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Abstract. G protein-coupled receptors are integral membrane proteins responsible for signal
transduction from outside to inside the cell, and the study of their functional conditions may de-
termine the healthy or pathological state of living organisms. In this work, four different models
of increasing complexity for the binding and function of G protein-coupled receptors have been
examined. Nonlinear systems of ordinary differential equations have been studied under two
different conditions: ligand excess, where the ligand is in high concentrations with respect to
the receptor, and ligand depletion, where there is no assumption between the concentrations of
ligand and receptor. Analytical solutions have been obtained and analyzed in the ligand excess
study case, while a qualitative approach to comprehend the dynamics has been the path chosen
to study the ligand depletion scenario.

Keywords. G protein-coupled receptors, Desensitization, GPCR signal transduction, Mathe-
matical Modelling, Ordinary Differential Equations.
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Final Master Thesis

1 Introduction.

G protein-coupled receptors: the cell checkpoints.

G protein-coupled receptors (GPCRs) are integral membrane proteins responsible for signal
transduction from outside to inside the cell. Thus, their functional conditions may determine
the healthy or pathological state of living organisms, in particular humans. Because of this,
GPCRs are the target of about one third of current medicines [1],[2]. There are about 800
human GPCRs that can be classified into five classes or families: A (Rhodopsin), B (Secretin),
C (Glutamate), Adhesion and F (Frizzled) [3]. GPCRs share a common structure consisting
of a single polypeptide that includes an extracellular N-terminus (free amine group located at
the end of an aminoacid chain), an intracellular C-terminus (free carboxyl group at the end
of an aminoacid chain) and seven transmembrane helices (TM1-TM7), which are connected
to each other by three extracellular loops (ECL1-ECL3) and three intracellular loops (ICL1-
ICL3) [3]. These proteins are inserted in the cell membrane thus allowing cell communication
from outside, through the binding of extracellular ligands, to inside, through the binding of
intracellular transducer proteins (Fig. 1).

Figure 1: A representation of GPCR structure and function. A GPCR, constituted by 7 he-
lices connected by 3 extracellular loops (e1 to e3) and 3 intracellular loops (i1 to
i3), is inserted in the cell membrane. Ligands from outside the cell bind the recep-
tor at the extracellular part. Ligands with agonist profile activate the receptor by
provoking a conformational change that permits the binding of G proteins and other
transducer proteins at the intracellular part of the receptor. Subsequent activation of
these transducer proteins lead to the activation of effectors, the delivering of intracel-
lular messengers and the observed physiological effect. Taken from Bockaert and Pin,
EMBO J 1999;18(7):1723-9.

GPCRs, as proteins, are flexible entities and this flexibility may lead to the activation of various
signaling pathways by the respective binding at the intracellular part of the receptor of different
transducer proteins: G proteins, GPCR kinases (GRKs) and arrestins [4],[5]. Thus, GPCRs have
constitutive activity (leading to what is also called basal response) because they may activate a
signaling pathway in the absence of an external ligand. These external ligands, which bind at
the extracellular part of the receptor, may enhance (agonists), inhibit (inverse agonists) or have
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no effect (neutral antagonists) on a particular signaling pathway. This functional effect results
by promoting/stabilizing either an active conformation (agonists) or an inactive conformation
(inverse agonists). Ligands that bind the receptor but with no preference for active or inactive
conformations are called neutral antagonists. These latter ligands do not change the receptor
basal response.

Figure 2: A. A cartoon representing the β2AR, a Class A GPCR. The receptor is a dynamic
entity able to activate itself in the absence of any ligand and producing a basal re-
sponse. Binding of an agonist at the extracellular part of the receptor stabilizes the
active state of the receptor allowing the binding of a G protein. B. Concentration-
effect curves for different drugs. Basal response is the response of the receptor in the
absence of any ligand (left of the plot). The efficacy of the drugs is related with the
horizontal asymptotes on the right. Agonists have asymptotic values greater than the
basal response whereas inverse agonists have lower values. Neutral antagonists do alter
the basal response of the receptor. Taken from Kobilka B. Angew Chem Int Ed Engl.
2013;52(25):6380-8.

The complexity of GPCR signaling in relation with associated pathologies: the µ-opioid receptors
and chronic pain.

Chronic pain is a major public health problem with a high prevalence and impact on quality of
life [6],[7]; in addition, it often leads to secondary problems such as depression and decreased
cognitive function [8]. About 20 % of the population in Europe experiences chronic pain and is
more common in women [9]. The percentage seems lower in Spanish population since a number
of 17% has been estimated [11]. Apart from the personal consequences on patients and patient
environments, chronic pain implies a large socio-economic burden, with an impact greater than
most other health conditions, due to its effects on rates of absenteeism, reduced levels of pro-
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ductivity and increased risk of leaving the work market (WHO methods and data sources for
global burden of disease estimates,

https://www.who.int/healthinfo/global burden disease/GlobalDALYmethods 2000 201

5.pdf?ua=1).

Opiate-mediated analgesia has shown to be the most efficacious treatment for chronic pain [12].
To date, four opioid receptor subtypes are known, the mu-, delta-, kappa-, and nociception re-
ceptor (MOP, DOP, KOP and NOP, respectively), which are Class A GPCRs. Of these, MOP is
the main target for chronic pain relief. MOP agonists, as for instance, morphine, the naturally
occurring compound to which other opioid analgesics are compared [13], are potent analgesics.
However, the severe side effects they exert have highlighted the need for rigorous research in the
molecular pharmacology of MOP and GPCRs, in general.

GPCR desensitization.

In the same way that GPCRs have developed mechanisms throughout evolution to activate them-
selves and transmit the information they receive, they have also developed protective mechanisms
against sustained signaling. This is made through receptor desensitization, a set of molecular
processes through which receptors lose their functionality and eventually abandon the cell mem-
brane and internalize into the cell. This is particularly relevant in the case of opioid receptors
and is related to the concept of tolerance, a reduction of the effectiveness in the analgesic effect
after a prolonged use of opioid medications [14]. The study of GPCR activation should be made
jointly with with the study of its desensitization because it is the combination of both processes
what results in the observed physiological effect.

The need for new and potent mathematical approaches.

The growing complexity in pharmacological research requires new technological advances in
molecular biology and pharmacology but, undoubtedly, advances are also necessary at the math-
ematical level to provide a rigorous quantification of the phenomena. In this study, the binding
and dissociation of ligands (L) to receptors, either inactive (R) or active (R∗), the desensitiza-
tion of the ligand-receptor complex (LRds) and receptor internalization processes are included
and examined in a time-dependent manner. The general objective is to obtain analytical expres-
sions of the concentration of those receptor species that are thought to be responsible for the
observed biological response. In this way, the equation parameters either through simulation or
estimation may provide a mechanistic explanation of experimental results.

The present work has the following structure: (a) In Section 2, four models describing the trans-
duction of GPCRs signals base upon mass action are presented. The complexity of the models
increases with the addition of new processes to the reaction, such as receptor desensitization
or the activation of the complex. (b) In Section 3, the models are studied from two different
perspectives, ligand excess, which assumes that the quantitity of total ligand Ltot greatly exceeds
the quantity of receptor Rtot, and ligand depletion, where this is not assumed. This separation
of the study is widely accepted as the total quantity of ligand can be externally manipulated.
Most previous qualitative studies done over these kind models have been on ligand excess; we see
how working with ligand excess has substantial consequences on the mathematical study such
as losing non-linearity and being able to compute an analytical solution for the systems. (c)
In Section 4, the main differences, characteristics and limitations of the models are presented,
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as well as potential lines of study that arise from this work, (d) In Section 5 the bibliography
references can be found, (e) An Appendix with two parts: Appendix A, which presents some
technical proofs which require heavy computations, which are eluded during the study of the
models, and Appendix B, which introduces a method for approximating the parameters de-
scribing the reaction when an analytical solution is present (in ligand excess scenarios) and this
same method is tested against simulated data. The possibility of transcribing an experimental
reaction to a mathematical model could enhance the knowledge of a chemical reaction for a
particular ligand.

This work aims to add to the current state of art a detailed mathematical study of these models,
which have been mainly studied in equilibrium or from a numerical point of view, which could
potentially enable a better understanding of signal transduction for G protein-coupled receptors.
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2 Modelization.

In this section, four models of increasing complexity which try to let us understand the under-
lying dynamics in the transduction of GPCR signals from the mathematical point of view are
presented. The modelization will be based upon the law of mass action. The law of mass
action is the proposition that the rate of the chemical reaction is directly proportional to the
product of the activities or concentrations of the reactants.

The units of the parameters and variables involved in the modelization will be the following:
the concentrations are expressed in moles/liter M , and the rate constants of formation and
dissociation are in M−1 · min−1 and min−1, respectively. The difference in units between the
formation and the dissociation constants are explained by the law of mass action, that establishes
that the rate of a chemical reaction is directly proportional to the product of the concentrations
of the reactants. Thus, the formation rate constant involves the product of the concentrations
of two species, the receptor and the ligand, while the dissociation rate constant involves the
concentration of one species, the ligand-receptor complex.

2.1 Simple reaction.

The first process shown in this work is the reversible union of a ligand to a receptor. This
process is described by the following simple biomolecular reaction

L+R
k1

k−1
LR (1)

where the ligand L binds to the receptor R to form the complex ligand-receptor LR, and where
the constants k1 and k−1 are the rate constant for the formation of the LR complex and the
rate constant of dissociation of the LR complex, respectively.

Let us define x, y and z as

x = [R], x ≥ 0,

y = [L], y ≥ 0,

z = [LR], z ≥ 0,

the concentration of receptor, the concentration of ligand, and the concentration of complex
ligand-receptor, respectively. Observe that the total concentration of receptor Rtot and the total
concentration of ligand Ltot satisfy:

Rtot = [R] + [LR] = x+ z ⇒ x = Rtot − z,
Ltot = [L] + [LR] = y + z ⇒ y = Ltot − z,

(2)

(3)

and therefore, x and y are described by z. By definition, there are some constraints in the
domain of z.

z ≤ min{Rtot, Ltot} = zM . (4)

Now, according to the law of mass action, the speed of formation v1 of the complex LR is
proportional, through the rate constant of formation, to the concentration of the species taking
part into the chemical reaction (R and L). The same happens for the rate of dissociation of the
LR complex, which is proportional to the rate constant of dissociation.

5
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v1 = k1xy, v1 ≥ 0,

v−1 = k−1z, v−1 ≥ 0,

And so, the system of ordinary differential equations that describes the behavior of z over time
is {

ż = v1 − v−1 = k1xy − k−1z,

z(0) = 0.

2.2 Receptor desensitization.

The equilibrium state model presented in section 2.1 represents an ideal situation which is not
found in a biological system without external manipulation. The cells of a living being receive
new information continuously, which makes the response of the cell to change dynamically. The
signal transduction process, which includes the activation and desensitization of a receiver, is a
paradigm of this behavior.

Let us include the receptor desensitization, by adding an irreversible process of deactivation of
the receptors to the previous chemical reaction (1), yielding to

L + R
k1

k−1
LR

kds
LRds (5)

which describes the reaction where a ligand L unites with a receptor R to arise the active
ligand-receptor complex LR, which suffers a process of desensitization to create the inactive
ligand-receptor complex LRds. Let w := [LRds]. This desensitization process is regulated by
the rate constant kds > 0. Note that:

Rtot = [R] + [LR] + [LRds] = x+ z + w,

Ltot = [L] + [LR] + [LRds] = y + z + w.

Then,

Rtot = x+ z + w ⇒ w = Rtot − x− z,
Ltot = y + z + w ⇒ y = Ltot − z − w = Ltot − z − (Rtot − x− z) = x+ Ltot −Rtot,

and so the behavior of w and y can be expressed by means of x and z.

According to the law of mass action, the speed of formation v1 of the complex LR is proportional,
through the rate constant of formation k1, to the product of the concentration of the species
taking part into the chemical reaction (R and L). The rate of dissociation of the LR complex v−1

is proportional, through the sum of the rate constant of dissociation k−1 and the rate constant
of desensitization kds, to the concentration of complex [LR]. Finally, the speed of formation v2

of the receptor R is proportional to the concentration of complex [LR] by means of the rate
constant of dissociation k−1.

v1 = k1xy, v1 ≥ 0,

v−1 = (k−1 + kds)z, v−1 ≥ 0,

v2 = k−1z, v2 ≥ 0.

Finally, the global dynamics are described by the following differential equations. Let ξ = (x, z),{
ξ̇ = X(ξ),

ξ(0) = (Rtot, 0)t,

{
X1(x, z) = v2 − v1 = k−1z − k1xy,

X2(x, z) = v1 − v−1 = k1xy − k−1z − kdsz.

6



2.3 Receptor internalization. Final Master Thesis

2.3 Receptor internalization.

This section shows an extension of the model presented in section 2.2 with the inclusion of the
reversible dissociation of the desensitized LR complex into an original molecule of ligand L and
the new desensitized receptor Rds,

L + R
k1

k−1
LR

kds
LRds

k2

k−2
L + Rds

This additional process allows to consider the fact that the inactivated receptor leaves the cell
membrane and becomes internalized in the endoplasmic reticulum.

Let ν := [Rds]. Note that the receptor is now distributed in two different species: in the first
one, it is free from ligand (R and Rds), and in the second it is bounded to it (LR and LRds).
In this case:

Rtot = [R] + [LR] + [LRds] + [Rds] = x+ z + w + ν,

Ltot = [L] + [LR] + [LRds] = y + z + w.

(6)

(7)

Then,

Rtot = x+ z + w + ν ⇒ ν = Rtot − x− z − w,
Ltot = y + z + w ⇒ y = Ltot − z − w,

and so we end up having three independent variables x, z and w. Again, we recall the law of
mass action to describe the behavior of the concentrations x, z and w. Variable x and z behave
as in the previous section, but we need to look at w. On the one hand, the rate of formation
v3 of the desensitized complex LRds is the sum of the rate constant of desensitization kds times
the concentration of the complex LR and the rate constant of formation k−2 times the product
of the concentration of the species taking part into the chemical reaction (L and Rds). On
the other hand, the rate of dissociation v−3 of the desensitized complex LRds is proportional,
through the rate constant of dissociation k2, to the concentration [LRds]. And so,

v1 = k1xy, v1 ≥ 0,

v−1 = (k−1 + kds)z, v−1 ≥ 0,

v2 = k−1z, v2 ≥ 0,

v3 = kdsz + k−2yν, v3 ≥ 0,

v−3 = k2w, v−3 ≥ 0,

The dynamics of the whole reaction are described by the following system of ODE. Let ξ =
(x, z, w),

{
ξ̇ = X(ξ),

ξ(0) = (Rtot, 0, 0)t,


X1(x, z, w) = v2 − v1 = k−1z − k1xy,

X2(x, z, w) = v1 − v−1 = k1xy − k−1z − kdsz,
X3(x, z, w) = v3 − v−3 = kdsz + k−2yν − k2w,

2.4 Receptor desensitization depending on receptor activation.

Right until this point it has been considered that the receptor R is in its active form when it
is bounded to the ligand L. This is a simplification, given that, traditionally, pharmacology
distinguishes between two types of ligands: the ones bounded to the receptor that produce a
conformational change in the complex (LR∗), which will produce a physiologic response, and

7
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the ones bounded to the receptor but do not produce any biological effect (LR), and simply
occupy the receptor binding site and prevent the union of other molecules. The first ligands are
called agonists, while the second ones are called antagonists. The desensitization of the receptor
LRds comes from a state activated by an agonist ligand. These properties are included in the
following model:

L + R
k1

k−1
LR

k3

k−3
LR∗

kds
LRds

Let x := [R], y := [L], z := [LR], w := [LRds], ρ := [LR∗]. In this case, the distribution of Rtot
and Ltot is the following

Rtot = [R] + [LR] + [LR∗] + [LRds] = x+ z + ρ+ w,

Ltot = [L] + [LR] + [LR∗] + [LRds] = y + z + ρ+ w.

And so,

w = Rtot − x− z − ρ,
y = Ltot − z − ρ− w = Ltot − z − ρ− (Rtot − x− z − ρ) = Ltot −Rtot + x,

the behavior of w and y is described by x, z and ρ. Let us deduce the system of ODEs.

The speed of formation v1 of the complex LR is proportional to the sum of the rate constant
k1 times the product of the concentration of species involved in the reaction L and R and the
rate constant k−3 times the concentration of the active complex LR∗. The speed of dissociation
v−1 of the complex LR is proportional, through the sum of the rate constant of dissociation
k−1 of the complex LR and the rate constant of formation k3 of the active complex LR∗, to the
concentration of the complex LR. The speed of formation v2 of the receptor R is proportional
through the rate constant of dissociation k−1 to the concentration of the complex LR. The speed
of formation v−2 of the complex LR from the species R and L is proportional through the rate
constant k1 to the product of the concentration of the species, L and R. Finally, the speed of
formation v3 of the active complex LR∗ is proportional, through the rate constant of formation
k3, to the concentration of complex LR; while the speed of dissociation v−3 is proportional
through the sum of the rate constants k−3 and kds to the concentration of active complex LR∗.

v1 = k1xy + k−3ρ, v1 ≥ 0,

v−1 = (k−1 + k3)z, v−1 ≥ 0,

v2 = k−1z, v2 ≥ 0,

v−2 = k1xy, v−2 ≥ 0,

v3 = k3z, v3 ≥ 0,

v−3 = (k−3 + kds)ρ, v−3 ≥ 0.

The dynamics of the reaction are described by the following system of ODE. Let ξ = (x, z, ρ),

{
ξ̇ = X(ξ),

ξ(0) = (Rtot, 0, 0)t,


X1(x, z, ρ) = v2 − v−2 = k−1z − k1xy,

X2(x, z, ρ) = v1 − v−1 = k1xy + k−3ρ− (k−1 + k3)z,

X3(x, z, ρ) = v3 − v−3 = k3z − (k−3 + kds)ρ.

8
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3 Results.

In the present section, we are going to show, analyse and comment all the results obtained
regarding the models presented in Section 2. The full methodology will be shown for the first
models, while some heavy computations which repeat the same approach in more complex mod-
els can be found in Appendix A. The principal attention regarding the results will be focused
on the concentration of the complex [LR] (or [LR∗] when we distinguish explicitly an active
receptor species), as it is the component in the reactions that provokes the pharmacological
response.

For each model, there will be two different studies where the main difference between them is
the relation between the concentrations of ligand and receptor, when Ltot � Rtot, we will call
that the reaction is in ligand excess, while when this assumption can not be made, the reaction
is said to be in ligand depletion. The distinction of the study arises from the fact that the
concentration of ligand can be manipulated by an external party and in majority of literature
is tipically assumed to satisfy

Rtot � Ltot,

which implies that the concentration of bound ligand to a receptor is negligible compared to
the free ligand. The practical consequences of this assumption is that the concentration of free
ligand is going to be considered to constantly be the same as the total concentration Ltot:

Rtot � Ltot =⇒ Ltot ≈ [L] = y. (8)

As it will be shown, this assumption also leads to a simplification of all the models presented and
implies a linearisation of the respective vector field. In most cases, it allows the computation of
an analytic solution of the simplified model [15].

The second part of the study of the models will encompass the ligand depletion case, where
the ligand is not in excess with respect to the receptor. This may happen when the ligand is
endogenously present in the system or the experimental conditions do not allow for the previ-
ous simplification. The system of ODEs will remain nonlinear, and the study will focus on a
parametric qualitative study of the behavior of the vector field.

9
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3.1 Simple reaction.

In this section we will study the model presented in section 2.1. Recall that the process is
described by the biomolecular reaction,

L+R
k1

k−1
LR

where the ligand L binds to the receptor R to form the complex ligand-receptor LR. The
relations between the concentrations of the components of the chemical reaction are{

Rtot = [R] + [LR] = x+ z =⇒ x = Rtot − z,
Ltot = [L] + [LR] = y + z =⇒ y = Ltot − z,

(9)

and equation ruling the dynamics is, {
ż = k1xy − k−1z,

z(0) = 0.
(10)

3.1.1 Ligand excess.

After assuming (8) in (10), a linear ODE is obtained{
ż = f(z) := k1(Rtot − z)Ltot − k−1z = k1RtotLtot − z(k1Ltot + k−1),

z(0) = 0,
(11)

which has the form

ż = a− bz, a = k1RtotLtot > 0, b = k1Ltot + k−1 > 0.

This equation has one stable equilibrium point

ẑ :=
a

b
=

k1RtotLtot
k1Ltot + k−1

,

which is a global attractor of the dynamics given that Df(ẑ) = −b < 0 together with the fact
that the equation is linear. The analytical solution of system (10) is easily obtained,

dz

dt
= a− bz ⇒ dz

a− bz
= dt⇒

∫
dz

a− bz
=

∫
dt,

− ln |a− bz|
b

= t+ C,

ln |a− bz| = −bt+ C.

Substituting,

a− bz = e−bteC ⇒ a− bz = e−bteC ⇒ z(t) =
a− e−bteC

b
.

Observe that here the initial condition z(0) = 0 has not been imposed, therefore we are consid-
ering all possible solutions, and they all satisfy:

lim
t→+∞

z(t) = lim
t→+∞

a− e−bteC

b
=
a

b
= ẑ,

10
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all solutions tend to the equilibrium point ẑ, which is expected since our ODE is linear. On the
other hand, if we want to find exact solution for (11), then

z(0) = 0 =⇒ eC = a.

Finally,

z(t) =
a

b
(1− e−bt),

and substituting the values in a and b of our explicit equation,

z(t) =
k1RtotLtot
k1Ltot + k−1

(1− e−(k1Ltot+k−1)t). (12)

Figure 3: The analytical expression of z(t) = [LR](t) shown in (12) coincides with the numerical
integration of the system. The integration is done through sciypy library with the
integrator dop853, a standard Runge Kutta Method of order 8.

Using (9), we can obtain the analytical expression for the three components appearing in the
reaction, which coincides with equation (2) in [16]

[R] = x(t) = Rtot

(
1− k1Ltot

k1Ltot + k−1
(1− e−(k1Ltot+k−1)t)

)
,

[L] = y(t) ≡ Ltot,

[LR] = z(t) =
k1RtotLtot
k1Ltot + k−1

(
1− e−(k1Ltot+k−1)t

)
.

Observe in Figure 4 the evolution of the three components over time is shown for different values
of the parameters, showing that for the same values of Rtot and Ltot, the decrease of the ratio
r = k1/k−1 reduces the distance between the equilibrium state concentrations of receptor R
and complex LR. The values of the parameters Ltot, Rtot, k1, k−1 chosen for the simulations in
all the sections have been extracted from the saturation experiment developed in [17]. Follow-
ing their approach, the ligand presented is lixivaptan. Lixivaptan (V PA − 985) is a phase III
pharmaceutical for the treatment and prevention of cardiovascular diseases. Lixivaptan involves

11



3.1 Simple reaction. Final Master Thesis

patients with hyponatremia, including those with concomitant heart failure. Hyponatremia is
an electrolyte disturbance in which the sodium concentration in the serum is lower than normal.
Lixivaptan may help some patients eliminate excess fluids while retaining electrolytes.

In the simulations, the total concentration of lixivaptan is defined to be 310 nM , whereas the
total concentration of receptor is defined to be 1 nM to ensure full occupancy. The values of
the constants k1 and k−1 chosen are: k1 = 4.6 · 105M−1min−1 and k−1 = 0.06 min−1.

Figure 4: Evolution of [R] and [LR] over time for different values of the parameters. See that
for a fixed value of k1, the increase of k−1 forces the equilibrium state of LR and R
to be closer, and for higher values of k−1 it could be seen how the concentrations of
receptor and complex do not intersect.

12



3.1 Simple reaction. Final Master Thesis

Some applications to the analytical solution.

Having an analytical expression for the solution also gives us the change to obtain some inter-
esting properties. Let us look for t 1

n
, the time when z(t) = z 1

n
:= Rtot/n.

z(t) = z 1
n
⇔ k1RtotLtot
k1Ltot + k−1

(1− e−(k1Ltot+k−1)t) =
Rtot
n
,

k1Ltot
k1Ltot + k−1

(1− e−(k1Ltot+k−1)t) =
1

n
,

1− e−(k1Ltot+k−1)t =
k1Ltot + k−1

nk1Ltot
,

(n− 1)k1Ltot − k−1

nk1Ltot
= e−(k1Ltot+k−1)t,

t 1
n

:= −ln

(
(n− 1)k1Ltot − k−1

nk1Ltot

)
1

k1Ltot + k−1
.

Note that a necessary condition for z(t) to reach the value z 1
n

is

(n− 1)k1Ltot > k−1. (13)

Now, let us look for the speed at which the concentration of z(t) is increasing at z 1
n

.

ż(t) =
k1RtotLtot
k1Ltot + k−1

(1 + e−(k1Ltot+k−1)t(k1Ltot + k−1))⇒

ż(t 1
n

) =
k1RtotLtot
k1Ltot + k−1

(
1 +

(
((n− 1)k1Ltot − k−1)(k1Ltot + k−1)

nk1Ltot

))
,

For example, for n = 2, and conditions Rtot = 10−9, Ltot = 310 · 10−9, k1 = 4.6 · 107, see: (a) a
plot with ẑ and z 1

2
in Figure 5, where condition (13) gains sense; (b) a plot of t 1

2
while varying

kds in Figure 6; (c) a plot of ż(t 1
2
) while varying kds in Figure 7.

13



3.1 Simple reaction. Final Master Thesis

Figure 5: Plot of the equilibrium point ẑ (in blue) and z 1
2

= Rtot/2 (in orange) depending on

the value of k−1. See that the necessary condition to be able to reach z 1
2

is that

the equilibrium point ẑ stays above z 1
2
, or equivalently, that k1Ltot > k−1. In this

particular model with Rtot, Ltot and k1 fixed, this situation is feasible for k−1 < 14.26.

Figure 6: Plot of t 1
2
, the necessary time to reach z 1

2
= Rtot/2. Note that when k−1 = 14.26, then

z 1
2

= ẑ. Then, it is clear that when k−1 → 14.26, the required time to reach z 1
2

tends

to +∞ (the vertical assymptote k−1 = 14.26 appearing in the right side of the plot).

14



3.1 Simple reaction. Final Master Thesis

Figure 7: Plot of ż(t 1
2
), the speed with which z(t) reaches z 1

2
. Note that when k−1 → 14.26,

then ż(t 1
2
) tends to 0 given that z(t) will never reach the equilibrium point in a finite

time span.

In the literature, other studies have computed and analyzed other quantities such as tẑ/2, the
time taken to reach half of the equilibrium state concentration ẑ = (k1RtotLtot)/(k1Ltot + k−1),

tẑ/2 = − ln

(
1

2

)
/(k1Ltot + k−1),

with special interest towards ż(tẑ/2), the speed with which the concentration of complex is
increasing at this point.
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3.1.2 Ligand depletion.

In the ligand depletion case, the ODE (10) that describes the model remains nonlinear. Using
the relations:

x = Rtot − z, y = Ltot − z,

the following vector field is obtained

ż = k1xy − k−1z,

= k1(Rtot − z)(Ltot − z)− k−1z,

= k1RtotLtot − k1Rtotz − k1Ltotz + k1z
2 − k−1z,

= k1z
2 − (k1Rtot + k1Ltot + k−1)z + k1RtotLtot.

(14)

In this case, the focus of the study will be placed in a parametric discussion of the stability of
the equilibrium points.

Equilibrium points.

ż = 0⇒ z± =
k1Rtot + k1Ltot + k−1 ±

√
(k1(Rtot + Ltot) + k−1)2 − 4k2

1RtotLtot
2k1

.

Let us rename the equilibrium point as

z± =
γ ± θ
2k1

,

γ = k1(Rtot + Ltot) + k−1,

θ =
√

(k1(Rtot + Ltot) + k−1)2 − 4k2
1RtotLtot,

and let us study the discriminant in θ:

∆ = k2
1R

2
tot + k2

1L
2
tot + 2k2

1RtotLtot + 2k1k−1(Rtot + Ltot) + k2
−1 − 4k2

1RtotLtot,

= k2
1R

2
tot + k2

1L
2
tot − 2k2

1RtotLtot + 2k1k−1(Rtot + Ltot) + k2
−1,

= k2
1(R2

tot − 2RtotLtot + L2
tot) + 2k1k−1(Rtot + Ltot) + k2

−1,

= k2
1(Rtot − Ltot)2 + 2k1k−1(Rtot + Ltot) + k2

−1 > 0.

Also, due to 4k2
1RtotLtot ≥ 0, we have that:

k1Rtot + k1Ltot + k−1 ±
√

(k1(Rtot + Ltot) + k−1)2 − 4k2
1RtotLtot > 0,

and therefore both equilibrium points,

z± =
k1Rtot + k1Ltot + k−1 ±

√
k2

1(Rtot − Ltot)2 + 2k1k−1(Rtot + Ltot) + k2
−1

2k1
> 0,

are positive. Let us study the local stability of both equilibrium points. Let f(z) := k1z
2 −

(k1Rtot + k1Ltot + k−1)z + k1RtotLtot,

f ′(z)z=z± = (2k1z − k1Rtot − k1Ltot − k−1)z=z± ,

= ±
√
k2

1(Rtot − Ltot)2 + 2k1k−1(Rtot + Ltot) + k2
−1.

At this point, it should be remarked that:
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3.1 Simple reaction. Final Master Thesis

• Observe that z− always belongs to the admissible biological domain. Recall the admissible
domain for z is z ≤ min{Rtot, Ltot}. Let us assume that Ltot < Rtot. Then, we want to see
that z− ≤ Ltot.

z− ≤ Ltot ⇐⇒
1

2k1
(k1(Rtot + Ltot) + k−1 − θ) ≤ Ltot ⇐⇒

k1(Rtot + Ltot) + k−1 − θ ≤ 2k1Ltot ⇐⇒
k1Rtot + k−1 − θ ≤ k1Ltot ⇐⇒
θ ≥ k1(Rtot − Ltot) + k−1 ⇐⇒
θ2 ≥ k2

1(Rtot − Ltot)2 + 2k1k−1(Rtot − Ltot) + k2
−1 ⇐⇒

k2
1(Rtot − Ltot)2 + 2k1k−1(Rtot + Ltot) + k2

−1 ≥ k2
1(Rtot − Ltot)2 + 2k1k−1(Rtot − Ltot) + k2

−1 ⇐⇒
2k1k−1(Rtot + Ltot) ≥ 2k1k−1(Rtot − Ltot).

The proof is analogous if Ltot ≥ Rtot. �

• Let us see that z+ does not belong to the admissible biological domain. We are going to
assume that Ltot < Rtot. Then, zM = min{Rtot, Ltot} = Ltot. But let us prove something
stronger: we will show that z+ > Rtot = max{Rtot, Ltot}. Let us find a nice property for
θ:

k2
−1 + 2k1k−1(Rtot + Ltot) ≥ 0⇒
k2
−1 + 2k1k−1(Rtot + Ltot) + k2

1(Rtot − Ltot)2 ≥ k2
1(Rtot − Ltot)2 ⇒

θ2 ≥ k2
1(Rtot − Ltot)2 ⇒

θ ≥ k1(Rtot − Ltot).

Now, using that 2k1Rtot = k1(Rtot+Ltot) +k1(Rtot−Ltot) and the fact that θ ≥ k1(Rtot−
Ltot):

2k1Rtot ≤ k1(Rtot + Ltot) + θ ⇒
2k1Rtot < k−1 + k1(Rtot + Ltot) + θ ⇒

Rtot <
1

k1
(k−1 + k1(Rtot + Ltot) + θ) = z+.

The proof is analogous if Ltot ≥ Rtot. �

• As long as the real part of f ′(z±) is different from 0, then both equilibrium points are
hyperbolic and by Hartmann’s Theorem the local behaviour of the non-linear system is
conjugated to the behavior of the linearized system.

• Although z+ is out of the admissible domain, we can still study its stability: z+ is an
unstable equilibrium point, while z− is a stable equilibrium point with biological attraction
basin (0, zM ).

• There is no change in the dynamics in respect to the parameters values.

• The reaction, from the mathematical point of view, does not see any difference between
ligand and receptor: two different molecules are binding together. The dynamics is only
ruled by the total quantities Rtot, Ltot and the rate constants. The behavior of [R](t) = x(t)

17



3.1 Simple reaction. Final Master Thesis

and [L](t) = y(t) is symmetric respect to Θ := Ltot − Rtot. For a given reaction with
parameters k1 = k̂1, k−1 = k̂−1, kds = k̂ds and total concentrations Rtot = R̂tot and Θ = σ,
the behavior of [R](t) coincides with the behavior of [L](t) in the reaction with the same
rate constants k1 = k̂1, k−1 = k̂−1, kds = k̂ds, Rtot = R̂tot but with Θ = −σ. See,

Figure 8: Evolution of all species involved in the reaction obtained through numerical integra-
tion. In the first figure, see that Ltot > Rtot (L,R respectively), and so Θ = 2·10−9. The
concentration of free ligand stays above the concentration of the complex, given that
there is a surplus of ligand. In the second plot, see that Ltot < Rtot (Θ = −2 · 10−9),
and that in this case the concentration of receptor stays above the concentration of
complex.

Even more, observe in Figure 9 how in the case Ltot = Rtot, that is, Θ = 0, the receptor
and ligand share the same behavior and tend to the same value at the same speed.

18



3.1 Simple reaction. Final Master Thesis

Figure 9: The concentrations of ligand and receptor have identical behavior in the ”ideal” situ-
ation of having the exact same quantity of ligand and receptor molecules.

From the previous figures, one can note that when the total concentrations of free ligand
and receptor are similar, in contrast with the ligand excess case, the times with which
the concentrations ”reach” the equilibrium state highly increase (approximately, from 40
minutes to 1500 minutes, with an increase of %600 in time). On the other hand, in a
situation with Ltot = 310 ·Rtot, we can see in Figure 10 that the behavior of the dynamics
is quite reminiscent to the ligand excess case:

Figure 10: The behavior of receptor and complex shown in this plot is almost identical to the
one seen in 4, as it is expected given that Ltot = 310 ·Rtot.

Summing up, all the solutions in the admissible domain tend to the equilibrium point z−, and
in the complete dynamics the concentrations of receptor [R] and free ligand [L] tend to,
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lim
t→+∞

[R](t) = x− = Rtot − z−,

lim
t→+∞

[L](t) = y− = Ltot − z−,

lim
t→+∞

[LR](t) = z− =
k1(Rtot + Ltot) + k−1 −

√
k2

1(Rtot − Ltot)2 + 2k1k−1(Rtot + Ltot) + k2
−1

2k1
.

3.2 Receptor desensitization.

We depart from the model obtained in Section 2.2, which includes the desensitization of the
LR complex into the desensitized molecule LRds. Recall that x = [R], y = [L], z = [LR] and
w = [LRds] satisfy:

Rtot = [R] + [LR] + [LRds] = x+ z + w =⇒ w = Rtot − x− z,
Ltot = [L] + [LR] + [LRds] = y + z + w =⇒ y = x+ Ltot −Rtot.

(15)

Let ξ = (x, z), then the system of ODE is the following{
ξ̇ = X(ξ),

ξ(0) = (Rtot, 0)t,

{
X1(x, z) = k−1z − k1xy,

X2(x, z) = k1xy − k−1z − kdsz.

3.2.1 Ligand excess.

In this section, it is assumed that the concentration of ligand can be manipulated and it satisfies
Ltot � Rtot as seen in (8), therefore y(t) ≡ Ltot. The equation becomes linear and the dynamics
are described by the following differential equations,{

ξ̇ = X(ξ),

ξ(0) = (Rtot, 0).

{
X1(x, z) = k−1z − k1xy = k−1z − k1Ltotx,

X2(x, z) = k1xy − k−1z − kdsz = k1Ltotx− (k−1 + kds)z,
(16)

which can be also expressed as the following matrix system:

ξ̇ = Aξ, A =

(
−k1Ltot k−1

k1Ltot −(k−1 + kds)

)
.

Equilibrium points.

The equilibrium points are obtained by imposing the velocities of the vector field to be zero,

ẋ = 0 =⇒ −k1Ltotx+ k−1z = 0 =⇒ z =
k1Ltot
k−1

x,

ż = 0 =⇒ k1Ltotx− (k−1 + kds)z = 0 =⇒ z =
k1Ltot

k−1 + kds
x.

We arrive to the following condition

k1Ltot
k−1

x =
k1Ltot

k−1 + kds
x ⇐⇒ kds = 0 or x = 0.

which can only be satisfied if kds = 0 or x = 0. If kds = 0, it is clear that the concentration of
desensitized complex w = [LRds] will be constant, and therefore we can impose a new relation
which reduces the dimension of the problem
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3.2 Receptor desensitization. Final Master Thesis

x = Rtot − z − w,

and we end up having the same system as in Section 3.1.1.

But let us assume kds > 0, which is the case of main interest. Then the equilibrium point
is ξ0 = (0, 0) and the intuition is that the desensitization process will kill the reaction as the
receptor is going to disappear, so this equilibrium point should be an attractor. Let us see it.

Linear stability.

Let us study the local behaviour of ξ0 by looking at the eigenvalues of the Jacobian matrix:

DξX(ξ0) = A =

(
−k1Ltot k−1

k1Ltot −(k−1 + kds)

)
=

(
−a b
a −(b+ c)

)
,

by denoting a = k1Ltot > 0, b = k−1 > 0, and c = kds > 0. Computing its eigenvalues,

det(DξX(ξ0)− λId) = 0 =⇒
∣∣∣∣−a− λ b

a −b− c− λ

∣∣∣∣ = 0⇔ λ2 + λ(a+ b+ c) + ac = 0,

Then, the solution to the equations is λ = λ±, where

λ± = −1

2

(
a+ b+ c∓

√
(a+ b+ c)2 − 4ac

)
, (17)

(18)

or, equivalently,

λ± = −1

2

(
a+ b+ c∓

√
(a− c)2 + b2 + 2ab+ 2bc

)
. (19)

From (19) it is clear that the discriminant is always positive, so both eigenvalues are real. On
the other hand, from equation (17), using that γ >

√
γ2 − δ,∀δ ∈ (0, γ2), it is clear that both

eigenvalues are negative, being ξ0 an attractor node. Given that Re(λ±) 6= 0, the equilibrium
point is hyperbolic and therefore Hartman’s Theorem applies, and together with the fact that
the original system is linear, it means that ξ0 is a global attractor of system (16).

Analytical solution.

The solution for the linear system ẋ = Ax is

x(t) = eAt · C, C ∈ R3,

where the matrix eAt := M(t) is a fundamental matrix of the problem; that is, it generates
all the solutions for the different initial conditions. In order to explicitly compute M(t), let us
diagonalize A. The eigenvectors are the vectors v± such satisfy the following equation:

Av = λ±v ⇐⇒ (A− λ±Id)v = 0,

where λ± are the eigenvalues of A. Let us rewrite the previously computed eigenvalues in a
more compact way:

λ± = −1

2
(a+ b+ c∓ α), α =

√
(a− c)2 + b2 + 2ab+ 2bc.
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The two eigenvectors can be computed at the same time:

(A− λ±Id)v = 0,(
−a− λ± b

a −b− c− λ±

)(
v1

v2

)
= 0,−a+

1

2
(a+ b+ c∓ α) b

a −b− c+
1

2
(a+ b+ c∓ α)

(v1

v2

)
= 0,

1

2
(−a+ b+ c∓ α) b

a
1

2
(a− b− c∓ α)

(v1

v2

)
= 0.

(20)

(21)

(22)

(23)

From the first equation in (23),

1

2
(−a+ b+ c∓ α)v1 + bv2 = 0⇒ v2 = −(−a+ b+ c∓ α)

2b
v1.

The eigenvectors are

v± = (−2b,Ω∓), where Ω± = −a+ b+ c± α.

Then, the matrix for the change of basis into diagonal form is

P =

(
−2b −2b
Ω− Ω+

)
,

which satisfies:

A = PDP−1, D = diag{λ+, λ−}.

Then,

M(t) = eAt =
+∞∑
k=0

Aktk

k!
=

+∞∑
k=0

(PDP−1)ktk

k!
,

= P

(
+∞∑
k=0

Dktk

k!

)
P−1 = P

+∞∑
k=0

1

k!

(
λk+t

k 0
0 λk−t

k

)
P−1,

= P

∑+∞
k=0

λk+t
k

k!
0

0
∑+∞

k=0

λk−t
k

k!

P−1 = P

(
eλ+t 0

0 eλ−t

)
P−1,

=

(
−2b −2b
Ω− Ω+

)(
eλ+t 0

0 eλ−t

)(
−2b −2b
Ω− Ω+

)−1

,

= −
(
−2beλ+t −2beλ−t

Ω−e
λ+t Ω+e

λ−t

)
1

4bα

(
Ω+ 2b
−Ω− −2b

)
.

Finally,

M(t) = − 1

4bα

(
2b(Ω−e

λ−t − Ω+e
λ+t) 4b2(eλ−t − eλ+t)

Ω+Ω−(eλ+t − eλ−t) 2b(Ω−e
λ+t − Ω+e

λ−t).

)
. (24)
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In Appendix B it is proved how M(t) is a fundamental matrix by seeing that both columns
M1,2(t) of M(t) are solutions of the problem and that they are linearly independent. Then,
being M(t) a fundamental matrix, the solution φ(t) of (16) has to be a linear combination of
the columns of M(t),

φ(t) = c1M1(t) + c2M2(t), c1, c2 ∈ R.

Remark. If M1,2(t) are solutions, then so is a linear combination of them:

dφ(t)

dt
=
d(c1M1(t) + c2M2(t))

dt
,

= c1
dM1(t)

dt
+ c2

dM2(t)

dt
,

= c1AM1(t) + c2AM2(t),

= A(c1M1(t) + c2M2(t)),

= Aφ(t). �

Let us search for the coefficients c1, c2. Let φ(t) = (φ1(t), φ2(t))t:

φ1(t) = − 1

4bα

(
c12b(Ω−e

λ−t − Ω+e
λ+t) + c24b2(eλ−t − eλ+t)

)
,

φ2(t) = − 1

4bα

(
c1Ω+Ω−(eλ+t − eλ−t) + c22b(Ω−e

λ+t − Ω+e
λ−t)

)
,

φ1(0) = Rtot,

φ2(0) = 0.

(25)

(26)

(27)

(28)

Pairing (25) and (27) and using Ω+ − Ω− = 2α,

−2c1b(Ω− − Ω+)

4bα
= Rtot =⇒ 4c1bα

4bα
= Rtot =⇒ c1 = Rtot. (29)

Pairing (26) and (28):

0 = 2c2b(Ω− − Ω+) =⇒ c2 = 0.

Finally, the solution is:

φ(t) =

(
−Rtot

2α
(Ω−e

λ−t − Ω+e
λ+t),−Rtot

4bα
Ω+Ω−(eλ+t − eλ−t)

)t
, (30)

with

Ω+ = −a+ b+ c+ α,

Ω− = −a+ b+ c− α,

λ+ = −1

2
(a+ b+ c− α),

λ− = −1

2
(−a+ b+ c+ α),

α =
√

(a− c)2 + b2 + 2ab+ 2bc.
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Figure 11: The behavior of the [LR] complex obtained by the analytic solution φ2(t) coincides
with the numerical integration of the system. The maximum concentration reached
is [LR]max = 9.59 · 10−9 with 0.32 minutes.

In Figure 12 it is shown the behavior of the different species involved in the chemical reaction. At
the initial step, the concentrations of the chemicals satisfy the initial condition, [R](0) = Rtot,
[L](0) = Ltot, [LR](0) = 0 and [LRds](0) = 0. As time goes by, different behaviors can be
seen for each species: the ligand L is constant given that in the ligand excess it is assumed
[L](t) = Ltot ∀t; the receptor R steadily binds to the ligand and tends to disappear [R](t)→ 0;
the complex LR starts to be formed reaching its peak around 5-6 minutes (we give a method to
compute the exact value of this peak in (34)). At the same time, when LR starts to appear into
the reaction, the complex begins its desensitization into the desensitized complex LRds, which
tends to the total quantity of receptor [LRds](t)→ Rtot.

Figure 12: Evolution of [R](t), [LR](t), [LRds](t).

Remark. We observe that for kds = 0, then the second component φ2(t), the evolution [LR]
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over time, becomes the solution of the equilibrium state model without desensitization presented
in section 3.1. Let us remember that c = kds. The are some quantities that can be simplified:

(α)c=0 =
√

(a+ b)2 = a+ b,

(Ω−)c=0 = −a+ b− αc=0 = −a+ b− a− b = −2a,

(Ω+)c=0 = −a+ b+ αc=0 = −a+ b+ a+ b = 2b,

λ+ = −1

2
(a+ b− αc=0) = 0,

λ− = −1

2
(a+ b+ αc=0) = −1

2
(2a+ 2b) = −a− b.

Then, imposing kds = 0 and the original values a = k1Ltot, b = k−1,

φ2(t)|kds=0 = − Rtot
4b(a+ b)

(−4ba)(1− e−(a+b)t).

=
aRtot
a+ b

(1− e−(a+b)t),

=
k1LtotRtot
k1Ltot + k−1

(1− e−(k1Ltot+k−1)t).

(31)

(32)

(33)

seeing that (33) becomes (12), as it was expected. On the other hand, φ1(t):

φ1(t)|kds=0 = − Rtot
2(a+ b)

(−2ae−(a+b)t − 2b),

=
Rtot

k1Ltot + k−1
(k1Ltote

−(k1Ltot+k−1)t + k−1).

On both problems we have that x = Rtot − z, but we can also check that they end up being the
same. In the desensitization problem:

x(t) = φ1(t) =
Rtot

k1Ltot + k−1
(k1Ltote

−(k1Ltot+k−1)t + k−1).

In the original problem:

x = Rtot − z,

= Rtot −
k1LtotRtot
k1Ltot + k−1

(1− e−(k1Ltot+k−1)t),

= Rtot

(
1− k1Ltot

k1Ltot + k−1
(1− e−(k1Ltot+k−1)t)

)
,

= Rtot

(
1− k1Ltot

k1Ltot + k−1
+
k1Ltote

−(k1Ltot+k−1)t

k1Ltot + k−1

)
.

We need to see if:

1− k1Ltot
k1Ltot + k−1

+
k1Ltote

−(k1Ltot+k−1)t

k1Ltot + k−1
=? k1Ltote

−(k1Ltot+k−1)t

k1Ltot + k−1
+

k−1

k1Ltot + k−1
,

which reduces to

k1Ltot + k−1 − k1Ltot = k−1. �

25



3.2 Receptor desensitization. Final Master Thesis

In Figures 11, 12 we have seen different behaviors of the chemicals with specific values for the
parameters. In the next figure, the constant of desensitization is fixed to different values to see
the behavior of the reaction depending on this parameter.

Figure 13: The increase of the desensitization parameter kds implies a decrease in the maximum
concentration of complex [LR]max obtained. Moreover, higher values of kds imply a
increase in the speed with which the equilibrium state is reached.

We have seen in Figure 13 that the maximum concentration reached [LR]max decreases with the
increase of kds. We can also see how does the time tpeak used to reach [LR]max changes with
kds. For this purpose, we can use the analytical expression for [LR](t) = φ2(t) and find a zero of
φ̇2(t). A Newton-Raphson method has been applied for values of kds ∈ (0, 10), using as initial
seed t(0) = 0,

t(k+1) = t(k) − φ̇2(t(k))

φ̈2(t(k))
. (34)
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3.2 Receptor desensitization. Final Master Thesis

Figure 14: The increase of the desensitization parameter kds implies a decrease in the time
needed to reach [LR]max. For small values of kds ≈ 0, the required time is around
0.5 minutes, when kds increases the required time tends to 0.

Having at hand the curve (kds, tpeak), kds < 10,, we can also plot (kds, φ2(tpeak)) = (kds, [LR](t)),

Figure 15: Evolution of [LR]max as a kds increases. Note that when kds → 0, then [LR]max →
Rtot. Also, as it has been seen before, the increase of the kds implies a decrease of
[LR]max.

3.2.2 Ligand depletion.

In the ligand depletion case, the differential equation remains not linear. Using the following
relations,

Rtot = x+ z + w ⇒ w = Rtot − x− z,
Ltot = y + z + w ⇒ y = Ltot − z − w = Ltot − z − (Rtot − x− z) = x+ Ltot −Rtot.
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the dynamics are described by the following differential equations. Let ξ = (x, z),{
ξ̇ = X(ξ),

ξ(0) = (Rtot, 0),

{
X1(x, z) = k−1z − k1x(x+ Ltot −Rtot),
X2(x, z) = k1x(x+ Ltot −Rtot)− (k−1 + kds)z,

(35)

Equilibrium points.

ẋ = 0 =⇒ k−1z − k1x(x+ Ltot −Rtot) = 0 =⇒ z =
k1x(x+ Ltot −Rtot)

k−1
,

ż = 0 =⇒ k1x(x+ Ltot −Rtot)− (k−1 + kds)z = 0 =⇒ z =
k1x(x+ Ltot −Rtot)

k−1 + kds
.

(36)

(37)

First, observe that if kds = 0 then system (35) reduces to system (14) seen in section 3.1.1.
Indeed, kds = 0 implies that there is no desensitization reaction, therefore w is constant and can
be disregarded in the equations since it has no impact in the dynamics, and then y = Ltot − z
and x = Rtot − z. The equation for ż becomes

ż = k1(Rtot − z)(Ltot − z)− kdsz,

coinciding with equation (14) in section 3.1.1, as it was expected. Therefore, we assume that
kds > 0. Observe that (36) and (37) can happen at the same time if and only if the numerator
is 0, given that we have different quantities in the denominator.

k1x(x+ Ltot −Rtot)
k−1

=
k1x(x+ Ltot −Rtot)

k−1 + kds
⇔

{
x = x1 := 0⇒ z1 = 0,

x = x2 := Rtot − Ltot ⇒ z2 = 0.

In Figure 16, we can see that we have three different cases.

Figure 16: Plot of the two isoclines p1 and p2 with different values for Rtot and Ltot.

1. If Rtot < Ltot, in red, then we have two equilibrium points ξ1 = (0, 0) and ξ2 = (Rtot −
Ltot, 0), where only ξ1 has biological sense since we can not accept negative values for the
concentration of the chemicals in the reaction and the first component of ξ2 is negative.
Even then, we will study the complete dynamics and afterwards, focus in the biological
meaningful scenario.
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2. If Rtot = Ltot, in blue, then ξ2 = ξ1 = (0, 0) and there is one equilibrium point. A
bifurcation happens for this value since there is a change in the number of equilibrium
points.

3. If Rtot > Ltot, in green, we have two different equilibrium points ξ1 = (0, 0), ξ2 = (Rtot −
Ltot, 0).

Remark. The mathematical formulation does not care about the molecules involved in the re-
action being receptors or ligands, it only sees two different molecules binding together. Then, the
appearance of two different possible equilibrium states is reasonable. The reader should not give
importance to the fact that in the present study it looks like one equilibrium is in the origin: this
is because we are studying the dynamics in the x, z variables. The complete equilibrium point
ξ1 = (0, 0) is, in fact, ξ1 = (x1, y1, z1, w1) = (0, Ltot−Rtot, 0, Rtot), which we are going to see to be
the stable equilibrium state when Ltot > Rtot and the ligand is in excess respect to the receptor.
On the other hand, when Rtot > Ltot, then the molecule surviving the reaction is the receptor,
being the complete stable equilibrium point ξ2 = (x2, y2, z2, w2) = (Rtot − Ltot, 0, 0, Ltot).

Linear stability at ξ1. Let us study the eigenvalues of the Jacobian matrix of the vector field
evaluated in the equilibrium points,

DξX(ξ) =

(
−2k1x− k1(Ltot −Rtot) k−1

2k1x+ k1(Ltot −Rtot) −(k−1 + kds)

)
.

Let us define

Θ = Ltot −Rtot.

Then,

det(DξX(ξ1)− λId) =

∣∣∣∣−k1Θ− λ k−1

k1Θ −(k−1 + kds)− λ

∣∣∣∣ = λ2 + λ(k1Θ + k−1 + kds) + k1kdsΘ,

with eigenvalues,

λ1,± =
1

2
(α1 ±

√
∆1), (38)

where α1 and ∆1 are,

α1 = −(k1Θ + k−1 + kds),

∆1 = (k1Θ + k−1 + kds)
2 − 4k1kdsΘ.

We want to study the sign of α1 and ∆1 in order to determine the linear stability of the
equilibrium point. Let us start the study of the sign of ∆1. We are assuming that k1, kds, k−1 > 0.
Let us write ∆1 as a two degree polynomial in terms of Θ.

∆1(Θ) = k2
1Θ2 + 2k1(k−1 − kds)Θ + (k−1 + kds)

2,

= k2
1 · (Θ−Θ1,+) · (Θ−Θ1,−),

where

Θ1,± =
1

2k2
1

(
−2k1(k−1 − kds)±

√
(2k1)2(k−1 − kds)2 − 4k2

1(k−1 + kds)2

)
,

=
1

2k2
1

(
−2k1(k−1 + kds)± 2k1

√
(k−1 − kds)2 − (k−1 + kds)2

)
,

=
1

k1

(
(kds − k−1)±

√
−4k−1kds

)
.
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Observe that ∆1(Θ) is a positive parabola given that the coefficient coupled with Θ2 is k2
1 > 0.

It stays above the the x-axis given that

Γ = −4k−1kds < 0,

and so,

∆1 > 0, ∀Θ ∈ R.

Let us now study the sign of the complete eigenvalues λ1,± depending on Θ. Recall that,

λ1,± =
1

2
(α1 ±

√
∆1).

1. Let us start with Θ > 0. In this case, α < 0 and it is clear that given that ∆ =
(k1Θ + k−1 + kds)

2 − 4k1kdsΘ = α2
1 − 4k1kdsΘ, then |

√
∆| < |α1|. This implies that

λ1,− < λ1,+ < 0, and ξ1 is an attractor node.

2. When Θ = 0, remember that ξ1 = ξ2 and we only have one equilibrium point. In this
case, α1 < 0 and ∆1 > 0, but |α1| = |

√
∆1|. This implies that λ1,− < 0 and λ1,+ = 0.

We are in the bifurcation point of a transcritical bifurcation. A transcritical bifurcation is
a particular kind of local bifurcation, meaning that it is characterized by an equilibrium
having one eigenvalue whose real part passes through zero. In this case, the two equilibrium
points collide, leaving in their collision a semistable equilibrium point ξ1 = ξ2 = (0, 0).

3. Finally, in the case Θ < 0, |
√
α2

1 − 4k1kdsΘ| > |α1| and then λ1,− < 0 < λ1,+, with ξ1

having the behavior of a saddle point.

Linear stability at ξ2. The study of the stability at ξ2 = (−Θ, 0) is almost identical to the
study done for ξ1. The eigenvalues obtained are

λ2,± =
1

2
(α2 ±

√
∆2), (39)

where α2 and ∆2 are,

α2 = −(−k1Θ + k−1 + kds),

∆2 = (−k1Θ + k−1 + kds)
2 + 4k1kdsΘ.

It can be proven that ∆2 is positive following a similar approach as before. Let us now study
the sign of the complete eigenvalues λ2,± depending on Θ. Recall that,

λ2,± =
1

2
(α2 ±

√
∆2).

1. Let us start with Θ > 0. In this case, ∆2 = (k1Θ + k−1 + kds)
2 + 4k1kdsΘ = α2

1 + 4k1kdsΘ,
then |

√
∆2| > |α2|. This implies that λ2,− > 0 > λ2,+, and ξ2 is a saddle point.

2. The case Θ = 0 implies ξ1 = ξ2, and is covered in the study of the linear stability of ξ1.

3. Finally, in the case Θ < 0, now α2 < 0 and |
√
α2

1 + 4k1kdsΘ| < |α1| and then λ2,− <
λ2,+ < 0, with ξ2 having the behavior of an attractor node.
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The collision of two equilibrium points that exchange stability, with the fact that in the collision
one of the eigenvalues becomes 0 is a clear indication that a transcritical bifurcation happens
with respect to Θ in Θ = 0. The stability of the equilibrium points can be summarised in the
following table:

Equilibrium point Θ < 0 Θ = 0 Θ > 0

ξ1 λ1,− < 0 λ1,− < 0 λ1,− < 0
λ1,+ > 0 λ1,+ = 0 λ1,+− < 0

Stability Unstable Stable Stable

ξ2 λ2,− < 0 λ2,− = λ1,− < 0 λ2,− < 0
λ2,+ < 0 λ2,+ = λ1,+ = 0 λ2,+ > 0

Stability Stable Stable Unstable

Table 1: Stability of the equilibrium points depending on Θ = Ltot −Rtot.

In the complete dynamics, the equilibrium point ξ1 = (0, 0) corresponds to the values:
x = [R] = 0,

y = [L] = Ltot −Rtot,
z = [LR] = 0,

w = [LRds] = Rtot,

meaning that when Θ > 0, that is, Ltot > Rtot, then the concentration of desensitized complex
[LRds] tends to Rtot as it is the quantity of receptor molecules that can be coupled with ligand
molecules. On the other hand, the concentration of ligand [L] → Ltot − Rtot tends to the the
surplus of ligand molecules that can not bind to a receptor.

In a similar fashion, when Θ < 0, equivalently, Ltot < Rtot, then the stable equilibrium point is
ξ2, in the extended dynamics 

x = [R] = Rtot − Ltot,
y = [L] = 0,

z = [LR] = 0,

w = [LRds] = Ltot.

The solution for Θ < 0 is symmetrical to the case Θ > 0 in the sense that now the concentration
of receptor tends to the surplus Rtot − Ltot: [R] → Rtot − Ltot, whereas the concentration
of the desensitized complex LRds tends to the total ligand molecules Ltot, and equivalently,
[LRds]→ Ltot. The concentration and ligand and complex tend to 0.
In Figures 17, 18 the behavior of all the species is presented, showing their asymptotic behavior
towards the stable equilibrium point.
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Figure 17: The behavior of [L](t) (dashed green) and [R](t) (red) is the same in the case Ltot =
Rtot. The complex LR (in gold) starts increasing reaching a peak (around 20-25
min) to begin decreasing approaching the equilibrium point. The concentration of
desensitized complex [LRds] (in blue) always grows, given that it is an irreversible
process.

32



3.2 Receptor desensitization. Final Master Thesis

Figure 18: The behavior of the components [R] and [L] is symmetrical respect to Θ. In the
upper figure, Rtot = 2.5 · Ltot and the stable equilibrium point is ξ1. On the second
figure, the Ltot = 2.5 · Rtot and stable equilibrium is ξ2. This fact only affects the
behavior on [R] and [L], as [LR] and [LRds] show the same behavior on both cases,
this is expected given that the fact which promotes the formation of the complex
is the possibility of binding between receptors and ligands, and not the relation in
quantity between them.

33



3.3 Receptor internalization. Final Master Thesis

3.3 Receptor internalization.

In the following section, we are going to study the model presented in section 2.3, which describes
the follwing chemical reaction

L + R
k1

k−1
LR

kds
LRds

k2

k−2
L + Rds (40)

Let ξ = (x, z, w) = ([R], [LR], [LRds]), the system of ODEs is

{
ξ̇ = X(ξ),

ξ(0) = (Rtot, 0, 0)t,


X1(x, z, w) = k−1z − k1xy,

X2(x, z, w) = k1xy − k−1z − kdsz,
X3(x, z, w) = kdsz + k−2yν − k2w.

(41)

3.3.1 Ligand excess.

Assuming the ligand excess condition Ltot � Rtot ⇒ y = Ltot as seen in (8) and the relation

ν = Rtot − x− z − w.

the vector field becomes linear,
X1(x, z, w) = k−1z − k1Ltotx,

X2(x, z, w) = k1Ltotx− (k−1 + kds)z,

X3(x, z, w) = (kds − k−2Ltot)z − k−2Ltotx− (k−2Ltot + k2)w + k−2LtotRtot.

(42)

Equilibrium points. From the first two equations,

ẋ = 0⇒ z =
k1Ltot
k−1

x,

ż = 0⇒ z =
k1Ltot

k−1 + kds
x.

we see that or either both x and z need to be zero, or kds = 0. But if kds = 0, then
there is no desensitization process and the model becomes a single reversible reaction between
L,R and the complex LR. We disregard this option and from now on we will assume that
k1, k−1, kds, k3, k−2 > 0. From the third equation:

ẇ = 0⇒ w =
k−2LtotRtot
k−2Ltot + k2

,

yielding to the equilibrium point of the system

ξ0 =

(
0, 0,

k−2LtotRtot
k−2Ltot + k2

)t
.

This equilibrium point is a global attractor of the system, as it can be seen in 4. To obtain the
analytical solution of the system it must be repeated the same procedure done in the previous
section: compute the eigenvalues, diagonalise the matrix, and compute the exponential matrix.
All this procedure is shown in the appendix 4 and has been excluded from the main body of the
work given that the increase in the dimension of the problem greatly increases the complexity
of the computations. The analytical solution of system (42) is:
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x(t) =
Rtot
2µ

(
(a+ λ+)eλ−t − (a+ λ−)eλ+t

)
,

z(t) =
Rtot
2µb

(a+ λ+)(a+ λ−)
(
eλ−t − eλ+t

)
,

w(t) = Rtot

(
Ω1e

λ1t + Ω2e
λ+t + Ω3e

λ−t
)
− Rtotd

λ1
(1− eλ1t),

(43)

(44)

(45)

with

a = k1Ltot,

b = k−1,

c = kds,

d = k−2Ltot,

g = k2,

α = −1

2
(a+ b+ c),

µ =
1

2

√
(a+ b+ c)2 − 4ac,



λ1 = −(d+ g),

λ+ = α+ µ,

λ− = α− µ,

Ω1 = −
(

((c− d)(a+ λ−)(a+ λ+)− bd(a+ 2α− λ1))

b(λ+ − λ1)(λ− − λ1)

)
,

Ω2 = −(a+ λ−)(−bd+ (c− d)(a+ λ+))

2µb(λ+ − λ1)
,

Ω3 =
(a+ λ+)(−bd+ (c− d)(a+ λ−))

2µb(λ− − λ1)
.

Hereafter, both a numerical integration and the analytical solution in the [LR] component are
shown in 19,

Figure 19: The analytical expression of z(t) = [LR](t) shown in (44) coincides with the numer-
ical integration of the system. The integration is done through sciypy library with
the integrator dop853, a standard Runge Kutta Method of order 8. The maximum
concentration reached is [LR]max = 9.49 · 10−9 in 0.32 minutes.

Observe that just by looking at the solution z(t) = [LR](t) it is noticeable that the new pa-
rameters k2, k−2 introduced in this model have no impact onto the concentration of complex
[LR]. This happens due to the combination of two factors: (1) the process of desensitization
LR → LRds is an irreversible process, so the LR complex is ”blind” to whatever dynamics are
involved in the process LRds → L+Rds, (2) This is only true because in the ligand exceess case
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the concentration of ligand is assumed to be constant [L](t) ≡ Ltot, and the ligand molecules
obtain from the dissociation LRds → L + Rds do not return with changes to the original reac-
tion L + R → LR. In fact, expressions (30) (analytical expression for [LR](t) in the receptor
desensitization model) and (44) (analytical expression for [LR](t) in the receptor internaliza-
tion model), are equivalent. This means that the analysis done for the maximum concentration
[LR]max and the time to reach tpeak holds for this model.

Figure 20: The behavior of the different species involved in the reaction.

Let us take a look into the dynamics of all the species involved in the reaction in Figure 20. We
can see that the behavior of LRds has slightly changed with the appearance of Rds. In Figure
12, the equilibrium state for LRds was Rtot, which graphically stayed above the peak of the
concentration of the LR complex. When including the receptor internalization, the equilibrium
state for the concentration of LR has been shown to be (k−2LtotRtot)/(k−2Ltot + k2), which
is smaller than Rtot. This point tends to Rtot if k−2Ltot � k2, and is exactly Rtot if k2 = 0.
Observe that this fact can be seen in Figure 21,
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Figure 21: The behavior of LRds depending on the parameter k2. Increasing k2 forces the
dissociation LRds → L+Rds to be faster.

3.3.2 Ligand depletion.

The vector field (41) can be simplified using the relations

y = Ltot − z − w,
ν = Rtot − x− z − w.

obtaining the following system of ODEs:
ξ̇ = X(ξ),

ξ0 =

Rtot0
0

 ,


X1(x, z, w) = k−1z − k1x(Ltot − z − w),

X2(x, z, w) = k1x(Ltot − z − w)− (k−1 + kds)z,

X3(x, z, w) = kdsz + k−2(Ltot − z − w)(Rtot − x− z − w)− k2w.

Rewriting the third component of the vector field,

X3(x, z, w) = kdsz + k−2(LtotRtot − Ltot(x+ z + w)−Rtot(z + w) + zx+ z2 + zw + wx+ wz + w2)− k2w,

= (kds − (Ltot +Rtot)k−2)z − Ltotk−2x− (k2 + k−2(Ltot +Rtot))w + k−2(zx+ wx+ 2wz + w2 + z2) + k−2LtotRtot.

Now we can compute the equilibrium points. From the first two equations,
ẋ = 0⇒ z =

k1x(Ltot − z − w)

k−1
,

ż = 0⇒ z =
k1x(Ltot − z − w)

k−1 + kds
.

(46)

If kds = 0, then there is no desensitization process and the model has no interest. Let us assume
kds > 0 and note the numerators need to be zero, and so there are two pairs of values satisfying
(46):

(x1, z1) = (0, 0),

(z2, w2) = (0, Ltot).
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But see that imposing (z, w) = (z2, w2) into the third equation, then

ẇ|(z,w)=(z2,w2) = −k2Ltot 6= 0.

Then, the procedure to find the equilibirum points needs to continue from the pair (x1, z1) =
(0, 0). Let us impose (x, z) = (x1, z1) into the third component of the vector field,

ẇ|(x,z)=(x1,z1) = 0⇒k−2w
2 − (k2 + k−2(Ltot +Rtot)w + k−2LtotRtot = 0.

which has two solutions

w± =
1

2k−2
(γ ± θ),

where

γ = k2 + k−2(Ltot +Rtot), γ > 0,

θ =
√

(k2 + k−2(Ltot +Rtot))2 − 4k2
−2LtotRtot, θ > 0.

Remarks.

1. See that γ = k2 + k−2(Ltot +Rtot) > 0.

2. See that θ > 0 given that the discriminant Γ in θ is always positive,

Γ : = (k2 + k−2(Ltot +Rtot))
2 − 4k2

−2LtotRtot,

= k2
2 + 2k2k−2(Ltot +Rtot) + k2

−2L
2
tot + k2

−2R
2
tot + 2k2

−2LtotRtot − 4k2
−2LtotRtot,

= k2
2 + 2k2k−2(Ltot +Rtot) + k2

−2L
2
tot + k2

−2R
2
tot − 2k2

2LtotRtot,

= k2
2 + 2k2k−2(Ltot +Rtot) + k2

−2(Ltot −Rtot)2 > 0.

3. Also, see that w± =
1

2k−2
(γ ±

√
γ2 − 4k2

−2LtotRtot). It is clear that w+ is positive. But

also w−, given that |γ| > |
√
γ2 − 4k2

−2LtotRtot|.

4. See that w− is always in the biological meaningful domain. Let us suppose that min{Ltot, Rtot} =
Ltot. We want to see that w− ≤ Ltot.

w− ≤ Ltot ⇐⇒
1

2k−2
(k2 + k−2(Ltot +Rtot)− θ) ≤ Ltot ⇐⇒

k2 + k−2Ltot + k−2Rtot − θ ≤ 2k−2Ltot ⇐⇒
k2 + k−2Rtot − θ ≤ k−2Ltot ⇐⇒
k2 − θ ≤ k−2(Ltot −Rtot)⇐⇒
θ ≥ k−2(Rtot − Ltot) + k2 ⇐⇒
θ2 ≥ (k−2(Rtot − Ltot) + k2)2 ⇐⇒
k2

2 + 2k2k−2(Rtot + Ltot) + k2
−2(Rtot − Ltot)2 ≥ k2

−2(Rtot − Ltot)2 + 2k2k−2(Rtot − Ltot) + k2
2 ⇐⇒

2k2k−2(Rtot + Ltot) ≥ 2k2k−2(Rtot − Ltot).

The proof is analogous for the case Rtot ≤ Ltot. �
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5. See that w+ is always outside the biological meaningful domain. We are going to show
something stronger, we are going to see that w+ > max{Ltot, Rtot}. Let us suppose that
max{Ltot, Rtot} = Ltot. Let us see that Ltot < w+. Let us start by finding a nice property
for θ:

k2
2 + 2k2k−2(Ltot +Rtot) ≥ 0⇒
k2

2 + 2k2k−2(Ltot +Rtot) + k2
−2(Ltot −Rtot)2 ≥ k2

−2(Ltot −Rtot)2 ⇒
θ2 ≥ k2

−2(Ltot −Rtot)2 ⇒
θ ≥ k−2(Ltot −Rtot).

Now, let us use this property to show that Ltot < w+. Indeed,

2k−2Ltot = k−2(Ltot +Rtot + Ltot −Rtot) = k−2(Ltot +Rtot) + k−2(Ltot −Rtot).

Now, using that θ ≥ k−2(Ltot −Rtot):

2k−2Ltot ≤ k−2(Ltot +Rtot) + θ ⇒
2k−2Ltot < k2 + k−2(Ltot +Rtot) + θ ⇒

Ltot <
1

2k−2
(k2 + k−2(Ltot +Rtot) + θ) = w+.

The proof is analogous for the case Rtot > Ltot. �

6. The two equilibrium points are, then,

ξ+ = (0, 0, w+)t,

ξ− = (0, 0, w−)t.

Linear stability at the equilibrium points ξ+ and ξ−.

Let us compute the Jacobian matrix J(ξ) := DξX(ξ),

J =−k1(Ltot − z − w) k−1 + k1x k1x
k1(Ltot − z − w) −k1x− (k−1 + kds) −k1x
k−2(z + w − Ltot) kds + k−2(2z + 2w + x− (Ltot +Rtot)) k−2(x+ 2z + 2w)− (k2 + k−2(Ltot +Rtot))

 .

J(ξ±) =

−k1(Ltot − w±) k−1 0
k1(Ltot − w±) −(k−1 + kds) 0
k−2(w± − Ltot) kds + k−2(2w± − (Ltot +Rtot)) 2k−2w± − (k2 + k−2(Ltot +Rtot))

 .

det(J(ξ±)− λId) =

∣∣∣∣∣∣
−k1(Ltot − w±)− λ k−1 0
k1(Ltot − w±) −(k−1 + kds)− λ 0
k−2(w± − Ltot) kds + k−2(2w± − (Ltot +Rtot)) 2k−2w± − (k2 + k−2(Ltot +Rtot))− λ

∣∣∣∣∣∣ ,
= (2k−2w± − (k2 + k−2(Ltot +Rtot))− λ)

∣∣∣∣−k1(Ltot − w±)− λ k−1

k1(Ltot − w±) −(k−1 + kds)− λ

∣∣∣∣ ,
= (2k−2w± − (k2 + k−2(Ltot +Rtot))− λ)(λ2 + λ(k1(Ltot − w±) + k−1 + kds) + k1kds(Ltot − w±)).

The eigenvalues can be extracted from the last expression. The eigenvalues associated to the
right hand side term (λ2 + λ(k1(Ltot − w±) + k−1 + kds) + k1kds(Ltot − w±)) are:
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λ1,± =
1

2

(
α± +

√
α2
± − 4k1kds(Ltot − w±)

)
,

λ2,± =
1

2

(
α± −

√
α2
± − 4k1kds(Ltot − w±)

)
,

α± = −(k1(Ltot − w±) + k−1 + kds).

Note that:

1. Using that Ltot > w−, then it is clear that α− = −(k1(Ltot−w−) +k−1 +kds) < 0. On the
other hand, there might be some values of the parameters for which α+ is positive (this
fact does not have to bother us because it will be shown that for ξ+ there is one eigenvalue
that is positive, always).

2. The discriminant in the eigenvalues λ1,± and λ2,± is always positive:

∆ = (k1(Ltot − w±) + k−1 + kds)
2 − 4k1kds(Ltot − w±),

= (k1(Ltot − w±))2 + 2k1(Ltot − w±)(k−1 + kds) + (k−1 + kds)
2 − 4k1kds(Ltot − w±),

= (k1(Ltot − w±))2 − 2k1kds(Ltot − w±) + k2
ds + 2k1(Ltot − w±)k−1 + k2

−1 + 2k−1kds,

= (k1(Ltot − w±)− kds)2 + 2k1(Ltot − w±)k−1 + k2
−1 + 2k−1kds > 0.

3. Using the properties presented just above, it is clear that λ1,− and λ2,− are real and

negative, just using that |α−| > |
√
α2
− − 4k1kds(Ltot − w−)|. Regarding λ1,+ and λ2,+, we

can only ensure that they share the same sign as α+.

Now, let us study the eigenvalues associated to (2k−2w± − (k2 + k−2(Ltot +Rtot))− λ):

λ3,± = 2k−2w± − k2 − k−2(Ltot +Rtot),

= 2k−2
1

2k−2
(γ ± θ)− k2 − k−2(Ltot +Rtot),

= γ ± θ − k2 − k−2(Ltot +Rtot),

= k2 + k−2(Ltot +Rtot)± θ − k2 − k−2(Ltot +Rtot),

= ±θ.

The local stability of the equilibrium points is summarised in the following table,

Equilibrium point Eigenvalue 1 Eigenvalue 2 Eigenvalue 3 Local stability

ξ+ λ1,+ λ2,+ λ3,+ > 0 Unstable.
ξ− λ1,− < 0 λ2,− < 0 λ3,− < 0 Stable.

Table 2: Local stability of the equilibrium points. Let us remember that we have seen that
ξ+ is out of the biological domain. We have seen that are some combinations of the
parameters for which λ1,+ and λ2,+ can be either positive and negative, even so, using
that λ3,+ > 0 is always positive, we can conclude that ξ+ is unstable.

And so, we end up having an schema with one stable equilibrium point that will, at least locally,
attract the dynamics towards it. The stable equilibrium point in the complete dynamics is the
following:
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[R]− = x− = 0,

[L]− = y− = Ltot − w−,
[LR]− = z− = 0,

[LRds]− = w− =
1

2k−2
(k−2(Ltot +Rtot) + k2 −

√
(k−2(Ltot +Rtot) + k2)2 − 4k2

−2LtotRtot),

[Rds]− = ν− = Rtot − w−.

Hereafter, in Figures 22,23,24 the behavior of the system is shown for the three diferent cases
Θ < 0, Θ = 0, Θ > 0.

Figure 22: When Ltot > Rtot, the behavior on R, LR, LRds and Rds remains similar to the one
seen in Figure 20 in the ligand excess case. But we can now observe the behavior of L,
its concentration drops a bit when the reaction starts, given that the ligand is binding
to the receptor. But see that at tpeak, the time when LR reaches its maximum value,
then [LR] starts decreasing towards desensitization, and is it at this moment that
the ligand’s concentration starts increasing due to the new process LRds → L+Rds.
Finally, the concentration of ligand tends to the total concentration Ltot.
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Figure 23: When considering Rtot = 2 · Ltot, we can see that both the concentration of receptor
and complex tend to 0. In this case, and in contrast with the previous model, the
concentration of ligand does not tend to 0, given that during the procedure the recep-
tor is being desensitized and so at some point the concentration of ligand molecules
exceeds the concentration receptor molecules. When increasing the quantity of re-
ceptor, then the equilibrium state for the ligand tends to 0. [L] and [LR] starts
increasing/decreasing at tpeak.

Figure 24: In the case of Ltot = Rtot, then the equilibrium states for the ligand L and the
desensitized receptor Rds tend to the same value ν− = y− = Rtot − w−. Again, [L]
and [LR] starts increasing/decreasing at tpeak. Observe that the low values of the
concentration of LRds are a consequence of the high value of k2 = 2.8 ·107, which has
made the dissociation LRds → L+Rds to be very fast paced in this figure as well as
in Figures 23 and 22.
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3.4 Receptor desensitization depending on the receptor activation.

On the present section the focus will recay on studying the following reaction,

L + R
k1

k−1
LR

k3

k−3
LR∗

kds
LRds,

where the relation between concentrations lets us reduce the dimension of the system:

w = Rtot − x− z − ρ,
y = Ltot − z − ρ− w = Ltot −Rtot + x.

(47)

The model is defined by the following system of ODEs. Let ξ = (x, z, ρ),
ξ̇ = X(ξ),

ξ(0) =

Rtot0
0

 ,


X1(x, z, ρ) = v2 − v−2 = k−1z − k1xy,

X2(x, z, ρ) = v1 − v−1 = k1xy + k−3ρ− (k−1 + k3)z,

X3(x, z, ρ) = v3 − v−3 = k3z − (k−3 + kds)ρ.

3.4.1 Ligand excess.

Using the ligand excess assumption y = Ltot, together with (47), the vector field becomes
X1(x, z, ρ) = k−1z − k1Ltotx,

X2(x, z, ρ) = k1Ltotx+ k−3ρ− (k−1 + k3)z,

X3(x, z, ρ) = k3z − (k−3 + kds)ρ,

which can be written in matrix form as

ξ̇ = Aξ, A =

−a b 0
a −(b+ c) d
0 c −(d+ g)

 where



a = k1Ltot ≥ 0,

b = k−1 ≥ 0,

c = k3 ≥ 0,

d = k−3 ≥ 0,

g = kds ≥ 0.

(48)

The only equilibrium point existent in this system is

ξ0 =

0
0
0

 . (49)

Let us study the stability of ξ0. Given that the vector field is linear, then the jacobian matrix
of the vector field coincides with A,

p(λ) = det(DξX(ξ0)− λId) = det(A− λId) =

∣∣∣∣∣∣
−a− λ b 0
a −(b+ c)− λ d
0 c −(d+ g)− λ

∣∣∣∣∣∣ ,
= −(a+ λ)(b+ c+ λ)(d+ g + λ) + dc(a+ λ) + ab(d+ g + λ),

= −λ3 − λ2(a+ b+ c+ d+ g)− λ(a(b+ c) + a(d+ g) + (b+ c)(d+ g)− dc− ab)− a(b+ c)(d+ g) + dca+ ab(d+ g),

= −λ3 − λ2(a+ b+ c+ d+ g)− λ(ac+ ad+ ag + bd+ bg + cg)− acg,
= −λ3 − λ2(a+ b+ c+ d+ g)− λ(a(c+ d+ g) + b(d+ g) + cg)− acg,
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Let us rewrite p as:

p(λ) = a0λ
3 + a1λ

2 + a2λ+ a3,

a0 = −1,

a1 = −(a+ b+ c+ d+ g),

a2 = −(a(c+ d+ g) + b(d+ g) + cg),

a3 = −acg.

(50)

Giving the explicit form of the eigenvalues in terms of a, b, c, d, g is complicated in this case, so
let us focus in a qualitative approach. We can use the Routh-Hurwitz stability criterion [18] to
prove that the three roots λ1, λ2, λ3 of p are negative real numbers. The Routh stability criterion
states that a polynomial has all roots in the open left half plane if and only if all first-column
elements of the Routh array have the same sign. Let us compute the Routh array:

λ3 a3 a1

λ2 a2 a0

λ1 b1 =
a2 · a1 − a3 · a0

a1
:=

N

D
0

λ0 a0 0

Table 3: Routh array of p.

The first element of the first, second and forth rows are a0 = −1, a1 = −(a + b + c + d + g),
a3 = −acg, respectively, and are strictly negative. We want to see that b1 is negative, and having
that D = a1 is negative, then it is equivalent to see that its numerator N = a2 · a1 − a3 · a0 is
positive.

N = a1 · a2 − a0 · a3 = (a+ b+ c+ d+ g)(a(c+ d+ g) + b(d+ g) + cg)− acg,
= a2(c+ d+ g) + ab(d+ g) + acg + (b+ c+ d+ g)(a(c+ d+ g) + b(d+ g) + cg)− acg,
= a2(c+ d+ g) + ab(d+ g) + (b+ c+ d+ g)(a(c+ d+ g) + b(d+ g) + cg) > 0. �

Then, b1 is negative and we can conclude that the three eigenvalues are negative real numbers
and then ξ0 is stable. Finally, if needed, the three roots of p are obtained as follows

λk = − a1

3a0
+

2

3a0

√
∆1 cos

(
θ + 2πk

3

)
, k = 0, 1, 2,

where 
∆1 = a2

1 − 3a2,

∆2 = 2a3
1 − 9a0a2a2 + 27a2

0a3,

θ = arccos

(
∆2

2
√

∆3
1

)
.

Following the same procedure in the previous sections, the solution has been computed by means
of the symbolic computation tool sympy library from Python programming language. Find be-
low the link where you can check a Jupyter notebook replicating the methodology,

https://github.com/rvaldes-irec/Mathematical-Analysis-of-Desensitization-of-G-

Protein-Coupled-Receptors/blob/main/symbolic computation.ipynb
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Hereunder, we can see a plot with both a numerical integration and the analytical solution
computed for each species involved in the reaction

Figure 25: Evolution of [LR](t) and [LR∗](t) from both numerical and analytical expressions.
The analytic solution computed with symbolic calculations coincides with the nu-
merical integration, with a mean squared error of 1.37 · 10−23. The maximum
values of concentrations reached are [LR]max = 7.75 · 10−10 in 0.19 minutes, and
[LR∗]max = 4.63 · 10−10 in 1.33 minutes.
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Figure 26: Comparison of the evolution of [LR] and [LR∗] over time. We can see that the
concentration of active complex LR∗ does not show such a spiked behavior as the
concentration of LR, which is expected since the formation of LR∗ depends on the
concentration of LR. A super-high value of k3 would make both concentrations to
have similar behavior.

Figure 27: Evolution of all the species involved in the reaction. The only molecule that does
not disappear is the desensitized complex LRds. The active complex is at the start,
below the level of inactive complex, but at some point the decrease in concentration
of [LR] is far greater than the one happening in [LR∗] and then the active complex
is slightly above the concentration of inactive. Both of them end up tending to 0.

We can also see how do the complex LR and active complex LR∗ behavior change depending
on the desensitization rate constant in Figure 28 and 29, respectively,
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Figure 28: Evolution of [LR] for different values of kds. In warm-like colors, we can see the
z component of the correspondent nullcline ż = 0. We can see that the increase
of kds implies a decrease in time for the LR complex concentration to disappear.
We can also observe that the nullclines always intersect one time with [LR](t) at
the maximum value [LR]max. They never cross again, although they tend to be
the same asymptotically given that the reaction drives toward equilibrium. Finally,
for the value kds = 15, it can be noted that the nullcline z component decreases
monotonously; on the other hand, for smaller values kds = 1.5, 0.15, 0.015, there is an
evident change of behavior, the z component of the nullcline has a spike and starts
growing, then starts decreasing and slowly ends up tending to 0. In the limit case
kds = 0, then there is no desensitization and the reaction tends to an equilibrium
where the LR complex does not disappear (observe that the nullcline does not tend
to 0).
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Figure 29: Evolution of [LR∗] for different values of kds. In warm-like colors, we can see the
correspondent ρ component of the nullcline ρ̇ = 0 (note that they also intersect at
the maximum value [LR∗]max). Similarly as before, the decrease of kds makes the
active complex LR∗ to last longer in the reaction.

3.4.2 Ligand depletion.

Let us study the system without considering ligand excess in the reaction. Remember that by

Rtot = [R] + [LR] + [LR∗] + [LRds] = x+ z + ρ+ w,

Ltot = [L] + [LR] + [LR∗] + [LRds] = y + z + ρ+ w,

}
=⇒ y = Ltot −Rtot + x,

and so the vector field can be written as follows
X1(x, z, ρ) = k−1z − k1x(Ltot −Rtot + x),

X2(x, z, ρ) = k1x(Ltot −Rtot + x) + k−3ρ− (k−1 + k3)z,

X3(x, z, ρ) = k3z − (k−3 + kds)ρ.

Equilibrium points.

We need to impose ẋ = ż = ρ̇ = 0. From the third equation, assuming k3 > 0,

ρ̇ = 0⇒ z =
k−3 + kds

k3
ρ.

Now, substituing this value of z in the first and second component of the vector field:

ẋ = 0⇒ k−1(k−3 + kds)

k3
ρ = k1(Ltot −Rtot + x)x,

ρ̇ = 0⇒ (k−1 + k3)(k−3 + kds)− k−3k3

k3
ρ = k1(Ltot −Rtot + x)x.

(51)

(52)

We need to check if the numerators in the left hand side part of (51) and (52) coincide, but

((k−1 + k3)(k−3 + kds)− k−3k3)− (k−1(k−3 + kds)) = k3kds,
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and given that k3, kds > 0, then k3kds > 0. Then, (51) and (52) can only happen if ρ = 0, which
implies that (Ltot −Rtot + x)x = 0, yielding to two equilibrium points:{

ξ1 = (0, 0, 0)t,

ξ2 = (−Θ, 0, 0)t, Θ = Ltot −Rtot,

where the equilibrium point ξ2 has biological sense when Θ < 0 ⇔ Rtot > Ltot. Note that if
Θ = 0, both ξ1 and ξ2 coincide. Later on we will investigate this property.

The jacobian matrix of the system of ODEs is

DξX(ξ) =

−k1(Θ− 2x) k−1 0
k1(Θ− 2x) −(k−1 + k2) k−3

0 k3 −(k−3 + kds)

 . (53)

Local stability at ξ1 = (0, 0, 0)t.

Evaluating the Jacobian matrix in ξ1 yields to

DξX(ξ1) =

−a b 0
a −(b+ c) d
0 c −(d+ g)

 ,



a = k1Θ,

b = k−1 > 0,

c = k3 > 0,

d = k−3 > 0,

g = kds > 0.

See that the characteristic polynomial of this matrix is the same obtained in (50), given that
the matrix (53) has the same structure as the matrix in (48). Then, the three eigenvalues of
DξX(ξ) are the solutions of

p1(λ) = a0λ
3 + a1λ

2 + a2λ+ a3,

a0 = −1,

a1 = −(a+ b+ c+ d+ g),

a2 = −(a(c+ d+ g) + b(d+ g) + cg),

a3 = −acg.

In the case Θ > 0, then the study done for the ligand excess case holds in this case, and the
three eigenvalues λ1,λ2,λ3 of DξX(ξ1) are real and strictly negative, meaning that ξ1 behaves as
a local attractor.

Let us study the Routh array in the case Θ < 0⇒ a = k1Θ < 0.

λ3 a3 a1

λ2 a2 a0

λ1 b1 =
a2 · a1 − a3 · a0

a1
:=

N

D
0

λ0 a0 0

Table 4: Routh array of p.

Recall that the Routh stability criterion ensures stability if the coefficients in the first column

share the same sign, and so, we are interested in the sign of a0, a1, b1 =
a2 · a1 − a3 · a0

a1
and
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a3. But see that a0 = −1 < 0, and a3 = −acg = −k1Θcg > 0, and then the Routh Stability
criterion does not conclude anything about stability in this case.

Local stability at ξ2.

Let us define σ = −Θ, and â = k1σ = −a. Then,

DξX(ξ2) =

−â b 0
â −(b+ c) d
0 c −(d+ g)

 ,



â = k1σ,

b = k−1 > 0,

c = k3 > 0,

d = k−3 > 0,

g = kds > 0.

In this case, the characteristic polynomial is

p2(λ) = a3λ
3 + a2λ

2 + a1λ+ a0,

a3 = −1,

â2 = −(â+ b+ c+ d+ g),

â1 = −(â(c+ d+ g) + b(d+ g) + cg),

â0 = −âcg.

Note that both DξX(ξ2) and p2 have a symmetric behavior with respect to Θ in contrast with
DξX(ξ1) and p1. Indeed,

DξX(ξ1) with Θ < 0 ≡ DξX(ξ2) with Θ > 0,

DξX(ξ1) with Θ > 0 ≡ DξX(ξ2) with Θ < 0,

p1(λ) with Θ > 0 ≡ p2(λ) with Θ < 0,

p1(λ) with Θ < 0 ≡ p2(λ) with Θ > 0.

Then, we can ensure that ξ2 stable if Θ ∈ (−∞, 0).

Case Θ = 0. It is straightforwardly obtainted that Θ = 0 implies ξ1 = ξ2, and a = k1Θ = 0,
and so this is a bifurcation point in the system (the two equilibrium points collide for Θ = 0).
When Θ → 0+, then ξ1 is stable; when Θ ⇒ 0−, then it is ξ2 that is stable. It is expected
from a transcritical bifurcation to find a 0 eigenvalue and two negative eigenvalues. See that the
characteristic polynomial is:

p1(λ)|Θ=0 = −λ3 − (b+ c+ d+ g)λ2 − (bd+ bg + cg)λ,

= −λ(λ2 + (b+ c+ d+ g)λ+ (bd+ bg + cg)).

The eigenvalues are:

λ1 = 0,

λ2 =
−(b+ c+ d+ g) +

√
∆

2
,

λ2 =
−(b+ c+ d+ g)−

√
∆

2
,

where
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∆ = (b+ c+ d+ g)2 − 4(bd+ bg + cg),

= b2 + c2 + d2 + g2 + 2bc+ 2bd+ 2bg + 2cd+ 2cg + 2dg − 4bd− 4bg − 4cg,

= b2 + c2 + d2 + g2 + 2bc− 2bd− 2bg + 2cd− 2cg + 2dg,

= (b+ c− d− g)2 + 4cd > 0.

Then, both λ2 and λ3 are strictly negative real numbers λ3 < λ2. Now, using that:

1. ξ1 and ξ2 collide at Θ = 0,

2. ξ1 is stable if Θ < 0 and ξ2 is stable if Θ > 0. Although we can not conclude analytically
(obtaining an expression for the eigenvectors) that ξ1 is unstable for Θ > 0 and ξ2 is
unstable for Θ < 0, it is highly unprobable that there is bistability when there are only
two equilibrium points, and the nature of the problem points towards a single equilibrium
thanks to the irreversible process of desensitization. Even more, it can be checked numeri-
cally that arbitrarily close initial initial conditions to the equilibrium point which we don’t
know if is stable tends toward the stable equilibrium point,

3. for Θ = 0, there is one eigenvalue which is 0 and the other two eigenvalues are strictly
negative,

we can conclude that there is a transcritical bifurcation at Θ = 0.
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In the following Figures 30, 31, 32, the parameters chosen are the following:

k1 = 4.6 · 107, k−1 = 0.06, kds = 0.15, k3 = 1.54, k−3 = 1.4.

and the values of Ltot and Rtot have been chosen to be the three possible combinations for
Ltot, Rtot ∈ {10−9, 2 · 10−9}.

Figure 30: Behavior of the species in the case Ltot = Rtot. In this case the two equilibrium points
ξ1 and ξ2 coincide. Due to the high value of k3 = 1.54, the behavior of [LR] and
[LR∗] is almost identical. We can see how both the active and inactive complex tend
to 0, and how the desensitizied complex tends to the value Rtot as in the previous
models. Both the receptor and the ligand concentrations tends to 0.

Figure 31: Evolution of the species in the case Ltot > Rtot. The stable equilibrium point is ξ1.
In this case, the ligand survives the reaction tending to the value Θ = Ltot − Rtot.
The rest of the species involved show a similar behavior as in Figure 30.
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Figure 32: Behavior of the species in the case Ltot < Rtot. The stable equilibrium point is ξ2.
We can see how the behavior is identical to the one seen in Figure 31 exchanging the
receptor behavior for the ligand behavior.
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4 Conclusions.

The objective of the present work was to study the functional conditions of G protein-coupled
receptors (GPCRs). In the same way that GPCRs have developed mechanisms throughout evo-
lution to activate themselves and transmit the information they receive, they have also developed
protective mechanisms against sustained signaling. In this regard, four different models have
been studied,

(R1) L + R
k1

k−1
LR,

(R2) L + R
k1

k−1
LR

kds
LRds,

(R3) L + R
k1

k−1
LR

kds
LRds

k2

k−2
L + Rds,

(R4) L + R
k1

k−1
LR

k3

k−3
LR∗

kds
LRds,

which describe GPCR activation with different approaches and have included different processes
such as the desensitization and the activation of the complex. More complex descriptions of
the reactions could have been assumed, given that other processes such as the self-activation of
receptors R→ R∗ could be considered [19]; or an extension coming from the combination of the
extensions given to models (R3) and (R4):

(R5) L + R
k1

k−1
LR

k3

k−3
LR∗

kds
LRds

k2

k−2
L + Rds.

The addition of sensitization of the desensitized receptor Rds → R to model (R5) is a process
that could potentially yield to interesting dynamics such as bistability and limit cycles, as it
would give a way back to the desensitized molecules into the reaction. Other studies [16] have
appended another ligand-receptor reaction to the simple model (R1)

(R6)
L1 + R

k1

k−1
L1R,

L2 + R
k1

k−1
L2R,

and this approach could be embraced in all models presented studied in this work, most probably
having great consequences on the complexity of the models.

Going back into our study, it is the desensitization process the one that has the greatest im-
pact to the dynamics on the models, as it is an irreversible process that ends up ”killing” the
reaction. All the models have been studied from two different point of view: ligand excess and
ligand depletion, assumptions that make reference to the relation between the total quantity of
receptor Rtot and ligand Ltot present in the reaction.

Working with ligand excess has proven to be useful in the simplification of the models, as it has
given the possibility to obtain an analytical solution for three of the four models: in the forth
model the analytical solution can theoretically be obtained but the amount of computations
required makes it infeasible. Nonetheless, a python tool working in symbolic computation has
been implemented, and can determine the analytical solution for particular cases (with param-
eters initialized), and it can be downloaded and tested from the following link.
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https://github.com/rvaldes-irec/Mathematical-Analysis-of-Desensitization-of-G-

Protein-Coupled-Receptors/blob/main/symbolic computation.ipynb

Having an explicit solution also grants the possibility to determine different indicators which
may influence the design of the drugs as they are key points to the treatment of different illnesses
such as chronic pain. This indicators are:

• In model (R2),(R3), we have computed tpeak :=the required time to reach the maximum
concentration of complex and [LR]max:=the maximum concentration of complex reached.
The determination of these indicators is done numerically, given that it is not possible to
isolate t from [LR](t). The main conclusions after analysing these indicators as a function
of the dissociaton rate kds is that the increase of kds greatly minimises both [LR]max and
tpeak. Hereunder, it can be found a link to compute both tpeak and [LR]max in models
(R1) and (R2),

https://github.com/rvaldes-irec/Mathematical-Analysis-of-Desensitization

-of-G-Protein-Coupled-Receptors/blob/main/computation tpeak LRmax.ipynb

• In model (R1), we have computed analytically t 1
n

, the required time for [LR](t) to reach

Rtot/n. The behavior of [LR](t) in this model is monotonous and tends to the equilibrium
point, so it does not have sense to compute tpeak.

• As a possible extension of this work, the same methodology could be repeated in model
(R4) to compute tpeak and [LR]max. Note that in this model it would have more interest
the maximum concentration of active complex reached [LR∗]max instead. It would be
a little bit more challenging given that we can not work with the general explicit form
of [LR∗](t): we have obtained the explicit form of [LR∗](t) for an specific case (with
parameters substituted), however given that the solutions have exponential forms, they
are easily differentiated respect to time.

From the mathematical point of view, the four models studied can not be stated to uphold
great interest, given that the dynamics can be quickly summarised: solutions always tend to an
equilibrium point.

Model [L] [R] [LR] [LRds] [Rds] [LR∗]

(R1) Ltot Rtot − ẑ ẑ - - -

(R2) Ltot 0 0 Rtot - -

(R3) Ltot 0 0 ŵ Rtot − ŵ -
(R4) Ltot 0 0 Rtot - 0

Table 5: Stable equilibrium states in ligand excess.

Model [L] [R] [LR] [LRds] [Rds] [LR∗]

(R1) Ltot − z− Rtot − z− z− - - -

(R2) Ltot −Rtot 0 0 Rtot - -
(R2) 0 Rtot − Ltot 0 Ltot - -

(R3) Ltot − w− 0 0 w− Rtot − w− -

(R4) Ltot −Rtot 0 0 Rtot - 0
(R4) 0 Rtot − Ltot 0 Ltot - 0

Table 6: Stable equilibrium states in ligand depletion.
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ẑ =
k1RtotLtot
k1Ltot + k−1

,

ŵ =
k−2RtotLtot
k−2Ltot + k2

,

z− =
k1(Ltot +Rtot) + k−1 −

√
(k1(Ltot +Rtot)2 + k−1)2 − 4k2

1LtotRtot
2k−2

,

w− =
k−2(Ltot +Rtot) + k2 −

√
(k−2(Ltot +Rtot)2 + k2)2 − 4k2

−2LtotRtot

2k−2
.

In models (R2) and (R4), the same mathematical phenomena has been found: a transcritical
bifurcation between the equilibrium points depending on the difference Θ = Ltot − Rtot. When
there is an excess of ligand (Ltot > Rtot) then the surviving species after complete desensitization
is the ligand L, with a concentration of Ltot−Rtot, while the concentration of receptor tends to
0. The exact opposite happens when Rtot > Ltot. In fact, in these two models there is a complete
symmetry respect to Θ, and studying the model with receptor excess (Rtot � Ltot) would make
us reach symmetrical analytical solutions reached with respect to the solutions obtained with
ligand excess. This does not happen in model 3, where the new species Rds does not have a
counterpart in the ligand species.

Even though we have stated that the models have no outstanding peculiarities from the math-
ematical point of view, knowing the evolution of the species involved in the reaction is of great
concern from the biological perspective, given that the pharmacological response obtained from
the chemical reaction is a function of [LR](t) [10]. In their work, the methodology presented by
Black and Leff worked from an operational point of view (all results worked onto the equilibrium
point of the simplified model), but their formulation could potentially be extended to the cases
where an analytic solution has been determined and then define pharmacological response E as

E = f([LR](t)), (54)

satisfying the following relation:

E

Emax
=

[LR](t)

KE + [LR](t)
,

where Emax is the maximum effect in a system and KE is the value of [LR](t) that elicits half-
maximal effect. A new expression for f should be determined as the one reached by Black and
Leff highly depend on the fact that in (54) they are considering not [LR](t) but the equilibrium
state.

Finally, in Appendix B an algorithm to determine the parameters describing the reactions when
an analytical solution is at hand has been developed. In particular, this algorithm has been
implemented and tested with model (R2) (only considering desensitization), but can be applied
in the other models as well. The test has been developed by: (a) doing a simulation of the
system of ODEs adding white noise defined by a Gaussian distribution, (b) implementing the
least-squares method in one dimension to obtain the optimal value of kds that better fits the
simulation data. In our study case presented, it has been shown that even with far distant initial
seeds, the method is able to reach the optimal solution and converge if the required precautions
are taken (minimising the step in each step of the algorithm). You can find below a link where
the full methodology is tested,

56



Final Master Thesis

https://github.com/rvaldes-irec/Mathematical-Analysis-of-Desensitization-of-G-

Protein-Coupled-Receptors/blob/main/parameter fitting least squares method.ipynb

This method can be expanded by considering a multivariate least-squares fitting and then ap-
proximate the complete set of parameters involved in the reaction k1, k−1, k2, k−2, k3, k−3, ....
This could potentially provide a robust tool to convert experimental data to mathematical ex-
pressions, and enhance the understanding of GPCRs signal transduction for a given reaction.

In this work we have studied four reactions that model GPCR signal transduction, obtaining
analytical solutions in ligand excess scenarios, and a qualitative scheme of the behavior of the
reactions in the ligand depletion scenario. The methodology introduced could be followed and
applied to more complex models, which could potentially lead to the presence of more inter-
esting behaviors from the mathematical point of view, as well as to more precise results in the
modelization of signal transduction GPCRs.
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Appendix

Appendix A. Technical proofs.

Receptor desensitization model: M(t) is a fundamental matrix.

The present section proves that matrix obtained in (24),

M(t) = − 1

4bα

(
2b(Ω−e

λ−t − Ω+e
λ+t) 4b2(eλ−t − eλ+t)

Ω+Ω−(eλ+t − eλ−t) 2b(Ω−e
λ+t − Ω+e

λ−t).

)
,

is indeed a fundamental matrix. Proving this fact gives stable ground to all the followed com-
putations and interpretations to the results.

First, let us prove that the columns of M(t), that we denote by M1,2(t), are solutions of (16).
We want to check that

Ṁ1,2(t) = AM1,2(t).

Let us start with M1(t). The left hand side:

Ṁ1(t) = − 1

4bα

(
2b(Ω−λ−e

λ−t − Ω+λ+e
λ+t)

Ω+Ω−(λ+e
λ+t − λ−eλ−t)

)
. (55)

The right hand side:

AM1(t) =

(
−a b
a −(b+ c)

)(
− 1

4bα

)(
2b(Ω−e

λ−t − Ω+e
λ+t) 4b2(eλ−t − eλ+t)

Ω+Ω−(eλ+t − eλ−t) 2b(Ω−e
λ+t − Ω+e

λ−t)

)
,

= − 1

4bα

(
−2ab(Ω−e

λ−t − Ω+e
λ+t) + bΩ+Ω−(eλ+t − eλ−t)

2ab(Ω−e
λ−t − Ω+e

λ+t)− (b+ c)Ω+Ω−(eλ+t − eλ−t)

)
.

(56)

(57)

Let us look at the first row of (55) and (57), and equate in terms of eλ+t and eλ−t.

eλ+t:
− 2bΩ+λ+ =? 2abΩ+ + Ω+Ω−b,

− 2λ+ =? 2a+ Ω−,

− 2

(
−1

2

)
(a+ b+ c− α) =? 2a+ (−a+ b+ c− α),

a+ b+ c− α = a+ b+ c− α. �

eλ−t:
2bΩ−λ− =? −2abΩ− − Ω+Ω−b,

2λ− =? −2a− Ω+,

2

(
−1

2

)
(a+ b+ c+ α) =? −2a− (−a+ b+ c+ α),

− a− b− c− α = −a− b− c− α. �

Now let us look at the second row of (55) and (57), and match the expressions in terms of eλ+t

and eλ−t.
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eλ+t:
Ω+Ω−λ+ =? −2abΩ+ − (b+ c)Ω+Ω−,

Ω−(λ+ + b+ c) =? −2ab.

Expanding the left term,

Ω−(λ+ + b+ c) = (−a+ b+ c− α)(−a/2− b/2− c/2 + α/2 + b+ c),

= (−a+ b+ c− α)(−a/2 + b/2 + c/2 + α/2),

=
1

2
(−a+ b+ c− α)(−a+ b+ c+ α),

=
1

2
((−a+ b+ c)2 − α2),

=
1

2
(a2 + b2 + c2 − 2ab+ 2bc− 2ac− ((a+ b+ c)2 − 4ac)),

=
1

2
(a2 + b2 + c2 − 2ab+ 2bc− 2ac− a2 − b2 − c2 − 2ab− 2ac− 2bc+ 4ac),

=
1

2
(−4ab) = −2ab. �

eλ−t:
− Ω+Ω−λ− =? −2abΩ− + (b+ c)Ω+Ω−,

− Ω+(λ− + b+ c) =? −2ab.

Expanding the left term,

−Ω+(λ− + b+ c) = (−a+ b+ c+ α)(−a/2− b/2− c/2− α/2 + b+ c),

= (−a+ b+ c+ α)(−a/2 + b/2 + c/2− α/2),

=
1

2
(−a+ b+ c+ α)(−a+ b+ c− α),

=
1

2
((−a+ b+ c)2 − α2),

=
1

2
(a2 + b2 + c2 − 2ab+ 2bc− 2ac− ((a+ b+ c)2 − 4ac)),

=
1

2
(a2 + b2 + c2 − 2ab+ 2bc− 2ac− a2 − b2 − c2 − 2ab− 2ac− 2bc+ 4ac),

=
1

2
(−4ab) = −2ab. �

Now, let us do the same check for

M2(t) = − 1

4bα

(
4b2(eλ−t − eλ+t)

2b(Ω−e
λ+t − Ω+e

λ−t)

)
,

Ṁ2(t) = AM2(t).

The left hand side:

Ṁ2(t) = − 1

4bα

(
4b2(λ−e

λ−t − λ+e
λ+t)

2b(Ω−λ+e
λ+t − Ω+λ−e

λ−t)

)
. (58)

The right hand side:
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AM2(t) =

(
−a b
a −(b+ c)

)(
− 1

4bα

)(
4b2(eλ−t − eλ+t)

2b(Ω−e
λ+t − Ω+e

λ−t)

)
,

= − 1

4bα

(
−4ab2(eλ−t − eλ+t) + 2b2(Ω−e

λ+t − Ω+e
λ−t)

4ab2(eλ−t − eλ+t)− 2b(b+ c)(Ω−e
λ+t − Ω+e

λ−t)

)
.

(59)

(60)

Let us look at the first row of (58) and (60), and match the expressions in terms of eλ+t and
eλ−t.

eλ+t:
− 4b2λ+ =? 4ab2 + 2b2Ω−,

2λ+ =? 2a+ Ω−,

a+ b+ c− α =? 2a+ (−a+ b+ c− α),

a+ b+ c− α = −a+ b+ c− α. �

eλ−t:
4b2λ− =? −4ab2 − 2b2Ω+,

2λ− =? 2a− Ω+,

− (a+ b+ c+ α) =? −2a− (−a+ b+ c+ α),

− a− b− c− α = −a− b− c− α. �

Now let us look at the second row of (58) and (60), and match the expressions in terms of eλ+t

and eλ−t.

eλ+t:
2bΩ−λ+ =? −4ab2 − 2b(b+ c)Ω−,

2Ω−(λ+ + b+ c) =? −4ab.

Expanding the left term,

2Ω−(λ+ + b+ c) = 2(−a+ b+ c− α)((−1/2)(a+ b+ c− α) + b+ c),

= (−a+ b+ c− α)(−a− b− c+ α+ 2b+ 2c),

= (−a+ b+ c− α)(−a+ b+ c+ α),

= (−a+ b+ c)2 − α2,

= a2 + b2 + c2 − 2ab+ 2bc− 2ac− ((a+ b+ c)2 − 4ac),

= a2 + b2 + c2 − 2ab+ 2bc− 2ac− a2 − b2 − c2 − 2ab− 2ac− 2bc+ 4ac,

= −4ab. �

eλ−t:
− 2bΩ+λ− =? 4ab2 + 2b(b+ c)Ω+,

2Ω+(λ− + b+ c) =? −4ab.

Expanding the left term,

2Ω+(λ− + b+ c) == 2(−a+ b+ c+ α)((−1/2)(a+ b+ c+ α) + b+ c),

= (−a+ b+ c+ α)(−a− b− c− α+ 2b+ 2c),

= (−a+ b+ c+ α)(−a+ b+ c− α),

= (−a+ b+ c)2 − α2,

= a2 + b2 + c2 − 2ab+ 2bc− 2ac− ((a+ b+ c)2 − 4ac),

= a2 + b2 + c2 − 2ab+ 2bc− 2ac− a2 − b2 − c2 − 2ab− 2ac− 2bc+ 4ac,

= −4ab. �
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It is clear that the solutions M1(t) and M2(t) are linearly independent. �

Receptor internalization

Ligand excess reaction: analytical solution.

In the present section we are going to show the computations required to reach the analytical
solution of the receptor internalization model, which is described by the following set of ODEs:

ξ̇ = Aξ +B, where

A =

 −k1Ltot k−1 0
k1Ltot −(k−1 + kds) 0
−k−2Ltot (kds − k−2Ltot) −(k−2Ltot + k2)

 , B =

 0
0

k−2LtotRtot

 .

We part from the equilibrium point

ξ0 =

(
0, 0,

k−2LtotRtot
k−2Ltot + k2

)t
.

Stability of ξ0.

Whether this equilibrium point is stable or unstable can be seen through the eigenvalues of the
jacobian matrix of the vector field J , which satisfies J = A given that the system is linear. Let
us do simplification in the notation of the variables, and write A as follows:

A =

−a b 0
a −(b+ c) 0
−d c− d −(d+ g)

 , with



a = k1Ltot > 0,

b = k−1 > 0,

c = kds > 0,

d = k−2Ltot > 0,

g = k2 > 0.

Now, the eigenvalues arise from finding the roots of p(λ) = det(A− λId), so

p(λ) =

∣∣∣∣∣∣
−(a+ λ) b 0

a −(b+ c+ λ) 0
−d c− d −(d+ g + λ)

∣∣∣∣∣∣ =

= −(a+ λ)(b+ c+ λ)(d+ g + λ) + ab(d+ g + λ) =

= −λ3 − (a+ b+ c+ d+ g)λ2−
− (a(b+ c) + a(d+ g) + (b+ c)(d+ g)− ab)λ− a(b+ c)(d+ g) + ab(d+ g),

= −λ3 − (a+ b+ c+ d+ g)λ2 − (ac+ (a+ b+ c)(d+ g))λ− ac(d+ g).

The first root of p is λ1 = −(d+ g). Indeed,

1 a+ b+ c+ d+ g ac+ (a+ b+ c)(d+ g) ac(d+ g)
−(d+ g) −(d+ g) −(a+ b+ c)(d+ g) −ac(d+ g)

1 (a+ b+ c) ac 0

Table 7: Finding the solution λ1.

So we can rewrite p(λ) as
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p(λ) = −(λ− λ1) · (λ2 + (a+ b+ c)λ+ ac).

Now, the last two eigenvalues are

λ2 = α+ µ,

λ3 = α− µ.

with

α = −1

2
(a+ b+ c),

µ =
1

2

√
(a+ b+ c)2 − 4ac =

1

2

√
(a− c)2 + b2 + 2ab+ 2bc.

and given that

(a− c)2 + b2 + 2ab+ 2bc > 0,

|a+ b+ c| > |
√

(a+ b+ c)2 − 4ac|,

we can assure that they are real and strictly negative, Then λ1,2,3 < 0 and ξ0 is stable. Since
the ODE is linear, ξ0 is a global attractor in {(x, z, w) | x, z, w ≥ 0}.

Analytical solution. Now, let us obtain the analytical solution of the non homogeneous system

ξ̇ = Aξ +B, ξ(0) = (Rtot, 0, 0)t,

A =

−a b 0
a −(b+ c) 0
−d c− d −(d+ g)

 , B =

 0
0

dRtot

 ,
(61)

and 
a = k1Ltot,

b = k−1,

c = kds,

{
d = k−2Ltot,

g = k2,

we start by looking for the solution of the associated homogeneous system

ξ̇ = Aξ, ξ(0) = (Rtot, 0, 0)t. (62)

The solution of this problem has the form ξ(t) = eAt +C, C ∈ R3×3. The procedure is the same
as in the previous model, so again, we start by computing the eigenvalues and eigenvectors. We
have already obtained the three eigenvalues of the Jacobian matrix λ1, λ+, λ−,

λ1 = −(d+ g),

λ+ = α+ µ,

λ− = α− µ,
with


α = −1

2
(a+ b+ c),

µ =
1

2

√
(a+ b+ c)2 − 4ac,

Computation of v1. Let us start by computing the eigenvector associated to the eigenvalue
λ1. It has to satisfy (A− λ1Id)v1 = 0:−a+ d+ g b 0

a −b− c+ d+ g 0
−d c− d 0

xy
z

 =

0
0
0

⇐⇒


(−a+ d+ g)x+ by = 0

ax+ (d+ g − b− c)y = 0

− dx+ (c− d)y = 0.
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yielding to the first eigenvector v1 = (0, 0, 1)t.

Computation of v±. Let us compute the eigenvectors associated to the eigenvalues λ±. It has
to satisfy (A− λ±Id)v± = 0,−(a+ α± µ) b 0

a −(b+ c+ α± µ) 0
−d c− d −(d+ g + α± µ)

xy
z

 =

0
0
0

⇐⇒

− (a+ α± µ)x+ by = 0

ax− (b+ c+ α± µ)y = 0

− dx+ (c− d)y − (d+ g + α± µ)z = 0.

With the first two equations, we obtain two relations between x and y that we have to check to
be equivalent: 

−(a+ α± µ)x+ bv = 0⇐⇒ y =
a+ α± µ

b
x,

ax− (b+ c+ α± µ)y = 0⇐⇒ y =
a

b+ c+ α± µ
x.

(63)

We need to check that the right hand side quantities are the same,

a+ α± µ
b

=
a

b+ c+ α± µ
⇐⇒ ab = (a+ α± µ)(b+ c+ α± µ).

Expanding the right term:

(a+ α± µ)(b+ c+ α± µ) = a(b+ c) + α(a+ b+ c± 2µ)± µ(a+ b+ c) + µ2 + α2,

= a(b+ c)− 1

2
(a+ b+ c)2 ∓ (a+ b+ c)µ± (a+ b+ c)µ+ µ2 + α2,

= a(b+ c)− 1

2
(a+ b+ c)2 +

1

4
((a+ b+ c)2 − 4ac) +

1

4
(a+ b+ c)2,

= ab+ ac− ac = ab. �

Finally, with the third equation and using the first equivalency from (63), then

− dx+
(c− d)(a+ b+±µ)

b
y − (d+ g + α± µ)z = 0,⇐⇒

w =
−bd+ (c− d)(a+ α± µ)

b(d+ g + α± µ)
x,

yielding to the last two eigenvectors:

v± =

 b(d+ g + α± µ)
(a+ α± µ)(d+ g + α± µ)
−bd+ (c− d)(a+ α± µ)

 =

 b(λ± − λ1)
(a+ λ±)(λ± − λ1)
−bd+ (c− d)(a+ λ±)


Finally, the matrix of the linear system ξ̇ = Aξ can be written as the product,

A = PDP−1,

where D is the diagonal matrix D = diag{λ1, λ+, λ−},
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D =

λ1 0 0
0 λ+ 0
0 0 λ−

 ,

and P is the matrix for the change of basis composed by the eigenvectors

P =

0 b(λ+ − λ1) b(λ− − λ1)
0 (a+ λ+)(λ+ − λ1) (a+ λ−)(λ− − λ1)
1 −bd+ (c− d)(a+ λ+) −bd+ (c− d)(a+ λ−)

 .

Then, to compute eAt, we can use the inherent properties of the exponential to assure that

eAt = ePAP
−1t = PeDtP−1 = P

eλ1t 0 0
0 eλ+t 0
0 0 eλ−t

P−1.

Computation of P−1. We want to compute

P−1 =
(Adj(P ))t

|det(P )|
, Adj(P ) =

A00 A01 A02

A10 A11 A12

A20 A21 A22

 .

Let us start by computing det(P ):∣∣∣∣∣∣
0 b(λ+ − λ1) b(λ− − λ1)
0 (a+ λ+)(λ+ − λ1) (a+ λ−)(λ− − λ1)
1 −bd+ (c− d)(a+ λ+) −bd+ (c− d)(a+ λ−)

∣∣∣∣∣∣ =

= b(λ+ − λ1)(a+ λ−)(λ− − λ1)− b(λ− − λ1)(a+ λ+)(λ+ − λ1),

= b(λ+ − λ1)(λ− − λ1)(a+ λ− − a− λ+),

= b(λ+ − λ1)(λ− − λ1)(λ− − λ+),

= −2µb(λ+ − λ1)(λ− − λ1).

See that if λ1 ∈ (−∞, λ−) ∪ (λ+, 0), then det(P ) < 0, if λ1 ∈ (λ−, λ+), then det(P ) > 0. A
further study should consider the cases λ1 ∈ {λ−, λ+}, which makes det(P ) = 0.
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Now, let us compute Adj(P ).

A00 =

∣∣∣∣ (a+ λ+)(λ+ − λ1) (a+ λ−)(λ− − λ1)
−bd+ (c− d)(a+ λ+) −bd+ (c− d)(a+ λ−)

∣∣∣∣ ,
= (a+ λ+)(λ+ − λ1)(−bd+ (c− d)(a+ λ−))− (a+ λ−)(λ− − λ1)(−bd+ (c− d)(a+ λ+)),

= bd((a+ λ−)(λ− − λ1)− (a+ λ+)(λ+ − λ1)) + (c− d)(a+ λ−)(a+ λ+)(λ+ − λ1 − λ− + λ1),

= bd(aλ− − aλ1 + λ2
− − λ−λ1 − aλ+ + aλ1 − λ2

+ + λ+λ1) + 2µ(c− d)(a+ λ−)(a+ λ+),

= bd(a(λ− − λ+) + λ2
− − λ2

+ − λ1(λ− − λ+)) + 2µ(c− d)(a+ λ−)(a+ λ+),

= bd(−2µa+ (α− µ)2 − (α+ µ)2 + 2µλ1) + 2µ(c− d)(a+ λ−)(a+ λ+),

= bd(−2µa− 4µα+ 2µλ1) + 2µ(c− d)(a+ λ−)(a+ λ+),

= 2µ((c− d)(a+ λ−)(a+ λ+)− bd(a+ 2α− λ1)).

A01 = −
∣∣∣∣0 (a+ λ−)(λ− − λ1)
1 −bd+ (c− d)(a+ λ−)

∣∣∣∣ = (a+ λ−)(λ− − λ1).

A02 =

∣∣∣∣0 (a+ λ+)(λ+ − λ1)
1 −bd+ (c− d)(a+ λ+)

∣∣∣∣ = −(a+ λ+)(λ+ − λ1).

A10 = −
∣∣∣∣ b(λ+ − λ1) b(λ− − λ1)
−bd+ (c− d)(a+ λ+) −bd+ (c− d)(a+ λ−)

∣∣∣∣ ,
= − (b(λ+ − λ1)(−bd+ (c− d)(a+ λ−))− b(λ− − λ1)(−bd+ (c− d)(a+ λ+))) ,

= b(λ− − λ1)(−bd+ (c− d)(a+ λ+))− b(λ+ − λ1)(−bd+ (c− d)(a+ λ−)),

= b2d((λ+ − λ1)− (λ− − λ1)) + b(c− d)((a+ λ+)(λ−λ1)− (λ+ − λ1)(a+ λ−)),

= b2d(λ+ − λ−) + b(c− d)(aλ− − aλ1 + λ+λ− − λ+λ1 − aλ+ − λ+λ− + aλ1 + λ1λ−),

= 2µb2d+ b(c− d)(a(λ− − λ+) + λ1(λ− − λ+)),

= 2µb2d+ b(c− d)(−2µa− 2µλ1),

= 2µb(bd− (c− d)(a+ λ1)).

A11 =

∣∣∣∣0 b(λ− − λ1)
1 −bd+ (c− d)(a+ λ−)

∣∣∣∣ = −b(λ− − λ1).

A12 = −
∣∣∣∣0 b(λ+ − λ1)
1 −bd+ (c− d)(a+ λ+)

∣∣∣∣ = b(λ+ − λ1).

A20 =

∣∣∣∣ b(λ+ − λ1) b(λ− − λ1)
(a+ λ+)(λ+ − λ1) (a+ λ−)(λ− − λ1)

∣∣∣∣ ,
= b(λ+ − λ1)(a+ λ−)(λ− − λ1)− b(λ− − λ1)(a+ λ+)(λ+ − λ1),

= b(λ+ − λ1)(λ− − λ1)(a+ λ− − a− λ+),

= −2µb(λ+ − λ1)(λ− − λ1).

A21 = −
∣∣∣∣0 b(λ− − λ1)
0 (a+ λ−)(λ− − λ1)

∣∣∣∣ = 0,

A22 =

∣∣∣∣0 b(λ+ − λ1)
0 (a+ λ+)(λ+ − λ1)

∣∣∣∣ = 0.

Then,
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P−1 = − 1

2µb(λ+ − λ1)(λ− − λ1)
·

·

2µ((c− d)(a+ λ−)(a+ λ+)− bd(a+ 2α− λ1)) 2µb(bd− (c− d)(a+ λ1)) −2µb(λ+ − λ1)(λ− − λ1)
(a+ λ−)(λ− − λ1) −b(λ− − λ1) 0
−(a+ λ+)(λ+ − λ1) b(λ+ − λ1) 0

 ,

=


−((c− d)(a+ λ−)(a+ λ+)− bd(a+ 2α− λ1))

b(λ+ − λ1)(λ− − λ1)
−(bd− (c− d)(a+ λ1))

(λ+ − λ1)(λ− − λ1)
1

− (a+ λ−)

2µb(λ+ − λ1)

1

2µ(λ+ − λ1)
0

(a+ λ+)

2µb(λ− − λ1)
− 1

2µ(λ− − λ1)
0

 .

Now, we can compute the exponential matrix M(t) = eAt.

M(t) = P · eDt · P−1,

=

 0 b(λ+ − λ1)eλ+t b(λ− − λ1)eλ−t

0 (a+ λ+)(λ+ − λ1)eλ+t (a+ λ−)(λ− − λ1)eλ−t

eλ1t (−bd+ (c− d)(a+ λ+))eλ+t (−bd+ (c− d)(a+ λ−))eλ−t

 · P−1,

=

a00 a01 a02

a10 a11 a12

a20 a21 a22

 ,

where

a00 =
1

2µ

(
(a+ λ+)eλ−t − (a+ λ−)eλ+t

)
,

a01 =
b

2µ
(eλ+t − eλ−t),

a02 = 0,

a10 =
(a+ λ+)(a+ λ−)

2µb
(eλ−t − eλ+t),

a11 =
1

2µ

(
(a+ λ+)eλ+t − (a+ λ−)eλ−t

)
,

a12 = 0,

a20 = −eλ1t
(

((c− d)(a+ λ−)(a+ λ+)− bd(a+ 2α− λ1))

b(λ+ − λ1)(λ− − λ1)

)
−

− eλ+t (a+ λ−)(−bd+ (c− d)(a+ λ+))

2µb(λ+ − λ1)
+

+ eλ−t
(a+ λ+)(−bd+ (c− d)(a+ λ−))

2µb(λ− − λ1)
,

a21 = −eλ1t bd− (c− d)(a+ λ1)

(λ+ − λ1)(λ− − λ1)
+

+ eλ+t
−bd+ (c− d)(a+ λ+)

2µ(λ+ − λ1)
−,

− eλ−t−bd+ (c− d)(a+ λ−)

2µ(λ− − λ1)
,

a22 = eλ1t.

Let us rewrite the term a20 as:
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a20 = Ω1e
λ1t + Ω2e

λ+t + Ω3e
λ−t,

Ω1 = −
(

((c− d)(a+ λ−)(a+ λ+)− bd(a+ 2α− λ1))

b(λ+ − λ1)(λ− − λ1)

)
,

Ω2 = −(a+ λ−)(−bd+ (c− d)(a+ λ+))

2µb(λ+ − λ1)
,

Ω3 =
(a+ λ+)(−bd+ (c− d)(a+ λ−))

2µb(λ− − λ1)
.

The solution to (62) is a linear combination of the columns Mi(t), i = 0, 1, 2 of M(t). Let us
take a general combination

ξ̂(t) =
2∑
i=0

βiMi(t) = β1M1(t) + β2M2(t) + β3M3(t), βi ∈ R, i = 0, 1, 2,

and impose the initial condition

ξ̂(0) = (Rtot, 0, 0)t.

The first row:

Rtot = β0a00(0) + β1a01(0) + β2a02(0),

= β0
1

2µ
((a+ λ+)− (a+ λ−)) ,

= beta0
2µ

2µ
,

= β0.

The second row,
0 = β0a10(0) + β1a11(0) + β2a12(0),

= β1
1

2µ
(a+ λ+ − a− λ−),

= β1
2µ

2µ
,

= β1.

The third row,
0 = β0a20(0) + β1a21(0) + β2a22(0),

= Rtota20(0) + β1a21(0) + β2a22(0),

= Rtota20(0) + β2a22(0),

= Rtot(Ω1 + Ω2 + Ω3) + β2,

= β2,

where Ω1 + Ω2 + Ω3 = 0 can be proved after some long computations. And then, the solution
ξ̂(t) for the homogeneous linear ODE (62) is

ξ̂(t) =


Rtot
2µ

(
(a+ λ+)eλ−t − (a+ λ−)eλ+t

)
Rtot
2µb

(a+ λ+)(a+ λ−)(eλ−t − eλ+t)

Rtot(Ω1e
λ1t + Ω2e

λ+t + Ω3e
λ−t)
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Finally, the goal is to obtain the solution for (61), the non homogeneous counterpart. It is
intuitive that to get the solution for ẋ = Ax+ b, where b = (0, 0, Rtotd)t, we need to add a term
of the form

b̂(t) =
−Rtotd
X

(1− eXt)~e3, ~e3 =

0
0
1


to the solution, by numerous reasons. To start with, this term satisfies b̂(0) = 0, and so it
does not interfere with the fact that the original solution ξ̂ already satisfies satisfying the initial
condition (if ξ̂(0) = ξ0 ⇒ ξ̂(0)+ b̂(0) = ξ0). On second note, it is a term that when differentiated
with respect to t arises the term −(Rtotd)eXt, which oposes to the quantity (Rtotd)eXt. Finally,
the term X appearing in the denominator and in the exponential needs to be the coefficient
A22 = −(d + g) of matrix A in order to be cancelled when multiplied by A, so we need X =
−(d+ g) = λ1. Then, the final solution of the non homogeneous problem (61) is,

φ(t) = ξ̂(t) + b̂(t) =


Rtot
2µ

(
(a+ λ+)eλ−t − (a+ λ−)eλ+t

)
Rtot
2µb

(a+ λ+)(a+ λ−)(eλ−t − eλ+t)

Rtot(Ω1e
λ1t + Ω2e

λ+t + Ω3e
λ−t)

+


0
0

−Rtotd
λ1

(1− eλ1t)

 .

Proof. We need to prove that φ̇ = Aφ+ b. Indeed,

φ̇(t) =
˙̂
ξ(t) +

˙̂
b,

= Aξ̂(t) + (Rtotd)eλ1t~e3.

On the other hand,

Aφ+ b = A(ξ̂(t) + b̂(t)) + b,

= Aξ̂(t) +

−a b 0
a −(b+ c) 0
−d c− d −(d+ g)




0
0

−Rtotd
λ1

(1− eλ1t)

+

 0
0

Rtotd

 ,

= Aξ̂(t) +

 0
0

−Rtotd(1− eλ1t)

+

 0
0

Rtotd

 ,

= Aξ̂(t) + (Rtotd)eλ1t~e3. �

71



5 References Final Master Thesis

Appendix B. Parameter fitting.

Approaching the models from the ligand excess point of view has given us the possibility to
compute, in most cases, an explicit analytical solution of the different models. This gives us the
opportunity to try and obtain the mathematical formulation of a real experiment, which could
enhance the understanding of the tested drug. In this section, we are going to present a method
to estimate from data the desensitization parameter kds appearing in the desensitization model
from Section 3.2. This approach can be reproduced for any other parameter involved in the
reaction.

L + R
k1

k−1
LR

kds
LRds,

with equations {
ξ̇ = X(ξ),

ξ(0) = (Rtot, 0)t,

{
ẋ = k−1z − k1Ltotx,

ż = k1Ltotx− (k−1 + kds)z,

and analytical solution presented in (30),

φ(t) = (x(t)), z(t)) =

(
−Rtot

2α
(Ω−e

λ−t − Ω+e
λ+t),−Rtot

4bα
Ω+Ω−(eλ+t − eλ−t)

)t
,

where 
a = k1Ltot,

b = k−1,

c = kds,

α =
√

(a− c)2 + b2 + 2ab+ 2bc,



Ω+ = −a+ b+ c+ α,

Ω− = −a+ b+ c− α,

λ+ = −1

2
(a+ b+ c− α),

λ− = −1

2
(−a+ b+ c+ α).

The methodology presented is based on the least squares method approximation. The method
is tested against simulated data obtained from the original model modified with white noise.
This same methodology can be applied for any other model where one has an explicit form of
the analytical solution.

The algorithm.

Let us consider a set of N samples (t1, x̂1), .., (tN , x̂N ) of experimental data and the analytical
solution x(t) = [R](t) that depends on the variable t and kds. We want to find the parameter
kds such that the curve fits best the given data in the least squares sense, that is, the sum of
squares

S =

N∑
i=1

r2
i , ri = x̂i − x(ti, kds).

The minimum value of S occurs when the gradient is zero,

∂kdsS = 2

N∑
i=1

ri∂kdsri = 0,

where
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∂kdsri = −∂kdsx(ti, kds).

An initial value k
(0)
ds must be chosen for the parameter kds. Then, the parameters are redefined

iteratively,

kds ≈ k
(k+1)
ds = k

(k)
ds + ∆kds,

where ∆kds is known as the shift vector and is computed at each step. The model is linearized
by approximation to a first-order Taylor polynomial expansion around kds:

x(ti, kds) ≈ x(ti, k
(k)
ds ) + ∂kdsx(ti, k

(k)
ds ) · (kds − k

(k)
ds ) = x(ti, k

(k)
ds ) + Ji∆kds.

where the Jacobian J is:

Ji = −∂kdsri = ∂kdsx(ti, kds).

Using ∆xi = x̂i − x(ti, k
(k)
ds ), and the previous expressions, the residuals can be computed by:

ri = x̂i − x(ti, kds) = (x̂i − x(ti, k
(k)
ds ) + (x(ti, k

(k)
ds )− x(ti, kds)) ≈ ∆xi − Ji∆kds.

Substituting into the gradient equations:

−2
N∑
i=1

Ji(∆xi − Ji∆kds) = 0,

yields to the normal equations: (
N∑
i=1

JiJi

)
∆kds =

N∑
i=1

Ji∆xi.

In order to deal with the non-convergence of the method in some scenarios where the initial
condition is far from the optimal value of kds, the algorithm is refined by reducing the length of
the shift vector by a factor f , so at each step

∆kds = k
(k)
ds + f ·∆kds.

The convergence criteria is the following:∣∣∣∣Sk − Sk+1

Sk

∣∣∣∣ < ε.

Application case.

The only term we have to compute is ∂φ1/∂kds.

∂x

∂kds
(ti, kds) = −Rtot

2

(
∂kds

(
1

α

)
A+

(
1

α

)
∂kdsA

)
.

The first order partial derivatives of A are:

∂kdsA = ∂kdsΩ−e
λ−t + Ω−e

λ−t∂kdsλ−t− ∂kdsΩ+e
λ+t − Ω+e

λ+t∂kdsλ+t.

And so, it is turn to compute the first order partial derivatives of 1/α, Ω± and λ±. Recall that
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α =
√

(k1Ltot − kds)2 + k2
−1 + 2k1k−1 + 2k−1kds.

Then,

∂kdsα =
1

2

(
(k1Ltot − kds)2 + k2

−1 + 2k1k−1 + 2k−1kds
)− 1

2 (2(kds − k1Ltot) + 2k−1) =
k−1 + kds − k1Ltot

α
,

∂kds

(
1

α

)
= −α−2 · ∂kdsα,

∂kdsΩ± = ∂kds(−k1Ltot + k−1 + kds ± α) = 1± ∂kdsα,

∂kdsλ± = −1

2
∂kds(k1Ltot + k−1 + kds ∓ α) = −1

2
(1∓ ∂kdsα) .

Previous step: simulation with noise.

This method would ideally be tested against experimental data of a real experiment. However,
this is not plausible at present time, and so the method is tested against a numerical simulation
of the model with noise. The values of the parameters chosen are k1 = 4.6 · 105, k−1 = 0.06,
kds = 0.15, Ltot = 310 · 10−9 and Rtot = 10−9. The simulation is held for t between t0 = 0
and tmax = 20, with a time-step of th = 0.001. In order to add noise to the simulation, the
differential equations are perturbed with two samples G1, G2 of length (tmax − t0)/th, following
Gaussian distributions G(µ, σ) with µ = 10−9, σ = 4 · 10−6. At time-step tj , the new perturbed
differential equations are:

ẋ = k−1z − k1Ltotx+ σG1(j)
√
th,

ż = k1Ltotx− (k−1 + kds)z + σG2(j)
√
th.

The integration is done through a typical Runge Kutta method of order 4, and you can observe
the result of the addition of noise to the integration in Figure 33,

Figure 33: Evolution of [R], [LR] with the presence of noise in the system of differential equa-
tions.
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Testing the least-squares approximation.

The method proposed converged for distant initial conditions of kds such as k
(0)
ds = 1000. Higher

distances from the initial seed to the optimal value need smaller values of the halving factor
f which reduces the shift vector ∆kds in order to ensure the convergence of the method, but
accordingly increase the amount of time taken for reaching convergence. The tolerance accepted
ε as convergence criterion also affects both time and precision of the algorithm. The number of
samples N is reduced from the original 20000 samples to 400 samples, in order to decrease the
amount of time required by the simulation.

Original kds k
(0)
ds f ε Optimal kds Time(s)

0.15 1 0.1 10−6 0.19185551316139834 1.71
0.15 1 0.1 10−10 0.19178209580400085 3.72
0.15 10 0.01 10−10 0.19178217643664394 34.93
0.15 100 0.001 10−10 0.19178299046489727 309.28
0.15 1000 0.0001 10−10 0.19179112822778682 2623.60

Table 8: Description of the different results obtained with different initial configurations of the
parameter fitting problem. In the first two rows, the only difference is the tolerance ε,
which can be seen that approximately increases by two the time to reach convergence
when decreasing it from 10−6 to 10−10. In the following tests, the changes come from

the initial seed k
(0)
ds , which requires smaller values of f to reach convergence. It can be

seen that reducing the halving factor by 1/10 approximately increases time required by
10.
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