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Executive Summary 

The main objective of this thesis is to develop and perform an analysis of optimization 

based on applying a Graph Theory approach on manufacturing systems, throughout 

which fundamental information about the structure and connectivity behaviour of the 

studied networks will be obtained, allowing to determine the most efficient ways of 

improving the security and the quality of the production flow. As a guidance for the study, 

the following two hypotheses are presented at the introduction of the project: the first and 

more general one, The application of a Graph Theory approach to analyse and study 

manufacturing systems offers suitable information that can be used to optimize the 

production flow; the second and more specific one, A Local Clustering Coefficient (LCC) 

approach can be used to cluster processes of a manufacturing system.  

To prove the veracity of both hypotheses and pursuit the main objective of the study, 

several procedures based on parameters and theoretical aspects of the Graph Theory 

are applied to different manufacturing system’s equivalent graphs. Concretely, the 

suitability of this approach is tested in three different manufacturing systems: in first 

instance, two toy model networks are used to observe the response and the coherence 

of some of the proposed analysis procedures in front of relatively simple and not large 

manufacturing systems; in second and final instance, some of the procedures 

implemented and polished in toy model’s chapter are tested in front of a far more large 

and complex manufacturing system’s equivalent network. The methods of which the 

Graph Theory approach mainly consist of are based on the analysis of centrality 

measures from different perspectives such as its evolution throughout the network, 

synergies and robustness analysis mainly based on sequential targetted centrality 

attacks.  

The results obtained from the application of the Graph Theory approach on 

manufacturing systems are positive and promising, as the information gathered about 

the critical connectivity points and the behavioural structure of the studied networks have 

permitted, using a proper interpretation, to make suggestions and recommendations that 

can be implemented to optimize the production flow and to plan the most efficient way of 

investing economic resources. But in what the second hypothesis is concerned, the 

results obtained indicate that there is no coherence on using the Local Clustering 

Coefficient, as well as Strongly Connected Components and Weakly Connected 

Components, to determine if certain components of the manufacturing system can be 

clustered or not.  
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Abstract 

El objetivo principal de esta tesis es desarrollar y realizar un análisis de optimización 

basado en la aplicación de un enfoque de Teoría de Grafos sobre sistemas de 

fabricación, mediante el cual se obtendrá información fundamental sobre la estructura y 

comportamiento de las redes estudiadas, permitiendo determinar las más eficientes 

formas de mejorar la seguridad y la calidad del flujo de producción. Como orientación 

para el estudio, se presentan las siguientes dos hipótesis en la introducción del proyecto: 

la primera y más general, La aplicación de un enfoque de teoría de grafos para analizar 

y estudiar sistemas de fabricación ofrece información adecuada que puede utilizarse 

para optimizar la Flujo de producción; la segunda y más específica, El enfoque de un 

coeficiente de agrupación local (LCC) se puede utilizar para agrupar los procesos de un 

sistema de fabricación.  

Para probar la veracidad de ambas hipótesis y perseguir el objetivo principal del estudio, 

se aplican varios procedimientos diferentes basados en parámetros y aspectos teóricos 

de la Teoría de Grafos a gráficos equivalentes de diferentes sistemas de fabricación. 

Concretamente, la idoneidad de este enfoque se prueba en tres sistemas de fabricación 

diferentes: en primera instancia, se utilizan dos sistemas (Toy Models)  para observar la 

respuesta y la coherencia de algunos de los procedimientos de análisis propuestos 

frente a sistemas de fabricación relativamente simples y pequeños; en segunda y última 

instancia, algunos de los procedimientos implementados y pulidos en el capítulo 

relacionado con los Toy Models se prueban frente a una red equivalente de un sistema 

de fabricación mucho más grande y compleja. Los métodos de los que se compone 

principalmente el enfoque de la Teoría de Grafos se basan en el análisis de medidas de 

centralidad desde diferentes perspectivas, como su evolución a lo largo de la red, 

sinergias y análisis de robustez principalmente basados en ataques secuenciales. 

Los resultados obtenidos de la aplicación del enfoque de la Teoría de Grafos en los 

sistemas de fabricación son positivos y prometedores, ya que la información recopilada 

sobre los puntos críticos de conectividad y la estructura de comportamiento de las redes 

estudiadas han permitido, mediante una adecuada interpretación, hacer sugerencias y 

recomendaciones que se pueden implementar para optimizar el flujo de producción y 

planificar la forma más eficiente de invertir los recursos económicos. Pero, en lo que se 

refiere a la segunda hipótesis, los resultados obtenidos indican que no existe coherencia 

alguna en el uso del LCC para determinar si ciertos componentes del sistema de 

fabricación pueden ser agrupados o no. 
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Summary by chapters  

In Introductory chapter, the preliminary sections for the correct development of the 

thesis are presented. Some of them are crucial aspects of the study, such as the 

hypotheses, the mission and the scope, which are the parameters and statements that 

guide and define the framework of all the procedures, decisions and approaches made 

throughout the realization of the present thesis.  

In Chapter I. Graph Theory approach on production systems, the first approach 

between the Graph Theory and manufacturing systems is carried out. The finality of this 

section of the study is to present possible interpretations of manufacturing systems using 

several different theoretical aspects and qualities related to Graph Theory, so that a basis 

and possible procedures of analysis are settled down to be applied and carried out in the 

subsequent chapters of the thesis. The theoretical knowledge required for the proper 

understanding of this chapter is summarized in Annex 1: Introduction to Graph Theory.  

In Chapter II. Conceptual framework, toy models., the interpretation and analysis 

procedures presented in the previous chapter are applied to two different toy models with 

the finality of observing its suitability and functioning. From the realization of this chapter, 

a general analysis procedure to manufacturing systems’ production flow optimization is 

settled down.  

In Chapter III.  Case “Tired of wheeling S.L.”, the general analysis procedure extracted 

from both toy models considered in the previous chapter is applied and tested in front of 

a large and considerably complex manufacturing system. The point of this chapter is to 

observe the suitability of this Graph Theory’s approach on a complex network and to 

present recommendations for production flow optimization based on the network’s 

information extracted from the analysis.  

In Chapter IV.  Conclusions, the veracity of the hypotheses stated in Introductory 

chapter is evaluated by considering the results obtained throughout the realization of the 

thesis.  

In Chapter V. References, all the sources of information used during the realization of 

the study are presented.  
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1. Introduction 

Since the discovery and establishment of agriculture as a life support in the Neolithic, a 

fact that is considered to be the greatest demographic transition of humanity, the 

dependence of human beings on industrial organization and the advancement of new, 

more efficient processes has gone into increase. And, as it has been scientifically 

observed, the discoveries of new production techniques are the basis and the cause of 

the evolution of human society and, therefore, of the human being. Due to the increase 

in the number and size of civilizations, the optimization of resources, especially time, 

space and raw materials, and the reduction of costs due to commercial interaction, the 

development and implementation of new production techniques and industrial 

organization are the key to prosperity and the continuation of human evolution. Two great 

examples of this fact are Fordism and Taylorism, industrial doctrines implemented in the 

20th century that revolutionized the panorama of production techniques. 

During the last decades, the complexity of the production systems increased dramatically 

due to three main factors: first, the need to satisfy the optimization of available resources; 

second, the advancement of science and technology; finally, society constantly requires 

products with more and more properties and that satisfy more needs, a fact that 

dramatically increases complexity of the manufacturing environment. In addition, apart 

from these factors, due to the increasing overpopulation of the planet, space and raw 

materials are becoming more relevant aspects, so the need to optimize production 

systems will always be crucial. Then, the development of new techniques that allow to 

improve the performance and structure of production systems are the key to the 

prosperity of human civilization.  

Considering the scene presented in the previous paragraphs, the present thesis will 

focus on satisfying the following two hypotheses: 

1) The application of a Graph Theory approach to analyse and study manufacturing 

systems offers suitable information that can be used to optimize the production 

flow.  

2) A Local Clustering Coefficient (LCC) approach can be used to cluster processes 

of a manufacturing system.  

The first hypothesis is focused on satisfying the need of efficiency and correct functioning 

of the manufacturing systems, meanwhile the second one is focused on simplifying the 

structure of the manufacturing systems and optimizing the space required.  



 

14 
 
Alonso P. | UPC. Polytechnical University of Catalonia 

 Study and optimization of production flow by applying a graph theory approach. 

2. Background 

There is not much evidence of previous documents related to this study, although as a 

result of the research stage, several references have been found, of which the most 

relevant are Ruppert (2018) and C. Caux & M. Barth & R De Guio (2000). In both studies, 

the manufacturing systems are analysed using a graph-based approach, although the 

methods presented in these studies are totally different from those developed and 

implemented in this document. Basically, it is structured and based around the 

calculation and interpretation of the Graph Theory’s centrality measures, a characteristic 

that the two studies mentioned above do not share. 

To carry out this study, different sources of knowledge have been used: firstly, the 

knowledge about complex networks acquired in the Modelling, Complexity and 

Sustainability subject studied at the Polytechnic University of Catalonia (UPC) during the 

realization of the degree in Electrical Engineering; secondly, all the knowledge about 

production systems and data analysis acquired in the Master's degree in Technology 

and Engineering Management (MEM, UPC), especially in the subjects of Tools for 

Decision Making and Production and Logistics; finally, all the knowledge and skills of 

network analysis acquired during the realization of the final degree thesis (Alonso, 2019), 

where an analysis of different parameters of electric power transmission and their 

relationship with the electrical distribution networks’ topology is carried out using 

interpretation methods based on Graph Theory. 
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3. Rationale 

The study performed in the present thesis about optimization of production flow in 

manufacturing systems by using a methodology based on the application, interpretation 

and analysis of several Graph Theory’s parameters and characteristics can turn out 

highly profitable to improve the security and the correct functioning of the just mentioned 

networks.  

The overpopulation of the planet causes available resources to be scarcer, and their 

value increases dramatically. Therefore, the evolution of production systems towards 

more productive and efficient systems is the key to maintaining a sustainable civilization. 

However, this fact makes the complexity of the systems to increase, therefore the need 

of researching and introducing new methods of analysis focused on improving the 

efficiency and correct functioning of manufacturing systems is an obvious and 

indisputable fact. 
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4. Objective of the thesis 

The main objective of this thesis is to develop and perform an analysis of optimization 

based on applying a Graph Theory approach on manufacturing systems, throughout 

which fundamental information about the structure and connectivity behaviour of the 

studied networks will be obtained, allowing to determine the most efficient ways of 

improving the security and the quality of production flow. Concretely, in this study, the 

topology and structure of the manufacturing systems will be analysed by using equivalent 

graphs to develop and perform different procedures mainly based on the calculation, 

processing, and interpretation of centrality measures such as degree, betweenness and 

PageRank. In what the suitability and interpretation of the results obtained through the 

Graph Theory approach is concerned, apart from the verification of the hypotheses of 

the thesis previously presented, different specific and intrinsic goals of the main objective 

are stablished: first, the interpretation and correlation of characteristics and parameters 

between the Graph Theory and manufacturing systems; secondly, the obtention of 

information about the behavioural structure and robustness of the network; and, finally, 

the analysis of the production flow behaviour along the manufacturing system. Also, 

through the identification of critical points, the centrality scoring of each process and the 

procedures and methodologies used to understand the behaviour of the studied 

networks, information about the best and more efficient ways of investing resources are 

found. 
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5. Scope and limitations of the study 

The scope of this study is stablished in the following points: 

1) All the methodologies and procedures used to analyse the manufacturing 

systems will be based on the interpretation and adoption of different parameters 

of Graph Theory.  

2) The basis of the whole study that will be carried out in this thesis to optimize 

production flow through the understanding and analysis of every studied 

manufacturing system’s connectivity characteristics.  

3) Because of the aforementioned point, as only the interrelation between 

components due to production flow exchange will be considered, no other 

production parameters such as cycle time, production costs or inventory, among 

others, will be taken into account when carrying out the network analysis.  

4) Correlations and possible interpretations of manufacturing systems’ 

characteristics by using Graph Theory will be explored, defined, and presented 

as this interpretation process is the basis of the study. 

5) Several simulations using manufacturing system’s equivalent graphs will be 

performed to test and determine the suitability of the proposed procedures and 

methodologies to suggest possible actions that could optimize the production 

flow of the studied manufacturing system.  

6) The optimization of the production flow will be based on ensuring its security, 

understanding security as the correct and continuous functioning of the 

manufacturing system, and, subsequently, of the production flow.  

7) Manufacturing systems will be analysed from two different points of view: first, it 

will be locally studied by calculating and observing the connectivity qualities of 

each process that conforms the network; and, in second instance, it will be 

observed from a general point of view to obtain information about its structure’s 

behaviour and characteristics.  

8) Informatic resources will determine the real scope of the thesis.  
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1. Production systems 

1.1. Production systems’ structure  

To make a clear understanding of what does “production system” means, it is important 

to highlight and emphasize that this term is based on the combination of “production” 

and “system”:  

- “Production” can be considered as the combination of processes and actions 

required to add value and transform an input into an output. The relation and 

combination of processes is also known as conversion process”.  

 

Figure 1:Manufacturing system’s equivalent graph. 

 

- “System”, related to production, can be defined as the arrangement that 

comprehend every single method, action or process needed for the correct 

development of the production process. That is to say, it includes from raw 

material’s gathering and storing to final output storage and deliver.  

 

Figure 2: Production system's general stages. 

 

Hence, joining both previous definitions, a “production system” is the whole set of 

entities, processes and methods involved in the manufacturing of a product from the 

obtention of raw material to product marketability, passing through the production 

process. The following graph represents a whole random production system, and it 

shows the linkage of every entity (node) that conforms it: 
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Figure 3: Example of a graph representing a production system. 

                 

1.2. Graph representation for production systems  

Productions systems, as well as production processes, can be treated as flow network 

graphs. A flow network is a directed graph that always presents an input or source node 

and an output or terminal node. This kind of figures are also considered as weighted 

graphs because they emphasize and give value to the flow between nodes. Moreover, 

the edges are usually given, apart from the actual flow value, a capacity value that fixes 

the maximum flow value that an edge can handle from an origin node to an end node. 

The following figure shows a simple example of flow network graphs that highlights the 

basic characteristics and elements of this type of figures: 

 

Figure 4: Flow network example. 

 

In the previous example, “IN” represents the input or source node, while “OUT” 

represents the terminal or output node. Observing figure 4, it is easier to stablish the 

fundamental conditions to consider a graph as a flow network: 
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1) The output degree of the source node (network input) must satisfy         

𝐶𝑠𝑜𝑢𝑟𝑐𝑒
(𝑜𝑢𝑡_𝑑𝑒𝑔)

> 0. 

2) The input degree of the terminal node (network output) must satisfy        

𝐶𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑙
(𝑖𝑛_𝑑𝑒𝑔)

> 0. 

3) The sum of the source node’s total output flow must be equal to the sum of the 

terminal node’s total input flow. This condition, flow conservation, can be 

extrapolated to the rest of the network nodes: 𝐶𝑖
(𝑖𝑛_𝑑𝑒𝑔)

= 𝐶𝑖
(𝑜𝑢𝑡_𝑑𝑒𝑔)

. Hence, the 

total flow of the network can be understood as the total out-flow related to source 

or, in contrary, as the total in-flow that reaches the process’ output.  

4) The fraction on every edge (weight) represents 𝑊𝑒 =
𝑓𝑙𝑜𝑤𝑒

𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑦𝑒
. It is important to 

highlight that it must be always satisfied 𝑊𝑒 ≤ 1. In the case that the edges only 

represent connectivity or transmission of in-process products, the weight of every 

edge will be considered as 1. 

5) It must be a connected graph.  

Apart from the previous stated conditions, if a flow network graph is used to represent a 

production process, the following characteristics should be also satisfied: 

6) The network flow can represent loops and multiple linking between nodes 

(reprocessing flow). Then, the figure would be classified as a pseudograph.  

7) The resultant graph must present planarity, so it can be drawn without crossing 

edges. 

8) In case of changing the graph’s topology (production process’ layout), it is 

important to satisfy isomorphism properties.    

 

1.3. Centrality measures in a production process 

The centrality measures presented in Graph Theory are aimed to measure and value the 

importance of every node or entity that conforms the network subject to study. In the 

specific case of this thesis, these measures will be applied to detect the most important 

processes in manufacturing, in what flow exchange is concerned. These processes will 

be considered as critical points of the system, meaning that if any of these processes’ 

functioning is altered, it will cause massive affections to the production network.  
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1.3.1. Degree centrality  

Degree centrality values a node importance depending on the number of edges it holds: 

the more edges, the higher the score; and reverse, the smaller number of edges, the 

lower the score. Then, this measure quantifies node’s immediate connectivity, or, in other 

words, it scores a node in function of the number of one-hop connections. In the case of 

manufacturing, this measure would indicate how many links has a machine or station to 

others. But, as production systems are considered as flow networks, it is important to 

distinguish between in-degree and out-degree of every node, fact that, translated to the 

production context, would mean that it is important to analyse: 

- The dependence of the process subject to study on previous processes (in-

degree). 

- The affection of the process subject to study to subsequent processes of the 

manufacturing system (out-degree). 

Degree centrality is the most appropriate and suitable centrality measure to study the 

possible immediate damage that a machine, a process, or a station can cause to the 

whole system if it fails.  

 

1.3.2. Closeness centrality  

Closeness centrality scores a node considering its geodesic distances to every other 

node of the network. Then, the closeness centrality of each node will vary in function of 

its position: if the node subject to study is central, the assigned value will be higher; in 

contrary, if the node is located outskirts of the network, the closeness centrality value will 

be lowered, as reaching every other node of the graph would mean going through long 

paths.  

Applying this centrality measure to a production process allows identifying which 

machines or stations are closer or further from every other component of the network. 

Hence, despite in theoretical terms this measure applied to study processes and 

production flow is not relevant itself. Instead, considering closeness centrality when 

designing the layout and analysing the best topological distribution for the manufacturing 

network can be the key factor for reducing temporal and economic costs: the higher 

number of nodes with high closeness values should be located the most central in the 

manufacturing distribution.  
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Figure 5: Undirected graph (star graph). 

 

1.3.3. Betweenness centrality 

Betweenness centrality quantifies the importance and the incidence of a node in the 

information flow, more specifically, it scores the node subject to study in function of how 

many times this component acts as a bridge in the geodesic distance between every pair 

of nodes in the totality of the network. In the same way as the previous centrality 

measures presented: the higher the betweenness’ scoring, the more importance has the 

studied node in what connectivity is concerned; in contrary, the lower the value, the less 

important will be this node for the network flow.  

Applying this centrality measure to a production process, key information can be 

gathered, for example: 

- It allows to identify the most relevant processes and machines to the production 

flow.  

- Usually, when a node presents a high betweenness centrality value it means that 

this component is key for product flow’s exchange between two or more quasi-

independent sets. Then, analysing this centrality measure can be suitable to 

identify clusters and grouping components.  

 

Figure 6: Fragment of an undirected graph (1). 

 
In the previous figure, which represents a portion of an undirected graph, it can be 

observed that “B” acts as a bridge connector between two nodes of high degree 

centrality, “A” and “C”. Hence, if “B” fails, “A” neighbourhood and “C” neighbourhood will 

be disconnected one from the other.  
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1.3.4. Eigenvector centrality  

Eigenvector centrality is a measure that is considered as an evolution of degree 

centrality: it quantifies the importance of a studied node by analysing the degree value 

of its one-hop neighbours. Then, a node will have a high eigenvector value if it is directly 

connected to important components of the network. And, the reverse way, it will present 

a low value of this measure if it is connected to not relevant components or, obviously, if 

it is a disconnected component.  

Despite eigenvector centrality does not take into account the direction of the linking 

edges because it is meant to be applied to undirected graphs, applying this measure to 

a manufacturing network can reveal weaknesses that other centrality measures are not 

able to manifest. For example, in a network, there could be a node which has low 

closeness score, low degree value and an average value of betweenness centrality. This 

node is initially considered as not relevant, but eigenvector centrality can show that it is 

connected to other two important nodes of the graph. Then, if this component fails, it will 

directly affect to these two one-hop neighbours and rapidly cause a collapse of the 

system. Hence, it is extremely necessary to consider neighbours’ connectivity, especially 

when applying Graph’s Theory to a manufacturing system.  

The following figure represents a portion of an undirected network where it can be 

observed a node with high Eigenvector centrality value, as it is connected to several one-

hop neighbours, and they present degree centrality measures higher than 1.  

 

Figure 7: Fragment of an undirected graph (2) 
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1.3.5. PageRank centrality  

As well as eigenvector is considered the evolution of degree centrality, PageRank is 

known as the evolution of eigenvector measure. PageRank centrality, in addition to 

consider the importance of the one-hop neighbours a studied node, it also adds to the 

quantification score the quality and weight of the linking edges, and the direction of the 

linking. Then, this measure is suitable to be fully applied to weighted digraphs.   

In what using this measure in manufacturing systems is concerned, it works similarly as 

eigenvector centrality. However, it offers a wider range of possibilities as the weight of 

the links can represent any interesting parameter related to production such as cost, 

time… But, if no weight is stipulated, it will be considered that every edge has a value of 

1.  

 

Figure 8: Fragment of a multigraph. 

 
The previous figure represents a portion of a directed network where it can be observed 

a node with high PageRank centrality value, as it is connected to several one-hop 

neighbours, and they present degree centrality measures higher than 1.  

 

1.3.6. Local Clustering Coefficient  

Local Clustering Coefficient of a node indicates how dense is its connectivity with all its 

one-hop neighbours (neighbourhood of a specific node). The evolution of this parameter, 

when carrying out the study of a graph using centrality measures, is usually related to 

the behaviour of degree centrality and density of the network.  

Applying this measure to the study of manufacturing systems, it will offer information 

about how susceptible a node or a neighbourhood is to be clustered. As shown in the 

following figure, the set of nodes [A, B, C, D] and its respective linking edges represent 

a simple egocentric network. So, considering this graph as a process, it would be 

interesting to calculate the Local Clustering Coefficient of each node to analyse their 

clustering susceptibility.
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Figure 9: Directed network example. 

 

1.3.7. Centrality measures’ synergy 

When analysing a network using Graph Theory, as it is explained in the previous 

sections, centrality measures offer the possibility of studying all the nodes of the graph 

and giving them a value depending on their characteristics and their connectivity 

properties. But, when deciding a component’s relevance, it is important to observe and 

compare between all centrality measures calculated. That is to say, when detecting 

critical points of a system, taking into account measures’ synergy is key, otherwise the 

study will lose accuracy. For example, next some of the most common synergies are 

presented: 

- Degree and eigenvector/PageRank: If a node presents a high degree value and 

a high eigenvector or PageRank value, this node could be almost be considered 

a hub1, as it presents a great number of one-hop links and, also, its one-hop 

neighbours are also components with a high degree scoring. Hence, if there is a 

failure2 in a component with these characteristics, it would cause immediate 

collapse in several other nodes of the network.  

- Closeness and betweenness: Both closeness and betweenness are key 

measures in network’s global connectivity, as the first one indicates proximity to 

every other node in the graph and the second one scores the importance of a 

component acting as an essential communication bridge. Then, if a node that 

presents high values of both centrality measures fails, it would cause a general 

failure in the system. 

 
1 In what network science and Graph Theory is concerned, a hub is a component (vertex or node) with a 
number of links that surpasses the average in the studied network.  
2 In the context of this thesis, a failure of a component in a manufacturing system does not only express 
that the mentioned component stops producing, but it also considers other negative impacts such as 
defective production.  
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- Degree and closeness: If a component has high degree and high closeness 

centrality, it will indicate that, respectively, it has a high number of one-hop 

neighbours and that it is close from every other component of the network. Then, 

if there is a failure in this point, it would immediately affect to several directly 

connected nodes and, subsequently, it would rapidly cause the failure of the 

major part of the system.  

As it has been said in the previous lines, these synergies are just some examples. 

Subsequently, in this thesis, a more accurate approach and use of how to detect the 

critical points of a network will be shown. 

  

1.4. Connectivity in a manufacturing process 

Manufacturing processes are meant to be connected graphs, as the production flow must 

arrive from the input to the output (flow networks). Therefore, it cannot be any machine 

or station disconnected from the rest because the production flow would be interrupted. 

In what applying connectivity to analyse production systems is concerned, it is important 

to look for disconnecting components and Strongly Connected Components (SCC) due 

to its optimization potential.  

 

1.4.1. Disconnecting components 

Usually in manufacturing processes, almost every node or edge are disconnecting 

components as in not-dense directed networks has a key role in connectivity. 

Notwithstanding, identifying these components and sets3, and combining this information 

with the analysis of the centrality measures of the networks can be helpful when selecting 

the critical points of the network.    

 

1.4.2. Strongly Connected Components (SCC) 

Strongly Connected Components, or SCC, are components of a network that form a 

graph’s sub-cycle or that simply are high interrelated. This approach to manufacturing 

systems can be useful for clustering processes and machines, a fact that allows to relate 

the Graph’s Theory to production cells. 

 
3 A disconnecting set of a graph is the combination of the minimum number nodes and edges necessary 
two transform a connected graph into a disconnected one.  
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1.5. Complex graphs’ operations  

Complex graphs’ operations, especially union and intersection, in what production and 

manufacturing systems is concerned, can be useful to compare two or more networks. 

Concretely, when talking about manufacturing systems, using a Graph Theory approach 

to analyse the similarities and compatibility potential of two or more different systems 

can be suitable to: 

1) Study the viability of unification of these networks, through a union approach.  

2) Compare and observe the topological distribution’s differences between different 

systems, using an intersection approach.  

Then, the importance of complex graph operation relays on the possibility of 

improvement that it could bring to a production system based on different manufacturing 

systems.  

 

1.6. Centrality measures’ applications for production flow optimization 

Using a Graph Theory approach on production systems, or specifically in the case of this 

thesis, on manufacturing systems, can provide relevant and useful information about 

several characteristics of the studied network such as structure, composition, and 

connectivity. This last parameter will be the base of the approach, as the main objective 

is to apply centrality measures to value, score and rank the importance of every process 

within the manufacturing system. The identification and knowledge of the most important 

nodes, or critical points, of the network allows an efficient and accurate way of investing 

resources to improve the security of the network, the continuity and quality of the 

production flow. 

The critical points of a system are the ones scored with high connectivity values, then, 

translating to manufacturing systems, these are the best positions to introduce elements 

and implement actions to improve the functioning of the whole network. These actions 

and elements could be, for example: 

- Quality controls to avoid the dispersion of defecting product throughout the 

system, fact that can be translated into a high loss of resources as the raw 

material is wasted, the whole conversion process is meaningless and, if there is 

not a competent control of the final product, it could reach the customer devaluing 

the image of the company, meaning more economical punishment.  
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- Placement of buffers to ensure the continuation of the production flow when a 

highly connected process stops production during a certain period of time. This 

action will allow the continuity of the manufacturing process from the failing point 

to the terminal node, giving supposedly enough reaction time to solve the 

problem before the buffer’s in-process product existences run out.  

- Maintenance scheduling to ensure the correct functioning of the machinery 

related to important processes, in what connectivity is concerned. This fact might 

reduce the number of incorrect performances of relevant processes.  

- Improvement of assets: investing on better machinery, formative courses for 

manpower… 

Then, the usage of this approach, apart from the applications presented in the previous 

lines, presents another interesting characteristic, which is that it can be relatively easily 

programmed and introduced to CAPM (Computer Aided Production Management).  
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2. Software 

For the correct development of the methodology used in the subsequent chapters of the 

thesis, the following software and online software has been used to analyse, calculate, 

and draw the different manufacturing processes’ equivalent graph: 

 

2.1. NodeXL 

NodeXL is a software designed for network analysis: calculation of centrality measures, 

Local Clustering Coefficient, basic graphs properties, global measures… Also, NodeXL 

is useful for graph creation and drawing.  

 

Figure 10: NodeXL logo, extracted from NodeXL’s official Twitter webpage. (https://twitter.com/nodexl?lang=es)  

 

2.2. RStudio 

RStudio is an IDE (Integrated Development Environment) designed for statistical 

computing and graphic analytics by using R programming language. Concretely, the 

most relevant libraries used for this thesis have been: 

-  “igraph” library, which is the most suitable package for network and graph 

analysis.  

- “NetSwan” library, which is focused on facilitating tools to analyse robustness 

and vulnerability of networks.  

- “brainGraph” library, which is a library based on functions of “igraph” used for the 

analysis of networks.  

 

Figure 11: RStudio Desktop version logo, extracted from its official webpage. (https://rstudio.com/)  

 

 

 

https://twitter.com/nodexl?lang=es
https://rstudio.com/
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2.3. Graph online 

Graph online is an online software that allows the user to create graphs through the 

incidence and adjacency matrices. Also, in addition to the drawing tools, it offers the 

possibility of applying several algorithms to find properties of the graphs such as 

minimum spanning tree or Eulerian paths, among many other options.  

 

Figure 12: Graph Online logo, extracted from its official webpage. (https://graphonline.ru/en/)  

 

2.4. csacademy.com (Graph Editor) 

csacademy.com has an online software called “Graph Editor” which is useful for the 

creation and visualization of simple graphs. 

 

Figure 13: csacademy.com logo, extracted from its official webpage.  (https://csacademy.com/app/graph_editor/)  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

https://graphonline.ru/en/
https://csacademy.com/app/graph_editor/
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Chapter II. Conceptual framework, toy 

models. 
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1. Understanding of Toy model 

 

1.1. Definition of Toy model 

Toy modelling is an approach that is usually carried out in many scientific environments, 

which is based on deliberately building simplistic models with the objective of applying 

and testing procedures in an easier way than in a real study case.  

In the case of this thesis, a toy model will be considered as the equivalent graph of a 

hypothetical simple manufacturing system, designed to present and develop methods 

and procedures to analyse and understand the behaviour of a manufacturing system and 

its production flow from a Graph Theory’s approach.  

 

1.2. Toy model’s characteristics 

For the toy modelling, the equivalent manufacturing systems’ graphs will be considered 

as directed graphs (digraphs) with an edge weighting of “1”, a fact that represents the 

exchange and transmission of in-process product and states that the strength of the 

connection between processes does not vary throughout the system.  

As it is specified in section “2.2. Graph representation for production systems” from 

“Chapter II. Graph Theory approach on production systems”, every equivalent graph 

subject to study will consist of: 

-  A source node or input, which represents the origin of all raw materials needed 

for the conversion process.  

- A terminal node or output, which represents the gathering point of all finished 

products, the end of the conversion process. 

- Every node placed between the source and the terminal node will represent a 

process of the conversion process.  

- The edges, as it has been specified before, indicate the relation between two 

processes and its direction, as well as the exchange of production flow. They will 

be supposed to be idealistically perfect and secure, meaning that the correct 

continuity of the production flow through every edge of the network is 

imperturbable.  
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2. Application cases 

2.1. Toy Model 1 

Toy Model 1 is an equivalent graph of a hypothetical simple manufacturing system, as it 

will be observed in section “4. Toy Model 1”, figure 10. The objectives of this toy model 

can be summarized in the following points: 

- Observe the suitability of the Graph Theory when being applied to simple 

manufacturing systems.  

- Present the procedures of obtention and evaluation of centrality measures, Local 

Clustering Coefficient (LCC) and synergies.  

- Develop the different analysis’ procedures and approaches.  

- Present the results’ treatment methodology.  

As it will be observed in this case, giving specific recommendations for production 

recommendations is not a main consideration, as the main objectives are to present the 

analysis methodology and the evaluation of the results.  

 

2.2. Toy Model 2 

Toy Model 2, in contrary to Toy Model 1 that presents essential information about 

analysis’ procedures of the values resultant from the calculation of the centrality 

measures, is a toy model focused on applying and developing two different aspects:  

- The theoretical application of Graph Theory on manufacturing systems presented 

in section “Addition of production systems”. 

- The analysis of a network’s robustness will be carried out to obtain information 

about the behaviour of the studied network in front of different types of 

components’ disconnection.  

For that end, Toy Model 2 will consist of analysing and developing the union of two similar 

simple hypothetical conversion processes and, finally, the withstanding of the network 

will be tested and analysed in front of the application of different attacking strategies.   
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3. Toy model 1 

The following figure presents a directed graph (G) equivalent to the hypothetical 

manufacturing system subject to study: 

 

Figure 14: Manufacturing system’s equivalent digraph (Toy Model 1). 

 

3.1. General analysis 

As it can be observed, the network consists of 13 nodes and 16 edges, including the 

source and the terminal nodes and its related edges. To make a general understanding 

of the graph connectivity, the density of the network is calculated using equation 4 of 

Annex 1: 

𝐷(𝐺) =
2 · |𝐸|

|𝑁| · (|𝑁| − 1)
=

2 · 16

13 · (13 − 1)
= 0,205 

In percentage, the density of the graph “G” subject to study is 20,5%. Despite the fact 

manufacturing systems are not usually complex dense networks, this density can be 

considered understood as a low value. From this observation, the following information 

can be extracted: 

- Low density can be translated into low degree centrality values. 

- As Eigenvector and PageRank centralities are principally based on degree, the 

probability of finding significative values of these two measures is low.  

- The number of regions obtained when dividing the network will be low.  

- Local Clustering Coefficients will be present in a low number of nodes; hence, 

the possibility of clustering components is reduced.  



 

   36 
 

 Study and optimization of production flow by applying a graph theory approach. 

Alonso P. | UPC. Polytechnical University of Catalonia 

3.2. Splitting the graph into regions 

To clarify the structure of the network, the graph is divided into regions in accordance 

with isomorphism and planarity properties, as it can be observed in the following figure: 

 

Figure 15: Toy Model 1's equivalent graph split into regions. 

 
As the previous figure shows, the network can be divided into five different regions. In 

the following table, the characteristics of each region are specified: 

 

Name Color Set of nodes, N 

R1 Red {IN, A, B, C , E, F, G, J, K} 

R2 Orange {A, C, D} 

R3 Garnet {F, G, H} 

R4 Green {G, H, I} 

R5 Grey {IN, A, B, C , D, E, F, G, H, I, J, K, OUT} 

Table 1: Regions of Toy Model 1's graph. 

 
In what the previously shown regions is concerned: 

- Region “R5” comprehends every node of the system as it theoretically used to 

name the whole environment that surrounds the network. In this case, as it is 

considered a manufacturing system, “R5” refers to the facilities where this 

network is operating. 

- Each one of the regions “R2”, “R3” and “R4” consists of three nodes which could 

potentially be clustered depending on its connectivity characteristics: it is 

important to determine whether these nodes are Strongly Connected 

Components (SCC), and their susceptibility to be clustered measured by the 

Local Clustering Coefficient.  
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- Region “R1” is the core of the manufacturing network. In contrary to regions “R2”, 

“R3” and “R4”, it consists of a larger number of components with a low potential 

of clustering. 

 

3.3. Centrality measure’s calculation 

Once the network has been divided into regions and its general structural characteristics 

have been analysed, the centrality measures of each component is calculated. The 

following table presents the results obtained using the software of network’s analysis:  

 

Vertex 𝑪𝒊
(𝒊𝒏_𝒅𝒆𝒈)

 𝑪𝒊
(𝒐𝒖𝒕_𝒅𝒆𝒈)

 𝑪𝒊
(𝒃𝒆𝒕𝒘)

 𝑪𝒊(𝒄𝒍𝒐𝒔𝒆) 𝑪𝒊
𝒆𝒊𝒈𝒆𝒏

 𝑪𝒊
(𝒑𝒂𝒈𝒆𝑹𝒂𝒏𝒌)

 𝑳𝑪𝑪𝒊 

A 1 2 25,333 0,029 0,029 1,212 0,167 

B 1 1 27,333 0,030 0,068 0,830 0,000 

C 2 1 25,667 0,029 0,027 1,220 0,167 

IN 0 2 25,333 0,029 0,035 0,846 0,000 

D 1 1 0,000 0,025 0,020 0,839 0,500 

E 1 1 28,667 0,031 0,026 0,870 0,000 

K 2 1 44,667 0,033 0,046 1,321 0,000 

OUT 1 0 0,000 0,024 0,016 0,524 0,000 

F 1 2 31,333 0,032 0,154 1,132 0,167 

G 3 1 40,333 0,033 0,193 1,474 0,167 

H 1 2 4,667 0,029 0,171 1,115 0,333 

I 1 1 0,000 0,025 0,130 0,779 0,500 

J 1 1 34,667 0,033 0,085 0,838 0,000 
Table 2: Centrality measures' score for Toy Model 1. 

 
The results displayed does not differ from the statements exposed in a previous section 

of the case “General Analysis”: 

- Except from node “G” that presents a total degree value of 4, the major number 

of components that conforms this network has a total degree value of 2. Then, in 

this case, low density has been translated into low degree. 

- PageRank centrality values do not present extremely significant values, as they 

vary from 0,524 to 1,474. However, Eigenvector centrality do present significative 

values as its values are in a range from 0,016 to 0,193.  

- Local Clustering Coefficients are only present on those nodes belonging to small 

regions (R2, R3 and R4). In addition, there are not many significant values.  
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About the remaining centrality measures, the betweenness centrality measure’s values 

obtained are quite relevant, meanwhile the ones related to closeness centrality do not 

present any relevant element.  

This case is going to be studied in both different ways stipulated in the section 

“Application study cases”:  

1) Considering that the existent manufacturing system allows changes in its 

topology, fact that allows to cluster different elements of the network.  

2) Considering that the existent manufacturing system does not allows changes in 

its topology, that is to say, no clustering is permitted.  

 

3.4. Clustering allowance’s approach 

Clustering regions is a good method so simplify the general structure of a network and 

its connectivity characteristics too. In what this case is concerned, first, it is important to 

analyse potential clustering regions and look for Strongly Connected Components (SCC) 

and elements with high Local Clustering Coefficient (LCC). The following table 

summarizes these key aspects: 

 

Region Set of nodes Max 𝑳𝑪𝑪𝒊 Average 𝑳𝑪𝑪𝒊 SCC 

R2 {A, C, D} 0,500 0,278 No 

R3 {F, G, H} 0,333 0,222 No 

R4 {G, H, I} 0,500 0,333 No 
Table 3: Toy Model 1's region LCC information. 

 
As it can be appreciated in the previous table and in figure 12, none of these regions 

presents Strongly Connected Components as there are no complete cycles within the 

regions, for example, in region “R2” once the flow leaves any of its nodes, there is no 

possible path to come back to this node. This fact is because there is no product flow 

reprocessing anywhere in the system. Now, talking about Local Clustering Coefficient of 

each region, it can be observed that the maximum value of LCC in regions “R2” and “R4” 

is 0,500, which is an acceptable value for clustering each region around its respective 

ego-node to create an egocentric subnetwork (cluster). However, region “R3” presents 

a lower maximum value of Local Clustering Coefficient. But considering the fact that this 

region shares a 66,67% of its nodes (“G” and “H”) with region “R4”, these two regions 

can be merged into one cluster based on the shared nodes “ego”.  
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So, considering the indications of the previous lines, the network’s topology will be 

redesigned by converting region “R2” into a unique node and merging both regions “R3” 

and “R4” into one node. These changes are shown in the following figure that presents 

the resultant directed graph” 𝐺′”: 

 

 

Figure 16: Toy Model 1's clustered graph. 

 
The resultant network is an extremely simple one, as it is just formed by 8 nodes and 8 

edges, fact that represents an equivalent density of 0,286, as subsequently calculated.  

𝐷(𝐺′) =
2 · |𝐸|

|𝑁| · (|𝑁| − 1)
=

2 · 8

8 · (8 − 1)
= 0,286 

 

Even though the density value of “𝐺’” is higher than the density of the initial flow network, 

“𝐺” is far more complex than the clustered version, as it presents a more convoluted 

connectivity.  

The simplicity of this directed graph is appropriate to test the Graph’s Theory approach 

presented in this thesis on a simple graph (case). Then, the following step is to calculate 

the centrality measures of this new network. The results obtained after introducing the 

new network in the analysis software are presented in this table: 

 

Vertex 𝑪𝒊
(𝒊𝒏_𝒅𝒆𝒈)

 𝑪𝒊
(𝒐𝒖𝒕_𝒅𝒆𝒈)

 𝑪𝒊
(𝒃𝒆𝒕𝒘)

 𝑪𝒊(𝒄𝒍𝒐𝒔𝒆) 𝑪𝒊
𝒆𝒊𝒈𝒆𝒏

 𝑪𝒊
(𝒑𝒂𝒈𝒆𝑹𝒂𝒏𝒌)

 𝑳𝑪𝑪𝒊 

B 1 1 6,000 0,063 0,110 0,995 0,000 

IN 0 2 6,000 0,063 0,110 0,995 0,000 

E 1 1 10,000 0,071 0,141 0,990 0,000 

K 2 1 18,000 0,077 0,175 1,474 0,000 

OUT 1 0 0,000 0,053 0,084 0,568 0,000 

J 1 1 10,000 0,071 0,141 0,990 0,000 

R2 1 1 8,000 0,067 0,120 0,994 0,000 

R34 1 1 8,000 0,067 0,120 0,994 0,000 
Table 4: Centrality scoring for the clustered graph. 
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As it was expected due to all the possible clusters in the initial graph have been carried 

out, the values for the Local Clustering Coefficient are all zero.  

To make a clear analysis and comparison of the centrality measures, all the results 

obtained, apart from the ones related to the source and terminal nodes, are going to be 

changed into the same scale. This scale will have a range from 0 to 1, and it will be 

applied using the following formula: 

𝐶𝑖
′𝑥

=
𝐶𝑖

𝑥

max (𝐶𝑥)
;                                                              (1) 

Where:  

- 𝐶𝑖
′𝑥

 represents the value of scaled centrality measure "𝑥" for a node "𝑖" . 

- 𝐶𝑖
𝑥 is the centrality measure’s value already calculated for the node “𝑖”. 

- max (𝐶𝑥) is the maximum value of the centrality measure "𝑥" among all the 

relevant calculated nodes of the network.  

 

Unless otherwise stated, once calculated the normalized values: 𝐶𝑖
𝑥 = 𝐶𝑖

′𝑥
.  

The following table presents the maximum values for each centrality measure, in 

exception of Local Clustering Coefficient and, also, without considering nodes “IN” and 

“OUT”: 

 

 𝑪𝒊
(𝒊𝒏_𝒅𝒆𝒈)

 𝑪𝒊
(𝒐𝒖𝒕_𝒅𝒆𝒈)

 𝑪𝒊
(𝒃𝒆𝒕𝒘)

 𝑪𝒊(𝒄𝒍𝒐𝒔𝒆) 𝑪𝒊
𝒆𝒊𝒈𝒆𝒏

 𝑪𝒊
(𝒑𝒂𝒈𝒆𝑹𝒂𝒏𝒌)

 

MAX VALUE 2 1 18 0,077 0,175 1,474 
Table 5: Maximum centrality values for Toy Model 1 (clustering approach). 

 
Then, applying the normalization criteria and the previous considerations, the following 

results are subsequently shown:  

 

Vertex 𝑪𝒊
(𝒊𝒏_𝒅𝒆𝒈)

 𝑪𝒊
(𝒐𝒖𝒕_𝒅𝒆𝒈)

 𝑪𝒊
(𝒃𝒆𝒕𝒘)

 𝑪𝒊(𝒄𝒍𝒐𝒔𝒆) 𝑪𝒊
𝒆𝒊𝒈𝒆𝒏

 𝑪𝒊
(𝒑𝒂𝒈𝒆𝑹𝒂𝒏𝒌)

 

B 0,500 1,000 0,333 0,818 0,629 0,675 

E 0,500 1,000 0,556 0,922 0,806 0,672 

K 1,000 1,000 1,000 1,000 1,000 1,000 

J 0,500 1,000 0,556 0,922 0,806 0,672 

R2 0,500 1,000 0,444 0,870 0,686 0,674 

R34 0,500 1,000 0,444 0,870 0,686 0,674 

Table 6: Normalized values for Toy Model 1's clustered equivalent graph. 
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In the previous table, the nodes with the highest values for every centrality measure will 

present a score of “1,000”. There are some aspects that must be remarked: first, the 

highest values of every centrality measure are related to the same node, “K”, a fact that 

is usual when studying simple directed networks; secondly, another characteristic is that 

the results are not sparse enough to be significant, in relative exception to the 

eigenvector and betweenness centralities’ results.  

The following chart visually confirms that the node with the highest values of centrality 

measures is “K”, while the rest of the components present a similar total addition and a 

similar connectivity structure, which means that they play a similar role in the network. 

Hence, if these nodes present similar values of each centrality measure, it would be a 

nonsense to study the synergies explained in Chapter I, 1.3.7. Centrality measures’ 

synergy. This fact is clarified when plotting the results using a bar chart and observing 

its distribution pattern: 

 

 

Chart 1: Centrality measure's comparison (clustering approach, Toy Model 1). 

 
As it can be appreciated, apart from the results related to node “K” represented in the 

chart, the rest of analysed components show a similar pattern that, in every case, varies 

in approximately the same range of values. Thus, apart from ensuring that node “K” is 

the most important node in the clustered manufacturing process in what connectivity is 

concerned, no more useful information can be extracted mainly because of the following 

two reasons: 
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- There exists an inner common pattern between nodes of centrality measures’ 

values, fact that turns into meaningless the study of synergies. 

- The simplicity of the clustered network has been translated into meaningless and 

similar values among nodes for every centrality measure, that is why no 

recommendation of specific optimization actions can be given.  

But, despite the impossibility to give specific actions to optimize the production flow of 

the manufacturing process, in the case of simple networks at least the better investing 

order can be given, that is to say, the node or process where changes and economic 

investment will generate the highest impact on the totality of the manufacturing system. 

Calculating the average value of the centrality measures of every node, the following 

table is presented: 

 

Vertex Average centrality 

B 0,565 

R2 0,59628571 

R34 0,59628571 

E 0,63657143 

J 0,63657143 

K 0,85714286 
 

Table 7: Average centrality values (Toy Model 1, clustering approach). 

 
As it can be observed, where changes and economical investment will cause more 

impact and give a better optimization efficiency would node “K”, as it was expected. 

Then, the following step would be investing on “J” or “E”, indistinctively as they present 

the same average value. The same happens with nodes “R2” and “R34”, which would 

be the third step of inversion. Finally, the process of the network that would return the 

lowest ratio of optimization and investment would be the one represented by the node 

“B”.  
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3.5. Not clustering approach 

If clustering is not allowed due to unchangeable topology or the specific instructions of 

the manufacturing system’s petitioner, the analysis for applying optimization actions or 

methods becomes more complex. Hence, using the opposite criteria to the previous 

case, in this case the behaviour and suitability of the Graph’s Theory approach on 

complex manufacturing systems’ topologies will be tested.     

Following the initial steps of the previous case, in first instance, the scaling factor is 

applied to obtain comparable sets of values. The following table shows the maximum 

value of each centrality measure of the network, without considering the source and the 

terminal nodes:  

  

𝑪𝒊
(𝒊𝒏_𝒅𝒆𝒈)

 𝑪𝒊
(𝒐𝒖𝒕_𝒅𝒆𝒈)

 𝑪𝒊
(𝒃𝒆𝒕𝒘)

 𝑪𝒊(𝒄𝒍𝒐𝒔𝒆) 𝑪𝒊
𝒆𝒊𝒈𝒆𝒏

 𝑪𝒊
(𝒑𝒂𝒈𝒆𝑹𝒂𝒏𝒌)

 𝑳𝑪𝑪𝒊 

MAX VALUE 3 2 44,667 0,033 0,193 1,474 0,500 
Table 8: Maximum centrality values for Toy Model 1 (not clustering approach). 

 
Once the maximum values are stipulated, the normalization formula is applied, obtaining 

the following sets of values for each component: 

 

VERTEX 𝑪𝒊
(𝒊𝒏_𝒅𝒆𝒈)

 𝑪𝒊
(𝒐𝒖𝒕_𝒅𝒆𝒈)

 𝑪𝒊
(𝒃𝒆𝒕𝒘)

 𝑪𝒊(𝒄𝒍𝒐𝒔𝒆) 𝑪𝒊
(𝒆𝒊𝒈𝒆𝒏)

 𝑪𝒊
(𝒑𝒂𝒈𝒆𝑹𝒂𝒏𝒌)

 𝑳𝑪𝑪𝒊 

A 0,333 1,000 0,567 0,879 0,150 0,822 0,334 

B 0,333 0,500 0,612 0,909 0,352 0,563 0,000 

C 0,667 0,500 0,575 0,879 0,140 0,828 0,334 

D 0,333 0,500 0,000 0,758 0,104 0,569 1,000 

E 0,333 0,500 0,642 0,939 0,135 0,590 0,000 

K 0,667 0,500 1,000 1,000 0,238 0,896 0,000 

F 0,333 1,000 0,701 0,970 0,798 0,768 0,334 

G 1,000 0,500 0,903 1,000 1,000 1,000 0,334 

H 0,333 1,000 0,104 0,879 0,886 0,756 0,666 

I 0,333 0,500 0,000 0,758 0,674 0,528 1,000 

J 0,333 0,500 0,776 1,000 0,440 0,569 0,000 
Table 9: Normalized values for Toy Model 1's not clustered equivalent graph. 
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The “1,000” values represent the maximum scoring results for every centrality measure’s 

calculation. As it can be appreciated, in comparison to the previous clustered network, 

the results obtained present a much wider range, a fact that permits the application of 

different approaches to the study of the manufacturing. For example, a general analysis 

can be carried out by observing the most outstanding nodes on every centrality measure 

and calculating the average centrality for each node to determine its presence in the 

network. Moreover, as this graph has not been clustered, it still presents the regions 

shown in figure 11. So, an analysis of these regions can be performed to recommend 

regional optimization measures. Also, as the complexity of the network is higher, the 

possibility of finding a distribution pattern in the network is lower, meaning that centrality 

measures’ synergies can be studied to perform a more accurate analysis.  

 

3.5.1. General study 

In the following lines, the most representative nodes of every centrality measure 

according to table 9 are going to be pointed out:  

1) In what input degree (𝑪𝒊
(𝒊𝒏_𝒅𝒆𝒈)

) in this manufacturing system is concerned, the 

most relevant process is “G”, followed by “C” and “K”. Hence, these nodes are 

the ones with more dependency on previous one-hop neighbours (immediate 

previous processes). 

2) For output degree (𝑪𝒊
(𝒐𝒖𝒕_𝒅𝒆𝒈)

), the most remarkable processes are “C”, “F” and 

“H”, with the maximum values of this centrality measure. High levels of output 

degree mean that many subsequent distance “1” processes depend on the 

analysed nodes.  

3) The most outstanding nodes on betweenness centrality (𝑪𝒊
(𝒃𝒆𝒕𝒘)

) are “K”, with 

the maximum value, and “G”, with the second highest score of this measure. In 

theoretical terms, high levels of betweenness mean that a node is crucial for 

general connectivity in the network as it is presents in a lot of information 

exchange between every pair of nodes. So, it can be said that nodes “K” and “G” 

present the in-process products where it can be found the contribution and effect 

of many other processes in the system. In other words, these nodes gather high 

levels of information about the in-process product.  
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4) For closeness centrality (𝑪𝒊(𝒄𝒍𝒐𝒔𝒆)), despite the fact that the range’s width of the 

results obtained is not totally significant, the nodes that must be highlighted are 

“K”, “G” and “J”, the three of them with maximum value for this measure within 

the whole network.  Theoretically speaking, nodes with high closeness values are 

those which are located in the shortest distance to all the rest of nodes from the 

network. In this case, as this is a simple network with exclusively only one 

terminal node, the direction of the production flow is “unique”. This fact makes 

closeness and betweenness’s measures top-ranked nodes be the same ones to 

both measures. So, both of these measures are related to the quantity of 

information a process gathers from the rest of the network.  

5) In what eigenvector centrality is concerned (𝑪𝒊
(𝒆𝒊𝒈𝒆𝒏)

), the processes with the 

highest value of this measure are “G”, followed by “H” and “F”. Then, these three 

processes are important because they are connected to one-hop neighbour 

processes with a high degree centrality. This measure does not consider the 

direction of the linking, that is why, when calculating this measure, the network is 

considered as undirected. This centrality measure is interesting to be considered 

when studying a manufacturing system where the failure of a process can directly 

affect to all its neighbours, regardless of the direction of the flow.   

6) For PageRank centrality (𝑪𝒊
(𝒑𝒂𝒈𝒆𝑹𝒂𝒏𝒌)

), the most outstanding process is “G”, 

followed by “K”, “C” and “A”. Having a high PageRank scoring means that a 

process is directly linked to other important processes of the network with high 

degree centrality. Observing the results’ table, this case is a clear example of the 

importance of in-degree over out-degree when calculating PageRank: in low-

density networks, a high in-degree centrality value will be attached to high 

PageRank centrality. This fact is the responsible for the differences between the 

results of PageRank and eigenvector: despite “G” presents the highest value for 

each measure because it has a high in-degree and its out-degree is exclusively 

related to an important node, the following ranking positions are completely 

different.   
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7) The Local Clustering Coefficient’s score (𝑳𝑪𝑪𝒊) of a node, as it has been 

indicated in previous sections, indicates the predisposition of each node to be 

clustered. A high scoring of a node on this measure can usually be translated into 

high dependency on its one-hop neighbours to develop any impact on the 

network’s connectivity. Due to this fact, nodes “D” and “I” present the lowest 

average centrality measures’ value, as it can be observed in the subsequent table 

10. For the calculation of this average value, Local Clustering Coefficient will not 

be considered mainly because of two reasons: first, as there exist a relation 

between this measure and the tendency of the rest, it will not add any relevant 

information; in second and last instance, Local Clustering Coefficient does not 

have the same connectivity’s magnitude as the other centrality measures 

because it is only referred to its one-hop neighbours, meanwhile the other show 

the impact of a certain connectivity property of a node on the whole network.  

Now, to make a clear understanding of the connectivity’s relevance of each node within 

the manufacturing system, the average value per node is calculated considering all the 

centrality measures in exception to: 

- Local Clustering Coefficient (LCC) because it is not referred to global network 

connectivity properties.  

- Eigenvector centrality due to this manufacturing system will be subsequently 

analysed as if there cannot be interaction from an out-linking neighbour to the 

reference node.  

 

Vertex Average 

I 0,424 

D 0,432 

B 0,583 

E 0,601 

H 0,614 

J 0,636 

C 0,69 

A 0,72 

F 0,754 

K 0,813 

G 0,881 
Table 10: Average centrality values (Toy Model 1, not clustering approach). 
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As it can be observed in the previous table, nodes “D” and “I”, which present the highest 

Local Clustering Coefficient values, are the ones with the lowest average centrality 

distribution. 

 

3.5.2. Centrality measures’ synergies 

As It has been mentioned before, the connectivity study of a simple manufacturing 

system will not give significant and relevant results. However, in this second case of 

higher complexity, glancing into the results shown in table 9, a wider range than in the 

clustering approach can be appreciated. This fact can be easily observed in the following 

chart: 

 

Chart 2: Centrality measure's comparison (not clustering approach, Toy Model 1). 

 
 
As it can be observed, in contrary to the distribution pattern of the clustered network 

shown in chart 4, in this case there is not a stated pattern among nodes. Then, it can be 

useful to analyse synergies between centrality measures to clarify the connectivity 

properties of each node within the manufacturing system. In this case, as the subsequent 

table shows, the ones that will be studied are the ones presented in the section 

“Centrality measures’ synergy”: 
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Vertex 
𝑪𝒊

(𝒊𝒏_𝒅𝒆𝒈)

· 𝑪𝒊
(𝒑𝒂𝒈𝒆𝑹𝒂𝒏𝒌)

 

𝑪𝒊
(𝒐𝒖𝒕_𝒅𝒆𝒈)

· 𝑪𝒊
(𝒑𝒂𝒈𝒆𝑹𝒂𝒏𝒌)

 

𝑪𝒊
(𝒅𝒆𝒈)

· 𝑪𝒊
(𝒑𝒂𝒈𝒆𝑹𝒂𝒏𝒌)

 

𝑪𝒊
(𝒅𝒆𝒈)

· 𝑪𝒊(𝒄𝒍𝒐𝒔𝒆) 

𝑪𝒊(𝒄𝒍𝒐𝒔𝒆)

· 𝑪𝒊
(𝒃𝒆𝒕𝒘)

 

A 0,274 0,822 0,548 0,586 0,498 

B 0,187 0,282 0,234 0,379 0,556 

C 0,552 0,414 0,483 0,513 0,505 

D 0,189 0,285 0,237 0,316 0,000 

E 0,196 0,295 0,246 0,391 0,603 

K 0,598 0,448 0,523 0,584 1,000 

F 0,256 0,768 0,512 0,647 0,680 

G 1,000 0,500 0,750 0,750 0,903 

H 0,252 0,756 0,504 0,586 0,091 

I 0,176 0,264 0,220 0,316 0,000 

J 0,189 0,285 0,237 0,417 0,776 
Table 11: Centrality measures' synergies (Toy Model 1). 

 

The first analysed synergy is the one performed by the degree centrality (𝑪𝒊
(𝒅𝒆𝒈)

) and the 

PageRank centrality (𝑪𝒊
(𝒑𝒂𝒈𝒆𝑹𝒂𝒏𝒌)

). In the case of manufacturing systems, it represents 

the potential of a node to affect the larger number of adjoining processes in the minimum 

time-lapse.  In the previous table, this relation is studied from three different approaches. 

- The product of in-degree centrality and PageRank centrality, 𝑪𝒊
(𝒊𝒏_𝒅𝒆𝒈)

·

𝑪𝒊
(𝒑𝒂𝒈𝒆𝑹𝒂𝒏𝒌)

, where process “G” presents a clear dominant position in the score 

ranking. This approach emphasizes the importance of a process when it gathers 

and joins different in-flows, as an error during the execution of this process would 

waste a high percentage of the resources used for making a product. In this case, 

if something goes wrong while working on process “G”, the in-process resultant 

product should be discarded, wasting all the value added by its previous 

processes (“F”, “G” and “I”).   

- The product of out-degree centrality and PageRank centrality, 𝑪𝒊
(𝒐𝒖𝒕_𝒅𝒆𝒈)

·

𝑪𝒊
(𝒑𝒂𝒈𝒆𝑹𝒂𝒏𝒌)

, where, respectively, nodes “A”, “F” and “H” have the highest values. 

The importance of this relation relays on the detection of the processes that in a 

manufacturing system could spread damage to the major number of other 

processes in a short time-lapse.  Hence, if any of the previously mentioned 

processes fails, it would severely affect to subsequent processes.  
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-  The average value of both previous approaches, that can be easily expressed 

as degree centrality multiplied by PageRank, 𝑪𝒊
(𝒅𝒆𝒈)

· 𝑪𝒊
(𝒑𝒂𝒈𝒆𝑹𝒂𝒏𝒌)

, where node “G” 

presents the most dominant scoring of the ranking. As it this is the calculation of 

the average value between both previous approaches, the failure or incorrect 

functioning of process “G” can be translated into high losses of in-process product 

resources and, also, it would mean that subsequent processes will stop or will be 

working using defective product.  

In second instance, the analysed synergy is the one resultant from the relation of degree 

centrality (𝑪𝒊
(𝒅𝒆𝒈)

) and closeness centrality (𝑪𝒊
(𝒄𝒍𝒐𝒔𝒆)

). It is represented as the product of 

the just mentioned centralities, 𝑪𝒊
(𝒅𝒆𝒈)

· 𝑪𝒊(𝒄𝒍𝒐𝒔𝒆). This multiplication of centrality measures 

is meant to indicate the potential of a process to spread defective production flow through 

the maximum number of processes within the whole network in the minimum number of 

movements (the shortest time-lapse). The most representative nodes in this case are 

“G” and “F”, so if one of them fails or spreads defecting product it will affect to the 

maximum percentage of nodes in the network in short time.  

Finally, the last synergy analysed is the one resultant from the multiplication of the 

closeness centrality (𝑪𝒊
(𝒄𝒍𝒐𝒔𝒆)

) of each process by its respective scoring of betweenness 

centrality (𝑪𝒊
(𝒃𝒆𝒕𝒘)

). It is represented as 𝑪𝒊(𝒄𝒍𝒐𝒔𝒆) · 𝑪𝒊
(𝒃𝒆𝒕𝒘)

 and it is an interesting way of 

analysing the quantity of information a node gathers from the whole manufacturing 

process due its importance on being a connection bridge and its proximity to the reset of 

processes of the network. In this manufacturing case, as there is only one output, the 

most important process will be the previous node to the terminal source, “K”. Another 

important point of view of this approach is that this node is the one which gathers and 

puts together the 100% of the in-process product to directly send it to the output of the 

manufacturing system. Then, the correct functioning of this process is key, as if it 

produces defecting product or stops it will be wasting lots of resources and generating 

high economic losses. 
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3.5.3. Analysis per region 

To give a different approach to the analysis of centrality measures, instead of studying 

local connectivity characteristics of each process, a regional approach will be carried out, 

as it can be interesting to subsequently present optimization measures applicable to a 

whole region. For that end, the following table presents the centrality measures’ average 

values of every node. In this case, eigenvector centrality will not be considered following 

the approach of the previous section “General study”, but Local Clustering Coefficient 

will, as it is useful to determine the relation between the processes of a region: 

 

Region 2 𝑪𝒊
(𝒊𝒏_𝒅𝒆𝒈)

 𝑪𝒊
(𝒐𝒖𝒕_𝒅𝒆𝒈)

 𝑪𝒊
(𝒃𝒆𝒕𝒘)

 𝑪𝒊(𝒄𝒍𝒐𝒔𝒆) 𝑪𝒊
(𝒑𝒂𝒈𝒆𝑹𝒂𝒏𝒌)

 𝑳𝑪𝑪𝒊 

A 0,333 1,000 0,567 0,879 0,822 0,334 

C 0,667 0,500 0,575 0,879 0,828 0,334 

D 0,333 0,500 0 0,758 0,569 1,000 

Average 0,444 0,667 0,381 0,839 0,740 0,556 
Table 12: Results for region 2 (Toy Model 1). 

 

Region 3 𝑪𝒊
(𝒊𝒏_𝒅𝒆𝒈)

 𝑪𝒊
(𝒐𝒖𝒕_𝒅𝒆𝒈)

 𝑪𝒊
(𝒃𝒆𝒕𝒘)

 𝑪𝒊(𝒄𝒍𝒐𝒔𝒆) 𝑪𝒊
(𝒑𝒂𝒈𝒆𝑹𝒂𝒏𝒌)

 𝑳𝑪𝑪𝒊 

F 0,333 1,000 0,701 0,970 0,768 0,334 

G 1,000 0,500 0,903 1,000 1,000 0,334 

H 0,333 1,000 0,104 0,879 0,756 0,666 

Average 0,555 0,833 0,569 0,950 0,841 0,445 

Table 13: Results for region 3 (Toy Model 1). 

 

Region 4 𝑪𝒊
(𝒊𝒏_𝒅𝒆𝒈)

 𝑪𝒊
(𝒐𝒖𝒕_𝒅𝒆𝒈)

 𝑪𝒊
(𝒃𝒆𝒕𝒘)

 𝑪𝒊(𝒄𝒍𝒐𝒔𝒆) 𝑪𝒊
(𝒑𝒂𝒈𝒆𝑹𝒂𝒏𝒌)

 𝑳𝑪𝑪𝒊 

G 1,000 0,500 0,903 1,000 1,000 0,334 

H 0,333 1,000 0,104 0,879 0,756 0,666 

I 0,333 0,500 0 0,758 0,528 1,000 

Average 0,555 0,667 0,336 0,879 0,761 0,667 

Table 14: Results for region 4 (Toy Model 1). 

 
Observing the centrality measures’ average values, it can be appreciated that there are 

almost no significant differences or increments, respectively, among regions. What is 

more, as the following graph will show, there exists a distribution pattern of centrality 

measures within the regions: 
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Chart 3: Centrality measures' average value per region (Toy Model 1). 

 

As it is shown, region 2 and region 4 presents exactly the same behaviour: the highest 

value is always related to closeness centrality, the second is related to PageRank 

centrality and, finally, the third and fourth lowest values, respectively, are related to Local 

Clustering Coefficient and betweenness centrality. In the case of region 3, the first and 

second highest values follows the same tendency, but betweenness values are higher 

than Local Clustering Coefficients. So, in this case, it can be ensured that region 3 plays 

a more important role than the other two regions in what linking “bridge” is concerned. 

However, probably due to the simplicity of the network and the regions, the results and 

tendencies obtained are not relevant enough to carry out an analysis at a regional level.  

 

3.5.4. Evolution of parameters throughout the system 

In contrary to the previous approaches that are based on analysing all the parameters in 

a “static” approach, just focusing on the mere value of each node individually, in this 

section, the evolution of centrality measures over the hole manufacturing system will be 

considered. Analysing the behaviour and the tendency of each parameter can be useful 

to make a clearer understanding of the structure of the process, and it will facilitate the 

detection of differentiated nodes at every step of the system. This “dynamic” approach 

can specially be suitable to study the centrality measures with wider impact and reach 

such as closeness centrality and betweenness centrality. Notwithstanding, it will be also 

applied to degree centrality and PageRank centrality as it can also bring interesting 

information about the manufacturing system.  
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The criteria used to determine the steps of evolution within the graph is based on two 

theoretical basic concepts: “hops” and “geodesic distance”. Every parameter will be 

displayed on a scatter plot where the ordinate axis will represent the value of the studied 

parameter and the abscissa axis will represent the “geodesic distance” in number of 

“hops” from the input to every node of the network. The following table presents the 

geodesic distance from the input to each node: 

 
Node A B C D F E G H K I J 

n-hop 1 1 2 2 2 3 3 3 4 4 4 

Table 15: "n-hop" values for Toy Model 1. 

 
Once the evolution’s stages of the system have been stated, this approach can be 

applied to every centrality measure mentioned in the previous lines. 

 

3.5.4.1. Evolution of closeness and betweenness centralities 

As the equivalent of a manufacturing is a flow network or, simply, a directed graph, the 

production flow always goes in the same direction, from the source to the terminal node. 

This fact means that the quantity of information about the in-process product gathered in 

each node is cumulative, so the values for betweenness and closeness centralities 

should present an increasing tendency. Then, it would mean that the processes nearby 

the terminal node will always present the highest values of these parameters, making 

the “static” analysis of both relatively meaningless. Hence, in this case, instead of looking 

for the highest values, the most relevant nodes will be those that present outstanding 

values within the hop they are located in.  

Using the centrality measures’ data presented in table 9 and the n-hop distribution given 

in table 16, the behaviour of these two centrality measures will be immediately displayed:  
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Chart 4: Evolution of betweenness centrality (Toy Model 1). 

 

 

Chart 5: Evolution of closeness centrality (Toy Model 1). 

 
As it can be observed, in both cases the slope presented in the parametric equation is 

positive, meaning that closeness and betweenness centralities’ values increase along 

the system.  

In what closeness’ evolution is concerned, it is not possible to highlight distinctive nodes 

per hop because, due to the simplicity of the toy model, the value’s width is not enough, 

and the points are agglomerated. In contrary, the values shown in the betweenness 

centrality chart have a wider range, making it possible to identify node “F”, which 

represents the top value in hop number “2”. Despite being located in an early position in 

the system, it presents a high value of betweenness centrality.  
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3.5.4.2. Evolution of PageRank centrality 

Analysing PageRank centrality using a graph’s evolution criteria based on “hops” through 

the geodesic distance from the source node to the others can be useful to understand 

how this measure behaves and, also, it can be interesting due to this centrality measure 

is based on giving importance to a node in function of its one-hop neighbours centralities. 

Then, using the centrality measures’ data presented in table 9 and the evolution 

distribution given in table 16, the behaviour of these two centrality measures will be 

displayed next: 

 

 

Chart 6: Evolution of PageRank centrality (Toy Model 1). 

 
As it can be observed in the previous chart, PageRank centrality keeps a constant 

behaviour along the system: the slope of the tendency line presents a value of “-0,0058”. 

This fact means that the average values for PageRank centrality in every “hop” of the 

system present slightly variations. In addition, this fact clarifies the identification of the 

most important processes in what this measure is concerned, as the top points for hops 

3 and 4, nodes “G” and “K” respectively, clearly present the highest and most 

differentiated values from the average.  
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3.5.4.3. Evolution of degree centrality 

To analyse the evolution of the degree centrality along the manufacturing system, which 

is equivalent to a flow network as it has been mentioned in previous sections, it is 

fundamental to distinguish between In-degree and Out-degree. The study of the 

tendency of these two parameters along the equivalent graph can be useful to observe 

the production flow’s dispersion at each stage (hop).  

Using the centrality measures’ data presented in table 2 and the evolution distribution 

given in table 16, the behaviour of these two centrality measures will be subsequently 

displayed: 

 

 

Chart 7: Evolution of In-degree centrality (Toy Model 1). 

 

 

Chart 8: Evolution of Out-degree centrality (Toy Model 1). 
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In what In-degree centrality is concerned, its parametric equation presents a positive 

slope, so this measure presents an increasing behaviour. In contrary, respecting to Out-

degree centrality, its parametric equation presents a negative slope, meaning that this 

measure tends to decrease along the system. To understand these behaviours, it is 

important to keep in mind that this manufacturing system only presents one source node 

and one terminal node. Then, in this type of cases, there only exist two possibilities: 

1) Constant and stable tendencies for both In-degree and Out-degree (zero slope 

in their respective parametric equations), case represented by a simple 

production line, where all nodes present the same and maximum value of “1” for 

these two centrality measures. 

2) Contrary tendencies for both In-degree and Out-degree centralities, case 

represented in the present toy model subject to study, as each parameter must 

compensate the other one.   

In this case, it is possible to calculate the intersection point of both parametric equations, 

a fact that can be useful to understand the behaviour of the production flow in the system. 

The intersection point is going to be graphically calculated as the following chart 

presents: 

 

 

Chart 9: Intersection of In-degree and Out-degree (Toy Model 1). 

 
The values obtained for the intersection point are: 

- “2,297” for the “n-hop” axis, approximated to a value of “2”. 

- “1,324” for the “value” axis



 

   57 
 

 Study and optimization of production flow by applying a graph theory approach. 

Alonso P. | UPC. Polytechnical University of Catalonia 

Then, using this intersection point, the manufacturing system can be theoretically divided 

into two regions: the first one, from the source node to hop “2”, where the production 

flow’s behaviour is based on diversification; the second region, from hop “2” to the 

terminal node, where the behaviour of the production flow is based on unification.   

 

3.5.5. Results 

In the following subsections, the results obtained from the application of the previous 

methodologies will be presented. 

 

3.5.5.1. General study’s results 

From the previous section 3.5.1. General study, there are two different kinds of results 

to be considered.  

On one hand, table 10 presents in a descendant order the average connectivity value 

calculated from all the centrality measures and parameters calculated in exception to 

Local Clustering Coefficient and eigenvector centrality. This information is useful as it 

ranks every node of the system in function of its role’s importance on connectivity issues. 

Hence, it stipulates the most appropriate and efficient order to invest on individual 

processes improvements, as they will cause the highest impact on the network. In first 

instance, one of the most simple and suitable ways of using this information would be 

applying the Pareto Principle4, that is to say, in this case, prioritizing the economic 

investment on the 20% of processes with the highest average local connectivity values.  

On the other hand, table 9 presents the normalized values for each studied parameter 

and, subsequently, a specific analysis of each giving emphasis to the most relevant ones 

as the simplicity of the Toy Model does not offer a wide range of significant values. But 

what lacks in this analysis is the criteria for choosing and identifying the most relevant 

nodes of each parameter. To that end, a similar approach to scree plots5 will be carried 

out by representing all the values for each centrality measure and its respective nodes 

 
4 The Pareto Principle (Vilfredo Pareto), also known as the 80-20 rule, is an economic concept or aphorism 
that states that the 80% of the outputs (results) of a system directly depend on the 20% of the inputs 
(causes). 
5 A scree plot is a graphical tool used to determine which are the most significant factors that must be 
retained from a study. This method is based on representing the eigenvalues of the factors in a descendant 
order using a line plot. Once the chart Is obtained, the “cut off” point must be established, which is the 
latest “x” value before the slope of the line plot starts to minimize.   
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in a decreasing order in a chart. Only betweenness centrality, closeness centrality and 

PageRank centrality will be considered: 

- As it can be observed in the following graph, the cut-off point for betweenness 

centrality measure is stated at node “J”. So, the most important nodes for this 

parameter will be “K”, “G” and “J”.   

 

 

Chart 10: Betweenness centrality ranking (Toy Model 1). 

 
- Looking at the following graph, the cut-off point for closeness centrality measure 

is stated at node “J”. So, the most important nodes for this parameter will be “K”, 

“G” and “J”, coinciding with the results of betweenness centrality. 

 

 

Chart 11: Closeness centrality ranking (Toy Model 1). 
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- As it can be appreciated in the following graph, the cut-off point for betweenness 

centrality measure is stated at node “K”. So, the most important nodes for this 

parameter will be “G” and “K”.    

 

 

Chart 12: PageRank centrality ranking (Toy Model 1). 

 
 Now, to summarize the whole number of results for these three more significant 

centrality measures, the following table shows their respective rankings highlighting in 

bold the nodes considered as the most relevant:  

 

Ranking position 𝑪𝒊
(𝒃𝒆𝒕𝒘)

 𝑪𝒊(𝒄𝒍𝒐𝒔𝒆) 𝑪𝒊
(𝒑𝒂𝒈𝒆𝑹𝒂𝒏𝒌)

 

1 K K, G, J G 

2 G K, G, J K 

3 J K, G, J C 

4 F F A 

5 E E F 

6 B B H 

7 C A,C,H E 

8 A A,C,H D, J 

9 H A,C,H D, J 

10 D,I D, I B 

11 D,I D, I I 
Table 16: Ranking position of each node for every considered centrality (Toy Model 1). 

 
Therefore, as it can be observed, nodes “G” and “K” are considered relevant in the 

analysis of every significant centrality measure observed.  
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3.5.5.2. Results for centrality measures’ synergies  

To determine which nodes present significant values for each synergy evaluated in 

section “Centrality measures’ synergies”, the same process as in the previous section of 

results will be carried out. Hence, the results related to every studied synergy will be 

displayed on a chart, orderly from maximum values to minimum values: 

- In what the In-degree and PageRank centralities’ synergy is concerned, as the 

following chart shows, the cut-off point is in node “C”, then, apart from this node, 

only nodes “G” and “K” will be considered as relevant. In this case, to clarify the 

behaviour of the graph, the potential tendency line has been also displayed 

(dotted blue line in the graph), as well as its respective function.  

 

 

Chart 13: In-degree and PageRank centralities' synergy ranking (Toy Model 1). 
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- For Out-degree and PageRank centralities’ synergy, observing the following 

chart it can be easily appreciated that node “H” is the cut-off point, fact that makes 

nodes “A” and “F”, node “C” included, the most significant for this parameter. As 

well as in the previous chart, the potential tendency line (dotted blue line) and its 

respective function are used to clarify the behaviour of the data.  

 

 

Chart 14: Out-degree and PageRank centralities' synergy ranking (Toy Model 1). 

 
- In what degree and closeness centralities synergy is concerned, there are only 

two relevant values to consider: first, the lowest one is the cut-off point relative 

to node “F”; and the second one, which is the highest value, is node “G”.  

 

 

Chart 15: Degree and closeness centralities' synergy ranking (Toy Model 1). 
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- The last synergy studied, which is the one resultant from combining closeness 

and betweenness centrality, presents the cut-off point in node “J”, also including 

nodes “K” and “G” as significant processes.  

 

 

Chart 16: Closeness and betweenness centralities' ranking (Toy Model 1). 

 
To summarize and to clarify the results of this section, the following table presents the 

total ranking of every synergy, ordered from the highest to the lowest important nodes, 

and highlighting in bold the nodes considered as relevant:  

 

Ranking 
position 

𝑪𝒊
(𝒊𝒏_𝒅𝒆𝒈)

· 𝑪𝒊
(𝒑𝒂𝒈𝒆𝑹𝒂𝒏𝒌)

 

𝑪𝒊
(𝒐𝒖𝒕_𝒅𝒆𝒈)

· 𝑪𝒊
(𝒑𝒂𝒈𝒆𝑹𝒂𝒏𝒌)

 

𝑪𝒊
(𝒅𝒆𝒈)

· 𝑪𝒊(𝒄𝒍𝒐𝒔𝒆) 

𝑪𝒊(𝒄𝒍𝒐𝒔𝒆)

· 𝑪𝒊
(𝒃𝒆𝒕𝒘)

 

1 G A G K 

2 K F F G 

3 C H A, H J 

4 A G A, H F 

5 F K K E 

6 H C C B 

7 E E J C 

8 D, J D, J E A 

9 D, J D, J B H 

10 B B D, I D, I 

11 I I D, I D, I 
Table 17: Ranking position of each node for every considered synergy (Toy Model 1). 
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3.5.5.3. Analysis per region’s results 

Due to the short extension and complexity of the Toy Model’s network, the resultant 

analysed regions present a similar behaviour and structure in what centrality measures 

is concerned. Because of this fact, the analysis by regions has not provided much 

relevant information that may be of help to optimize the production flow. The most 

interesting information is that region “R3” presents an intermediation value much higher 

than that of the other regions, thus breaking with the behaviour trend of the other two 

regions analysed. 

 

3.5.5.4. Results from “Evolution of parameters throughout the system”  

Regarding the evolution of both closeness and betweenness centralities, it has been 

observed that these two parameters presents an increasing behaviour as the production 

flow goes through the network. In the specific case of closeness centrality, no significant 

processes have been found apart from the top values. In contrary, node “F”, despite 

being located in the second hop of the network, it presents a high value of betweenness 

centrality, which is clearly higher than the other nodes of this hop.  

In what PageRank centrality is concerned, this measure presents a constant and stable 

behaviour throughout the system, meaning that the average values per hop are almost 

equal.  

Finally, in what degree centrality is concerned, it has been observed that in-degree 

increases along the system, meanwhile out-degree presents a decreasing tendency. 

Moreover, in that section, the intersection point between both tendency lines is 

calculated, obtaining that approximately in hop number 2, the tendency of the production 

flow in system changes from dispersion to unification. The importance of detecting this 

point on a system, obviously, increases as the bigger the manufacturing system is, as it 

also does its precision. In this case, as there are only 5 different hops to represent the 

evolution of the system, approximating from the theoretical hop “2,283” to a concrete hop 

(2 or 3) in this short-range can be translated into high error.  

 
 
 
 



 

   64 
 

 Study and optimization of production flow by applying a graph theory approach. 

Alonso P. | UPC. Polytechnical University of Catalonia 

3.5.5.5. Compilation of results 

he following table presents a summary of all the processes from the toy model 

considered as significant in any connectivity parameter, highlighted in light orange: 
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A 1        

C 2        

F 2        

G 3        

H 3        

J 4        

K 4        

Table 18: Summary of results (Toy Model 1). 

 
As it can be observed, there are 7 processes that stand out in any connectivity aspect, 

that in percentage from the total number of nodes that conform the network:  

%𝑟𝑒𝑙𝑒𝑣𝑎𝑛𝑐𝑒 =
7

16
· 100 = 43,75% 

The low extension of the network makes the percentage of relevant nodes in the 

manufacturing increase.  
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3.5.6. Conclusions of Toy model 1 

The following paragraphs highlight the main conclusions extracted from analysing Toy 

Model 1 using the Graph Theory approach. 

The higher the complexity and the extension of the manufacturing system subject to 

study, the more significant and suitable this approach will be. The hypothetical 

manufacturing system represented in Toy Model 1, despite being relatively simple and 

not extensive, it has been tested using two approaches: first, using applying LCC in the 

most representative regions; finally, without applying any kind of simplification of the 

system. Taking the model to its maximum simplicity has allowed to determine that this 

approach does not work on not complex or not dense equivalent graphs, as the 

connectivity values and behaviours present a short range of values and behaviours, 

making them irrelevant. In contrary, the analysis of the not clustered presented better 

results when determining the most relevant processes of the system.  

Using exclusively a planarity (isomorphism) theoretical criterion to split the equivalent 

graph into different regions is not sufficiently correct. Every closed area of the graph 

considered as a region should consist of processes or subprocesses belonging to the 

same group of technology that work on the development of the same in-process product 

characteristic. For example, if every node of a closed area of a manufacturing system’s 

equivalent graph is related to “Painting”, all of them are sharing the same objective and 

using a similar technology and procedures. Hence, in this case, talking about a region 

would be more suitable.  

In what clustering regions is concerned, apart from the considerations about splitting into 

regions presented in the previous paragraph, it is necessary to define a criterion based 

on Local Clustering Coefficient (LCC). Then, minimum values of Local Clustering 

Coefficient must be established as a condition to determine whether to consider whether 

a region is an egocentric subnetwork or not.  

Referring to the study and analysis of the different connectivity parameters, centrality 

measures, Local Clustering Coefficient, and synergies, as it has been mentioned before 

in this section, more extensive and complex equivalent manufacturing systems’ graph 

are needed. Then, the procedures shown in this toy model will present better suitability, 

especially the evolution of parameters throughout the network, which can contribute with 

interesting information of the behaviour of every centrality measure. Moreover, this 

procedure should be also applied to synergies, as it can also bring useful information.  
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Also, related to Local Clustering Coefficient, to better analyse this parameter if needed, 

it would be interesting to use, instead of the Strongly Connected Components approach, 

the Weakly Connected Components. WCC calculates LCC by considering the graph as 

undirected, in contrary to the SCC approach, then, the direction of linking edges would 

be not considered.  

Another important fact that must be highlighted from Toy Model 1, is that, as it has been 

observed, both closeness centrality and betweenness centrality increases along the 

system. It makes sense because the considered equivalent graphs for manufacturing 

present directed graphs characteristics, then the production flow will always go forward 

in the same direction. Then, it is important to consider two facts: first, the deeper a 

process is placed in a manufacturing system, the higher amount of information it will 

gather about the in-process product, as it will previously pass through many other 

processes that add value; secondly, it has been observed that out-degree centrality 

domains during the first stages of the systems, as production flow tends to disperse, 

while in the second part it presents a unification’s behaviour. Then, the latest nodes of a 

system, especially if it is a simple one, may present the highest values of closeness and 

betweenness centrality measures.  

Finally, in what the analysis per region is concerned, it will be suitable and interesting to 

be carried out as long as the regions satisfy the characteristics previously mentioned on 

this section. This approach can be useful to detect regions that presents unusual high 

values of a certain parameter, fact that allows to apply regional measures that affect all 

the nodes of the selected region.  
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4. Toy Model 2 

“Happy Feet S.L.” is a hypothetical business that manufactures two different lines of 

shoes: classic leather and sport shoe. Its production system is based on two different 

manufacturing processes, one for each line of product, which are placed in two different 

factories. “Happy Feet S.L.” has recently performed a study of the efficiency of its 

production system structure, a fact that ensures that the most economic and efficient 

strategy would be the construction of new bigger industrial facilities to unify both existent 

manufacturing processes, as the transportation costs and the manpower could be 

extremely reduced. The next step for the business is to determine if the unification of 

both manufacturing processes is viable and, in addition, analyse the robustness of the 

resultant network.  

Using the information provided by the company, the following figures present two 

directed graphs equivalent to both shoes manufacturing processes: 

- Equivalent digraph to the sport shoes line manufacturing system. 

 

Figure 17: Graph "G" (Toy Model 2). 

 

- Equivalent digraph to the classic shoes line manufacturing system. 

 

Figure 18: Graph "H" (Toy Model 2). 
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4.1. General analysis 

Both graphs “G” and “H”, as it has been specified before, have been built according to 

both manufacturing systems information. Then, the name of every node has not been 

randomly given, each letter represents a specific manufacturing process. That is to say, 

if both equivalent graphs present a node named in the same way, this fact will mean that 

they are the graph equivalent for the same actual process.  

Before getting started with the union viability’s study and the robustness analysis, the 

structure main characteristics of both networks are summarized: 

 
Graph Number of nodes Number of edges Density Diameter Connected 

G 14 18 0,099 6 TRUE 

H 10 11 0,122 6 TRUE 

Table 19: General analysis’ values summarized (Toy Model 2). 

 
As it can be observed in the previous table, graph “G” presents a larger number of 

components than graph “H”, but a smaller density value, meaning that this second graph 

will be more complex. Also, it can be ensured that graph “G” will present longer walks 

between vertices but, despite this fact, both graphs have the same diameter value, 

meaning that the maximum geodesic distance from the input to the output consist of the 

same number of components.  

4.2. Unification of manufacturing systems 

As it is specified in Annex 1, 1.10.1. Union of graphs, the unification process of two 

graphs is based on the union of every involved graph’s sets of nodes and their related 

edge families. In the case of the union of manufacturing systems’ equivalent graphs, the 

repetition of edges with the same direction will be avoided, as there must only be one 

linking edge between every pair of nodes.  

The union of the manufacturing systems subject to study has been performed both 

manually and using a software to ensure the veracity of the resultant equivalent graph. 

In both cases the result obtained has been the one represented by graph “U” in the 

following figure: 
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Figure 19: Graph "U" resultant from the union of "G" and "H". 

 
The general structural characteristics of the hypothetical graph resultant from the union 

of graphs “G” and “H” are summarized in the following table: 

 
Graph Number of nodes Number of edges Density Diameter Connected 

U 17 23 0,085 6 TRUE 

Table 20: General characteristics of graph "U" (Toy Model 2). 

 
As it can be observed in the previous table, the graph resultant from the union presents 

a total of 17 nodes, which represent the total sum of different processes considering both 

original graphs “G” and “H”. Moreover, the number of total edges avoiding repetition 

coincides with the expected result. Also, the basic condition for the union of two 

connected graphs, which is that the resultant graph must be connected, is satisfied. It 

can also be observed that the density of the graph has decreased as it was expected, 

as this is a usual behaviour when the number of vertices of a network increase. Finally, 

the most interesting fact is that the diameter has not varied during the union process, 

probably meaning that there is a common core structure between both original graphs. 

To analyse this fact, the intersection of both graphs “G” and “H” is performed, according 

to Annex 1, 1.10.2. Intersection of graphs: 

 

 

Figure 20: Graph "I" resultant from the intersection of "G" and "H”. 
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The resultant graph from the intersection of “G” and “H”, “I”, presents the following 

characteristics: 

 
Graph Number of nodes Number of edges Density Diameter Connected 

I 7 6 0,143 6 TRUE 

Table 21: General characteristics of graph "I" (Toy Model 2). 

 
The intersection graph is a connected and presents a path from the input node to the 

terminal node, meaning that through all these components there will be flow of in-process 

product from both original processes. So, as it has been said in previous lines, all these 

components are the core of the resultant union graph, meaning that the continuous 

correct functioning of these processes must be ensured.  

 

4.3. Centrality measures 

To calculate the centrality measures of the unified equivalent network, instead of using 

NodeXL as in Toy Model 1, RStudio (igraph library) will be used. The results for each 

parameter are summarized in the following table: 

Node 𝑪𝒊
(𝒊𝒏_𝒅𝒆𝒈)

 𝑪𝒊
(𝒐𝒖𝒕_𝒅𝒆𝒈)

 𝑪𝒊
(𝒃𝒆𝒕𝒘)

 𝑪𝒊(𝒄𝒍𝒐𝒔𝒆) 𝑪𝒊
(𝒑𝒂𝒈𝒆𝑹𝒂𝒏𝒌)

 

IN 0 3 0 0,023 0,016 

A 1 1 0 0,014 0,021 

B 1 1 0 0,014 0,021 

C 3 2 39 0,014 0,057 

D 1 2 36 0,013 0,041 

E 1 2 8 0,009 0,041 

F 1 1 2,5 0,007 0,034 

J 1 2 15 0,007 0,034 

K 1 1 4,5 0,008 0,031 

L 1 1 4,5 0,006 0,031 

M 2 1 9 0,006 0,069 

H 3 2 32 0,007 0,091 

I 1 1 9 0,006 0,055 

N 2 1 17 0,005 0,113 

G 1 1 2,5 0,023 0,034 

O 2 1 15 0,014 0,16 

OUT 1 0 0 0,014 0,152 

Table 22: Centrality measures' values for Toy Model 2. 

As the objective of obtaining these results is related to carrying out a robustness analysis 

of the equivalent network, there is no need of following the normalization procedure of 

the different parameters, as performed in Toy Model 1.  
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4.4. Network robustness analysis 

Robustness is the inner property of any object or system to endure changes and 

perturbations. Then, applying this concept to the study of networks, it can be understood 

as the inner ability of a network to withstand the failure of its components. Then, the 

network robustness analysis is based on observing how does the failure of a node or set 

of nodes affect to the connectivity and structure of the graph subject to study. In this 

context, the premeditated failure of a node or edge is known as an attack. Depending on 

the type of attack criteria performed to analyse the robustness of a network, it can be 

distinguished between different robustness tests. For example, it can be distinguished 

between sequential or simultaneous attacks: if the attacking strategy is based on 

targetting several components at the same time, it would be considered as a 

simultaneous procedure; in contrary, it would be a sequential attack if the components’ 

failure is performed individually, one after another. Also, the target components can be 

both nodes or edges, or the combination of both. Moreover, there are several criteria for 

the attacking procedure, which can be based, for example, on centrality measures or 

random selection.  

In the case of Toy Model 2, two different sections will be developed to study the network 

robustness of the unified manufacturing processes’ equivalent graph. The first section 

will be focused on analysing the robustness capacity of the network in front of a 

sequential targetted attack based on a centrality criterion, that is to say, the components 

with the highest values of the studied centrality measure will be attacked first. The 

second section will analyse and compare the impact of a sequential targetted attacked 

using the two most relevant centrality measures with a random and a cascading attack 

procedure. In both sections, nodes are the only components that will be considered.  
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4.4.1. Sequential targetted attack based on centrality 

In this section, a sequential targetted attack based on centrality parameters will be 

applied on the manufacturing system “U” resultant from the union of both initial graphs, 

“G” and “H”. The objective is to perform and obtain feasible results to analyse and to 

deeply understand the behaviour and the robustness of the network when it is affected 

by the failure of its nodes. As it has been previously specified, a sequential targetted 

attack will be performed using different centrality measures criteria. In this case, the 

withstanding of the network will be tested using betweenness centrality, degree centrality 

and closeness centrality. The attacks will be based on sequentially provoking the failure 

of the nodes of the network, from the highest to the smaller values of the centrality 

measure used. These values will be obtained from the results presented in the previous 

section 4.3. Centrality measures. Both betweenness centrality and closeness centrality 

values will be used straight away, but degree centrality will be used as if the network was 

an undirected network. Then, the values of in-degree and out-degree centrality will be 

added to obtain the required parameter.  

The robustness behaviour of the network when being attacked by using these three 

different approaches is summarized in the chart beneath, in order to facilitate their 

comparison. Chart 17, named “Impact of a sequential targetted centrality attack”, 

presents the results of these attacks in function of “comp.pct” and “removed.pct”: 

- “comp.pct”, placed on the ordinate axis. This parameter represents the maximal 

component size of the resultant graph after performing an attack to the network. 

Concretely, these values are the resultant of dividing the value of the maximal 

component size per the total initial number of nodes of the whole graph.  

- “removed.pct”, placed on the abscissa. This parameter represents the fraction of 

total nodes removed.  

Chart 17 is subsequently presented and, as the legend shows, the line in red is related 

to the sequential attack based on betweenness, meanwhile the lines in green and blue 

are related, respectively, to closeness and degree centrality.  
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Chart 17: Impact of a sequential targetted centrality attack (Toy Model 2). 

 
Observing the behaviour of the lines presented the chart, the most striking tendency is 

the one related to the sequential attack based on targetting closeness centrality. This 

line presents a steady slope value equal to “1” during the whole analysis, meaning that 

the robustness of the network in front of this kind of attack is absolute. This kind of 

tendency actually makes sense, as the equivalent for manufacturing systems are 

relatively “simple” directed graph with a well-defined flow, as it is always directed from 

the source node to the terminal node.  In contrary, the lines related to closeness and 

betweenness centrality present more feasible results. Both of these approaches cause 

extreme damage to the network connectivity, the main difference is that the attack based 

on degree keeps presenting a decreasing tendency after the method based on 

betweenness centrality gets stabilized. Then, the robustness of this network in front of a 

sequential targetted attack, without considering the closeness centrality approach as it 

presents a trivial behaviour, strictly depends on the fraction of nodes removed as: 

- From the coordinates (0,1) to point A, both methods present the same impact on 

the manufacturing system’s connectivity.  

- From point A to point B, the network presents better robustness in front of attacks 

based on betweenness centrality. 

- In contrary, from point B to C, sequential targetted attacks based on betweenness 

centrality will cause a higher damage on connectivity than an attack based on 

degree centrality.  
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- The behaviour of robustness changes again from point C to D and the network 

will present better robustness in front of attacks targetting betweenness centrality.  

- Finally, from point D to the end of the analysis chart in coordinates (1,0), both 

types of attack will present the same impact on the connectivity of the network.  

The most relevant fact from the analysis is that the targetted attack based on focusing 

orderly the components of the network in function of their position in the ranking of degree 

centrality achieves the total isolation of the remaining components attacking 

approximately the 50% of the total number of nodes, meanwhile the attack based on 

betweenness centrality reaches this point with the 80% of total components removed, 

approximately. 

 

4.4.2. Sequential cascading and random attacking procedures 

In this section, the robustness of the network resultant from the union of the two initial 

manufacturing systems will be tested by using two different procedures from the previous 

section: sequential cascading attack and sequential random attack. Moreover, the 

behaviour of the network, both studies of sequential targetted betweenness attack and 

sequential targetted degree attack will be carried out again and adapted to facilitate a 

better comparison process and to observe the differences between these different 

approaches to study the robustness of the network.  

In what the sequential random attack procedure is concerned, it is based on randomly 

provoking the failure of a random node of the network and observe how does the 

connectivity of the network vary. This process is repeated until there are no more 

components left.  

The cascading attack procedure is based on selecting an initial component of the 

network and subsequently attacking its neighbours. Depending on how the initial 

component is selected, it can be distinguished between two different types of cascading 

attacks: first, if the component is selected by using any criteria (centrality values, position 

on the network…), it would be a targetted cascading attack; in contrary, if there is no 

criterion and the initial node is randomly selected, then it would be a random cascading 

attack. In this case, the initial component will be randomly selected.  

The following figure presents four different charts: 

- Chart “A” presents the results for the random attack. 

- Chart “B” presents the results for the targetted attack based on betweenness. 
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- Chart “C” presents the results for the targetted attack based on degree. 

- Chart “D” presents the results for the random cascading attack. 

Unlike in the previous section, the impact of these attacking procedures will be presented 

by observing the connectivity loss, instead of using the size of the maximum component 

of the network. The abscissa will continue showing the fraction of total nodes removed.  

 

 

Chart 18: Analysis of the network robustness (Toy Model 2). 

 
As it can be appreciated in the previous charts, the case where the network presents the 

best robustness is the one presented in chart “A”, random attack. Despite not being the 

worst strategy to totally disconnect the graph, as chart “B” reaches that point with the 

highest value of the fraction of total nodes disconnected among all the approaches, it 

presents the slowest increasing behaviour of connectivity loss. In contrary, as it also 

happened in the results of the previous section, a targetted attack focusing degree 

centrality will cause the higher connectivity loss in the system with the lowest fraction of 

nodes removed. In addition, this attacking strategy also totally disconnects the network 

with the shortest number of moves. In what charts “B” and “D”, related to, respectively 

the targetted attack based on betweenness centrality and the cascading attack, the 

network presents a similar withstand of both type of attacks. Concretely, the cascading 

attack strategy shows a more aggressive initiation and a faster achieving of total 

disconnection of the network, but the difference is minimum.  
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4.5. Conclusions  

The process of addition of two similar manufacturing systems using the addition of 

graphs theory can be useful not only two unify, also to perform a comparison analysis. 

When being applied to simple manufacturing systems as in this toy model, it may look 

trivial but, if it is an interesting approach when treating with larger systems.  

In what the robustness analysis of a manufacturing system’s equivalent network, it offers 

a lot of relevant information about its structure and its related weaknesses. Despite the 

scarce probability of a manufacturing being intentionally attacked, carrying out this type 

of analysis as it reveals the behaviour and the withstanding of the network in front of 

several of the worst failure cases such as those based on targetting components with 

higher centrality values. The information resultant from this analysis could be useful to 

analyse which are the characteristics of the most important components of the network 

in what connectivity is concerned, a fact that allows the possibility of protecting and 

investing more resources on ensuring the continuity of the production flow through these 

nodes. The knowledge of these aspects is related to the two following presented key 

points for the continuity of the production flow: 

1) The layout design of the manufacturing system’s power supply.  

2) The planning of the manufacturing system’s maintenance. 

For the power supply’s layout, the best and more idealistic option is to connect every 

component of the system that requires continuous supply of electric energy directly and 

individually to the output of the supply transformer and to the auxiliary power supply 

components, as only a failure of the supply transformer station or a general failure of the 

power grid could affect more than one component of the manufacturing system. 

Notwithstanding, a layout of this condition is almost non-viable, mainly because of the 

economic investment and the need of adapting the industry infrastructure to the 

distribution electrical grid or reverse. The reality is that the processes are clustered into 

groups of a certain maximum added electric power required and its voltage input. These 

clusters are connected to private electrical transformers and electric busbars using a 

criterion usually only based on proximity, as the power losses and the costs of the 

installation should be minimized. But, as there are no connectivity criteria to perform the 

clustering formation, several critical components could be clustered together. Then, a 

failure on its electrical subcircuit or a shortcut would provoke the stoppage of every 

component of the cluster, making huge damage to the whole network’s connectivity. An 

event like that could be avoided using the information from the robustness analysis and 
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adding it to the clustering criterion to not joining critical components of the system 

together.  

The planning of the manufacturing system’s maintenance can be improved by using the 

information of the robustness analysis, as in the power supply’s layout case. The 

objective of this approach would be to cluster every component of the network into 

subnetworks of similar total connectivity relevance and a similar total time required for 

the maintenance actions. Then, when the maintenance actions are being applied to all 

the components of a cluster, the rest of the network can continue operating with a 

minimum connectivity loss.   

 

5. Graph Theory analysis’ procedure of manufacturing systems  

In this section, a unified criterion based on both previous analyses performed in Toy 

Model 1 and Toy Model 2 is going to be written down. The objective is to present a 

general analysis’ procedure structure to analyse manufacturing systems using an 

approach based on all the Graph Theory characteristics and conclusions developed 

through all the previous points of the thesis. Also, this procedure is going to be used in 

the following chapter, Case “Tired of wheeling S.L.”, where is going to be applied on a 

large and complex manufacturing system. The following subsections present the steps 

that conform the just mentioned procedure.  

 

5.1. General analysis 

The general analysis is a section based on presenting and analysing the general 

characteristics of the manufacturing system subject to study, such as number and 

properties of its components, diameter, density… Then, this process is meant to present 

and offer a general description of the network.  

In this section, it will also be developed any kind of changing topology processes to 

stipulate the actual network that will be analysed. For example, a unification process of 

manufacturing systems as shown in Toy Model 2 should be carried out in this initial step 

of the whole analysis’ procedure. 
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5.2. Splitting into regions 

The objective of this section is to determine using different criteria possible regions of 

the network with clustering potential, only if the client is willing to a clustering approach. 

The first criterion or step to split the graph into regions is to observe the set of nodes of 

the network resultant from applying planarity graph properties. This step will offer the 

maximum number of possible egocentric networks to be clustered and, once they are 

obtained, what follows is to apply the remaining steps. Next, Local Clustering Coefficient 

will be calculated using two different approaches: first, considering the network as 

directed to identify Strongly Connected Components; secondly, considering the network 

as undirected, to determine the values for Weakly Connected Components. The next 

step is to determine if there are technological and production similarities among those 

nodes that share planar regions with high values of SCC and WCC. Finally, the last step 

would be to compare the results obtained with the criterion of clustering initially stated 

by the client. Then, a final equivalent graph is designed and prepared for the posterior 

studies and analysis’ procedures.   

 

5.3. Centrality measures  

Once the final manufacturing system’s equivalent graph is obtained, the following 

centrality measures are calculated, in this case using RStudio or NodeXL: degree, in-

degree, out-degree, closeness, betweenness, eigenvector and PageRank. The 

calculation of eigenvector centrality is not required if the processes of the studied 

manufacturing system cannot suffer from posterior processes. Once obtained the 

centrality data, it ought to be normalized to facilitate the posterior analysis. In this case, 

as it is shown in both Toy Model 1 and Toy Model 2, the normalization will consist of 

dividing every centrality’s measure value by its maximum value to obtain values in a 

range from 0 to 1. Following, a general study of the manufacturing system’s network 

based on the results obtained is carried out, as well as the identification process of the 

most relevant nodes, in what each centrality parameter is concerned.  

 

5.4. Centrality measures’ synergies  

Using the data obtained about centrality measures in the previous section, the 

importance of every node will be also analysed using a synergy approach between 

centrality measures. Concretely, the following cases will be considered: 

- In-degree and PageRank centralities.  

- Out-degree and PageRank centralities.  
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- Degree and closeness centralities. 

- Closeness and betweenness centrality.  

- Degree and betweenness centrality.  

As observed in Toy Model 1, this approach can be useful to determine critical points 

using a criterion not only based on individually analysing each centrality measures, as 

the information offered by the synergies is, obviously, more complex, and wider than the 

information given by each centrality measure itself about a graph’s component.  

 

5.5. Evolution of parameters throughout the network  

In this section, the main objective is to observe how do the different parameters analysed 

in previous sections evolve along the network. In other words, the distribution of key 

parameters, mainly centrality measures, throughout the system will be analysed. The 

emphasise of this approach will be on the following observations: betweenness 

centrality, closeness centrality, PageRank centrality and degree centrality. This 

approach will facilitate relevant information about the network’s structure by observing 

the evolution of the just mentioned parameters using the “n-hop” chart, method explained 

and developed in Toy Model 1.  

 

5.6. Network’s robustness analysis 

The performance of a network robustness’ analysis to observe the withstanding of the 

manufacturing system in front of the failure of its components presents relevant 

information about its connectivity critical points that can be used to improve the security 

of the network. In the case of this thesis, the following approaches that will be considered 

to carry out the robustness analysis: first, sequential targetted attacks based on centrality 

will be performed; finally, sequential targetted attacks based on random selection and 

cascading approaches, as shown in Toy Model 2. 

 

5.7. Compilation of results and recommendations 

In this last section of the analysis’ procedure, all the relevant results and important 

characteristics of the network extracted from all the previous analysis will be summarized 

and pointed out. Once having presented the key information, some comments and 

recommendations meant to improve the security and the continuity of the production flow 

of the manufacturing system will be given.  
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Chapter III. Case “Tired of wheeling S.L.”  
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1. Introduction 

 
In this chapter called Case “Tired of wheeling S.L.”, the objective is to study a large and 

complex manufacturing system using the all the conclusions, tools and procedures 

obtained and applied to both Toy Model 1 and Toy Model 2. This network will represent 

a manufacturing system with a similar structure to already existent factories in this sector, 

as well as its environment and its general topology, as it is based on truthful and feasible 

information. It is key to point out that the extension of this final study of the thesis will be 

much bigger than in previous cases. Concretely, as the simplicity and shortness have 

been a problem when analysing the networks, this time the number of nodes will be, at 

least, 6 times higher to ensure a wide range of relevant and feasible results.  
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2. Case “Tired of wheeling S.L.” 

 
“Tired of wheeling S.L.” is a hypothetical business that has been many years in the sector 

manufacturing rims and tires. Both rims and tires are produced and combined within the 

same manufacturing system, generating complete wheels as final outputs to be 

distributed and commercialized. “Tired of wheeling S.L.” ‘s demand has increased 

severely this last decade, as well as the customers’ requirements for quality and delivery. 

This business, as it has been specified before, has been in the sector for many years 

and its production system’s infrastructure has merely changed. Nowadays, due to the 

increasing demand and popularity of the company, the owners want to invest on 

improving and analysing its current manufacturing system to make sure it can supply the 

demand. The main objective of the owners is to ensure as much as possible the 

continuity of the production flow and to efficiently use the economic investment.  
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3. Description and environment of the manufacturing system 

 
The production system consists of one and only large and complex manufacturing 

system, which using several sources of raw material builds from scratch any type of rims 

and tires and, it combines them to form high-quality wheels.  

The raw materials’ sources needed for the manufacture of these wheels are the following 

ones: 

- Textile industries, source needed to supply the fabric needed to cover and 

reinforce the tires.  

- Rubber plantations, source needed for supply the rubber needed to the 

manufacture of tires.  

- Chemical industries, which are meant to supply the chemical products needed to 

treat and modify the rubber.  

- Steel industries, source that supplies the required steel to manufacture beads.  

This manufacturing system’s conversion process is the combination of the following 

general sections and production objectives: 

- A. Fabric manufacture, which consists of 10 different processes.  

- B. Banbury6 mixer, a section that depends on 7 processes. 

- C. Carcass wire manufacture, which is formed by 10 processes.  

- D. Fabric calender7, which consists of 6 processes.  

- E. Rubber extrusion, a section that depends on 6 processes.  

- F. Wire calender and bead construction, which is formed by 6 processes.  

- G. Fabric processing, which consists of 8 processes.  

- H. Tire building, a section that depends on 9 processes.  

- I. Wire treatment and cutting, which is formed by 8 processes.  

- J. Curing press and P.C.I.8, which consists of 5 processes.  

- K. Quality tests, a section that depends on 3 processes.  

In what the output of the manufacturing system is concerned, the finished goods are 

directly introduced into the distribution system of “Tired of wheeling S.L.” to reach the 

customers in the shortest time possible.   

 
6 The Banbury design for internal mixers is the most in the rubber and polymer industries.   
7 Calendering is a mechanical process by which rubber is pressed into textile materials.  
8 Post Cure Inflation (P.C.I.) is a process where the tire is immediately cooled after being cured. 
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The following figure is a schema that present the interrelation of each just presented 

sections of the manufacturing system with the others: 

 

Figure 21: Manufacturing system's general schema (Tired of wheeling S.L.). 

 
Once presented the key information about the environment and the basic topology of the 

manufacturing system subject to study, the following section will present the process of 

creation of the equivalent graph.  
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4. Construction of the equivalent graph 

 
For the construction of the manufacturing system’s equivalent graph, the procedure and 

constraints used will be the same as the ones considered in both Toy Model 1 and Toy 

Model 2, as well as the specifications stated in Chapter I, 1.2. Graph representation for 

production systems. In what the inputs is concerned, all the supplier connections of raw 

materials will be unified into the one and only source node of the network. In the opposite 

side of the network, the output of the manufacturing system will consist of a unique 

terminal node, as well as in the source of the network, which will represent the entrance 

of finished product’s flow into the distribution system of the company. For the conversion 

process components, every process will be represented by a unique and unrepeated 

node. The nomenclature of these nodes is based on a letter and number: the letter refers 

to the general section this node belongs to; talking about the number, it is helpful to 

distinguish between all the other processes of the same general section, it does not 

establish any other characteristic of the node. The edges, as it has been specified 

several times along the extension of the thesis, specify the existence and the direction 

of an interaction between two processes, which is based on the exchange of production 

flow. The following figure presents the manufacturing system’s equivalent graph, “G”.  

 

 

Figure 22: Manufacturing system's equivalent graph (Tired of wheeling S.L.) 

 

As it can be observed, it is based on the structure previously presented in figure 22. It is 

important to specify that the topology of this graph is not like the actual distribution of 

these processes in similar existent manufacturing systems of this sector. But this fact 

does not affect at all due to the planarity and isomorphism properties of the Graph Theory 

and because of the analysis that will be carried out is based on connectivity 

characteristics.  
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5. Analysis of the manufacturing system’s equivalent graph 

5.1. General analysis 

As it has been mentioned in the previous section, the manufacturing system’s equivalent 

graph, “G”, presents a planar condition, then there is no intersection between its edges. 

The main characteristics of this directed graph are shown in the following table: 

 
Graph Number of nodes Number of edges Density Diameter Connected 

G 80 106 0,017 23 TRUE 

Table 23: General characteristics of the equivalent graph (Tired of wheeling S.L.) 

 
The network consists of 80 nodes and 106 edges, which are the highest values 

considered in this chapter. As it can be observed, it is verified that the graph is connected, 

and the software of analysis interprets it like that. Also, considering the number of nodes 

and edges, it can be ensured that all the processes of the manufacturing system have 

been taken into account and that there is no isolated component in the network’s 

structure. This digraph presents a density of 0,017, which, despite being a low number, 

is an acceptable value considering the extension of the manufacturing system. The 

diameter is 23, meaning that the longest geodesic length from the input to the output 

consists of 23 edges.  

 

5.2. Splitting into regions 

As explained in Chapter II, 5.2. Splitting into regions, there are four contemplated 

conditions to consider when studying the clustering viability of a manufacturing system’s 

equivalent graph: 

1) The graph must present a planar topology. 

2) The regions resultant from the planar approach must present similarities in 

technology and production section and objectives.  

3) The regions that comply with both previous conditions must present certain 

values of Local Clustering Coefficient, as well as Strongly Connected 

Components or Weakly Connected Components.  

4) Depending on the conditions of the client, the regions with potential clustering 

susceptibility resultant from the points 1, 2 and 3 could be clustered.  
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In what the first point is concerned, as specified in section 4. Construction of the 

equivalent graph of this chapter, the manufacturing system’s equivalent network 

presents a planar topology, as there is no intersection between any of all the components 

that compose the graph. Then, by the moment, every closed area surrounded by edges 

and nodes present the potential of being considered a region.   

Once checked and verified the first condition, the similarities between each node of every 

potential region must be checked out. To comply with the second condition, every node 

of the same closed area must belong to the general section of the manufacturing system, 

that is to say, the first character of the process (node) name must be the same.  

The third condition is based on analysing the relation of each node with its one-hop 

neighbours by applying and calculating the Local Clustering Coefficient to the network. 

The results of this analysis are summarized in Annex 2, Table 1, “Key parameters for 

clustering processes”. As it can be observed, only nodes “C5”, “C6” and “C8” present a 

value higher than 0: respectively, 0,167, 0,083 and 0,050. Despite there are several parts 

of the network with a considerable high value of density, there are no possible sets of 

nodes to be clustered as the values obtained, including the results for nodes “C5”, “C6” 

and “C8”, are not sufficiently significant. To analyse these unexpected results, the graph 

is going to be studied in-deep using the Strongly Connected Components approach and 

the Weakly Connected Components approach. The following extract of data from 

RStudio summarizes the results obtained from the Weakly Connected Components 

approach. These results have been also partially presented in Annex 2, Table 1, “Key 

parameters for clustering processes”: 

 

Figure 23:  WCC’s results, directly extracted from RStudio. 
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When applying this concept, the manufacturing system’s equivalent graph is considered 

as an undirected graph with the objective of finding the maximal weakly connected 

components. Observing the results from the previous figure, three different sections can 

be appreciated: first, membership indicates to which cluster does the node belong to; in 

second instance, csize shows the size or number of nodes that form every cluster is 

specified; finally, no establishes the number of total weak components’ clusters of the 

network. As expected, considering the results from the Local Clustering Coefficient 

study, and applying the WCC approach to this network, the whole equivalent network is 

as a unique massive weak components’ cluster. Then, related to the extract of RStudio, 

there is only one component cluster named “1”, which consists of 80 nodes. In contrary 

to the previous figure, the following extract of data from RStudio summarizes the results 

obtained from the Strongly Connected Components approach. These results have been 

also partially presented in Annex 2, Table 1, “Key parameters for clustering processes”, 

the results are not correlative but have the same meaning.  

 

Figure 24: SCC’s results, directly extracted from RStudio. 

 
As it can be observed, the results from the analysis of Strongly Connected Components 

completely differ from the ones obtained in the Weakly Connected Components: instead 

of one unique cluster that comprehends all the nodes of the network, there are 80 

different strong components’ clusters conformed by only 1 node. Therefore, as a 

conclusion for this third point, it must be established that there is no possibility of 

clustering nodes using neither LCC, SCC nor WCC.  

In what the fourth condition or step is concerned, as there is no possibility of clustering 

using a criterion based on connectivity, there is no need of comparing the results 

obtained for potential clusters with the specifications of the client.  

So, as there will not be produced any modification of the graph’s topology due to 

clustering, the following section 5.3. Centrality measures can be performed.   
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5.3. Centrality measures 

5.3.1. Obtention of centrality scoring 

Once determined the structure of the final network, as there will not be any topological 

variation due to clustering in the initial manufacturing system’s equivalent graph, the 

analysis of centrality measures can be carried out. Using both RStudio’s packages and 

NodeXL to compare and verify the results of the centrality measures’ calculation, the 

results obtained are summarized and presented in Annex 2, Table 2, “Centrality scoring”. 

This section of the annexes is meant to present orderly the scoring of every node of the 

network for each centrality measure considered, which are the following ones: 

- Degree centrality, 𝑪𝒊
(𝒅𝒆𝒈)

.  

- In-degree centrality, 𝑪𝒊
(𝒊𝒏_𝒅𝒆𝒈)

. 

- Out-degree centrality, 𝑪𝒊
(𝒐𝒖𝒕_𝒅𝒆𝒈)

. 

- Betweenness centrality, 𝑪𝒊
(𝒃𝒆𝒕𝒘)

.  

- Closeness centrality, 𝑪𝒊
(𝒄𝒍𝒐𝒔𝒆)

. 

- Eigenvector centrality, 𝑪𝒊
(𝒆𝒊𝒈𝒆𝒏)

. 

- PageRank centrality, 𝑪𝒊
(𝒑𝒂𝒈𝒆_𝑹𝒂𝒏𝒌)

. 

The values shown in the table are rounded to the third decimal place for suitability in the 

presentation, but these values will be treated using the original raw data which present 

accuracy till the sixth decimal.  

Before normalizing the results using equation (1) as in Toy Model 1 and Toy Model 2, it 

is important to observe the range of values of each centrality measure in order to be 

aware of its relevance, as later this fact cannot be easily appreciated. The range of values 

will be easily observed using the following formula: 

𝑅𝑎𝑛𝑔𝑒𝐶(𝑥) = 𝑀𝑎𝑥 (𝐶
(𝑥)

) − 𝑀𝑖𝑛 (𝐶
(𝑥)

)                                        (2) 

Where:  

- 𝑅𝑎𝑛𝑔𝑒𝐶(𝑥) represents the range of values of a certain centrality measure. 

- 𝑀𝑎𝑥 (𝐶
(𝑥)

) is the maximum value of the centrality measure "𝑥" among all the 

nodes of the network. 

- 𝑀𝑖𝑛 (𝐶
(𝑥)

) is the minimum value of the centrality measure "𝑥" among all the 

nodes of the network.  
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The table subsequently presented shows the maximum and minimum values for each 

centrality measure considered, as well as the range of values using the previous formula, 

using the highest precision obtained. 

Centrality 𝑴𝒂𝒙 (𝑪𝒊
(𝒙)

) 𝑴𝒊𝒏 (𝑪𝒊
(𝒙)

) Range 

𝑪𝒊
(𝒅𝒆𝒈)

 6,000000 1,000000 5,000000 

𝑪𝒊
(𝒊𝒏_𝒅𝒆𝒈)

 3,000000 0,000000 3,000000 

𝑪𝒊
(𝒐𝒖𝒕_𝒅𝒆𝒈)

 5,000000 0,000000 5,000000 

𝑪𝒊
(𝒃𝒆𝒕𝒘)

 2029,769164 0,000000 2029,769164 

𝑪𝒊(𝒄𝒍𝒐𝒔𝒆) 0,002315 0,000865 0,001450 

𝑪𝒊
(𝒆𝒊𝒈𝒆𝒏)

 0,066725 0,000000 0,066725 

𝑪𝒊
(𝒑𝒂𝒈𝒆𝑹𝒂𝒏𝒌)

 1,975379 0,632032 1,343347 

Table 24: Range of values for every centrality measure considered. 

In what degree centrality and its variations in-degree and out-degree is concerned, it is 

not useful to study the range because they are measures that directly depends on the 

complexity of the network. Therefore, the results obtained for these measures are always 

considered relevant, at least in similar study cases. Betweenness centrality’s results 

presents a wide range and differentiation between nodes, so it can be considered as 

significant for this study. In contrary, as previously happened in both toy models, 

closeness centrality presents low values and a low range because of the structure of 

directed graphs. Despite this fact, the study of this parameter can be useful in 

subsequent sections. Talking about eigenvector centrality, it presents a low range of 

values and, as explained in Toy Model 1, the directed edges indicate the type of 

interaction and exchange of production flow between processes, therefore a concrete 

process cannot affect a previous one. So, eigenvector centrality, despite it offers 

interesting information about the network, and that is why the results are offered in this 

section, will not be considered in the previous analysis sections. Finally, PageRank 

centrality presents a narrow but acceptable range of values.  

 

5.3.2. Normalization of the data 

Once evaluated the range of values of each centrality measure considered, equation (1) 

is applied to normalize the previously mentioned data, which is presented in Annex 2, 

Table 2, “Centrality scoring”.  

The normalized results are summarized and presented in Annex 2, Table 3, “Centrality 

normalized scoring”.  
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5.3.3. Determination of the most significant values 

To find out which are the most relevant nodes for each considered centrality measure, 

the normalized results presented in the previous section are going to be ordered and 

graphically represented in a ranking graph, using a modified scree plot as explained in 

Toy Model 1. The structure of this graph is based on plotting the centrality score of each 

process in function of its ranking position. But, for this case, the cut-off point will not be 

considered as a relevant node for the studied measure, to make a stricter approach. The 

following points state the most relevant processes in what every significant centrality 

measure is concerned:  

- The following plot orderly presents the values of betweenness centrality, from the 

highest to the smallest ones. As it can be observed, the cut-off point is located in 

the seventh position of the ranking, when the slope of the line starts to flatten. 

Then, it can be ensured that in this network there are six processes that highlights 

because of its role as a communication bridge. These nodes are, respectively 

from the highest to the smallest values of this centrality: H4, B7, H6, H5, F6 and 

H7.  

 

 

Chart 19: Betweenness centrality ranking (Tired of wheeling S.L.) 

 
- In what closeness centrality is concerned, the following chart shows that, as 

previously mentioned, this measure has a narrow range of values. As it can be 

observed, the slope of the line constantly decreases from the very first position 

to almost the end of the graph, making it infeasible to determine the most relevant 

processes using this modified scree plot approach.  
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Chart 20: Closeness centrality ranking (Tired of wheeling S.L.) 

 
- The subsequent graph shows the representation of PageRank centrality ranking, 

where it can be observed that the cut-off point is in the ranking position number 

5. Then, there are four significant nodes due to their PageRank scoring, which 

are B7, C1, C8 and J1. 

 

 

Chart 21: PageRank centrality ranking (Tired of wheeling S.L.) 

 
- As the following graphical representation shows, the cut-off point for degree 

centrality will be placed in the fourth position of the ranking. The dashed line is 

the potential tendency line of the function, which is meant to visually clarify the 
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behaviour of the slope. Therefore, the three nodes that highlight in this network 

due to their high values of degree are B7, C1 and C8.  

 

 

Chart 22: Degree centrality ranking (Tired of wheeling S.L.) 

 
To look in more depth the degree centrality measure, its two variations, in-degree and 

out-degree centralities, will be individually observed in the following two plots: 

- First, the cut-off point for in-degree centrality will be placed in the fifth position of 

the graph. Then, the four more relevant nodes for this parameter are B6, C6, C8 

and G8, all of them with the highest possible value. The dashed line, as in the 

previous case, is the potential tendency line of the function.  

 

 

Chart 23: In-degree centrality ranking (Tired of wheeling S.L.) 
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- Finally, in what out-degree centrality is concerned, there are clearly two top nodes 

for this parameter, which are B7 and C1. The dashed line, as in all the previous 

cases, is the potential tendency line of the function.  

 

Chart 24: Out-degree centrality ranking (Tired of wheeling S.L.) 

 
Once evaluated all the centrality measures’ results and extracted the most relevant 

information, the next section 5.4. Centrality measures synergies will be carried out.   

5.4. Centrality measures synergies 

5.4.1. General considerations 

In this section, the synergies mentioned in Chapter II. Centrality measures’ synergies are 

going to be calculated and analysed using the software tools. These synergies are: 

- In-degree centrality and PageRank centrality, 𝐶𝑖
(𝑖𝑛_𝑑𝑒𝑔)

· 𝐶𝑖
(𝑝𝑎𝑔𝑒𝑅𝑎𝑛𝑘)

 

- Out-degree centrality and PageRank centrality, 𝐶𝑖
(𝑜𝑢𝑡_𝑑𝑒𝑔)

· 𝐶𝑖
(𝑝𝑎𝑔𝑒𝑅𝑎𝑛𝑘)

 

- Degree centrality and closeness centrality, 𝐶𝑖
(𝑑𝑒𝑔)

· 𝐶𝑖(𝑐𝑙𝑜𝑠𝑒) 

- Closeness centrality and betweenness centrality, 𝐶𝑖(𝑐𝑙𝑜𝑠𝑒) · 𝐶𝑖
(𝑏𝑒𝑡𝑤)

 

- Degree centrality and betweenness centrality, 𝐶𝑖
(𝑑𝑒𝑔)

· 𝐶𝑖
(𝑏𝑒𝑡𝑤)

 

As it can be observed, there are some changes comparing with the synergies’ analysis 

carried out for Toy Model 1: 

- The synergy based on degree centrality and PageRank centrality will not be 

evaluated as all the information needed can be found on its variations of in-

degree and out-degree.  
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- The synergy of degree centrality and betweenness centrality will be considered, 

as considering all the previous analysis these two centralities are probably the 

most significant ones. This synergy combines the immediate impact on 

neighbours with the relevance of a process’ role as a connectivity bridge between 

other processes of the network.  

Also, it is important to not forget about the relevance and the short range of values that 

closeness centrality presents. 

Once stated the content of this analysis, it can be proceeded with the calculation of the 

different synergies.  

 

5.4.2. Obtention of synergies scoring 

The data resultant from the calculation of the just mentioned synergies is summarized 

and presented in Annex 2, Table 4, “Centralities’ synergy scoring.”  

The values shown in table 4 are rounded to the third decimal place for suitability in the 

presentation, but these values will be treated using the original raw data which present 

accuracy till the sixth decimal. 

 

5.4.3. Determination of the most significant values 

To determine the most significant processes of the manufacturing system, in what 

centrality measures’ synergies is concerned and considering the data obtained from the 

calculation in the previous section, the scree plot variation approach is going to be used. 

These plots will be structured as follows:  

- The abscissa axis consists of presenting the ranking position, from the highest to 

the lowest depending on the scoring, of each node of the network. Then, this axis 

will be separated into 80 different marks.  

- Ordinate axis consists of indicating the synergy scoring for a node.  

The following points establishes which are the most relevant nodes for every synergy 

taken into account: 

- For in-degree and PageRank centralities’ synergy, the cut-off point will be placed 

on the fifth position of the ranking, where the slope of the line starts to flatten. 

Then, there 4 processes with values that highlights in this synergy: C8, G8, B6 

and C6.  
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Chart 25: In-degree and PageRank centralities' synergy ranking (Tired of wheeling S.L.) 

 
- In what out-degree and PageRank centralities’ is concerned, as in the previous 

case, the cut-off point is placed in the fifth position of the ranking. The four most 

relevant nodes are, respectively from the highest to the lowest value: B7, C1, A1 

and B2.  

 

 

Chart 26: Out-degree and PageRank centralities' synergy ranking (Tired of wheeling S.L.) 

 
- For degree and closeness centralities’ synergy, there are clearly two most 

significant nodes. Then, the cut-off point will be placed in the third position of the 

ranking, highlighting B7 and C8 as the most significant processes.  
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Chart 27: Degree and closeness centralities' synergy ranking (Tired of wheeling S.L.) 

 
- In what degree and betweenness centralities’ synergy is concerned, there is 

clearly a tip node which is B7. However, the cut-off point will be placed in the 

fourth position of the ranking, including nodes F6, H4 and C8.  

 

 

Chart 28: Degree and betweenness centralities' synergy ranking (Tired of wheeling S.L.) 

 
- Finally, in what closeness and betweenness centralities is concerned, the cut-off 

point will be placed in the sixth position of the ranking. Then, the most relevant 

nodes for this parameter are B7, H4, F6, H5 and H6.  
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Chart 29: Closeness and betweenness centralities' synergy ranking (Tired of wheeling S.L.) 

 
Once established the most important nodes of the manufacturing system considering the 

synergies approach, the following section be carried out.  

5.5. Evolution of parameters throughout the system 

In this section, the evolution and behaviour of certain parameters throughout the system 

is going to be analysed. Concretely, this section will be focused on analysing the 

following centrality measures: 

- Betweenness centrality and closeness centrality.  

- PageRank centrality. 

- In-degree centrality and out-degree centrality.  

This analysis will be carried out as performed in Toy Model 1: plotting the nodes’ scoring 

of the studied parameter in function of the geodesic distance (“n-hops”) from the source 

node (“IN”) to every other node of the network. Then, as this approach requires, the n-

hops of every node is going to be calculated using RStudio and presented in Annex 2, 

Table 5: “Geodesic distance from the source node to every other node of the network.” 

Once calculated the pertinent geodesic distances required for the analysis, the evolution 

of the mentioned parameters can be now studied.  

5.5.1. Betweenness and closeness centralities 

In this section, the evolution along the system of betweenness centrality and closeness 

centrality will be evaluated.  
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First, in what betweenness centrality is concerned, the following chart presents the 

behaviour and tendency throughout the network of this measure.  

 

 

Chart 30: Evolution of betweenness centrality (Tired of wheeling S.L.) 

 
As it can be easily observed thanks to the linear regression line, betweenness centrality 

presents an increasing general tendency as the distance from the source node 

increases. But it is important to point out that the complexity and density of the graph 

dramatically change from n-hop 10 to the end of the network. Therefore, the higher 

values of betweenness centrality and, probably as it will be subsequently observed, 

closeness centrality because of the high interaction between nodes in the stretch from 

n-hop 5 to n-hop 10. This fact causes the second half of the network, which has less 

density and a simpler structure, to present lower betweenness centrality values. Apart 

from the topmost significant nodes that have been already determined for this parameter, 

it is important to point out the relevance of node “C8”, which is located in n-hop 3, and it 

presents an unusual high value of betweenness centrality despite being located in such 

an early sector of the network.  

The following plot presents the evolution and behaviour of closeness centrality 

throughout the manufacturing system’s equivalent node.  
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Chart 31: Evolution of closeness centrality (Tired of wheeling S.L.) 

 
As it can be observed, the pattern of distribution presents a similar structure to 

betweenness centrality behaviour shown in its respective chart: the first half section of 

the network, due to its higher density and complexity, presents the highest values of 

closeness centrality. But, in contrary, the general tendency of this parameter is a 

decreasing one, as it can be observed in the slope of the linear regression line presented 

in the chart. As previously mentioned in this chapter, the closeness centrality values 

obtained for this case has no significant range, a fact that can be easily appreciated 

glancing into the proximity of the scores. That is why there is no node chosen as a 

significant to this parameter.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

y = -0,0141x + 0,8849

0

0,2

0,4

0,6

0,8

1

1,2

0 5 10 15 20

N
o

rm
al

iz
ed

 c
en

tr
al

it
y 

va
lu

e

n-hop

Evolution of closeness centrality



 

   101 
 

 Study and optimization of production flow by applying a graph theory approach. 

Alonso P. | UPC. Polytechnical University of Catalonia 

5.5.2. PageRank centrality 

The following chart presents the evolution and behaviour of PageRank centrality 

throughout the manufacturing system’s equivalent graph.  

 

 

Chart 32: Evolution of PageRank centrality (Tired of wheeling S.L.) 

 
As expected, the PageRank centrality’s average values for each n-hop of the network 

remain almost constant. This behaviour can be easily appreciated observing the linear 

regression line’s equation, which presents a slightly negative value of slope because of 

the nature of this parameter: PageRank centrality gives more importance to out-degree, 

parameter that tends to decrease when the n-hop value increases.  

 

5.5.3. In-degree centrality and out-degree centrality 

In this section, the evolution of in-degree and out-degree centralities will be observed 

and analysed. In addition, both parameters will be analysed to find out the approximate 

position of the n-hop where the behaviour of the manufacturing process changes from 

dispersion of production flow to unification.  

The following graphical representation presents the evolution and behaviour of in-degree 

centrality throughout the manufacturing system’s equivalent graph.  
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Chart 33: Evolution of in-degree centrality (Tired of wheeling S.L.) 

 
Observing the linear regression line’s equation presented in the previous graph, it can 

be ensured that the scoring for in-degree centrality decreases as the n-hops increases. 

This is an unexpected behaviour comparing with the results obtained in Toy Model 1, but 

it is understandable as this network presents a more complex topology and its structure 

is irregular as the density in the first half of the network is far larger than in the second 

half.  

Now, out-degree centrality’s evolution is going to be observed using the following chart: 

 

 

Chart 34: Evolution of out-degree centrality (Tired of wheeling S.L.) 
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As expected, out-degree centrality’s value decreases when the geodesic distance from 

the source to the studied node increases. Observing the linear regression line’s equation, 

it presents a clearly negative slope, meaning that dispersion of the production flow is 

stronger in the first stages of the network.  

Now, using the following chart where both degree centrality variations are plotted, the 

point where the manufacturing changes its working tendency from dispersion to 

unification of the production flow is going to be found. For that end, both measures will 

be plotted using the original data, without normalization, as both variables must present 

the same basis to obtain a feasible and truthful comparison. 

 

 

Chart 35: In-degree and out-degree centralities' comparison (Tired of wheeling S.L.) 

 
To obtain this point, the intersection of both linear regression lines is going to be 

calculated. The results obtained for the intersection point are: 

- “6,616” for the “n-hop” axis, approximated to a value of “2”. 

- “1,352” for the “value” axis.  

Then, the n-hop where the change of behaviour is observed is placed between 

positions 6 and 7 of the network. 
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5.6. Network’s robustness analysis 

In this section, the robustness of the network will be analysed by using the same 

procedure as in Toy Model 2. Therefore, the network will be studied using two different 

approaches: first, the manufacturing system’s equivalent graph will be observed by using 

a sequential targetted centrality attack; in second and final instance, the network will be 

evaluated using two different attacking methods, which will be compared with the most 

effective attacks from the first approach.  

 

5.6.1. Sequential targetted centrality attack 

Using a sequential targetted centrality attack means that the components of the network, 

in this case only nodes will be considered, will be erased from the network simulating a 

failure in the process. The erasing process will not function randomly, it will focus on 

deleting from the top-ranking nodes to the less relevant ones of each centrality measured 

considered. In this section, the centrality measures that will be considered are degree 

centrality and betweenness centrality, which generally are the most relevant parameters 

in this kind of studies and, as it has been observed, are the parameters that present the 

best range of values and significance. Moreover, closeness centrality will be also 

evaluated to observe if the unexpected behaviour shown in the study carried out in Toy 

Model 2 does not depend on the complexity and extension of the network.  

The subsequent chart presents the combined results from the three different 

approaches. The axis of the graphical representation are the following ones:  

- “comp.pct”, placed on the ordinate axis. This parameter represents the maximal 

component size of the resultant graph after performing an attack on the network.  

- “removed.pct”, placed on the abscissa. This parameter represents the fraction of 

total nodes removed.  
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Chart 36: Impact of a sequential targetted centrality attack (Tired of wheeling S.L.) 

Observing the chart, what probably strikes the first about the results obtained is the 

behaviour of the network in front of the sequential targeted closeness attack. It presents 

the same tendency as in Toy Model 2:  

1) Every node of the system causes the same impact on connectivity when applying 

a targetted closeness centrality approach.   

2) The impact on connectivity of every node using this approach is the minimum 

value possible, that it to say, the only node’s disconnection that suffers the 

network is the erased node itself.  

In what betweenness centrality is concerned, this attacking approach presents the faster 

response in the earliest values of the total fraction of nodes removed. In addition, it 

reaches the total disconnection of the network faster than the approach based on degree 

centrality. Then, in front of a low and a high percentage of components disconnection, 

this network will always present better robustness in front of sequential targetted attacks 

based on degree. But, in contrary, in front of a percentage of failure between 

approximately the 12,5% and the 87,5%, the network will present a better robustness to 

sequential attacks based on betweenness centrality.  
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5.6.2. Sequential random and cascading attack 

In this section, the robustness of the network will be analysed using two different not 

targetted approaches: cascading attack and random attack. As explained in Toy Model 

2, the cascading attack is based on selecting one initial node randomly and, 

subsequently, attacking its neighbours. The sequential random attack is just based on 

provoking the individual failure of the different nodes of the network without following any 

criteria. To facilitate the comparison process, the analysis will be carried out using also 

both most significant approaches from the previous section: the sequential targetted 

degree attack and the sequential targetted betweenness attack.  

The following figure presents four different charts: 

- Chart “A” presents the results for the random attack. 

- Chart “B” presents the results for the targetted attack based on betweenness. 

- Chart “C” presents the results for the targetted attack based on degree. 

- Chart “D” presents the results for the random cascading attack. 

 

 

Chart 37: Analysis of the network robustness (Tired of wheeling S.L.) 

 
As it can be observed, the impact of these attacking procedures is presented by 

observing the connectivity loss, instead of using the size of the maximum component of 

the network. The abscissa will continue showing the fraction of total nodes removed.  
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Analysing the plots obtained, the most interesting fact that can be appreciated is that a 

sequential cascading attack represents a higher threat to the network’s connectivity than 

the sequential targetted attack based on betweenness. Surprisingly, the targetted 

cascading attack a similar evolution as the sequential targetted attack based on degree 

centrality. Finally, as expected, the network presents a better robustness when a 

sequential random attack approach is used.  

 

5.7. Compilation of results and recommendations  

In this section, the results and obtained from the analysis of the network will be presented 

and summarized. In addition, some recommendations to improve the security of the 

production flow will be given.  

Before proceeding with the final results, it is important to remark two points: first, the 

procedure of splitting into regions; secondly, the analysis of closeness centrality and its 

related synergies. In what the splitting into regions procedure is concerned, as it has 

been observed in its respective section, there is no possibility of clustering processes 

using neither Local Clustering Coefficient, Strongly Connected Components or Weakly 

Connected Components. In second instance, it is important to state that the results for 

closeness centrality and its respective synergies will not be considered as significant 

information. This fact is due to mainly two aspects: the short range of values and the 

robustness’ behaviour of the network in front of a sequential targetted closeness attack. 

Consequently, no information related to closeness centrality will be included in this 

section.  

The parameters that will be considered for the presentation of the results are: 

- Position in the network, indicating the n-hop of every node considered. 

- Degree centrality and its variations in-degree and out-degree centralities.  

- Betweenness centrality.  

- PageRank centrality.  

- In-degree and PageRank centralities’ synergy.  

- Out-degree and PageRank centralities’ synergy.  

- Degree and betweenness centralities’ synergy.  

The following table presents and summarizes all the results related to the previously 

mentioned parameters from the manufacturing system’s network analysis. The cells of 

the table highlighted in light orange indicate the significance of the related node to the 

parameter to which the cell belongs.  
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A1 1         

B2 2         

B6 4         

B7 5         

C1 1         

C6 3         

C8 3         

F6 6         

G8 10         

H4 9         

H5 10         

H6 11         

H7 12         

J1 14         

Table 25: Results' summary (Tired of wheeling S.L.) 

 
This table of results consists of 14 different processes which are considered significant 

in at least one among all the parameters taken into account, that in percentage from the 

total number of nodes that form the network: 

%𝑟𝑒𝑙𝑒𝑣𝑎𝑛𝑐𝑒 =
14

80
· 100 = 17,50% 

Then, in accordance with this study only the 17,50% of the nodes that form the network 

presents the characteristics of critical points, meaning that their failure would cause an 

important loss of connectivity and a huge impact to the functioning of the manufacturing 

system.  
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Glancing into the section of evolution of parameters throughout the network, it has been 

observed that the structure of the network can be clearly differentiated into two parts: 

from the source to approximately n-hop 10, the network presents a certain high level of 

complexity and a high density considering the extension of the network; in contrary, from 

approximately n-hop 10 to the end of the network, both complexity and density decrease. 

This behavioural structure can be clearly appreciated in the previous table of results: 

- The critical processes located between n-hop 1 and n-hop 10 mainly present 

significance for several parameters simultaneously. Also, in this section of the 

node is where the highest values of degree and PageRank are found. These two 

facts can be automatically related to complexity and high levels of interconnection 

between components.  

- Process “G8”, which is placed exactly in n-hop 10, manifest a behaviour that 

clearly represents the transition between these two different sections of the 

manufacturing system. This node presents a high in-degree value, as well as a 

high value of in-degree and PageRank centralities’ synergy, meaning that the 

unification of production flow clearly starts to predominate over the dispersion.  

- The critical processes located between n-hop 10 and n-hop 20, the critical nodes 

majorly present an exclusive relevance to betweenness centrality, fact that 

means that the complexity of the network decreases because of the unification 

of the production flow, provoking a decrease of the values for degree centrality 

and, consequently, PageRank centrality.  

In what the recommendations for production flow optimization is concerned, it is relatively 

easy to present a general plan of investment to improve the manufacturing system’s 

quality and security. But, to present specific ways of resources and economical 

investment, it is fundamental to put together and consider all the information gathered 

from the whole analysis.  

A general approach of investment could be based on improving the processes using a 

centrality scoring ranking. This ranking can be carried out using a simple approach: 

calculating the average value of the most relevant centrality measures and presenting 

the results on an ordered ranking from the most relevant to the most irrelevant processes 

of the manufacturing system. In this case, the most relevant centrality measures are 

degree, betweenness and PageRank centrality. Therefore, considering these three 

parameters, the calculation of the average centrality scoring ranking could be performed 

using the following formula: 
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𝐶�̅� =
𝐶𝑖

(𝑑𝑒𝑔)
+ 𝐶𝑖

(𝑏𝑒𝑡𝑤)
+ 0,5 ∗ 𝐶𝑖

(𝑝𝑎𝑔𝑒𝑅𝑎𝑛𝑘)

3
;                                     (3) 

Where: 

- 𝐶�̅� is the average centrality scoring of node "𝑖". 

- 𝐶𝑖
(𝑑𝑒𝑔)

 is the degree centrality value of node "𝑖". 

- 𝐶𝑖
(𝑏𝑒𝑡𝑤)

 is the betweenness centrality value of node "𝑖". 

- 𝐶𝑖
(𝑝𝑎𝑔𝑒𝑅𝑎𝑛𝑘)

 is the PageRank centrality value of node "𝑖". 

 

As it can be observed in the previous formula, the PageRank centrality value of each 

node will be multiplied by a constant value of 0,5, as this measure is related to out-degree 

centrality, which is included in degree centrality, and it presents less relevance than 

betweenness and degree centralities. The results obtained from applying this formula to 

the manufacturing system subject to study are presented and summarized in Annex 2, 

Table 6: “Average centrality scoring”.  

Now, in what more specific recommendations is concerned, the following paragraphs will 

present actions to improve the conditions of the production flow to avoid its delay or 

stoppage. 

As mentioned in the section of evolution of parameters throughout the network, the point 

where the behaviour of the production flow changes from dispersion to unification is 

located between n-hops 6 and 7. Therefore, these points are key to evaluate the quality 

and the condition of the production flow by investing on strict and continuous quality 

controls. Also, as previously explained in this section, node “G8” presents suitable 

characteristics to place a strict quality control procedure on its position. The following 

image of the network presents the position of these three strict quality controls: 

 

 

Figure 25: Best locations for quality controls. 
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Observing the previous figure, it can be appreciated that every quality control proposition 

is placed in a different initial branch of the network, considering all the possible defects 

that the production flow could present from the input node to their position. It is important 

to take into account two facts:  

1) The “K” subnetwork is focused on testing the finished product to ensure the 

quality of the final product.  

2) It is supposed that every supplier evaluates the quality of its product. Then, the 

raw materials introduced to the network through the input node cannot present 

any kind of defect.  

Therefore, these three strict quality controls, which are equitably distributed along the 

manufacturing system, would efficiently reduce the dispersion of defecting production 

flow, avoiding unnecessary stoppages, delays in the supplying of finished product, 

reducing the wastes of raw materials and in-process product and improving the quality 

of the finished product.  

Another specific action would be investing on improving the resources and machinery 

related to the processes C8, F6 and H4, which are the ones that present the highest 

values for betweenness and degree centralities’ synergies. Then, as this synergy directly 

depends on the two most relevant parameters of the network, and it represents the role 

of a node’s impact on immediate and general connectivity, it is important to ensure the 

best and the most secure continuation of these three processes.  

In addition to the previous recommendations, using the synergies based on degree 

centrality variations and PageRank centrality, the best positions to place buffers in order 

to ensure the continuation of the production can be established, despite the failure of 

previous processes of the network. In-degree and PageRank centralities’ synergy mainly 

indicates two aspects: first, that this process is connected to several other processes 

simultaneously, meaning that it gathers and unifies production flow; secondly, it means 

that this process is connected to processes with high relevance for the network. Then, 

as this process has a high dependence on its previous neighbour, a buffer must be 

placed just before nodes that present a high scoring for this parameter: “B6”, “C6”, “C8”, 

and “G8”. Moreover, investing on improving the machinery and resources related to this 

type of processes would be efficient, as if their functioning is incorrect, it would cause 

the waste of all the immediate previous neighbours work, apart from all the time and raw 

material’s waste. Now, in what the synergy formed by out-degree centrality and 

PageRank centrality, if a process of the system presents high values of this parameter, 

it will indicate that it is connected to several immediately subsequent neighbours. This 
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fact means that there are several processes that depend on its in-process production 

flow and, if this type of process fails, it will directly affect to many processes functioning. 

So, buffers should be placed just after the processes with high values of this parameter, 

which in this case are “A1”, “B2”, “B7”, and “C1”. As well as in the previous case, the 

economical investment in these processes is key to avoid the immediate spread of 

defecting in-process production flow.  

 

5.8. Conclusions 

The reason to perform a case with these characteristics was to observe and analyse the 

behaviour of the developed Graph Theory approach on a larger and more complex 

network. In this way, the results obtained can be compared with the previous toy models 

studied in previous sections of the thesis, a fact that allows to observe the suitability of 

this approach when being applied to both extensive and small manufacturing systems. 

As previously mentioned in the thesis, the higher the number of components of a 

network, the smaller will be its total density. As it has been observed in this case, the 

density of the network is 0,017 and, despite it is a more complex network than the models 

studied in Toy Model 1 and Toy Model 2, it presents a lower density because of its larger 

extension. The fact of applying this method to larger networks increases its efficiency: in 

this case, the percentage of critical nodes identified has been 17,50%, a value which is 

small comparing to the percentage of critical nodes obtained in Toy Model 1, which is 

43,75%. Therefore, it can be ensured that the larger the network subject to study, the 

smaller will be the percentage of critical nodes identified and the more accurate and 

efficient will be the suggested procedures for production flow optimization. Apart from 

the just mentioned fact, analysing a larger and more complex network will provide wider 

value ranges and a better diversification of topmost important values for every analysed 

parameter.  
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In what the analysis procedures is concerned, it is important to highlight that “Splitting 

into regions” is not a feasible approach to cluster processes. First, from the connectivity 

point of view which is the one treated in this thesis, due to the characteristics of 

manufacturing systems’ equivalent graphs, no significant values for Local Clustering 

Coefficient are obtained. This fact provokes the obtention of results with no meaning, 

which do not allow to perform any type of clustering as there is no dependency between 

a component and its neighbours. Secondly, it is important to understand the nature of 

the studied network. In the case of manufacturing systems, the fact of clustering different 

processes does not depend only on dependency or proximity, it depends on many other 

aspects, specially cycle times, which is not considered in the scope of this thesis. 

Therefore, the unique useful information that can be extracted from the “Splitting into 

regions” analysis is the classification and identification of the different closed areas of 

the graph using the planarity properties.  

Another important conclusion that has been extracted from this case is that closeness 

centrality is not a significant parameter to consider when analysing a manufacturing 

system’s equivalent graph. As observed during the realization of this chapter, closeness 

centrality does not present a significant wide range of values. Due to the topological 

distribution of the network, which is a directed graph with a strong tendency from the 

source node to the terminal node, every node of the network present low values of 

closeness centrality. This behaviour is clearly observed in robustness analysis: when 

performing the sequential targetted closeness attack every node causes the same 

impact on connectivity when it is erased from the network. Therefore, closeness 

centrality and its related synergies do not offer significant and useful information about 

the studied network, and they should not be considered in future study cases.  

Finally, in what the other approaches and parameters is concerned, it must be said that 

the range of the results has been significant, and the information obtained from the 

network is crucial to understand its structure and behaviour.  
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1. Conclusions 

The hypotheses set out in the introduction chapter and which have guided the course of 

this study are presented again in the following points:   

1) The application of a Graph Theory approach to analyse and study manufacturing 

systems offers suitable information that can be used to optimize the production 

flow.  

2) A Local Clustering Coefficient (LCC) approach can be used to cluster processes 

of a manufacturing system.  

Subsequently, the veracity of the hypotheses will be tested considering all the 

information resulting from the analyses carried out in this study. 

In what hypothesis 1 is concerned, considering the results obtained during the 

development of the study, it must be ensured that applying a Graph Theory approach to 

analyse manufacturing systems and subsequently use the network’s information to 

present and make recommendations to optimize the production flow is a profitable 

method. Concretely, observing the results of Tired of wheeling S.L. presented in Chapter 

III, 5.1. Compilation of results and recommendations, the recommendations suggested 

to improve the functioning of the studied manufacturing system seem feasible and 

efficient, considering the magnitude of their impact in front of the total number of 

proposed improvements and processes involved. The verification of this initial and more 

general hypothesis of the thesis is directly related to the fulfilment of the main objective 

of the study, which indicates the development of an optimization method for 

manufacturing systems based on Graph Theory. In addition to the main objective, it must 

be highlighted that the analysis procedures carried out follow the specifications made in 

the mission objectives of the project: interpretation and correlation of parameters 

between the Graph Theory and manufacturing systems, the study of structural 

characteristics of the networks, the study of production flow behaviour and the 

determination of the critical connectivity points of the manufacturing network.  So, taken 

into account all the previous facts, the statement made in the first hypothesis of the thesis 

is confirmed.  
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In what hypothesis 2 is concerned, considering the results obtained during the 

development of the study, it must be ensured that applying a clustering method based 

on Local Clustering Coefficient (LCC) is not a suitable way to cluster the processes in a 

manufacturing system’s network. As it is observed in the results obtained in Toy Model 

1 and in the case Tired of wheeling S.L., regardless of the complexity and extension of 

the manufacturing system’s equivalent graphs studied, the Local Clustering Coefficient 

approach does not offer significant and feasible results that could be used to cluster 

processes. Since the structure of manufacturing systems rarely presents loops or sub-

cycles, and the direction of the production flow follows a strict tendency from the source 

node to the terminal node, the LCC approach is not suitable for this end, and neither 

analysis of Strongly Connected Components (SCC) and Weakly Connected 

Components (WCC). In addition, it cannot be forgotten the nature of the studied network 

and, in this case, the clustering of processes in manufacturing systems requires from a 

specific study based on production parameters to determine the viability of the cluster to 

make sure it will not deteriorate the functioning of the system. So, the statement made 

in the second and last hypothesis of the thesis is not correct.  

Secondly, it is important to understand the nature of the studied network. In the case of 

manufacturing systems, the fact of clustering different processes does not depend only 

on dependency or proximity, it depends on many other aspects, specially cycle times, 

which is not considered in the scope of this thesis. 

Therefore, as the suitability of a Graph Theory approach on manufacturing systems to 

obtain information about the connectivity relevance of its components, as well as 

characteristics of the structure and behaviour of the network, has been confirmed 

satisfying the verification of the first hypothesis and accomplishing the objectives 

presented in the introductory chapter of the thesis without trespassing the bounders 

established, it can be ensured that the present thesis has been correctly and successfully 

developed.  
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2. Recommendations for future research  

The following paragraphs present different recommendations and suggestions in case 

of additional studies to the present thesis were realized. 

For example, instead of exclusively using local centrality measures, the application of 

methods based on global centrality measures could offer significant information about 

the structure of the network, which could be added to the local information and 

subsequently perform a wider analysis. 

Also, changing the interpretation and meaning of the edge’s weight in the manufacturing 

system’s equivalent graphs could lead to the development of more complex and specific 

analysis’ methodologies. For example, apart from the interaction and exchange of 

production flow as considered in the present thesis, other information about the 

manufacturing system such as probability of failure of every process or batch size could 

be added to create new analysis procedures: graphs can represent everything 

regardless of its nature, it all depends on the interpretation given to the equivalent 

network obtained.  

A more concrete line of work would be the one presented in the conclusions of Toy Model 

2. The possibility of developing a methodology for the design of the electrical installations 

of a manufacturing system to reduce the impact of the disconnection of a branch of the 

circuit due to a possible electrical failure in the system. It is a very interesting study 

because the operation of industrial production systems is directly related to the proper 

functioning of electrical installations. The design methodology would be based on using 

simultaneous targetted attacks to observe with which combinations of processes the 

disconnection of a random cluster would cause fewer negative effects in connectivity, 

that is to say, to determine with which combinations the network presents greater 

robustness. This study could be combined with the results of the study by Alonso P. 

(2019), where it is determined how the short-circuit currents and voltage drops in an 

electrical system vary depending on the local centrality measures.  
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The origins of graph theory are humble, even frivolous. 

-  Norman L. Biggs - 


