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3 3
a b s t r a c t

34Concrete is undoubtedly the most important and widely used construction material of the last centuries.
35Nevertheless, mathematical models that can accurately capture the particular material behaviour under
36all loading conditions of significance are scarce at best. Although concepts and suitable models have
37existed for quite a while, their practical significance is low due to the limited attention to calibration
38and validation requirements and the scarcity of robust, transparent and comprehensive methods to per-
39form such tasks. Therefore, the manuscript attempts to promote the use of advanced concrete constitu-
40tive models by thoroughly reviewing their differences regarding calibration and validation on a selected
41consistent experimental data set. More specifically, only two generally available standard experimental
42tests, i.e. a three-point bending test and a compression cube test, are employed. The quality of fits is
43objectively quantified using three independent measures based on the mean experimental curves.
44� 2020 Published by Elsevier Ltd.
45

46

47

48 1. Introduction

49 As evident from the short review presented in the next chapter,
50 many different concrete material models are available in the liter-
51 ature, and few of them are also available in some commercial
52 codes. However, the challenge that remains is selecting the model
53 that is most suitable for a given application and obtaining the
54 required input parameters. These can either have direct physical
55 meaning or be solely model parameters that have to be inversely
56 identified or have physical meaning but are difficult to measure.
57 However, in all cases, sufficient experimental data are required
58 to determine uniquely and finally validate the model parameters.
59 This entails the availability of data of all required test types with
60 a sufficient number of samples to yield statistically meaningful
61 results. Required tests include, but are not limited to, uniaxial com-
62 pression, confined compression or triaxial tests, and direct or indi-

63rect tension tests. From these tests, strength and modulus
64information, as well as hardening parameters, can be derived.
65Due to the brittle nature of concrete indirect tension tests such
66as three-point-bending or splitting are generally preferred. In order
67to ensure unique softening parameters, softening post-peak data
68for at least two sizes [1] or alternatively, two different types of
69tests should be obtained. Further tests are required if predictions
70under high loading rates or extreme environmental conditions
71have to be carried out. While for established models, the predictive
72capabilities can be assumed to be satisfactory after calibration,
73new models also need to be validated. This step includes a subdi-
74vision of tests and specimens into sub-populations for calibration
75and prediction, where a random subset (typically 1=2 to 2=3) is
76allocated to calibration, and the rest (ideally encompassing tests
77of all types) are used for prediction and validation.
78Therefore, the paper is devoted to a description of selected con-
79crete material models (Section 2), and their calibration and valida-
80tion (Section 5) against the experimental data obtained during the
81broad experimental campaign described in Section 3. More specif-
82ically, only two standard experimental tests, i.e. a notched three-
83point bending test and a compression cube test, are selected as
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84 the data usually available for the calibration. Remaining three-
85 point bending tests are utilized for the validation of the material
86 models and their predictive capabilities.

87 2. Review of the state of the art models

88 Rapid progress in material science has led to the development
89 of many new building materials with novel properties in recent
90 years. However, concrete still remains the most favourable build-
91 ing material for its versatility, durability and cost. Two of the main
92 advantages of concrete are its high compressive strength and that
93 it can be cast on the construction site into a variety of shapes and
94 sizes. The most prominent disadvantages of concrete and other
95 cementitious materials are their brittle failure behaviour in tension
96 and shear associated with low tensile strength.
97 The tensile behaviour of concrete and other quasi-brittle mate-
98 rials, often also called strain-softening materials, is characterised
99 by crack propagation which causes a loss of carrying capacity with

100 increasing deformation. This behaviour is typically described by
101 non-linear fracture mechanics and suitable strain-softening laws
102 [2–5], characterised by the total fracture energy GF or, equivalently,

103 by Hillerborg’s characteristic length [6,7], lch ¼ EGF=f
02
t (E = Young’s

104 modulus; f 0t = tensile strength) which was derived based on Irwin’s
105 approximation for the size of the plastic zone in ductile materials
106 [8,9]. The strain-softening is responsible for the dependence of
107 structural strength on structural size [8] and thus must be properly
108 captured by the numerical model.
109 Concrete behaviour in compression is even more complicated
110 and depends on the level of confinement. Under low or no confine-
111 ment, the compressive behaviour is characterised by a strain-
112 softening. However, with increasing confinement, the behaviour
113 varies from strain-softening to strain-hardening accompanied by
114 a significant ductility [10–14]. Under uniaxial compression loading
115 concrete strength also exhibits a size dependence although less
116 prominent compared to the tensile size effect [15].
117 From the appearance of the finite element method (FEM) since
118 the early 1960s, many different models to simulate fracture initia-
119 tion and propagation have been formulated. Two different groups
120 of approaches have been formulated and developed throughout
121 the years: (1) the discrete fracture formulation, such as cohesive
122 (fictitious) crack model and finite elements (FE) with discontinuity
123 (see [16–19]), that are not considered in this study; (2) the models
124 with distributed cracking/damage using continuum finite elements
125 and discrete elements such as random lattice or particle model. In
126 the latter approach, many constitutive models have been devel-
127 oped over the years to describe the behaviour of concrete: based
128 on the concepts of plasticity [20,21], damage mechanics [22,23],
129 on a combination of both, or fracture mechanics [8,23]. They are
130 typically formulated in tensorial (classical continuum-based the-
131 ory) or vectorial form (e.g., microplane theory, discrete particle
132 models) [24,25].
133 In this study, four continuum-based numerical models (Con-
134 crete Damage Plasticity Model [26,27], Fracture-Plastic Constitu-
135 tive Model (CC3DNonLinCementitious2) implemented in ATENA1

136 software [28], microplane M4 [29,30] and microplane M7 [31])
137 and one lattice discrete particle model [32] are chosen for the
138 presented study. The calibration and validation of these numerical
139 models concerning experimental data [33,34] are presented to pro-
140 vide an inevitable comparison between these numerical models.
141 Note that for the objectivity of this study all models, except
142 CC3DNonLinCementitious2, are implemented in the Multiscale-
143 multiphysics Analysis of the Response of Structures (MARS2)

144computational environment [35] which is a powerful and robust
145object-oriented solver for simulating the mechanical response of
146structural systems subjected to short-duration events. It employs
147an explicit time integration scheme for solving the equation of
148motion of large systems.

1492.1. Continuum based numerical models

150For continuum formulations, the objectivity of the solution and
151independence of the numerical solution upon the finite element
152discretisation has to be either inherent to the constitutive model,
153as for example in the case of high order [36] and nonlocal [37–
15439] models or must be imposed using regularisation techniques
155such as the crack band approach [40,8]. Methods that do not suffer
156from mesh sensitivity are also the ones accounting for strain-
157softening through the insertion of cohesive discrete cracks
158[6,41,42].

1592.1.1. Fracture-plastic constitutive model (CC3DNonLinCementitious2)
160This constitutive material model is implemented in ATENA
161commercial software. The fracture-plastic model combines consti-
162tutive models for tensile fracturing and compressive plastic beha-
163viour. The fracture behaviour is described by means of the classical
164orthotropic smeared crack formulation utilising fixed or rotated
165crack concepts, and crack band model employing Rankine failure
166criterion and exponential softening. The hardening/softening plas-
167ticity model is based on Menétrey-Willam failure surface. The
168return mapping algorithm for the integration of constitutive equa-
169tions is implemented. The model can be employed to simulate con-
170crete cracking, crushing under high confinement, and crack closure
171due to crushing in other material directions [28].

1722.1.2. Concrete damage plasticity model
173The concrete damage plasticity model (CDPM) based on the
174combination of damage and plasticity was developed to analyse
175the concrete failure [26,27]. The plasticity part is based on the
176effective stress, and the damage model is driven by the plastic
177and elastic strain. This constitutive model is capable of describing
178the essential characteristics of the failure process of concrete sub-
179jected to multiaxial loading. The model describes well the increase
180in strength and displacement capacity for increasing confinement
181levels. The crack band approach is utilised to achieve the mesh-
182independent results. Note that the augmented version of the model
183(CDPM2), presented in [26], is employed in this study. The main
184differences, compare to the previous version (CDPM1), are (a) the
185introduction of two isotropic damage variables for tension and
186compression (single damage parameter for both tension and com-
187pression in CDPM1); (b) the hardening in the nominal post-peak
188regime.

1892.1.3. Microplane models
190The microplane model, conceived in [43,44], is a material con-
191stitutive model for progressive softening damage. Its advantage
192over the classical tensorial constitutive models is that it can cap-
193ture the oriented nature of damage such as tensile cracking, slip,
194friction and compression splitting, as well as the orientation of
195fibre reinforcement. Another advantage is that the anisotropy of
196materials such as gas shale or fibre composites can be effectively
197represented. To prevent unstable strain localisation (and spurious
198mesh sensitivity in finite element computations), this model
199should be used in combination with some nonlocal continuum for-
200mulation (e.g., the crack band model) [45,46]. The basic idea of the
201microplane model is to express the constitutive law, not in terms of
202tensors, but in terms of the vectors of stress and strain acting on
203planes of various orientations called the microplanes (Fig. 1). The
204use of vectors was inspired by G.I. Taylor’s idea in 1938 [24] which

1 http://www.cervenka.cz/.
2 http://mars.es3inc.com/.
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205 led to Taylor models for the plasticity of polycrystalline metals
206 [47–49]. However, the microplane models [43,?, to cite a few] dif-
207 fer conceptually in two ways.
208 Firstly, to prevent model instability in post-peak softening dam-
209 age, the kinematic constraint must be used instead of the static
210 one. Thus, the strain (rather than stress) vector on each microplane
211 is the projection of the macroscopic strain tensor. Secondly, a vari-
212 ational principle (or the principle of virtual work) relates the stress
213 vector components on the microplanes to the macro-continuum
214 stress tensor to ensure equilibrium.
215 Microplane M4 In the microplane model M4 [29], the constitu-
216 tive relation on each microplane is defined by 1) incremental elas-
217 tic relation and 2) stress–strain boundaries (softening yield limits)
218 that cannot be exceeded. As pointed out in [30], the original formu-
219 lation shows the erroneous behaviour in the uniaxial tension.
220 Therefore, the original formulation of the microplane model M4
221 [29] was modified by introducing a no-split of the normal compo-
222 nent for the dominant tensile failure (removing the tensile volu-
223 metric boundary) and by imposing the shear boundary on the
224 shear stress resultant instead of on the single shear components
225 individually [30]. Moreover, to improve the prediction perfor-
226 mance of the microplane model M4, two free parameters were
227 added. One of these parameters can modify the slope of the soften-
228 ing branch of the uniaxial tensile or compression stress–strain
229 curve, and the other is able to set a different ratio between the ten-
230 sile and the compression strength. This modified material model is
231 utilised in the presented work.
232 Microplane M7 The microplane model M7 [31] is a follow-up of
233 the previous versions from M0 to M6. The basic mathematical
234 structure of M7 is logically correlated to thermodynamic potentials
235 for the elastic regime, the tensile and compressive damage
236 regimes, and the frictional slip regime. Based on the previous ver-
237 sions of the microplane model, it was realised that the volumetric-
238 deviatoric split of strains is inevitable for distinguishing between
239 compression failures at low and high confinement. In model M7,
240 the key idea is to apply this split only to the microplane compres-
241 sive stress–strain boundaries. The sum of these components is then
242 compared with the total normal stress from the microplane consti-
243 tutive relation. Such an approach avoids using the split of the elas-
244 tic strains and of the tensile stress–strain boundary, which caused
245 various troubles in M3-M6. More specifically, excessive lateral
246 strains and stress locking in far post-peak uniaxial extension, poor
247 representation of unloading and loading cycles, and inability to
248 represent high dilatancy under post-peak compression in lower-
249 strength concretes. To accurately capture the differences between

250high hydrostatic compression and compressive uniaxial strain,
251the compressive volumetric boundary is dependent on the princi-
252pal strain difference [31].

2532.2. Lattice discrete particle model

254Another class of models often used to simulate quasi-brittle
255materials is based on lattice or particle formulations in which
256materials are discretised ‘‘a priori” according to an idealisation of
257their internal structure (Fig. 2(a)). The unknown displacement field
258for discrete models is not continuous but only defined at a finite
259number of points which represent the centres of aggregate parti-
260cles. Particle size and size of the contact area among particles, for
261particle models, as well as lattice spacing and cross-sectional area,
262for lattice models, equip these types of formulations with inherent
263characteristic lengths and they have the intrinsic ability to simu-
264late the geometrical features of material internal structure. There-
265fore, accurate simulation of damage initiation and cracks
266propagation at various length scales at the expense of increased
267computational cost is achieved.
268Earlier attempts to formulate particle and lattice models for
269fracture are reported in [50–54] while the most recent develop-
270ments were published in a Cement Concrete Composites special
271issue [53]. A comprehensive discrete formulation for concrete
272was recently proposed by Cusatis and coworkers [32,55–57] who
273formulated the so-called Lattice Discrete Particle Model (LDPM)
274for which discrete compatibility and equilibrium equations are
275used to formulate the governing equations. A noticeable feature
276of LDPM is its ability to simulate a granular microstructure through
277a system of polyhedral particles connected through a three-
278dimensional lattice. Such particles can be placed randomly across
279the volume following a prescribed grain size distribution, thus
280enabling the direct representation of a heterogeneous system of
281grains surrounded by a bonding agent. Particle contact behaviour
282represents the mechanical interaction among adjacent aggregate
283particles through the embedding mortar (Fig. 2(b)). LDPM was cal-
284ibrated and validated against a large variety of loading conditions
285in both quasi-static and dynamic loading conditions, and it was
286demonstrated to possess superior predictive capability.

2873. Experimental investigation

288This section is focused on the discussion of relevant tests for the
289calibration and validation of concrete models. A comprehensive set
290of tests including uniaxial compression, confined compression and

Fig. 1. Microplane model: (a) distribution of integration points (microplane normals) - system of 21 microplanes per hemisphere; (b) microplane strain components.
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Fig. 2. LDPM: (a) particle distribution; (b) cells for two adjacent aggregate particle.

Fig. 3. Specimen geometry: (a) three point bending tests; (b) unconfined compression tests of cylinders; (c) unconfined compression tests of cubes.

Fig. 4. Notched three-point bending test (a ¼ 0:3): (a) view of different sizes of beams; (b) mean responses of the notched specimens.

Table 1
Material properties extracted from cylinder, ASTM modulus of rupture, and three-point bending tests (age of around 400 days) as reported in [33,34].

material property unit mean CoV [%]

compr. cyl. strength f cyl;75 (31days) MPa 46.5 3.2
compr. cyl. strength f cyl;75 MPa 55.6 3.7
compr. cube strength f cu;150 (470days) MPa 57.1 5.5
ASTM m. of rupture f r MPa 8.3 3.6
m. of elast., 75 mm cyl Ecyl;75 GPa 34.38 3.9
Poisson’s ratio m – 0.172 10.0
initial fracture energy Gf N/m 51.87 –
characteristic length cf m 23.88 –
total fracture energy GF N/m 96.94 16.9
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291 size-effect tests in three-point bending and splitting, are summa-
292 rized hereafter. All specimens were cast from the same batch and
293 tested at the age of more than 400 days except standard 28-day
294 compressive strength tests, thus significantly reducing the influ-
295 ence of ageing. The raw data obtained in more than 257 tests have
296 been pre-processed to provide statistical indicators for material
297 properties and mean response curves for all types of tests, includ-
298 ing post-peak softening.3

299 Although the scientific literature contains an abundance of
300 experimental data covering different phenomena and mechanisms,
301 the number of publications reporting response curves for uniaxial
302 compression, confined compression and indirect tension of the
303 same concrete is limited, and virtually none simultaneously pro-
304 vide a post-peak response for various sizes.
305 Therefore, the collection of data presented in [34] which repre-
306 sent an extension of a size-effect investigation in three-point bend-
307 ing conducted by Hoover et al. [33] during which a total of 164
308 concrete specimens were cast in one batch (see Section 3.1) in
309 early 2011 and tested in 2012. Following the work in [33], an addi-
310 tional 105 specimens were cut from the remaining shards in order

311to supplement, among other things, confined compression tests,
312Brazilian splitting tests, direct tension tests and hysteretic load-
313ing–unloading tests in [34]. The crack pattern was documented
314photographically and digitised by photogrammetric means for all
315fracture tests of the initial and extended investigation. A similar
316investigation dedicated to the fracture properties of self-

Fig. 5. Meshes for three-point bending tests (un-notched): (a) D ¼ 40 mm; (b) D ¼ 93 mm; (c) D ¼ 215 mm; (d) D ¼ 500 mm.

Fig. 6. Meshes for three-point bending tests (a ¼ 0:3): (a) D ¼ 40 mm; (b) D ¼ 93 mm; (c) D ¼ 215 mm; (d) D ¼ 500 mm.

Fig. 7. Meshes for compression cube tests (a ¼ 0:3): (a) D ¼ 40 mm; (b) D ¼ 150
mm.

3 The complete collection of pre-processed response curves, as well as the raw data,
are freely available at http://www.baunat.boku.ac.at/comprtest.html.
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Fig. 8. CC3DNonLinCementitious2 model (ATENA) calibration: (a) three-point bending test (D ¼ 93 mm, a ¼ 0:3); (b) unconfined compression cube test (D ¼ 40 mm).

Fig. 9. CDPM2 calibration: (a) three-point bending test (D ¼ 93 mm, a ¼ 0:3); (b) unconfined compression cube test (D ¼ 40 mm).

Fig. 10. Microplane M4 calibration: (a) three-point bending test (D ¼ 93 mm, a ¼ 0:3); (b) unconfined compression cube test (D ¼ 40 mm).

Fig. 11. Microplane M7 calibration: (a) three-point bending test (D ¼ 93 mm, a ¼ 0:3); (b) unconfined compression cube test (D ¼ 40 mm).
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Fig. 12. LDPM calibration: (a) three-point bending test (D ¼ 93 mm, a ¼ 0:3); (b) unconfined compression cube test (D ¼ 40 mm).

Table 2
Calibrated material parameters for ATENA (CC3DNonLinCementitious2).

parameter value

Young’s modulus 41:2 GPa
Poisson’s ratio 0:172
Compressive strength 50:0 MPa
Tensile strength 4:4 MPa
Fracture energy 55:0 N/m
Critical compressive displacement 0:035 mm
Multiplier for the direction of the plastic flow �0:2
Plastic strain at compressive strength 8:574 � 10�4

Eccentricity 0:52
Fixed smeared crack model coefficient 0:9
Onset of non-linear behavior in compression 7:97 MPa
Reduction of compressive strength due to cracking 0:2
Shear factor 20:0
Aggregate size 10:0 mm

Table 3
Calibrated material parameters for CDPM with bilinear softening (bold values were
adjusted and remaining parameters were taken by their default values as suggested in
[26]).

Parameter Value

Young’s modulus 41:59 GPa
Poisson’s ratio 0:172
Compressive strength 55:0 MPa
Tensile strength 4:5 MPa
Crack opening at failure 0:1386 mm
Tensile strength at knee point 0:8 MPa
Crack opening at knee point 0:0208 mm
Parameter for exponential softening law in compression 4 � 10�5

Eccentricity parameter 0:525
Initial value of hardening law 0:3
Hardening parameter Ah 0:08
Hardening parameter Bh 0:003
Hardening parameter Ch 2:0
Hardening parameter Dh 10�6

Softening parameter AS 15:0
Dilation factor Df 0:85
Hardening modulus Hp 0:50

Table 4
Calibrated material parameters for microplane M4 (bold values were adjusted and
remaining parameters were taken by their default values as suggested in [30]).

parameter value

Young’s modulus 41:59 GPa
Poisson’s ratio 0:172
Number of microplanes 37

k1 = 16:5 � 10�5; k2 = 1000:0; k3 = 10:0; k4 = 100; k5 = 0:90; k6 = 0:90
c1 = 0:50; c2 = 0:25; c3 = 2:3; c4 = 2:5; c5 = 2:3; c6 = 2:2; c7 = 18:0

c8 = 3:25; c9 = 0:65; c10 = 0:75; c11 = 1:30; c12 = 12:5 � 10�4

c13 = 0:0505; c14 = 0:50; c15 = 0:01; c16 = 0:02; c17 = 0:01; c18 = 0:40
c19 = 6:7; c20 = 25:0; c21 = 0:51; c22 = 0:23; c23 = 1:0; c24 = 5:75
c25 = 3:35; c26 = 1:45; c27 = 2:0; c28 = 24:5

Table 5
Calibrated material parameters for microplane M7 (bold values were adjusted and
remaining parameters were taken by their default values as suggested in [63]).

parameter value

Young’s modulus 40:51 GPa
Poisson’s ratio 0:172
Reference compressive strength 15:08 MPa
Reference elastic modulus 20:0 GPa
Uniaxial compression strength 61:87 MPa
Number of microplanes 37

k1 = 1:15 � 10�4; k2 = 15:0; k3 = 15:0; k4 = 20:0; k5 = 1:6 � 10�5

c1 = 0:089; c2 = 0:176; c3 = 8:4; c4 = 150; c5 = 3500:0; c6 = 20:0; c7 = 90:0
c8 = 17:0; c9 = 0:012; c10 = 0:23; c11 = 0:50; c12 = 2:36; c13 = 4500:0
c14 = 300:0; c15 = 4000:0; c16 = 60:0; c17 = 1:4; c18 = 17:5 MPa
c19 = 14000:0; c20 = 1:8; c21 = 250 MPa

Table 6
Calibrated material parameters for LDPM (bold values were adjusted and remaining
parameters were taken by their default values as suggested in [55]).

parameter value

Material model parameters
Normal modulus 58:64 GPa
Densification ratio 0:30
Alpha 0:25
Tensile strength 4:4 MPa
Compressive strength 215:0 MPa
Shear strength ratio 4:75
Tensile characteristic length 128:0 mm
Softening exponent 0:01
Initial hardening modulus ratio 7:0
Transitional strain ratio 1:0
Initial friction coefficient 0:15
Asymptotic friction coefficient 0:0
Transitional stress 600:0 MPa
Volumetric deviatoric coupling 0:0
Deviatoric strain threshold ratio 1:0
Deviatoric damage parameter 5:0

Parameters governing the generation of concrete meso-structure
Cement content 414:7 kg/m3

Water to cement ratio 0:35
Aggregate to cement ratio 4:43
Minimum aggregate size 2:0 mm
Maximum aggregate size 10:0 mm
Fuller coefficient 0:50
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317 consolidating concretes of various compositions is also presented
318 in [58].
319 For the completeness of the paper, the list of available response
320 curves in [34,33] is presented. However, the interested reader is
321 referred to these papers for the more detailed description of indi-
322 vidual tests.

323 � 128 three-point bending tests of 400 day old geometrically
324 scaled un-reinforced concrete beams of four sizes with a size
325 range of 1:12.5 including un-notched specimens and beams
326 with relative notch depths of a ¼ a=D ¼ 0:30, 0.15, 0.075,
327 0.025, see Fig. 3(a);
328 � 12 centrically and eccentrically loaded 466 day old three-point
329 bending specimens of size D ¼ 93 mm according to Fig. 3(a),
330 with and without unloading cycles in the softening regime;
331 � 40 Brazilian splitting tests, of roughly 475 day old prismatic
332 specimens of 5 sizes with a size range of 1:16.7, see Fig. 3(b);
333 � 12 standard ASTM modulus of rupture tests [59] at 31 days and
334 400 days;
335 � 24 uniaxial compression tests of 300 � 600 (75 � 150 mm) cylin-
336 ders at 31 days and 400 days, Fig. 3(b);
337 � 4 confined compression tests of 560 day old cored cylinders
338 with D ¼ 50 mm and L ¼ 40 mm including 4 unconfined uniax-
339 ial compression tests of cored companion specimens;

340� 22 uniaxial compression tests of approximately 470 day old
341cubes with D ¼ 40 mm and D ¼ 150 mm, loaded partly mono-
342tonically and partly with several loading–unloading cycles in
343the softening regime, Fig. 3(c);
344� 6 uniaxial compression tests of approximately 950 day old
345cubes with D ¼ 40 mm;
346� 6 uniaxial tension tests of approximately 950 day old prisms;
347� 11 torsion tests of prisms with W ¼ 40 mm and D ¼ 40;60;80
348mm.
349

350During these tests, the stability problem was considered in
351order to obtain the post-peak softening response. Choosing the
352right setup and the right control test mode is necessary to avoid
353the ‘‘snap-back” instability. Therefore, full or partial post-peak data
354are available for all tests except the ASTMmodulus of rupture tests
355and the confined compression tests.
356Due to the multitude of sizes and specimen geometries, all plots
357are presented in the form of nominal stress rN versus nominal
358strain eN plots. Their definitions are:

359� uniaxial tests: rN ¼ F=A, eN ¼ DL=L;
360� bending tests: rN ¼ MF=S, eN ¼ CMOD=D for notched speci-
361mens, eN ¼ CMOD 1þ l� gð Þ=l½ �=2D for un-notched specimens;

Fig. 13. CC3DNonLinCementitious2 model (ATENA) validation: (a) TPB a ¼ 0:3; (b) TPB a ¼ 0:15; (c) TPB a ¼ 0:075; (d) TPB a ¼ 0:025; (e) TPB a ¼ 0:0, un-notched; (f)
unconfined compression cube test (D ¼ 150 mm).
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362 where F = force, A = cross section area, MF = bending moment, S =
363 elastic section modulus, CMOD = crack mouth opening displace-
364 ment, DL = variation of length, L = initial length, l = beam span
365 and g gauge length, i.e. extensometer feet spacing.

366 3.1. Mix properties and curing

367 All 164 specimens of the initial investigation (128 beams, 12
368 ASTM beams, 24 cylinders) were cast in one batch of ready-
369 mixed concrete with a specified compressive strength f 0c ¼ 31
370 MPa. A more detailed description of mixing proportions and cast-
371 ing procedure is reported in [33,34]. The concrete is characterised
372 by pea gravel as coarse aggregate with a maximum diameter of 10
373 mm, a water-cement ratio w=c ¼ 0:41, and a water-binder ratio
374 w=b ¼ 0:35. All the specimens used for the additional investigation
375 were cut or cored out from the remaining shards of the original
376 investigation [33].

377 3.2. Detailed description of selected tests

378 The specific test setup and data analysis description can be
379 found in [34]. In general, the tests were performed on servo-
380 hydraulic closed-loop load frames with suitable load capacities.
381 Moreover, during specimen preparation, all relevant dimensions

382were rigorously recorded. All data were processed automatically
383to ensure unbiased and objective results.

3843.2.1. Flexural fracture by three-point bending
385Characterisation of flexural fracture is a topic that covers the
386major part of the presented investigation in [33]. In particular,
387the size dependence of flexural strength and toughness were of
388interest. The studied parameters were: the relative notch depth,
389relative load eccentricity (the parameter n in Fig. 3)) and the mod-
390ulus reduction in the softening regime. In total, 128 geometrically
391scaled beams of four sizes with a size range of 1:12.5 were tested.
392In addition to the specimens with different notch depths [33], un-
393notched specimens were also investigated. At least six specimens
394were tested for each size and notch depth combination (more for
395the smallest two sizes due to the larger inherent scatter). A visual
396overview of the set of beams can be seen in Fig. 4(a). The specimen
397geometry is shown in Fig. 3(a).
398All dimensions were geometrically scaled except the notch
399width and the specimen thickness W. At the age of 96 days, the
400notches were cut with a diamond-coated band saw. Approximately
401400 days after casting, all 128 beams of the bending size effect
402investigation were tested within 11 days. The chosen stable mode
403of control was Crack Mouth Opening Displacement (CMOD) for
404notched specimens and average tensile strain for un-notched
405beams. For data presentation, nominal stress rN for bending spec-

Fig. 14. CDPM2 validation: (a) TPB a ¼ 0:3; (b) TPB a ¼ 0:15; (c) TPB a ¼ 0:075; (d) TPB a ¼ 0:025; (e) TPB a ¼ 0:0, un-notched; (f) unconfined compression cube test
(D ¼ 150 mm).
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406 imens was defined according to the beam theory. For the notched
407 specimens, the nominal strain eN is based on the measured opening
408 of the extensometer while for un-notched specimens, an engineer-
409 ing strain definition is chosen. The corresponding plots for notched
410 specimens with relative notch length of a ¼ 0:3 are shown in Fig. 4
411 (b).
412 The macroscopic strength of specimens without an initial notch
413 was mostly influenced by the material heterogeneity which mani-
414 fested itself in wide-spread crack localization on the tension side
415 i.e. the fracture always localized in a different position based on
416 the heterogeneity of a given specimen, see [34] for more details.

417 3.2.2. Unconfined compression
418 Compression tests are the most traditional tests used to charac-
419 terise concrete, and they are typically performed on cylinders or
420 cubes. In the case of Eurocode [60,61] both cubes of 150 mm side
421 length and cylinders with 150 mm diameter and 300 mm height
422 were tested using 4 LVDT to measure the variation of the length
423 DL [33]. The derived cylinder strength f cyl and cube strength f cu
424 were used to specify concrete with the typical label ‘‘Cf cyl/f cu”.
425 Unconfined compression tests, in addition to the material’s uniax-
426 ial compressive strength, also provide an insight into the softening
427 behaviour already starting before the peak-load is reached.

428During the investigation, twelve 75 � 150 mm cylinders were
429tested, each after 31 days and after 400 days. Additionally, eight
430150 mm cubes were cut out of the undamaged parts of the ASTM
431modulus of rupture specimens, and fourteen 40 mm cubes were
432cut from the remainders of the three-point bending size effect
433investigation. The tests were performed at the age of approxi-
434mately 470 days.

4354. Overview of material properties

436The basic concrete properties were extracted from various tests
437performed at different ages. For convenience a summary is pro-
438vided in Table 1, see also [33,34]. Compressive strength was deter-
439mined based on 75 � 150 mm cylinders and 150 mm cubes. The
440reported Poisson ratio was determined based on the circumferen-
441tial expansion of standard cylinders in compression [33], and the
442fracture properties were obtained by fitting of Type 2 size effect
443law [33].

4445. Numerical simulations

445The results of calibration and validation of different numerical
446models, introduced in Section 2, are presented hereafter. As
447already mentioned, all utilised models, except CC3DNonLinCemen-

Fig. 15. Microplane M4 validation: (a) TPB a ¼ 0:3; (b) TPB a ¼ 0:15; (c) TPB a ¼ 0:075; (d) TPB a ¼ 0:025; (e) TPB a ¼ 0:0, un-notched; (f) unconfined compression cube test
(D ¼ 150 mm).
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448 titious2 (ATENA), are implemented in the MARS computational
449 environment to control and limit differences in implementations
450 and solvers. The experimentally obtained set of data (see Section 3)
451 is divided into two subsets: (a) data for calibration - three-point
452 bending (TPB) test for a ¼ 0:3 and D ¼ 93 mm; unconfined com-
453 pression cube (UCC) test D ¼ 40 mm; (b) data for validation -
454 remaining experimental data in Section 3. In general, the approach
455 used to study the material models can be characterised by two
456 steps:

457 1. Calibration of each model based on the limited set of data which
458 are usually available, i.e., determination of material parameters
459 of each model;
460 2. Verification of the model behaviour by comparing the results of
461 numerical simulations with remaining experimental data not
462 used for calibration, parameter adjustments are not permitted.
463

464 The consistent mesh is used for continuum-based numerical
465 simulations to minimise the mesh size and type influence. Linear
466 3D eight-node hexahedral solid finite elements with eight integra-
467 tion points and size equal to 5 mm are utilised (Figs. 5–7), in the
468 regions where the propagation of damage is expected, to avoid
469 the discrepancies caused by the utilised regularisation approaches
470 even though the regularisation based on the crack band approach

471is available for CDPM2, M4 and CC3DNonLinCementitious2 mod-
472els. Moreover, the utilised finite element meshes conveniently
473align the element edges with the expected cracking direction,
474which minimises the occurrence of potential spurious stresses.
475Note that the LDPM does not make any presumptions about crack-
476ing direction. However, the LDPM material model response is
477dependent on particle distribution. Therefore, each numerical
478curve is calculated as the average of three to five numerical simu-
479lations obtained on specimens with different mesostructure (i.e.,
480different random particle configuration). The particle gradation fol-
481lows the classical Fuller-Thompson distribution function [62] with
482the aggregate size limited to 4–10 mm, see [35].

4835.1. Calibration

484Calibration of model parameters is obtained through the best
485fitting of the complete load–displacement (opening) curves rele-
486vant to chosen experimental tests, i.e. cube compression and
487three-point bending tests. These tests were chosen to mimic the
488commonly available test data. The best-fitting was performed
489through a ‘‘trial and error” procedure based on a visual assessment
490of the agreement between the numerical result and the experi-
491mental data, see Figs. 8–12. It must be noted that not all experi-
492mental data, to calibrate all material parameters, are available

Fig. 16. Microplane M7 validation: (a) TPB a ¼ 0:3; (b) TPB a ¼ 0:15; (c) TPB a ¼ 0:075; (d) TPB a ¼ 0:025; (e) TPB a ¼ 0:0, un-notched; (f) unconfined compression cube test
(D ¼ 150 mm).
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493 (e.g., triaxial compression tests). Therefore, the relevant material
494 parameters are either based on an ‘‘educated guess” or default val-
495 ues recommended by the corresponding authors of the models. For
496 the unconfined compression, the load was applied through steel
497 platens that are directly in contact with the specimens ends (high
498 friction condition). This condition is simulated by the sliding with
499 friction constraint, see [35]. In ATENA computational framework,
500 the CC3DInterface 3D interface was utilised. The calibrated mate-

501rial parameters can be found in Tables 2–6 where the default and
502adjusted (bold) material model parameters are shown.

5035.2. Validation

504In the paper, the results of validation are shown by comparing
505the numerical simulations with the experimental data that were
506not used in the calibration phase, i.e., three-point bending tests

Fig. 17. LDPM validation: (a) TPB a ¼ 0:3; (b) TPB a ¼ 0:15; (c) TPB a ¼ 0:075; (d) TPB a ¼ 0:025; (e) TPB a ¼ 0:0, un-notched; (f) unconfined compression cube test (D ¼ 150
mm).

Table 7
The mean values of errors calculated from three-point bending tests of studied material models.

error ATENA DPM M4 M7 LDPM

errIS 0.35 0.45 0.37 0.23 0.21
errP 0.21 0.22 0.21 0.16 0.18
errF 0.14 0.09 0.14 0.11 0.14

Table 8
The mean values of errors calculated from compression cube tests of studied material models.

error ATENA DPM M4 M7 LDPM

errIS 0.26 0.30 0.29 0.31 0.24
errP 0.07 0.15 0.19 0.21 0.18
errF 0.33 0.05 0.06 0.20 0.25
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507 data (D ¼ 40;93;215;500 mm, a ¼ 0:3; 0:15;0:075;0:025;0:0) and
508 the compression cube test for D ¼ 150 mm, see Figs. 13–17. Note
509 that for the finite element simulations of un-notched specimens
510 no localization point is introduced to trigger the crack evolution.
511 Three distinguished measures are introduced in the paper con-
512 cerning the mean curves of experimental data to quantify the qual-
513 ity of fits:

514 � initial slope measure describing the error of the initial elastic
515 slope of the numerical simulation (EFEM) with respect to exper-
516 imental data (EFEM) and reads
517

errIS ¼ EFEM=Eexp � 1; ð1Þ519519

520 � peak measure defines the normalized distance between the
521 peaks of FE simulations and experimental data as
522

errP ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
erreP
� �2 þ errrP

� �2q
;

erreP ¼ epeakFEM =epeakexp � 1; errrP ¼ rpeak
FEM =rpeak

exp � 1;
ð2Þ

524524

525

526 where epeakFEM and epeakexp are strains at the peak of numerical simula-

527 tion and experimental data, respectively. Similarly, rpeak
FEM and

528 rpeak
exp stand for stresses at the peak of numerical simulation

529 and experimental data, respectively;
530 � nonlinear softening measure (errF) is determined by means of
531 Frechét distance which characterizes the similarity between
532 curves that takes into account the location and ordering of the
533 points along the curves [64]. The inelastic post-peak strain vs
534 stress which is obtained by a subtraction of elastic strains
535 (eel), i.e. ein ¼ e� eel. However, the length of experimental and
536 numerical data is not always the same, thus, the limit on the
537 data used for inelastic post-peak behaviour is limited as follows
538

8ein 6 min max einFEM
� �

;max einexp
� �h i

ð3Þ 540540

541and
542

8rin P 0:3rpeak
exp : ð4Þ 544544

545To allow the direct comparison of this measure for different
546specimens, stresses are normalized by the experimentally mea-
547sured peak stress and strains are normalized by the experimen-

548tally measured strain corresponding to 0:3rpeak
exp .

549

550The obtained results of these are summarized in Tables 7 and 8
551as the mean values calculated from the error of each simulation for
552a given material model
553

errIS;P;F ¼ 1
N

XN

i¼1

erriIS;P;F; ð5Þ
555555

556where N is the number of specimens.
557An exciting aspect of the model comparison is related to the
558obtained crack paths for the studied test setups, especially, the
559damage pattern for compression test simulations. Typical damage
560patterns obtained during the experimental testing are shown in
561Fig. 18. As can be seen, two typical crack patterns were obtained,
562i.e. cone type or vertical cracks. Boundary conditions and imperfec-
563tions in specimens mainly influence the crack paths. Similar crack
564patterns were also obtained from the investigated numerical mod-
565els, where the vertical cracks were mainly obtained for the LDPM
566simulations and the cone type failure for the continuum models,
567see Fig. 19.

5686. Conclusions

569To realistically model the concrete behaviour, selected
570advanced material models are calibrated and validated against a

Fig. 18. Experimentally obtained crack patterns for unconfined compression cube tests: (a) D ¼ 40 mm; (b,c) D ¼ 150 mm.

Fig. 19. Numerically obtained crack patterns for unconfined compression cube tests D ¼ 150 mm: (a) CDPM2; (b,c) LDPM.
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571 broad set of experimental data. Only a limited set of data was used
572 to calibrate the material models to mimic the commonly used
573 practice. The calibration demands of each model are also different
574 and often increase with a number of fitted material parameters
575 summarized in Tables 2–6. Still, more numerical simulations
576 should be performed to assess different loading scenarios and fur-
577 ther validate the material models. However, this is out of the scope
578 of the presented study and will be published separately. The reader
579 is left to make a personal opinion on the predictive capabilities of
580 studied material models with respect to the number of adjusted
581 model parameters. By comparing the results of errors presented
582 in Tables 7 and 8, it can be concluded that the overall good results
583 are obtained for all studied material models, especially microplane
584 M7 and LDPM have consistent errors for all three measures. How-
585 ever, it should be noticed that the larger value of initial slope error
586 measure (errIS) obtained for CDPM2 is not strongly pronounced in
587 the plotted stress–strain curves. Its values are significantly influ-
588 enced by the disagreement of data for the un-notched three-
589 point bending tests caused by no crack localization point on the
590 tension side for FE simulations. CDPM2 and M4 material models
591 exceptionally well capture the post-peak behaviour in the uncon-
592 fined cube compression test (Table 8). Finally, the main conclu-
593 sions read:

594 � good agreement exists between the predicted responses and
595 experimental data;
596 � the significant difference appears for the unconfined compres-
597 sion (D ¼ 150 mm) in the post-peak response and un-notched
598 three-point bending tests for some models;
599 � all tested material models have the capability of capturing the
600 size effect pronounced for the notched three-point bending
601 tests;
602 � the response of CDPM2 sufficiently fits all experimental data
603 with relatively few model parameters needed to be set up.
604
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