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Abstract

This paper is concerned with a new prediction methodology for longitudinally invariant soil-structure interaction
problems in elastodynamics. The method uses the finite-element method to model the structure, the boundary-element
method to model the local soil surrounding the structure and the method of fundamental solutions to model the
wave propagation through the soil, all of them formulated in the two-and-a-half dimensional domain. The proposed
method firstly obtains the displacement field on the soil-structure interaction boundary making use of a two-and-a-
half dimensional coupled finite element-boundary element method. The method of fundamental solutions is used
then as a post-processing tool to compute the response of the soil, increasing the computational efficiency of the
overall methodology with respect to a methodology that considers the boundary element method as a model of the
wave propagation through the soil. The accuracy of the methodology is verified for four calculation examples: a
solid cylinder and a circular thin shell embedded in a homogeneous full-space and also in a homogeneous half-
space. This verification is performed comparing the results with available analytical or semi-analytical solutions and
a conventional two-and-a-half dimensional coupled finite element-boundary element method. Furthermore, a control
methodology to increase the robustness of the method is presented.

Keywords: Method of fundamental solutions; 2.5D FEM-BEM-MFS; Elastodynamics; Soil-structure interaction;
Mesh-free methods; Homogeneous full-space and half-space problems.

1. Introduction

A large variety of numerical methods are provided by the literature for dynamic assessment of soil-structure inter-
action problems. This area of research is actively bringing new mesh-based methodologies to study soil-structure
interaction problems related to different types of engineering structures [5]. Some of these soil-structure interac-
tion problems are addressed within the consideration that they are longitudinally invariant systems, as for example
the cases of railway infrastructures, roads and pipelines. For this kind of systems, two-and-a-half dimensional (2.5D)
modelling approaches [22, 17] are found to be a better alternative than three dimensional (3D) models [3]. Sheng et al.
[27] presented an approach based on the finite element-boundary element method (FEM-BEM) for railway-induced
ground-borne vibration problems. Lopes et al. studied the influence of soil stiffness on soil-structure interaction using
a2.5D FEM-PML approach [23]. Other investigations [9, 10] proposed a method to use the Green’s functions of a lay-
ered half-space [25] as Green’s functions used in BEM, leading to significant simplifications of the meshing problem.
An interesting alternative approach for obtaining the Green’s functions required in 2.5D BEM in elastodynamics is
the thin layer method [6]. From another perspective, various semi-analytical approaches were developed to deal with
2.5D soil-structure dynamic interaction problems. In the case of tunnel-soil systems, a well-established method on the
field is the Pipe-in-Pipe (PiP) model [7, 8, 19], a method that ensures accurate results only when the tunnel is deeply
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buried on the ground. More recently, a semi-analytical solution for the case of a tunnel embedded in a multi-layered
half-space that overcomes the PiP limitation were presented by He and his colleagues [16]. This method ensures
highly accurate results but its formulation is mathematically complex. Nevertheless, these semi-analytical approaches
are limited to very simple geometries of the tunnel structure.

However, to avoid the constraints due to mesh-based approaches and increasing the computational efficiency of
the solutions, the method of fundamental solutions (MFS), as a mesh-free and integration-free approach, has been
proposed to estimate values inside the domain. This method can be applied effectively in elastodynamic problems,
as shown in [29]. Later, methodologies that combine MFS with mesh-based approaches to deal with soil-structure
interaction problems have been developed. Godinho et al. [13] presented two-dimensional FEM-MFS modelling
approach for these types of problems. An extension of this to longitudinally invariant systems was presented by
Amado-Mendes and his colleagues [2], where a methodology that models the structure using 2.5D FEM and the
surrounding soil with 2.5D MFS is proposed. Godinho et al. [14] presented a fully meshless method to deal with soil-
structure interaction problems in the frequency domain where the MFES is used to model the soil while the meshless
local Petrov—Galerkin method is used to model the structure. More recently, Ghangale et al. [12, 11] presented a
novel numerical methodology for the prediction of the vibration energy flow radiated by an underground railway
system that uses a 2.5D FEM-BEM approach to model a railway tunnel and its surrounding ground and, then, uses
the semi-analytical solutions of a cavity embedded in a full-space to model the wave propagation on the soil.

MES is a meshless method that employs the fundamental solution of the governing equation of interest as the
interpolation basis function. It is specially interesting for dealing with wave propagation problems in unbounded or
partially unbounded domains. Its application is based on a distribution of collocation points, which evaluates the
boundary conditions at discrete positions, and on a distribution of source points (or virtual forces, in elastodynamic
problems), which are obtained by complying the boundary condition at the collocation points. The collocation points
are located on the boundary and the source points outside the domain. For many years, it has been a concern of the
researchers to find the optimal distance between collocation and source points, particularly in complicated shapes. An
incorrect selection of this distance may lead to large errors of the numerical method [1]. Besides, it should be noted
that the amount of source points affects the numerical convergence and stability of the results [28]. Chen et al. [4]
proposed to minimise the error of the MFS through two algorithms. They considered one algorithm that minimises
the error on the boundary condition satisfaction and the leave-one-out cross-validation (LOOCYV) algorithm to find
the optimal position of the virtual source points. Furthermore, Wong et al. [32] showed that there is a strong relation
between the optimal position and density of the virtual source points and the effective-condition-number, which thus
can be used to optimise the virtual sources distribution. The need of an optimal determination of the distance between
collocation points and virtual sources belongs to the inherent numerical instability of the MFS. Various numerical
phenomena make it inaccurate and unstable: The singularity of ill-conditioned matrices [18, 24] or ill-posed problems
[31] are the most common numerical issues associated to the MFS application.

In the current paper, a 2.5D FEM-BEM-MFS approach in Cartesian coordinates and in the frequency domain is
presented. The method uses 2.5D MFS as a post-processing tool to obtain the displacement and traction fields on the
soil from the displacement field on the soil-structure interaction boundary. That displacement field on the boundary
is proposed to be obtained by using a 2.5D FEM-BEM approach. The main novelty of the current paper is, thus, the
way MFS is applied, which leads to two global benefits. On one hand, the application of this methodology results
to an increase of the computational efficiency of the method respect to traditional 2.5D FEM-BEM approaches [9],
and that mostly matters when many evaluation points are required to be analysed. On the other hand, a substantial
difference between the work of Amado-Mendes et al. [2] and the method proposed here is related about how the
dynamic stiffness matrix of the soil at the soil-structure interaction boundary is obtained: Amado-Mendes work uses
the MFS while the present method uses the BEM. Since BEM discretises the boundary in elements instead on the
discrete collocation points appearing in MFS, the methodology presented here ensures higher accuracy on the compu-
tation of the displacement and traction fields on the soil-structure interaction boundary, which results in a significant
reduction of the errors associated to the displacement and traction fields on the soil. As shown in this article, this
is of special importance for the traction field on the soil, since it has a stronger dependency on the accuracy of the
displacement and traction fields on the boundary. In terms of computational efficiency, 2.5D FEM-MFS generally
overcomes the proposed method since it avoids the integration along the boundary required in BEM. However, this
paper demonstrates that the new proposed method is specially relevant for large amounts of evaluation points: in these
cases, both 2.5D FEM-MFS and 2.5D FEM-BEM-MFS methods exhibit very similar levels of efficiency. Also, in this
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work, an interpolation-based technique that considerably increases the accuracy/efficiency of the method is studied.
In this technique, the values on the boundary obtained by 2.5D FEM-BEM are interpolated to have more collocation
points to be used in the MES. All of these capabilities lead to a comprehensive method which takes the robustness
of FEM-BEM approaches combined with the computational efficiency of the MFS. The methodology is tested and
verified for homogeneous full-space and half-space cases for two structures: a solid and a cavity embedded on the
soil. Finally, the present work proposes an error detection tool to control the error of the displacement and traction
fields on the soil, ensuring the robustness of the methodology. This control technique is based on control points in
the field fully evaluated by the 2.5D FEM-BEM. These control points can be used to find the location of the virtual
sources that optimises the MFS performance in terms of accuracy. This is a new feature as compared with the 2.5D
FEM-MFS method.

2. Numerical method

A general description of the methodology developed in the current article is presented in Fig. 1. This methodology is
devoted to deal with soil-structure interaction elastodynamic problems and it consists of two general steps. First of all,
the displacements at soil-structure interface I'q for a structure 2, embedded inside the medium ( are calculated using
a mesh-based method. Numerical approaches such as FEM-BEM and FEM-PML methods are suitable of this task. In
step two, the MFS is applied in order to compute the displacement and traction fields on the soil. The displacements
on the boundary I, obtained in the first step are used as the input boundary conditions for the MFS: the boundary
nodes of the mesh-based approach where the boundary condition is evaluated are transformed to collocation points
P.. Virtual sources S, are located inside the virtual boundary [ (which is in geometrical accordance to I'g), outside
the Q domain, and their strengths are obtained using the fundamental solutions or the Green’s function of the soil,
depending on whether a full-space or a half-space model of the soil is considered, respectively. In this method, the
MES is proposed to be applied considering the same number of virtual sources than collocation points. Finally, the
MES provides the desired displacement and traction fields on the soil.
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and Tractions on
Q
Q Q P,
1 2

Figure 1: General description of the methodology.

In the current study, this methodology is described for the particular case of longitudinally invariant soil-structure
problems, as shown in Fig. 2. To do so, all methods included in the methodology are formulated in the wavenumber-
frequency domain (2.5D). Thus, the mesh-based method used to obtain the displacement response at the soil/structure
interaction boundary is based on a 2.5D FEM-BEM approach, which is detailed in Section 2.1. The 2.5D MFS
approach for elastodynamics used for the computation of the response on the soil domain is presented in Section 2.2.
The combination of these two approaches results in a global methodology called 2.5D FEM-BEM-MFS.

Although the method can be potentially applied to problems with arbitrary soil-structure interface geometries, the
applications appearing on this paper are restricted to circular boundaries, as also shown in Fig. 2. In this context,
collocation points and virtual sources are located along two circumferences of radius R, and Ry, respectively, with the
same angular positions in both cases.
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Figure 2: Visual description of the 2.5D FEM-BEM and the 2.5D MFS methods used in this work.

In this work, matrices and tensors are denoted by upper case upright bold letters and vectors are denoted by upper
case bold italic letters. Also, the bar notation represents variables in the wavenumber-frequency domain.

2.1. 2.5D FEM-BEM approach

In order to obtain the response at I'q using a 2.5D FEM-BEM approach, the soil-structure system is divided into two
sub-domains, as shown in Fig. 2 (left) for the case of a tunnel structure. The first one consisting of structure and the
second one consisting of the unbounded semi-infinite medium, as a model of the soil. The FEM is used to model the
first sub-domain relating to the structure and the BEM is used to model the soil. The considered formulation for the
2.5D FEM-BEM approach used in this paper comes from [9], for half-space models of the soil, and from the work of
Ghangale et al. [11], for full-space cases. These approaches are chosen for their computational efficiency, particularly
significant in the case of [11], and because of the avoidance of using an explicit evaluation scheme of the required
singular traction integrals and their capability of using half-space Green’s functions, which simplifies the meshing
effort. In both methods, the response of the soil-structure system can be obtained by

[Ko - ik, K| + KK, + K, — sz] U=F, (1)

where K, K;, K, and M are the stiffness and mass matrices associated to the 2.5D FEM domain, K; is the
dynamic stiffness matrix of the soil obtained from the 2.5D BEM model, k, is the longitudinal wavenumber, w is the
angular frequency. The stiffness of the soil is frequency and wavenumber dependent, while the stiffness and mass
matrices related to FEM domain are independent of them. Moreover, U and F are the vectors of displacements and
applied external forces along the mesh of the structure, respectively. The dynamic stiffness matrix of the soil can be
computed by

K, = ®f,) [H], +1], 2)

where Hy,;, and I:IZb are matrices related to the displacement and traction Green’s functions, respectively, that relates the
response on the boundary due to forces on it. Furthermore, I represents the identity matrix and @ is the transformation
matrix that converts the unknown nodal tractions on the boundary to nodal forces.

The response of the soil in terms of displacements, represented by U, can be then obtained by

0, = A, T, - 1,0, 3)

where U, and T}, are the vectors of displacements and tractions on I'q, respectively, and H s and H? ,, are the matrices
of displacement and traction Green’s functions on the medium due to forces on the boundary, respectively. Eq. (3)
represents the discretised form of the boundary integral equation in BEM [9]. The displacements on the boundary can
be computed using Eq. (1).



Most of the computational time required in this 2.5D FEM-BEM approach relies on the computation of the dis-
placement and traction Green’s functions required to construct the matrices Hy,, I:I;b, I:Ifb and I:I}b, especially for
half-space cases, where the Green’s functions are not analytical expressions. For full-space cases, strategies to reduce
the computational time associated to these matrices are explained in [11]. These strategies can not be directly used in
the half-space problems, since the Green’s function are also depending on the source depth in comparison with full-
space cases, where the only geometric information required from the source and the receiver is its relative distance.
For half-space models of the soil, Francois et al. [9] proposed to obtain these matrices by interpolation over a 2D grid
of fixed points. However, using a 2D fixed grid to account for the particular boundary of the problem could result
on a significant amount of unnecessary evaluation points. Also, interpolation could result in a loss of accuracy of the
system response due to improper sampling of source and evaluation locations. In the present methodology, however, it
is proposed to construct a unique set of source-receiver combinations taking into account the relative source-receiver
distance and also the source depth. The results on this unique set of source-receiver combinations are then mapped
for the original configuration of source and receivers. Refer to [11] for more details on how to construct this unique
set of source-receiver combinations and its mapping to the global set. Since for half-space cases this strategy is less
efficient than in full-space ones due to the dependency on the source depth, it can be combined with one-dimensional
interpolation along the boundary. All this strategy is found to be considerably more efficient in terms of computational
time. In the present scheme, the Green’s function for 2.5D elastodynamic problems in a full-space are proposed to be
obtained with the formulation presented by [30] and adapted by [12], while the Green’s functions for homogeneous
and layered half-space problems are proposed to be computed using the EDT toolbox [26] or the method proposed by
Noori et al. [25], respectively.

2.2. 2.5D MFS approach

The MFES is a mesh-free and integration-free approach for the solutions of the boundary value problems. In this
method, a set of virtual sources located outside of the domain which represents the response at the boundary are
used to obtain an approximation to the response inside the domain, always by means of the fundamental solutions (or
the Green’s functions, depending on the problem) of the medium. In the present method, the displacements on the
collocation points are obtained from the 2.5D FEM-BEM by computing the response on the boundary. The sources,
as shown in Fig. 2 (right), are located outside the domain, i.e. outside the BEM domain from the 2.5D FEM-BEM
approach. The displacement and traction Green’s functions used in this method are the same ones that are proposed
for the 2.5D FEM-BEM approach. Given the displacements at the collocation points, the strengths of the unknowns
are calculated as

S, =H,U,, (4)

where S, is the vector of virtual source strengths, H,, represents the matrix of displacement Green’s functions on
the collocation points due to the virtual sources and U, represents the displacements at the collocation points. If
the collocation points are considered to be directly the nodes of boundary mesh, U, = U,. If the configuration is
different, the displacement in the collocation points U, should be obtained by interpolation along the boundary from
U,. Once the source strengths are computed, the displacement and traction responses on the medium, Uy and Ty, can
be computed by means of

O, =W0.8, T,=H3, 5)

where Hy, and I:I}S represent the source-evaluation points Green’s functions for displacements and tractions, respec-
tively, and U and Ty stands for the displacement and traction of the field points, inside the domain.

3. Verification for the case of a structure embedded in a homogeneous full-
space

In this section, the current methodology is verified for the case of structures embedded in homogeneous full-spaces.
For this verification, two calculation examples are considered: a solid cylinder and a thin circular shell, both embedded
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in a homogeneous full-space. The shell has a thickness of 0.1 m and the external radius for both cases is equal
to 1 m. The geometrical description of these two case studies can be found in Figs. 3 and 9, respectively. In
the example of the solid cylinder, the structure is assumed to be defined by the exact same mechanical parameters
than the soil. Thus, for this case, the new methodology results can be compared with the ones obtained with the
analytical solution for the 2.5D Green’s functions in a homogeneous full-space [30]. Also, the results obtained using
a 2.5D FEM-BEM approach [9] of the entire soil-structure system are included in the comparison only for the case
of displacement Green’s functions. In the case of the thin circular shell, the verification of the new methodology is
made only comparing the results with a 2.5D FEM-BEM model of the entire soil-structure system. The mechanical
parameters of the soil and the structures appearing in these two examples are presented in Table 1. The FEM meshes
of all the structures considered in this verification are done with linear triangular elements. For the solid cylinder, the
density of the FEM mesh close to the boundary is selected to have at least 10 boundary elements (BE) per wavelength
of the shear waves in the soil and assuming maximum frequencies of 100 Hz and 250 Hz, achieving BEM meshes
of 36 and 104 BE, respectively. These two frequencies are selected in accordance to the frequency ranges of interest
for ground-borne vibration and noise defined in the standards, which are 1-80 Hz and 16-250 Hz, respectively [20].
For the thin circular shell, meshes for 6 and 10 elements per wavelength are constructed, resulting in 24 and 36
BE, respectively (for a maximum frequency of 100 Hz), and 64 and 104, respectively (for a maximum frequency
of 250 Hz). In both calculation cases, the MFS is applied considering the same number of virtual sources than
collocation points and a distance between them, defined by d = R. — R;, of 0.15 m. This value comes from the control
scheme presented in Section 5. This verification is shown in terms of two different results: displacement and traction
Green’s functions in the wavenumber-frequency domain due to a vertical load, presented in dB based on references
of 1072 m/(N/m) and 1 (N/m?)/(N/m), respectively; and also in terms of the receptances and the traction transfer
functions obtained from those Green’s functions, considering the evaluation point at the longitudinal position xy and
the longitudinal distribution of the load as d(x—xp), presented in dB based on references of 1072 m/N and 1 (N/m?)/N,
respectively. For this case, the application of the corresponding inverse Fourier transform to compute the receptances
and traction transfer functions on the field points from the previously obtained 2.5D Green’s functions, can be reduced
to the following expressions

l +00 _ 1 +00 _
Up=—- U, dk,, T,=—- T, dk,, 6
r=7 fo ! r== fo ! (©)
where Uy and T represent the receptance and the traction transfer function, respectively, at x = xo due to a force
at the same longitudinal location. The previous integration is numerically estimated using a trapezoidal rule with a
logarithmic sampling from O rad/m to 55 rad/m with 1025 points.

System Young’s modulus [MPa] Density [kg/m3 ] Poisson’sratio Damping
Soil 108 1800 0.33 0.05
Solid cylinder 108 1800 0.33 0.05
Thin circular shell 31000 2500 0.2 0.001

Table 1: The characteristics of the problem for full-space and half-space cases

3.1. Solid cylinder embedded in a full-space

In first instance, the verification study for the proposed 2.5D FEM-BEM-MEFS method in the case of the solid cylinder
is performed based on the displacement Green’s functions results. The geometry of the structure, the location of the
evaluation points A and B and the location of the force are indicated in Fig. 3. In this case, the mesh of system
has a total number of 457 FEM nodes and 36 BEM nodes. The FEM mesh close to the load position is refined to
approximately simulate the load considered in the analytical solution, defined in the y-z plane as 8(y)d(z). Points
A and B are selected to represent near and far field responses on the soil with respect to the structure, respectively.
The comparisons between the different methods are presented in two forms: displacement Green’s function plotted
against frequency for two fixed wavenumbers, presented in Fig. 4 and plotted against wavenumber for two fixed
frequencies, illustrated in Fig. 5. The chosen fixed wavenumbers in Fig. 4 are 0.1 rad/m and 1 rad/m and the fixed
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frequencies considered in Fig. 5 are 10 Hz and 50 Hz. As can be seen, very good agreement of the results between the
three methods compared is observed in all the plots. The 2.5D FEM-BEM and the analytical solution are matching
perfectly in all cases, as expected due to the selection of 10 BE per wavelength. Only slight differences between
the 2.5D FEM-BEM-MFS and the other two methods are observed in displacement Green’s functions at near field
evaluation point (point A) for frequencies higher than 80 Hz, mostly for the wavenumber of 0.1 rad/m.

A
[3

Full-space

t

*+0

2m 8m

Figure 3: Geometry of the calculation example of a solid cylinder embedded in a full-space. Two evaluation points are considered: A and B. The
input vertical force is represented by a big arrow.

Using the same model presented for the displacement Green’s functions comparison, the traction Green’s functions
are compared with the analytical solution of the problem. It can be found that the proposed 2.5D FEM-BEM-MFS
approach reaches high levels of accuracy associated to the traction Green’s functions in the soil. Again, results at
frequencies higher than 80 Hz are the only ones having slight disagreement with respect to the analytical solution. In
the case of tractions, these inaccuracies can also be seen in the far field evaluation point, mostly in the case of the
wavenumber 0.1 rad/m.
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(1) and 1 rad/m (2).
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Receptances and traction transfer functions are also considered to verify the method in this case study. In Fig. 8,
receptances and traction transfer functions obtained by the proposed methodology are compared with the ones ob-
tained by the 2.5D FEM-BEM approach and the analytical solution of the problem up to 250 Hz. The meshes used
here are done imposing 10 BE per wavelength, resulting in a total of 2335 FEM nodes and 104 BEM nodes. In the
comparisons presented in this figure related to receptances, only slight discrepancies can be seen between the ana-
lytical solution and both numerical methods (which are in full agreement with each other) for frequencies above 200
Hz, for the y component of the response and specially for the near field evaluation point. These discrepancies are also

appearing in the case of traction transfer functions.
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Figure 8: Receptances (1) and traction transfer functions (2). Methods: 2.5D FEM-BEM (solid red line), 2.5D FEM-BEM-MFS (dashed black
line) and analytical solution (solid green line). The results are obtained at points A (a) and B (b) for y (ii) and z (iii) directions

3.2. Thin circular shell structure embedded in a full-space

As second calculation example, a thin circular shell embedded in a homogeneous full-space is modelled. The geo-
metrical description of the system, the position of the evaluation points considered and the location and direction of
the input force are illustrated in Fig. 9. In this example, the new 2.5D FEM-BEM-MFS methodology is compared
with a 2.5D FEM-BEM of the entire soil-structure system. In context of these two methods, eight different modelling
options are taken into account in the comparison. They are listed and described in Table 2.

.
Full-space B 1'm
®
y 1m
i
2m
C
L d
2m 2m 6 m

Figure 9: Geometry of the calculation example of a thin circular shell structure embedded in a full-space. Three evaluation points are considered:
A, B and C. The input vertical force is represented by a big arrow.

In this example, the comparison is done in terms of the receptances due to a vertical force applied in the bottom of
the cavity. For the calculation of the receptances, the wavenumber in the x direction was logarithmically sampled from
0 rad/m to 55 rad/m with 1025 points. In first instance, modelling options associated to maximum frequency of 100 Hz
are compared. For this case, the differences between the five proposed numerical models are negligible for frequencies
below 80 Hz. Thus, receptances are plotted in Fig. 10 only in the frequency range from 80 Hz to 100 Hz, where the
most significant discrepancies between methods can be seen. From the observation of these plots, the first insight
that arises is that 2.5D FEM-BEM and 2.5D FEM-BEM-MFS methods show a strong agreement when the number
of boundary nodes considered is the same, which verifies the new proposed approach for the present calculation
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Max. frequency BE per 4; Modelling options Ngem/Ncp  Neem

100 Hz 6 2.5D FEM-BEM-24 24 241
2.5D FEM-BEM-MFS-24-24 24/24 241

2.5D FEM-BEM-MFS-24-36 24/36 241

10 2.5D FEM-BEM-36 36 283

2.5D FEM-BEM-MFS-36-36 36/36 283

250 Hz 6 2.5D FEM-BEM-MFS-64-64 64/64 563
10 2.5D FEM-BEM-MFS-104 104 603

2.5D FEM-BEM-MFS-104-104  104/104 603

Table 2: Specifications of the modelling options considered for the case of thin shell structure. In this table, A, represents the wavelength for the
maximum frequency and Nggm, Nrem and Ncp represent the number of BEM nodes, FEM nodes and collocation points, respectively.

example. The modelling option 2.5D FEM-BEM-MFS-24-36 is an enhanced version of the 2.5D FEM-BEM-MFS-
24-24 one, where the displacements on the 24 boundary nodes are interpolated based on a third degree polynomial
to a set of 36 collocation points. As can be observed in Fig. 10, this method generally increases the accuracy of
the 2.5D FEM-BEM-MFS when it is compared with a 2.5D FEM-BEM with the same number of boundary nodes,
giving improved results with respect to the 2.5D FEM-BEM-MFS-24-24 method. However, it should be noted that
the interpolation-based methodology can only converge to the solution for the same number of boundary nodes. Due
to that, the accuracy level of the 2.5D FEM-BEM-MFS-24-36 results is similar to the one associated to the 2.5D
FEM-BEM-24 method but lower than the 2.5D FEM-BEM-MFS-36-36 one.

Furthermore, the results obtained by the modelling options associated to a maximum frequency of 250 Hz are
shown in Fig. 11. The accuracy of the proposed method, even for the 2.5D FEM-BEM-MFS-64-64 model, has been
found to be high. The interpolation-based method is not considered in this comparison due to high accuracy of that
non-interpolated 2.5D FEM-BEM-MFS-64-64 method.

The computational efficiency of the current method is studied with respect to 2.5D FEM-BEM solution in the
context of the thin shell case study with 36 BEM nodes. Both methodologies have been implemented in MATLAB.
The efficiency comparison is performed over a high performance cluster with 2 GHz Intel® Xeon® Gold 6138 CPU
(with 40 cores). The computational efficiency of the methodology is investigated for two case scenarios. Firstly,
a computation for 2048 wavenumber values, a frequency of 50 Hz and only one evaluation point is performed in
only one core of the cluster and the computational costs are assessed. The results indicate that the 2.5D FEM-BEM
methodology consumes 78 seconds to obtain the displacement response in the evaluation point, while the current
methodology spends a total time of 69 seconds, divided in 63 seconds to get the response in the collocation points
with the 2.5D FEM-BEM and 6 seconds to obtain the field point response using the 2.5D MFS (the latter computational
time includes the source strengths computation). In the second example, the algorithms are run for one value of the
wavenumber and the frequency, and for 5, 25, 100, 500, 1000 and 2500 evaluation points. The computational costs
of both methods for this second example are indicated in Table 3. It is worth to be mentioned that the computational
time to obtain the boundary conditions by 2.5D FEM-BEM in the context of the 2.5D FEM-BEM-MFS method is
equal to 0.119 seconds and it is constant for all cases. According to the results, the time consumed by the 2.5D
FEM-BEM method increases exponentially with respect to the number of evaluation points, while the computational
cost of the current methodology increases in a linear trend also with respect to the number of evaluation points. Thus,
the computational efficiency of the current methodology with respect to the 2.5D FEM-BEM method is demonstrated
to be very high for large amounts of evaluation points, while the improvement for few evaluation points is almost
insignificant.
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Number of evaluation points 5 25 100 500 1000 2500

Computational time using 2.5D FEM-BEM-MFS [s] 09 091 096 1.02 1.08 1.32
Computational time using 2.5D FEM-BEM [s] 246 249 282 53 11.8 48.1

Table 3: Computational costs of both methods depending of the number of evaluation points considered.
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Figure 10: Receptances. Methods: 2.5D FEM-BEM-36 (solid red line), 2.5D FEM-BEM-24 (solid magenta line), 2.5D FEM-BEM-MFS-24-24
(dashed blue line), 2.5D FEM-BEM-MFS-24-36 (dashed cyan line) and 2.5D FEM-BEM-MFS-36-36 (dashed black line). The results are obtained
at points A (a), B (b) and C (c) for y (ii) and z (iii) directions.
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MFS-104-104 (dashed black line). The results are obtained at points A (a), B (b) and C (c) for y (ii) and z (iii) directions.

4. Verification for the case of a structure embedded in a homogeneous half-
space

In this section, the performance of the current method is verified for the case of structures embedded in homogeneous
half-spaces. The verification is performed for two examples: a solid cylinder and a thin circular shell, both buried in a
homogeneous half-space. The external radius for both structures is equal to 1 m and the shell thickness is equal to 0.1
m. The geometrical characteristics of these two calculation examples are indicated in Figs. 12 and 18, respectively.
As assumed in the full-space case, the same material is used for the structure and medium for the solid cylinder case.
The material properties are described in Table 1. Therefore, the results of this case can be directly compared with the
semi-analytical solution for the 2.5D Green’s functions of a homogeneous half-space. The semi-analytical solution is
obtained in the basis of the direct stiffness method proposed by Kausel [21] using the EDT toolbox [26]. The 2.5D
Green’s functions required in 2.5D FEM-BEM-MFS and 2.5D FEM-BEM methods are also computed in this way for
both calculation examples. The FEM meshes for these cases are the same ones that have been created for the full-
space ones. The MFS is also applied for these calculation examples considering the same number of virtual sources
than collocation points and a distance between them of 0.15 m. Results presented in this section are of the same form
as the ones presented for the full-space cases.

4.1. Solid cylinder embedded in a half-space

As explained before, three types of results are compared in the verification of the new proposed approach for the
displacement Green’s functions in the case of the solid cylinder embedded in a half-space: the ones obtained by
2.5D FEM-BEM-MFS, by the 2.5D FEM-BEM and by the semi-analytical solutions of a homogeneous half-space.
The geometry of the structure, the location of the evaluation points A, B and C and the location of the force are
indicated in Fig. 12. The evaluation point A is located on the ground surface and points B and C are located in the
soil to investigate the near and far field responses, respectively. According to Figs. 13 and 14, the Green’s function
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displacements for all calculation cases are consistent with those obtained by the semi-analytical method and 2.5D
FEM-BEM approach. The only significant difference is observed in the displacement in the y component in point B
for the wavenumber of 0.1 rad/m (Fig. 13 (b-ii-1)), where errors up to 16% difference at high frequencies (higher than
80 Hz) for both 2.5D FEM-BEM-MFS and 2.5D FEM-BEM approaches with respect to the semi-analytical solution
are observed.

>
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t Jor)
L@

2m 3m 3m

Figure 12: Geometry of the calculation example of a solid cylinder embedded in a half-space. Three evaluation points are considered: A, B and C.
The input vertical force is represented by a big arrow.

In the case of traction Green’s functions, the verification study only accounts for the 2.5D FEM-BEM-MFS and
the 2.5D FEM-BEM methods. The comparison of these two methods for the selected calculation parameters are
illustrated in Figs. 15 and 16. As demonstrated in the presented plots, very good accuracy of the traction Green’s
functions is provided by the new method. Since the traction Green’s function in vertical direction are equal to zero for
evaluation points at the ground surface, no plot is presented for the z component in the point A. Only slight differences
at frequencies higher than 80 Hz can be observed, again, for the y component of the traction in point B the wavenumber
of 0.1 rad/m (Fig. 15 (b-ii-1)) and also for the wavenumber of 1 rad/m (Fig. 15 (b-ii-2)).
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Figure 13: Displacement Green’s functions. Methods: 2.5D FEM-BEM (solid red line), 2.5D FEM-BEM-MFS (dashed black line) and semi-
analytical solution (solid green line). The results are obtained at points A (a), B (b) and C (c¢) for x (i), y (ii) and z (iii) directions and for
wavenumbers of 0.1 rad/m (1) and 1 rad/m (2).
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Figure 14: Displacement Green’s functions. Methods: 2.5D FEM-BEM (solid red line), 2.5D FEM-BEM-MFS (dashed black line) and semi-

analytical solution (solid green line). The results are obtained at points A (a), B (b) and C (c) for x (i), y (ii) and z (iii) directions and for frequencies
of 10 Hz (1) and 50 Hz (2).
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Figure 15: Traction Green’s functions. Methods: 2.5D FEM-BEM-MFS (dashed black line) and semi-analytical solution (solid green line). The
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Moreover, the accuracy of the proposed method is also studied in terms of receptances and traction transfer func-
tions. The same mesh with 10 BE per wavelength and a maximum frequency of 250 Hz used in the full-space cases
is adopted here. Results of this study are presented in Fig. 17, where the proposed method is compared with the 2.5D
FEM-BEM approach and the semi-analytical solution. To compute the desired transfer functions, the wavenumber in
the longitudinal direction was logarithmically sampled from O rad/m to 55 rad/m with 257 points. Slight discrepancies
are observed at frequencies above 200 Hz for the y and z components of the response in the field points B and C, for
both receptances and traction transfer functions.
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Figure 17: Receptances (1) and traction transfer functions (2). Methods: 2.5D FEM-BEM (solid red line), 2.5D FEM-BEM-MFS (dashed black
line) and semi-analytical solution (solid green line). The results are obtained at points A (a), B (b) and C (c) for y (ii) and z (iii) directions

4.2. Thin circular shell structure embedded in a half-space

The last case study considered in this work and presented in this section consists of a thin circular shell embedded in
a homogeneous half-space. The studied system is visually described in Fig. 18, where the evaluation points and the
input force are defined. For this example, the same eight modelling options described in section 3.2 are also taken
into consideration here. For the methods comparison, results are shown in terms of the receptances. In this case, the
wavenumber in the longitudinal direction was logarithmically sampled from 0 rad/m to 55 rad/m with 129 points. For
the case of a maximum frequency of 100 Hz, this comparison is presented in Fig. 19 only for the frequency range of
80 Hz to 100 Hz. As shown for the case of a thin shell embedded in a full-space, significant differences between the
different methods compared can only be seen above 80 Hz. Following the same trend than full-space case results, Fig.
19 shows that the receptances obtained by 2.5D FEM-BEM and 2.5D FEM-BEM-MFS methods are approximately
matching when the number of boundary nodes is equal, confirming the accuracy of the new method. The interpolation-
based method applied in the 2.5D FEM-BEM-MFS-24-36 modelling option is slightly improving the accuracy of the
results, as also encountered in the full-space case study. Modelling options associated to a maximum frequency of

250 Hz are compared in Fig. 20. Similarly to the full-space case, very good agreement is observed between three
modelling options.
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Figure 18: Geometry of the thin circular shell structure studied in this paper for the verification of the 2.5D FEM-BEM-MFS half-space. Three
evaluation points are considered: A, B and C. The input vertical force is represented by a big arrow.

The computational efficiency of the current method is compared to the 2.5D FEM-BEM approach in the context
of the thin shell case study with 36 BEM nodes. Both methodologies have been implemented in MATLAB and have
been executed with the same desktop configuration described in full-space problem. The computational cost of the
methods is studied for two different cases. Firstly, the results are compared for one evaluation point, one frequency
and 128 wavenumber values. The running times for the new method and for 2.5D FEM-BEM are 702 (divided in
431 seconds for the 2.5D FEM-BEM and 271 seconds for the 2.5D MFS) and 475 seconds, respectively. Due to EDT
toolbox algorithm design, the new method is even slower than the 2.5D FEM-BEM; however, it should be noted that
the benefits of the method are arisen for large amounts of evaluation points. Secondly, a computational efficiency
study is carried out taking one value of the wavenumber and the frequency and 5, 25, 60, 100, 160 and 200 evaluation
points. The total computational costs consumed by 2.5D FEM-BEM-MFS and 2.5D FEM-BEM methods are shown in
Table 4. It should be noted that the computational time to obtain the boundary conditions in the 2.5D FEM-BEM-MFS
by the 2.5D FEM-BEM is equal to 4.5 seconds regardless of the amount of evaluation points. Based on the findings,
the computational time spent by both methods raises with a quadratic trend with respect to the number of evaluation
points, being the second-order coefficient associated to the curve obtained from the new considerably smaller than the
one associated to the 2.5D FEM-BEM approach. Although the computational efficiency of the current methodology
for half-space problems has increased, the improvement does not reach the same improvement levels of the method in
full-space cases. That is due to the semi-analytical nature of the 2.5D elastodynamic Green’s functions of a half-space
and also because of the selected algorithm to calculate them, which in this case is the EDT toolbox.

Number of evaluation points 5 25 60 100 160 200
Computational time using 2.5D FEM-BEM-MFS [s] 7.5 10 15 20 30 45
Computational time using 2.5D FEM-BEM [s] 15 20 44 70 181 241

Table 4: Computational costs of both methods depending of the number of evaluation points considered.
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5. Control methodology for MFS robustness

As mentioned in the introduction section, the distance between collocation and source points in MFS should be
properly selected to avoid large numerical errors of the method. In the present section, a control technique that finds
the optimal distance between collocation and source points that minimises the error of the method is described. The
error of the method is evaluated in a limited group of points in the medium, called control points, distributed in the
area where the final results are required. Assuming a MFS application where the number of virtual forces is always
the same than collocation points, as adopted in the present work, the distance between collocation points and virtual
sources d is the only variable that should be selected and, thus, the only variable that controls the robustness of the
method: This is because the collocation points coincide with the BEM nodes of the BEM mesh, created on the basis
of 6-10 BE per wavelength, making the number of virtual sources inherently assigned. In order to optimise d without
losing computational efficiency, the control technique is carried out only considering three field points (near, medium
and far field locations), three frequencies (representing low, medium and high values of the total frequency range) and
two wavenumbers (representing low and high values of the total wavenumber range). The relative error is calculated at
these sampling points for various values of the distance d by comparing the results obtained by the 2.5D FEM-BEM-
MFS method and those obtained from the 2.5D FEM-BEM approach. From those relative errors, the optimal d is
chosen. Consequently, this control method is not affecting the overall computational efficiency of the methodology if
the amount of sampling points (considering field points, frequency and wavenumber) are large, which is the common
situation for soil-structure interaction problems. Unless to the previous techniques [4, 1], the proposed control method
is easier to be implemented. A relative error parameter &, is defined to determine the robustness of the method [15].

s _ 12
U’Jn _ Uljr

where i and j are the indices associated to the three displacement components and the N control points, respectively.
Moreover, U}Jn and U}Jr represent the displacements obtained by the new method and by a reference method, respec-
tively, in the control point j and in the direction i. For all the cases, the reference method is the 2.5D FEM-BEM
approach.

In this investigation, this control methodology has been applied to the four calculation examples described in
Sections 3 and 4. The control points considered are the evaluation points selected in each case. In Figs. 21 and 22,
the relative error in full-space and half-space cases, respectively, is plotted for frequencies ranging 1 Hz to 100 Hz
and for distances d ranging between 5 cm to 75 cm and for two wavenumbers: 0.1 rad/m and 1 rad/m. From the
optimisation process for the calculation examples in full-space, it can be seen that only distances lower than 0.1 m are
not recommended. The rest of the source-collocation points distances in the range considered are resulting in accurate
results and very similar to each other. Only some slight errors appear as constant trends with respect to the distance
for some specific frequencies. Particularly, errors at around 89 Hz in the case of the subplot (a-1) in Fig. 21 is related
to the trough appearing at this frequency in the subplot (b-ii-1) in Fig. 4. On the other hand, results associated to
half-space cases seems to behave differently. For these cases, distances between sources and collocation points larger
than 0.5 m results in high errors of the new methodology, as seen in the subplots denoted by (a) and (b) in Fig. 22,
which represent the results obtained for the cases of a solid cylinder and a thin shell, respectively. These cases are
developed, both for the new method and the 2.5D FEM-BEM, in the basis of a Green’s function calculation with the
EDT toolbox considering a slowness associated to the wavenumber in the y direction logarithmically sampled from
1077 to 10* with 919 points. This is the sampling used in all the half-space Green’s functions computations required
for the results in previous sections of the present work. However, subplot (c) of Fig. 22 is related to the case of the
thin shell structure when the half-space Green’s functions in the new methodology are computed using a sampling for
the slowness ranging between 107! to 107 with 13240 samples, while the 2.5D FEM-BEM is based on the previous
sampling scheme. The results obtained in subplot (c) are more likely the ones presented in full-space case which leads
to the conclusion that the new methodology is more sensitive to the accuracy of the Green’s functions than the 2.5D
FEM-BEM. This finding turns the control methodology presented even more essential to ensure the correctness and
the computational efficiency of the method, since a proper selection of the distance d results on accurate results of
the method, even if the half-space Green’s functions are computed using the same sampling scheme for the numerical
integration.
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Figure 21: Relative error of the displacement Green’s functions of the new methodology for the calculation examples in full-space, where (a) and
(b) denote solid cylinder or thin shell structures, respectively, and (i) and (ii) represent the wavenumber of 0.1 rad/m and 1 rad/m, respectively.
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Figure 22: Relative error of the displacement Green’s functions of the new methodology for the calculation examples in half-space, where (a), (b)
solid cylinder and thin shell structures, respectively, and (i) and (ii) represent the wavenumber of 0.1 rad/m and 1 rad/m, respectively. The plots
denoted by (c) are related to the case of the thin shell structure in which the used 2.5D Green’s functions of the half-space are computed highly
accurately.

6. Conclusions

The current study presents a methodology to deal with longitudinally invariant soil-structure interaction problems in
elastodynamics. The method uses a 2.5D FEM-BEM approach to model structure and the locally surrounding soil
and, then, uses a 2.5D MFS approach in elastodynamics to model the wave propagation through the soil. The new
methodology is verified in terms of the displacement and traction Green’s functions as well as the receptances and
traction transfer functions up to frequencies of 100 Hz and 250 Hz. According to the results obtained in the previous
sections, this method provides similar levels of accuracy than a full 2.5D FEM-BEM model of the soil-structure
system and, moreover, spending a smaller amount computational time. Furthermore, the inclusion of the MFS as a
post-processing tool has found to be very simple to be implemented. However, it is also found, as was expected, that
the accuracy of the 2.5D FEM-BEM-MFS strongly depends on the accuracy of the boundary conditions obtained by
2.5D FEM-BEM method. Besides these general outcomes, this study has arisen other significant findings:

e A comparison between the new approach and the 2.5D FEM-BEM in terms of the computational efficiency has
been provided. The results indicate that, for the calculation examples where the soil is modelled as a full-space
medium, the time consumed by the new method follows a linear trend with the number of evaluation points,
while the computational time associated to the 2.5D FEM-BEM method increases exponentially. For the half-
space calculation examples, the improvement of the proposed methodology in terms of computational time is
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also confirmed, although the improvement is not as large as in full-space problems. That is due to the numerical
integration required for the evaluation of the 2.5D elastodynamic Green’s functions in a half-space, in contrast
to the analytical nature of the ones for full-space, and because of the particular computational performance of
the algorithm used for their calculation.

o Cubic interpolation from the displacements on the boundary nodes to a larger set of collocation points has been

found to be an interesting procedure, since it induces an enhancement of the results accuracy by adding no
significant increment in the computational time of the full method. This improvement is shown by comparing
the accuracy of the results obtained by taking 24 boundary nodes and 36 collocation points with respect to the
case of 24 boundary nodes and 24 collocation points.

e A control technique that minimises the MFS error by optimising the distance between collocation points and

virtual sources has been also presented. This control technique is demonstrated to be very useful in cases where
the Green’s functions have a semi-analytical nature, since the 2.5D MFS is found to be much more sensitive to
the Green’s functions accuracy than the 2.5D FEM-BEM when the response in evaluation points in the medium
is computed. This sensitiveness is observed in the application of the control technique in half-space cases,
where the 2.5D elastodynamic Green’s functions computation requires a numerical integration, but, in contrast,
it is not observed in the calculation examples embedded in a full-space, since the Green’s functions for this
case are analytical. From the results obtained, it is proposed a practical application of this control technique
based only in few control points (located at the area where the final response is required) and some selected
frequencies, in order not to compromise the computational efficiency of the whole method.
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