B2 383+ B2 —3B3—2p2
Bs  —2p3—p2 B3 + B2
which has determinant

Dg(H, L) = -3 (ﬁ22 +3B3 B2 +3l332) (B1+B2+3P3).

In particular, for f = a, the previous determinant has 3-adic valuation 1. Then, Oy,
is /1 /g,-free and that B = « is a generator.

If f(x) = x® —3x2 + 12,

B1 69B3—12Br+p1 —24B3+9B2+ P
Mg(He, L) = | B2 —21B3+4p> 21p3—5p2 %
B3 —5B3+ B2 4 B3 — B2

which has determinant

Dg(H, L) =3 (522 —9B3 By +21 ;332) (B1— B2+ 15 B3).
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We obtain again that Oy is 2} ,g-free and B = « is a generator.
Finally, for f(x) = x*> — 3x% + 21, we have

B1 21B3—9B2+pB1 24B3+6B2+ P
Mg(H;, L) = | P2 —3B5—B2/2 3Bs—B2/2 ,
Bz —Bs+p2/2 —B3 —B2/2

and the determinant is

Dg(H, L) = % (522 + 3f532) (B1— B2+ 15B3).

From this we deduce once again that O} is Ap-free with generator f = «.
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Chapter 3

Quartic Galois extensions

We have just seen how the reduction method is well suited for absolute extensions
of degree 2 and 3 of number or p-adic fields, in the sense that it provides a basis of
the associated order as well as an answer to the question of the freeness of the ring
of integers and, if it exists, the construction of a normal integral basis. In this chapter
we move forward in this classification and consider extensions of degree 4.

Now, the situation is far more complicated. To start, there are two possibilities
for the Galois group: it may be the cyclic group Cy of order 4 or the Klein group
Cy x Gy (in this last case, it is also said that the extension is elementary abelian).
Consequently, according to the terminology of Greither-Pareigis theory, Hopf Galois
structures of L/K can be of type C4 (cyclic Hopf Galois structures) or of type Co x Co
(elementary abelian Hopf Galois structures). In the first section of this chapter we
will use Greither-Pareigis theorem to check that there are indeed Hopf Galois struc-
tures of both types, and we will determine a basis of the corresponding Hopf algebra
for each case.

Once all Hopf Galois structures are determined, we will move to the context
of absolute extensions of number or p-adic fields in order to study the Hopf Ga-
lois module structure of the ring of integers. In the global setting, we will consider
successively cyclic and elementary abelian extensions of Q. In the local case, we
are done for tamely ramified extensions. Indeed, since order 4 groups are always
abelian, Hopf algebras in Hopf Galois structures are commutative and then we can
apply Theorem 1.32, which gives that the ring of integers is indeed free over the as-
sociated order at each Hopf Galois structure. For this reason, we will focus on the
wild case, i.e, we choose the ground field to be Q,.

By Leopoldt’s theorem, there is always freeness over the associated order in the
classical Galois structure. Our computations will show that this result is not valid
in non-classical Hopf Galois structures of biquadratic extensions of Q. Actually, this
had been shown by Truman for the tame case (see [Trul2]). We will see that our
criteria match with his result and obtain similar conditions for the wild cases.

3.1 Determination of the Hopf Galois structures

The description of the Hopf Galois structures of L/K was carried out by Byott in
[Byo02, Theorem 2.5] in the more general context of Galois extensions of degree p2.
We follow his approach for p = 2. Namely, let T = (1) be an order 2 subgroup of G
and let ¢ € G — T such that 0?2 = 1¢ if G = C; x Cp and ¢? = T otherwise. Then, we
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have a presentation of G as follows:

G=(o,t|t*=1g07T =10,0% =17), (3.1)

where v = 15 if G = C; X C; and v = T otherwise.

Theorem 3.1. The regular subgroups of Perm(G) normalized by A(G) are those of the form

Nrg = (4, na),

where d € {0,1}, T = (t) runs through the order 2 subgroups of G and, fixing a presenta-
tion of G as in 3.1,

y(o*krl) — O'le_l,

na(o* ) = k=1l (k=1)d

The action of G on the previous automorphisms is given by

gp)=p forallg € G, o(na) = u"na,  T(na) =14

It follows immediately from the theorem that y = A(t) = (1, 7)(0,0T). As for
the other generator, we have at each case:
1g,07,7,0) ifG=Cy

_ )
e = {(1@,0’)(1’,0’1’) IfG2CyxCf
(g o)(t,o1) fG=Cy
G (1g,01,7,0) fG=CoxCy
Note that 57790 = A(c~!) regardless of the structure of G. We also deduce
77T,0 = . ~ ’
Id fG=CxG
’ Id ifG=Cy
Mra = o .
p fG=CxG

Thatis, if G = Cy4, N1 = Cy and N7 = C; X G, and otherwise, N7y = C; x C; and
NT,1 = C4.

Let us fix a presentation of the Galois group
G=(o,t|1>=1g07T =10,0% =7)

with 7 as before, and define T = (7), so that by choosing ¢ we have a presentation
asin (3.1). If G = C4, L/K has two Hopf Galois structures: the classical one, which
is given by N7, and a non-classical Hopf Galois structure given by Nr ;.

Otherwise, if G = C; x Cy, there are two Hopf Galois structures apart from those,
which arise from replacing T; := T by T» := () and o by 7 for one of them, and T;
by T3 := (07) for the other one. Let us determine the corresponding permutation
subgroups N, 1 fori € {2,3}. Fori =2, N, 1 = (l2,1,,1). Following the definition,

1o ((Tle) — (TkilTl,
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whence 1, = A(0). On the other hand,

Ny (O'le) — 0.k+lflTlfll
so 1,1 = (1g, 07,0, 7). Finally, for i = 3, we have Nr1,1 = (u3, j1;,1). We compute
the generators:

kl)

ps(o't') = V3( (UT)I)

_ U'k 1Tl

1,1 (0" T) = 1 (0! ( 7))
_U'k I— 1(0.T)l+k -1

_ g lH2(k=1) k=1 k-1

We deduce that 3 = A(ot) = (1,07) (0, 7) and 51,1 = (16, 7,07, 0).

Once the permutation subgroups are computed, we determine the correspond-
ing Hopf algebras of those Hopf Galois structures by using Greither-Pareigis theo-
rem. We know that the Hopf algebra of the classical Galois structure is the K-group
algebra H, = K|G]. Regarding the non-classical Hopf Galois structures (the unique
one if G is cyclic), we must determine the action of G on the previous automor-
phisms. Following the last part of the statement of Theorem 3.1, we have

g(u)=mwu, glro) =10

for every ¢ € G, and also o(#11) = unr1. At this point, we must separate cases.

3.1.1 Case 1: G is cyclic

The Hopf Galois structure given by N := Nt is the unique non-classical one. Let
x € H = L[N]®, so there are x; € L such that
x = x1Id + xop + x3y71 + XapyT .
From the equality
o(x) =x
it follows that o(x;) = x; fori € {1,2}, so x1,x; € K, and also o(x3) = x4 and
0(x4) = x3. This implies that 0?(x3) = x3,50 x3 € E := L), the unique quadratic
subextension of L/K. Let z € L such that z ¢ K and z? € K. Then x3 = xél) + xéz) z
(1) (2)

and x4 = x5 — X3z for some x( /) € K. Thus,

x = xId + xou + X_g, )(77T,1 +unra) + xéz)z(ﬂm — UyT).

Then, x belongs to the space generated by
{1d, w0+ pnra, z(nra — ppra) b

Since this space is contained in H and with the same dimension, they coincide.
Hence, we have:

Proposition 3.2. A cyclic quartic extension L/K has two Hopf Galois structures: the clas-
sical Galois structure H. of type C4 and a non-classical Hopf Galois structure H of type
Cy x Cy with K-basis

{Ud, w, e+ pyr, z(mrg — )},

where z is the square root of a non-square element in K.
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3.1.2 Case 2: G is elementary abelian

In this case we have three non-classical Hopf Galois structures, given by N; =
(pi,mr,0) fori € {1,2,3}, where we call 1y = . Let us determine the corresponding
Hopf algebras.

For i = 1, we know that 51,1 = (16,07, 7,0), 0(y1,1) = panr 1 and T(4p,1) =
11,1- We proceed as in the previous case: Let x = x1Id + xop1 + x3177,,1 + Xap111,1 €
Hy; = L[N;]¢, and from o(x) = x we deduce that x;,x, € K and the equalities
o(x3) = x4 and o(x4) = x3. Now, we have also that 7(x) = x with 7 fixing 57, 1,
whence x3,xs € E; := L{7. Letz € E; such that z2 € K and E; = K(z), and let
xél), xéz) € K such that x3 = xél) + xéz)z. Then x4 = xél) — xéz)z, and we deduce as
in the previous case that a basis of Hj is

{Id,ﬂ1,77T,1 + V1’7T1,1/Z(77T,1 - V177T1,1)} .

We move on to the case when i = 2. Then 0(#1,1) = #1,,1 and T(11,1) = Mol 1-
Then, for H, = L[N,]® we obtain the same basis

{1d, 2, 111 + 211, 2(N100 — P2liT1) } S

with the difference that now z € E, := L{?).

Finally, let us assume that i = 3, in which case o (n1,1) = T(1,1) = M3Y1,1, SO
0t(y1,1) = 151 Then a basis of H3 = L[N3]C is

{Id, p3, 50 + panr, z(Ms0 — M3lTs1) S
with z € E3 := L7,

The preceding paragraphs prove the following:

Proposition 3.3. Let L/K be a quartic elementary abelian extension with Galois group G
and let E1 /K, E; /K and E3 /K be its quadratic subextensions. The Hopf Galois structures of
L/K are the classical one H,, of type Co x Cy, and three non-classical Hopf Galois structures
{H;}3_, of type Cy such that for every 1 < i < 3, the K-basis of H; is

{Id, pi, nr,0 + pint,1,zi(r 0 — pinma) }

where z; € E; — K and zz-2 € K.

3.2 Cyclic quartic extensions of Q

Let L/Q be a Galois quartic extension of number fields.

By [Har+87, Theorem 1], L/Q is a cyclic quartic extension if and only if

L =Q(y\/a(d+bVd)),

where:
* g € Zisodd square-freeand b € Z.

o d = b? + c? for some ¢ € Z~ and d is square-free.
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e gcd(a,d) =1.
There is a result that gives explicitly an integral basis of L (see [HW90]):

Theorem 3.4. Let L/Q be a cyclic quartic extension and let a,b,c,d € Z as above. Define

z = y/a(d +bVd) and w = \/a(d —b\/d). Then, an integral basis of K is given as
follows:

1. Ifd = 0(mod2),
B = {1,Vd,z,w}.

2. Ifd =1(mod2) and b =1 (mod?2),

B = {1, W,z,w}.

2

3. Ifd=1(mod2),b=0(mod2)anda+b=3(mod4),

B:{1’1+\/E z 4w z—w}.

2 7 272
4. Ifd=1(mod2), b =0(mod2),a+b=1(mod4)and a = c(mod4),

B_{l 1+Vd 1+Vd+z+w 1—\/H+z—w}
- 7 2 7 4 7 4 .

5. Ifd=1(mod2),b=0(mod2),a+b=1(mod4)and a = —c (mod4),

B_{l 1+Vd 1+Vd+z—w 1—\/E+z+w}

2 7 4 ’ 4

We know that in this case L/Q has two Hopf Galois structures. In the classical
one, we fix the basis {15, 7,02, >}, where we choose ¢ = (z,w, —z, —w). With re-
gard to the non-classical one, we need to choose an element ¢ in the unique quadratic
subextension of L/Q, which is Q(\/;l) Let us choose § = v/d. Hence, the non-
classical Hopf Galois structure Hr ; has Q-basis

{Id, u,nTa + unTa, \/H(ﬂm — }477T,1)} ,

where u = A(0?) and 5771 = A(c). We call these elements w1, wp, w3 and wy, respec-
tively.

For both Hopf Galois structures, in order to compute the Gram matrix in each
case we proceed as follows: we compute the matrix G(H, Lg,) where

BC = {1/ \/H/Z/ w}/

and then we carry out the computation G(H, Lg) = G(H, LBC)PBBC, where B is the
integral basis in Theorem 3.4. From now on, we call B. = {ej,ep,e3,e4} and B =

{')’1/ Y2,7Y3, 74}~
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3.2.1 The classical Galois structure

Let us consider first the classical Galois structure H,., whose action is easier to deter-
mine. The aforementioned Gram matrix is

€1 e €3 €4
€1 —€ 6 —e3
€1 € —€3 —€4
€1 —€ —6 €3

G(H, Lp,) =

Case 1: d = 0 (mod 2)

The integral basis B in L is the basis B;, meaning that ; = ¢; for all /, and so

T2 Y3 Y4
G(H., Lp) = o2 Y4 T3
Y Y2 Y3 T4
M= Y2 74 Y3

The Hermite normal form of M(H, L) is

101 2
010 —1
DHL =100 2 2|
000 4

so 2; /g has Z-basis

—lg+71 —1G+0'—T+0'T}
2 7 4 '
On the other hand, we have that
Dg(He, L) = —8B1B2(B5 + B1),

so Or is A jo-free with generator B = ¥ + 72 + 3.

{16,0,

Case2:d =1(mod2)and b =1 (mod?2)
The integral basis is formed by

e1+ e
2 7

and then the matrix of the change of basis is

=€, T2 = Y3 = €3, Y4 = €4,

1 300
0200
Py = 2
Be 0 010
0 001
Then, we compute
e1 432 3 gy
G(H., Ly) = G(H, Ly )PE = | @ 2. & —©
cr LB) — cr LB, B. — 61 61J2r€2 _83 _64
e1—¢e

€1 5 —€4 €3
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Now we must find the coordinates of the entries with respect to the basis B. To this
end, for each entry we apply the matrix PBB ¢ on the column vector of its coordinates
with respect to B.. On this way, we obtain

T T2 Y3 Y4
G(H,, Lg) = T YT — Y2 Y4 —Y3

T T2 —Y3 —74

YT YT — Y2 Y4 Y3

The Hermite normal form of M(H,, Lg) is

)
1
0
P=1o
0

S O = O
ON O =
N O = O

which gives the basis of 2} /g

_ 2
oo, 1G+0’/ oc+o° .
2 2

Regarding the freeness, the matrix of the action is

Pr Brtp2 B1 Pt po
R T
M H ,L — 7
D= gy By

Pa Bz —Ps P
with determinant Dg(H,, L) = —4B2(B3 + B3)(2B1 + B2). For instance, p = 71 —
72 + 73 is a normal integral basis generator. We proceed in the same way for the rest
of the cases.

Case3:d =1(mod2),b =0(mod2)and a+ b =3 (mod4)
We have the integral basis B formed by

— _e1te _e3tey e3¢y
=€, "= 5 Y3 = 5 Y4 = 5

giving the change basis matrix

B _
Pg =

OO O -
O O NIFNI-
NI=N— O O

N— O O

N[—=

Then, the Gram matrix is

T T2 Y3 Y4
G(H, L) = Y1 YT — Y2 —Y4 U3

T 72 —Y3 —Y4

Yo Y1T—Y2 Y4 Y3

The Hermite normal form of M(H,, L) is exactly the same as the one in the previous
case, so we obtain again the basis of ; /g

—lg+0 —c+0°
1// Va .
e
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On the other hand, for B € Or, we have again Dg(H,, L) = —42(B3 + B3) (2B1 + B2),
so again Op is A o-free and B = 71 — 72 + 73 is a normal integral basis generator
of OL.

Case4:d =1(mod2),b =0(mod2),a+b=1(mod4) and a = c (mod 4)

The elements of B are

e1+e e1+e+e3tey €1 —exte3—ey
Y1 = €1, Y2 = 7 Y3 = ’ Y= ’
2 4 4
and
T T2 3 Y4
G(H. L) = TToYTTY2 Y12 U4 73
T T2 Y2 — 3 Y1 — Y2 — V4
T 1" Y4 Y2 — 3

The Hermite normal form of M(H,, L) in this case is the identity matrix, meaning
that ;g = Z[G]. Given B € Oy,

Dg(H, L) = (B3 + B3)(2B2 + B3 — Ba) (4B1 +2B2 + B3 + Pa),

and for B = 7, — y3itequals 1, proving that O is 2} ,o-free with that B as generator.

Case5:d =1(mod2),b =0(mod2),a+b=1(mod4) and a = —c (mod 4)
The elements

e1+en e1t+exy+e3—ey e1—ex+e3+ey
Y1 = é€1, Y2 = > ’ Y3 = 4 ’ Y= 4

form the integral basis B and

T Y2 Y3 e
G(H., L) = YY1 72 Y4 Y2 — 73

T Y2 Y23 Y1 — 72— 74

YY1 — Y2 Y1 Y2 — Y4 3

As in the previous case, the Hermite normal form of M(H,, L) is the identity matrix,
s0 A/ = Z[G]. On the other hand, given g € O,

Dg(Hc, L) = — (;’332 + 1342> (2B2+Ps—Ba) (4P1+2P2+ B3+ Pa).-
For B1 = B4 = 0, B2 = 1 and B3 = —1, thisis —1. We deduce that Oy is 2} /q-free
with generator f = 7y, — 3.

3.2.2 Non-classical Hopf Galois structure

Let us move on to the non-classical Hopf Galois structure H := Hr;. The Gram
matrix where in L we fix the basis B, is

€1 () e3 €4
|l éa €2 —e3 —€4
G(H,Lp.) = 201 —2er 0 0

0 0 2wvd —-2zvd
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Now, a difficulty arises: at this point, we are not able to write some of the entries in
terms of B. because products of the basic elements have appeared in the previous
expressions. To solve it, we find the coordinates of those elements with respect to
the basis B, = {1,z,z2,z%}, and then we change to B..

We first determine the matrix of the change of basis from B, to B.. It can be easily
seen that the irreducible polynomial of z is

f(x) = x* — 2adx? + a*c2d.

We have that zw = acV/d (note that if a < 0 we choose /—n = i\/n in the positive
imaginary axis). Operating, one determines

z  a?cd ac?”™’
1 d
d=—2>— -
V= 52—
abc be
Then,
1 -4 0 0
v2+d
e PO
0 5 O (1)
0 0 0 ¢
Then, we compute
1 d
d=—2°>— -
zVd abz bZ'
1 2d
wVd=——22+22.
ac c

Applying PBB:, we change back the coordinates to the basis B, obtaining

2wVd = 2ces3 — 2bey,

—2zv/d = 2bes + 2cey

Then, the Gram matrix we had set at the beginning of this part becomes

€1 () €3 €y
|l a (] —e3 —é4
G(H’ LBC) o 2e1 —2e» 0 0

0 0  2ce3 —2bey 2bes + 2cey

Case 1: d = 0 (mod 2)

Since 7y; = e; for all i, the Gram matrix is

Y1 T2 r3 Y4
_|Im Y2 -3 —Y4
GULLe) = | 2, 2y, 0 0

0 0  2cy3—2bys 2bys+2cys
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Using the matrix (B.1), we can reduce the matrix M(H, L) to

112 0
0 2 2 -2
004 O
0 00 2b

This is almost the Hermite normal form of M(H, L), with the exception that —c does
not need to be in the fixed complete set of residues modulo b. Concretely, the Her-
mite normal form is

112 0
0 2 2 2r
DHL =100 4 0]
0 0 0 2b
where ¥ = —c¢ (mod b) and [—‘%'} <r< L‘zﬂj We deduce that 2y has a Z-basis

given by the elements

{ —w1 +wy —wi — Wy + w3 rwl—rwz—l—aJ4}
A T 4 ' 2b ‘
Moreover, I(H,L) = 16b.

For an element B € Op, we have that
Dp(H, L) = 16bp1Ba(B3 + B3)-
Then, we have that Oy is Ay-free with generator § = 1 + 72 + 3.

Example 3.5. Let L = Q(1/10 ++/10), which givesa = b = 1,c = 3and d = 10.
Since d is even, the integral basis is formed by

’Yl:l/ Y2 = Vlo/ Y3 =z, Y4 =W,
where z = V10 + +v/10 and w = /10 — v/10. The Hermite normal form is in this

case

D(H,L) =

O O O
S O N
OB N DN
N O O O

Hence, 2l has Z-basis

{w —w1 + w2 —w; — Wy + W3 %}
1, > ’ 4 " S
Example 3.6. Let L = Q(+/58 + 31/58), which givesa = 1,b =3,c =7 and d = 58.

Then d is even and square-free, and d = b? + 2. In this case, the Hermite normal
form is

112 0
022 -2
DHL) =100 4 o0
000 6

Therefore, 21y has Z-basis

{w —w1 + w2 —wy; — Wy + W3 —w1+w2—|—w4}
1, > s 4 ’ 6 .
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Case2:d =1(mod2)and b =1 (mod?2)

We obtain
T T2 E Y4
T T2 -3 —Y4
G(H,L) =
(H,L) 271 27127 0 0
0 0 cys —bys bys+cys
In this case, the Hermite normal form is
110 0O
0 20 —2
00 0 2b

with the exception that —c does not need to be in the fixed complete set of residues
modulo b. The unimodular matrix we have used is (B.2). Then, 2y has Z-basis

{ —w1+w2%rw1—rwz+w4}

1, 2 ) ’ 2 ’
where r is the corresponding class of —c modulo b. Moreover, we see that I(H,L) =
8b.

Let us study the freeness of O;. For € Oy,

Dg(H, L) = 8bp2 (B3 + B1) (2P1 + p2).-

Let B = 2 + 3. Then, for this j, Dﬁ(H, L) = 8b, proving that O, is Ay-free with
generator .

Example 3.7. Let L = Q(v/5+ \/5), which givesa =b=1,c=2andd =5. Then b
and d are both odd, so the integral basis is formed by

1++/5
Mm=1 7= > B=EL =W
where z = v/5+ /5 and w = /5 — v/5. In this case, the Hermite normal form is
1100
0200
D(H,L) = 002 0}
000 2

so Ay has Z-basis

2 272
Example 3.8. Let L = Q(/109 4 3v/109), which givesa = 1, b = 3, ¢ = 10 and
d = 109. In this case the Hermite normal form is

{ —wi + Wy w3 w4}
1, .

110 0
020 -2
DHL)=19 ¢ 2 o |-
000 6

which gives the Z-basis of 2y

{ —wy + w2 w3 —w1+w2+w4}
1, > " 6 .
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Case3: d =1(mod2),b=0(mod2)and a+ b =3 (mod4)

The Gram matrix is

T T2 r3 Y4
_1m T2 -3 —V4
G(H,L) = 271 271 — 272 0 0
0 0 2¢ys + 2byy  —2bys + 2cy4

In this case, we have used the unimodular matrix (B.3) and obtained exactly the

same Hermite normal form as in the previous case, so the basis is also the same and
I(H,L) = 8b.

Moving on to the freeness, for f € O we have

Dg(H, L) = —8bBa(B5 + B3)(2B1 + B2).-

This is just the negative of the value of Dg(H, L) obtained in the previous case, and
since I(H, L) is the same, we have that again Oy is Ap-free with generator f =
T2 + 73

Example 3.9. Let L = Q(v/5+ 2\/5) Inthiscase,a =c=1,b =2and d = 5, and
the integral basis is as above. The Hermite normal form of M(H, L) is

1100
020 2
DIHL) =10 0 2 of"
000 4

s0 Ay has Z-basis

{w —w1 + Wy w3 wl—w2+w4}
1/ 2 4 2/ 4 .

Example 3.10. Let L = Q(1/109 + 101/109). Then L/Q is on this case for a = 1,
b =10, c = 3 and d = 109. In this case, the Hermite normal form is

110 0
020 —6
DHL)=19 0 2 o |’
000 20

giving the Z-basis of Ay

{w —wi1+wy w3 —3w1+3w2+w4}
A R 20 '

Case4:d =1(mod2),b =0(mod2),a+b=1(mod4) and a = c (mod 4)

The Gram matrix is

T T2 Y3 Y4
T T2 T2—Y3 Y1— Y2 V4
G H, L - 7
(H,L) 271 271272 Mm—72 72
0 0 h K

where
h = —b’)fl + (b — C)')’Z + 2cy3 + 2b’)f4,
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W = —cy1+ (b+c)y2 — 2bys + 2c74.

In this case, by using the matrix (B.4) we obtain as Hermite normal form of M(H, L)

0 ¢

0 —c
D(H,L) = 1 b
0

2b

S O O
S O = O

We see that I(H, L) = 2b.
Regarding the freeness, for g € O,
—2b(B3 + B1)(2B2 + B3 — Pu) (41 + 22 + B3 + Pa).-
Let B = 72 — 73. Then, Dg(H,L) = —2b, so Oy is 2y-free with generator p.

Example 3.11. Let L = Q(1/39 4 61/13). This is of the usual form with a = ¢ = 3,
b = 2 and d = 13. The Hermite normal form is in this case

100 —1
010 1
DIHL) =1y o 1 2
000 4

Then, the Z-basis of 2y is

wl—w2—2w3—|—w4}

{wL w2, W3, 1

Case5:d =1(mod2),b =0(mod2),a+b=1(mod4) and a = —c (mod 4)

The Gram matrix is

T T2 3 Y4
T T2 Y2—Y3 Y1 — Y2 V4
G H, L - 7
(H,L) 271 211272 m—7"2 T2
0 0 h 74

where
h = b’)’l — (b + C)’)’z + 2C’)/3 — 2b’)’4,

W = —cy1 + (=b+c)ya + 2bys + 274

Using the matrix (B.5), we find that the Hermite normal form is the same as in Case
4,so0 again I(H,L) = 2b.

For B € Oy,

Dg(H,L) = 2b(B5 + B3)(2B2 + B3 — Ba) (41 + 2B2 + B3 + Ba).

This is just the same as in the previous case up to sign. Then, once again Oy is
Ay-free with generator g = v, — 3.
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Example 3.12. Let L = Q(v/15 + 6+/5), whichhasa = 3,b = 2,c = 1and d = 5. For
these values, 4, b, c and d satisfy the congruences of the last case. Then, the Hermite
normal form of M(H, L) is

1 00 1
010 -1
D(H,L) = 001 2
0 00 4
Then, 2y has Z-basis
—wy + wy — 2wz + Wy
{wL wa, w3, 4 }

3.2.3 Summary of results

Theorem 3.13. Let L/Q be a cyclic quartic extension and adopt the notation of Theorem
3.4.

1. (Case1) Ifd = 0 (mod2):

(i) In the classical Galois structure, Ay ,q has Z-basis

{1G - -1+t —1G+0'—T+(TT}‘
T 2 ! 4
(ii) The associated order 2y has Z-basis
{w1, —w1 + wzl —wWp — Wy + wsl rwy — 1wy + Wy }’
2 4 2b
where v is the class of —c mod b.

(iii) The element B = 71 + 2 + 3 is a free generator of Or as both A, o-module
and Ag-module.

2. (Cases 2and 3) Ifd =1 (mod 2) and a+b = 3 (mod4):

(i) In the classical Galois structure, Ay ,q has Z-basis

—lg+71 —0+071
{16’ o — }
(ii) The associated order Ay has Z.-basis
{wl —W1 + W2 W3 rwy —Tw2 + w4}
’ 2 "2 2b ’
where r is the class of —c mod b.

(iii) The element B = 7y + 73 is a free generator of Or as both 2 ,q-module and
A -module.

3. (Cases4and 5)Ifd =1 (mod 2), b =0(mod2),a+b=1(mod4):

(i) In the classical Galois structure, Ay ,q = Z[G].
(ii) The associated order 2y has Z-basis

—SW1 + swy — w3 + Wy
w1, W3, W3, b ’

where s is the class of c mod 2b.

(iii) The element B = 72 — 73 is a free generator of Oy as both 2 ,q-module and
A -module.



3.3. Biquadratic extensions of Q 67

3.3 Biquadratic extensions of Q

If G is elementary abelian, L/Q is a biquadratic extension, so there exist different
square-free integers m,n € Z such that L = Q(y/m,/n). Letk = %, where d =
ged(m, n). The following result gives an integral basis of L/Q in terms of m, n and k
(see [Mar77, Exercise 2.43]).

Proposition 3.14. An integral basis B of L/Q is given as follows:
1. If m =3 (mod4) and n,k = 2(mod 4),

B:{l,\/ﬁ\/ﬁ,W}.

2. Ifm=1(mod4) and n, k =2 or 3 (mod4),
B:{1,1+2\/E,\/ﬁ,ﬁ+\/k}-

2

3. Ifm,n,k=1(mod4),
B:{1/1+\/ﬁ/1+2\/ﬁl<1+\/ﬁ> <1+\/E>}‘

2 2 2

Remark 3.15. In [Trul2, Proposition 2.1], Truman shows that a biquadratic exten-
sion Q(+/m, /n)/Q is tamely ramified if and only if m,n = 1 (mod 4), which corre-
sponds to our case 3. Thus, cases 1 and 2 correspond to wildly ramified biquadratic
extensions.

Note that the previous cases cover all possible situations because m, n and k can
be exchanged conveniently. Keeping the notation of Section 3.1, let E;1, E; and Ej
the quadratic subextensions of L/Q. We can assume without loss of generality that
E; = Q(v/m) and E; = Q(4/n), otherwise we would exchange m and n. Then,

E; = Q(Vk).

We translate the strategy and the notation of the case G = Cj to this one: for each
Hopf Galois structure H of L/Q we first compute the Gram matrix G(H, Lp,) where
in L we fix the basis B, = {1,v/m, /n, \/E}, and then change to an integral basis B
of Proposition 3.14. We call B, = {ey,e2,e3,e4} and B = {1, 72,73, 7a}. When we
multiply the square roots with each other, we can replace them with their respective
conjugates if necessary, so that the following relations always hold:

WWh%ﬁ,ﬁﬁz%%xﬁfzwk

3.3.1 Classical Galois structure

As in the case G = (4, let us begin with the classical Galois structure H.. We fix the
basis {1¢,0, T,0T}. Since

o(Vm) = —/m
T(\/ﬁ \/%/ T(\/E) = _\/ﬁ/ T(\/I;) = _\/]z’
oT(/m) = —/m

2
=
I
B
2
=
I

|
=

) =
) =

L
5
I
|
B
A
=
I
=
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we have
€1 e e3 (7}
€1 —€y €3 —¢&4
G(He, Lg,) =
€1 () —€3 —é4

€1 —e —€3 &4

Case 1: m = 3 (mod 4) and n,k = 2(mod 4)

The integral basis B has elements

€3+ ey
Y1=¢€, T2=¢€, Y3=¢€3 V4= 5
and the Gram matrix is
Y1 M2 3 Y4
G(HC, LB) — Y —" r3 Y3 — 74
A T At —Y4

Y1 —Y2 —Y3 —Y3 T Vs

The Hermite normal form of M(H,, Lp) is

1 01 2
010 -1
D= 002 2
0 00 4
This gives the basis of 2} /g
{1G/al 2 4 4 }

Given B € O, Dg(H,, L) = 8B1B2B4(2B3 + Ba). If we choose B1 = B2 = B4 = 1
and B3 = 0, then Dg(H,, Lp) = 8, giving that Oy is 2; /o-free with generator

B=m"+ 72+ s

Case2: m =1 (mod4) and n,k = 2 or 3 (mod 4)

We have

er+e e3 + ey

,)/1 — el/ ’YZ — 7 ,)/3 - 63/ ’)/4 - A s
2 2

and then

T T2 Y3 Y4

G(HC, L) = T M1 " _’Y3 ’Ya_— Y4
T T2 Y3 Y4

MM T2 Y3 Tt
The Hermite normal form of M(H,, Lg) is

S O O
SO = O
SN O -
N O~ O
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We deduce that 2l /g has Z-basis

{16,(7, —1GZ—I— T’ —U;—(TT}.
Given B € Oy,
Dg(He, Lg) = 4B2P4(2B3 + Pa)(2P1 + P2).

In particular, if B = 2 + 74, then |Dg(H,, Lp)| = 4 = |det(D)|, so Of is A jqo-free
with generator f.

Case 3: m,n,k =1 (mod 4)

The integral basis B is formed by

- _ete _e1te3 1 1 m 1
m=e, M=o BT 5 74—4€1+4€2+4d63+4€4,

and then
T T2 & ; Y4
_ a—m m _
G(HC, LB) —_|Mm m="7" ')f) 53 V1 +_d Y3 — VY4
T T2 Y1 — 3 Y2 — Y4

M- m-1 Yn-r-4r+tn

By applying the unimodular matrix (B.12), we can reduce the matrix of the action
M(H,, Lg) to the matrix

1 0 0 1
o 1 0 1
0O 0 1 1
o o0 o0 2
d d—
0 S 0 Ff

Since m = 1(mod4), m is odd, and since it is divisible by d, d is also odd. Hence
d + m is even. On the other hand, it is clearly divisible by d. Since d and 2 are
coprime, 2d divides d + m; in other words, d;’—dm € Z. Subtracting d;—dm € Z times the
second row to the fifth row and changing sign of the fifth row gives the matrix

SO OO
O O O = O
OO =k OO
QUIN M~ -

Now, % is odd because it divides m, so we easily arrive to the identity matrix

1000
0100
D_0010
0 001

as Hermite normal form. Then, I(H;,L) = 1 and 2,9 = Z[G]. On the other hand,
for p € O,

Dp(He, L) = Ba(262 + Ba) (461 + 262 + 25+ B) (23 + 7 B1)
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If % =1 (mod4), we choose

51=}1<—1+%), B, =0, /33:—%<1+%), Ba=1

and then Dg(H, L) = 1. Otherwise, if % = 3 (mod 4), the choice

1 m 1 m
=g (1+3) B=0 p=—3(1+7) A=
gives Dg(H,, L) = —1. Then, a normal integral basis generator is generated by

—%(14—%)’)’3-{—74 if o =
)m—3A+%) rs+7  ifY

3.3.2 Non-classical Hopf Galois structures

Now, we study the non-classical Hopf Galois structures H; := Hr,;. We have seen
that they have bases

{14, 1,y 0 + o, Vm(nn 1 — panna) }
{1d, u2, 1,1 + p2n 11, V(1,0 — 2l 1) }
{Id, U3, 1151 + Hans 1, V(11 — H377T3,1)} ,

respectively. We call them {u;}} |, {v;}% , and {w;}?_,, respectively.

Case 1: m = 3 (mod 4) and 1,k = 2(mod 4)

The Gram matrices are

T1 T2 3 Y4
_ | M T2 —7s3 — V4
G(Hy, L) = 271 27 0 0 ’
0 0 —2dys+4dys (=% —d)ys+2dys
T T2 3 T4
T -T2 Y3 Y3 — V4
G H ,L - 7
(Fz, L) 271 0 273 =73
0 —2dys+4dys 0  —7m
T T2 3 Y4
71 Y2  —Y3 —Y3t+t7a
G(H;,L) =
H D) =129, 0 0 73—27
0 —2y; Ly Iy

Let us find the Hermite normal form of the corresponding matrices of the action.

We start with H;. By means of the unimodular matrix (B.6), M (Hy, L) can be
reduced to

112 0
022 2d
004 0
000 dtm
000 4d
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In the last two rows of the matrix above, we can carry out Euclid’s algorithm with
d + % and 4d, until leaving ¢ = gcd(d + %,4d) in one row and 0 in the other. We
claim that ¢ = 4. Indeed, since m = 3 (mod 4) and m = d%, one of d and 7 is 3 mod
4 and the other one is 1 mod 4. Then, 4 divides d + 7. Now, assume that p is an
odd prime dividing both d + % and 4d. The latter condition implies that p divides d,
and then the former gives that p divides 7. But since m is square-free, d and ’; are
coprime, so % cannot be divisible by p. This proves that ¢ = 4 as claimed. Finally,
we reduce the non-zero entry above this one. Since d is odd, 2d = 2 (mod 4), so we
subtract 2’14—’2 times the fourth row from the second one and obtain a 2 in the last
entry of the second row. Thus, M(Hj, L) has Hermite normal form

D(Hy, L) =

S OO
SO N -
OB NN
=~ O N O

This leads to the index I(Hj, L) = 32. Moreover, 2y, has Z-basis

{u —Ujp+upy —up— Uy +us ul—u2+u4}
1/ 2 4 4 Va 4 .

For Hj, we can use the unimodular matrix (B.7) to reduce M(Ha, L) to

10 -1 0
01 -1 0
00 4 0
o0 0o
00 0 -2d

To simplify the last two rows, we compute the greatest common divisor of ; and 2d.
Since n = 2 (mod 4), § = 2 (mod 4). Then, ged(2d, ) = 2gcd(d, §). Now, since n is
square-free and d is a divisor of 7, the primes of the factorization of d are among the
primes of the factorization of n and appear only once, so d and 7 are coprime. Thus,
gcd(2d, ) = 2. Then, the Hermite normal form is

-1
-1

0

1
D(H,, L) = 0 4
0 O

S O O
N O OO

Then, the index of H; is I(Hp, L) = 8 and O has Z-basis

{v —0U1+02 —0U1 —U2+ 03 @}
1, 7 ’ 4 ’ >

For the third non-classical Hopf Galois structure, we may reduce M (Hs, L) to the
matrix

10 -1 0
01 -1 0
00 4 o[,
00 o =
00 0 2m

in this case using the matrix (B.8). Let us compute the greatest common divisor g of
L and 2%. Since m = 3 (mod4), % is odd, so 2% = 2 (mod4). On the other hand,
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we know yet that & = 2 (mod 4). Then, ¢ = 2gcd(%, ) = 2, since d is the greatest
common divisor of m and n. Therefore, the Hermite normal form is

10 -10
01 -1 0
DHyL) =10 0 4 of
00 0 2

whence I(Hs, L) = 8 and Ay, has Z-basis

{w —wy +wy —wp — W+ w3 %}
1, > ’ 4 ’ > .

Now, we study the freeness of O}, over its associated orders in Hy, H, and Hjs.
Given € Oy,

Dp(Hy, L) = —32B12 (dﬁg "+ dBaps + 31 (a+ %) ﬁi) ,

n
Dg(Ha, L) = 8B1(2p3 + B4) (251,3% + ﬁﬁi) ,
_ Mpa Mg S0 N g2
Dp(Hs L) = 8184 (2583 + 2583 + 25 Baba + 1262
Proposition 3.16. Fori € {1,2,3}, Oy is g -free if and only if there exist integers a, b €
Z. such that:
1. a®> +mb? = +4d, ifi = 1.
2. a2+ nb? = +2d,ifi = 2.
3. a® +kb* = £24,ifi = 3.
If that is the case, then a free generator of O as Ay, -module is
M+12+ SRy +by ifi=1
B=m+am+ 5 v+by ifi=2

ad—n

N+ S+ Gy s ifi=3

Proof. 1. We know that Oy, is Ap-free if and only if there is some § € O such
that [Dg(Hy, L)| = 32, that is,

B1B> (dﬁ§ +dBspa + i (d + %) ﬁi) — 41,

which at the same time is equivalent to each factor being either 1 or —1. We
can always choose B1, B2 € {—1,1}, so the 2y-freeness of O is equivalent to
the existence of B3, B4 € Z such that

1 m
aB3 +dpaps+ 4 (d+5) B =5,

where s € {—1,1} (we will alternatively use this notation for £1). Now, we
regard this equality as a quadratic equation in B3 with parameter B4, whose
solutions are

—dps £ VA
Ps=——77""
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where A is the discriminant of the equation. Now, it has an integral solution if
and only if A is a square and 2d divides at least one of —dB, + v/A. Now, it is
easy to check that A = 4(—mp3 + 4ds).

Assume that there are integers a and b as in the statement. Choosing B4 = b,
it turns out that A = 442, which is a square, and —db + VA = —db + 2a.
Note that since a? + mb? = 4ds and d divides mb?, it also divides a2, whence d
divides a because it is square-free. Thus, —db + 24 is divisible by both 2 and d,
hence by 2d. Conversely, if Or is Ay-free, this means that there are B3, 4 € Z
such that

1 m
AB3 +dpaps+ 4 (d+5) Bi=s,
and then B3 = —dfut Vzgmﬁiﬂds € Z,s0a = /—mpj+4ds and b = B, satisfy

the condition of the statement.

2. The argument is essentially the same as in 1. In this case, the equation we must
consider is

n
24B3 + 55P1 =5,
with unknown B, and parameter B4. Then, the discriminant is A = 4(—nf3 +

2ds), and the solutions are B, = i%. Thus, the existence of a and b satisfying
a® + nb?> = 2ds is equivalent to A being a square with By = +b. Namely
A = 4(—nb? + 2ds) = 4a*, whence it must be f; = 4. This is an integer
number: since a% + nb?> = 2ds and 2d divides n, 2d divides a?, so 2d being
square-free implies that 2d divides a. Moreover, B4 = +b must accomplish
2B3 + B4 = *1 for B3 € Z. This is always possible because b is odd. Indeed,
since a? + nb? = 2ds and a is even, taking mod 4 gives 2b*> = 2 (mod 4), whence
b is odd.

3. Here the situation is slightly different. Now, the equation involved is
n n m n
2-p3 2= 2= pI+ —p2 =
d.B3+ d:B3;B4+ d52+2d‘84 5,

with unknown B3 and parameter ,. Since B, is a factor of Dg(Hjz, L), it must
be B4 € {—1,1}, and we may assume that 4 = 1. Then, the quadratic equation

has solutions
-2+ VA
ps = —
d

where

A =4 (—4kp3 + 2%5) .

Then, there are a and b as in the statement if and only if A is a square with
B2 = j:%. This value of 8, actually corresponds to an integer number. Indeed,
the equality a? 4 kb* = 2%s implies that a is even because so are k and 24s, and
then taking classes mod 4 gives that 2b> = 0 (mod 4), whence b is even. On the
other hand, we then have

By = —25+21 —nztad
ST am T o

which belongs to Z if and only if % divides a. But this is ensured by the equality
a% + kb? = 27s, as  divides k, hence a2, and hence a because % is square-free.
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The factors of Dg(Hs, L) other than the quadratic equation do not add any

restriction.
O

Remark 3.17. The conditions obtained in Proposition 3.16 refer to the solvability
in Z of equations of the form x> — Dy?> = N, which is known as the generalized
Pell equation or the Pell-Fermat equation. The equations of this type have been
widely studied and algorithms of resolution have been developed (see for example
[Coh07, Section 6.3.5]). This problem could also be approached by applying the
general theory for the equation ax? 4+ bxy + cy?> = N (see [Mat02]) to the quadratic
factor of each Dg(H;, L).

Remark 3.18. Note that the quadratic factor of Dg(Hs, L) is actually 2% B3 + 75 (2B3 +
B4)?. Since n = k = 2(mod4), we can exchange them in Proposition 3.16, which
amounts to exchange H, and H3. By the original result, we have that Op, is Ap,-free
if and only if the last factor 2dp3 + 553 of Dg(Hz, L) has some root as polynomial
in By with B4 odd. Once we have exchanged m and n, the freeness of Or, as Ay,-
module is given by the third statement. Now, if we exchange m and 7 in the last
factor of Dg(Hs, L), this also exchanges d and %. We then obtain 2dp3 + (283 +
B4)?, recovering the last factor of Dg(Ha, L) (or more precisely, we obtain the same
equation in 87), and our result is coherent. Moreover, if we exchange m and 7 in the
Pell equations themselves, we deduce that the equation x> + ny?> = +2d has some
solution if and only if so has the equation x? + ny? = +2%.

The equations in Proposition 3.16 may have infinitely many solutions if m, n or k
are negative. In the following result we explore the situation when they are positive.

Proposition 3.19. Let L = Q(\/m, \/n) be a biquadratic extension of Q with m = 3 (mod 4)

andn =2 (mod 4). Call d = ged(m, n), k = 7.

1. If m > 0, O is not Ay, -free unless m and n are coprime, (in which case p = 1 +
Y2 + 73 is a generator) or m = 3 and n is divisible by 3 (in which case a generator is

B=m+72—"7+274)
2. Ifn > 0 (resp. k > 0), then Oy, is not A, -free (resp. not Ap,-free) unless n = 2d.

Proof. 1. Letussuppose that therearea, b € Z such that a? + mb?> = 4d (the minus
sign cannot occur under these hypotheses). Since a and b are raised to the
square, their signs do not matter, so we can assume without loss of generality
that a,b > 0. From the equation we have that 4d — mb? is a square, and in
particular it is non-negative, that is mb?® < 4d. Now, since d is square-free,
4d is not a square unless m and 7 are coprime, in which case a*> + mb* = 4.
Then, (a,b) = (2,0) or (a,b) = (1,1) and m = 3. Assume that m and n are
not coprime, i.e. d > 1. Then b # 0, and the previous inequality mb*> < 4d
gives m < 4d. Since d is a divisor of m and m is odd, it must be m = gd
with g € {1,3}. Then, 4d — mb*> = (4 — qb*)d must be a square. In particular,
4 — gb*> > 0, whence b = 1. Therefore, (4 — q)d must be a square. For g = 3,
this is d, which is not a square. Otherwise, for g = 1, 3d is a square if and
only if d = 3. Then m = 3, and the equation a* 4+ 3b> = 12 only has solutions
(a,b) = (0,2) and (a,b) = (3,1). Finally, since d = m = 3 and d is the greatest
common divisor of m and 1, n must be divisible by 3.

2. If n > 0 and there are a,b € Z such that a? + nb? = 2d, then 2d — nb? is a
square, and since 2d is square-free, n < 2d. Since d is odd and divisor of n
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and n = 2 (mod 4), it must be n = 2d. Thus, a> + 2db*> = 2d is only satisfied
for (a,b) = (0,1). As for k, if there are a,b € Z such that a® + kb> = 2% and
2% is not a square, then we argue as before to obtain that k = 7 or k = 2%.
Both of them are impossible, the former because a% + %bz = 2% has no integral
solutions, and the latter because 25 = 0 (mod 4). Hence 25 is a square, which
implies 4§ = 2, that is, n = 2d, and it must be (a,b) = (2,0).

O

Corollary 3.20. The unique totally real biquadratic extension L = Q(+/m, \/n) of Q with
m = 3 (mod4) and n = 2 (mod 4) for which Oy is Ap,-free forall i € {1,2,3} is L =
Q(V3,v2).

Proof. Since L/Q is totally real, m,n,k > 0. By Proposition 3.19, O, is 2y, -free only
for m and n coprime or m = 3 and n divisible by 3. Now, Oy is 2p,-free and 2 p,-free
only for n = 2d, which in the first case gives (m,n) = (3,2), and in the second one,
(m,n) = (3,6). But in this last case k = 2, so both refer to the same extension. O

Case 2: m =1 (mod4) and n,k = 2 or 3 (mod 4)

We have the Gram matrices:

71 2 3 Y4
G(Hy L) = ;Yll 2717—2272 _673 _(;Y4 ’
0 0 —2dys+4dys (=% —d)ys+2dys
71 2 V3 Y4
] P !

0 —dys+2dyy 0 oy — oy

T T2 r3 Y4
I S T S Bt 7 -3 —Y3+ 74
G(Hs L) = 21 T 0 Y3 — 274

0 —Zy3 —Zy 4+ —Sy+ oy

Let us find the Hermite normal forms. For H;, we may reduce the matrix of the
action to

110 0
020 2d
002 o0 [,
000 244
000 4d

using the matrix (B.9). Again, we carry out Euclid’s algorithm in the last two rows
so as to leave 0 in one and the greatest common divisor of 7 + d and 4d in the
other. In this case, we have that m = d% = 1(mod4), so d = % (mod 4), and then
d+ % = 2(mod4). Thus, 2 is the greatest power of 2 dividing both % 4 d and 4d.
Reasoning as in the previous case, the aforementioned greatest common divisor is 2.
Therefore, the Hermite normal form in this case is

0
D(Hy, L) =

O O O
O O N -
N O O O

0
2
0
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so I(Hy, L) = 8 and 2l has Z-basis

{u —Uq1 + Up us ﬂ}
1/ 2 7 2 7 2 .
For Hj, we can use (B.10) to reduce M(H;, L) to

[N el RN
SO O =k O
O O N PR =
QR O © O

Since n is square-free and d is a divisor of n, d and 4 are coprime, so the Hermite
normal form is

D(H,, L) =

oo o

o o
ON R =
— o oo

0
whence I(Hs, L) = 2. Moreover, Oy, has 2y, -basis

—01 — 0+ U3
————,04 ¢.

{01, 02, >

Finally, for H3, we reduce M(Hs, L) by means of (B.11) to the matrix

1010
0110
0020
000 ™
000 2

Clearly, ged(%, %) = 1, so the Hermite normal form of M(Hj3, L) is

D(Hj, L) =

co o R
oo~ o
ON R~
_ o oo

Then, I(H3, L) = 2 and Oy has 2y,-basis

—w1 — Wy + w3
s W4

{w1/w2/ 5

Let us study the freeness. Given p € O,
Dﬁ(Hl’L) = _8ﬁ2(2ﬁ1 + 182) 2d,33 + 2d,33/34 + 5 (d + E> 184 ,

Dg(Hz, L) = 4(2B1 + B2)(2B3 + B4) <d5% + gﬁﬁ) ,

Dy(Ha L) = 4(2B1 + P) (5 B3 + 4553 + 47 Baps+ - 63)

We see that 4 divides Dg(H;, L) fori € {2,3} while I(H;, L) = 2 fori € {1,2}. Hence,
Oy is neither Ay, -free nor Ap,-free. As for H;, we have:
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Proposition 3.21. Oy is Ay, -free if and only if there exist integers a,b € Z such that
a® + mb* = +2d. If it is so, a free generator of Oy as Ay, -module is

a—db
B=71—72+ ¥ 3 + bya.

Proof. The proof follows the same procedure as in Proposition 3.16. In this case, the
equation we consider is

1 m
243 + 2dB3ps + 5 (d - E) Bi=ss€{-1,1},

with unknown B3 and parameter Bs. The discriminant of the equation is A =
4(—B3m + 2ds), so this being a square is equivalent to the existence of a and b as
in the statement with 4 = b. Then, the solutions of the equation are 3 = — 2?“. We
can choose without loss of generality the plus sign. Let us check that this is actually
an integer number. Indeed, from the equation a? + mb?> = 2ds we deduce that d di-
vides a, and on the other hand taking classes mod 4 gives a + b*> = 2 (mod 4) (since
d must be odd because so is m), whence a°> = b*> = 1 (mod4), so a and b are odd.
Hence, —db + a is even, which proves that it is divisible by 2d. Finally, we are free to
choose B1,B2 € Z such that f; = £1 and 21 + B = £1. O

Corollary 3.22. If m > 0, Oy, is not Ay, -free.

Proof. We follow the same strategy as in Proposition 3.19. Assume that there are
integers a,b € Z such that a?> + mb*> = 2d. Then it must be m < 2d, and since m
is odd, necessarily m = d. But then we have a? 4+ db? = 2d, which has no integral
solutions. n

Case 3: m,n,k =1 (mod 4)

In this case, the Gram matrices are

T T2 3 Y4
T T2 Y1 — Y3 Y2 — V4
G(Hy, L) =
L =100 2n—2m 1 71—
0 0 X y
T T2 3 . Ya
MM 2 73 G-Z)m+%y3—"a
G(H,, L) = B ,
( ) 2i M 271273 %
0 z 0 t
T T2 Y3 Y4
Im Y- 72 Y1 -3 Chmy) — oy — Dy 4y
2m T 71 2 V112t s — 274

0 Gm=241 —in+Fn (i) n+tEr-§n

x = myy — 2dyy — 2my3 +4d7yy,
m(m+1 m(m+1

z = my, — 2dyy — 2my3 + 4dy,,
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t= (2%%-%)’)’1— (d+g>’yz—m73+2d'y4.

Let us find the Hermite normal form of each matrix of the action. Using the
matrix (B.13), we can reduce the matrix of the action M(Hj, L) to

100 m(%t—1)
01 0 —m(2%2t-—1)
001  —mmt

000 2(m+1)

000 2d

Now, we are interested in the greatest common divisor of 2d and % (m + 1). Since %
and m + 1 are coprime, this is the product of ged(%,2d) and ged (1 + 1, 2d). The first
of these is 1 because 77, 2 and d are pairwise coprime. As for the other one, m + 1
and 2d are both 2 mod 4, and m + 1 is coprime with d, hence the greatest common
divisor is 2. Then, the matrix above is equivalent to

100 m(%5—1)
010—m(n’:1(2—§11+1—))
001 ™2
000 2

The entries above 2 in the fourth column reduce to 0 or 1 depending on their parity.
Therefore, the Hermite normal form of M(H;j, L) is:

1 000
0100
0 00 2
Then, I(Hy, L) = 2 and A, has Z-basis
{u Uy, U 7—u3—|—u4}
1, 42,43, > .

For the second one, we first use (B.14) to reduce the matrix of the action to

3m24n
N iy
00 1 72md7%m271’l

2d
000 d+*
000 m-+d
000 2z
000 2d

Since the greatest common divisor of 2d and 27” is 2, arguing as in previous cases, we
obtain that the Hermite normal form is

D(H,, L) =

O O O
S O = O
O = O O
N —m O O
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We then see that I(Hy, L) = 2 and 2y, has Z-basis

-0 —f-Uz}'

{Ul/ 02,03, >

Finally, for H3, we reduce M(Hs, L) to

nd?+m(m—n)d—m’n

100 )

d2 —n)d— 2
01 0 n2+m(md3n) mzn

nd*—m(m—n)d+m*n
00 1 o
000 2(d-n)
000 m+d m
000 i
000 2

by means of (B.15). Let us focus in the last two entries. Since m and n are 1 mod 4,
m + n is 2 mod 4, just as 2n. Then, gcd(m + n,2n) = 2gcd(m + n,n) = 2d. Thus,
ged (2L 2”) = 2. Therefore, the Hermite normal form of the matrix of the action is

1000
0100
DUHy L) =19 ¢ 1 1
0002

We deduce that I(H3, L) = 2 and 20y has Z-basis

—ws3 +w4}.

{ZUL wa, w3, 5

Regarding the freeness, for § € O, we have

Dg(Hi, L) = —2(2B2 + Ba) (41 +2B2 +2B3 + p4) <2d/33 + 2mPBaPa + ﬂm + 1ﬁ4>

Dy(Ha, L) =2 (265 + 51) (4p1+282+265 + Ba) (Zdﬁ% +2papst 5 (d+ 1) ﬁi) :
Dg(Hs, L) = 2B4(4B1 + 22 +2B3 + Ba)q3(B1, B2, B3, Pa),
where

43(B1, B2, B3, Bs) =2 ﬁz +2— ﬁzﬁ4 +22 53 +2kBafa+ 5 mk + !

pi.

Proposition 3.23. Fori € {1,2,3}, Oy is Ay -free if and only if there exist integers a,b €
Z such that:

1. a®> + mb* = 42d,ifi = 1.
2. a® +nb* = +2d, if i = 2.
3. a® 4+ kb? = £28 ifi = 3.
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In that case, a generator of Oy, as Ap,-module is

mhtyy + Lty + =y 4 by ifi=1and a = b(mod4)

mb i 2d71+12 ’Yz+ m2b+”’yg,+b'y4 ifi=1and a # b (mod4)

mid’l’y +_bd+a'r +3 ( — Bb) v3+ by ifi=2and a = b(mod4)
p=\mbaz2d, 4 bd+“72+ (1—%) y3+bys ifi = 2anda# b(mod4)

: Tb k+“)'y + 5y, + 5 2n 73—1—74 ifi =3and 150 = _%”’ (mod 2)

3 %h—_k”)’y +1 zjfz:?;and%;é_k“ (mod 2)

Proof. First, note that if a and b are integers that satisfy any of the equalities above,
then a and b are necessarily odd. Indeed, Since m,n,k = 1(mod4), then taking
classes mod 4 gives a*> + b?> = 2 (mod 4), whence it must be a> = b> = 1 (mod 4).
This is only possible when a and b are odd.

1. We proceed as in the previous cases. In this case, the equation to consider is

mm+1
Zd,Bg +2mﬁ3ﬁ4 + — 154 =81, 51 € { 1, 1}

with unknown B3 and parameter f4. It has discriminant A = 4(—mf3 + 2ds)

and the solutions are Zmi‘ff Let us choose the plus sign. Now, there are

integers a and b as in the statement if and only if A is a square with 4 = b,
and the solution becomes Bz = %ﬁ’f”. This is an integer number because d
divides both a and m, and —mb + a is even. On the other hand, B4 = b must
fulfill the equality 2B, + Ba = sp, 52 € {—1,1}, which is the case since b is odd.
Replacing this into the equality 481 + 2B2 + 23 + Bs = s3, s3 € {—1,1}, gives
4B1 +2B3 = s3 — sp. Since s3 —sp € {—2,0,2}, we need 21 + B3 € {—1,0,1}.
Since there are both even and odd possibilities for this quantity, we can always
find B1 € Z satisfying the equality, regardless of the parity of B3 = ’”b ots,

2. In this case, the quadratic equation is

1 n
23+ 24PaPy + 5 (d+ 5 ) B3 =5,

with unknown B, and parameter B. The discriminant is A = 4(—np3 + 2ds),

and the solutions are —2(1;3447;:\/5‘ We see that there are integers a and b such
that a? + nb? = 2ds if and only if A is a square with 84 = b. In that case, the
solution becomes B, = #. On the other hand, since b and ’; are odd, any of
the equality 283 + 4 B4 = +1 do not impose any restriction on 3 € Z. Finally,
neither do any of the equalities 41 + 28, 4283 + B4 = 1 on B1 € Z. Indeed,
this is equivalent to 25, = %’b — B3 — Bs, and we can choose conveniently
the sign of the independent term in order to obtain an even number.

3. We must consider the equation

mk+1 ,
2% ,32+2 5254+2d.33+2k53,34+ I ——Bi=s
and we choose unknown B3 and parameters B, and B4. The discriminant for
this equation is A = 4((2B2 + B4)*k + 24s), and the solutions are %;\/E.

There are integers a and b such that a> 4+ kb? = 24s if and only if A is a square
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with 285 + B4 = b. Since B4 is one of the factors of Dg(Hs, L), it must be B4 =
+1, and since b is odd, there is B2 € Z satisfying that equality. The solution

then becomes B3 = _é‘j”, which is an integer number because —k + a is even
d

and divisible by 7. Finally, we need the equality 41 + 22 + 283 + B4 = £1
to hold. This is equivalent to 481 + 2B, + 283 + B4 = 4B1 + 23 = +£1 — b, that
is, 21 = %’b — B3, and it does not impose any restriction on f; € Z because
we can choose suitably the sign in the independent term so that it becomes an
even number.

O]

Remark 3.24. The criteria obtained in Proposition 3.23 were proved by Truman in
[Trul2, Proposition 6.1] using the theory of ideles. In his case, he works indis-
tinctly with a non-classical Hopf Galois structure of a tame biquadratic extension
Q(v/m,+/n)/Q and obtains the same condition for m. This fits with our result be-
cause m, n, k being 1 mod 4 allows to exchange them indistinctly. Our Propositions
3.16 and 3.21 show that Oy, presents a similar behaviour as 2 y,-module for a wildly
ramified biquadratic extension.

3.3.3 Summary of results

Let L = Q(v/m, /n) be a biquadratic extension of Q with m and n square-free and
let k = ", where d = gcd(m, n).

Theorem 3.25 (Associated orders). 1. Ifm = 3 (mod 4) and n,k = 2 (mod 4), then:

(i) The associated order 24y, /g in the classical Galois structure has Z-basis

—l1g+c —1G—|—O’—T—|—(TT}
27 4 '
(i) The associated orders Ap,, Ay, and Ay, in the non classical Hopf Galois struc-
tures have Z-basis
{u —up+uy —up —up+us Ml—uz+u4}
1, 7

{1G,(7,

27 4 ’ 4
{01 —01+0v =01 —0U2+ 703 %}

’ 27 4 T2l

—W1+ Wy —W; — W2+ W3 Wy
{ Vo 4 ’7}’

respectively.
2. Ifm=1(mod4) and n, k # 1 (mod4), then:

(i) The classical associated order Uy ;g has Z-basis

-1+ —0’—|—0”l’}
2 7 2 ’

(ii) The non-classical associated orders Up,, i € {1,2,3}, have Z-bases

{1G/(7,

—Uup+up Uz Uy
ulli v

2 272
—01 — 02+ U3
011021 fl U4 7
—w, — Wy + ws3
w1, W3, 5 Wy ¢
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3. If m,n,k =1 (mod4), then:

(i) The elements of G form a Z-basis of 1 /q.
(ii) The associated orders Ay, Apr, and g, have Z-bases

—U3 + Uy
ul/“Z/“?ﬂ# 7
—0U3 + U4
V1,02, 03— 5 [/
— W3 + Wy
w1,w2,w3,# .

Theorem 3.26 (Freeness). 1. If m = 3 (mod 4) and n,k = 2 (mod 4), then:

(i) The element p =1+ /m + M is a free generator of Oy as A ,g-module.

(ii) Op is Ap, free (resp. Ap,-free, resp. QIH3 ~free) if and only if there are integers
a, b such that a* + mb* = +4d (resp. a® + nb* = +2d, resp. a* + kb* = +2%).

2. Ifm =1 (mod4) and n, k # 1 (mod 4), then:

(i) A generator of Op as Uy qo-module is B = 2 + 74

(ii) Oy is Apy,free if and only if there are integers a, b such that a*> + mb* = £24.
Moreover, Oy, is never Ap,-free nor Ap,-free.

3. Ifm,n,k =1 (mod4), then:
(i) Ot has 2} ,q-generator

= 4( I+ )7_%(1+%)’Ya+74 ifh = (mod4),‘
31(1+d)71 LA+%) 13+ if% =3(mod4).

(i) Or is Ap,-free (resp. Ap,-free, resp. QKHS -free) if and only if there are integers
a,b such that a* + mb* = £2d (resp. a® 4+ nb* = +2d, resp. a® + kb* = £2%).

3.4 Totally ramified cyclic quartic extensions of Q,

If L/Q; is a totally ramified cyclic quartic extension of 2-adic fields, L is the splitting
field over Q; of one of the polynomials

xr+4x*+2, ¥ +20x2+50, x*+52x2+26, x*+20x%+10.

The first four polynomials correspond to the liftings of Q(1/2) to cyclic quartic ex-
tensions and appear in [Ri095, Section 2.7]. The other ones generate the liftings of
QZ(\/E) and are taken from the online database [LMFDB]. Looking at the roots of
these polynomials (that can be computed easily as solutions of a biquadratic equa-
tion), we see that there are a,b,c,d € Z, for which L/Q; is as in [Har+87, Theorem
1] and f(x) = x* — 2adx? + ac?d. The relations determined in Section 3.2 remain

valid in this case. Then
w= ng’ — v+ dz
~ abc be
When f is 2-Eisenstein, B = {1, z, z2, 23} is an integral basis of L. For this reason, we

will need also the coordinates of the powers of w:

w? = —z% + 2ad,
b +d d
O I N B

2
he e —(d 4 3b°)z.
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3.4.1 Classical Galois structure

We begin with the classical Galois structure. The Gram matrix where in L we fix the
basis of the powers of z is

1 z 22 2

1 w w* w
G(He Lp) = | 4 -z z2 -z

1 —w w?* —wd

Case 1: f(x) = x* +4sx? + 2,5 € {—1,1}

z=1/-s2+V2), w=1/-s52-V2)

and the negatives. Thena = —s, b = ¢ = 1 and d = 2. Since f is 2-Eisenstein,
B is an integral basis of L. Now, we have w = —3z — sz3, w? = —4s — z? and

w3 = 10sz + 3z3. Then, the Gram matrix is

The roots of f are

1 z z2 z3

1 —3z—s2> —4s—z%> 10sz+32°
G(H, L) = 1 —z z2 —z3

1 3z+4sz2 —4s—z> —10sz—3z°

The Hermite normal form of the matrix of the action is

1 01 2

010 -1
D_OOZZ’

0 00 4

which gives the basis of 2} /q,

{ —1¢+0? —1G~|—c7—02+c73}
]‘GIU-/ 2 7 4 .

We also deduce that I(H,, L) = vy(det(D)) =3.If € Oy,
Dp(He, L) = =83 (2% +10B4% — 6 2 fs ) (—2Bas + B1).

If B1 = B2 = B3 = 1 and B4 = 0, then this is 16 — 8s, which has 2-adic valuation 3, so
B =1+ z+ 2% is a normal integral basis generator.

Case 2: f(x) = x* +20sx> 4+ 50,5 € {1,—1}

In this case, the roots of f are

z=1/-55(24+V2), w=1/-5s5(2—2),

and the negatives, and we have a = —5s, b = ¢ = 1 and d = 2. The Gram matrix is
in this case

1 z z2 z3

1 —3z—523 —20s—22 50sz 4 323
G(H., L) = 1 —z ’ z2 —z3

1 3z+3%z> —205s—z* —(50sz+ 3z%)
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The Hermite normal form of M(H,, L) turns out to be

1 01 2
010 -1
b= 002 2
000 4

Then, as before, I(H,, L) = 3 and 2 /g, has Z,-basis

—1g+c* —lg+o—0c*+o°
{1G/0—/ 2 7 4 }'
For B € Oy,
863 (B2 +250 s —30 B2 B ) (=10 Bas + B1)
D/S(HCrL) = .

5

In particular, if = 1+ z + 22, then v; (Dg(H,, L)) = 3, so Bis anormal integral basis
generator.

Case 3: f(x) = x* +52sx2 + 26,5 € {—1,1}

The roots are z = \/—5(264—5\/%), w = \/—5(26 —5v26), —z and —w. Then

a=—s,b=>5,c=1and d = 26. The Gram matrix in this case is
1 z z2 z3
3 3
1 — 51z+sz —525 — ZZ 262652451z
G(Hc/ L) = > 2 > 3
1 —z z —Z
51z4-s2° _ .2 2626sz451z°
1 = 525 —z 5

We obtain once again as Hermite normal form of M(H,, L)

1 01 2
010 -1
D_0022’
000 4

whence I(H,, L) = 3 and a Z,-basis of 2/,

{ —1g +0? —1G+(7—c72+(73}
1G/(Tl > s 4 .

For B € Or, one computes

865 (/3225 + 2626 B4%5 — 102 B> ﬁ4) (=26 B35 + f1)
Dg(H,, L) = — - .

For f = 1+ z+ 2%, we have Dg(H,, L) = 28 _ % with 2-adic valuation 3, so this B
is a normal integral basis generator of L.
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Case 4: f(x) = x* +20sx?> + 10,5 € {—1,1}

Now, we have

z= \/—5(10 +3V10), w= \/—5(10 —3V10).

Then,a = —s, b = 3, ¢ = 1 and d = 10. The Gram matrix in this case is
1 z z? z3
1 — 1924523 205 — 22 370sz+1923
G(H L) = ? 2 ’3
1 —z z —z
192452 _ .2 _ 370sz4+192°
1 == 20s — z 3

This leads to exactly the same Hermite normal form

101 2
010 -1
b= 002 2
000 4

as in the previous cases, so the basis of 2 /q, is the same as above. On the other
hand, for B € O, we have

885 (B2?s +370 B4%s — 382 B ) (=10 Bas + pi)
Dp(He, L) = — . .

In particular, for f =1+z + z2, one obtains Dﬁ(HC, L) = % — %, so this is a normal

integral basis generator of Or.
3.4.2 Non-classical Hopf Galois structure

Now, we consider the non-classical Hopf Galois structure H := Hr; of L/Q>. The
Gram matrix where in L we fix the basis B = {1,z,22,2%} is

1 z z2 z3
1 —Z —72 z3
G(H, LB) = 2 0 2w2 0

0 2wvd 0 2w/d

Let us determine the entries in the last row in terms of the basis of the powers of z.
We know by Section 3.2.2 that

1 2d
wVd = ——2°+ =z
ac c

Using the expression of w? computed in the Galois case,

2
w\d = —%23 + %z — acdz.
c c
Then, the Gram matrix results as follows:

2 3

1 z z z
1 ~2z z* -z’
G(H,Lg) = | 0 —222 + 4ad 0
0 —2z34 4, 0 ~428 + (% _2“Cd> z
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Case 1: f(x) = x* +4sx? +2,5 € {-1,1}

The Gram matrix above becomes

1 z z2 z3

1 -z z2 —z3
G(H,L) = 2 0 —8s — 222 0

0 8z+42s7° 0 —28sz — 823

Now, the Hermite normal form of M(H, L) is

D(H,L) =

o OO
SO N -
S B DNDN
N O O O

which yields the basis of 2y

{ —wW1 + Wy —wp — Wy + w3 %}
1/ 2 7 4 7 2 .
Moreover, I(H,L) = 4. On the other hand, given € O, we have
Dg(H, L) = 16B3(B1 — 25B3) (sp3 + 14583 — 8B2pa).-
Forp=1+z+ z2, we obtain Dﬁ(H, L) = 16s — 32, which has 2-adic valuation 4, so
O is Ap-free with generator B.
Case 2: f(x) = x* +20sx? + 50,5 € {1, -1}

The Gram matrix of H is in this case

1 z z2 z3

1 —z Z2 —z3
G(H,L) = 2 0 —40s — 222 0

0 8z+ %73 0 —140sz — 82°

We obtain the same Hermite normal form as in the previous case, and hence the
same basis for the associated order. Regarding the freeness, for § € Oy,

16 B (B2 +350 Ba’s — 40 B> 1) (10 B35+ Bi)
Dp(H,L) = - .

In particular, this equals —32 + 15ﬁ for B = 1+ z + 22,50 O is Ap-free with generator
B.

Case 3: f(x) = x* +52sx% + 26,5 € {—1,1}

In this case,

2 3

1 z zZ z

1 4 z2 —z3
G(H,L) = 2 0 —104s — 222 0

0 104z + 2sz° 0 —5356sz — 10423
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In this case, we obtain as Hermite normal form

D(H,L) =

o O O
S O N
SO NDN
N O O O

once again. Now, given 8 € O,

Dg(H, L) = 16B5(sp5 + 2678sp5 — 104B2B4) (B1 — 265Ps3).
In particular, for p = 1+2z + z2, Dﬁ(H, L) = 16s — 416, which has 2-adic valuation
4. Then, Oy, is Ay-free with generator f.
Case 4: f(x) = x* +20sx> + 10,5 € {—1,1}

The Gram matrix for this case is

2

1 z z z

1 —z z2 -z
G(H,L) = 2 0 —40s — 222 0

0 40z + 2sz° 0 —780z — 4023

The Hermite normal form of M(H, L) is as in the previous cases. On the other hand,
for B € Or, one has

Dg(H, L) = 16B3(B1 — 10sB3) (sP3 + 390583 — 40B2pa).
Choosing B = 1+ z + z%, we have
Dg(H, L) = 16s — 160,

which has 2-adic valuation 4 and once again Oy, is Ay-free with generator .

3.4.3 Summary of results

We gather the results obtained in this section. Although we have considered four
different cases, we have obtained uniform behaviour for all of them. Concretely:

Theorem 3.27. Let L/Q; be a cyclic quartic extension of 2-adic fields.

1. The Hermite normal form of M(H,, L) is

101 2
010 -1
002 2|’
0 00 4

and consequently, 2 ,q has Z-basis

{ —1g + o2 —1G+a—(72+(73}
1G/0/ 2 7 4 .
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2. The Hermite normal form of M(H, L) is

S O O
SO N -
OB NDN
N O O O

so Ay has Z»-basis

{ —w1 +wy —w; — Wy + w3 @}
1/ 2 4 4 7 2 .

3. The element B = 1+ z + 2% is a generator of Oy, both as Ay ,q-module and as Apy-
module.

3.5 Totally ramified biquadratic extensions of Q;

Let L/Q, be a totally ramified quartic extension of 2-adic fields with elementary
abelian Galois group G = C; x C. By [Ri095, Section 2.6], L is the splitting field
over Q of one of the polynomials

1, 425 4?49, 1 —4x?+0o.

Even though none of these polynomials is 2-Eisenstein, the powers of a root of each
of them generate an integral basis. Indeed, all of them have discriminant with 2-adic
valuation 8, and this coincides with the discriminant exponent of L. This is deduced
from applying Proposition 1.24 to the chain of ramification groups of L/Q>, which
is

CzXCQDCZXCzDCZDCZD{l}.

3.5.1 Classical Galois structure

As in the previous sections, we work first with the classical Galois structure H.. We
will determine the Gram matrix with respect to a convenient basis to then carry out
a change of basis for each polynomial. We know that L/Q> has three intermediate
quadratic subfields E;, i € {1,2,3}. Let us write E; = Qy(z;) with z; € E;, z; ¢ Q2
and zi2 € Q; for every i € {1,2,3}. Then L has a Q-basis B, = {ei}?zl given by
e1 = land ¢; = z;_4 fori € {2,3,4}, which of course need not be an integral basis.
We may assume that E; = L9, E, = LY and E5 = L7, Since z1z, ¢ Eq, E; and
(z122)% = 2323, necessarily there exists r € Q, such that zz = rz1z,, and G acts on z3
as on the product z1z;. Then the Gram matrix with respect to this basis is

€1 e €3 €4
€1 —€n €3 —éy
€1 € —e3 —¢&4
€1 —€ —e3 €4

G(HC/ LBC) =

What we do for each case is to change the Gram matrix from B, to the power inte-
gral basis B = {1,a,42,a%}, where a is a root of the polynomial f that defines the
extension.
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Case 1: f(x) = x* +1

The intermediate fields in this case are given by E; = Qa(v/—1), E; = Qz(ﬂ) and
E; = Q2(v/—2). A root of the polynomial f is « = %, and we have

> =+v—-1, o= —_ﬁ+ _2.

2
Then, we have
100 0
001 0
B __
BTl p o
030 ;3
Now,
en 34+% e —%+%
@ §-% e —§-%
G(H., Lp) = G(H,, Lg,)P§ = o
e1 —3 =3 e -

<] ¢4
2 2
] [}
2 2

+

We pass the coordinates of each entry from B, to B by applying Pp¢, and we obtain

1 « o? a3

1 —a® —a?> —a
G(He, Lp) = 1 —a a2 —a°

1 a® —a® «

From this we can determine the matrix of the action M(H,, Lg). Its Hermite normal
form is

OO O -
SO =k O
OSON O =
= N

This gives the Z,-basis of % g,

—1g +0? —1G+0'—0'2+0'3}

1// 7
{GU 2 4

On the other hand, given g € Oy,
Dg(Hc, L) = —8B1B3(B2 + Ba) (B2 — Pa)-

In particular, for B = 1+ & + &2 this is —8, so this f is a normal integral basis gener-
ator.

Case2: f(x) = x*+25

In this case, the intermediate fields are E; = Qu(v/—1), E2 = Q2(v/10) and E3 =
Q2(1/—10), and the integral basis is B = {1,«,42,a%}, where

“:—.10+ "_10, zxZ:S\/—l, a® =5— 10+ _10.

2 2
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Then, in this case

1 00 O
0 05 O
B
oo
0 ;0 3
Now, the Gram matrix is
1 o2 a3
1 — © -
G(He, Lp) = 1 —gc a2 —ad
1 "‘—53 —a?2  ba
The Hermite normal form of the matrix of the action turns out to be
1 01 2
01 0 -1
D= 002 21|’
0 00 4

exactly the same as in the previous case, so we obtain the same basis of 4 ,q,. Now,
for g € Oy,

Ds(H,, L) = —P1Ps (P2 = gﬁo (B2 +5 pa)

For B =1+ a + a?, this is — %, proving that f is a normal integral basis generator.

Case 3: f(x) = x* +4x2 +9

The intermediate fields for this case are E; = Qx(v/—5), E2 = Qz(\@) and E5 =
Q2(1/—10), and we have

(x:iﬁ—'— _10, w* = —2+4+/-5, s V2 _10.

2 - o= 2
The Gram matrix is

1 o o2 o’
3 3

1 — 4o+ —4— “2 7a+4ux

G(H., L) = 3 3
( cr ) 1 — aZ —0(3 ’
da+ao® A a2 7at4a’
1 3 4— 5

which leads to the Hermite normal form

101 2
010 -1
b= 002 2
000 4

Then, 2 /g, has basis

—1g + 02 —1G+0—02+0'3}

1
{ GI U-I 2 7 4

Let B € Or. One computes

Dg(He, L) = —g Bs (B2 — Ba) (B2 — 7 Ba) (B1 —2B3) -

For B = 1+ & + a?, we have Dg(H, L) = %, and its 2-adic valuation is 3, which co-
incides with I(H,, L) = vp(det(D)) = 3, so this is a normal integral basis generator.
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Case 4: f(x) = x* —4x>+9
We have the intermediate fields E; = Qa(v/—5), E2 = Q2(v/—2) and E3 = Qz(\/ﬁ).

The root of f and its powers are
ﬂ:\/jzz_m, 6(2:2—|-\/ —5, 063:7\/_722_‘_ \/ﬁ

We obtain the Gram matrix

1 x o’ o
3 3
1 4a—u 4 “2 _ 7a—4a
CEAE PR
1 40—’ 4 — ,Xz 7a—4a

-1
2 4
4

SN O -

just exactly the same as in the previous case, and then the basis of 2; /q, is also the
same. For B € Oy,

Da(Hey L) = — 3 s (B2+7 i) (B + Ba) (1 +263).

Setting B = 1+ a + a2, then Dg(H., L) = 8, so this B is a normal integral basis
generator.
3.5.2 Non-classical Hopf Galois structures

Let us consider the non-classical Hopf Galois structures H; := Hr,1 of L/Qy, i €
{1,2,3}. By Section 3.1.2, a basis of H; is

d, i 0+ pirp, (1 — pna)2it,
where z; € E;. Asin Section 3.3.2, we call these bases {u;}# ;, {v;}%_, and {w;}}{ |, re-
spectively. Since the intermediate fields are fixed, the bases are uniquely determined
by the convention that E; = LM, E; = LY and E5 = L7,
Case 1: f(x) =x*+1
If f(x) = x* + 1, then E; = Qa(+/—1), Ex = Q2(v/2) and Ez = Q,(1/—2), so

1 « o2 o3
1 —« o2 —ad
GHLL =, o 52 o |’

0 2« 0 —2a°
1 o o? o3
1 —ad —a? —

G(Hz, L) = 2 —a+ad 0 a—aod|’

0 —2a% 2a+2a% —24a2
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1 o o2 a3
-1 o’ —a? o
G(Hs, L) = 2 —a—ad 0 —a—ad

0 202 20 — 208 —2a?

The corresponding matrices of the action M(H;, L) have Hermite normal forms

1120 10 -10
0222 01 -1 0
D(H, L) = 00 40| D(Hy, L) = 00 4 0]’
000 4 00 0 2
1010
0110
DHsL)= 10y o 2 o
000 2

Then, for i € {1,2,3}, Ay, has Z,-basis

{u —uy+up Uy +up +ugz —2uz+u4}
1, 2 7 4 ’ 4 7

U1+ U2+ 03 U4
{vllUZI f/ 3}’
—W1 — Wy + W3 Wy
{wl/wZ/ 2 /7}/

respectively. Concerning the freeness, for § € Op, we have
Dlg(Hl, L) = —32,51[%2,63[%4/

Dp(Ha, L) = 8B1(B2 — Ba) (B3 + 2P2Pa + 285 + Bi),
Dp(Hs, L) = —4B1(B2 + Ba) (B3 — 22ps — 23 + B3).-

The powers of a form an integral basis of eigenvectors for Hy. Then, O is g, -
free with generator B = 1+ a +a? +a3. Fori € {2,3}, Oy is also Ay -free with
generator B = 1+ a + a2.

Case 2: f(x) = x*+25

In this case, the Gram matrices are

1 ® o o
1 _z —a? —5u
G(Hy, L) = 5
(Fa L) 2 —a+ "‘5—3 0 50 —
0 —2ua2 100 + 203 —10a2
1 o o? o3
1 o« —a? 5a
G(Hs,L) = 5
( 3 ) 2 —a— ’%3 0 —50 —ad
0 2a? 1062 —1042
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The Hermite normal form of the matrix of the action at each Hopf Galois structure is

1120 10 -1 0
0222 01 -1 0
D(H, L) = 00 4 0] D(Hz, L) = 00 4 0]’
000 4 00 0 2
10 -10
01 -1 0
DH,L)=19 0 4 o
00 0 2

Then the associated orders have Z,-bases

{u1 —uy +up up+up+us —2u2+u4}
o2 4 ’ 4 ’
U1+ 02+ 03 U4

4 ’E}’
w1+ Wy + w3 Wy

4 ’7}

{01,02,

{wL wy,

Concerning the freeness, given p € Oy,

Dg(Hi, L) = —32B1f2B3P4,
Dg(Hy, L) = —gﬁl (B2 —5PB4) (/322 410 B2 By + 10 852 +25,/342) )

Dg(Hs, L) = —gﬁl (B2 —5PB4) (B2+5P4) (B2+5B3 —5P4).

Again, the powers of « are eigenvectors of the action of Hy, so Oy, is ™y, -free with
generator B = 1+ a + a2 + . As for the other two, one checks easily that O} is
2, -free with generator B = 1+ a + a? and 2p,-free with generator g = 1+ a.

Case3: f(x) = x* +4x>+9

The Gram matrices for the non-classical Hopf Galois structures are

3

3
44202 AW 56 0gy?

1 o o? o
1 —a o? —ad
GHLL)=|, o _g_22 0 |-
20 —4a’ —440—2a°
0 n 3 X 0 013 X
1 o o2 o’
1 _ a4’ 4 — “2 7a+4a®
G(H2/ L) = D) ﬁ 4 —7oc3—7o<3 ’
3 s 3
0 —4-—2¢% Mf2 44 0,2
1 o o2 o3
1 4 +ad —4— “2 —70—4a’
G<H3/ L) = 2 —7a3—a3 4 704-3i-a3
0
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The Hermite normal forms for this case are once again

1120 10 -10
0222 01 -1 0
D(Hy, L) = 00 40| D(Hy, L) = 00 4 0]’
000 4 00 0 2
10 -1 0
01 -1 0
DHs,L)=149 0 4 ol
00 0 2

just as in the previous case, so the bases are the same. Now, for B € O, one com-
putes

32 B3 (ﬁzz +B2ps—11 ﬁ42> (B1—2B3)
_ - ,

Dp(Ha L) = —3 (B2 =7ps) (B2 — 2261+ 2552+ Bi2) (b1~ 255),

Dy(Hi, L) =

Dg(Hs, L) = —g (B2 — PBa) (522 — 218, B4 —10B3> + 98 542) (B1—2Bs).

In this case, Oy is Ay -free for i € {1,2,3}, and the element =1+ a + a? is always
a generator.

Case 4: f(x) = x* —4x2 +9

The Gram matrices are

1 o o2 a3
1 —a o2 —a3
G(H{,L) =
( 1, ) 2 0 8 — 202 0 /
—20—4a — 4404208
0 3 0 3
1 o o2 o’
3 3
1 —4a+o 4— IXZ —70+4n
_ 3
G(Hz, L) ) a—ad 4 Ta—70° ’
3 3
0 5—5a2 —14a+2a° 5—5a>
3 3 3
1 o o2 o’
3 3
1 4a—u 4 — le 7a—4a
_ 3 3
G(H3’ L) - 2 —Za+ad 4 —7a+ad

3 3
44247 10108 og 4 1442

The corresponding matrices of the actions have Hermite normal forms

o

1120 10 -10
0222 01 -1 0
D(Hy, L) = 00 40|’ D(Hy, L) = 00 4 0]’
000 4 00 0 2
10 -1 0
01 -1 0
DHs,L)=19 o0 4 ol
00 0 2
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as in the previous two cases, so we obtain the same bases.

Let us study the freeness. Given 8 € O, we have

32 B3 <,322 —B2Bs—11 ﬁ42) (B1+2B3)

Dg(Hy, L) = — - ,
Dg(H, L) = 8 (B2+7P4) (B2 + Pa) (352 — B3 +3B4) (B +2ﬁ3),

8
Dp(Hs, L) = 5 (B2 + Pa) (:’322 +14 B2 fa + 10 B5° +49 ﬁ42) (B1+2ps).
For the last two cases, Oy is 2y, -free with generator B = 1 + a. As for the first one,
Oy is Ay, -free with generator B = 1 + a + a>.
3.5.3 Summary of results

Looking back at the results obtained, we see that we have obtained the same be-
haviour in the classical Galois structure, regardless of the defining polynomial. It is
in the non-classical Hopf Galois structures where the behaviour may differ.

Theorem 3.28. Let L/Q; be a biquadratic extension of 2-adic fields.

1. In the classical Galois structure, the associated order 4y ,q, has Z-basis

—1g +0? —1G+a—(72+a3}

{16"7’ 2 4

Moreover, B = 1+ a + a? is always a generator of Oy as Ay ;q,-module.

2. At case 1, the associated orders g, , Ap, and Ay, have Z,-bases

{u —uy+uy Uy +ux+uz —2M2+u4}
1, > ’ 4 s 4 ’

U1+ 02+ 03 Uy
{01,02, -1 ,?},
—W1 — Wy + W3 Wy
{wl/w2/ 2 /7}/

respectively. In the other three cases, those bases are

{u —u1+up uy+up+uz —2uz+u4}
1, > 7 4 ’ 4 ’

{v o U1+ U2 + U3 V4 }
1,02, 4 7 ) ’
{w w Wy + Wy + W3 %}
1, W2, 4 ’ )
3. At each case, Oy is Uy, ~free for all i € {1,2,3} and a generator is indicated in the
table below.
Case H, H, Hj3

1 T+a+a?2+a’ | 14+a+a? | 1+a+a?
2 [ 1+a+a?+a’ | 1+a+a? 1+a
3,4 1+a+ a2 T+a+a?Z | 1+a+a2
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Chapter 4

Separable degree p extensions with
dihedral Galois closure

We have seen that we can apply the reduction method to low degree Galois exten-
sions with success in most of the cases. Moreover, in Chapter 2 we worked with the
main example of [GP87], which is an extension that is not Galois. This is an example
of the simplest case of Hopf Galois extensions that are not Galois; namely, for an
odd prime number p, a separable non-normal degree p extension E /K whose Galois
closure L has Galois group over K isomorphic to the dihedral group D,.

By Proposition 1.12, such an extension E/K is indeed Hopf Galois, and by the
generalized Byott Uniqueness Theorem 1.17, it has a unique Hopf Galois structure
Hji, which is almost classically Galois. In this chapter we study these extensions, and
when they are Hermite, we consider the problem of determining the Hopf Galois
module structure of Op. Concerning the example in [GP87], we could even deter-
mine a normal integral basis because the action of the Hopf Galois structure is given
explicitly, and the Hopf algebra was described using descent theory. In general a
description like that one is not available. In the first section we give a basis of the
Hopf Galois structure using a different approach, the one given by Greither-Pareigis
theory.

It is in the second section when we assume that the extension is Hermite, and we
discuss all requirements we need so as to apply the reduction method. In the third
section we determine the entries of the Gram matrix G(Hj, E), and sinceitisa p x p
matrix, we carry out the reduction with concrete cases: K = Q3 and K = Qs. We
will find a basis of the associated order 2y, at each case and prove that O is always
Ay, -free.

4.1 The unique Hopf Galois structure

Let E/K be an extension of arbitrary fields of degree p which is non-normal and
whose Galois closure L has Galois group over K isomorphic to D;,. We use Greither-
Pareigis theory so as to describe the unique Hopf Galois structure of E/K.

Let us analyze the unique Hopf Galois structure of E/K. Let G = Gal(L/K)
and G’ = Gal(L/E). Since G is the dihedral group of 2p elements, it has p order 2
subgroups and a unique order p one. By the fundamental theorem of Galois theory,
this gives the lattice of subextensions of L/K: it has p different degree p subexten-
sions, among which it is E/K, and a unique quadratic subextension that we call F /K.
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We establish a presentation of G
G=(o,t|o? =1*=1, 10 =" '7).
The unique order p subgroup of G is ] = (¢), while the p order 2 subgroups are
<UdT>,0§d§p—1.
Let us choose such a d so that G’ = (7). Then,
G/G ={1g,7,...,0P"1},
where o = {¢, 0?1} forevery 0 < i < p — 1.

As already mentioned, E/K has a unique Hopf Galois structure. Let A: G —»
Perm(G/G’) be the left translation map. By Greither-Pareigis theorem, there is a
unique regular subgroup Nj of Perm(G/G’) which is normalized by A(G). One can
easily check that N; = A(J) satisfies the required properties. Let us call # = A(0),
which can be expressed as the permutation (15,7,...,07~1) of the quotientset G/G'.
This element is the generator of Ny, that is,

Ny = (@) = {Id,i,... 7" '}.

Next, we determine the Hopf algebra H; = L[N;]© of this Hopf Galois structure.

Theorem 4.1. The Hopf algebra of the unique Hopf Galois structure of E/K has a K-basis
formed by the p elements

w =1d, w;=z@ -, Wpay; = 7+,
wherel <i < ’%1 and:

* i = A(0) € Perm(G/G') is the image of o by the left translation map A .= G —>
Perm(G/G’) of G into Perm(G/G’)

o z = \/d is any element such that d € K and d ¢ K2, so that F = K(z).

Proof. Let x € Hj. Since H; C L[Ny], there are elements g; € Lwith0 <i < p—1
such that

p—1
x=)Y aj.
i=0
The action of G on Nj is given by

o@) =p T@=F"
Now, since x € H, it is fixed by the action of G on Hj. Then,

p—1
x=0(x) = ;} o(a;) i,
-
x=1(x) = ;}T(ﬂz)ﬁ l
-
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where in the last line we consider the subscripts mod p. The first equality gives that
o(a;) =a;forall0 <i<p—1,s0a; € L{) = F. On the other hand, the second one
yields 7(a;) = a,_; for every i. Since subscripts are mod p, T(a9) = ao, giving that
ag € K.

Now, a; € Ffor1 < i < p, so there are al(l),afz) € K such that q; = atV + 0z,

(1) 2) Z1) 1(2)

For those values of i, T(a;) = a;’ —a;”'z,butalso 7(a;) = a,_;,s0a,_; =a; ' —a;”z
Then,
p-1 p-1
2 X 2 .
x = agld + E(al(l) +a® ) + Z(aﬁl) —az2)jiiy
i=0 i=0 (4.1)
p—1 p—1

N‘

al (7 + ) + Pz ).

:a01d+
i=0

Il
o

This proves that x belongs to the space generated by a K-basis as in the statement,
so such a space contains H;. But both of them have dimension p, so they coincide.
O

It is not difficult prove a more general result for separable degree p" extensions
(see Appendix A).

Remark 4.2. Let A: G — Perm(G) be the left reqular representation of G. Since the
powers of 4 = A(c) factorize through G’ as permutations of G, the groups A(]) and A(])
can be identified by establishing A(c') = A(c?), and in particular, = u. Hence, from now
on, we will take the elements of the basis of Hy in the statement above with the powers of u
instead of .

Remark 4.3. The elements wy, for k even (resp. odd) can be described as linear combination
of even (resp. odd) powers of wy = z(u — u~1), so they generate Hy as K-algebra. That is,

Hy = Klz(p—p ).

4.2 The integral setting

Now, let us assume that E/K is Hermite and char(K) # 2. Hence, the extension has
an integral setting and we want to determine a basis of 2, and the structure of Og
as Ay, -module, where H; is the unique Hopf Galois structure of E/K.

We know a basis of H; from Theorem 4.1. We first show that this is also an Ok-
basis of O [N]©, the naive O-order in H.

Corollary 4.4. If vg(z%) < 1and O = Ox|z], then the elements {w;}!_, of Theorem 4.1
form an Ok-basis of the Ox-order O [N]C in H.

Proof. We follow the same steps as in the proof of Theorem 4.1 with an element
x € OL[N]©, so in this case

p—1 ,
v = L
i=0

with a; € Op. We have thatay € KN O, = Ogand a; € O, NF = Of. But O =
Ok|z], so we may obtain a description as in (4.1) with the coefficients in Ok. O
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Using the basis in Theorem 4.1, we will apply the reduction method so as to de-
termine a basis of Ap,. To this end, we need to know an integral basis on O and
how Hj acts on this basis.

We discuss the problem of determining an integral basis. It depends strongly
on the nature of the fields, and so nothing can be said in general. Throughout this
chapter, we will work with the hypothesis that E /K has a power integral basis. There
are some sufficient conditions for this to happen. We are interested in extensions of
p-adic or number fields. If E/K is an extension of p-adic fields, it is enough that
the irreducible polynomial of a primitive element & over K is rrg-Eisenstein. If we
choose the base field to be Qy, then it is always possible to ensure that condition (see
[AE12, Theorem 5.2]):

Theorem 4.5 (Amano polynomials). Let E/Q, be a degree p extension of local fields
whose Galois closure L/Qy is dihedral of degree 2p. Then, E is generated by some root of
one of the polynomials:

1. Ifp =3,
¥*+3, x¥*+12, x®+21,

P +3x+3, P+6x+3, x°+3x2+3.

2. Ifp>3,
W 2px'T £, 4 p(p-2x'T £p, W T g,

For p > 3, the inertia subgroup of the Galois group of L/Q, is D, for all polynomials except
xP + pxP~1 + p, in which case the inertia subgroup is Cp.

The polynomials of the previous result will be referred to as the Amano polyno-
mials henceforth. All of them are p-Eisenstein, so in those cases by Theorem 1.20 we
have that the powers of a root « is an integral basis of E. In practice, we will some-
times need to replace f by other polynomial generating the same extension, just as
in Section 2.7.2.

As for extensions of number fields, it is known that extensions of quadratic or
cyclotomic fields have a power integral basis, but beyond that, the available criteria
are much more specific. In Section 4.6, we examine the case in which K = Q and
L = Q(y/m) for m € Z cubic-free.

4.3 The Gram matrix of E/K

To apply the reduction method, the unique ingredient left is the Gram matrix G(Hy, E)
where in H; we fix the basis of Theorem 4.1 and in E we choose an integral basis.
Actually, we will fix a power basis generated by an element « € Og. This is enough
when the basis is integral. The action of H; on E when taking these bases can be
expressed in general by means of Lucas sequences.

Let f be the irreducible polynomial of x. We use the same idea of Section 2.7.2:

we write
flx) = (x —a)fi(x),
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where in this case f1 € E[x] is a polynomial of degree p — 1. Now we use the hypoth-
esis that the Galois closure of E/K has Galois group D, over K to group the roots
of f1 in a convenient way. Indeed, the hypothesis implies that the Galois closure of
E/K is quadratic over E, so

-1

filx) =TTP(x),

1

~

with P; € E[x] quadratic polynomials. Let us write
Pi(x) =x*>— Ajx+B;, A;,B; € E,

forevery1 <i < pT_l. Letuscalld; = A? — 4B; € E the discriminant of P;. Then, the
roots of P; are

Ai + Vd; Ai —d;

Ko = 5 ’ X3 = 5

We can assume without loss of generality that o~ (a) = a,; forevery 1 <i < pT_l
(otherwise we would reorder the polynomials P;). Then,

3 = T(a;) = 707 (1) = o't(a) = 7' ().

In other words, the roots of P; are ¢~/(a) and ¢?(a). Looking at the form of the
elements of the basis of H;, we have to deal with sums and differences of each pair
of roots of P;. The suitable tool to deal with such objects are Lucas sequences.

Definition 4.6. Let K be a field and let A,B € K. The Lucas sequences of first kind
Qj(A, B) and of second kind V;(A, B) for the parameters A, B are defined by the expres-
sions

Uo(A,B) =0,
Ui (A,B) =1,
Ui(A,B) = AUj (A, B) — BU; »(A,B), j > 2,
Vo(A,B) =2,
Vi(A,B) = A,

Vi(A,B) = AV;_1(A,B) — BV (A, B), j > 2.

The characteristic polynomial of U;(A,B) and V;(A,B) is defined as P(x) =
x? — Ax + B. The relation of the sequences with the roots of the polynomial is given
by the following result, whose proof is straightforward by induction on j.

Proposition 4.7. Assume that the discriminant d = A% — 4B of P is non-zero and let
Ny = A%‘/a and a3 = A’T\/ﬁ be its roots. Then,

i
Ky — &

N

Vi(A,B) = o) + .

Ui(A,B) =

We compute the action of H; over E as follows:
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Theorem 4. 8 Let us consider the basis W = {w;}!_, of Hy as before and the integml basis

B = {« }p of E. Call d; the discriminant of P,. Then, for every 1 < i < 22 and every
OS]Sp—l

w1 - [Xj = ajr W14+ lxj = u](All Bi)@zl wP+1 = ‘/]'<Ai/ Bl)

Proof. The first equality is trivial since wy = Id. Let1 < i < = Land 0 < j<p—-1
Then,
wiyi o) = (2(p' = p) o) = (7)) — o'(a))z
(“]21_“31)2_ (Aj, B)\/djz
o = +p) o =07 (W) + 0 (o)
=y oy, = Vi(A; B))
O

Remark 4.9. This result shows the reason why we have chosen a;; = 0~/ (a). Other-
wise, since j acts on elements of L as 0!, we would have wy ;- o/ = —U;(A;, Bi)v/d;z.
Another option is to identify G and A(G) by identifying ¢ with y = A(c), which in
terms of actions means to replace y by —p.

Corollary 4.10. Let us call U;(P;) = U;(A;, B;) and V;(P;) = V;(A;, B;) forevery 1 < i <
pT_l. The Gram matrix of Hy is

1 I ap1
Uo(P1)v/d1z Uy (Pr)vdiz U,_1(P)Vdyz
Uo(Py)/doz Uy (Py)\/doz Uy—1(P2)V/doz
G(HllE): uO(Pqu) de—IZ ul(Pqu) deqZ upfl(Pqu) de_lz
Vo(P1) Vi(Pr) Vp-1(Pr)
Vo(P2) Vi(P2) Vp-1(P2)
Vo(PﬂTfl) Vl(Pv%) Vp—1(PPT4)
Note that Corollary 4.10 implies that \/d;z € E for every 1 < i < =, That is,

\/d; is the product of an element of E and z. But recall that z can be any element such
that z2 € Og and z € O — Ok. In practice, what we will usually do is to choose z
after computing /d;, so that the expression of \/d;z is convenient enough.

All the previous considerations lead to the following method to compute G(Hy, E):

1. We factorize the polynomials f in terms of a root « to compute the polynomials
PeEx,1<i<i!t

2. Forevery1 <i < pT_l, we compute the square root of d; = 4 /Af —4B;.

3. We determine the entries of G(Hj, E) following Corollary 4.10.
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Once we have computed G(H;, E), if the power basis is integral, we can deter-
mine M(Hj, E) from its entries and use the reduction method to obtain a basis of 2y
and determine the freeness of O as 2Ay-module.

Thus, if we know explicitly an Eisenstein polynomial f of a generating root of E,
this would lead to a description of the Hopf Galois module structure of Og. This is
possible when K = Q,, thanks to Theorem 4.5. Unfortunately, the general expression
of the terms of the Lucas sequences Uy (A, B) and Vi (A, B) with respect to A and B
is very complicated as k increases. We also need to compute the square root of the
discriminants d; of the quadratic polynomials P;, something difficult to find explic-
itly unless the degree is very low. For those reasons, when K = Q,, we have been
able to carry out all the explicit computations only for p = 3 and p = 5.

4.4 The case K = Q3

Let E/Q3 be a separable degree 3 extension with Galois closure Ds. Then, E = Q3(«)
with a a root of one of the polynomials

x3—|—3, x3—|—12, x3+21, x3—|—3x—|—3, x3—|—6x—|—3, x3 +3x% + 3.

These polynomials correspond to [LMFDB, p-adic field 3.3.5.1, p-adic field 3.3.5.3,
p-adic field 3.3.5.2, p-adic field 3.3.3.2, p-adic field 3.3.3.1, p-adic field 3.3.3.4], respec-
tively. We divide them in three groups. The first three are of the form x3 + 3a with
a € {1,4,7}, and these are the radical cases. The next two polynomials may be ex-
pressed by x® + 3ax + 3 with a € {1,2}, while the sixth polynomial is the unique one
for which L/Q, is not totally ramified. From now on, these will be called the first
and second group and the singular case, respectively.

4.4.1 The action on the 3-part

The extension E/Q3 has a unique Hopf Galois structure H; with Qz-basis
wy =1d, wp,=z(u— ;Fl), w3 =Y+ ;fl

where y = A(0) and z is any quadratic element in L. Let f denote one of the previous
polynomials. We know that

f(x) = (x —a)P(x),

where P(x) = x> — Ax + Band A, B € E. Let d be the discriminant of f. According
to Corollary 4.10,

1 « a?
G(H,,E)= |0 Vdz AVdz |.
2 A A?2-2B

Since the first terms of Lucas sequences are well known, the matter is to determine

Viz.

Let f be a polynomial of the first group. Using Ruffini algorithm one checks
easily that
f(x) = (x —a)(x® + ax +a?),


https://www.lmfdb.org/LocalNumberField/3.3.5.1
https://www.lmfdb.org/LocalNumberField/3.3.5.3
https://www.lmfdb.org/LocalNumberField/3.3.5.2
https://www.lmfdb.org/LocalNumberField/3.3.3.2
https://www.lmfdb.org/LocalNumberField/3.3.3.1
https://www.lmfdb.org/LocalNumberField/3.3.3.4
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thatis, A = —a and B = a?. Then, the discriminant of the quadratic polynomial is
d=A>—4B = a* — 4a® = 307,
Let us take z = v/—3. Then, v/d = az. Thus, one obtains
1 a a2
G(Hy,E) = (0 —3u 3042) )
2 —a —a?
We move to the second group. Fix a root « of f. Now
f(x) = (x — a)(x® + ax + a* + 3a),
thatis, A = —a and B = a2 + 3a. Then,
d = a® —4(a®+3a) = —3a> — 122 = —3(a® + 4a).
To compute its square root, we distinguish cases again.

If a = 1, we need to compute the square root of —3a? — 12 in L. To do this, we
solve a system of equations. Let a? + la + m € E and r € Q, such that

—3a% — 12 — r(a® +1la +m)* = 0.
Expanding the expression and associating by powers of «,
(=34 (—I*—2m)r)a®+ (—2Ilm+3)ra — 12+ (61 —m*) r = 0.
The system of equations
—3+ (—2=2m+3)r=0

)
—2r(=3+(m—-3)1)=0
—12+4 (—m*+61)r =0

has as unique solution over Q3

meaning that

12 3
2,2 _ 2 2 2
3a”—12 = 3 (a 204—1—2) .

This can be rewritten as

3
—3a?-12 = —E(20¢2 — 3 +4)2.

Then,
-3
\/a: ﬁ(2a2—30¢—|—4),

where we have chosen the sign by convention (choosing the negative of this quan-
tity would mean exchanging «> and a3).
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Let z = +/—39. Since 13 = 1 (mod 3), V13 is a square in Q3 and actually F =
Qs3(z). Then,
Vdz = —6a% +9a — 12.

If a = 2, we need to compute the square root of —3a2? — 24 in L. Proceeding as in
the previous case, we find that

—3a% —24 = —%(zm2 — 30 +16)2.

Hence, choosing again the sign by convention,

Vid = _i41(—40c2 + 30 — 16).

Let us choose z = +/—123. Since —41 = 1(mod3), v/—41 is a square in Q3, so
F = Q3(z) = Q3(V/3). Then,

Vidz = —12a% 4 9a — 48.
Now, it is easy to fill the whole matrix G(Hj, E). We have
1 bt a?
G(Hy,E) = (0 —6an’® 4+ 9a — 12a*> —9a® — 6a%a — 18a> .
2 —o —a® — 6a
Finally, let us assume that f(x) = x® 4+ 3x% 4 3. Let us fix a root « of f. Then,
flx) = (x —a)(x® + (a +3)x +a® + 3a),
thatis, A = « + 3 and B = &% + 3a. We compute
d=(a+3)%—4(a®+3a) = —3a*> — 68 +9.

In this case,
1
—3a% —6x+9 = —§(2oc2 +9a + 3)?

Vid = \/j;(—2(x2 —9x — 3).

Letz = v/—7. Then F = Q3(z) = Q3(v/—1) and

\/Hz:2a2—|—9oc—|—3.

Thus,

From here, we deduce

1 o o
G(H,E)= |0 2a®>+9a+3 —9a%—30a —3
2 —a-3 —a2+9
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4.4.2 Basis of /Ay,

For the radical cases,

1 0 2
0 0 0
0 0 0
0 0 0
M(H,E)= |1 -3 -1/,
0 0 0
0 0 0
0 0 0
1 3 -1

while for polynomials of the second group, we have

1 0 2
0 0 0
0 0 0
0 —12¢> 0

M(H,E)=|1 9 -1
0 —6a 0
0 —18z —6a
0 —6a2 0
1 -9 -1

In both cases, the Hermite normal form turns out to be

1 0 -1
D(H,E)=(0 3 0 |.
00 3
The columns of its inverse
10 3
D(H,E)y'=10 1 0
00 3

provide a Z3-basis of Ay

wy w1+ ws
w1, ?1 3

for the five polynomials.

Note also that for the radical cases, E/Qj3 has the eigenvectors property with
respect to its unique Hopf Galois structure. The matrix of eigenvalues is

1 0 2
A=|1 -3 -1,
1 3 -1
L[2 2 2
a=2(o -1 1],
6\ 1 21

with inverse
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Then, in the radical cases, Ay, has also the Z3-basis of pairwise orthogonal idempo-
tents

w1 — w3 2w — Wy — w3 2w + wy — ws
3 7 6 ’ 6 '

Finally, for the singular case,

1 0 2
0 0 O
0 0 O
0 3 -3
M(H,E)=11 9 -1/,
0 2 0
0 -3 9
0 30 O
1 -9 -1
and the Hermite normal form is
1 0 -1
D(H;,E)=10 1 0
00 3

This provides the basis of Ay

w1y + w3
w1, W3, 3 .

4.4.3 Freeness over 2y

Let f be of the first group. Since 3 appears twice in the diagonal of D, I(Hy,E) = 2
in this case. On the other hand, given € = €1 + exa + €302, the matrix associated to

this element is
€1 0 2e 1

Me(Hi,E) = |e2 —3e2 —er |,
€3 363 —€3

with determinant 18e1e¢e3. If € = 1 4 a + a2, then
v3(De(H1,E)) =2 = I1(Hy,E),
so Of is Ay-free and € is a generator.

For the second group, the matrix associated to an element € = €; + €2 + e3n? is

€1 —12a%¢; — 18ae; 2e; — 6aes
Me(Hl, E) = | €2 962 — 66!263 —€7 P
€3 —6aer; — 9¢3 —€3

with determinant
De(Hy, E) = —18 (aex* + 3eser — a’es”) (€1 — 2a€3) .
If e = 1 + &, then the determinant is —18a, and so

Ug(De(Hl,E)) =2 = I(Hl,E).
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Thus, Of is Ap-free with generator e.

Finally, if f is the sixth polynomial,

(61 —9¢34+9¢; 2€1+9€3—36 )

M€<H1, E) = € —90e3+27¢ —€7

€3 —27€3+6¢6 —€3
with determinant
De(Hl,E) =6 (622 —9e36y + 15 632) (61 — €+ 363) .

In this case, OF is Ay, -free with generator € = 2 4 a.

444 Summary of results

For the case p = 3, we have proved the following:

Theorem 4.11. Let E/Qs3 be a separable degree 3 extension with dihedral degree 6 Galois
closure and let Hy be its unique Hopf Galois structure.

1. The associated order Ay, has Z3-basis

Wy Wy + w3
w1, ?/ 3

for all polynomials but the last one, in which case a basis is

w1 + w3
w1, W2, .

3

For the first three polynomials, Ap, has also a Z3 basis of pairwise orthogonal idem-
potents

w1 — w3 2ZU1—ZU2—ZU3 2W1+W2—W3
3 7 6 ’ 6 '

2. Ok is Up,-free and a normal basis generator can be determined explicitly at each case.

4.5 The case K = Qs

If p = 5, then L is the splitting field over Qs of one of the polynomials
X+ 15x* +5, x°+10x*+5, x°+5x*+5,

which we call f as usual. Those polynomials appear in [LMFDB, p-adic field 5.5.6.2,
p-adic field 5.5.6.1, p-adic field 5.5.8.6], respectively. The majority of the field-theoretical
considerations for this case are completely analogous to the case p = 3, so we will
usually skip them.

However, there are some important differences. For instance, p =5 =1 (mod 4),
which implies that the Galois group of L/Qs, which is Ds, is contained in the al-
ternating group As. By Galois theory, this is the same as saying that disc(f) is a
square in Qs. Then, we cannot use the square root of the discriminant to identify the
quadratic subextension of L/Qs. We will get that information from the discriminant
of the quadratic polynomials in the decomposition of f in E[x]. The other difference
is that for a root « of f, the factorisation of f in L does not have coefficients in Q(«),
so we will need to replace f by another polynomial with that property generating
the same extension.


https://www.lmfdb.org/LocalNumberField/5.5.6.2
https://www.lmfdb.org/LocalNumberField/5.5.6.1
https://www.lmfdb.org/LocalNumberField/5.5.8.6
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4.5.1 The action on E

Let H; be the unique Hopf Galois structure of E/Qs. A basis of Hj is given by
w; =1d, wy=z(u— }fl), w3 = Z(VZ - .”72)/
wy=pAp, ws =t
where z € L is a square root of some element in Qs. Let f be the Amano polyno-
mial defining L/Qs. For a polynomial ¢ defining the same extension, we have that
¢(x) = (x — a)Py(x)P,(x), where Pi(x) = x> — A;x + B; is a quadratic polynomial
with discriminant d; = AZZ —4B;,i € {1,2}. In this case,

“2 3 4

14 o o
Vdiz Adiz (A} —Bi)Vdiz (A} —2By)Vdiz
Vihz  Axdyz (A3 —By)Vdyz (A3 —2By)\/dyz

Ay A} —2B; Ai(A}-3B;) A}—4AlB,+2B?
Ay A3—2B, Ay(A}—3B,) A}—4A3%B,+2B3

G(Hll E) =

NN OO

In practice, as in previous cases, we will take g to be some polynomial that decom-
poses over Q(«) for a a root of g.

Assume that f is the first polynomial of the three above. By [LMFDB, Number
Field 5.1.23765625.1], L is the completion at 5 of the number field generated by a root
« of the polynomial

g(x) = x° —15x° — 10x? + 75x + 30,
so L = Qs(a). Moreover, g splits over E with

ot ad 74?2 5a
+3a — +- -4
3u 5>x g 3 3 5 0,

—a* — a3+ 1142
6

P (x) :x2+<

5 3% 5
—2a+5>x—a—(x+(x+10.

4, .3 2

o+’ —1la
P B - - -
»(x) x+< >~ 5t

6

Then, we have

—a* — a® + 1142 o
A= — 3a—5), Bj=—————+ — +10,
1 ( 6 + 3« > 1= 3 3 + 5 +
at +a% — 1142 o 302 5a
Ay = — (e e By= & 2 %y

2 < 6 4 +5> ’ 2 5 ) + B + O,

a® + 247 — 210 — 58a° + 121a* + 50403 — 14400 — 540

= 36 ’
J a® 4+ 207 — 21a® — 46a° + 157a* + 3964 — 20042 — 1080a — 540
2 = .

36

We compute the square root of dy:

a® 4+ 247 —21a® — 58a° + 121a* + 50443 — 1440x — 540 =

— _%(w +15a4% — 254% — 110a — 30)2.

Therefore,

1 3 (a4 3 2
= = e 1 - - 11 - .
Vi G (3a* + 150 — 25a 0x — 30)


https://www.lmfdb.org/NumberField/5.1.23765625.1
https://www.lmfdb.org/NumberField/5.1.23765625.1
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65 v/ —39
V3="3 ¥

Now, we have

and —39 € Z2, so the element

satisfies F = Qs(z) = Qs(+/5) and
\ﬁ&:%6ﬁ+wﬁ—%ﬁ—HM—an

Now we compute the square root of ds:

a® 4+ 207 —21ab — 46a° + 157a* + 3960° — 20042 — 1080a — 540 =

:-%%uﬁ+%ﬁ—%ﬁ—ym—mﬂ
Therefore,
— 1 -3 4 3 2
\/dz__6 65(11a + 2543 — 75a% — 270 — 30),
and

1
Vidyz = 8(11a4+25a3--75a2--270a-—30).

Now, we choose f to be the second polynomial. By [LMFDB, Number field
5.1.34515625],
g(x) = x° —35x% 4+ 50x + 20,

generates the same extension as f. Now, g decomposes over E with
4 3 2
_p2g (e _da 8am a8
H“y_x+< w2 2 Tmta)t
19 a* n 1143 n 260° 5654 n 170
42 21 21 42 217

oc74+50c3+80c2+41a_§ N
42 21 21 42 21
204 4 1142 654 80

o Tt T Toar

ot 503 842 o 85 19a4* 114 2642 56504 170
- /Blz + -

T2 Tmt;a L Tt T T

A <(x4 503 8a2 4la 85> 20 4% 1142 654 80
2 = — 7

o T T )T Tt T Tar
p a8 +2007 +132a% +318a° — 3296 a* — 7128 a3 — 14175 a2 + 95260 a« — 28220
1= 7
1764

a8 +20a” +132a8 + 4025 + 64 a* — 1752 &3 — 7455 a2 + 7900 « + 2020
1764 '

dy =


https://www.lmfdb.org/NumberField/5.1.34515625.1
https://www.lmfdb.org/NumberField/5.1.34515625.1
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We compute the square root of di. We have

a8 +20a” +132a8 +3184° — 3296 a* — 7128 0% — 14175 &% + 95260 & — 28220 =

441
735 — (a* +10a® 4 204 + 354 — 170)2.
Hence,
1 /441
Vdi = o 235( + 104 + 20a? + 35a — 170)
_ 1.2 (a* + 104> + 2042 + 350 — 170)
42 /235

Since v/235 = @m and 94 = 4 (mod5) is a square in Z/5Z, the element z =
/235 satisfies F = Qs(z) = Qs(1/10) and

iz = at +10a® + 2042 + 350 — 170
= > -

Now, we compute the square root of dy. In this case,

a8 +20a” +132a8 +4024° + 64 a* — 1752 &% — 7455 &2 + 7900 & + 2020 =
(53a* + 110 4 26042 — 2195& — 190)?
235

This implies that

11 2 —21 -1
vd 235 (53a* + 11043 + 260a> 954 — 190),

whence .
Vidoz = E(53oc4 + 1104> + 260a* — 2195x — 190).

Finally, we take f to be the third polynomial. In this case, the same extension is

generated by
g(x) = x° + 10x* + 50x° + 125x% + 150x + 60,

which is obtained by applying the change x +— x 4 2 to the polynomial [LMFDB,
Number Field 5.1.3515625.1]. Now, one has g(x) = (x — «)P;(x)Py(x) with

5a* +38a° —1500> +199a —40  a*  5a° 5la* 4750 345
1’

2 -
Pi(x) = x 2 YT T T2

5t 43803 + 15002 + 2210 + 180  3a* 2543 1012 170x 130
A2 et i
Py(x) = 2"+ 2 YT T 1 T T

5a* 4 38a% — 15002 + 1994 — 40 B at 543 51a? 4750 345
1 = — —_— PR

Av= 22 ’ 211 11 22 T
A, — 5004 382% +1500% +221a +180 3ot 250°  101a? 170 130
2T 22 S TR 11 1
dp = 484(25a + 38047 42944 «® + 13390 a° + 373124

455780 a® 4 18625 &> — 57720 & — 59120),


https://www.lmfdb.org/NumberField/5.1.3515625.1
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dy = 2548 4380 a” 4 2944 «® + 13610 a® 4 40568 a*

183"
475580 &> + 85065 o> + 49640 & + 9520).

We compute the square root of dy:

Vi = = _§ (9a* + 864> + 40242 + 8951 + 720).

Letz = v/—3. Then F = Qs(z) and

1
Vidiz = 7 (9a* + 864> + 40242 + 895 + 720).

As for d>, we have

1
Vidy = — _§ (7a* + 6243 + 25442 + 415 + 120).

Then,
1
Vidaz = Z<7“4 + 6243 + 2540° + 415a + 120).

Once v/d1z and \/dpz are computed in all cases, we can obtain all the entries of
G(Hs, E) following Corollary 4.10.

4.5.2 Basis of Ay,

We compute a basis for the associated order y,. The matrices of the action for the
tirst, second and third polynomial can be found in (B.16), (B.17) and (B.18) respec-
tively.

For the first polynomial, the Hermite normal form of M(H;, E) is

D(Hy, E) =

o oo o O =

0
1
0
0
0

o O a1 N O

0
0
0 O
1
0

and the columns of its inverse provide a basis for the associated order

—2wy + w3 w1 + wyq + ws
w1, wa, 5 s Wa, 5

Analogously, for the second polynomial, we obtain the Hermite normal form

10 0 0 —1
01 —20 0
DH,E)=| 00 5 0 0 |,
00 0 1 —1
00 0 0 5
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which provides the basis for Ay

2wy + w3 w1 + W4 + Ws
wl/ wZI 5 7 w4/ 5 .

Finally, for the third polynomial,

)

o

I
coocom
coormo
cor oo
o~ oo o

o

and we obtain the basis of the associated order

w1+w4+w5}
— 5 [

{wl,wz, W3, Wy,
4.5.3 Freeness over 2y,

From the above we can compute the associated matrix Mc(Hy, E) of an element
€ = €1 + e + €30 + e40% + esa* € O.

For the first polynomial, 5 appears twice in the diagonal of D, so I(Hj, E) = 2.
On the other hand,
De(Hy, E) = 2541 (€1, €2, €3, €4, €5)

for a product g; of homogeneous polynomials of degree at most 4 (see (B.19)). We
have that v5(25) = 2 and this coincides with I(Hj, E). Taking € = 1+ a + a? + a® +
a*,42(1,1,1,1,1) is coprime with 5, and then O is 2y, -free with generator €.

Moving on to the second polynomial, we have that I(Hj, E) = 2 and
Dc(Hy, E) = 50q2(€1, €2, €3, €4, €5)

for a product g, of homogeneous polynomials of degree at most 4 (see (B.20)). As in
the previous case, Of is Ay, -free with generator €.

Finally, for the third polynomial, I(Hy,E) = 1 and
DE (Hll E) - 100]3(61/ €2,€3,€4, €5)

for a product g3 of homogeneous polynomials of degree at most 4 (see (B.21)). For
€ =14 a+a?+ a3 + a* the determinant has 5-adic valuation 1, and again, Of is
Ay, -free with generator e.

454 Summary of results

For the case p = 5, we have proved the following results.

Theorem 4.12. Let E/Qs be a separable degree 5 extension with dihedral degree 10 Galois
closure and let Hy be its unique Hopf Galois structure.
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1. A basis of Ay, is

—2w;y + w3 w1 + wy + ws
w1, W2, 5 , Wy, 5 ’

2w, + w3 w1 + wy + ws
wi, Wy, 5 , Wy, 5 ’

ZU1+ZU4+ZU5}
5 7

for the first, second and third polynomial respectively.

{wll Wy, W3, Wy,

2. Ok is Ay, -free and a normal basis generator can be determined explicitly for each case.

Remark 4.13. The element W obtained in the three bases in Theorem 4.12

I 20,3 4 . ; . .
w. Likewise, for p = 3, the element “3*2 was obtained in

Id+pu+u?
3

is actually

all the bases in Theorem 4.11, and it is

p=1 i
Ls; £ (which acts on E as % times the trace map of ] = (o)) always belongs to

P
the associated order 2p,. Indeed, its action on & gives #, where {a;} le are the

conjugates of a. Working with the symmetric functions of the roots, we see that this
is —1 for the field defined by the polynomial x” + px?~! 4 p and 0 otherwise.

. For an arbitrary p, the element

4.6 Radical cubic extensions of Q

When one chooses Q instead of Q, as ground field, there is not a finite collection of
polynomials that covers all possibilities for a non-Galois extension of L/Q. Instead,
we will focus on a specific class of these extensions, the radical ones. Concretely, we
will take E = Q(a) where « = /m, for m € Z cube-free and not divisible by 9. Let
us write m = hk?, for h and k coprime and square-free integers. An integral basis of
E is given as follows (see [Mar77, Exercise 2.41]):

1. Ifm#1,—1(mod9), B = {1,&,“—;},
2. If m = s(mod9) withs € {—1,1}, B = {1,0&,%}_

We will first determine the Gram matrix G(Hj, Ep) with respect to the power
basis B’ = {1,&,42}, and then carry out a change of basis so as to obtain the matrix
G(Hi, Ep). Actually, this first computation is exactly the same as the one in Section
4.4.1: since f(x) = (x —a)(x*> + & + a%x), A, B and d are the same as in that case, so

one has

1 « o2

G(Hl,EB/): 0 —3« 3062
2 —a —a?

In particular, B’ is a basis of eigenvectors.

Let us assume that m #Z +1 (mod9). Then,

1 « %0(2
G(Hi,Ep) = G(Hy,Ep)Py = (0 —3a 3a?
2 —a Fa?
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This means that B is an integral basis of eigenvectors with eigenvalues matrix

1 O 2
A=1|1 -3 -1
1 3 =1
E Ok k
The inverse is
1 2 2 2k
2 -1 —k

Then, Ay, has a Z-basis of pairwise orthogonal idempotents

w1 — w3 2w, — wy — w3 2kwy + kw, — kws
3 7 6 ’ 6 '

Moreover, Of is 2y, -free and € = 1 + a + a? is a normal integral basis generator.

Now, we assume that m = +1 (mod 9). In this case,

1« k2+sl§2kvc+a2
G(Hy,Eg) = G(H1,Ep)P5 = |0 —3a —k—2skoc+3%
2 —«u k — W
Now, we apply the matrix
1000 O 0O O O
1000 -100 0 O
0000 O 01 —s O
2000 -100 0 -1
Uu=|(0000 0 02 —s 0 ,

0000 O 1TO0 O O
0001 0 00 O O
0100 0 OO0 O O
0010 0 O0O0O O O

to reduce M(Hy, Ep) to the matrix

SO OO
O O s WO
A=W

2k

If 3 divided k, since m = hk?, we would have m = 0(mod 9), but we are assuming
m = +1 (mod9). Then 3 is coprime with k, so we can use Euclid’s algorithm for the
second and third rows and the fourth and fifth ones to place 1 and 0 instead of k and
3. We obtain then as Hermite normal form

10
D=0 1
0 0

N — O
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giving the basis of g g
—w1 + Wy }
— I

Let us study the freeness over 2 ,q. For € € O, one has

{wlr wy,

D¢(Hy, E) = 2e3(skes + 3€3)(3e1 + kes).

Let k = 3a + b be the Euclidean division of k by 3. Since 3 does not divide k, b €

{1,2}.

e If b = 1, then we choose €1 = —a, €, = —as and €3 = 1,2anc; we have
De(H1,E) = 25, so O is A q-free and € = —a — asa + "*’5’]‘37,(‘"” is a gen-
erator.

e If b = 2, choosing €1 = —(1+44a), &, = —s(1+a), e3 = 1, we have again

De(Hi, E) = 25,50 OF is g jq-free and € = —(1 4 a) — (1 + a)sa + Krskara?
is a generator.

To sum up, we have obtained the following result:

Corollary 4.14. Let E = Q(3/m) with m € Z not divisible by 9 and write m = hk?,
h,k € Z coprime and square-free.

1. Ifm #1,—1(mod9), Ap, has a Z-basis of pairwise orthogonal idempotents

Wy — w3 2wy — wy — wz 2kwq + kwy — kws
3 7 6 ’ 6 '
Moreover, Of is Ay, -free and € = 1 + a + a?® is a normal integral basis generator.
2. If m = +£1 (mod9), Ay, has a Z-basis

— w1 -l-ZUz}

{wL wy, 5

Moreover, O is 2y, -free and a generator is

. —a:Faoc—kkzik;i,f*"‘z ifkmod 3 =1,
- +a) F (A +a)e+ Bk mod 3 = 2.
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Chapter 5

Induced Hopf Galois structures

Let p be an odd prime number. For a separable degree p Hermite extension of fields
E/K with dihedral degree 2p Galois closure L, we have given account of the associ-
ated order in its unique Hopf Galois structure and the Hopf Galois module structure
of Or. Now, we are interested in the Galois closure L/K itself. Namely, we would
like to determine all its Hopf Galois structures and the module structure of O}, over
all the corresponding associated orders. Since the Galois group is not abelian, the
classical Galois structure and the canonical non-classical Hopf Galois structure are
two different Hopf Galois structures of L/K. But other than these, there are a num-
ber of other Hopf Galois structures that can be built from the Hopf Galois structures
of more simple extensions. These are what we will call induced Hopf Galois struc-
tures. Before studying dihedral degree 2p extensions, in this chapter we establish
the basic theory of induced Hopf Galois structures and their properties.

Let L/ K be a Hopf Galois extension of fields. The induction of Hopf Galois struc-
tures of L/K consists in the process of construction of Hopf Galois structures in L/K
from Hopf Galois structures of other extensions of smaller degree. Under suitable
hypotheses on the extension, we can induce Hopf Galois structures of L/K either
from L/E and E/K for some intermediate field E of L/K, or from E/K and F/K for
some intermediate fields E and F of L/K such that L = EF. The notion of induced
Hopf Galois structure was introduced in the first approach of the above by Crespo,
Rio and Vela in their paper [CRV16]. We will prefer the second approach as it is more
suitable for our purposes.

First we will motivate the induction of Hopf Galois structures by presenting the
particular case in Galois theory as usual; namely, the product of Galois extensions
E/K and F/K, whose Galois group is the direct product of the Galois groups of E/K
and F/K. Then we will prove the equivalence of both approaches in the previous
paragraph and we shall define induced Hopf Galois structures by means of the cor-
responding permutation subgroups under the Greither-Pareigis correspondence.

The replacement of the classical Galois structure by an arbitrary Hopf Galois
structure translates into the replacement of the direct product of the Galois group by
the semidirect product. Consequently, our basic hypothesis will be that the Galois
group of L/K is a semidirect product G = | x G'. We will give an explicit descrip-
tion of induced Hopf Galois structures: if E = LC¢ and F = LJ, then all induced
Hopf Galois structures arising from the previous decomposition of G as semidirect
product are of the form H = H; ®x H» both as Hopf algebras and actions, where H;
(resp. H) is a Hopf Galois structure on E/K (resp. F/K).
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In the last section, we will assume that the extension is Hermite and we will
study the Hopf Galois module structure of O;. We shall seek criteria to ensure that
A = An, ®o, AmH,, and whether the Ay-freeness of O can be deduced from the
2y, -freeness of O and the 2Ap,-freeness of Or. For both problems, a sufficient con-
dition can be found in the arithmetic disjointness of E/K and F/K. Moreover, for the
tirst one, there is a slightly stronger sufficient condition: the existence of an integral
induced basis.

5.1 Inducing a Galois extension

Let E/K and F/K be finite Galois extensions such that E, F C K such that ENF =
K. We want to construct a Galois extension of K from these two and describe its
Galois group in terms of the Galois groups of E/K and F/K. Let us consider the
compositum L = EF of E and F. We begin by checking that it is Galois and studying
its Galois group.

Proposition 5.1. Let Ly/K and Ly /K be Galois extensions with L1, Ly C Kandlet L =
L1Ly. Call Gy = Gal(L1/K) and G, = Gal(L,/K). Then:

1. L/K is Galois.
2. Let G = Gal(L/K). The map

f: G — G1><G2
o — (0L, 0lL,)

is injective.

Proof. 1. It is straightforward to check that normality and separability are pre-
served by compositum.

2. Trivially, f is an homomorphism of groups. Let o € G such that |, = Id,
and o|r, = Idy,. Since elements of L are sums of products of an element of L;
and an element of L, and ¢ preserves sums and products, o = Id;.

O

Thus, we have that this result holds for our extensions E/K and F/K, without
needing that EN F = K. But under this hypothesis, we will show that we can see
the extension L/K in pieces. We know that elements of L are sums of products of an
element of E and an element of F. What we mean by pieces is that for (x,y), (x',y’) €
E x F, we have xy = x'y’ if and only if ' = rx and y = ry’ for some r € K.

Definition 5.2. We say that two extensions of fields Ly /K and Ly/K with L1, L, C K are
linearly disjoint if the map
[1®k L, — LiL;
XQy — Xy

is an isomorphism of K-algebras.

We are interested in the following equivalent definition of linear disjointness (see
[Coh91, Proposition 5.1]).

Proposition 5.3. Two extensions Ly /K and Ly /K are linearly disjoint if and only if every
finite set S C Ly which is K-linearly independent is also Ly-linearly independent.
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Another equivalent condition can be consulted in [Lan02, Chapter VIII, §3, Propo-
sition 3.1]. An easy property of linearly disjoint extensions is that their intersection
is the base field.

Proposition 5.4. If L /K and L, /K are linearly disjoint extensions, then Ly N L, = K.

Proof. Leta € Ly N Ly. Then, {1,a} is a finite subset of L1 which is Ly-linearly de-
pendent, sincea-1—1-a = 0 with a,—1 € L,. By linear disjointness, {1,a} is K-
linearly dependent, so there exist A, u € K some not zero such that A -1+ pu -a = 0.

If y = 0, then A = 0 which contradicts linear dependence, so 1 # 0, and then

A
a=—— €K O
M

The converse of this result in general does not hold. However, the converse holds
when we assume that the extensions are Galois (see [Cla, Proposition 12.11]).

Proposition 5.5. Two Galois extensions of fields L, /K and Ly / K such that Ly, L, C Kand
Ly N Ly = K are linearly disjoint.

Proof. We must check that the map

Li®xkL, — Lilp
XQYy =  xy

is an isomorphism of K-algebras. It is in general an epimorphism, so it is enough to
check that the dimensions of domain and codomain coincide, that is,

[LiLy : K] = [Ly : K][Ly : K].

Let L = LiL,. By Proposition 5.1, L/K is Galois. Then, so are L/L; and L/L;. Let
us call G; = Gal(L/L;), i € {1,2}. Letus call G = Gal(L/K). Since L;/K and
L, /K are normal extensions, G; and G; are normal subgroups of G. By the Galois
correspondence,

I = LG1LG2 — LGlmGZ,
so G1 NGy = {1g}. Then, G1G; = G; x Gp. On the other hand, by the hypothesis
and the Galois correspondence,

K=LNL=L""NL%2=L%9%,

Hence, G = G1G». Since this is isomorphic to G; X G, |G| = |G1||Gz|, which trans-

lates into
[L:K] [L:K]

[Lp: K] [Ly: K]
We conclude that [L : K] = [L; : K][Lz : K]. O

[L:K]=[L:L4][L:Ly] =

From the proof of this result we also deduce the following;:

Corollary 5.6. If L1/K and Ly/K are Galois extensions such that Ly, L, C K and Ly N
L, = K, then
Gal(L1L,/K) = Gal(L;/K) x Gal(Lp/K).
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That is, the map f in Proposition 5.1 is an isomorphism.

We go back to the case of our extensions E/K and F/K such that E,F C K and
ENF = K. We have seen that the compositum L = EF gives a Galois extension
of K with Galois group the direct product of the Galois groups of E/K and F/K.
Using the fundamental theorem of Galois theory, it is straightforward to check that
the converse also holds: if L/K is a Galois extension with Galois group G = | x G’
and we define E = L% and F = L/, then E/K and F/K are Galois and ENF = K.

Example 5.7. Let L/K be a biquadratic extension. Then, there are different a,b € K
such that L = K(y/a,vb) and G = (0, 7) with 0> = 72 = 1. Then G = | x G’ with
] = (0) and G’ = (7). Let E = K(y/a) and F = K(+/b). By the previous paragraph,
E/K and F/K are Galois extensions with EN F = K. Then, L/K can be seen as the
Galois extension induced by E/K and F/K.

Now, we study the behaviour of the group algebras of the corresponding Galois
groups.

Corollary 5.8. With the hypotheses of Proposition 5.1, K|G] = K[]] ®k K[G'] as K-vector
spaces.

Proof. Since JNG' = {15} and G = JG/, K[J] ®k K[G'] can be embedded in K[G].
Now,

dimg (K[J] @k K[G']) = dimg (K[]])dimg (K[G]) = |J||G'| = |G| = dimk (K[G]).
We deduce that K[G] = K[]] @k K[G']. O

Next, we study the relation between the Galois actions. Recall that for an H-
Galois extension L/K, the Hopf algebra H has a linear representation py: H —
Endk(L) associated. In general, for A a K—algebra and V a K—vector space, a lin-
ear representation of A in V is a K—algebra homomorphism p: A — Endg(V).
The tensor product or Kronecker product of two linear representations p;: Ay —
Endg (V1) and p2: A» — Endg(V2) is the representation

p1 ® p2: Ay @k Ay — Endg (Vi @ V)

defined by

01 ® p2(a1 ® a2)(v1 ® v2) = p1(a1)(v1) ® p2(a2) (02).
This is the correct notion to describe the Galois action on the product of linearly
disjoint Galois extensions.

Proposition 5.9. If E/K and F /K are Galois extensions with groups | and G', such that
E,F C Kand ENF =K, then
PK[G] = PK[)] ¥K PK[G!]-

Proof. We want to see that pg(g: K[G] — Endk(L) and pg(j ®x pk(e: K[J] @k
K[G'] — Endk(E ®k F) coincide. By Corollary 5.8, the domains are isomorphic.
Since E/K and F/K are linearly disjoint, the codomains are also isomorphic. Let
us identify them. Regarding the definition, we also identify L = EF. Given ¢ € |,
TeG,xeEandy € F,

Py @k Prie) (0T)(xy) = o(x)T(y) = (07)(xy) = pxic) (0 T) (xy),
which finishes the proof. O
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Now, let us take the extension L/K to be Hermite. The Galois module structure
of O, has been studied and characterized in the case that the extensions E/K and
F /K are arithmetically disjoint.

Definition 5.10. Two Hermite extensions of fields L1/K and Ly /K are said to be arith-
metically disjoint if they are K-linearly disjoint and their discriminants are coprime.

Our interest in arithmetically disjoint extensions relies in the fact that if L;/K
and L, /K are arithmetically disjoint, then Op,1, = O, ®p, Oy, (see [FT92, Chapter
111, (2.13)] for a proof). The result that gives account of the associated order and the
module structure of Oy, is the following (see [BL96, Lemma 5]):

Proposition 5.11. Let K be the quotient field of a Dedekind domain Ok and let E/K, F/K
be finite Galois extensions. Put L = EF and suppose that E/K and F /K are arithmetically
disjoint. Then:

1. Q[L/F = QIE/K Kok Or and QlL/K = QlE/K Koy Q[F/K.

2. If there exists some v € O with O = Ag/x -, then Op = App- (Y@ 1).
If there also exists 6 € O with Op = Ap/k - 6, then Op = Ak - (7 ®9).

5.2 Inducing a Hopf Galois extension

We want to repeat the procedure of the previous section under slightly less restric-
tive hypotheses over E/K and F/K. Namely, we will assume that E/K is almost
classically Galois and F/K is a Galois complement of E/K, that is, E C EQkF. Let
us call L = E ®k F. By the definition of almost classically Galois extension, the Galois
group of L/K is of the form

G=JxG,

where | = Gal(L/F) and G’ = Gal(L/E). Actually, since this is an equivalent defi-
nition, we may take the following equivalent approach: instead of assuming that the
Galois group of L/K is a direct product G = | x G/, we assume that it is a semidirect
product G = ] x G/, which implies that E/K is almost classically Galois with Galois
complement F/Kand ENF = K.

The aim is to build a Hopf Galois structure on L/K from Hopf Galois structures
on each E/K and F/K, which will be what we call an induced Hopf Galois structure.
We will prove the following;:

Theorem 5.12. If E/K has a Hopf Galois structure of type N1 and F /K has a Hopf Galois
structure of type Ny, then L/ K has a Hopf Galois structure of type N1 x Np.

In the next section, we will give the explicit form of the permutation subgroups
involved in this statement. On the other hand, we have:

Proposition 5.13. The Hopf Galois structures of L/E and F /K are in one-to-one corre-
spondence.

Proof. By the Galois correspondence, L/E is Galois with group G’, and since ] is
normal in G, F/K is Galois with group G/J. Hence, by using Greither-Pareigis
theorem, the Hopf Galois structures of L/E (resp. F/K) are in one-to-one corre-
spondence with regular subgroups of Perm(G’) (resp. Perm(G/J)) normalized by
AG(G') (resp. AS/T(G/])). Since G’ = G/] and under this isomorphism the def-
initions of A®// and A®" are the same, regular subgroups of Perm(G’) normalized
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by AC(G') are in bijective correspondence with regular subgroups of Perm(G/J)
normalized by A//(G/]). Hence, Hopf Galois structures of L/E and F/K are in
bijective correspondence. O

Hence, we can reformulate Theorem 5.12 as follows:

Theorem 5.14. If E/K has a Hopf Galois structure of type Ny and L/ E has a Hopf Galois
structure of type Ny, then L /K has a Hopf Galois structure of type N1 X Nb.

This is the result of induction that appears in [CRV16].

Whenever EN F = K, the extensions E/K and F/K are still linearly disjoint, so
actually L = EF. This is a consequence of the following result, which generalizes
Proposition 5.5.

Theorem 5.15. Let Li/K and L, /K be finite extensions of fields such that one of them is
normal and one (possibly the same) separable. Then Ly /K and L, /K are linearly disjoint if
and only if Ly N Ly, = K.

Proof. See [Coh91, Theorem 5.5]. O

Example 5.16. Let E/K be a separable degree p extension of fields whose Galois
closure L/K is dihedral of degree 2p, for an odd prime number p. Let F = K(z) with
z€L z¢ Kand 22 € K, so F/K is quadratic and then Galois. Since [E : K] and
[F : K] are coprime, then ENF = K. By the previous theorem, E/K and F/K are
linearly disjoint. Then the extension EF/K is of degree 2p, so it must be L = EF.
By Theorem 5.12, we can induce Hopf Galois structures on a dihedral degree 2p
extension from Hopf Galois structures of its subextensions.

We have seen that when E/K and F /K are Galois, the tensor product of the group
algebras of the Galois groups gives a Hopf Galois structure on L/K, but this fact
does not hold in general with the semidirect product. Instead, as shown in Theorem
5.12, we multiply the corresponding permutation subgroups which by the Greither
Pareigis Theorem give Hopf Galois structures of E/K and F/K.

5.2.1 Induced permutation subgroups

We begin by considering the extension L/K. By the Greither-Pareigis theorem, its
Hopf Galois structures are in bijective correspondence with regular subgroups of G
normalized by A(G), where

A G — Perm(G)
g — g'—gg

is the left regular representation of G. We explore this map in terms of the decompo-
sition G = | x G.

Proposition 5.17. Let AJ: ] — Perm(]) (resp. AS: G' — Perm(G')) be the left
regular representation of | (resp. G') and let ¢: G — Aut(G) be the map such that ¢(7)
is the conjugation-by-t automorphism. Given ¢ = 01,¢' = o't € Gwith o,0’ € ] and

7,7 € G, we have ,
M) = M ()p(1))(@)AS (1)(T).
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Proof.
M )(g) =88
=oto't = o'ttt
= 0 (1) (¢))A% (T)(7)

= (N (@)p(1))(e)A% (7)(7)

Thus, we can describe the left regular representation of G as
A=1oy,

where 1 and x are the group homomorphisms given by

X: G — Perm(]) x Perran(G/)
oT — (M(0)¢(1),A% (1)),
1: Perm(]) x Perm(G') — Perm(G)
(¢, ) — 0T (@)p(1).

Next, we consider the almost classically Galois extension E /K. Recall that we are
assuming that F/K satisfies that E C EF. By Theorem 1.13, there is also F’/K such
that E = EF’. By the Greither-Pareigis theorem, Hopf Galois structures of E/K are in
one-to-one correspondence with regular subgroups of Perm(G / G') normalized by
A(G), where G = Gal(E/K), G’ = Gal(E/E) and A: G — Perm(G/G') is the left
translation map of G into Perm(G/G’). We see that in order to apply the Greither-
Pareigis theorem we take the Galois group of the extension given by adjoining F'/K
to E/K. Letus call G = Gal(L/K) and G’ = Gal(L/E). The fundamental theorem of

Galois theory gives us the isomorphisms
Gal(E/K) = Gal(L/K)/Gal(L/E),
Gal(E/E) = Gal(L/E)/Gal(L/E).

Hence, there is a canonical bijection G/G' = G/G' which induces an isomorphism
Perm(G/G') = Perm(G/G'), under which the definition of the map A coincides
with the one of B
A G — Perm(G/G')
g — g—gd
which is the left translation map of G into Perm(G/G’). Hence, regular subgroups
of Perm(G/G’) normalized by A(G) are in bijective correspondence with regular
subgroups of Perm(G/G') normalized by A(G). Thus, in order to compute the Hopf
Galois structures of E/K, we can apply the Greither-Pareigis theorem with the Ga-
lois group of any extension of K that contains the Galois closure E of E/K, instead of
the Galois group of E/K itself.

Under this consideration, Hopf Galois structures of E/K are in one-to-one corre-
spondence with regular subgroups of Perm(G/G’) normalized by A(G). Now, ] is
a transversal of G’ in G, that is, at every left coset of G/ G’ there is a unique element
of J. Let us write ] = {0y, ...,0;}. Then, we can write G/G’ = {1 G/,...,0,G'} and
identify | with G/ G Carrying this identification to A we obtain a map Ac: G —
Perm(J) whose definition corresponds to the action of G on left cosets of G/G'. But
this action turns out to be the first component of yx.
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Proposition 5.18. Let 711: Perm(]) x Perm(G’) — Perm(]) be the projection onto the
first component. Then, A, = 7111 0 X.

Proof. Tt is enough to check that the action of G on the left cosets of G/G’ is the
definition of the first component of x. Let ¢ = 07 € G with o € Jand 7 € G. Given

ie{l,..,n},
g (0:G") = 010;G' = o(to;,7 1)TG' = 0¢p(7)(0;) G’
= M(0)¢p(7) ()G = m1 0 x(8)(e:) G
This means that A(g)(0;G’) = 711 0 x(g)(0;)G’, and by means of the identification of

G/ G’ with | we obtain that A.(g)(0;) = 1 0 x(g)(0;). Since g and i are arbitrary,
Ac =M 0X. O

Corollary 5.19. Given g =01 € Gwitho € Jand t € G,

X(8) = (Ac(8), A% ().
Example 5.20. Let L/ K be a dihedral degree 2p extension of fields with Galois group
G. We establish the presentation

G=(o1),0"= =110 =0 1.

We review the lattice of subgroups of G: it has a unique order p subgroup | = (o)
and p order 2 subgroups G} = (c1), where d ranges from 0 to p — 1. Then G has p
possible decompositions as semidirect product

G=]xGj0<d<p-1.

As in the discussion preceding Theorem 4.1, let us fix d and denote G’ = Gfi. Let
us check in this concrete example that the maps A and A, are compatible. The map
A: G — Perm(G/G') operates as follows:

A(o)(oF) = o7,

Ao T)(O’k) = gitok = ¢gi~kt = gi~k—d
On the other hand, by Proposition 5.18, the definition of the map A.: G —> Perm(J)
is given by: ' ‘
Ac(0) (d%) = M (0') (") = o™,

)LC(U'iT)(O'k) Ac (0.1 dO'dT)((Tk) ( i— d)‘P( )( ) — U.ide.dTU.kerT — U.ifkfd.

5.2.2 The Induction Theorem

We proceed to construct a Hopf Galois structure on L/ K from Hopf Galois structures
on E/K and F/K working with the corresponding permutation groups. We will
prove a more general version of Theorem 5.12 by showing the explicit form of the
subgroup of Perm(G) that gives the induced Hopf Galois structure. Concretely:

Theorem 5.21 (Induction Theorem). Let Ny < Perm(]) be regular and normalized by
Ae(G) and let No < Perm(G') be regular and normalized by A®' (G'). Then, N = 1(N; x
Ny) is a regular subgroup of Perm(G) normalized by A(G).

The proof of this theorem will follow from the results that regularity and stability
by action of the corresponding groups are preserved when multiplying Ny and N>.
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Proposition 5.22. If Ny < Perm(]) and N, < Perm(G') are reqular, sois N.

Proof. Since [N| = [i((N1 x Np)| = N1 x Na| = |N1||N2| = |]]|G'| = |G|, it is enough
to check that the action of N on G is transitive. Let ¢ = 07, ¢’ = ¢/ € G with
0,0’ € Jand 7, 7' € G'. Since N (resp. Ny) is regular, there exists ¢ € Perm(]) (resp.
¢ € Perm(G’)) such that ¢(0) = ¢’ (resp. (7) = 7). Then,

{e, 9)(8) = e, ¥)(07) = @(o)p(T) = o'T" = ¢,
O

Proposition 5.23. If Ny < Perm(]) is normalized by A.(G) and Ny < Perm(G') is
normalized by \®' (G'), then:

1. Ny x Ny is normalized by x(G).
2. 1(N1 x Ny) is normalized by A(G).

Proof. 1. By Corollary 5.19, x(g) = (
o € Jand T € G'. Then, given (17, u

x() (1 mx(8™) = (Ae(8)nAc(g) ™ A% (T)uA® (1)) € Ny x Na.

Ae(g),A% (1)) for every ¢ = o1 € G with
) € N1 X Ny,

2. It follows immediately from 1 and the fact that : is an homomorphism of
groups: if (7, 4) € Ny x Npand g € G,

A(Q)e(, mAg™") = tox (&)l mw)rox(g7") = tlx(8) (1, w)x(g™")) € t(Ny x Np).
0

The Induction Theorem assures that every pair of Hopf Galois structures of E/K
and F/K (or L/E) gives rise to a Hopf Galois structure on L/K.

Definition 5.24. Every Hopf Galois structure on L/K given by Theorem 5.21 is called
induced.

We see some examples of induced Hopf Galois structures.

Example 5.25. The induction procedure generalizes the product of Galois extensions
presented at Section 5.1 of this chapter. Indeed, if L/K is Galois with group G = | x
G, then G is in particular a semidirect product. Let E = LS and F = L. Then both
E/K and F/K are Galois with Gal(E/K) = G/G' = J and Gal(F/K) = G/] = G'.
By abuse of notation, let us call ] = Gal(E/K). The classical Galois structure of
E/K (resp. L/E)is given by p/(]) (resp. o (G')) where p/: ] — Perm(]) (resp.
0% : G' — Perm(G')) is the right regular representation of J (resp. G'). By induc-
tion theorem, they induce the Hopf Galois structure given by i(o/(]) x p¢(G')) <
Perm(G). Given ¢ = 07,8’ = ¢/t € Gwitho,0’ € Jand 7,7 € G/, one has

(o (@) (D))(g) = 0/ () (@)% (0)(7') = /o' = o' T (01) ! = p(g) (8),

so (o (J) x p€(G")) = p(G) gives the classical Galois structure of L./ K.
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Example 5.26. Let us consider again a dihedral degree 2p extension L/K and recover
the notation of Example 5.20. For each decomposition G = | x G’ of G := Gal(L/K)
as semidirect product, the subgroups of Perm(G) giving an induced Hopf Galois
structure on L/K are of the form

N = l<N1 X Nz),

where Nj is a regular subgroup of Perm(J) normalized by A.(G) and N, is a reg-
ular subgroup of Perm(G’) normalized by A®'(G’). In this case, Perm(]) has a
unique regular subgroup N7 = ((Id, o, ...,0")), and it is normalized by A.(G), and
Perm(G') has also a unique regular subgroup N, = ((Id, 7)), trivially normalized
by AC'(G'). As there are p possibilities for G’ and | is unique, L/K has in total p
induced Hopf Galois structures.

If p =3

1. For | = (¢) and G’ = (1), N = ((1g,07,0%,7,0,0%7)).
2. For | = (¢) and G’ = (07), N = ((1g,0%1,02%,07,0,7T)).
3. For ] = (¢) and G’ = (¢?7), N = ((1g, T,0%,0°7,0,07T)).

From a theoretical point of view, the existence of induced Hopf Galois structures
is assured in case the Galois group is semidirect. However, it is interesting to analyze
the relations involving Hopf algebras and Hopf actions of the extensions L/K, E/K
and F/K.

5.2.3 Induced Hopf algebras

First, we describe the Hopf algebras involved in the Induction Theorem. By the
Greither-Pareigis Theorem, these are

H = L[i(N; x Np)|®, Hy = L[N;]®, H = L[N2)%, H, = F[N;]¢/] = L|N,]C.

We know that the Hopf Galois structures of H, and H correspond to each other
by means of the bijective correspondence showed in Proposition 5.13. Actually, this
correspondence works as follows:

{Hopf Galois structures of L/E} <+— {Hopf Galois structures of F/K}

H — 22
E ®x Hy — H,

Remark 5.27. The actions of the Hopf algebras involved work as follows:

* E®g Hyactson L = E ® F through the product on E in the first factor and the Hopf
action in the second one.

* The E-action of H = L[N,]S on L is J-equivariant, namely o(h - x) = o(h) - o(x)
foro € J,h € Hand x € L. Indeed, | acts on L by the classical Galois action and
by conjugation on Np, but this last action turns out to be trivial. Consequently, the

restricted action of H on L = F/ makes sense, and this is the Hopf Galois action of
HoonF.

The result that gives the form of the Hopf algebra H in the Hopf Galois structure
on L/K is the following.
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Theorem 5.28. Let H be the Hopf algebra of the induced Hopf Galois structure on L/K
given by the permutation subgroup N = 1(N7 x Ny). Let Hy (resp. H) be the Hopf algebra
of the Hopf Galois structure on E/K (resp. F /K) given by Ny (resp. Ny). Then,

H = H; ® H,.
Proof. We have
H = L[(N] x Np)]¢
=L[

(N1 x {11)e({1} x N2)]® = (L[«(Ny x {1})] @k L[:({1} x Np)])©
= (L[N1] ® L[No))©.

Since A factorizes through Perm(]) x Perm(G), the action of G on L[N;] ®k L[N>] by
conjugation by A(G) coincides with the action by conjugation by A.(G) on the first
factor and conjugation by A%’ (G’) on the second factor. Hence,

H = (L[N;] ®k L[N2])® = L[N1]°® ®k L[N2]® = H; ®x Hy.

Note that this result is the naive generalization of Corollary 5.8.

5.2.4 Induced Hopf actions
Finally, we see the action of H on L in terms of the action of H; on E and of H, on F.
Proposition 5.29. Given w € Hy, 11 € Hy, x € Eand y € F,

(wa@n) - (x@y) = (w-x)(1-y),

that is,
PH = PH, ®K PH,-

Proof. Letus write Ny = {#;}/_;, No = {yj}}*:l. Then,

.
weH =LIN® = w= Y cimici €L,
i—1

ne H, = L[NZ]G =N = Zd]"u]', d]' € L.
j=1

(wen)-(xoy) = (Z Z cidj (1, ﬂj)) (x®y)

i=1j=1
= Xr; Zu:lcidj‘('?ir )~ (1dg) (xy) = Xr:l icidjl(ni_l’yj_l)(ldG)(xy)
i=1j= i=1j=
= 21 f%mlﬂdf)(x)ﬂjl(ldc/) (v)
1 ]=
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Again, this result generalizes the behaviour of the Galois action in Proposition
5.9. We can use it to prove the naive generalization of Lemma 2.48.

Proposition 5.30. The product of bases of eigenvectors of E and F with respect to the actions
of Hy and H, is a basis of eigenvectors of L with respect to the action of H.

Proof. Let {a}}_, be a basis of eigenvectors of E and {z;}}" ; a basis of eigenvectors
of F. Let {w;}/_;, {n i1 be K-bases of Hy and Hy, so that {win;}i; is J-basis of H.
By hypothesis,

w; - K = /\Z-kzxk, 1 S i,k S r,

i~z =ppz, 1 < j,1 <

Now, {wjz;};_; is a K-basis of L, and the action of H on this basis is

(winj) - (axzr) = (wi - ax) (7 - 1) = Aixpjiazy-
O

Theorem 5.28 and Proposition 5.29 together mean that the Hopf Galois structures
(Hi,pm,) of E/K and (Ha, pn,) of F/K produce (induce) the induced Hopf Galois
structure (H; ®x Ha, pH, ®k pH,). We remark that the converse trivially holds: if
(H, pn) is an induced Hopf Galois structure on L/ K, then H and pg must decompose
as above for some decomposition G = | x G’ of the Galois group as a semidirect
product. Thus, we have:

Corollary 5.31. Let L/K be a Galois extension. The induced Hopf Galois structures of L/K
are of the form

(H1 ®k Ha, pH, @K PH, ),

where (Hy, pp, ) is a Hopf Galois structure on E = LS /K, (Ha, pn, ) is a Hopf Galois struc-
tureon F = LJ /K and G = ] x G’ runs through the decompositions of G as a semidirect
product.

5.3 Induced Hopf Galois module structure

Let L/K be an H-Galois Hermite extension of fields, where H is an induced Hopf
Galois structure. From now on we will keep the convention H = H; ®x Hp, with H;
a Hopf Galois structure on E/K and H, a Hopf Galois structure on F/K.

In this part we will address the problems of determining the associated order and
the freeness of 01, not only for the induced Hopf Galois structure H, but also for the
inducing structures H; and H,. We will apply the reduction method simultaneously
to the three Hopf Galois structures and try to relate them. We shall check that the
behaviour is far from trivial. Regarding the associated order, one may expect that
Ay = Ay, ®o, An,, but this does not happen in general. As for the freeness over
2p, the products of generators of Of as 2y,-module and of Or as Ap,-module is
not in general a generator of Oy as 2Ay-module. However, as in the Galois case,
both of them hold when E/K and F/K are arithmetically disjoint. Moreover, for the
associated order, we shall provide a stronger sufficient condition.
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5.3.1 Relation between the matrices of actions

The starting point of the reduction method is the determination of the matrix of the
action. For this reason, it seems reasonable to try to find some relation between
the matrices of the actions involved in the induction procedure; namely M(H, L),
M(Hy, E) and M(Hy, F). Since no reduction is performed in this part, actually we
can take L/K as an arbitrary H-Galois extension of fields.

The Kronecker product

As H = H; ®k Hy and py = pH, ®«k pH,, One may expect that the relation between
the aforementioned matrices might have something to do with the tensor product.
The analogous notion of tensor product for matrices is the following;:

Definition 5.32. Let F be a field and let A = (a;;)) € Moy xu,(F) and B = (by)
M, scn, (F). The Kronecker product of the matrices A and B is the matrix A @ B
(cxy)xy € Muymyxnin, (F) whose entries are given by the relations:

S

Aiib = C(i—1)ymytk, (- 1)na+1

In other words, the Kronecker product of two matrices A and B is the matrix
whose entries are products between all possible entries of A and B, arranged so that
any entry of A is multiplied by all possible entries of B. For instance:

aitbin  anbi  apbn apbp

by b aitby1  anbxn  apby  appbn

A— <6111 012>’B: by by . A@B-— ar1bz1  anbz apbs  appby
a1 ax by by axbin  ambin axnbiy  axnbp
axby1  aybxn  axnby  axnbn
axybz1 ambzy axnbs  axnbs

Induced Gram matrix

Going back to the induced Hopf Galois structure H = H; ®g Hp of L/ K, we may de-
duce easily from Proposition 5.29 the relation between the Gram matrices involved:

G(H,L) = G(Hy,E) ® G(Ha, F),

whenever we consider in L the basis B which is the product of the previously fixed
bases of E and F. If B’ is another basis of L, we can combine the previous equality
with the one in Proposition 2.10 to obtain:

G(H,Lp) = (G(Hy, E) @ G(Hy, F))P§ .

Then, to compute the Gram matrix of an induced Hopf Galois structure is quite
straightforward once one knows the Gram matrices of the inducing Hopf Galois
structures.

Remark 5.33. This is actually the strategy we have followed in Sections 3.3 and 3.5
to study the classical Galois structure of elementary abelian extensions of Q and
Q. Indeed, in those cases the basis B, = {e1, €2, €3,¢e4} is almost a product basis of
the extensions E = K(e3) and F = K(ez), where K = Q or Qy. It is not exactly the
product basis because e, is not the product of e; and e3 but it is so up to multiplication
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by an element in the ground field, which does not affect the action. Let us call H;
(resp. H) the unique Hopf Galois structure on E/K (resp. F/K). Then

G(Hy, E) = (el € ) G(Hy, F) = (el e2 )

€1 —¢€3 e1 —é

€1 e €3 €4

G(HC,LBC):<61 €3>®<31 €2>: e1 —ex e3 —ey

€1 —¢€3 €1 € —€3 —¢é4
€1 —€ —€3 €4
Induced matrix of the action

The relation between the matrices of the action is not as straightforward. Namely, it
does not hold in general that M(H,L) = M(H;,E) ® M(Hy, F), even if in H and L
we fix the corresponding product bases. The reason is that carrying out the tensor
product and transforming from matrices to column vectors are not commutative op-
erations. However, the equality holds up to a permutation of the rows. Concretely:

Theorem 5.34. Let us fix the product bases of H and L. Then, there is a permutation matrix
P € M,>(K) such that

PM(H,L) = M(Hy, E) ® M(Ha, F).

Proof. Letn = [L : K], r = [E : K] and u = [F : K] (in particular n = ru). Let us fix a
K-basis {w;};_; of H; and a K-basis {#; i1 of Hp. Since H = Hy @k Hy, {wﬂy]-}}fj:l is
a K-basis of H, and similarly, since L = E ® F, for bases {ay}}_; of E and {z;}}"_, of
F, {axz;}, is a K-basis of L. These are the bases we use to build the matrix M(H, L).

We will use the description of the matrices of the action provided by Proposition

2.5. First we fix some notation. Given m > 0, let ¢, : My, (K) — K™ be the map
that takes matrices to column vectors. For a,b > 0 we call E]; the matrix with zero in
all entries but the (a, b)-th one, filled with 1. Then, {E}} }}",_, is a K-basis of M,(K).

We compute the columns of M(H,L) and M(Hy,E) ® M(Hy, F) and compare
them to find the suitable permutation. The columns of M(H, L) are

{on(on(wi @n;)) }j—1-
Since pg = pH, ® pH, by Proposition 5.29,
Pn(or(wi ® 1)) = @ulpn, (i) ® p, (177))-

Now, px(w; ® 177) € M, (K), so it is linear combination of elements of the form
E’, ® EY;. And we have:

¢n(Ep ® Eqy) = @”(EZ(ufl)ﬂ,u(bfl)er) = Cru(b—1)+n(d—1)+u(a—1)+c:

On the other hand, the columns of M(Hj, E) ® M(H>, F) are

{r(om (wi) © @ulom, (1) }ij=1-
Moreover, pp, (w;) € M, (K) and pg,(17;) € M, (K). Then:

(Pr( Zb) ® @M(E?d) = e:(b—l)—&-a ® eZ(d—l)-i—c = Cnu(b—1)+u2(a—1)+u(d—1)+c*
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Let P be the n? x n? matrix obtained by permuting the rows of the identity matrix
following the permutation of {1, ..., n}

nu(b—1)+n(d—1)+u(@—1)+c— nu(b—1)+u?(a—1)+u(d—1) +c,
forl1 <a,b <rand1 <c,d < u. By construction,
Pou(Ep, ® E¢y) = ¢r(Egp) ® @u(Egy)-
Then, by K-linearity,

Pou(on(wi @1;)) = @r(pm (wi)) @ eulpm, (1;))
for every 1 <i,j < n. Therefore,

| | |
PM(H,L)P(gon(w1®171) ’ (Pn(wr@)ﬂu))

| | |
= (qor(z‘)l) Qﬁ @u(ﬂl) | gor(wf) Qﬁ (Pu<77”))
= M(Hy, E) ® M(Hy, F).

O

Remark 5.35. When L/K is a Hermite extension, P € GL,2(Ok) is a unimodular
matrix, as its entries are 0 or 1 and its determinantis 1 or —1.

Remark 5.36. The permutation only depends on the factorisation of the degree of
the extension: For different extensions L/Q, of the same degree and with induced
Hopf Galois structures H = H; ®k Hj, the matrix determining the relation between
M(H, L) and M(H3, E) ® M(Hy, F) is always the same.

Example 5.37. Let us assume that r = u = 2. Then, n = 4 and P € GL34(K). Let us
compute the corresponding permutation.

2 2 _ 2 2 _
o e 171 Ny s ) e 127
(o, e { B, boms

2 2 _ 2 2 _
L e P78 L o e i) e J 118
(o ., e (0B e, 7

2 2 _ 2 2 _
{0, Jeos {0, e
o iy, o { SR, 100

2 2 2 2 _
Loty oy Joo s { SR, e
(o i, 515 { SRR, J1eme
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Thus, P corresponds to the permutation
(3,5)(4,6)(11,13)(12,14).

Let us check it in a specific example. Let L = Q(+/2,+/3). Then L/Q is Galois
with group
G=Gal(L/Q) = (0, T) 2 Cy x Cy,

where
c(V2) = =2, 0(V3) = V3,
(V2) = V2, 1(V/3) = V3.

We consider the bases {15,0, 7,07} of H. and {1, V2,/3, \@} of L. Letuscall E =
Q(v/3) and F = Q(+/2). We know by Remark 5.33 that

Vi V3 VG
V2 V3 —V6
Vi -3 —6
V2 —V3 V6

On the other hand, the matrices of the action of E/Q and F/Q are:

G(H., L) =

O U

O O =
O O =

M(Hy,E) = M(H,, F) =

— o o
— o o

Now, we compare the matrix of the action M (H,, L) with the Kronecker product
M(Hl, E) ® M(Hz, F)I

M(H,, L) = M(Hy,E) ® M(Hy, F) =
11 1 1 11 1 1
00 0 0 00 0 0
00 0 0 00 0 0
00 0 0 1 -1 1 -1
00 0 0 00 0 0
1 -1 1 -1 00 0 0
00 0 0 00 0 0
00 0 0 00 0 0
00 0 0 00 0 0
00 0 0 00 0 0
11 -1 -1 00 0 0
0 0 0 0 00 0 0
00 0 0 11 -1 -1
00 0 0 00 0 0
00 0 0 00 0 0
1 -1 -1 1 1 -1 -1 1

It is immediate to check that the permutations of rows (3,5)(4,6)(11,13)(12,14)
carries the left side matrix to the right side one.
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5.3.2 Induced bases

Once we have found a relation between M(H, L) and M(Hj, E) ® M(H,, F), we may
apply the reduction method simultaneously in order to find a relation between 2,
Ay, and Ap,. Indeed, we will see how the reduction method applied to this equality
yields that Ay = Ax, ®o, AmH,. But before, we need to take into account that the re-
duction method requires the basis fixed at L to be integral, and Theorem 5.34 holds
for the basis of L which is product of previously fixed bases of B; and B;.

To sort out this problem, we can in fact work with the hypothesis that E/K and
F/K are arithmetically disjoint, so that the product basis is actually an Ok-basis of
Or. However, this does not mean a significant improvement. If, for instance, L/K is
an extension of p-adic fields, then the discriminants of E/K and F/K being coprime
is equivalent to E/K or F/K being unramified. This brings to light the fact that
the arithmetic disjointness is a very restrictive condition: unramified extensions of
p-adic fields are not common.

Example 5.38. Let us consider the biquadratic extension in Example 5.37. Since
2,3 # 1(mod4), O = Z[ﬁ] and O = Z[\/g] Then, O @z Or = Z[\/E, \@} On
the other hand, by Proposition 3.14, L has an integral basis

{1,\6,[3,\5”2”@}.

Thus, M € O and M ¢ Op ®z O, whence O # O @z OF.

Example 5.39. Let E be the separable degree 3 extension of Q3 generated by a root «
of the polynomial f(x) = x® + 3. Its Galois closure is L = EF, where F = Q3(z), for
z = /=3, is the unique quadratic subextension of L/Qj3. We know by the previous
chapter that B; = {1,a,4?} is O-basis of O and B, = {1,z} is Ok-basis of Of.
Nevertheless, B = {1,z,a,az,a?,a%z} is not Ox-basis of O; . For example, y = el
is a root of x® 4 3, so it lies in Oy (in fact it is a uniformising parameter), and it clearly
cannot be written as an Ok-linear combination of elements of B.

Actually, we can work without difficulty in a slightly more general context. When
we apply the reduction method to the Hopf Galois structures H, H; and Hj, all we
need to prove a relation between their associated orders is that the matrices M(H, L)
and M(Hj, E) ® M(Ha, F) are similar enough. This leads to the following definition.

Definition 5.40. Let us fix bases of Hy and Hy and let W be their product basis, which is
a basis of H. We will say that a K-basis B of L is induced with respect to W if there is a
unimodular matrix P € GL,2(Okx) such that

PM(Hy, Lg) = M(Hy, E) ® M(Hy, F).

By Theorem 5.34, the product of bases of E and F is always an induced basis. The
integral basis of L in Example 5.37 is not still an induced basis. In Chapter 6, we will
see that the basis of the powers of v in Example 5.39 is an integral induced basis.

5.3.3 Determination of the induced associated order

This section is devoted to prove the following result.
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Theorem 5.41. Assume that L has some integral induced basis with respect to W. Then,
Ay = Q[Hl Koy Q[HZ.
In particular, we have:

Corollary 5.42. If E/K and F /K are arithmetically disjoint, then
Ay = An, ®oy Am,.
We start the proof of Theorem 5.41.

Proposition 5.43. Let B be an integral induced basis of L with respect to W. Then, the
matrices M(H, L) and M(Hy, E) ® M(Hy, F) have the same reduced matrices.

Proof. Let D € M, (K). Then D is a reduced matrix of M(H, L) if and only if there
is U € GL,2(Ok) unimodular such that

UM(H,L) = @ .

Likewise, D is a reduced matrix of M(Hy,E) ® M(Hy, F) if and only if there is a
unimodular matrix U’ € GL,;2(Ok) such that

D
U'M(Hy, E) ® M(Hy, F) = @ .

Since the basis B is induced, there is a unimodular matrix P € GL,2(Ok) such that
PM(H,L) = M(Hy,E) ® M(H,, F). Now, given a matrix U € GL,2(Ok), one has

UM(H,L) = UP"'PM(H,L) = UP"'M(H;,E) ® M(Hy, F),

and U is unimodular if and only if UP~! is. Hence, D is a reduced matrix of M(H, L)
if and only if it is a reduced matrix of M(Hy, E) ® M(Hy, F). O

Corollary 5.44. If Dy (resp. D,) is a reduced matrix of M(Hj, E) (resp. M(Hy, F)), then
Dy ® D; is a reduced matrix of M(H, L).

Proof. Let U; € GL,2(Ok) and U, € GL,2(Ok) such that

D D
U;M(Hy, E) = @ ) U,M(H,, F) = % .

The Kronecker product of these two matrices is

D1 ® D»
U1®UZM(H1,E)®M(H2,P) = o ,

with U; ® Uy € GL,2(Ok) unimodular. Then, D; ® D; is a reduced matrix of
M(H,,E) ® M(Hy, F). By Proposition 5.43, it is also a reduced matrix of M(H, L).
]

Then, Theorem 5.41 is an immediate consequence of the following;:
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Corollary 5.45. Fori € {1,2}, let V; be an Og-basis of Ay, obtained by using the reduction
method, and let
V="V, ={vw|v eV, we W}

Then, V is an Ok-basis of Ap.

Proof. Let Dy (resp. Dy) be a reduced matrix of M(Hj, E) (resp. M(Ha, F)). By Corol-
lary 5.44, D1 ® D; is a reduced matrix of M(H, L). By Theorem 2.25, the columns of
(D1 ® Dy)~! as vector coordinates with respect to W form an Og-basis V' of .
Now, it is easy to check that (D; ® Dy)~! = Dy e D, 1. Hence, by definition of
Kronecker product, the columns of this matrix are the products of the columns of
Dy Land Dy 1. We conclude that V' = V, so V is an O-basis of Ay. O

In summary, reducing M (H;, E) by means of a unimodular matrix U; and reduc-
ing M(Hy, F) by means of a unimodular matrix U is the same as reducing M(H, L)
by using U = U; ® U,. This solves the problem of finding a basis of the associated
order in an induced Hopf Galois structure (whenever there is an induced basis) from
a theoretical point of view.

In practice, it is more convenient to work with matrices with integer coefficients.
This is always possible because in order to reduce the matrix of the action it is equiv-
alent to reduce its primitive part, due to the following result.

Corollary 5.46. Call d; = cont(M(H;,E)),dy = cont(M(Hp, F))andd = cont(M(H, L)).
Then, there is a unit u € Oy such that d = did,u.

Proof. Let D be a reduced matrix of M(H, L), so there exists a unimodular matrix

D
U € GL,2(Ok) such that UM(H, L) = @ . By the proof of Proposition 5.43,

D
UP'M(H;,E) ® M(H, F) = @ .

Since UP~! is unimodular,
cont(M(Hy,E) ® M(Hy, F)) = cont(UP~'M(H;,E) ® M(Ha, F)) = cont(D).

Now, the content is unique up to multiplication by a unit, so there is some u € Oy
such that d = dydou. O

5.3.4 Induced freeness

In this part we study the freeness of O} as 2Ap-module when H = H; ®k H; is an
induced Hopf Galois structure. To obtain a direct relation, we need the arithmetic
disjointness.

Theorem 5.47. Let us assume that E/K and F /K are arithmetically disjoint. If OF is Uy, -
free and Of is Ap,-free, then Oy, is Ay-free. Moreover, if vy is a A, -free generator of Of
and 6 is a A, -free generator of Of, then 7 is a Ay-free generator of Oy.

Proof. Let {v;}/_, be an Ok-basis of Ay, and let { ],t]-};‘: 1 be an Ok-basis of Ap,. Then,
{vi - v}i_; is an Ok-basis of O and {y; - 5}}‘:1 is an Ok-basis of Of. Since O =
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Of ®0, OF, the product of these bases is an Ok-basis of O;. But that basis is formed
by the elements

(0i-7)(j-0) = (vip) - (v9), 1 <i<r,0<j<u.

Since Ay = An, ®o, AmH,, this amounts to say that é is a Ap-free generator of
Or. O

5.3.5 Freeness after tensoring by Or

We finally compute the associated order of Oy in H (1) .= H; ®x F and discuss the
freeness of Oy as A;;1)-module. Note that this is actually a Hopf Galois structure on
L/F because H; is a Hopf Galois structure on E/K and F is K-flat. Moreover, the
action of H on L is obtained by extending F-linearly the one of H; on E.

We study the relation between Ay, and 2,), as well as the 2, -freeness of O
and the 2l ;;q)-freeness of Or. In order to do this, we need a suitable description of
elements of Or. For this reason, we make again the hypothesis that E/K and F/K
are arithmetically disjoint, which implies that O;, = O ®p, OF.

Let {a;}/_; be an Ok-basis of Of and let {zj}}.lzl be an Ok-basis of Of. Since
OL = Or ®0y OF, {#iz;}i; is an Og-basis of Or.

Proposition 5.48. If E/K and F /K are arithmetically disjoint, then 1) = An, @0, OF.

Proof. First, we prove that 2y, ®p, Or C Ay . Itis clearly contained in Hy ®p, F =
H; ®x F = H, On the other hand, it acts O-linearly on O} componentwise since
Or = O ®o, Or. This proves the claim.

For the reverse inclusion, let h € RAyq). Trivially, h € H (1) = H; @k F. Since
{Zj}]”:l is a K-basis of F and Hj is K-flat, it is also an H;-basis of H). Then,

u . .
j=1
The result will follow from the fact that 1) e A, forall1 < j < u. In order to

prove this, we may check that h\/) - ¢ € O for all ¥ € Of. Take any such ¢ € Og. In
particular v € Or, and since h € 1), we have thath - v € Op. But

u

u . .
hopy= (Z h(])zj> Ly = Z(h(]) ‘£7)z € Or.
j=1 =1
Now, {z]-};‘:1 is an Og-basis of O, because Of is Ok-flat. Hence, the previous ex-
pression yields that hU) ¢ v € Opforall <j<u. O

With this result, we have determined how the associated order changes when we
tensor with an arithmetically disjoint extension. It is, together with Corollary 5.42,
the direct generalization of the first part in Proposition 5.11. Now, we move to the
question of the freeness of Or as 2A;;1)-module. We have:

Corollary 5.49. Assume that E/K and F /K are arithmetically disjoint. If Of is Ay, -free,
then O is Ay ) -free.



5.3. Induced Hopf Galois module structure 137

Proof. Since O is Ok-flat, O ®p, Or = Oy is Ay, ®o, Or-free. By the previous
result, Ay, ®o, Or = Ay and the claim follows. O

This result and Theorem 5.47 generalize the second part of Proposition 5.11.
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Chapter 6

Dihedral degree 2p extensions of

Qp

Let p be an odd prime number. The standard setup in this chapter is a Galois exten-
sion L/Q) of p-adic fields (i.e, a finite field extension of Q,) whose Galois group G
is isomorphic to the dihedral group of order 2p, for a prime p > 3. We establish the
following presentation of G henceforth:

G={o,t|o? =12=1,10 =0""1).

We carry out a detailed study on the arithmetic setting and the Hopf Galois module
structure of such an extension.

Regarding the problem of determining Hopf Galois structures, we will take a
dihedral degree 2p extension L/K of arbitrary fields, as restrictions over the fields
themselves are not required. This problem was solved by Byott in his paper [Byo04]
in the more general case of extensions of degree pg, for p and g different primes such
that g divides p — 1. We recover dihedral degree 2p extensions by considering the
ones with 4 = 2 and non-abelian Galois group. It turns out that L/K has 2 Hopf
Galois structures of type D), the classical and the canonical non-classical (which de-
fine different Hopf Galois structures because D, is not abelian), and p Hopf Galois
structures of type Cy,. We will see that the last ones are just the induced Hopf Galois
structures of L/ K, which we computed in Examples 5.20 and 5.26.

Going back to the case of a dihedral degree 2p extension of Q,, the Hopf Ga-
lois module structure is almost completely described for the dihedral Hopf Galois
structures thank to results of Truman and Johnston, and completed by using the re-
duction method. For the cyclic ones, even though we have not solved the problem
in its more general situation, we have obtained complete answers for the cases p = 3
and p = 5.

Furthermore, we consider the extension L/ F, where F/ Q, is the unique quadratic
subextension of L/Q,, which consequently is a cyclic degree p extension. These ex-
tensions have a unique Hopf Galois structure and their local setting has been deeply
studied. Descriptions of the associated order 2 ,r and the freeness over 2 ,r are
available (see for example [Fer74]). For p = 3, we shall compute the associated
order using the reduction method.
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6.1 Description of the Hopf Galois structures

Let L/K be a dihedral degree 2p extension of arbitrary fields, for a prime p > 3 and
call G its Galois group. By the Greither-Pareigis theorem, Hopf Galois structures of
L/K are in one-to-one correspondence with regular subgroups of Perm(G) normal-
ized by A(G), where A: G — Perm(G) is the left regular representation of G. By
[Byo04, Theorem 6.2], the permutation subgroups giving Hopf Galois structures of
L/K are the following:

* Dihedral type: The regular subgroup N is isomorphic to D,. There are two
such Hopf Galois structures: the classical one, corresponding to N, = p(G),
and the canonical non-classical one, corresponding to Ny = A(G).

* Cyclic type: The regular subgroup N is isomorphic to C. There are p such
Hopf Galois structures, corresponding to N (@) — (u,mg) for0 < d < p—1,

where:

u: okt — gkt

_1)l+1
na: okt s gkH(=1)Td L+

Let us focus on the Hopf Galois structures of cyclic type. Note that in Example
5.26, all the permutation subgroups N are cyclic, so induced Hopf Galois structures
are of cyclic type. Since there are a total of p, this gives that the cyclic Hopf Galois
structures are the induced ones. Then, each N?) is actually induced by permuta-
tion subgroups of Perm(]) and Perm(G’) as in the Induction Theorem 5.21, for some
decomposition G = | x G’ of the Galois group G as a semidirect product. Let us
identify those subgroups.

First, we study the generators i and 7;. After the remark that y = A(0), it is

immediate that the element y has order p. As for 775, we claim that it coincides with

p(c97), where p: G — Perm(G) is the right translation map of G. Indeed, we have

o(t)(d* ) = of ot (6.1)
Since T¢~? = ¢t and t0? = 0~ by definition of G, one obtains by induction that
to=d = (-1l Carrying this to (6.1), we obtain

p(O’dT) <0le) _ 0.k+(—1)l+1dTl+1 _ Ud(Ule),
which proves the claim. Consequently, 7, is of order 2.

Theorem 6.1. Fix 0 < d < p — 1 and define ] = (c) and G' = (¢*1), which gives a
decomposition of G as semidirect product. Then,

N@ = ((N] x Ny),

where Ny = A(]) and Ny = AS(G'), and AG': G' — Perm(G') (resp. A:] —
Perm(])) is the left reqular representation of G (resp. ]).

Proof. We have
n=Al0) =1ox(o) =1(N(0),1).
Then Nj is an order p subgroup of Perm(J), and it is clearly regular and normal-

ized by A.(G). On the other hand, we know that 17; = p(c*t). Since 7;(1) = ot
and 77;(ct) = 1, this permutation restricts to G/, and that restriction coincides with



6.1. Description of the Hopf Galois structures 141

AG(0“7). But this element is the generator of Ny, which is a regular order 2 sub-
group of Perm(G’) normalized by itself.

Now, un; generates N and verifies

un; = A(o)p(o't) = z(/\](a),)\Gl(aiT)) € 1(N7 x Np).

In order to check the last equality, we remark that A (0')p(0'7) (0*1!) = gk t1+(=1) izl +1

and compute

(M (), AS (0'1)) (6¥) = "ol
= AMo)otoit

= Mo)p(o')(dY),
(M (), AS (0'1)) (cF 1) = 1 (oir)?

_ 0_k+1+z,l,

= AMo)p(c'T)(F1).

Then N < (N7 x N3), and since their orders are equal, they coincide. ]

6.1.1 The Hopf algebras involved

For each of the Hopf Galois structures of L/K, let us describe the corresponding
Hopf algebra.

For the classical Galois structure, given by p(G), it is well known that the corre-
sponding Hopf algebra is the K-group algebra H. = K[p(G)], which we can identify
(as Hopf algebras) with K[G], so the elements of G form a K-basis. Regarding the
canonical non-classical structure, by the Greither-Pareigis theorem the Hopf algebra
is given by Hy = K[A(G)]M®). Let us call 4 = A(c) and 4 = A(7). By [Koc+19,
Section 6], it holds that

o -1 ,
Hy = {ap+ Zapt + 1(a )+b017+2 pT (bo)y~'|ag € K, a; € F, by € E},
i—1

where E = L{") and F = L{?),

Now, we determine the Hopf algebras of the cyclic Hopf Galois structures, which
is the same as determining those of the induced Hopf Galois structures. Let H be
such a Hopf Galois structure. By Corollary 5.31, H = H; ® H,, where H; is a Hopf
Galois structure of E/K, H» is a Hopf Galois structure of F/K, and E = ¢ F=1J
for some decomposition G = | x G’ of the Galois group as a semidirect product.

We determine, then, the Hopf Galois structures of these subextensions. For E/K
itis just what we did in Chapter 3: By Theorem 4.1, H; = K[z(4 — ¢~ 1)]. On the other
hand, F/K is a quadratic extension, so the classical Galois structure is its unique
Hopf Galois structure. Its Hopf algebra K|[G/]] is isomorphic to K[r,], where d cor-

responds to the choice of the generator 0“7 of G’ in the decomposition G = | x G'.

Once we have described the Hopf Galois structures of H; and Hp, we obtain the
explicit expression of H = H; ® H,.
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Corollary 6.2. The cyclic Hopf Galois structures of L/ K are those with Hopf algebras of the
form
Hy = K[z(u = p"),m4l,

where z € F — Kis such that 22 € K, y = A(c), 15 = p(¢7) and 0 < d < p — 1.

6.2 The arithmetic of the extension

For this section and for the remainder of the chapter, we take a dihedral degree 2p
extension L/Q, of p-adic fields.

6.2.1 Integral bases

First, we compute a Qp-integral basis of L, as this is needed in order to apply the
reduction method. Since L is the splitting field of a p-Eisenstein polynomial, all its
degree p subextensions E/Q, are totally ramified. Equivalently, L/Q, is totally ram-
ified if and only if so is its unique quadratic subextension F/Q,. We may try to build
an integral basis of L from integral bases of E and F. Let a be a root of the Amano
polynomial defining E/Q, and letz = v/d € O withd € Z, — 73 and vy(d) < 1.
Then, {1,a,...,aP1} (resp. {1,z}) is an integral basis of E (resp. F).

The easiest case is when F/Q, is unramified. If so, we have that E/Q, and
F/Qy are arithmetically disjoint, so by the definition, O, = Op ®z, Op. Hence, the
product of integral bases of E and F is an integral basis of L. For the ones above, we
have

B=1{1,zu, ocz,...,ocp’l,a”’lz}.

Now, let us assume that F /Q, has ramification, so L/ Q) is totally ramified. Then
the basis B is still a basis of L but it is not integral. In this case we use the following
result:

Proposition 6.3. If L/Q,, is a totally ramified dihedral degree 2p extension of p-adic fields,
then

N

’)/:

—1

=
N

o«
is an uniformising parameter of Or, where x and z are as above. Consequently,

B ={ly,....y*" 1}
is an integral basis of L.

Proof. Ttis enough to check that 7y has L-valuation 1. Since vp(z) = 1and e(L/F) = p
(as it has ramification), v1(z) = p. On the other hand, since F/ Qy has ramification
index 2 and is linearly disjoint with E/Q,, L/E also has ramification index 2. Then,
ve(a) = 1 implies that vy (a) = 2. Finally,

-1
oL(7) :P—ZPT:L

We summarize the results obtained in this section:
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Corollary 6.4. Let L/Qy be a dihedral degree 2p extension of p-adic fields. Let a be a root of
the Amano polynomial of which L is the splitting field over Q, and let z be an uniformising
parameter of the unique quadratic subextension of L/Q,. An integral basis of L is given as
follows:

1. If L/Qy is not totally ramified, B = {1,z,a,az,...,aP~ 1, aP~1z}.
2. If L/Qy is totally ramified, B' = {1,7,...,v*P~1}.

6.2.2 Discriminant and ramification

We determine the discriminant and the chain of ramification groups of L/Q,. We
will first compute the discriminant of a degree p subextension E/Q;. By Theorem
4.5, E is generated by the root of one of the Amano polynomials listed there. Let
f be the defining Amano polynomial and « one of its roots. Since the powers of «
up to p — 1 form an integral basis, disc(E/Qp) = disc(f). We then compute the
discriminant of the Amano polynomials by using the Ore condition.

Theorem 6.5 (Ore condition). Given jo €, there exist totally ramified extensions E/Q, of
degree p and with discriminant exponent c(E/Q,) = p +jo — 1 ifand only if 1 < jo < p.
p—1
In that case, if f(x) = xP + Y fix' € Z,[x] is an Eisenstein polynomial, we have:
=0

1=

1. For jo = p, vp(disc(f)) =2p — 1 if

vp(fi) >2for1<i<p-1

2. For0 < jo < p,vp(disc(f)) =p+jo—1if
vp(fi) > 2for1 <i<p—1,i# jo, andv,(f;,) = 1.

Proof. See [Ore24] or [PRO1, Proposition 3.1 and Lemma 5.1]. O

We apply the lemma to our situation. We begin with the polynomials x* + 3a
with a € {1,4,7}. If we take jo = 3, what the first part of Theorem 6.5 says
is that there are degree 3 extensions of Q, with discriminant exponent 5. Since
v3(f2) = v3(fi) = oo > 2, we can then apply the first statement of the second
part in the theorem to obtain v3(disc(f)) = 5.

We move on to the case of the polynomials x” + 2px% +p, xF+p(p— 2)x% +
p, for which we take jo = ’%1. Since

vp(fp-1) = "':Up(fpzj) =0p(frs) = =vp(f1) =00 >2

2
if p > 3and v,(f,1) =1, vp(disc(f)) = p + 251 —1 =21,

2
Finally, for the polynomial x” + px?~! + p, we take jo = p — 1, for which v, (f;) =
v = Up(fp2) =00 >2and vy(fy—1) = 1,50 vp(disc(f)) = p+jo—1=2(p —1).

We represent in the following table the information above together with the last
line of Theorem 4.5 concerning the inertia group.
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’ | Polynomial | Go | c(E/Qp) |
p=3x*+3a (ac{1,47}) ] Ds 5
p23| @+ (p-2)px'T +p | D, | A2

p pl 3(p—1)
xP4+2px 7 +p D, | =5%5—
xP+pxPt+p Cy | 2(p—1)

We can obtain the discriminant of L/Q), by using the relative discriminant for-
mula

disc(L/Qp) = Ng/q, (disc(L/E))disc(E/Qy)>.

Since the ramification index is multiplicative in towers, L/E is unramified if and
only if so is F/Q,. For the polynomial x? + pxP~! + p with p > 3 the inertia group
is Go = C,, so the extension L/E is indeed unramified, and then disc(L/E) € Of.
Applying the formula above, disc(L/Q,) = disc(E/Q,)?. Otherwise, since L/E is
a quadratic extension of p-adic fields, vg(disc(L/E)) = 1, and then disc(L/Q,) =
pdisc(E/Qp)?. Then, one obtains the following table.

’ | Polynomial | Go | c(E/Qp) | c(L/Qp) |
p=3[x*+3a (ae{1,47}) ]| D; 5 11
p=>3 xp—l—(p—Z)pxpTil%—p D, 3(p;1) 3p—2

xP +2px"2 +p Dy | 2 | 3p—2
xP+pxP i+ p Cpl2(p—1) | 4(p—1)

Finally, we compute the chain of ramification groups by means of the formula of
Proposition 1.24

[ee]

c(L/Qy) = f(L/Qp) L (G - 1).
im
If p = 3 and the polynomial is one of x*> +3a, 2 € {1,4,7}, then f(L/Q,) = 1 and
v3(disc(L/Q3)) = 11, and replacing in the previous formula, } ;> (|G| — 1) = 11.
Since |Gy| = 6, it must be |G| = |Gz| = |Gs| = 2. Then, the chain of ramification
groups is
D3 D2 C3 D C32C3 D {1}.

If the polynomial is one of x7 + apxprl +p,a € {2,p—2}, we have again
f(L/Qp) = 1,and }2((|Gi| —1) = 3p —2. We know that |Gy| = 2p, so it must
be |G1| = pand |G;| = 1 for all i > 1. Then, the chain of ramification groups is

D, 2 C, 2 {1}.

For the polynomial x” + px?~! + p, f(L/Q,) = 2 and v,(disc(L/Q,)) = 4(p —
1),s0 Y 724(|Gi| —1) =2(p — 1). Since |Go| = p, it must be |G;| = p and |G;| = 1 for
all i > 1. Then, the chain of ramification groups is

C, 2> C, 2 {1}.

Finally, the chain of ramification groups of L/F is obtained as the intersection of
the one of L/Q, with Gal(L/F) = C,. Then, it becomes the same but with inertia
Cp (and without changes for the last polynomial). Then, the ramification number
t(L/F) is 3 for the polynomials x> + 3a and 1 otherwise. To sum up:
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Theorem 6.6. Let L/Q, be an absolute dihedral degree 2p extension of p-adic fields. The
discriminant and ramification of L/ Q) is given by the following table:

] | Polynomial | ¢(L/Qp) | Ramification groups | t(L/F) |
p=3[x*+3a (ac{1,47}) 11 D;2C32C3 DG 2 {1} 3
p>3 ||+ (p—2)px'T +p | 3p—2 D, 2C, 2 {1} 1

x4 2px'T 4 p 3p—2 D, 2C, D {1} 1
xP+pxP~ 14 p 4(p—1) C, 2 Cp 2 {1} 1

It can be observed that the extensions corresponding to the non-radical polyno-
mials are weakly ramified. Then, the classification of dihedral extensions L/Q, of
degree 2p can be presented in a more convenient way:

Corollary 6.7. Let p be an odd prime number and let L/Qy, be a dihedral degree 2p exten-
sion of p-adic fields.

1. If L/Qy is weakly ramified, then L is the splitting field over Q, of one of the polyno-
mials

W +2px"T +p, W p(p-2x'T +p, W prt g
2. Otherwise, p = 3 and L is the splitting field over Qs of one of the polynomials

P43, ¥4+12, P¥+21.

6.3 Dihedral Hopf Galois module structure

In this part we consider the problem of determining both the associated order and
the freeness over it for the Hopf Galois structures of dihedral type, that is, the clas-
sical Galois structure H, and the canonical non-classical Hopf Galois structure H,.
The strategy will be completely different depending on whether L/ Qp is weakly
ramified or not.

6.3.1 Weakly ramified cases

If L/Q, is weakly ramified, by Corollary 6.7 it is the splitting field of x¥ +2 pxp%1 +p,

x? + (p — 2) px’%1 + p or xP + pxP~1 + p. To study the classical Galois structure,
we can make use of the results of Johnston in [Joh15], while for the canonical non-
classical structure, Truman studies its relation with the former in [Trul6].

The associated order

Concerning the classical Galois structure, as L/Q) is always wildly ramified (since
its degree p subextensions are totally ramified), Johnston’s result [Joh15, Theorem
1.2] gives that

TI‘GO :|

Ar/qQ, = Zp[G] [ p

and Oy is 2y /g, -free.

For the canonical non-classical Hopf Galois structure H), we have:



146 Chapter 6. Dihedral degree 2p extensions of Q,

Theorem 6.8. Let L/K be a non-abelian Galois extension of fields with Galois group G.
If Oy is A x-free with generator x and {h;}!_, is an Ok-basis of AL/, then there is an
Ox-basis of Ay, formed by

hi=Y (Z U(xi)gltf(f)> Ag),

geG \reG

where x; = hi(x) for every i and * € L is such that {0(X)}scc is the dual basis of the
normal basis {o(x)}sec of L.

Proof. The existence of an element X with the aforementioned property is justified
by [Trul6, Lemma 3.1]. The proof that {4;} is an Ok-basis of A, follows from the
proof of [Trul6, Proposition 4.1]. O

Since O is 2 /q,-free, this solves the problem of the description of the associated
order.

Module structure over the associated order

Concerning the freeness, we already know that Oy is % /q,-free by Johnston’s result.
Moreover, he constructs explictly the form of a normal integral basis generator (see
[Johl15, Theorem 4.1]). On the other hand, for the canonical non-classical structure,
we have:

Theorem 6.9. Let L/K be a non-abelian Galois extension of fields with Galois group G.
Then, Oy, is free as Ay yx-module if and only if so is as Ay, -module.

Proof. This the main result of [Trul6, Theorem 1.1]. O

In our case, since O is ;. /Q, -free, Truman’s result yields that it is also free over
the associated order in the canonical non-classical structure.

6.3.2 The radical cases

Now we assume that L/Q) is not weakly ramified, which by Corollary 6.7 implies
that p = 3 and f is one of the radical Amano polynomials, that is, f(x) = x° + 3a
witha € {1,4,7}. To study the associated order and the module structure of O, we
will use the reduction method. Since the Galois group is still not abelian, we can use
Theorems 6.8 and 6.9, so it is enough to study the classical Galois module structure.

In these cases L/Q) is totally ramified, so by Proposition 6.3, the powers of = up
to 5 form a basis of O, where « is a root of f and z = Vd € Lwithd € Z,— Z%. Let
t = \/a € Zj. For convenience we will take as integral basis the powers up to 5 of

Y= X

In order to completely determine this integral basis, we will look for possible val-
ues for z. Since the Galois group of L/Qj3 is isomorphic to D3, then the discriminant
of f isnot a perfect square, so its square root generates the unique quadratic subex-
tension of L/ Q3. Thus, z can be chosen as any element of L such that Qs(/disc(f)) =

Qs(z). Now,
disc(f) = —27-3%- 4% = —3°a2,
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and since v3(a) = 0, we may choose z = v/ —3.

On the other hand, we have that a®> = —34, so % = — g‘—; Thus, we have
3a
T 2T x, Y =tz, Y=4a> 7°=taz

Next, we need to determine the Galois action on the powers of . Since all of
them are products of « and z, we determine the action on these elements. The action
on the latter is much easier: ¢(z) = z and 7(z) = —z. On the other hand, we may
assume that « is the root of f that is fixed by 7 (so that the other two are fixed by ot
and ¢°7). Then, T(x) = a by choice and o(a) is a conjugate of a. For 7, this gives
that 7(y) = —1. Since f is radical, it may be checked that the conjugates of « are {3«
and (fgoc, where {3 = % is a primitive third root of unity. We can assume without
loss of generality that o(a) = &3a (otherwise we would replace ¢ by ¢?), and then

o(y) = C;’;’y. With these assumptions, we obtain the Gram matrix:

2 3 4 5

1 gt gt v v v
1 —%w%v‘* —%72—%75 7 —%7—%7‘* —%vz—%f
G(H,L) = ) ., 2 e 4 s

We can build the matrix of the action M(H, L) from this, and as the fixed basis
of L is integral, reducing this matrix gives a basis of the associated order 2} ,x. The
Hermite normal form of M(H, L) is

10 -1 00 O
01 -1 00 O
00 3 00 O
b= 00 0 10 -1
00 0 01 —1
00 0 OO0 3

The columns of D~! provide the basis of 2 /x

{ 1g + 0 + 2 T+UT+0’2T}
1g,0, 3 ,T,07T, 3 .

Although this is not an induced Hopf Galois structure, the matrix D is a Kronecker
product and consequently the associated order 2,k is a tensor product of Ok-
modules.

Let us move on to the freeness over 2 ,x. Since 3 appears twice in the diagonal
of D, the index of the classical Galois structure is I(H.,L) = 2. Now, given f =
Y%  Biv'~!, we have

Dy(H, L) =  2B1Ba(B2ps — 3aﬁ5£6) (B2P3 + 3aPsPe)
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In particular, if we take B = 1+ ¢+ 9% + 9% +79* + 9°, then

18(1 — 942)
Dp(H,L) = ————~,

and since 3 does not divide 1 — 942, v3(Dg(H,L)) =2 = I(H,, L). Hence,  indeed
generates O, as an 2} ,o,-module.

The following summarizes the results obtained in this section:

Corollary 6.10. Let L/Qs3 be a dihedral degree 6 extension defined by one of the radical
polynomials. Then:

1. {1, —t‘%, w,z,02,az} is an integral basis of L.

1g + 0 + 2 T4 0T+ 0T
T,0T

2. <1
{ G/O'/ 3 7t 7 3

} is a Z3-basis of Ay, /q,.

3. Opis Apjq,free and B = 1+ v + 7> + 9> + v* + 7 is a normal integral basis
generator.

6.4 Cyclic Hopf Galois module structure

Now, we consider the Hopf Galois structures of L/Q, of type C;, and consider the
problem of determining the associated order and the module structure of Oy, in each
of them. Recall that the Hopf Galois structures of cyclic type of a dihedral degree
2p extension are the induced ones and were completely described in Theorem 6.1.
We know that H = H; ® Hy, where H; is a Hopf Galois structure of some degree
p subextension E/Q, and H; is a Hopf Galois structure of the unique quadratic
subextension F/Q,. As in Corollary 6.4 the form of an integral basis depended on
the ramification of F/Q,, we make the same distinction again.

Corollary 6.11. Assume that F/Q, is unramified. Then:
1. Ay = QlHl ®ZP Qle.

2. If Og is Ap, ~free, then Oy, is Ay-free and the product of normal integral basis gener-
ators of E and F gives a normal integral basis generator of L.

Proof. Since F/Q, is unramified, E/Q, and F/Q, are arithmetically disjoint. Then,
Corollary 5.42 gives that 2y = Ay, ®z, Ap,. For the second part, by assumption O
is 2y, -free, and the hypothesis that F/Q) is unramified gives that Of is Apy,-free.
Then we apply Theorem 5.47. O

Next, we assume that F/Q) is ramified, which implies that L/Q, is totally ram-

ified. By Proposition 6.3, the powers of the uniformising parameter 7 = —* form

o 2

an integral basis
B'={1L7,7% - "1}

of L. Since the action of H on L is the tensor product of the actions of H; on E and of
H; on F, it is clear that

G(Hw, Lp) = G(Hy,E) ® G(Hp, F).
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Besides, we know that G(Hy, Lp') = G(Hw, Lg)PE .

Then, in practice, carrying out the product of matrices above, one can compute
the Gram matrix where in L we fix an integral basis. However, powers of y greater
than 2p — 1 normally appear in the result. In order to reduce them, we need the
minimal polynomial of . To this end, we use the following fact about the resultant:

Proposition 6.12. If K is a field and f,g € K[x] are polynomials with f monic, then
Resy(f,g) = [] s(a)
f(@)=0

and it gives an explicit polynomial expression in the coefficients of f and g.

We take the expression of -y in terms of the tensor basis B and define a polynomial
I' € F[x] obtained by replacing a by an indeterminate x in the expression of 7. Let Y
be another indeterminate. Then, Resy(f,Y —T) = [T/_, (Y — T'(«;)) gives an explicit
polynomial expression

YV + oY 1Y+
in Y with coefficients ¢; € F and root 1. Let us write ¢; = a; + b;z, a;,b; € Q. Then,
(YP + alypfl + .. 'ap—ly + ap)z _ ZZ(blylﬂfl 44 bp—1Y 4 bp)2

is a polynomial of degree 2p with root v, which turns out to be its minimal polyno-
mial.

This yields the following method to compute M(Hyy, Ly ):

1. Write the powers of -y in terms of the tensor basis B to compute the matrix Pg’.
2. Compute the minimal polynomial of 7.

3. Compute the Kronecker product G(Hj, E) ® G(Hy, F) and multiply on left side
by PBB/, obtaining G(Hyw, L ).

4. Compute M(Hy, Lg/) from the entries of G(Hw, Lp).

Once we have computed M(Hy, Lp/), since B’ is an integral basis of L, we can
apply the reduction method to compute a basis of Ay and determine the 2y-freeness

of OL.

6.41 Thecasep =23

If p = 3, we know that L is the splitting field over Q3 of one of the polynomials
P43, 412, 2+21, X¥©43x+3, X +6x+3, x +3x>+3.

We adopt the terminology of Section 4.4. We can solve the singular case easily.
In this case, we have that F/Qj3 is unramified and we know by Proposition 4.11 that
OFf is Ap, -free, so we apply Corollary 6.11 to conclude that 2y = Ax, ®z, Ay, and
O is Ay-free with normal integral basis generator the product of normal integral
basis generators of E and F.

So assume that L/Qs is totally ramified, that is, f is one of the first five polyno-
mials.
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Change basis matrix

Let H = H; ® H; be an induced Hopf Galois structure. We fix as Qs-basis of H the
product of the bases in H; and H», that is,

W = {win1, witp2, Wan1, Watj2, W31, W3H2 }.

Since L/Qj is totally ramified, by Proposition 6.3, the basis B’ given by the pow-
ers of = up to 5 is integral, where z is the square root of a non-square in Z3 and « is
a root of f. We determine the change basis matrix from the product basis B to the
basis B'.

As usual, we begin with the radical cases f(x) = x> +3a,a € {1,4,7}. We have

that

Z DCZZ

«  3a

with z = \/—3. Let t = y/a. In order to simplify computations, we will choose

a2z

3a’
which is also an uniformizing parameter of O; because t € Z3. Now, we compute
the powers of :

v = —t

YV=a, P=tz, ¥*=4% 9° =tz

Then, the change of basis matrix from the tensor basis B to the basis B’ of the powers
of 7y is

1 0 0000
0 0 0 ¢t 00
pr_ |0 0 1000
B~ o0o 0 000 ¢
0 0 0010

0 —4 0000

T
Let us move to the second group. In this case,
z (2 +3a)z

o 3

If a =1, we take
(a® +3)tz
3 7

1
,s0 tz = y/—3. The powers of -y are

wherez = /=39 and t = B

Y =—a®+a—3, v =ta’z— taz+ 4tz

v =4a® — 30 +15, ° = —5ta’z + 4taz — 18tz.
Hence, in this case

0 -3 0 15 0
—t 0 4t 0 -—18t
0o 1 0 -3 0
0 0 —t 0 4t
0 -1 0 4 0
-£ 0 t 0 -5t

O OO OO
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If a = 2, we choose again v = —(“ZJF%)&, but now t = \/—% and z = +/—123, so
tz = —/3. The powers of <y are

’)/2 =202 —a+12, ’y3 = —4ta’z + 2taz — 25tz,

vt =254% — 12a + 156, > = —52ta’z + 25taz — 324tz.

Hence, we obtain

0 12 0 156 0
-2t 0 =25t 0 —324t
o -1 0 -12 0
0o 0 2t 0 25t
0 2 0 25 0
£ 0 —4t 0 52t

o O o o o =

The minimal polynomial of y

To compute the minimal polynomial of y for the radical cases it is enough to remark
that

7= () = (12° = =3a,

so 1y is a root of Y° 4 3a.

For polynomials of the second group, we use the resultant. For a = 1, we have

(a® +3)tz

Res, <x3+3x+3,Y— (— 3

)) = Y3 4 tz2Y? —tz = Y3 + (Y?t — 1)z

Recall by Proposition 6.12 that this has root y as a polynomial in Y. Then, evaluating
in y and rising to the square gives that

Y6 — (Y2t —1)°22 = YO +3Y* —6Y? +3
is the minimal polynomial of vy. For a = 2, similarly we find the polynomial
Y —12y* —12Y% -3,

The action on L/Q3

For the first three cases,

1 =z ® vz a® a4’z

1 —z « —az &> —a’z

0 0 —3a —3az 3a®> 3a’z
G(Hy,E) ® G(Hy, F) = 0 0 -3a 3az 3a®> —3ua%z |’

2 2z —a —az —a® —a’z

2 -2z —a az  —a* @’z
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whence we compute the Gram matrix

G(Hw, Lg) = (G(Hy, E) ® G(Ha, F))P§

0 7 A G S

1

1 -
0 37 -39 0 39* —39°
0 37 -39 0 39* 39° |’
2 -7t -
2 v = 2 oy
where we have used that 77 = 3a+ to determine the entries of the second column.
For the fourth and fifth polynomial the matrix G(Hy, Lp') is obtained in a com-
pletely analogous way and their entries can be checked in (B.22) and (B.23) respec-
tively.

Basis of Ay

From the previous step we compute the matrix M(Hw, Lp), and since B’ is an inte-
gral basis of L, reducing this matrix provides a basis of O as 2y-module.

For the first class of polynomials, the Hermite normal form of M(Hy, Lp') is

1000 -1 0
0100 0 -1
hb_|0030 0 0
0003 0 0 |’
0000 3 0
0000 0 3
with inverse
1000 % 0
01000 3
0043000
0003100
0000 3 0
00000

Then, we obtain the basis of the associated order 2y

Wiy Wiy Wil + Wiy Wil + w
{wﬂh,wwz, 23;71, 23’72, 1’713 3’71, 17723 3772}'

Taking into account the basis of 2y, in Theorem 4.11 and the basis of 2y, computed
using Theorem 2.50, we see that Ay = Ay, @ A, .

Although this is enough for our purposes, it is worth taking a deeper look at this
case. Note that we can also use that B’ is an eigenvectors basis with eigenvalues
matrix

1 1 0 0 2 2

1 -1 0 0 2 =2

11 3 3 -1 -1
A= 1 -1 3 -3 -1 1|’

1 1 -3 -3 -1 -1

1 -1 -3 3 -1 1



6.4. Cyclic Hopf Galois module structure 153

which gives the basis of pairwise orthogonal idempotents

{w1771 + w1y + w3y + Wiy Wiy — W12 + W31 — Wik2

2wy + 2w1176z + w1 + Wty — w3t — w36172,
2wy — 2wy + w21716— waty — wat1 + w3172,
2wy + 2wy — w21716— Wal]2 = Walj1 — Walp2.
2wqi1 — 2wty — wzm:+ Walf2 — W3l — W3tz }

In addition, we see that B is a (non-integral) basis of eigenvectors and the eigen-
values matrix in this case is obtained from erasing the zero rows of M(Hy,E) ®
M(Hy, F), that is,

1 0o 0 2 2
-1 -3 3 -1 1

1 3 3 -1 -1
-1 0 0 2 =2}

1 -3 -3 -1 -1
-1 3 -3 -1 1

N =

_ o

and this matrix is obtained from permuting the rows of A, which was obtained by
erasing the zero rows of M(Hy, Lg/). That is, there is a permutation matrix P such
that PM(Hw, Lp) = M(Hj,E) ® M(Hy, F), which proves that the basis B’ is in-
duced. Consequently, B’ is an example of integral induced basis in which the pieces
E/Qs3 and F/Qj are not arithmetically disjoint. Furthermore, since B’ is an integral
induced basis, we can also reach the conclusion that Ay = Ay, ® 2y, using Theorem
5.41.

For the second group of polynomials we get

100 0 0 -1
010 0 0 -1
001 -10 0
P=loo00 3 0 0 |
000 0 1 -1
000 0 0 3
with inverse
10000 %
01000 3
001100
000300
00001 1%
00000 3

and the associated order 2y has Zj3-basis

w wy +w
{wlm,wwz, wo1, ?2(771 +12), w3, ! 3 > (m + 772)} .

In this case Ay # Ap, ®z, Ap, since 11 € Ay, ®z, Ap, and F; € Ap.
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Freeness over 2y

For the first three polynomials we have I(H, L) = 4 and the matrix associated to an
element B = Y%, B;7'~! has determinant

Dg(H, L) = —2592p1B2P3P4PsPe-

Since v3(2592) = 4, for = 147+ 7> +7° 4+ v* +7° we have the equality v3(Dg(H, L)) =
I(H,L). Hence, Oy is Ay-free and B is a generator.

For the fourth polynomial

Dg(H, L) = —288 (3 B3 — 23 B3 Ps + 43 /352) (B2 — 6 Bs + 24 Be)

(/322 — 15 By B+ 66 B¢ Ba + 27 B2 — 261 Be P + 621 ﬁﬁ) (B1— B3 +7Bs).

If B = v + 7%, then the determinant is —86688, which has 3-adic valuation 2. Since
I(H, L) = 2, we conclude that Oy, is 2y-free with generator f.

For the fifth polynomial

Dg(H,L) = —288 (20 Ba% + 499 B3 Bs + 3112 /352) (2 B2 + 27 By + 348 o) (4 B2

+ 114 B, By + 1473 B B + 720 B4 + 18684 B By + 121194 562) (B1+4B3+56Bs) .

We take again B = v + 7. In such case, the determinant is —401522688, which has
3-adic valuation 2, and then Oy, is Ay-free with generator .

The product of generators

Let us check that the product g’ of the generators € of O as 2p,-module and J of
Or as 2g,-module is not a generator of O, as Ax-module.

Such a product is of the form
B = (€1 + exa + €30) (81 + 622) = €101 + €162z + €2010 + €2000z + €361 + €30,0°2

with €;,6; € Z3 such that €1€2€3, 6162 € Z3.

For the first three polynomials, changing coordinates to the basis of the powers
of y gives

1 00 0O 0 6151 6151
00 0 0 0 -3t 61(52 —3t€352
pig | 00100 0 e | €201
5= | o Lo0oo0 o0 €0 | ak |-
0 0 0 01 0 63(51 6351
0000 0 €302 &%

that is, B’ = €161 — 3te3dry + €2017° + el—fzfy?’ +e3617* + 52—3275. Then,

2¢3.2¢3.2
Dg/(H,L) = 7776 M
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Since v3(7776) = 5, we have that v3(Dg (H, L)) > 4, proving that B’ is not a gen-
erator of O; as 2Ag-module.

Let us consider the second class of polynomials. If 2 = 1,

2
513 (622 + 362 €3 — 632) 523 (61 — 263)2

Dy(H,L) = 7776 .

andifa =2,

2
(513 (€22 + %6‘2 €3 — 2632) (523 ((—:1 — 463)2

Dy (H, L) = 31104 A

In both cases, since v3(Dg (H,L)) > 5 > I(H, L), B’ is not a free generator.

Summary of results

We summarize the results we have obtained for the case p = 3. With the notation
used throughout this section:

Theorem 6.13 (Associated orders). 1. For the first three polynomials and the last one,
Ay = QlHl Rz, Qle.

2. For the fourth and the fifth polynomials Ay # Ap, Xz, Aw, and a basis of Uy is
wyH w1y + w3
{wlﬂl, w112, W21, ?(171 +112), Wi, T(m + 172)} .
Theorem 6.14 (Freeness). Oy is Ay-free in all cases. For the last polynomial the product
of a generator of O as ™Ay,-module and a generator of Of as Ap,-module is a generator of
O, as Ag-module, while in the rest of the cases such a product is never a generator.
6.42 Thecasep =5

We consider the dihedral degree 10 extension L/Qs. Recall that L is the splitting
field over Qs of one of the polynomials

x> +15x2+5, x> +10x2+5, x°+5x*+5.

We have seen in Section 6.2.2 that the unique case in which F/Qs is unramified is
the third one. In that case, Corollary 6.11 gives us again that Ay = Ay, ®z, Ax,. On
the other hand, Theorem 4.12 gives us that Of is Ay, -free, and by Theorem 2.50, Or
is Ap,-free. Then, applying Corollary 6.11, Oy is Ax-free with generator a product of
generators of O and Or. Hence, throughout this section we consider the first two
cases.

Integral basis of L

By Proposition 6.3, the powers of % form an integral basis B of L.

For the first case, recall that the polynomial

x° —15x°% — 10x2 + 75x + 30
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defines the same extension. In this case, we take

_p 2 1 4 3 2
7 =12t = - (50* —24° =750 200 + 395 ) £z,

where t = — —% (and then tz = /5, since z = —4/ —%), which is also an uni-

formizer because 12t € ZZ. The other powers of -y that complete B’ are expressed in
(B.24).

In the other case, we take

z 1 4 3
Y =40t = = <51x 243 - 1751x—|—320) tz,
where t = — —% (and then tz = /10, since z = /—235). The other powers of

are in (B.25).

The minimal polynomial of

For the first case, we have

2
Res, (x5—15x3—10x2+75x—|—30,Y—zt (x4—5x3—15x2—4x—|—79) ,x> =

6912 Zo1 N 3456 z4t4Y

> = —720238Y? 4+ 376 222Y3 — 83 ztY* + Y°.

Writing this in the form c¢; + ¢z with ¢y, ¢ polynomials in Y and rising to the square,
one obtains that

Y10 — 30685 Y8 + 580960 Y© — 5564160 Y* + 49766400 Y? — 238878720

is the minimal polynomial of 1.

For the second case, we similarly find the minimal polynomial

Y10 — 56920 Y® + 1844800 Y® — 29163520 Y* — 209715200 Y2 — 671088640.

Basis of 2y

We recall the procedure for both cases:

e From the Gram matrix G(Hj, E) computed in Section 4.5.1 and the Gram ma-
trix G(Hy, F) computed in the case of Theorem 2.50, we compute the Kronecker
product G(H;, E) ® G(Hy, F).

e We apply the matrix PE’, whose columns are the coordinates of the powers
of v with respect to the tensor basis B, computed in Section 6.4.2. We obtain
G (HW/ Lp ) :

¢ We use the minimal polynomial of v computed in Section 6.4.2 to obtain the
coordinates of all entries with respect to the basis of 1.

* Now, we are able to determine M(Hy, Lp).
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We show directly the Hermite normal form of M(Hyy, Lp) for the totally rami-
fied cases.

For the first polynomial, the Hermite normal form is

10000 0 0O0O0O —1
01000 0 0O0O0 -1
00100 2 00O0 O
00010 2 000 O
D— 00001 -1000 O
0000O0O 5 000 0 [’
00000 O 100 —1
00000 O O0OT1O0 -1
000O0O0O O O0OO0OT1 -1
000O0O0O O OO0OO0O 5
which gives the basis of Ay
—2w, + w3

{w1771, W12, Wal1, Wat2, W3H1, f(m + 772),

w1+ wy +w
Wal1, Walla, W51, %(m +172) }

For the second one, we obtain as Hermite normal form

10000 O O0O0O0 -1
01000 O OO0OTO0O -1
00100 -200@0 0
00010 -20020 0
D— 00001 -1000 O
000O0O0O 5 0O0O0 O ’
0000O0O O 100 -1
00000 0 010 -1
0000O0O O OCO0O1 -1
000O0O0O O OO0OO0O 5

giving the basis of ™Ay

2wy + w3
{wlm, W12, Walj1, Walja, W31, f(m +12),

w1 + wg + ws

Wal1, Wall2, W51, 5 (11 +12) }

In both cases, Ay # An, Rz, Am,.

Freeness over 2(y

Let B = Y0, Bi7""! € Or. Using the matrix M(Hy, Lg) that we have computed
in the previous section, we can determine the matrix M/g(HW, Lp) associated to S,
whose determinant allows us to determine whether or not O} is 2g-free. In both
cases, we have I(H,L) = 2, and if

B=1+7+v+7+7+7+1°+7 +2°*+7°,



158 Chapter 6. Dihedral degree 2p extensions of Q,

vs(Dg(H, L)) = 2,50 Oy is Ap-free with generator .

Let us study whether or not the product of generators is a generator. Let € =
215:1 €'~ be an 2y, -generator of O and § = &1 + bz an RAp,-generator of Or.
Such product is

B’ = €101 + €162z + €201& + €20007 + €3018° + €3620%2 + €4614° + €45,0°7
+es010* + €500z,
and applying P% on the column of its coordinates, we obtain its vector of coordinates
(B:)1°, with respect to B'. The vectors for each case are shown in (B.26) and (B.27). If

we set these coordinates to the previously computed determinant Dg(H, L), we find
that v5(Dg (H,L)) > 2,s0 B’ is not a 2y-generator of Of.

Summary of results

For p = 5, we obtain the following results:

Theorem 6.15 (Associated orders). 1. The equality Ay = An, @z, Am, holds only
for the third polynomial.

2. For the first polynomial, a basis of 2y is

—2wy + w3
{w1771,w1172, Wa1, Wall2, W3H1, z (m +mn2),
w1+ wy +w
W41, Wall2, W51, %(’71 +12) },

while for the second polynomial, a basis is

2w, + w3
{wﬂh, W12, Walj1, Wak2, W31, ————— (11 + 12),

5
w1+ wg +w
DO ).

wWan1, W42, WsM1,

Theorem 6.16 (Freeness). Oy, is Ay-free for all cases. Only for the last polynomial the
product of a generator of O as Ap,-module and a generator of O as Ap,-module is a
generator of Or, as Ay-module.

Remark 6.17. Since Of is always free by Theorem 4.12 and Or is always 2Ap,-free by
Theorem 2.50, we see that the first statement of Theorem 5.47 hold for this case even
though E/Qs and F/Qs are not arithmetically disjoint.

6.5 The extension L/F

As usual in this chapter, let L/Q, be a dihedral degree 2p extension of p-adic fields,
and let F/Q, be its unique quadratic subextension. In this section we are interested
in the extension L/F rather than in L/Q,. Since this is a cyclic degree p extension,
the classical Galois structure is its unique Hopf Galois structure. Actually, this struc-
ture can be seen as the tensor product of the (almost classically Galois) Hopf Galois
structure of any degree p subextension E/Q, by F. Concerning the integral setting,
we want to study the extension L/F so as to compare the information obtained from
the one of E/Q,, that has been already determined.
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In order to compare 2} ,r with g ,q,, since the latter is inside L{A(])], we will
consider 2y ,r inside F[A(])]. In general, we do not identify anymore the Galois
group of an extension with its image by the left translation A when considering the
Hopf algebra of the classical Galois structure.

As in the previous sections, the easiest case is the singular one, when the defin-
ing polynomial is x” 4+ pxP~1 + p. In that case, E/Q, and F/Q, are arithmetically
disjoint, so:

* By Proposition 5.48, 2 /p = Ag/q, ® OF.

* By Corollary 5.49, whenever O is g/ q,-free, Oy is A /p-free with the same
generator.

The second item does not solve completely the problem in that case but gives a
sufficient condition, which is satisfied for both p = 3 and p = 5 (see Theorems 4.11
and 4.12).

For the remainder of the section, we assume that L./Q,, is totally ramified. In that

case, by Proposition 6.3, —= is an uniformising parameter of L and consequently its

)
powers up to 2p — 1 fornal an integral basis of L/K.

6.5.1 The associated order 2 /r
Radical cases

Let us assume that f(x) = x®> + 3a with a € {1,4,7}. Let us define again y = £ for
t =y/a € Of. Letus call § = —£ € F, which has valuation vg(6) = —1. Since L/F
is totally ramified, the powers of oy up to 2 form an integral basis

B = {1,a,6a%}
of L/F. We compute the corresponding Gram matrix:
1 a éa?
G(He, Lg) = |1 &a 3602 |.
1 G g3oa

Then, B is a basis of eigenvectors with eigenvalues basis

1 1 1
A=1|1 & &
1 & &3
The inverse of this matrix is
1 1 1 1
Q - g 1 (:3 % ’
1 ¢ &

which gives the basis of 2 /¢

{Id+y+y2 Id + &ap + &5u° Id+§§y+§3y2}
3 ’ 3 ’ 3 '
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This is coherent with [Fer74, Section 2.1], according to which the associated order
2 /r is the maximal Ok-order in F[A(])] since t = 3 = 0 (mod 3).

Now, let us compare 2;,r with 2Ag,q, ®z, O, which is another Of-order in
F[A(])] (in this case we cannot apply Proposition 5.48). We know by Theorem 4.11
that the elements

wy  zp—p?)  witws Id4pu+p?

W]:Id, ?: 3 , 3 = 3

form a Z3-basis of Ar,q,, and hence an Of-basis of g ,q,. We have the equalities

Id+p+p? _ Idtutp?

—3 =3

ld+gGu+dp 1 12(u—p?) _ 1ld4p+p?
3 - Eld+ 2 3 ) 3 :

Suton®  _ 1pq _ 12(02) 1 1d4py?

3 T2 273 273

Hence, the matrix of the change of basis is

The determinant is —1 € OF, so 2 /r = Ag /g, ®z, OF.

We summarize the results that we have obtained.

Theorem 6.18. Let L/Q3 be a radical degree 6 extension of 3-adic fields. Then, 2 /¢ has
Z3-basis

Id + p+ p? Id+ &p + &3p® 1d + Gu + Eap?
3 ’ 3 ’ 3 '
Moreover, Ay /r = Ug/q, @z, OF.

Weakly ramified cases

We will use the reduction method to determine a basis of the associated order ; /r.
Due to the high volume of computations, we will work only with the case p = 3.
Then, the defining polynomial f of L is one of x> + 3ax + 3, with a € {1,2}.

First, we must determine an integral basis B of L/F. As in the radical case, the
powers up to 2 of a uniformising parameter 7y of L/K determine an integral basis
of L/F. We take the value of ¢ given in Section 6.4.1, but renaming fz by z, so
v = —("‘2;73‘% with z = /=3 ifa = 1and z = —V/3 if a = 2. By the computations
in the aforementioned section, 7> = (—1)?(aa? — a + 3a2). Then, the change basis
matrix is

1 —az (—1)"3a?
PE =10 0 (—1)
0 -5 (-1)a
In order to compute the Gram matrix with respect to B., we must deal with the

conjugates of . Indeed, since the classical Galois structure has basis {1, u, u*} for
i = M (o), that matrix is

1 o «
G(H, Lp,)= |1 o?(a) o?(a?)
1
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We computed the conjugates of « in Section 4.4.1. By convention, we choose ¢ =
(a1, a2, 23) with a1 = a and

»  1+3aw

Ny = awn’ — o+ 2aw,
—-1+3
Ny = —awocZ—i—%a—Zaw,
where w = \/—%ifazlandw: \/—f—lifazz Hence, we have:
1 o o2
G(Hy,Lp)=| 1 —awa’+ 3aw—3)a—2aw o3 |,

1 awa®*— (3aw+1)a+2aw o}

with

9 3 1

2_ (32,7 2 92 93 1N 2

oc2—<aw +4aw +2aw—|—4>(x+

(3 Pw? = 3a%w? + aZw)oc +4a*0* +9a%w0* + 3aw,

9 3 1

2 _ (3 2,7 2 2 9 )42

oc3—(aw +4aw 2aw+4)¢x+

(3 Pw? —3d%w? — azw)oc +4a*0?* +9a%w? — 3aw.

Now, we have that G(H,, Lg) = G(H,, LBC)P]?C, and from this we can compute
the matrix of the action M(H,, Lg).

If a = 1, we have that

1 1 1

0 0 0

0 0 0

0 —3z(1+w) 3z(-1+w)
M(HCrLB) = 1 —%W—% %w—%

0 Twz ~lwz

o 3oy iy

0 -9« 9w

R
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On the other hand, for a = 2, the matrix of the action is

1 1 1
0 0 0
0 0 0
0 —%Zz—éuuz —1§ZZ+4wz
M(H,Lg) =] 1 -IL-1lw 1411w
0 -2 _Zfwz -Ziiwz
0 low+3FH —low+ 3
1 Wille P-1lw

In both cases, the Hermite normal form is

1 0 -1
D=0 1 -1].
00 z

2

Hence, 2} /r has Op-basis

If instead we apply [Fer74, Proposition 2], the basis of 2} ,r obtained is

{1d,—1d+y,ld_22”+”2},

which is easily seen to be equivalent to the one provided by the reduction method,
since the change basis matrix is unimodular.

Let us check if ; /r coincides with g ,q, ®o, Or. Again by Theorem 4.11, this
last order has Or-basis formed by

_ wy z(p—p?)  witwy  Id+p+p?
W =1d, == 3 3

We write those elements with respect to the basis of 2 ,r computed in this section:

w, = Id,
—11d+ptp?
G =5+ Fp ()
wtws _ (=1)° Id+p+p?
3 z z :

Then, the matrix of the change of basis is

1 £ 0
r=10 Z 0
_ —1)°
0 (=1)° 1 (Z)

Now, det(P) = (—1)"2 ¢ Of. Thus, A1/ # AE/q, ®z, OF.

To sum up:
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Theorem 6.19. Let L/Q3 be a weakly ramified degree 6 extension of 3-adic fields. Then,
A1/ has Z3-basis

Id+p+p?
{1, 400
Moreover, A/ r # Ag /0, @z, OF.

6.5.2 Module structure of O} over 2 /r

We apply Proposition 1.33 to our situation with the cyclic degree p extension L/F,
which is totally ramified. The ramification number can be obtained from the table
in Theorem 6.6: itis t = 1 when p > 3 and t € {1,3} when p = 3, depending on
whether the extension is weakly ramified or not.

For p > 3, we have that p does not divide ¢, and since t < p, we deduce a = t. If
the defining polynomial is one of the first two, then F/Q}, is ramified and e(F/Q;) =
2, thus

pe(P/Qp) 1_2779_1:}?7—1—1

p-1 p-1 p-v
and t < %. Since t divides p — 1, Op is /4y /p-free. For the last polynomial, F/Q, is
unramified and e(F/Qy) = 1, so

pe(F/Qp) 1— P 1 1

p—1 p—1 T p—1
and then ﬁ <t< p—fl. The expansion of % is trivial, so O is 2y /p-free.

Now assume p = 3. For the radical cases, we have that t = 3 and ¢(F/Q3) = 2.

Hence 3e(F/Qs) 6
e 3
——= —1=--1=2,
2 2
and then t = % The expansion of % = 1is again trivial, so 2} ,r-free. Now, if

L/Q3 is weakly ramified, for the totally ramified cases we have t = 1 and e(F/Q3) =
3e(F/Q3)

2,50t < =——=> —1and as it divides 2, O is 2 /p-free. Finally, if L/Qj3 is weakly
ramified and it is not totally ramified (the last polynomial), then t = ¢(F/Q3) = 1,
SO
e(F/Qs) , 3 _1
2 2 2

an > 5. olnce the expansion of 3 1s trivial, Uy 1s %l /p-1ree.
d t > 1. Since the expansion of 1 is trivial, Oy is 2 ¢-f

In summary, we obtain:

Corollary 6.20. Let L/Q, be a dihedral degree 2p extension and let F be its unique subfield
of degree p over Qp. Then, Oy is Uy /p-free.

In particular, this result holds for p = 3 and p = 5, and for those cases we have
obtained that Of is Ay, -free. Then, we have that Corollary 5.49 is valid for dihedral
degree 6 and 10 extensions, even though E/Q, and F/Q, are not arithmetically dis-
joint. Then, Corollary 6.20 together with Theorems 6.14 and 6.16 suggest a connec-
tion between freeness and induced Hopf Galois structures stronger than arithmetic
disjointness.






Conclusions

The initial and main aim of this project was to achieve a better comprehension of the
Hopf Galois module structure of dihedral degree 2p extensions of p-adic fields. In
general, for an H-Galois extension L/K of local or global fields, studying the Hopf
Galois module structure means to provide answers to the following three questions:

1. Find an Ok-basis of the associated order g.
2. Determine whether O} is ly-free or not.

3. If Or is indeed 2Ap-free, find a free generator of 01, as Ay-module.

The dichotomy of induced Hopf Galois structures

Recovering an expression used in Chapter 5, dihedral degree 2p extensions can be
seen by pieces, i.e. L = EF with E/K a separable degree p extension and F/K a
quadratic extension, K-linearly disjoint with each other. It was the study of a par-
ticular degree 3 extension of Q3 that motivated the development of the reduction
method, which is presented in all its generality in Chapter 2. The results therein
show that the reduction method provides a complete answer to the three questions
above whenever an integral basis and the action of H on this basis are known explic-
itly. In practice, these requirements reduce the range of its applicability to extensions
of very low degree.

From a theoretical point of view, the reduction method is a key ingredient to
prove the results of Chapter 5 concerning the induced Hopf Galois module structure
of Op. These results show that the Hopf algebras and the actions of induced Hopf
Galois structures also can be seen by pieces, as well as the associated order 2y and
the 2Ap-module structure of O, when E/K and F/K are arithmetically disjoint. In
this sense, the study of induced Hopf Galois structures translates the separation of
L/K by pieces to the context of its Hopf Galois structures. For this reason, it could
be preferable to talk about products of Hopf Galois structures rather than induced Hopf
Galois structures.

Separable degree p extensions in literature: scaffolds

It is not the first time that the notion of the Hopf Galois module structure of a sepa-
rable degree p extension appears in literature. In the paper [Eld18], Elder deals with
what he calls typical degree p extensions: totally ramified degree p extensions L/K
of local fields that are not generated by the p-th root of an uniformiser of K. The
techniques used in that paper to study the Hopf Galois module structure of these
extensions is the theory of scaffolds, which is developed in its most general form
available in his paper [BCE18] with Byott and Childs. Roughly speaking, for a de-
gree p" totally ramified extension, a scaffold is a collection of elements {¥;}" ; in an
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algebra A acting on L together with another collection {A; };cz of elements of L such
that the valuations vy (¥; - A) are determined with a prescribed precision.

In [Eld18, Corollary 3.6], Elder constructs a scaffold for any typical extension and
uses it to provide criteria for the freeness of O; as module over its associated order
2y (and actually for an arbitrary fractional ideal in L instead of O1). A requirement
to apply these criteria is that the ramification number [ of L/K (see [Ser, Chapter IV
§3 Remark 2] for the definition for a non-Galois extension) satisfies

pok(p) o

I < p—1

In our case, following the classification in Theorem 4.5 of separable degree p ex-
tensions E/Q,, only the non-radical ones are typical (which is not a restriction if
p > 3). By [Eld18, Theorem 2.2], | = % where t is the ramification number of L/F.
Recall that t = 1 (since we exclude the radical cases), so [ = % As for the right hand

side, W) —2 = b2,

Corollary 3.6] cannot be applied to determine the 2y, -freeness of Or. Hence, the re-
sults of Chapter 4 can be seen as the beginning of an extension of the results of Elder.

so the inequality is never satisfied. This means that [Eld18,

The results of the computations in Chapter 4 answer the three questions above
for p = 3 and p = 5. The most important conclusion is that Of is 2p,-free for all
cases that we have studied. Moreover, we have been able to show in Section 6.2.2
that the ramification of the extension L/F (and then the generalized ramification
number of E/Q),) is always the same. The aforementioned result of Elder shows
that there is a strong connection between the ramification of a typical degree p ex-
tension and the Hopf Galois module structure of its valuation ring. Then, it seems
reasonable to expect that O is always 2y, -free, or at least, that the behaviour is the
same for the two totally ramified dihedral degree 2p extensions of Qy.

The likeness between degree p and 2p extensions

In Chapter 6, the results on the induced Hopf Galois module structure of a Hermite
extension of fields made effective the step from separable degree p extensions with
D,-Galois closure to the Galois closure itself, and we were able to give complete
answers again for p = 3 and p = 5. It is remarkable that the freeness of Oy, as
2Ap-module is the same as the one of Of as y,-module, which suggests that this
relation could hold in the general case. But even more remarkable is the resemblance
of the Hermite normal forms of M(Hy, E) and M(H, L). For instance, when L/Qj3 is
defined by x3 + 3x + 3, we have:

100 0 0 -1
010 0 0 —1

10 -1
001 -10 0
De=10 3 01, Di=10900 3 0 o0
00 3 000 0 1 -1
000 0 0 3

With our choice of bases of Hy, Hy, E and F, all our particular cases (except the
radical ones if p = 3) satisfy the following:
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* Anentry 1 in the diagonal of Df translates into a block <(1) ?) in the diagonal
of DL.

¢ An entry p in the diagonal of Dg becomes a block <é _Pl> in the diagonal of
Dy.

* Anentry x over a p in the diagonal of Dg corresponds to a block <8 :i) in

the corresponding position of Dj..

Thus, even though Ay # Ay, Rz, 2p,, these rules translate into an alternative
description of 2y in terms of Ay, and A, .

Quartic extensions: What is known and curiosities

The presence of Chapter 3 in this thesis responds to the necessity of testing the re-
duction method in a bunch of cases which are substantially different from dihedral
degree 2p extensions. The most interesting result is the criteria obtained for the free-
ness of biquadratic extensions of Q, which for each Hopf Galois structure depends
on the existence of solutions of a generalized Pell equation. However, we obtained
that Oy is free at every Hopf Galois structure for cyclic quartic extensions of Q, as
well as both cyclic and biquadratic extensions of Q,. We see that, as in the Galois
case, H-Galois extensions L/K such that O; is not 2Ay-free are not common.

Regarding the application of the techniques in Chapter 2 themselves, we can
note that Dg(H, L) is always a product of homogeneous polynomials on {g;}}_; of
degree at most 2. This behaviour also occurs in all examples of this thesis (for di-
hedral degree 2p extensions, p € {3,5}, the maximal degree of the homogeneous

polynomials is p — 1). In the case of cyclic quartic extensions Q(y/a(d + bv/d)/Q,
this fact facilitated us to derive criteria for the freeness in terms of the parameters
a, b, c and d. Another curious fact for those extensions is that for every g € Oy,
[3% + ﬁﬁ is one of the factors of D/g(H, L), unless d is odd and H is the classical Galois
structure. As a consequence, in all these cases a free generator f must accomplish

{IBsl, [Bal} = {0,1}.

Some precedent papers in the study of quartic extensions other than the already
mentioned [Trul2] are [EId98] or [BEO2], which, for a biquadratic totally ramified
extension L/K of number fields, give an explicit expression of O, (or any fractional
ideal) as Z[G]-module. On the other hand, the Hopf Galois module structure of
quartic Galois extensions has been studied as a particular case of the more general
context of Galois degree p? extensions. For example, in [Byo02], Byott considers
Galois degree p* extensions L/K of p-adic fields and gives a necessary and sufficient
condition for O}, to be Ay-Galois for each Hopf Galois structure H of L/K. The
definition of a Hopf Galois structure of an extension of rings is completely analogous
to the case of fields (see for example [Chi00, Definition 2.7]). Galois degree p? of local
tields with characteristic p are studied, among others, in the paper of Byott and Elder
[BE13] and the thesis of Chetcharungkit [Che18], with the theory of scaffolds as main
tool.
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Future work

Most of the results in this thesis concerning the Hopf Galois module structure of
rings of integers are only explicit for extensions of very low degree. We have seen
that there are some patterns that could motivate more general results. Consequently,
there are many open questions that could take part of future works. For instance:

¢ Is there an explicit relation between freeness over associated order and in-
duced Hopf Galois structures? Theorem 5.47 is quite unsatisfactory because
arithmetic disjointness is a very restrictive condition, but as aforesaid, freeness
is preserved on induced Hopf Galois structures for dihedral degree 6 and 10
extensions.

¢ What about the associated order of an induced Hopf Galois structure H =
H; ®k H» in terms of the associated orders of H; and H,? In this case, we
obtained a sufficient condition for the equality Ay = 2y, ®p, Ay, stronger
than arithmetic disjointness, namely the existence of integral induced bases
(see Theorem 5.41). Is that condition necessary? If not, is there a characteriza-
tion?

¢ How is the general behaviour in the Hopf Galois module structure of dihedral
degree 2p extensions? Althought %y = Ax, ®e, An, does not hold for all
cases, there could be another relation.

* We have seen that bases of eigenvectors normally arise when the correspond-
ing extensions are radical (see Examples 2.2, 2.45 and Section 4.4.2). Is there a
general relation between these two notions?

It seems unlikely that the mere application of the reduction method will provide
a complete answer to any of the questions above. However, it could be applied
more efficiently to support or discard the corresponding suspicions. On the other
hand, our techniques completely ignore the comultiplication, counit and coinverse
operations of the Hopf algebras acting on fields, and perhaps one cannot dispense
with this additional structure anymore to obtain further information. But at the
same time, the techniques and results in this thesis bring to light the importance of
the Hopf Galois representations of Hopf Galois structures, as well as the suitability
of such objects to study the Hopf Galois module structure of rings of integers. Are
they useful beyond the study of rings of integers? If so, it might be interesting to
explore the development of a theory of Hopf Galois representations.



Appendix A

Separable degree p" extensions
with Frobenius Galois closure

Let p be an odd prime number and let n € Z>1. In this part we consider separable
degree p" extensions with Galois closure a Frobenius group, that is, of the form

G=]xG,

with ] an order p" normal subgroup of G and G’ a subgroup of G with order r divisor
of p" — 1 (and then coprime with p). Since G is a Galois group, it is transitive. Let us
assume that | and G’ are cyclic, say | = (¢0) and G’ = (7). Then the group G has a
presentation

G=(o,7|o? =1 =110 = 081),
where g is an integer number of order r modulo p". Let E = L% and F = LJ. By the
fundamental theorem of Galois theory, L = EF with E and F K-linearly disjoint.

We make an extra hypothesis: the extension F/K is Kummer, that is, K con-
tains some (any) primitive r-th root of unity ¢,. Consequently, there is an element
z € Fsuch that z ¢ K and z" € K. The conjugates of z are the elements &z, with
0 <1 <r—1.0On the other hand, E = K(«) with « a root of an irreducible degree p"
polynomial f. We may assume without loss of generality that T(z) = &z (otherwise
we would replace either 7 or ¢, by a suitable power).

Now p" is not a Burnside number unless n = 1, so the extension E/K does not
need to have a unique Hopf Galois structure. But we may choose a distinguished
one: its almost classically Galois structure (which is indeed the unique one if n = 1).
If A: G — Perm(G/G’) is the left translation map, that structure is the one given
by the subgroup N; = A(J) of Perm(G/G’) (note that N;** = Nj because N is
abelian). Its Hopf algebra is

Hy = L[N{]® = {x € L|N{] : g(x) = xforall g € G}.
Let u = A(0). It is easily verified that
o(p) =, T(u) = ps.

Theorem A.1. Assume that | and G’ are cyclic groups. The Hopf algebra Hy has a K-basis
formed by the identity 1d and the elements

r—=1 . )
wjx =7/ (Zéi’ygll">,0§j§r—1,lSksa,
1=0

where a = @ and {iy, ..., i, } is a system of representatives of the orbits of the action of g

onZ/p"Z.
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Proof. Let us take x € Hy. Then x = Zf;;l x;ip' with x; € L and g(x) = x for all
g € G. In particular, we have

pnil ‘ P”*l ' pn*'l
Y xip=c ( Y xz'W) =Y o(x)p
i=0 i=0 i=0

which implies that x; = o(x;) forall0 < i < p" —1. Thatis, x; € F for every
0 <i<p"—1. Hence,

r—1
xX; = Z x;jz/, xij € K.

j=0

On the other hand,
pn 1 ‘ p”—l ‘
Xip' =1 xip'
i=0 i=0
pi-1

We deduce that T(x;) = x4 for every 0 < i < p" — 1. In particular, for i = 0,
T(x0) = Xo, s0 xg € K. We focus in the other terms. For i > 0, we have that

r—1

Y xgi 7 = xgi = T(x;) Z xzjgjz]

j=0

whence xg;; = xijd. By induction, one has

y
Xgij i = %G/ (A1)

forevery1 <i<p"—-1,0<j<r—1and 0 <[ < r — 1, where the left index is
taken modulo p”. Now, we have

P
1
1= % wn
i=0
_1},

= xold + Z le]z]

i=1 j=0

At this point, we must group the addends which have the same coefficient Xijs
taking (A.1) into account. The subgroup (g) of Z acts transitively on Z/p"Z — {0}
by means of g(X) = gx. Let a be the positive integer such that p” — 1 = ar. Then the
action of (g) on Z/p"Z — {0} yields a orbits of r elements each. Let {iy,...,i,} be a
system of representatives of the orbits of such action. Then,

x — xold = iEnglk]z]yglk
=11=0j=0

i i i i C S

a fr=1 Ty
Z X, ]-Z] 2 grlyg i)
k=1 1=0

I
HM\
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We obtain that
fr=1 TR
{Id}u{zf Y s ‘ogjgr—1,1gkga}
1=0

is a system of generators of Hj. Since ar = p" — 1, it has p" elements in total, and all
of them are K-linearly independent. Hence, they form a K-basis of H;. O

Example A.2. If we choose n = 1 and v = 2, we recover Theorem 4.1. Indeed, in that
case every field contains the primitive square root of unity, which is —1, and since

¢ = —1,theactionof (¢) onZ/pZ* hasa = ’%1 orbits with 2 elements each. We take

as representatives {1,2,..., pT_l} Then, the non-trivial basic elements according to

Theorem A.1 are
o= (L0 %)

forje {0,1}and 1 <k < ’%1. Then,

Wok = Vk + Vﬁk, Wik = Z(Hk - Vﬁk),
forevery 1 <k < pT_l, which are the basic elements in Theorem 4.1.

Example A.3. Let us pick p = 5, n = 1, r = 4, which means that the Galois group of
the normal closure of E/K is the Frobenius group Fs of order 20. In this case, g = 2
is an element of order 4 modulo 5. Its action on Z/5Z yields one orbit of 4 elements,
which is {1,2,4,3}. Moreover, & = i (a root of x> + 1) is a primitive 4-th root of
unity. We obtain the non-trivial basic elements

wor = P+ P+ 0+t wiy = (u+ip? —ip® — )z,

wn = (= p* = + i)z, wsy = (= ip? + iy’ = )z,
As a final remark, if we assume that the extension E/K is of p-adic fields, then
K contains the primitive r-th roots of unity, because r is coprime with p and one
can apply Hensel’s lemma. Then, we can use Theorem A.1 to describe its almost
classically Galois structure.
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Complete form of some items

Quartic Galois extensions of QQ

For a Hopf Galois structure A, U(A, L) is the matrix that reduces M(A, L) to a re-
duced matrix or a previous form.

Cyclic quartic extensions

Case 1
10000 O OOOO O O OOOTO
10000 O OOOO-1 0 0O0O0OTO
10000 -100O0OO0OUO0O O O0O0OOTPO
00000 O OCOOO O -1000©O00
00001 0 0O0OO0OO O0O O OOODO
01000 O OOOO O O O0OO0ODO
00000 O 10O0OOTO0O 0 0O0OO0ODO
U(H, L) = 0000O0O O O1TO0OO0OTO0O O O0OO0ODO B1)
00000 O OOT11TO0O O O O0OO0ODO
00000 O OCOOO1T O 0 O0OOO
00100 0O 0OO0OO0OOO0O O O0OO0ODO
00010 0 00O0OO0OTO0O O O0O0OO0OO
0000O0O O OOOOTO0O O 1000
0000O0O O OCOOOTO0O O 0100
00000 O OCOOOO0O 1T 0010
0000O0O O OOOO0O-1 0 00O01
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Case 2
0 00011O0OO0OO0OCO0OTO0O O O0O0OODO
-1 000320000 -1 0 00O00O0
0 0001O0O0OO0OO0OCOTO O O0O0OODO
-1 000210000 0 —-10000
-1 000210000 0 0 0O0O0O0OO
0 1000O0O0OO0OCOO O O O0OOTDO
0 000O0OO0O1TO0OO0OO0OTO0O O 0O0OO0ODO
U(H,L) = 0O 000O0O0OO0OC1TO0OO0OTO0O O O0O0OODO (B2)
0O 000O0O0OODO1TO0O O O O0OOOTDO
0O 000O0O0OODODOTT O O O0OODO
0 01 00O0O0OO0OOCOTO O O0OOODP
0 00100O0OO0OO0ODCOTO O O0OOD®
0 000O0OO0OOODOOO O 1O0OODO
0 000O0OO0OOCOOOTO O 0100
0O 000O0OO0OODODOO O 1T 0O0T10O0
0 000O0OO0OODOOO-1 0 00P01
Case 3
0 00011O0O0OO0OO0OUO0OO0OO0OO0O0ODPO
-1 000320000 -100000
0 0001O0O0OO0OO0OOTO O0OO0O0OO0ODPO
0 000O0OO0OOOOO O 1TO0O0OO0ODP
-1 000210000 0O 0O0OO0OO0OO
0 10000O0OO0OCOOTO O0OO0O0OO0ODPO
0 000O0OO0OT1TO0OOO O OO0OOODP
U(H,L) = 0 000O0OOOT1TO0OO O OO0OOO0ODO B3)
0 000O0OO0OOO1TO0O O OCOOODPO
0O 000O0OOODOOT1T O OO0OOODO
0 01 00O0O0OO0OOOTO O0OO0OO0OO0ODPO
0 00100O0OO0ODO0ODOTO0O O0OO0O0OO0ODPQ
0 000O0OOODOOO O OT1TO0O0ODQ
0 000O0OO0OOOOOUO OO0OT1O00
0 000O0OO0OOOOO O 1TO0O0OT1TDO0
0O 000O0OOODOOO-1000H0T1
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Case 4
o 0001 100 -1 -100 0 0 00
-1000 2 1 00 O O OO0 1T 0 00O
o 0001 0 00-1 0 00 O0O O0 0O
o 000 1 0 00 -2 0 000 0 00
o 000 0 0001 1T O00-1 0 00
-1000 2 1 00 -2 -200 2 0 00
o 000 -2 0 004 1 01 0 1 00
U(H,L) = o 000 0 O O0OO0OOT1TO0OO0O0O 1T 10
o 000 0 -100 0O 1T OO0 O0O -1 01
o 000 -1 0 00 2 0 01 0 0 00
o 000 0 -100 O0 1T 10 0 =100
o 100 0 O OOTO OOOTO O 00O
o 010 0 O O0OO0OTO OOO0OTO0O O 00
o 000 0 0100 O OO0OTO O O00O0
o 000 0 0 01 0 0 O0O0OO0O 0 00O
o 001 0 0o 00O OOOTO O 0O

(B.4)
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Case 5

0
0
0
0
0
0

0
0

-1 0 0 O
-1 0 0 2

-1
-1

00
00
0

0 1
-1 00 0 2

0
0
0

1
0
0
0
1
0

0
-1 0 0 O

000 O
0 00

0
0
0

1 00 -1
0 0 -1

1
-2 00 2

3

1
-2

-1

0

0 00 O

-1 0 0 0 2 00
0

0
0

-2

0 00

0

000 O

-1 0 1

0

0
1
0

0
0
1

1
0
1

000 O

0O 000 -1 0 O0O0 2
000 0 =100 O

0
0

-1 0 0

0

0

0

0
0
0
0
0

100 O

0

0

0

00 O
1
0

0 010 O

0
0

0
0

0
1

000 O

000 O

0

0

0 00 0 O

0 001

U(H,L) =

(B.5)
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Biquadratic extensions
Case 1
10000 O OOOO O O OO O O
10000 0 0O0OOO-1 0 00 0 O
10000 -10000OO0 0 0O O O
00000 O OO0OO0OOO O O0O0O-10
00000 O OOO0OOTUO 1 00 0 O
01000 0 O0OO0OO0OOO O OO O O
00000 0O 1000 0O O 0O OO
U(Hy L) = 00000 O0OO0O1TO0OO0OTO O O0OO0OO0OTDO (B6)
00000 O OO0O1TO0O O O OO OO
00000 O OO0OO0O1T O O OO O O
00100 0 O0OO0OO0OOTO O OO OO
00001 0 00O0OO0OCO O OO O O
00000 O OOO0OOO O 10 0 O
00000 O OO0OO0OOTO O 01 0 O
00010 0 0OO0OO0OOCO O 0O O O
00000 O OO0OO0OO0O-1-100 01
0000010O0O0OO0OO0OTO0OO0O O 10
0000O0O0OO0OO0OO0OO O OO O 10
100000O0O0O0O0O-10 0 O0 00O
0000O0O0OO0OO0OOO O OO0 —-100O
0000O0O0O1TO0O0OO0OTO0OO0O O O 00O
0000O0O0OO0OO0O1TO0 O O0-2 0 00
0000O0O0OO0OO0OO0OO O O0-1 0 00
U(Hy L) = 0000002100 0 0 0 0 00O (B2)
000100O0O0OO0OCOO0O OO O 00O
00000O0OO0OO0OO0OT1T O 0O O O 00O
001000O0O0OO0OCO O OO O 00O
0000O0O0OO0OO0OOO O T1T O0 O 00O
0000100O0OO0OO0OTO0OO0O0O O 00O
01 0000O0O0OO0OCO O OO O 00O
1000010000 -20 0 0 20
0o00000OO0OO0OO0OO0O-10 0 0 21
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10000 O O OOOTO OO0 0 10
10000 -1 0 000 0O OO0 0 10
10000 -1 0 000 O OO0 0 20
00000 O0O O OOOTUOOOT1T O0O
00000 0 -1000O0O O0OO0OTUO0O Q0O
01000 0 O OOO O OOTUOO0O0
00001 0 0 O0OO0OO0OTOO0OOTUOO0OO
U(Hs, L) = 00000 0 O 1O0O0O0O O0OO0OTUO0OO0OO B3)
00000 0 O O1O0OO0O O0OO0OTUO0OTO0OO
00000 0 O OO1 O OO-=-200
0o0o1oo0o 0 0O O0OO0OO0OTOOOTUOO0OO
00000 0 O OOOTUOT1TO0 0 00O
00010 0 O O0OO0OO0OTOOOTUO OO
00000 0 O OOOTUOO11T 0 00O0
000001 0 O0O0OO0O-100 0 00
0ooo0oo00 0 O O0OO0O0-100 0 21
Case 2
0 000 1 1 0000 O OOO O O
-1 000 3 2 00O0O0-1000 0 O
o ooo1 0o 0O0O0OO0OTO0OO0OO0OO0OTGO0O O
-1 000 2 1 00O0O0OO0O O0OO0ODCO0O-1 0
-1 000 2 1 00O0O0-1000 0 1
0o 100 0 O OOOOUO OOOUO0O O
0o ooo o o 100O0OO0OO0OO0OO0OTGO0O O
U(Hy L) = 0o ooo o 0 O010O0OO0OO0OO0OO0OTGO0O O
o ooo o o 0010 0 00O 0 o0
o ooo o o 0001 0 0O0O0O 0 o0
o o110 0 O O0OOOOTOOOOTO O
1 000 -2 -10000 1 100 0 -1
o ooo o o o00O0OO0OUOWO1TO0 O0 O
0o ooo o 0o O0O0O0OO0OTOOO>1I 0 O
o oo1 o o O0O0O0OO0OUOOOO0OTO0O O
-1 000 2 1T 00O0OO0O O O0OO0ODO0ODO0O O

(B.9)
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1 000 -1 0 0000 O OO O 0 O
2 000 -3 -10000-1010 0 2 0
2 000 -3 -10000-1020 01 0
0000 0 O 0000 O 01 0 0 O
0 000 0 0 1000 0 0O0O0 0 O
0 000 0 O 0010 0 02dd 0 0
0 000 0 O 00000 0 2 1 0 0
(L) = 0 000 0 0 2100 0 000 0 0
0 001 0 0 0000 0 0 OO0 0 O
0 000 0 0 0001 0 0O0O0 0 O
1 000 -2 -10000 0 00 0 0 O
0 000 0 O 0000 O 1 00 0 O
0100 0 0 0000 0 0O O 0 O
0 010 0 000000 O0OUO0OO0 O
2000 4 1 0000 1 0 0 0 -20
1 000 -2 -10000-1020 0 2 1
(B.10)
1000 -1 0 00000 0 O 0 00
0000 1 0 0 000 0O O 0 00
0000 1 0 0 000 0 O0 O 0 10
0000 0O O -1000O0 0 O 0 00
0000 0O O 0 00O O O0—-1 0 00
0000 0O O O 00O OO0 2 1 00
0001 0 0 0 00O OO O 0 00O
(HL) = 0000 0O O 0 100 00 O 0 00
0000 0O O O 010 0 0O 1 00
0000 0 O 0 001 0 0 0 —2200
1000 -2 -1 0 000 0 0 0 0 00
0000 0O O O 00O O 1 0 0 00
0100 0 0 0 000 OO0 O 0 00
00100 0 0 00O0O0OOO 0 00
2000 -4 -1 0 000-100 0 00
1000 -2 -1 0 000 -100 0 21

(B.11)
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Case 3

o 000 1 1 00O0OO0OO0OO0ODTO0O —-100O0

o 000 1 O OOOOOO O O 00O

-1 000 2 1 0010O0OO0OTO0O O OO

-2 000 4 2 0010O0OO0OTO0O —-100O0

o 000 1 O OOOOOO-1 0 00

0o 000 -1 0 0OOOO0OO0ODO0OD 2 0 1O

0o 000 O O 1OOOOOTO O 00O

U(H L) = o 000 O O O1TO0OO0OO0OO0OTO 0 00O

o 001 o0 0 O0OOOOOO O O 00O

o 000 O O OOO1TO0OO O O 00O

-3000 4 2 002010 0 0 00

0o 000 O O OOOOOTT O 0 00O

0 100 O O OOOOOO O 0 00O

-1 000 2 1 00O0O0OO0OCO0OO0O O OO

0O 010 0 0 OOOOOO O O 00O

1 000 -2 -2000000 0 2 01

(B.12)

1 000 -1 0 0O0 -1 0 0O 1T 0 0 O
-1 000 2 1 00 1 0O 00 -1 0 0 O
0O 000 1 0 O0O0 O 0O 00 -1 0 0 O
0O 000 -1 0 0O0 O 0O 00 2 0 0 O
0O 000 O O OO0 O 1 00 0 0O 0 O
1 000 -1 100 -1 -%00 0 1 0 0
0O 000 0 0 10 O 0O 00 O O 0 O
U(Hy L) = 0O 000 O O 01 O 0O 00 0O O 0 o0
0O 010 0 0 OO0 O 0O 00 O O 0 O
-1 000 2 1 00 O 0O 00 O O 0 O
-1 000 O O OO0 2 0O 10 0 O 0 O
0O 000 O O OO0 O 2 01 0 0 0 O
0O 001 0 0 O0O0 O 0O 00 0 0 0 O
0O 000 1 0 OO0 O 0O 00 -20 -1 0
0O 100 O 0 O0O0 O 0O 00 O O 0 O
0O 000 O -1 00 O 0O 00 0 2 0 1

=

13)
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U(Hy, L) =
1 000 #H3m o o -4m &g o o -3 -2 -3
0 000 =2Bm o o ddm dm g o o 5 2 7
0 000 =U@m o o dm dm o g o 3 2 3
-1 000 -2 0 3 0O 0 0 0 8 6 4
0 000 1 0 0 0 0 0 0 0 -2 -1 -1
0 000 0 0 0 0 0 000 0 1 0
1 000 -2 -1 -1 0 0 000 0 0 O
1000 4 1 2 0 0 0 0 0 —4 -2 -2
0 000 4 1 2 0 2 0 -10 -4 -2 -2
0 000 0 0 0 0 0 1.0 0 0 0 0
0 000 0 0 0 0 mo9 0 0 —2m _m dm
0 000 O 0 0 0 0 00 1 0 0 0
0 100 0 0 0 0 0 000 0 0 O
0 010 0 0 0 0 0 000 0 0 0
2000 0 1 0 1 2 01 0 4 2 2
0 001 0 0 0 0 0 000 0 0 O

o O O O O O O O O o o o =~ o o o
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U(Hs, L) =

-1
-1

0
0

. 0 0
0 O
0

—d+m
—d+m

0
0
0

2d

2d

d+m
2d

0

d
00 S

0

gl

g

=

gl

g

gl

g

=

0

0
0

-1 0 0
-1 0 O

0
0

-1

-2

gl

S

(B.15)
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Separable degree 5 extensions with Galois closure D
Matrices of the action
f(x) =x>+15x2+5:

6 0 0 12 12

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 -30 —30 30 —30

6 —110 -270 —18 12

0 =25 —75 —11 11

0 15 25 1 -1

0 3 11 1 —1

0 120 =360 120 60

0 205 —-15 45 —45

M(Hy,E) = % 6 55 55 7  —13 (B.16)

0 =25 5 -5 5

0 -10 0 -2 2

0 150 750 210 30

0 —245 —1815 -—-285 285

0 —-160 —-700 -—110 110

6 60 150 22 —28

0 15 85 13 —13

0 450 —5250 1110 -210

0 —1100 —2250 600 —600

0 -—135 255 55 —55

0 85 295 —65 65

6 -5 65 —23 17
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Appendix B. Complete form of some items

f(x) =x°+10x*+5:

0
0
0
0

0
—3570
735
420
210
21
10160
—14975
830
440
485
—3000
29790
—3930
—1800
—1020
—128150
34625
15520
6550
235

0
0
0
0

0
—190
—2195
260
110
53
2180
—275
1040
20
65
13850
17320
—6010
—2050
—730
—15650
—109675
15160
6850
3205

—170

16
10

—160
655
—106
—40
—25
3380
—830
50
—16
32
—9990
—375
540
390
39

170
—41
—16
—10

160
—655
64
40
25
1030
830
-50
—26
—-32
1590
375
—540
-390
—81

(B.17)
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f(x)=x"+5x*+5:
22 0 0 44 44
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 720 120 —40  —180
22 8% 415 199 —221
0 402 254 150 —150
0 86 62 38 —38
0 9 7 5 -5
0 —4410 -—-330 —830 830
0 —6025 —-1155 —1555 1555
M(Hy,E) = % 22 —2960 —550 —996 974 (B.18)
0 —656 —132 —240 240
o -73 -1 -31 31
0 11520 —-2010 6020 —3270
0 17950 —3500 6510 —6510
0 9930 —2830 3550 —3550
22 2300 —670 804 —826
0 276 —98 100 —100
0 16620 23040 —19700 6500
0 10535 46845 —11525 11525
0 —1550 28550 —3730 3730
0 —950 6690  —590 590
22 -235 805 —51 29
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Non-constant factors of D.(H;, E)
f(x) =x>+15x%+5:

1
q1(€1,€2,€3,€4,€5) = ~%7 (11 et +35€e%e3 4 215 €24 + 830 €2°€5 — 75 €5%€5°
+ 795 ex%€5 €4 — 465 €2%€3 €5 + 1080 €22€4> + 16485 €€, €5 + 9000 €5%€52

+ 56 (-:33 — 6156 €32€4 — 1650 €3 €32€5 + 4080 €5 €3 €42 + 8550 €5 €3 €4 €5

— 30075 €3 €3 €52 + 200 €3 €4° + 79650 €; €4%€5 + 240525 € €4 €5° — 112750 €3 €5°

+5e3* —205€3%€y + 725 €3%€5 + 1680 €32€4% — 24975 €3%€4 €5 + 18825 e3%€5>

— 3430 €3 €4° + 135450 €3 €4%€5 — 373725 €3 €4 €5> + 148625 €3 €5° — 1045 e,*

— 16600 e4°€5 + 1473450 €4%€52 — 1173625 €4 €5° 4 210125 e54) (€1+6€3+6€4+30€s5).
(B.19)

f(x) =x°+10x*+5:

1
q2(€1 €2, €5,€4,65) = — o (50 e — 750 e°e3 — 500 €2°€4 + 13000 €3¢

— 24250 e5%€3% 4 99250 €5%€3 €4 — 61250 €3%€3 €5 — 77500 €3%€4> — 218000 €22€4 €5

+ 1137500 €52€52 + 48750 €5 €3° + 21250 €5 €3%€4 — 1792500 €5 €3%€5 — 597750 €5 €3 €47
+ 7095000 €3 €3 €4 €5 — 1711250 €; €3 €57 + 628750 €3 €4> — 4655000 €7 €4€5

— 14302500 €; €4 €52 + 40375000 €3 €5° — 23750 e3* — 97500 e3°€4 + 1756250 €3°€5

+ 900000 €3%€4> — 908750 e3%€4 €5 — 31756250 €3%€52 — 1651250 €3 €4°

— 15948750 €3 €4%€s5 + 125468750 €3 €4 €5> — 18518750 €3 €5° + 907250 e4*

+ 18321250 €43€5 — 73877500 e4%€52 — 240725000 €4 €5° + 495931250 €54>

(e1+21es —40e€5).
(B.20)

flx) =x>+5xt+5:

qs(€1,€2,€3,€4,€5) = €1—2€ey+25€4 —120¢5) ((—:24 —256%e3 4+ 70 €3%e4 + 50 €5°€5

ﬁ(
+ 215 €5%€32 — 1035 €%€3 €4 — 1895 €3°€3 €5 + 810 €22€42 + 10050 €52€4 €5 — 13300 €52€52
— 755 €5 €3° + 4585 €; €324 + 15000 €; €3%€5 — 4725 €; €3 €4° — 115900 €5 €3 €4 €5

+ 70725 € €3 €52 — 3275 € €4 + 144750 €5 €4%€5 + 230050 €; €4 €52 — 949250 €5 €5°

+ 895 3% — 5600 e3%e4 — 32525 €3%€5 + 650 €32€42 + 293025 e3%€4 €5 + 38925 €3%€5>

+ 30575 €3 €4° — 496025 €3 €4%€5 — 2641125 €3 €4 €5° + 4970875 €3 €5° — 20225 €,4*

— 212875 €43€5 + 6795500 €4%€52 — 10711250 €4 €5° — 8010125 e54) .
(B.21)
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Weakly ramified dihedral degree 6 extensions

Gram matrices
f(x)=x3+3x+3:

%% 7 % 0% 0%
e A G 0% —9°
832 833 834 835 436
842 843 844 845 846
g2 —7 =3 gu —Y*+21 g6
g2 —71 =3 gea —7+21 e

G(Hw, Lg) = (B.22)

NINOO R

g =7 — 67> —12vy, g =189 +699> —57, g3 = —129° —3379° + 907,

935 = —697* — 25897 4225, g3 = 457° + 1149° — 3961,
g =7"+67 +12y, g =18y +699" =57, gu =127"+337> - 90,
Qa5 = —697% — 25897 4225, gue = —459° — 1149° + 3967,
g2 = =7 —477+27, g =067 +237" —18y, gse = —257° 967’ + 72,
g0 =7 +47v°—27, gea= —67° —239° +187, ges = 257° +969° — 721.

f(x)=x3+6x+3:

0 7 7 08 v
— 7 -y ¥t —y
G(HW, LB) _ 32 33 34 935 936 (B.23)

S42 843 844 845 846
952 —’)’2 + 12 954 —’)’4 + 168 356
g2 —7P+12 g —Y*+168 g

NDNOO R

g3 = —47° +549% — 33, ¢33 = —1209* +14979% + 732, 34 = 66° —768° — 11167,

935 = —14979* + 1867292 + 9144, 36 = 8017° — 9276° — 141481,
g = 49° —540° 433, gu3 = —1200* + 149792 +732, gy = —669° +7687° + 1116,
945 = —14979* + 1867292 + 9144, gy = —8017° + 92767° + 14148,
gs0 = —49° +500° + 237y, gsq = —549° + 6747 + 324,
956 = —6977° 4 87007° + 4176y, geo = 47° — 507° — 237,
Sos = 547° — 67497 — 3247, ges = 6977 — 87007° — 4176.
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Dihedral degree 10 extensions

Powers of

f(x) =x>+15x%+5:
7? = 403 a* — 158 a® — 5985 &> — 1684 & + 30905,

157893tza*

— s

7t = 12365479 a* — 4840390 a® — 183587469 a?> — 51790660 a + 947684245,

7’ = 968400509tza* — 379073698tza> — 14377621887tza® — 4055984300tz
+ 742177255271z,

7% = 379200596235 a* — 148435451054 a® — 5629904912985 o>
— 1588218618420 a + 29061741914945,

77 = 29697029362313tza* — 11624696765978tza> — 440905033279875tza>
— 124381067546108tza + 2275965310877435tz,

7® = 11628588689479391 a* — 4551930621754870 &®> — 172647008580452085 o
— 48704409374429540 « + 891209155931710525,

7’ = 910690919681482341tza* — 356483662372684210tza>
— 13520820730948482423tza> — 3814277428685618700¢zu
+ 69794891496872592655¢ 2.

3 = 2420195tz — 132252tza — 468843tza” — 12362tza° +

(B.24)

f(x) =x>+10x%*+5:
v? =780 a* — 256 a® 4 80 &% — 27332 « + 47960,

3 294464tzat
B 5
y* = 44420384 a* — 14466880 a” + 4711424 o — 1556248160 a + 2727859200,

7° = 3350358464tza* — 1091143680tza> + 355363072tza — 117378281280z«
+ 2057456433921z,

7% = 2526969559040 a* — 822982573568 > 4- 268028677120 a* — 88531226060800 «
+ 155181297072640,

7’ = 190593787496960tza* — 62072518829056tza° + 20215756472320tza>
— 66773664229821441za + 11704371763281920¢z,

7 = 143753183324747776 o* — 46817487053127680 o> + 15247502999756800 o
— 5036327217872496640 « + 8827888473614643200,

77 = 10842419360763641856tza* — 3531155389445857280tza>

+ 1150025466597982208tza*> — 3798592175231524864001za
+ 665833386692785152000¢z.

— 19184tz + 6240tza® — 2063296tz + 3616720¢z,

(B.25)
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Product of generators

f(x) =x>+15x%+5:

f(x) =x>+10x%>+5:

344708445 €3 01 13637321545 €4 61 +150¢€5 51

1716415065 €2 (51

€1 51 + 642386524 + 24707174 + 642386524

13637321545 €3 6> + 25 €307 + 3045443610 €4 62 + 33002652875 €5 9y
160596631 t 296486088 t

114902815¢, & |
98828696 £ 7708638288 ¢ 2 I
 1236455183€, 8, 374072277536 12064716635€45; _ 80555,
5139092192 3557833056 30834553152 18
_3740722775e10, _ 12064716635¢20, _ 805€3dy | 153714326975e50, 25112657245 €50,
12693996672 F 370014637824 1 576 F 1110043913472 ¢ 1778916528 t
429885670895 €90y | 15317808053 €30y | 1690569125905¢€50; | 18155 €50y
6660263480832 170775986688 1440175653888 10368
15317808053 €, &y | 1690569125050y | 18155€3dp | 2615627812535¢,6p | 457036180625 €55
2049311840256 ¢ 53282107846656 f 1244161 7760702615552 f 256163980032 f
_ 861830682163€, 51 5731464085e35, _ 1203824325611€,8; _ 30685 €54y
213128431386624 1366207893504 35521405231104 331776
5731464085€1 6,  1203824325611€,0,  30685€35,  5849774679485€45, 3525523930915 €5 6,
3981312 ¢ 284171241848832 1 32788989444006 £
392415354 &1

T 16394494722048t ~ 426256862773248t
28089103658 | 186769¢€58; 4 4 €50
213128431386624 1366207893504 35521405231104 331776
39241535 € (52 + €3 152 + 190712785 €4 52 + 114902815 €5 (52
3981312t 284171241848832 32788989444096 t

186769 € 1 52 _|_
16394494722048 t 426256862773248 t

4066158490 6,5, , 11621900€30; |, 32953801295e48,
€101 054111420 T~ 2321439 T 954111429 200 €51
32953801295 €2 (52 _ 25 €3 52 + 87851681855 €4 (52 _|_ 2423056375 €5 52
7 1908222858 £ 18571512 ¢

290547510,
16428781 7632891432 t
_ 2565604281 ep0y | 949487275¢30; _ 61041394205¢50; _ M5esdy
3392396192 297144192 20354377152 16
949487275¢, 5, _ 61041394205¢)8y  MSe3dy | 6092208052225¢40, 18542187595 e5
2377153536 ¢ 162835017216 ¢ 1281 325670034432 t 594288384 f
760219986455 €20y 546579773 €30y | 223522035595 €50y | 28825 €50y
15632161652736 3169538048 1954020206592 16384
546579773 €10y | 223500035595 €20y | 2882530, 66180799869005¢€50y | 3693599802550y
15632161652736 ¢ 131072 6252864661094 f 25356304384
7115¢€5 6,

T 25356304384
_ 21048029533¢; 8, | 338220065¢3d 1187934365930y

76068913152 5210720550912 131072
20676257105 €5 6>

13895254802432
338220965€1 6, 1187934365965,  7115€3 6 + 4822141269325€4 07
608551305216 t 41685764407296 t 1048576 t 166743057629184 t 608551305216 ¢
5007295 €4 61 4 65 o1
1048576

26624495¢201 _ 47531e3dy 4
1000458345775104 ~ 608551305216 ' 125057293221888
2905475 €5 6>

__7Bleid 4 5007298 4 el 20330792568
1868410441728 1 1000458345775104F 1 83886087  4001833383100416f 486841044(1}%23 t7
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