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Abstract: This study provides a numerical approach to evaluate the effect of sample sizes on fluid 
flow through a single rough-walled fracture. The rough-walled fracture was generated by using 
mathematical statistics. Its aperture follows a normal distribution along a large-size plane of 
dimensions 20 m × 20 m, and from this large-size fracture plane, a series of fractures with different 
sizes were extracted. Then, a two-dimensional (2D) Reynolds equation was solved to simulate fluid 
flow through these rough-walled fractures with different mean fracture apertures and roughness. 
The impact of normal stress on the hydraulic properties was introduced by using a hyperbolic 
function. The simulated results show a positive correlation between hydraulic conductivity and 
fracture sizes. In fact, hydraulic conductivity of the fluid flow through a single rough-walled fracture 
increases with the increment of the fracture size until a given size from which it stays constant. The 
hydraulic conductivity for this given size can then be considered as a representative of that in larger 
sample sizes. This given size resulted to range from 12 m to 16 m, due to the variations in mean 
fracture apertures, roughness and normal stress. In addition, it was also found that this representative 
size tends to decrease with an increase in the mean fracture apertures, while tends to increase as the 
fracture roughness or the normal stress increases, since those variables affect the fracture topology 
and contact areas, which play an important role in controlling the tortuosity and connectivity of fluid 
flow through a rough fracture.  
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1. Introduction 

Naturally fractured rock can be considered as a network of high permeable paths or fractures 
surrounded by a low permeable media or matrix. Although these fractures in rock are typically 
present in interconnected networks, the behavior of the fluid in a single fracture must be understood 
first before more complicated field-scale fracture networks can be addressed (Merrill, 1975; Pyrak-
Nolte et al., 1988; Hakami and Larsson, 1996; Brown, 1987; Zimmerman and Yeo, 2000; Konzuk 
and Kueper, 2004). Since rock fractures provide high permeability pathways for fluid flow in 
geologic media, then accurate determinations of the hydraulic properties for the fractures are of 
greatest importance in e.g. enhanced exploitation of natural energy or long-term disposal of 
contaminants (Tsang, 1984; Persoff et al., 1991; Brown et al., 1995; Zimmerman and Bodvarsson, 
1996; Park, 2005; Boutt et al., 2006; Petrovitch, 2013; Ju et al., 2013; Briggs, 2014).  

It has been revealed that hydraulic properties of fractures will change with the size of the 
sample (Witherspoon et al., 1979; Witherspoon et al., 1980; Raven and Gale, 1985; Pyrak-Nolte et 
al., 1990; Matsuki et al., 2006; Singh et al., 2016; Huang et al., 2018), which is known as the size 
effect (Witherspoon, 1981). In the past few decades, several investigators have examined the effect 
of scale of observation on fluid flow through fractures by using experimental, numerical or 
theoretical methods (Witherspoon et al., 1979; Raven and Gale, 1985; Pyrak-Nolte et al., 1990; 
Neuzil and Tracy, 1981; Tsang and Whiterspoon, 1983; Qian et al., 2007). Experimental evidence 
showed opposing trends, with hydraulic conductivity increasing or decreasing with increasing 
sample size (Witherspoon et al., 1979; Raven and Gale, 1985; Qian et al., 2007). From a numerical 
investigation, Neuzil and Tracey (1981) concluded that smaller specimens will have smaller values 
of hydraulic conductivity than larger specimens under a specified normal stress, because fewer of 
the larger least frequent flow channels will be included. From a theoretical study of the effect of 
sample size on the hydraulic and deformation properties of a fracture, Tsang and Witherspoon (1983) 
determined that large scale roughness of the fracture controls the hydraulic and mechanical 
properties of the fracture. They concluded that if the rock specimen is smaller than the large scale 
roughness wavelength, then the fluid flow measurements made on the specimen will not be 
representative of the large fracture behavior.  

However, is there an optimum size for a fracture surface above which the apparent size effect 
is no longer important? Some efforts have been made trying to uncover the fact. Based on a new 
spectral method, Matsuki et al. (2006) found that the effect of the fracture size on the hydraulic 
aperture disappears if the fracture is larger than about 0.2 m, when the fracture is closed without 
shearing and has the same mean aperture, since beyond this size the standard deviation of the initial 
aperture is almost independent of the fracture size. Singh et al. (2016) conducted laboratory 
experiments on fluid flow through single fractured granite of two different sizes (38 mm and 54 mm 
in diameters) under various confining pressures (σ3 = 5-40 MPa), fluid pressures (fp ≤ 25 MPa), and 
fracture roughness to quantify the effect of sample size in association with fracture roughness on 
the fluid flow through fractured rock mass. It was demonstrated that permeability of the fractured 
rock mass decreases with an increase in sample size, and the effects of sample size and fracture 
roughness do not persist when σeff ≥ 20 MPa. 

Recently, in order to investigate the influences of fracture size on the permeability and the 
shear induced flow anisotropy of the natural rough-walled rock fractures, Huang et al. 
(2018) performed the shear-flow simulations on a series of fracture surfaces with self-affine 
properties. Aperture fields with the size varying from 25 mm to 200 mm were extracted under 



different shear displacements to investigate the size effects on the permeability and shear induced 
flow anisotropy of rock fractures. Their results show that the shapes of flow channels change 
significantly as the model size increases, whereas the permeability in the directions both parallel 
and perpendicular to the shear direction changes significantly first and then tends to move to a stable 
state. The size effects on the permeability in the direction parallel to the shear direction are more 
obvious than that in the direction perpendicular to the shear direction, due to the formation of contact 
ridges and connected channels perpendicular to the shear direction. 

Our understanding on size effect of fluid flow through a single rough-walled fracture has been 
improved a great deal over the last 3 decades by the aforementioned works and references therein 
(Brown, 1987; Konzuk and Kueper, 2004; Tsang, 1984; Petrovitch, 2013; Ju et al., 2013; Huang et 
al., 2018; Qian et al., 2007; Tsang and Tsang, 1990; Zimmerman et al., 1991; Unger and Mase, 1993; 
Nicholl et al., 1999). Nevertheless, due to the complex structure of rough-walled fracture and the 
numerous factors (e.g. roughness, stress) that can affect flow in a fracture, the size effect on the 
hydraulic conductivity of fluid flow through a rough-walled fracture has not been well demonstrated, 
and the representative size is yet to be determined. Thus, our objective in this paper is to present an 
examination on the size dependency of hydraulic conductivity of flow through a rough-walled 
fracture. Single rough-walled fractures, as large as 20 m × 20 m in plane size, were generated by 
using a geostatistical approach, while the fractures with the size varying from 1 m to 19 m were 
extracted from the generated 20 m fractures. Then fluid flow through series-size fractures was 
simulated by solving the Reynolds equation. The evolution of hydraulic conductivity with size was 
obtained with the representative size determined. At last, an attempt was made to evaluate the 
impacts of fracture mean apertures, roughness and normal stress on the size effect. 

 
 

2. The generation of rough-walled fractures of large-size and series size 

Geostatistics data of rock outcrop show the aperture of rough fracture usually satisfy a certain 
distribution function, such as the normal distribution or the exponential distribution (Konzuk and 
Kueper, 2004; Petchsingto, 2008). In present study, three single rough-walled fractures with 
maximum size of 20 m × 20 m were generated, as depicted in Figure 1, by using a normal 
distribution at mean fracture apertures of 0.33 mm, 2.85 mm and 5.25 mm, respectively. The 
geometric and morphological parameters used in the generation of rough-walled fractures are shown 
in Table 1, and Figure 2 shows histograms and distribution curves of fracture aperture for sample 
A1 – A3. The roughness of the fracture surface is represented by the Joint Roughness Coefficient 
(JRC) (Barton, 1973; Barton and Choubey, 1977; Tse and Cruden, 1979). Three different JRCs from 
smooth (JRC = 1.83) to coarse (JRC = 10.23) are chosen to include the impact of the roughness on 
the size effect. The fractures, have a series smaller sizes ranging from 1 m × 1 m to 20 m × 20 m in 
plane size, were extracted directly from the large-size fracture (see Figure 3) in order to ensure the 
relative consistency of the morphological parameters (Fardin et al., 2001; Fardin et al., 2004; Chen 
et al., 2016). 

 
 
 
 
 



 
Table 1. Geometric and morphological parameters used to generate rough-walled fractures 
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Figure 1. Maps of generated rough fracture walls with various JRC:  

(a) JRC = 1.83; (b) JRC = 5.65; (c) JRC = 10.23. 
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Figure 2. Histograms and distribution curves of fracture aperture for the single fracture: (a) A-1; (b) A-2; 

(c) A-3. 

 

 

 

 
 

 

 

 

 
 
     
 

 

 

 

Figure 3. The illustration of the initial generated large-size rough-walled fracture, and the extraction of 

series-size fractures from central part of the large-size fracture: (a) the large-size fracture, 20 m × 20 m; (b) 

2 m × 2 m; (c) 5 m × 5 m; (d) 10 m × 10 m. 
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3. Numerical model and verification  
3.1. Governing equation 

The flow of an incompressible Newtonian viscous fluid is governed by the Navier-Stokes (NS) 
equations (Batchelor and Batchelor, 1967). However, the NS equations consist of a system of 
nonlinear partial differential equations, exact solutions of Navier–Stokes equations are usually very 
difficult to achieve in the highly nonlinear system, especially in the case of rough-walled fracture 
with complex geometry (Zimmerman and Yeo, 2000; Nicholl and Detwiler, 2001; Koyama et al., 
2008). Therefore, the problem has often been approximated using a 2D field by assuming the fluid 
flow within the fracture plane, so-called Reynolds equation, a simplified form of NS equations, has 
been used extensively to describe the flow in fractures when flow velocity is low and the fracture 
surface does not vary too abruptly (Brown, 1987; Zimmerman and Yeo, 2000; Brown et al., 1995; 
Zimmerman and Bodvarsson, 1996; Witherspoon et al., 1980; Huang et al., 2018; Tsang and 
Witherspoon, 1983; Zimmerman et al., 1991; Nicholl et al., 1999; Koyama et al., 2008; Iwui, 1976; 
Brown, 1989; Thompson and Brown, 1991; Ge, 1997; Brush and Thomson, 2003; Sisavath et al., 
2003). The Reynolds equation can be written as Eq. (1),  
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where xxK and yyK are the hydraulic conductivity along the x and y directions, respectively; h is the 

piezometric head, m; Q is the volumetric flow rate, m3/s. 
The hydraulic conductivity can be derived from the cubic law, 
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where g is the acceleration of gravity, m/s2; µ is dynamic viscosity, Pa·s; 0b  is initial fracture 

mean aperture without normal stress, m; wρ  is the fluid density, kg/m3. 

 
3.2. FLOW AND BOUNDARY CONDITIONS 

To keep fluid flow from one end to another end along one direction, the left edge of the fracture 
is subjected to water inlet boundary, while the right edge is defined as water outlet boundary. A 
constant hydraulic gradient is maintained between the inlet and outlet boundaries, whilst the other 
two edges are fixed with impervious boundaries (see Figure 3). The same flow and boundary 
conditions were applied to the flow-through tests at the model validation in section 3.4. 

 
 



 
 

Figure 3 Flow and boundary conditions for a fracture to simulate fluid flow 

 
 
3.3. THE CALCULATION OF HYDRAULIC CONDUCTIVITY UNDER NORMAL 
LOADING 

The fracture aperture is affected by normal loading which alters the contact area and fracture 
roughness, the topology as the stress changes directly. Since it is difficult to directly measure the 
aperture change during testing, therefore, the variation in the fracture mean aperture induced by 
normal stress is approximated by a hyperbolic function (Park, 2005) , 
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whereσ  is the normal stress, MPa; cσ is the maximum normal stress can be applied, which is equal 

to 30 MPa in this study; nδ (mm) is the maximum fracture normal closure under normal loading, 

and is equal to 0.9 times of the initial fracture mean aperture; Δb (mm) is the fracture normal closure 
under σ , defined to be a positive value when the fracture is opening, while it is a negative value 
when the fracture is closing. 

Then, the fracture mean aperture under normal loading can be expressed by Eq. (4), 

 bbb ∆+= 0                               （4） 

We substitute (3) and (4) into (2) to yield Eq. (5). Figure 4 shows the values for the simulated 
fracture aperture and its associated hydraulic conductivity under various normal stresses. Both of 
them drop dramatically with the increasing normal stress. 
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Figure 4 Variations of fracture mean aperture and hydraulic conductivity under increasing normal stress  

(0-25 MPa).  
 
 
3.4. MODEL VALIDATION 

To validate our numerical model, we design a test apparatus to conduct flow-through tests on 
rough-walled fractures. The test apparatus consists of a syringe pump (500D, Teledyne Isco, USA), 
a sample cell and water collecting system (see Figure 5 (a)). The rough-walled fracture used in the 
tests was formed by overlapping a smooth glass plate with a rough epoxy plate printed out by a 3D 
printer (Objet500 Connex3TM, Stratasys, USA). The rough epoxy plates, with a size ranging from 
5 cm × 5 cm to 15 cm × 15 cm, were precisely duplicated from the numerical generated surface (see 
Figure 6). The specific parameters are listed in Table 2. Then the assembled rough-walled fracture 
was encased in an epoxy mold to ensure a distributed flow along the water inlet and outlet 
boundaries, while other two sides were sealed by glue as no-flow boundaries (see Figure 5 (b) and 
(c)). 

During the test, the dye water was injected into the fracture by the syringe pump. The real-time 
evolution of water flow through the rough-walled fracture was caught by a CCD camera (Figure 
5(b)), and the outflow was collected and weight by the collecting system. Both the experiment and 
simulation are subjected to the same flow and boundary conditions as shown in Figure 3. The 
comparisons between the measured and simulated results were presented in Figures 7-8. 

 
Table 2 Parameters for the replication of rough-walled fractures 

Sample 
Plane size  

(cm) 
Mean aperture 

(mm) 
Roughness 

(JRC) 

J-1 5×5 2.85 10.43 
J-2 10×10 2.85 10.43 
J-3 15×15 2.85 10.43 
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Figure 5 Schematic of the experimental apparatus showing: (a) experimental setup; (b) cross 

section X-X’ of the test cell; (c) cross section Y-Y’ of the test cell. 

 

             
(a)               (b)                       (c) 

Figure 6 Transparent rough-walled epoxy plate printed by 3D printer:  

(a) 5 cm × 5cm; (b) 10 cm × 10 cm; (c) 15 cm × 15cm. 

 
As it can be observed in Figure 7, the simulated water front at different times approximately 

agrees with the measured one, where water follows tortuous paths from inlet to outlet responding to 
local variations in fracture aperture. It is found in Figure 8 that the flow rates obtained by both the 
numerical simulation and the lab test increase with the sample size, following an approximately 
linear function. However, the simulated flow rates are slightly larger than the measured ones. This 
overprediction may be caused by the overestimation of the hydraulic aperture by the Reynolds 
equation (Nicholl et al., 1999). In addition, the relationship between the seepage flow and the sample 
size is consistent. Therefore, based on this results, we may consider the numerical model validated 
and thus capable of simulating 2D real-time rendering fluid flow through rough-walled fractures of 
various sizes. 
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Figure 7 Comparisons of water front approaching at different times: (a) experimental results; (b) numerical 

results.  

  

Figure 8 A comparison of the measured and simulated flow rate at various sample sizes 

 

 

4. Results and discussions 

4.1. SIZE DEPENDENCY OF HYDRAULIC CONDUCTIVITY 

 Figure 8 shows flow rate and hydraulic conductivity versus the fracture size. By observing 
Figure 8, we may say that, initially the hydraulic conductivity experiences a rapid growth as the 
fracture size increases, and then gradually tends to an asymptotic value, after which the size effect 
seems to disappear. When that happens, we could say that the corresponding size is the 
representative size. On the other hand, the simulated flow rate tends to keep increasing with the 
fracture size under the constant hydraulic gradient, since the larger sample is more likely to include 
more fluid paths under the fixed hydraulic gradient, fracture mean aperture and fracture roughness, 
as shown in Figure 10.    
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Figure 9 Plots of flow rate and hydraulic conductivity versus the fracture size at a constant fracture mean 

aperture and roughness (b=2.85 mm, JRC=10.23)   

 

 

 

Figure 10 Maps of velocity vector at different fracture sizes of: (a) 5 m×5 m; (b) 10 m×10 m; (c) 20 m×20 m.  

 
 

4.2. SENSITIVITY ANALYSIS ON HYDRAULIC CONDUCTIVITY SIZE EFFECT TO 
THE FRACTURE MEAN APERTURE, ROUGHNESS AND NORMAL LOADING 

In order to find out the main influencing factors on the permeability size effect in a single 
rough-walled fracture, the following geometrical and mechanical parameters were chosen: fracture 
mean aperture, fracture surface roughness and normal stress. The quantification of the impacts of 
these parameters on the size effect is represented by the variation in the representative size. Figures 
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11, 12 and 14 show the evolution of hydraulic conductivity with fracture size at different fracture 
mean aperture, roughness and normal stress, respectively. 

In cases where fracture mean aperture is the parameter of interest, the fracture surface 
roughness, normal stress are fixed at the value of σ = 0 MPa and JRC=10.23, respectively. Figure 
11 shows that the hydraulic conductivity of a fluid flow through a single rough-walled fracture tends 
to increase with an increase in the fracture mean aperture. In fact, the hydraulic conductivity with 
respect to b=5.25 mm is an order of magnitude larger than that of b=2.85 mm. This figure also 
constitutes an evidence for size dependency on hydraulic conductivity, which will keep increasing 
until the representative size is reached. Here, we have determined that the representative size falls 
within the range of 13 m-16 m. A single fracture with a larger mean aperture is observed to have a 
smaller representative size: the representative size decreases from 16 m to 13 m when the aperture 
increases from 0.33 mm to 5.25 mm. This reduction may be due to the fact that the effect of 
tortuosity is greater at smaller mean apertures, because there is a large fraction of small apertures 
found in the aperture field (Petchsingto, 2008). 
                      

 

 
 

Figure 11 Evolution of the hydraulic conductivity with the sample size at different fracture mean apertures 

of b = 0.33 mm, 2.85 mm, 5.25 mm. The range of the representative falls between 13 m-16 m, and tends to 

increase with the fracture mean aperture. 

                     
 

To examine the effect of fracture roughness on the size dependency of hydraulic properties, a 
series of fracture planes were generated with different JRC of 1.83, 5.65 and 10.23. As shown in 
Figure 12, even though there is some undulation in the hydraulic conductivity at small sizes, 
hydraulic conductivity is increasing steadily with the sample size, and the undulation disappear as 
the size increase. Subsequently, hydraulic conductivity grows to a stable value after reaching the 
representative size. It is also found in Figure 12 that hydraulic conductivity decreases with an 
increase in the roughness, whereas the representative size tends to increase with the roughness, since 
the roughness strongly affects the tortuosity and connectivity of flow paths in fractures. It is also 
found in Figure 13 that the flow paths become more tortuous and less connective as the fracture 
surface grow rougher, where water prefer to penetrate the rough fracture along the localized 
preferential path.   
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Figure 12 Relations of hydraulic conductivity and fracture size at different JRC of 1.83, 5.65 and 10.23.  

 

 

 

Figure 13 Maps of fluid vectors in rough-walled fractures from smooth to rough: (a) JRC=1.83; (b) 

JRC=5.65; (c) JRC=10.23. The fluid is more concentrated in preferential path as the fracture surface grows 

rougher. 
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Finally, in order to investigate the size dependency of hydraulic conductivity under applied 

normal stresses, we have performed simulation of fluid flow through series-size rough-walled 
fracture under various normal stresses. Note that the fracture mean aperture and roughness are fixed 
at the values of b=2.85 mm and JRC=5.65, respectively.  

Figure 14 presents the simulation results of hydraulic conductivity versus fracture sample size 
at normal stresses of σ = 1 MPa, 3 MPa and 5 MPa. The size dependency will appear at all scales 
under prescribed normal stress, and the simulated hydraulic conductivity tends to a constant value 
as the sample size approaches the representative size, which is around 12 m - 16 m depending on 
the normal loading. The representative size seems to increase as the normal stress become larger. 
This is because the growth in the normal stress causes a reduction in the fracture aperture and thus 
to the flow paths for fluid flow, so a larger size is needed in order to include more flow paths to be 
representative for the fluid flow through the fracture under the higher normal stress.    

 
 

  

 
 

Figure 14 The relations of hydraulic conductivity with fracture size under various normal stress of 

1MPa, 3MPa and 5MPa.  

 

5. Conclusions 
In this study, a numerical method has been presented to study size dependency of hydraulic 

properties of fluid flow through a rough-walled fracture (with plane size as large as 20 m×20 m), 
which was generated by using a probability distribution method, while the series of fractures with 
smaller sizes were extracted from the original generated fracture. Then a series of flow-through 
simulations were performed on the rough-walled fractures of various sizes, and the impact of the 
fracture mean aperture, roughness and normal loading on the size effect were further investigated 
with conclusions that can be drawn as follows: 

(1) Although the proposed numerical model slightly over-predicts the measured flow rate, the 
model succeed in capturing the flow behavior through a rough-walled fracture by solving the 
Reynolds equation, such as tortuous flow paths created by aperture heterogeneity and surface 
roughness. The fluid flow tends to penetrate the fracture along the preferential path, and the 
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simulated water front at different times agree well with the measured one. This indicates the 
proposed model provides a sufficiently accurate representation of flow behavior of single-phase 
flow through a rough-walled fracture for the objectives of this study. 

(2) The flow rates are observed to increase with the fracture size, since the larger fracture is 
more likely to contain more fluid conduits, and hydraulic conductivity is also increasing with the 
sample size, initially, and then approaching an asymptotic value at the representative size, after 
where the size effect seems to disappear.  

(3) A number of sensitivity analysis of fracture mean aperture, roughness, and normal stress on 
the size effect indicate that, all those three factors will affect the size dependency of hydraulic 
conductivity. The obtained representative sizes range around 12 m - 16 m depending on the 
influencing factors. The larger fracture mean aperture caused a smaller representative size, while 
the increasing surface roughness and normal stress resulted in an increase in the representative size, 
since all those factors will more or less alter the geometry or morphology of the fracture, which play 
an important role in controlling the tortuosity and connectivity of flow paths.  

Note that our primary focus is on the size dependency of the hydraulic properties of flow 
through a rough-walled fracture, so all our results are obtained under relatively smooth fractures –
large fracture mean apertures and low normal loading (less than 5 MPa)– to be able to assume a 2D 
laminar flow in the fracture. Therefore, further works would be needed to assess the behavior of 
turbulent flows in a rougher fracture and its underlying size effect.  
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