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On the instability, nonexistence and spatial

behaviour of the one dimensional response of a

new class of elastic bodies

R. Quintanilla1∗ and K.R. Rajagopal2†

1 Departament de Matemàtiques, U. P. C. Colom 11, 08222 Terrassa, Barcelona, Spain
2 Mechanical Engineering, Texas A & M University, College Station, TX 77843-3123, USA

Abstract In this note we consider one-dimensional problems within the context of a
new class of elastic bodies. Under suitable conditions on the constitutive equations we
prove instability and nonexistence of solutions similar to those in place for the linearized
theory. The last section is devoted to describing the spatial behavior of the solutions.
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1 Introduction

Until recently, elasticity was synonymous with Cauchy elasticity ([1, 2]), Green elasticity
[6] being a special subclass of Cauchy elasticity wherein one associates a stored energy
with the body from which the stress can be derived. Linearization with respect to the
displacement gradient being small within the context of Cauchy elasticity, leads to the
classical linearized elastic solid model. Recently, Rajagopal introduced a larger class of
elastic bodies that includes Cauchy elastic bodies as a sub-class if one were to interpret
elastic bodies as those that cannot dissipate energy (see [11, 12, 13]). Rajagopal and
Srinivasa ( see [14, 15]) provided a thermodynamic basis for such constitutive relations.
Linearizations of the nonlinear constitutive relations introduced by Rajagopal are capable
of describing the response of a variety of intermetallic alloys (see [9, 18, 19, 21, 22, 23]),
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and also materials such as concrete that are not possible within the context of the clas-
sical linearized elastic model as the former allow for a nonlinear relationship between the
linearized strain and the stress (see [16]). The instability and nonexistence results that
are established in this paper stem from assumptions that on the basis of our familiarity
with the response of solids would be deemed to be physically unrealistic. For instance,
the assumption (2.1) that leads to the instability result implies that the stress and strain
have opposite signs. Such an assumption would seem to be not physically reasonable and
it leading to instability in fact affirms that a physically unacceptable assumption leads
to undesirable mathematical properties. However, one has to be careful in deeming the
physical unacceptability of certain phenomena based on our intuition that is primarily de-
termined by our understanding of linear systems. For instance, the development of normal
stress differences in shear of nonlinear solids and fluids and the even more counterintu-
itive possibility of negative Poisson ’s ratio requires us to not make conclusions concerning
physical acceptability or otherwise, but warrants the necessity for rigorous mathematical
proofs for the same. To reaffirm, one does not expect a rod that is extended to become
thicker or a rod that is heated to become shorter. Both such situations are possible, the
former in auxetic materials and the latter in many polymeric solids. Thus, such phenom-
ena are not physically unreasonable and one should not expect instability of response or
non-existence of solutions to the governing equations on the basis of such assumptions.
It is necessary to determine rigorously whether the assumptions are indeed reasonable or
otherwise. This is precisely the reason for carrying out this study which confirms that one
can expect instability and nonexistence of solutions associated with assumptions such as
(2.1) that seems unreasonable from the physical standpoint. In this paper we consider a
linearization that allows the linearized strain to be a nonlinear function of the stress. A
special sub-class of an implicit relationship between density ρ, the the Cauchy Stress T
and the Cauchy-Green tensor B, f(ρ,T,B) = 0, namely

B = α01 + α1T + α2T
2, (1.1)

where the αi , i = 0, 1, 2 depend on the principal invariants of the stress and the density.
Since the density satisfies the balance of mass, the constitutive relation is an implicit
relation of the form f(T,B) = 0. On using the linearization

sup || ∂u
∂X
|| = O(δ), δ < 1 (1.2)

we obtain
ε = β01 + β1T + β2T

2, (1.3)

where βi , i = 0, 1, 2 are functions of the principal invariants of T and the density ρ.
When the material moduli on the right hand side of (1.3) do not depend on the density,
then the expression under such an assumption provides an explicit relationship for the
linearized strain in terms of the stress. We are interested in studying the one-dimensional
unsteady response of bodies described by the constitutive relation (1.3) where we make
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the additional assumption that the material moduli do not depend on the density. Thus,
we are interested in one-dimensional constitutive relations of the form

ε = f(σ). (1.4)

where f is a nonlinear function and σ denotes the one-dimensional stress. The results
established in this note are straightforward extensions of the corresponding results within
the context of the nonlinear theory of elasticity. We however feel that they are worth doc-
umenting for three reasons, first that it concerns results within the context of a new class
of constitutive relations that have the potential to describe hitherto unexplained phenom-
ena, second that it is necessary to develop a body of meaningful results for the new class
of constitutive relations if they are to find use as legitimate models, and third techniques
developed for linear equations seem to carry over to a class of nonlinear equations that
are described by the new class of constitutive relations.

Before we proceed to establishing the results, some clarifications need to be made, es-
pecially with regard to in what sense one establishes instability results within the context
of theories involving the linearized strain. Since the model itself is only valid for displace-
ment gradients being small, one has to ensure that the displacement gradient remain small
enough so that the constitutive relation yet holds. Since the positive function which we
use to prove instability only involves the displacement and not the displacement gradient,
our proving that the positive function blows up does not invalidate the use of the model
in question.

In this note we study several aspects concerning the qualitative behavior of the solu-
tions of the one-dimensional problem determined by the evolution equation

ρü = σx, x ∈ (0, l)1 (1.5)

where u is the displacement, ρ is the mass density which is assumed to be stricly positive
and σ is the stress which is related with the strain ε by means of the constitutive equation
(1.4).

To define a well defined problem we need to impose initial and boundary conditions.
We assume the initial conditions

u(x, 0) = u0(x), ( or σ(x, 0) = σ0) u̇(x, 0) = v0(x), (1.6)

and in the next two firsts sections we assume homogeneous Dirichlet boundary conditions

u(0, t) = u(l, t) = 0. (1.7)

Section 4 is dedicated to the study of the spatial behaviour of solutions. In this case we
do not impose a priori any boundary condition.

1Two possibilities are going to be considered in this paper. One corresponds to the case that l < ∞
and the second when l can be ∞
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The aim of this note is to extend the results obtained by Knops et al. [8, 4] (see also
[10]) to the problem defined through (1.5) and (1.4). It is worth noting that the arguments
in Section 2 and 3 were used earlier within the context of the linearized elasticity in the
paper by Knops [7] and in the books by Flavin and Rionero [5] (p.113-115) and Straughan
[20] (p.4-9). The arguments used in the section 4 were considered within the context of
linearized elasticity in the references [3, 4].

2 Instability

The aim of this section is to establish sufficient conditions under which that the solutions
of the problem defined by (1.4), (1.5) is unstable when we assume the first and the third
initial conditions defined through (1.6). In this section we assume that the inequality

σf(σ) ≤ 0, (2.1)

holds for every σ. Since f(σ) represents the linearized strain, (2.1) implies a physically
unacceptable assumption in that the stress and the strain are of opposite sign in a one-
dimensional uniaxial problem. Thus we ought to expect that when such a condition is
met, the solution would be unstable. We now proceed to give a rigorous mathematical
justification that such is indeed the case.

We start by considering the positive definite function

F (t) =

∫ l

0
ρu2dx. (2.2)

It then follows that

Ḟ (t) = 2

∫ l

0
ρuu̇dx and F̈ (t) = 2

∫ l

0
ρuüdx+ 2

∫ l

0
ρ|u̇|2dx. (2.3)

But ∫ l

0
ρuüdx =

∫ l

0
σxudx = −

∫ l

0
σεdx = −

∫ l

0
σf(σ)dx. (2.4)

Therefore we obtain that

F̈ (t) = −2

∫ l

0
σf(σ)dx+ 2

∫ l

0
ρ|u̇|2dx ≥ 2

∫ l

0
ρ|u̇|2dx, (2.5)

where last inequality follows from the assumption (2.1) proposed at the beginning of this
section.

In view of Holder’s inequality(∫ l

0
ρuu̇dx

)2

≤
∫ l

0
ρu2dx

∫ l

0
ρ|u̇|2dx
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we obtain that

F (t)F̈ (t)− 1

2
|Ḟ (t)|2 ≥ 0. (2.6)

This last inequality implies that

d2

dt2
F 1/2(t)=

1

F 3/2

(
F (t)F̈ (t)− 1

2
|Ḟ (t)|2

)
≥ 0.

which after two integrations yields

F 1/2(t) ≥ F 1/2(0) + t
Ḟ (0)

2F 1/2(0)
=
Ḟ (0)t+ 2F (0)

2F 1/2(0)
. (2.7)

So if we select u0(x) and v0(x) such that

Ḟ (0) = 2

∫ l

0
ρu0(x)v0(x)dx > 0, (2.8)

we see that the solution becomes unbounded and the system becomes unstable. We have
proved:

Theorem 2.1. Let us consider the problem determined by the equation (1.5, 1.4) satisfying
the boundary conditions (1.7) and initial conditions (1.6) when the condition (2.1) holds.
Then, the system is unstable.

3 Nonexistence

In this section we establish a result concerning the nonexistence of solutions (in the sense
of blow up of the solution in finite time) under suitable conditions for the function f(σ)
and suitable initial conditions. Here we assume the second and the third initial conditions
proposed previously.

In fact in this section we assume that the function f(σ) satisties the condition

σf(σ)− (2− ω)W ≥ 0, (3.1)

where ω is a real number between 0 and 1 and W satisfies the conditions W (0) = 0 and
W ′(σ) = f(σ).We note that when σf(σ)− 2W = 0 the function f(σ) is linear. Therefore
when σf(σ) − (2 − ω)W = 0 we have that f(σ) is sub-linear. The assumption proposed
above tries to recover this condition.

Starting with the balance of linear momentum and multiplying the same by the velocity
and integrating over the domain and time, we establish the identity

0 =

∫ t

0

∫ l

0
(ρüu̇− σxu̇)dxds. (3.2)
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But∫ l

0
σxu̇dx = −

∫ l

0
σε̇dx = −

∫ l

0
σ
d

dt
f(σ)dx = −

∫ l

0

d

dt
(σf(σ))dx+

∫ l

0
σ̇f(σ)dx. (3.3)

Therefore, we obtain that∫ l

0
σxu̇dx = − d

dt

∫ l

0
(σf(σ)−W (σ))dx. (3.4)

If we denote by
Φ(σ) = σf(σ)−W (σ), (3.5)

in view of (3.2) and (3.4) and after integration with respect to the time we obtain

N(t) = N(0) where N(t) =
1

2

∫ l

0
ρ|u̇|2dx+

∫ l

0
Φ(σ)dx. (3.6)

Let us define
α =

ω

4(1− ω)
, (3.7)

then, the condition (3.1) can be written as

(1 + 4α)σf(σ)− (2 + 4α)W ≥ 0, (3.8)

which implies that
2(1 + 2α)Φ(σ)− σf(σ) ≥ 0. (3.9)

Next, let us define the function

G(t) =

∫ l

0
ρu2dx+ β(t+ t0)

2, where β > 0, t0 > 0. (3.10)

If we consider the first and the second time derivatives of G(t) and use the equation (3.6)
we see that

G̈(t) ≥ 4(1+α)

∫ l

0
ρ|u̇|2dx+2

∫ l

0
(2(1+2α)Φ(σ)−σf(σ))dx−2(2(1+2α)N(0)−β). (3.11)

This immediately leads to

G̈(t) ≥ 4(1 + α)

∫ l

0
ρ|u̇|2dx− 2(2(1 + 2α)N(0)− β). (3.12)

It implies that

G(t)G̈(t)− (1 + α)|Ġ(t)|2 ≥ −2(1 + 2α)(2N(0) + β)G(t). (3.13)
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We then assume that we can take initial data such that N(0) < 0. By selecting β =
−2N(0), we obtain that

G(t)G̈(t)− (1 + α)|Ġ(t)|2 ≥ 0. (3.14)

This inequality implies that
d2

dt2
G−α(t) ≥ 0. (3.15)

This inequality is standard in the study of the nonexistence of solutions. It then follows
that

G(t) ≥ G(0)[
1− αt Ġ(0)

G(0)

]1/α (3.16)

Now, we note that for every initial condition we always can find a value t0 such that

Ġ(0) = 2

∫ l

0
ρu(x, 0)u̇(x, 0)dx+ 2βt0 > 0.

As G(0) > 0, α > 0, when Ġ(0) > 0 we obtain that the right hand side of (3.6) becomes
unbounded when t = G(0)/(αĠ(0)). This implies that G(t) must blow up in finite time.
We have proved:

Theorem 3.1. Let us consider the problem determined by equations (1.5, 1.4) satisfying
the boundary conditions (1.7) and the second and third initial conditions given by (1.6)
when the condition (3.1) holds. Let us assume that the initial conditions are such that
N(0) < 0. Then the solution ceases to exist in a finite time.

A complementing upper bound is obtainable whenever we consider times before the
critical one just obtained. In case N(0) ≤ 0 and selecting 2N(0) + β = 0 the inequality
(3.15) implies that

G(t) ≤ G(0)G(T )/ ((1− t/T )Gα(T ) + (t/T )Gα(0))1/α .

Here, it is understood that there exists the solution until time T . In particular the only
solution to the null initial and boundary conditions is the null solution. Holder stability
can be also obtained provided G(T ) <∞.

We end this section by giving an example of a function W (σ) that meets the conditions
imposed upon it. We consider the function

W (σ) = a1|σ|p + a2|σ|q, (3.17)

where a1 < 0 and 1 < p < q < 2.
For such a definition we see that

σf(σ) = pa1|σ|p + qa2|σ|q. (3.18)
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If we take q = 2− ω, then

σf(σ)− (2− ω)W (σ) = (p− q)a1|σ|p. (3.19)

As we assume that a1 < 0 and p < q we see that it is positive and the assumption is
satified. It is worth noting that with this kind of function we can obtain initial data such
that N(0) < 0. This is because

Φ(σ) = σf(σ)−W (σ) = (p− 1)a1|σ|p + (q − 1)a2|σ|q.

As p < q and a1 < 0 we see that for σ small this quantity is always negative.

4 Spatial behavior

Finally we consider the spatial behavior of the solutions for the problem determined by
our system (1.5,1.4). We consider our equations defined in the semi-infinite line (0,∞).
We assume that

Φ(σ) ≥ Cσ2, (4.1)

for a suitable positive constant C and for every σ. An example of an appropriate f is the
function

f(σ) =
σ

E
+K

|σ|n−1σ
En

, n > 1, (4.2)

where E is the Young’s modulus and K is positive. Ramberg and Osgood [17] used the
above expression for f in their constitutive relation to describe elastic-plastic response.
Ramberg and Osgood used the same expression to describe the elastic as well as the
inelastic response of the body as they used the expression way beyond the yield condition.
They were not also interested in developing a proper three dimensional model for elastic-
plastic response. This expression has been misused and abused by numerous researchers.
Our aim is not to claim that this expression is a relevant expression for elastic bodies, we
merely want to document an example for f which satisfies the condition required in this
section.

It is clear that in this case

σf(σ) =
σ2

E
+
K|σ|n+1

En
and W (σ) =

σ2

2E
+

K|σ|n+1

(n+ 1)En

Therefore

σf(σ)−W (σ) ≥ σ2

2E
.

The analysis in this section starts by considering the function

Υ(x, t) = −
∫ t

0
σ(x, s)us(x, s)ds, (4.3)
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where σ(x, s) is the stress in the moment s at the point x. We see that

d

dx
(σus) = σxus + σuxs = ρussus + σ

d

ds
f(σ) =

1

2

d

ds
ρ|u̇|2 +

d

ds
(σf(σ))− f(σ)σs.

Therefore, for 0 ≤ z∗ ≤ z we obtain that

Υ(z, t)−Υ(z∗, t) = −1

2

∫ z

z∗
(ρ|u̇|2 + 2Φ(σ))dx+

1

2

∫ z

z∗
(ρv20 + 2Φ(σ0))dx. (4.4)

It follows that
∂Υ

∂x
= −1

2
(ρ|u̇|2 + 2Φ(σ)) +

1

2
(ρv20 + 2Φ(σ0)), (4.5)

and
∂Υ

∂t
= σu̇. (4.6)

Due to arithmetic-geometric mean inequality we have

|∂Υ

∂t
| ≤ β

2
(ρ|u̇|2 + 2Φ(σ)), (4.7)

where β = (Cρ−1)1/2. Thus, we obtain that

∂Υ

∂t
+ β

∂Υ

∂x
≤ βΓ(x) (4.8)

and
∂Υ

∂t
− β∂Υ

∂x
≥ βΓ(x) (4.9)

where2

Γ(x) =
1

2
(ρv20 + 2Φ(σ0)). (4.10)

Integrating the first of these two inequalities we notice that

Υ(z, β−1(z − z∗)) ≤ 1

2

∫ z

z∗
(ρv20 + 2Φ(σ0))dx (4.11)

where z ≥ z∗ and integrating the second inequality leads to

Υ(z, β−1(z∗∗ − z)) ≥ −1

2

∫ z∗∗

z
(ρv20 + 2Φ(σ0))dx (4.12)

when z ≤ z∗∗. If we assume that the initial energy

NT =
1

2

∫ ∞
0

(ρv20 + 2Φ(σ0))dx (4.13)

2Γ(x) is the energy at the point x in the initial time.
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is bounded, then our two inequalities imply that

lim
z→∞

Υ(z, t) = 0, (4.14)

for every t. Thus, we may rewrite our function as

Υ(z, t) =
1

2

∫ ∞
z

(ρ|u̇|2 + 2Φ(σ))dx− 1

2

∫ ∞
z

(ρv20 + 2Φ(σ0))dx. (4.15)

Now we obtain that
N(z, t) ≤ N(z∗, 0), (4.16)

where

N(z, t) =
1

2

∫ ∞
z

(ρ|u̇|2 + 2Φ(σ))dx (4.17)

and where the variables z, z∗ and t are related by t = β−1(z − z∗). In a similar way, we
obtain

N(z, t) ≥ N(z∗∗, 0), (4.18)

where t = β−1(z∗∗ − z). These two inequalities lead to the inequality

N(z, t) ≤ N(z∗, t∗), (4.19)

which is satisfied whenever |t− t∗| ≤ β−1(z − z∗). Therefore we have proved:

Theorem 4.1. Let us consider the problem determined by the equation (1.5, 1.4) and
initial conditions (1.6) when the condition (4.1) holds. Let us assume that the initial
conditions are such that NT < ∞. Then the function defined through (4.17) satisfies the
inequality (4.19) for |t− t∗| ≤ β−1(z − z∗).

Several consequences can be deduced from the previous estimates. For instance let us
consider the function3

E(z, t) =

∫ t

0
N(z, s)ds. (4.20)

For the case that βt ≤ z we can obtain the estimate

E(z, t) ≤
∫ t

0
N(z − βs, 0)ds = β−1

∫ z

z−βt
N(η, 0)dη (4.21)

and for βt ≥ z we obtain

E(z, t) =

∫ β−1z

0
N(z, s)ds+

∫ t

β−1z
N(z, s)ds. (4.22)

3E(z, t) is the total energy stored in the part of the body beyond a distance z from zero until time t.
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First of these last two integrals can be bounded as previously and we get∫ β−1z

0
N(z, s)ds ≤ β−1

∫ z

0
N(η, 0)dη. (4.23)

The second integral can be estimated as in [3] and we get∫ t

β−1z
N(z, s)ds ≤

(
1− z

βt

)
E(0, t). (4.24)

Therefore we obtain the estimate

E(z, t) ≤ β−1
∫ z

0
N(η, 0)dη +

(
1− z

βt

)
E(0, t). (4.25)

when βt ≥ z.
It is worth noting that when we assume null initial conditions the previous estimates

imply that σ = 0 and u̇ = 0 when βt ≤ z and

E(z, t) ≤
(
1− z

βt

)
E(0, t). (4.26)

when βt ≥ z.
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