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Conspectus
Nonlinear optics is limited by the weak non-
linear response of available materials, a prob-
lem that is generally circumvented by relying
on macroscopic structures in which light prop-
agates over many optical cycles, thus giving
rise to accumulated unity-order nonlinear ef-
fects. While this strategy cannot be extended
to subwavelength optics, such as in nanopho-
tonic structures, one can alternatively use lo-
calized optical resonances with high quality fac-
tors to increase light-matter interaction times
at the expense of inelastic losses partly asso-
ciated with the nonlinear response. Plasmons
–the collective oscillations of electrons in con-
ducting media– offer the means to concentrate
light into nanometric volumes, well below the
light-wavelength-scale limit imposed by diffrac-
tion, amplifying the electromagnetic fields upon
which nonlinear optical phenomena depend.
Due to their abundant supply of free electrons,
noble metals are the traditional material plat-
form for plasmonics, and have thus dominated
research in nanophotonics over the past several
decades, despite exhibiting large ohmic losses
and inherent difficulties to actively modulate
plasmon resonances, which are primarily deter-
mined by composition and morphology.
Highly doped graphene has recently emerged

as an appealing platform for plasmonics due
to its unique optoelectronic properties, which
give rise to relatively long-lived, highly con-
fined, and actively tunable plasmon resonances
that mainly appear in the infrared and ter-
ahertz frequency regimes. Efforts to extend
graphene plasmonics to the near-infrared and
visible ranges involve patterning of graphene
into nanostructured elements, facilitating the
optical excitation of localized resonances that
can be blue-shifted through geometrical con-
finement while maintaining electrical tunabiliy.
Besides these appealing plasmonic attributes,
the conical electronic dispersion relation of
graphene renders its charge carrier motion in re-
sponse to light intrinsically anharmonic, result-
ing in a comparatively intense nonlinear optical
response. The combined synergy of extreme
plasmonic field enhancement and large intrin-
sic optical nonlinearity are now motivating in-
tensive research efforts in nonlinear graphene
plasmonics, the recent progress of which we dis-
cuss in this Account. We start with a descrip-
tion of the appealing properties of plasmons
in graphene nanostructures down to molecu-
lar sizes, followed by a discussion of the un-
precedented level of intrinsic optical nonlinear-
ity in graphene, its enhancement by resonant
coupling to its highly confined plasmons to yield
intense high harmonic generation and Kerr non-
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linearities, the extraordinary thermo-optical ca-
pabilities of this material enabling large nonlin-
ear optical switching down to the single-photon
level, and its strong interaction with quantum
emitters.

1 Introduction
Research in nanophotonics is strongly rooted
in the study of noble metal nanostructures
supporting plasmons,1 collective free-electron
oscillations that can focus light into atomic
length scales for a plethora of applications rang-
ing from biosensing2 to photochemistry3 and
photovoltaics.4 Despite substantial progress in
nanofabrication technologies, plasmons in con-
ventional metals are still hindered by their large
ohmic losses and the difficulty in actively tun-
ing their properties, determined by the intrin-
sic optical response of the metal, the morphol-
ogy of the structure, and the surrounding di-
electric environment.5 Graphene has emerged
as an appealing platform for plasmonics due to
its unique optoelectronic properties. More pre-
cisely, (1) plasmons are supported in this mate-
rial only when it is highly doped, and their fre-
quencies can be actively modulated by varying
the doping level (e.g., through the application
of gating voltages6–13); (2) ohmic losses are ex-
tremely low in the plasmons supported by high-
quality graphene, particularly when encapsu-
lated in hexagonal boron nitride14 and kept at
cryogenic temperatures,15 with observed life-
times in the picosecond timescale and associ-
ated quality factors in the triple-digit range;
(3) graphene plasmons can be strongly confined
with respect to the light wavelength, with re-
duction factors of their in-plane wavelengths
reaching two orders of magnitude, and even
higher levels of confinement when combined
with metals to sustain acoustic modes.16,17
In its pristine form, graphene is a zero-gap

semiconductor that exhibits 2.3% broadband
light absorption associated with vertical inter-
band optical transitions between valence and
conduction Dirac cones.18,19 The addition of a
doping charge carrier density n shifts the Fermi
energy to EF = ~vF

√
πn, where vF ≈ 106m/s

is the Fermi velocity, and produces a 2EF in-
terband absorption gap in which plasmon reso-
nances emerge. In extended graphene samples,
these excitations present an energy-momentum
dispersion that lies far outside the free-space
light cone, so that for a given optical fre-
quency, there exists a large energy-momentum
mismatch between the impinging light and the
propagating plasmons that must be overcome
in order to excite them.20 In practice, this im-
balance can be compensated by the addition of
external elements that provide extra momen-
tum to the light, and most notably by the use
of metallic tips, which have been instrumental
in advancing the field of two-dimensional (2D)
polaritonics.11,12,15,21–25
Patterning highly doped graphene into nanos-

tructured elements facilitates the optical exci-
tation of localized plasmon modes with reso-
nance frequencies determined by the 2D geom-
etry, providing the means to passively tune the
plasmon resonance frequency range while main-
taining its active electrical tunability. Indeed,
plasmon resonance frequencies in a graphene
nanostructure of characteristic size D scale as
ωp ∝

√
EF/D, with typical experimentally ob-

served Fermi energies reaching . 1 eV through
electrostatic gating.9 These ideas were initially
confirmed by pioneering spectroscopic measure-
ments of electrically tunable THz plasmons
in microstructured graphene ribbons,10,26,27 fol-
lowed shortly thereafter by mid-IR plasmons
in structures with lateral sizes of ∼ hundreds
of nanometers. In this spectral range, interac-
tion with the 0.2 eV intrinsic optical phonons
was originally thought to be detrimental,28 but
their effect was later observed to be rather lo-
calized in frequency.29 Interaction with phonons
in surrounding materials has been also inves-
tigated and shown to produce strong avoided
crossing dispersion.30,31 These advances in the
mid-IR spectral range are however hard to ex-
trapolate to the more technologically relevant
visible and near-IR regimes, although several
strategies have been suggested,32 which could
benefit from experimental efforts to explore ex-
treme doping33 and smaller structures.34
The conical electronic band structure of

graphene endows the carbon monolayer with
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an intrinsically anharmonic response to exter-
nal electromagnetic fields, particularly for in-
traband motion of charge carriers driven back
and forth across the Dirac point, producing effi-
cient optical harmonic generation.35 The collec-
tive charge oscillations of graphene plasmons,
which enhance the in-plane electric field driving
the optical response, are also associated with in-
traband electronic transitions. The synergetic
combination of the large intrinsic optical non-
linearity in graphene and the strong local field
enhancement provided by its plasmons are thus
stimulating extensive research efforts in nonlin-
ear graphene plasmonics, an emerging field in-
tersecting the themes of graphene plasmonics
and nonlinear optics.36–53
The plasmon frequency scaling ωp ∝

√
EF/D

is a strong motivation to consider structures
with small lateral dimension D, which we dis-
cuss in this review by showing the response of
graphene nanoislands of increasingly small size
down to the molecular range. A reduction in
size has the additional benefit that lower dop-
ing is needed to reach a given optical frequency,
and in turn a lower Fermi energy increases the
nonlinear response by engaging electronic mo-
tion closer to the Dirac point, where the anhar-
monicity associated with the conical electronic
bands becomes more relevant.

2 Quantum effects in the
optical response of nanos-
tructured graphene

Low-energy plasmons in graphene nanostruc-
tures at least several tens of nanometers in
size are well described in a classical electro-
dynamic framework as thin films of vanishing
thickness characterized by the local 2D opti-
cal conductivity of extended graphene in the
Dirac cone approximation.54 In nanostructures
with dimensions . 10 nm, quantum-mechanical
(QM) finite-size effects in the electronic struc-
ture become relevant, so the plasmonic response
diverges from the classical prediction.55–57
The optical behavior of graphene in the in-

frared (IR) spectral region is dominated by π

band dynamics and can be reliably described
using a simple nearest-neighbors tight-binding
(TB) model. In this QM approach, electronic
states of a graphene nanoisland containing NC
carbon atoms are described through a TB
Hamiltonian HTB connecting nearest neighbors
with a hopping energy of 2.8 eV to obtain single-
electron states |j〉 with energies ~εj, which can
be expanded in the basis set of spin-degenerate
carbon out-of-plane 2p orbitals |l〉 at the carbon
sites Rl according to |j〉 = ∑

l ajl |l〉, with real-
valued coefficients ajl weighing the amplitude
of orbital |l〉 in state |j〉. The optical response
is characterized by the induced dipole moment
pind = ∑

l ρ
ind
l Rl, computed from the induced

charge ρind
l = −2eρll obtained by solving the

single-electron density matrix equation of mo-
tion

∂ρ

∂t
= − i

~
[HTB − eφ, ρ]− 1

τ

(
ρ− ρ0

)
, (1)

where φl = φext
l + ∑

l′ vll′ρ
ind
l′ is the self-

consistent electrostatic potential, with the first
and second terms accounting for external and
induced contributions, respectively, and vll′ de-
noting the Coulomb interaction between elec-
trons in 2p carbon orbitals at Rl and Rl′ . In
particular, for irradiation with light of large
wavelength compared with the size of the
graphene structure, the external field amplitude
Eext is approximately uniform and we can take
φext

l = −Rl · Eext. Equation 1 incorporates a
phenomenological time τ for inelastic relaxation
bringing the system to the unperturbed state
described by ρ0

jj′ = δjj′fj, where fj is the occu-
pancy of state j in the absence of any external
perturbation.
In Fig. 1 we illustrate the divergence of the

QM description from classical electrodynamics
by simulating the absorption spectra of equi-
lateral triangular nanographenes as their size
decreases. Specifically, we plot the absorption
normalized to the triangle area as a function
of the Fermi energy and impinging light energy.
Incidentally, we assume the edges of these struc-
tures to be passivated by hydrogen atoms, and
further impose the same hopping between near-
est neighbors for all carbon bonds in the struc-
ture, regardless of their locations. In Fig. 1a
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a classical model8 is employed to describe the
plasmonic response of the graphene nanotrian-
gle, in which clear signatures of the electron-
hole pair continuum (i.e., for ~ω > 2EF) and
low-energy dipolar plasmons (resonances of fre-
quency scaling as ωp ∝

√
EF) are observed.

In Fig. 1b, the same graphene nanotriangle is
studied in an atomistic QM approach,55 show-
ing plasmons in excellent agreement with the
classical model, but already exhibiting strik-
ing differences in the interband transition re-
gion that are actually signatures of electron-
hole pair transitions in the discretized electronic
structure. As the nanotriangle size decreases,
subsequent panels in the upper row (Fig. 1b-
d) show how the plasmon resonances also de-
viate from the ∝

√
EF frequency dependence,

eventually making discrete jumps as each elec-
tronic state becomes populated, and present-
ing a strong spectral feature at higher ener-
gies associated with the HOMO-LUMO inter-
band transitions. In the lower row (Fig. 1e-
h), we move further toward the molecular plas-
monics regime, where doped graphene nanois-
lands with few-nanometer lateral size are more
akin to charged polycyclic aromatic hydrocar-
bons (PAHs) exhibiting large gaps in their elec-
tronic spectra and electrically tunable plasmon
resonances at visible frequencies.

2.1 Molecular plasmonics
The reduction in the size of the graphene nano-
triangles investigated in Fig. 1 eventually leads
to PAH molecules. For example, the structure
in Fig. 1h corresponds to triphenylene, which
exhibits a wide band gap ∼ 4 eV in its neu-
tral form, but displays resonances in the vis-
ible at ∼ 2 eV when doped with one electron
or hole. These types of resonances in charged
PAHs have been experimentally investigated in
the past,58–60 but their relation to graphene
plasmonics now allows us to trace their origin
to that of plasmons in highly doped graphene.
Remarkably, the simple nearest-neighbors hop-
ping model predicts the correct behavior (emer-
gence of visible resonances when ionized, and
similar spectra for positive and negative dop-
ing) and approximate spectral position of these

molecular plasmons, in agreement with more so-
phisticated quantum chemistry simulations.61
Figure 2a shows absorption spectra (top), cal-
culated within time-dependent density func-
tional theory (TDDFT), compared with opti-
cal measurements in electrolyte solution62 (bot-
tom). Similar results are obtained for other
PAHs, and in all cases the observed spectra dis-
play finer structure than predicted by TB+RPA
or TDDFT, which can be attributed to the ex-
citation of atomic vibrations in the molecules
and incorporated in the simulations within the
Frank-Condon approximation,63 as shown in
Fig. 2b.
Remarkably, upon examination of available

experiments for PAHs ionized with one60,62,63
and two60 electrons, we conclude that the
trends of plasmon redshift with increasing size
and blue shift with increasing doping observed
in larger graphene samples are maintained
down to PAHs composed of ∼ 20 carbon atoms
or less (see Fig. 2b), in good qualitative agree-
ment with the simple TB+RPA model.61
We remark that TB+RPA simulations pro-

vide an excellent quantitative description that
allows us to predict the optical response of large
ionized PAHs beyond the current capabilities
of TDDFT, and further relate the existence of
molecular plasmons to the presence of a finite
HOMO-LUMO gap,61 which in turn is only pos-
sible when the number of carbon atoms is the
same in the two graphene sublattices.64

3 Nonlinear nanographene
plasmonics: Coherent in-
teraction

While the anharmonic optical response of ex-
tended graphene to light can be attributed to its
linear electronic dispersion relation, the excel-
lent nonlinear optical properties of the 2D car-
bon layer persist in its nanostructured form, as
evidenced by rigorous atomistic simulations of
small equilateral graphene nanotriangles doped
with only a few electrons (see Fig. 3). These
results are obtained by extending the formal-
ism introduced in the previous section beyond
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linear response. More precisely, we expand the
density matrix ρ = ∑∞

n=0
∑n

s=−n ρ
nse−isωt as a

sum of the contributions of different perturba-
tion orders n and harmonic frequencies sω un-
der impinging continuous-wave (cw) optical il-
lumination at frequency ω; inserting this ansatz
into eq 1, we write the diagonal density matrix
elements as38

ρns
ll = −1

2e
∑

l′
χ0,s

ll′ φ
ns
l′ +

∑
jj′
ajlaj′lη

ns
jj′ , (2)

where

χ0,s
ll′ = 2e2

~
∑
jj′

(fj′ − fj)
ajlaj′lajl′aj′l′

sω + i/2τ − (εj − εj′)

is the noninteracting RPA susceptibility at fre-
quency sω,

ηns
jj′ = − e

~

n−1∑
n′=1

n′∑
s′=−n′

∑
ll′

(
φn′s′

l − φn′s′
l′

)
ajlaj′l′

sω + i/2τ − (εj − εj′)

× ρn−n′,s−s′

ll′ ,

is a source term constructed from per-
turbation orders below n, and φns

l =
φext

l δn,1(δs,−1 + δs,1) − 2e∑l′ vll′ρ
ns
l′l′ is the con-

tribution to the harmonic s of the total po-
tential at order n, with the external poten-
tial contributing only at order n = 1. By
numerically solving eq 2, the nonlinear po-
larizabilities are calculated from the obtained
time-dependent coefficients ρns

ll ; in particu-
lar, for harmonic fields along the imping-
ing field polarization direction ê, we have
α(n)

sω = −2e (Eext)−n∑
l ρ

ns
ll Rl · ê. This pro-

cedure, which involves a computational effort
that scales linearly with the perturbation order,
produces results in excellent agreement with the
direct numerical integration of eq 1 in the time
domain,38 from which different harmonics are
extracted by Fourier analysis.
The results of Fig. 3 indicate that, besides

producing large shifts in the absorption spec-
trum, each additional doping electron can pro-
vide order-of-magnitude enhancements in har-
monic generation and optical Kerr nonlinear-
ity. Although graphene possesses a centrosym-
metric crystal lattice, an even-ordered response

is enabled in a finite nanostructure along di-
rections in which the geometry breaks inver-
sion symmetry. The resonance features in
the linear response of Fig. 3a correlate with
dominant peaks in the polarizabilities associ-
ated with second-harmonic generation (SHG,
Fig. 3b), third-harmonic generation (THG, Fig.
3c), and the Kerr nonlinearity (Fig. 3d), both
at the fundamental and/or generated frequen-
cies, potentially leading to further enhancement
when plasmonic resonances are simultaneously
present at ω and sω, where s is the harmonic
index. This double-resonance condition can be
met through geometrical and/or electrostatic
tuning of localized plasmons,43 and is even more
easily achievable in a wave-mixing configura-
tion involving non-degenerate impinging fields
that can independently target multiple reso-
nance features.40
The perturbative treatment of the graphene

optical response is valid strictly in the limit
of vanishing impinging light intensity, which
is easily surpassed in actual experiments prob-
ing nonlinear optical phenomena. The linear
and nonlinear spectral lineshapes display an in-
tensity dependence under cw excitation above
∼ 1GW/m2 intensity, as shown in time-domain
simulations in Fig. 3e-g, obtained from the
Fourier transform of the induced dipole over
an optical cycle after reaching a steady-state
regime. Inspection of the third-order perturba-
tive Kerr nonlinearity, which contributes to the
response oscillating at frequency ω, gives rise to
spectral shifts and broadening in the absorption
cross section associated with the real and imag-
inary parts of α(3)

ω , respectively, as shown in
Fig. 3h; these modulations are amplified in the
SHG and THG polarizabilities, which depend
on higher powers of the plasmonic near-field.
Eventually, as the impinging light intensity be-
comes sufficiently large, the anharmonicity as-
sociated with the Kerr nonlinearity can trigger
a bistable optical response.38,42
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4 Extreme nonlinear opti-
cal phenomena

4.1 Coherent nonperturbative
regime

Extreme nonlinear optical phenomena arise
when an electronic system in an equilibrium
state is illuminated by an optical field with
sufficiently high intensity to appreciably pop-
ulate excited states, so that the induced out-of-
equilibrium electronic distribution and result-
ing optical response are ill-described by per-
turbation theory. High-harmonic generation
(HHG) constitutes a well-known example of
such an extreme process, and is well understood
for individual atoms in terms of the so-called
three-step model, in which an intense optical
field triggers tunneling ionization of an elec-
tron from its parent ion, accelerates the electron
away, and then re-collides it with the ion, emit-
ting coherent radiation at very high harmonic
orders of the impinging field.65,66 Recent exper-
imental efforts have demonstrated an analogous
process in crystalline media, where features in
the electronic band structure and rich inter-
play of interband and intraband dynamics are
imprinted in the HHG signal.67 In graphene,
intraband dynamics within a Dirac cone is
characterized by the dispersion relation εk =
vF|k|, with k denoting the electron wave vector,
leading to a maximum surface current density
J ∝ −envF sign{sin(ωt)} under illumination by
monochromatic light E(t) = E0 cos(ωt) in the
|E0| → ∞ limit;35 the current, proportional to
the charge carrier density n, presents a square-
wave temporal profile containing large contribu-
tions from odd-ordered harmonics in its Fourier
decomposition. Although this simple estimate
of the graphene nonlinear optical response ne-
glects interband effects, which are predicted to
impede this strong anharmonicity,68 the collec-
tive intraband motion associated with graphene
plasmons and their ability to intensify the elec-
tric field within the graphene plane offer an ap-
pealing prescription to further enhance HHG.
The optical response of graphene nanotrian-

gles under illumination by intense ultrashort

light pulses is shown in Fig. 4 by mapping
the emission intensity over a wide range of in-
put pulse carrier frequencies, where at each in-
put frequency the response is normalized to its
respective maximium at the fundamental har-
monic. For the undoped triangle presented in
Fig. 4a, only odd-ordered harmonics of rela-
tively low intensity are produced, despite the
broken inversion symmetry in directions per-
pendicular to the equilateral triangle sides,
while a striking increase in HHG from local-
ized plasmons is clearly shown in Fig. 4b at
EF = 0.4 eV doping, where the excitation fre-
quency coincides with a prominent plasmon res-
onance.

4.2 Incoherent thermally driven
nonlinearities

Saturable absorption (SA) is another non-
perturbative nonlinear optical effect that con-
sists of the quenching of optical absorption at
high intensities, and is ubiquitous in photonic
materials. Pristine graphene presents a broad-
band, electrically tunable 2.3% light absorp-
tion and remarkably low intensity threshold for
SA, and thus constitutes an appealing material
platform for passive mode-locking lasers.69–71
The enhanced light-matter interaction associ-
ated with resonant excitation of graphene plas-
mons then produces an increase in light absorp-
tion that saturates at a low impinging light in-
tensity threshold compared with other materi-
als, an effect that can be customized by the
electrostatic tunabiltiy of the carbon layer. In
reality, the SA of graphene plasmons arises from
an interplay between the strong coherent opti-
cal nonlinearity and incoherent nonlinear opti-
cal phenomena associated with the additional
absorbed light energy that serves to dramati-
cally elevate the electronic temperature in the
carbon layer; previously absorbed photons un-
dergo inelastic scattering, therefore producing a
nonlinear effect that does not maintain optical
phase coherence with subsequently impinging
photons.
In Fig. 5a we schematically illustrate the exci-

tation of plasmons in a highly doped graphene
nanoribbon and the mechanism by which they
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dissipate: in a simple treatment, the plasmon
decays directly to phonons in the carbon lat-
tice at a phenomenological rate γ0; in a more
realistic scenario, the system relaxes at a rate
γT to a local equilibrium at an elevated electron
temperature T and shifted chemical potential µ
(computed by enforcing conservation of electron
number and energy), while electrons continu-
ously transfer their energy to the lattice (i.e.,
by exciting phonons) at a rate γph. Results ob-
tained from atomistic time-domain simulations
of a graphene nanoribbon excited by pulses of
fixed fluence and varying FWHM duration ∆
are presented in Fig. 5b-e, illustrating the dra-
matic optically induced change in the instan-
taneous chemical potential and electron tem-
perature that define the local equilibrium state.
Comparison of these two descriptions indicates
that their discrepancy becomes more apparent
for pulses of longer duration, signifying the im-
portance of the out-of-equilibrium electron dy-
namics associated with extreme nonlinear opti-
cal phenomena.45,52,72

5 Applications and per-
spectives

The strong spatial confinement of graphene
plasmons combined with the possibility of ac-
tively modulating the optical response of the
material through optical gating and thermo-
optical heating makes it feasible to explore dis-
ruptive applications, three of which we discuss
in this section.

5.1 Strong coupling to quantum
emitters

The intense near-field enhancement associated
with resonantly illuminated plasmonic nanos-
tructures offers the means to interface optical
fields with atomic systems, both natural (e.g.,
atoms and molecules) and artificial (e.g., quan-
tum dots), thereby controlling light-matter in-
teractions at the quantum level. Metal nanos-
tructures have been widely studied in this con-
text, where the strong coupling of plasmonic
modes to long-lived electronic transitions in

high-yield quantum emitters (QEs) facilitates
optical sensing, single-photon generation, and
coherent energy transfer on the nanoscale.73,74
In these applications, the limitations of noble
metal plasmons, namely their large losses and
lack of tunability, are circumvented by graphene
plasmons, which are endowed with an optical
nonlinearity by the fermionic nature of a proxi-
mal QE. In Fig. 6 we highlight several exciting
predictions based on strong light-matter cou-
pling of electrically tunable localized graphene
plasmons in nanodisks with QEs, including
strong coupling (Fig. 6a,b), large vacuum Rabi
splittings (Fig. 6c), and optical nonlinearity as-
sociated with plasmon blockade in an emitter-
nanodisk composite system. These theoretical
predictions are yet waiting to be realized in ex-
periment, in part due to a lack of good quantum
light sources, with long-lived electronic transi-
tions and high quantum efficiency, operating in
the mid-IR and terahertz frequency ranges.
Plasmon-enhanced harmonic generation con-

stitutes a possible mechanism to bridge the en-
ergy mismatch between electrically tunable IR
graphene plasmons and a near-IR excitation in
a neighboring QE. We explore this concept in
Fig. 6e-j for a hybrid system consisting of a
graphene nanodisk with diameter D = 40nm
and a two-level QE placed a distance d di-
rectly above its center. The QE is character-
ized by a dipole moment ~µ12 associated with the
|1〉 ↔ |2〉 transition of energy ~ε12 = 3~ωp. Im-
pinging light of frequency ω ≈ ωp can generate
a substantial plasmon-assisted third-harmonic
near-field that resonantly drives the QE (see
Figs. 6e,f). To estimate the strength of the non-
linear atom-plasmon interaction, we consider
the QE dipole moment to be oriented parallel to
the graphene plane and of magnitude 1 e× nm
(∼ 50 Debye, commensurate with quantum dot
excitons75); we also choose a phenomenological
QE relaxation rate Γ0 = 109 s−1 from the ex-
cited state |2〉 to ground state |1〉. As shown in
Fig. 6g,h, the effective Rabi frequency Ω driving
the QE (due to the plasmon-mediated nonlin-
ear field at frequency 3ω) and its self interac-
tion G (arising from the linear response of the
graphene to the induced QE dipole at frequency
3ω) can reach considerably larger values than
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the QE linewidth under moderately intense cw
illumination, a phenomenon that can excite ap-
preciable population in the QE (Fig. 6i) and
be actively tuned by modulating the graphene
Fermi energy (Fig. 6j). Following a similar
strategy, potential applications in sensing and
quantum nanophotonics could be realized by
coupling electrically tunable mid-IR graphene
plasmons to near-IR transitions in molecules of
biological interest, and also to produce single-
photon sources of high fidelity.

5.2 Nonlinear optical sensing
The strong sensitivity of the graphene response
to the application of external dc fields can
be pushed to the limit when considering the
fields due to elementary charges and molecu-
lar dipoles. This idea constitutes the basis of
a proposed method to detect charged or po-
lar analytes through the changes that they in-
duce in the optical response of nanographenes.
Specifically, they give rise to spectral shifts,
but they can also trigger a nonlinear response.
Changes in the nonlinear signal produced by
the presence of analytes have been investigated
as a potentially efficient way of detection using
metallic structures.76,77 However, the extraor-
dinary nonlinear and optoelectronic properties
of graphene can push the sensitivity close to
the single molecule level. In particular, second-
harmonic generation (SHG), which is absent in
centrosymmetric graphene structures, is how-
ever enabled in symmetric nanographenes in
the presence of a charged or polar molecule
that breaks the symmetry,47 so that the pres-
ence of the latter is unveiled by tracking the
graphene plasmon-enhanced SHG signal (see
Fig. 7). Chemical changes produced by the an-
alytes on the nanographenes can also introduce
changes in their optical response, in particu-
lar when using ligands to bind them together,
although these effects should be prevented by
passivating the nanographenes by means of an
atomically thin spacer, such as atomic layers of
hexagonal boron nitride.

5.3 Single-plasmon optical switch
The optical and thermal properties of graphene
are governed by a comparatively smaller num-
ber of electrons than in noble metals, thus
leading to extraordinary thermo-optical prop-
erties associated with ultrafast all-optical mod-
ulation.52,78–80 The low electronic heat capac-
ity of graphene endowed by its linear disper-
sion relation results in dramatic elevations in
the conduction electron temperature upon res-
onant excitation of graphene plasmons, reach-
ing thousands of degrees81,82 and significantly
modifying the optical response on picosecond
timescales, between the moment after elec-
trons have thermalized and their cooling to
the lattice by exciting phonons. In par-
ticular, plasmon modes predicted to be en-
abled by such rise of electron temperature32,78
were eventually observed through the use of
pump-probe IR nanoscopy.79 For high-quality
graphene, electron-phonon coupling occurs at
a low pace,83 suggesting the possibility of spa-
tially patterning the temperature profile in a
graphene sheet under cw optical pumping to
dynamically modify the plasmonic landscape.84
Recent realistic simulations by the authors

also predict that the change in the optical re-
sponse of small graphene islands when absorb-
ing the energy of one plasmon and transform-
ing it into electronic heat is sufficient to dra-
matically shift the absorption spectral features,
thus supporting the possibility of realizing a
single-plasmon optical switch,85 as illustrated
in Fig. 8. Although this type of switch does
not preserve optical coherence between pump
and probe, it could effectively realize the im-
portant goal of achieving optical switching at
the level of a single quantum (i.e., by using a
single photon) in a solid-state environment.

6 Concluding remarks
The combination of large field confinement and
enhancement produced by graphene plasmons,
the strong nonlinear response in this atomically
thin material, its extraordinary sensitivity to
external dc fields, and its low electronic heat
capacity enable applications in important fron-
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tiers of nanophotonics, and in particular, in the
achievement of unity-order nonlinear effects at
the nanoscale. Besides the implications for im-
proved nonlinear optics, this synergetic combi-
nation of extraordinary properties in graphene
holds strong potential for quantum optics, light
modulation, and optical sensing. We have re-
viewed some of these possibilities in light of re-
cent realistic theoretical predictions. A major
challenge in the implementation of these ideas
is the spectral range in which plasmons have
so far been observed in graphene, which is lim-
ited to wavelengths of a few microns and above
(i.e., the mid-IR and THz domains). The ex-
tension to shorter wavelengths in the techno-
logically appealing near-IR region constitutes
a challenge for which a reduction in the lat-
eral size of the structures appears to be a plau-
sible solution, for example through the use of
molecular self-assembly.86–88 For quantum op-
tics applications, one could alternatively use
mid-IR quantum emitters, such as minibands
and defects in 2D semiconductors. Device in-
tegration is also hampered by poor plasmon-
photon coupling due to large momentum mis-
match,20 yet a plausible strategy would con-
sist in exciting graphene plasmons with elec-
trical input/output, so that an electrical signal
(e.g., through inelastic electron tunneling89–92)
could be used to create plasmons on demand
at designated positions; these excitations could
then be processed by a photon-free, purely plas-
monic device, and ultimately an output signal
be read also through electrical means. These
possibilities in combination with the extraordi-
nary nonlinear optical capabilities of graphene
constitute a promising platform for future dis-
ruptive nanophotonic applications and devices.
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Figure 1: Transition between classical and quantum regimes in nanographene plasmons.
In each panel we plot the absorption spectrum of the graphene nanotriangles illustrated above it
as a function of Fermi energy EF and incident photon energy ~ω, with the interband threshold
~ω = 2EF marked by a dashed line and the color bar indicating the absorption cross section
normalized to the triangle area. Panel (a) is obtained using a classical electrodynamic description,8
while the rest of the panels present quantum-mechanical (QM) simulations55 for triangles with
entirely armchair edges. The graphene area is defined by multiplying the number of carbon atoms
NC by the graphene atomic density nC = 4/3

√
3a ≈ 3.8 × 1015 cm−2, where a = 0.1421 nm is the

C–C bond distance. Classical theory (panel a) agrees well with QM simulations for the largest
triangle under consideration (panel b, consisting of NC = 2790 carbon atoms and h = 30 benzene
hexagons), and eventually deviates for increasingly small triangles (panels c-h). Light is considered
to be incident along the carbon plane normal. The absorption cross section is independent of
polarization due to the 3-fold symmetry of the system.
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Figure 2: Molecular plasmons. (a) Top: TDDFT simulations of the absorption spectra of triph-
enylene when doped with Ne electrons (Ne < 0 indicates hole doping). Adapted with permission
from Ref.61 Copyright 2013 American Chemical Society. Bottom: measured optical absorption
of neutral (gray curve) and singly reduced (purple curve) triphenylene in electrolyte solution; the
inset shows photos of the electrode in the neutral (left) and reduced (right) states. Adapted with
permission from Ref.62 Copyright 2015 American Chemical Society. (b) Absorption spectra of three
acenes of increasing length in singly and doubly reduced states. Dark color curves: measurements
from Ref.63 for Ne = 1. Light color curves: TDDFT simulations including coupling to atomic
vibrations from Ref.63 for Ne = 1. Black (Ne = 1) and gray (Ne = 2) curves: measurements for
anthracene and tetracene adapted with permission from Ref.60 Copyright 1960 Taylor & Francis.
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Figure 3: Nonlinear response in the near-perturbative regime. We consider an armchaired
graphene nanotriangle consisting of NC = 330 carbon atoms (4.12 nm side length) illuminated
with external light of polarization as shown in the inset of (a) and doped with a finite number of
electrons Ne (see labels). We plot the linear absorption cross-section (a), the SHG (b) and THG (c)
polarizabilities, and the Kerr nonlinear polarizability (d), all calculated perturbatively within the
TB+RPA approach. In (e-g) we show TB+RPA simulations for high cw illumination intensities
(Iext) at frequencies near the low-energy linear dipole plasmon under Ne = 3 doping, along with the
real and imaginary parts of the perturbative Kerr polarizability in (h). Adapted with permission
from Ref.38 Copyright 2014 Springer Nature.
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Figure 4: High-harmonic generation from nanographenes. We plot the light emission in-
tensity arising from doped graphene nanotriangles with armchair edges and equal side lengths of
15 nm as a function of emitted photon energy (vertical axes) when we vary the incident photon
energy (horizontal axes). These results are obtained within the time-domain TB+RPA approach
using incident pulses of 100 fs duration and 1012 W/m2 peak intensity for undoped (a) and doped
(b) graphene (0.4 eV Fermi energy). Both plots share the same color scale, normalized to the ab-
solute maximum of (b). The top insets show the corresponding linear absorption spectra and the
polarization of the incident light. Adapted with permission from Ref.48 Copyright 2017 Springer
Nature.
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Figure 5: Plasmon-assisted ultrafast transient light absorption. (a) Plasmon decay in
graphene is generally simulated through a phenomenological decay rate γ0 (static model) that does
not leave any trace of the plasmon energy on the response of the material. In a more realistic
dynamical model (right), we consider the increase in electron temperature contributed by the
dissipated plasmon energy at a rate γT , and the subsequent decay of electronic heat to phonons
at a lower rate γph. (b-e) Temporal evolution of the induced polarization (b), electronic heat (c),
chemical potential (d), and electron temperature (e) in a graphene ribbon (20 nm width, 0.5 eV
doping) upon irradiation with pulses of different duration (see labels, all with 1 J/m2 fluence,
normal incidence, polarization across the ribbon width, and central photon energy 0.38 eV tuned to
the the transverse dipole ribbon plasmon). We show time-domain TB+RPA simulations obtained
in the dyamical model with ~γT = 20meV, ~γph = 5meV. (f-k) Spectral decomposition of the
dipoles presented in (b) (dashed curves) compared with those obtained in the static model (solid
curves, taking ~γ0 = 25meV). The green dotted curves show the incident light spectra for reference.
Adapted with permission from Ref.52 Copyright 2018 Optical Society of America.
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Figure 6: Interaction with quantum emitters (QEs). (a-c) Strong coupling and vacuum
Rabi splitting in graphene nanodisks: in (a,b) we show the Fermi-energy and size dependence of
the strong coupling parameter g/κ (QE-plasmon coupling rate g, plasmon decay rate κ) for a QE
(Γ0 = 5 × 107 s−1 natural decay rate) placed 10 nm above the center of a doped graphene disk
of varying Fermi energy EF and diameter D (see horizontal axes and labels) when the emitter
is tuned to the first (solid curves) or second (dashed curves) plasmon modes with either m = 0
(green curves, QE out-of-plane polarization) or m = 1 (red curves, QE polarization parallel to
the graphene) azimuthal symmetries (photon energies scaling as ∝

√
EF/D and having values

0.28 eV and 0.16 eV, respectively, at EF = 0.4 eV and D = 100 nm); in (c) we show the extinction
cross section (normal incidence, polarization in the graphene plane) revealing a clear vacuum Rabi
splitting in the same QE-disk system (for D = 100 nm) when plotted as a function of Fermi and
photon energies with the emitter resonance at 0.3 eV and its polarization parallel to the disk.
Adapted with permission from Ref.8 Copyright 2011 American Chemical Society. (d) Illustration
of strong-coupling regime: a QE can introduce a significant plasmon-plasmon interaction, giving
rise to plasmon blockade associated with strongly nonlinear absorption cross sections and modified
statistics of the bosonic plasmon mode. Adapted with permission from Ref.93 Copyright 2012
American Chemical Society. (e-j) Nonlinear QE-graphene plasmon coupling: in (e) we consider
incident light (red beam, frequency ω tuned to the disk dipolar plasmon frequency ωp) interacting
with a graphene nanodisk to generate a nonlinear near-field (blue field, frequency 3ω), which in
turn couples to the QE (coupling Rabi frequency Ω, plasmon-mediated self-interaction G) placed
above the disk center; in (f) we show the energy-level diagram of the graphene-QE hybrid; in (g,h)
we show calculations of Ω and G for a 40 nm disk and a 20 nm disk-QE separation with normally
incident cw light of different intensities and various disk doping levels (see labels); in (i) we show
the absorbed power of the hybrid system with 0.5 eV doping (yielding a ~ωp ≈ 0.27 eV plasmon)
as a function of light detuning from the QE resonance ε12 = 3ωp for different QE-disk separations
d and light intensities (see labels); in (j) we show the dependence of absorption on doping level at
the resonance condition ω = ε12/3, using the same color code as in (i). Adapted with permission
from Ref.53 Copyright 2018 American Physical Society.
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Figure 7: Nonlinear optical sensing with nanographenes. (a) We show a graphene nanoisland
interacting with a charged or polar analyte, which influences the linear and nonlinear response of
the former. (b) Changes produced in the electronic structure of the nanographene by the presence
of, for example, a charged molecule can give rise to modifications in the linear response (e.g.,
plasmon shifts). (c) In graphene nanohexagons, the molecule can break the centrosymmetry of the
structure, therefore enabling SHG, the detection of which can also be used to reveal the presence
of the analyte. Adapted with permission from Ref.47 Copyright 2016 Americal Physical Society.
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Figure 8: Single-photon thermal-optical switch. (a) Few hot carriers are sufficient to produce
a high elevation of the electron temperature in graphene, giving rise to large changes in the optical
response. (b) Sketch showing an unperturbed graphene nanohexagon (lower image), excited by a
single-plasmon quantum of energy ~ωp (left image), which decays in tens of femtoseconds to produce
electronic heating (temperature T ) and a change in chemical potential µ (right image), followed by
slow decay (∼ 1 ps) back to the unperturbed state. (c) Proposed scheme for single-plasmon thermo-
optical switching: a 3-level QE is optically pumped to a high-energy level, which decays fast to an
intermediate state; the latter is tuned to the plasmon of a neighboring graphene island, thus causing
the transfer of one-plasmon energy to the latter; a weak optical field then probes the change in the
optical response of the graphene produced by thermo-optical plasmon energy shifting. (d) TB+RPA
simulations of the absorption spectra of graphene armchaired nanohexagons consisting of N atoms
(see upper insets) and doped with integral numbers of electrons Ne (see color-coordinated labels)
before (solid curves) and after (dashed curves) single-plasmon absorption; smaller structures present
larger single-plasmon tunability. Adapted with permission from Ref.85 Copyright 2019 American
Chemical Society.
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