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Abstract—We present a nodal interpolation method to ap-
proximate a subdivision model. The main application is to model
and represent curved geometry without gaps and preserving
the required simulation intent. Accordingly, the technique is
devised to maintain the necessary sharp features and smooth the
indicated ones. This sharp-to-smooth modeling capability handles
unstructured configurations of the simulation points, curves, and
surfaces. These surfaces are described by the initial triangulation
composed of linear triangles with the same surface identifier, and
determine the sharp point and curve features. Automatically, the
method suggests a subset of sharp features to smooth which the
user modifies to obtain a limit model preserving the initial points.
This model reconstructs the curvature by subdividing the initial
triangular mesh, with no need of an underlying curved geometry
model. Finally, given a polynomial degree and a nodal distribu-
tion, the method generates a piece-wise polynomial representation
interpolating the limit model. Numerical evidence suggests that
this approximation, naturally aligned to the subdivision features,
converges to the model geometrically with the polynomial degree
for fair nodal distributions. We also apply the method to prescribe
the curved boundary of a high-order volume mesh. We conclude
that our sharp-to-smooth modeling capability leads to curved
geometry representations with enhanced preservation of the
simulation intent.
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I. EXTENDED ABSTRACT

A. Introduction

The capability to model and represent curved geometry
preserving the simulation intent is critical for flow simula-
tion with unstructured high-order methods. These high-order
simulations require curved meshes that approximate a curved
boundary representation. Ideally, this boundary representation
should be composed of smooth and sharp features agreeing
with the simulation intent.

Flow simulation practitioners favor continuous normal vec-
tors on smooth features where the intent is to obtain attached
flow. In contrast, they only need model continuity on sharp
features where the flow detaches. To illustrate both types of
features, we can consider an aircraft model. We can find there
smooth features such as the nose tip, leading edges, and wing
surfaces; and sharp features such as trailing edges and points.

To model the previous features, it is standard to use
CAD boundary representations based on trimmed NURBS.
Unfortunately, these trim-based models might violate the sim-
ulation intent due to unintended gaps or discontinuities of
the normal vector on irregular points and curves adjacent to
trimmed surfaces. Nevertheless, if the element size is fine but

coarser than the model tolerance, we obtain a fair second-
order approximation of the CAD boundary representation
without gaps. However, since the triangles are planar, this
approximation does not feature the normal vector continuity
through any triangular edges, and thus, it is not adequate for
flow simulation. Still, we can convert the triangular mesh to
a gap-free curved geometry model [1] that features normal
vector continuity by using a subdivision scheme [2].

This subdivision-based conversion to a curved model is
useful even when there is no underlying CAD model. The
conversion only needs a model composed of triangulations,
which boundaries determine the model points and polylines.
Hence, this conversion is of practical interest in any application
where the triangular mesh comes from legacy data or real
samples, such as in onshore wind farm energy forecasting,
transport of pollutants in urban areas, and bio-engineering.

In these applications, the subdivision conversion provides
a curved limit model. We can query this limit model by
successive refinements [1]. However, this approach requires
more refinement levels when the closer is the query point
to an irregular point. To avoid this unbalanced query, in our
previous work [3], we proposed a method to interpolate with
a continuous piece-wise quadratic or quartic mesh the limit
model while exploiting the structure of iterative subdivision.
Any posterior query to the interpolation model only uses the
corresponding triangular-wise polynomial components, thus
skipping the successive refinement step.

Although skipping posterior successive refinement, our
previous approach only extends to interpolation degrees equal
to powers of two on equispaced nodal distributions. Therefore,
it does not allow using arbitrary polynomial degrees and
nodal distributions. Recall that beyond degree four equispaced
nodal distributions feature large Lebesgue constants that might
hamper the corresponding interpolation accuracy.

The main contribution of this work is to propose a method
to interpolate the subdivision model with any degree and nodal
distribution. The method evaluates one time the limit model
parameterization [4] on each interpolation point to obtain the
resulting nodal curved mesh model which is ready to prescribe
the boundary of a curved high-order volume mesh.

We also propose an approximation of the distance between
the interpolation and the limit model to check the geometric
accuracy in terms of the polynomial degree for different
nodal distributions. To compute this distance, we only need
to perform forward evaluations of the nodal parameterization.
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Fig. 1: Initial and final linear mesh model of an aircraft in high-
lift configuration. Initial model: (a) surface features colored
with their surface identifier, and (b) curve and point features.
Final model: (c) virtual surface features colored with their
surface identifier, (d) curve and point features recast (gray)
and preserved (black).

We finally propose an assisted sharp-to-smooth modeling
capability aimed to reduce the amount of human labor required
to describe the simulation intent of the model. The resulting
method automatically suggests a subset of sharp features to
smooth which the user modifies to obtain a limit model
preserving the initial points.

B. Example

We illustrate the features of our method by modeling and
curving an aircraft model in a high-lift configuration.

0) Sharp-to-smooth modeling. In Fig. 1(a) and 1(b),
we show the initial model of the aircraft composed
of 118 surface, 282 curve, and 182 point features.
We devise a technique to automatically suggest the
smooth features to recast which the practitioner re-
vises to preserve the simulation intent. The recast
linear model Ω1, see Fig. 1(c) and 1(d), is composed
of 67 surface, 169 curve, and 122 point features.

1) Approximate a surrogate boundary. The hierarchi-
cal subdivision of the geometry features determines a
set of C2-continuous limit curves and C1-continuous
limit surfaces that serves as surrogate geometry to
generate a curved high-order triangular surface mesh.
This curved surface mesh preserves the sharp features
and smooth regions of the linear model Ω1, and
interpolates it at the nodes of the high-order mesh.

2) Accommodate the curvature of the boundary. We
accommodate the curvature of the curved surface
mesh to the boundary volume elements using an
explicit hierarchical blending.

3) Local smoothing and untangling. If necessary, we
optimize the low-quality elements locally following
the approach detailed in [5].

In Fig. 2, we show the generated surface mesh of poly-
nomial degree four using the recast model where the surfaces
have been colored with their surface identifier. Since the curves
describing the leading edge have been automatically recast, the
surface is smooth along that feature. On the contrary, we can
appreciate the desired discontinuity on the normal vectors of
the surface along the curves describing the cabin windows.

Fig. 2: Curved triangular mesh of polynomial degree four of
an aircraft in high-lift configuration colored with the surface
identifiers.

C. Concluding Remarks

In conclusion, we have presented a methodology to model
and represent curved geometry of practical interest for flow
simulation with unstructured high-order methods. In perspec-
tive, high-order methods might benefit from using curved
meshes that approximate our curved boundary representation,
which we devised to describe the flow simulation intent.
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[5] A. Gargallo-Peiró, X. Roca, J. Peraire, and J. Sarrate, “Optimization of a
regularized distortion measure to generate curved high-order unstructured
tetrahedral meshes,” International Journal for Numerical Methods in
Engineering, vol. 103, no. 5, pp. 342–363, 2015.
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