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ABSTRACT  10 

This paper presents an analysis of the performance of different existing formulations to quantify 11 

the FRP contribution to the shear strength of RC elements strengthened in shear by externally bonded 12 

FRP sheets. A large database of 555 tests has been assembled distinguishing between the shape of the 13 

section, the existence of internal transverse reinforcement and the FRP configurations. In general, 14 

predictions are more conservative for beams without transverse reinforcement. In addition, in some cases 15 

predictions are unsafe for beams with transverse reinforcement, showing a possible interaction with the 16 

internal transverse reinforcement which is not considered in the experimental FRP contribution to the 17 

shear strength. For wrapped FRP configurations, models generally assumed failure at the bottom corner 18 

of the section and results are very conservative in some cases where failure was experimentally observed 19 

along the web. For U-shaped and side-bonded configuration, results depend mainly on the assumed bond 20 

model and are more accurate than in the previous case, showing for some models unsafe predictions for 21 

the continuous FRP system applied in beams with transverse reinforcement. 22 

 23 
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 25 

1. INTRODUCTION 26 

Nowadays, there is still a lack of worldwide consensus on the evaluation of the shear strength 27 

contribution of the externally bonded (EB) fibre reinforced polymer (FRP) reinforcement, in elements 28 

strengthened in shear through this technique. This is due to the confluence of many different reasons: a) 29 

the complexity of the shear phenomenon; b) the debonding of the external reinforcement for some 30 
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configurations and its prediction, c) the linear elastic behaviour of the FRP material (the EB FRP stirrups 31 

do not yield); and d) the interaction between concrete, internal steel transverse reinforcement if it exists, 32 

the longitudinal reinforcement, and the EB FRP reinforcement. 33 

The EB FRP shear strengthening can be performed in different configurations: a) sheets fully 34 

wrapping the section (wrapped); b) sheets or L-shaped laminates bonded on the lateral sides and the 35 

bottom surface of the beam (U-shaped); and c) sheets or laminates bonded in the lateral sides of the 36 

section (side-bonded). The sheets and laminates can be bonded in a continuous or discontinuous 37 

configuration. Both U-shaped and side-bonded configurations are susceptible of debonding once a critical 38 

shear crack opens and widens. Then, if the bonded length of each strip at the upper side of the crack (for 39 

the U-shaped) or at both sides of the crack (for the side-bonded case) is not long enough to anchor the 40 

tensile force of the FRP, the laminate debonds suddenly before reaching its ultimate capacity. This 41 

debonding failure mode can be delayed or can be avoided by using appropriate anchorage devices. 42 

The ultimate shear strength of beams externally strengthened in shear by FRP laminates can be 43 

calculated as the sum of the contribution of the different components: concrete, transverse steel and FRP 44 

external reinforcement. 45 

Some of the existing guidelines (fib Bulletin 90 [1], ACI440.2R-17 [2], CNR-DT-200/2013-R1 46 

[3], Concrete Society TR-55 [4], DAfStb Heft 595 [5], fib Bulletin 14 [6]) add the contribution of the 47 

externally bonded (EB) FRP reinforcement to the shear strength of the unstrengthened element. This 48 

approach has been previously discussed by [7,8], [9] and [10,11] observing that the presence of the FRP 49 

could influence the effective stress in the internal steel, sometimes leading to non-conservative results. 50 

This might be due to possible changes in the strut orientation or additional cracking that may change the 51 

contribution of the concrete or existing transverse reinforcement to the shear strength. The interaction of 52 

the FRP shear reinforcement with the transversal steel or the concrete is only considered in a few number 53 

of the existing formulations (Modifi and Chaallal [12], Monti and Liotta [13], Kotynia [14]; Colotti [15]; 54 

Ali et al. [16]; Petrone and Monti [17]). Bousselham and Chaallal in [8] concluded that the contribution of 55 

concrete remains more or less unchanged after the formation of diagonal cracking for small and medium 56 

size beams. In addition, according to Bousselham and Chaallal [8], the FRP has a significant influence on 57 

the behaviour of the transverse steel. In the case of beams with transverse stirrups, the transverse steel 58 

contribution is higher than that of FRP, due to better bonding at the stirrup-concrete interface. According 59 

to Pellegrino and Modena [18], Deniaud and Cheng [19], Monti and Liotta [13], and Ali et al. [16], the 60 



interaction between transverse steel and FRP is important since there is not always full interaction 61 

between the shear capacity of the steel stirrups and the FRP, that is, the system is not ductile enough to 62 

allow that the maximum contribution of each material occurs at the same instant. Ali et al. [16] developed 63 

a partial-interaction mathematical model which was not considered in the following study due to its 64 

complexity to be applied in a large database. Mofidi and Chaallal [20] performed a study of the major 65 

factors affecting the shear contribution of the FRP, concluding that even though none of the existing 66 

guidelines explicitly consider the transverse internal steel contribution when calculating the FRP shear 67 

strength, it has a significant influence. In addition, Mofidi and Chaallal in [21] concluded that a lower 68 

contribution of existing steel stirrups (due to non-yielding) instead of the full contribution considered in 69 

the existing recommendations depends on the stirrup spacing. For this reason, some of the existing 70 

recommendations are very strict in detailing to take this fact into account. Colotti et al. [22] developed a 71 

closed-form analytical solution for quantifying the contribution of steel stirrups and FRP strips by 72 

integrating the stress distributions along the beam height as the critical crack widens. This formulation 73 

provides a peak value of the combined contribution of both materials steel and FRP. The FRP 74 

contribution follows the same treatment to that used by Chen and Teng [23] but with another bond 75 

strength model. 76 

The existing guidelines provide formulations to evaluate the shear strength contribution of the 77 

FRP laminates (Vf) which are similar to the contribution of the internal transverse steel reinforcement to 78 

the shear strength (Eq. (1)), since most of them are based on the truss analogy. 79 
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where Af/sf is the area per unit length of FRP reinforcement, zf is the inner lever arm of the FRP 81 

reinforcement, ffd is the FRP design tensile strength when failure occurs,  is the angle between the 82 

concrete compression strut and the longitudinal axis of the member,  is the angle between principal fibre 83 

orientation of the FRP and the longitudinal axis of the member. 84 

The definition of the stress level at the FRP and the  angle are the main difference between the 85 

existing formulations and guidelines. The effective stress or strain of the FRP is substantially lower than 86 

the FRP ultimate strength or strain, this is due to the variable tensile stress developed along the crack 87 

profile (Monti and Liotta [13]). Some of the formulations adopt 45º for the  angle [2,6], or alternatively a 88 

variable angle approach [3,5] as that of Eurocode 2 [24].  89 



The main difference with the transverse internal steel formulations is that the FRP reinforcement 90 

does not yield at failure. The different existing models define the stresses at the EB reinforcement 91 

depending on its configuration, taking into account debonding for the U-shaped and side-bonded 92 

configurations and assuming failure in the laminate in the rounded corner of the sections for the wrapped 93 

configuration. In other words, they consider different scenarios related to failure. To consider debonding, 94 

the anchorage of the FRP laminate in relation to the critical shear crack should be defined. Therefore, 95 

some formulations consider a mean value for the bonded length that crosses the critical shear crack. For 96 

the wrapped configuration, to consider failure at the rounded corner, most of the formulations are 97 

semiempirical and come from an adjustment of a formula obtained from confinement tests performed in 98 

columns strengthened with FRP sheets. 99 

Sas et al. [25], Pellegrino and Vasic [11], Rousakis et al. [26] and D’Antino and Triantafillou 100 

[27] performed an assessment of the existing formulations to evaluate the FRP shear strength 101 

contribution. Sas et al. [25] compared the performance of the formulations of Chaallal [28], Triantafillou 102 

[29] and Triantafillou and Antanopoulos [30], Khalifa et al. [31] and Khalifa and Nanni [32], Chen and 103 

Teng [33] [23] [34], Deniaud and Cheng [35,36], Adhikary et al. [37], Ye et al. [38], Cao et al. [39], 104 

Zhang and Hsu [40], Carolin [41], Carolin and Täljsten [42], and Monti and Liotta [13]. They concluded 105 

that the different predictive performance of the models can partially be explained by the fact that some of 106 

them were calibrated from a reduced amount of experimental results. According to Sas et al. [25], the 107 

shear models for FRP strengthening in the present form do not predict the shear failure very well, and the 108 

T-sections were treated as a special case of a rectangular beam. Pellegrino and Vasic [11] analysed the 109 

overall shear strength of FRP strenghenend elements, by applying different fomulations to evaluate the 110 

FRP shear strength (fib Bulletin 14 [6], CNR-DT-200/2004 [43], ACI440.2R-08 [44], Chen and Teng 111 

[23] [34], Carolin and Täljsten [42], Pellegrino and Modena [18], Bukhari et al. [45] and Mofidi and 112 

Chaallal [12]) combined with the estimation of the concrete, steel and compressive strength of concrete 113 

according to basic model codes for unstrengthened RC structures (Eurocode 2 [24], ACI 318 [46] and 114 

Model Code 2010 [47]). In their study, Pellegrino and Vasic [11] focused special attention to the  angle, 115 

which has a significant influence on the prediction of the results. In general, according to Pellegrino and 116 

Vasic [11] the CNR-DT-200/2004 [43] and Pellegrino and Modena [18] gave good results in terms of 117 

mean value (MV) and coefficient of variation (COV) of the ratio between the experimental and 118 

theoretical ultimate shear force. When combining the model of Pellegrino and Modena [18] with the 119 



Eurocode 2 [24], the best predictions were obtained for a variable crack shear angle. Rousakis et al. [26] 120 

also performed an assessment and improvement of existing recommendations for shear design of RC 121 

beams strengthened with composite materials. In [26], a straightforward comparison of the total shear 122 

strength not only the FRP contribution is analysed, observing that the trend line of predictions without 123 

safety factors is conservative for most of the existing guidelines. Finally, D’Antino and Triantafillou in 124 

[27] performed an assessment of five design guidelines (EN 1998-3 [48], ACI 440.2R-08 [44], DafStb 125 

[5], TR-55 [4], CNR-DT/200-R1. 2013[49]) and a new proposed model. They concluded that all models 126 

tend to underestimate the FRP shear strength for the completely wrapped configuration. However, models 127 

were more accurate for the U-shaped configuration. Their proposal is an extension of the German 128 

guideline [5] and gave conservative results (MV=1.77 COV=2.21 for U-shaped and MV=3.51 and 129 

COV=4.32 for wrapped).  130 

In this paper, a comparative analysis of the existing formulations to evaluate the FRP 131 

contribution (given in Appendix 1) is performed and presented through the use of a wide database of 132 

experimental tests distinguishing those cases with and without internal steel transverse reinforcement and 133 

the different FRP strengthening configurations. 134 

 135 

2. EXPERIMENTAL DATABASE 136 

2.1. Description of the database 137 

A database of 555 RC beams FRP-strengthened, tested and failing in shear has been assembled 138 

as seen in Appendix 2 (355 with rectangular section and 200 with T-section). The database gathers the 139 

results of more than 80 experimental programs. This database includes tests of other existing available 140 

databases such as Dabasum (University of Minho) and the database published in [10, 21, 22, 25]. Despite 141 

some of the data belong to existing databases, all data included in this database have previously been 142 

checked against the original source.  143 

Beams with the shear span to effective depth ratio (a/d) lower than 2.5 (99 beams) were not 144 

included in the analysis of the database performed in the following sections to avoid the arch effect. 145 

Selected beams with a/d higher than 2.5 were well-documented, and had a rectangular (276) or a T (180) 146 

cross-section, were externally strengthened in a wrapped (71 R+68 T), U-shaped (114 R+98 T) or side 147 

bonded (91 R+14 T) configuration with FRP wet lay-up or pultruded laminates in a continuous or 148 

discontinuous manner, and were with or without internal transverse steel reinforcement. 149 



Table 1 summarizes the number of tests included in each subgroup and the main characteristics 150 

in distinguishing between the rectangular and the T-sections for those tests with a/d≥2.5. T-sections with 151 

a side-bonded configuration were not considered for the statistical analysis since only few specimens 152 

were strengthened by this technique. 153 

 154 

Table 1. Number of tests with a/d≥2.5 included in each of the groups considered in the comparative 155 

analysis. 156 

 157 

Geometrical parameters obtained from tests and reported in the original papers have been considered for 158 

calculating the predictions of each model. Mean values of the material properties have been considered. 159 

Partial safety factors have not been included in the calculations of the predictions. Those beams with a U-160 

shaped configuration but with external anchorage devices to avoid laminate debonding were considered 161 

as fully wrapped. In [50], the authors have analysed the observed experimental results and the influence 162 

of some parameters on the shear performance such as the strengthening configuration, the shear span-to-163 

depth ratio (a/d), the existing steel transverse reinforcement ratio (ρsw), the concrete strength (fck), the size 164 

effect (d), and the longitudinal reinforcement ratio (ρsL). Appendix 2 compiles the main data of all 165 

analysed tests. 166 

 167 

3. EXISTING MODELS TO EVALUATE THE FRP CONTRIBUTION TO THE SHEAR 168 

STRENGTH OF EB FRP SHEAR STRENGTHENED BEAMS 169 

The models considered in the comparative analysis of the following section are those included in 170 

the existing guidelines (JSCE [51], fib Bulletin 14 [6], CIDAR (2006) [52], TR-55 [4], CNR-DT 200.R1 171 

2013 [49], Dafstb [5], ACI 440.2R-17 [2], fib Bulletin 90 [1]) and also some other approaches such as 172 

Rousakis et al. [26], Kotynia [14], Mofidi and Chaallal [20], Pellegrino and Modena [10,18,53], Monti 173 

and Liotta [13], Carolin and Täljsten [42] and Chen and Teng [23,34]. In relation to the existing 174 

guidelines, the formulation of the Fib Bulletin 14 [6] is based on Triantafillou and Antonopoulos [30], the 175 

ACI 440.2R-17 [2] model is based on a research study by Khalifa et al. [31], and the CIDAR (2006) [52] 176 

on Chen and Teng [34]. The Italian provisions of the CNR-DT 200/2004 [43], have been updated in the 177 

CNR-DT 200 R1.2013 and are based on Monti et al. [54]. Therefore, to avoid similar results these 178 

original formulations were not considered in this study except if some significant changes are observed 179 



between the original formulation and the guideline. Appendix 1 summarizes the formulation of each 180 

model.  181 

The model of Kotynia [14] was slightly improved in this study in relation to the model described 182 

in Appendix 1. For instance, the bond model of Bilotta et al. [55] was adopted for the U-shaped and side-183 

bonded cases and the k coefficient of the wrapped configurations was modified as follows: k=0.45 for 184 

discontinuous configurations and k=0.30 for continuous configurations. 185 

In addition, Table 2 summarizes some of the particularities of each model: the inclusion or not of 186 

different FRP strengthening configurations, the adopted value of the theta angle, and the codes for 187 

evaluating the concrete and transverse steel capacity. 188 

 189 

Table 2. Particularities of the models considered in the comparative analysis. 190 

 191 

4. ASSESSMENT OF THE EXISTING FORMULATIONS TO EVALUATE THE FRP 192 

CONTRIBUTION TO THE SHEAR STRENGTH OF EB FRP SHEAR STRENGTHENED 193 

BEAMS 194 

The reliability of the existing formulations to evaluate the shear strength contribution of the EB 195 

FRP of a shear-strengthened RC beam is evaluated in this section through the comparison of the 196 

experimental (Vf,exp) and theoretical (Vf,th) EB FRP shear contribution at failure. The experimental value of 197 

the FRP contribution, Vf,exp, is calculated as the difference between the ultimate shear force of the 198 

strengthened beam and the ultimate shear force of the unstrengthened control beam. Therefore, in this 199 

case, it is assumed that there is not an interaction between the shear strength mechanisms due to the 200 

presence of the internal steel transverse reinforcement.  201 

Tables 3 to 7 summarize the statistical results in terms of mean value (MV) and coefficient of 202 

variation (COV) for the ratio Vf,exp/Vf,th in RC beams with a rectangular or T-section in a wrapped, U-203 

shaped and side-bonded configuration, with and without internal transverse steel reinforcement, 204 

distinguishing in between continuous and discontinuous strengthening systems.  205 

If the mean value of the experimental-to-theoretical ratio, Vf,exp/Vf,th is higher than 1.0, the 206 

theoretical model is conservative and underestimates the resisting capacity of the strengthened section. 207 

The mean value is used as a measure of the conservative bias of the procedure. The coefficient of 208 

variation, which is the ratio between the standard deviation and the mean value, is a relative measure of 209 



accuracy and sample variability. The more homogeneous the sample, the smaller the coefficient of 210 

variation. The best model should have the mean ratio close to 1.0 and a low coefficient of variation. 211 

The number of tests analysed for each formulation is not always the same since some of them 212 

were not developed for certain cases (i.e. DAfStb [5] does not consider side bonded or inclined strips). 213 

It is assumed a strut inclination angle  of 45º for all the formulations, when this angle is not 214 

defined by the model. A detailed study of this parameter is performed in section 5. 215 

4.1 Wrapped FRP configuration 216 

As observed in Table 3, for the rectangular RC beams without transverse reinforcement and 217 

strengthened in a wrapped configuration, all the formulations for Vf show a significant dispersion with 218 

coefficients of variation between 30% and 60%, and the existing guidelines show conservative mean 219 

values higher than 2.0 in most cases. This fact might be due to the definition of the tensile strength of the 220 

FRP that has an upper limit due to the possible failure at the round corner. This limit is the ultimate 221 

tensile strength of the FRP multiplied by a factor, which in most cases is very conservative. For instance, 222 

according to the DAfStb [5], for round corners of 20 mm (slightly lower than the concrete cover) the 223 

factor that multiplies the FRP tensile strength is kR, which in this case is 0.28, affected by another factor 224 

related to long term loading (0.75), that gives 20.83% of the ultimate strength of the laminate. 225 

Alternatively, some other guidelines or formulations [4,44] limit the strain of the FRP to 0.004. 226 

According to ACI440.2R-17 [2], the strain should also be lower than 0.75 times the ultimate strain of the 227 

FRP. The experimental results showed that in 19 out of 29 tests w/o internal transverse steel failure did 228 

not initiate at the bottom corner of the section, in 4 out of 29 tests failure was observed at the bottom 229 

corner, and in the remaining tests, the failure location was not clearly described. 230 

Despite TR-55 [4] provisions are only valid if the strain in the FRP is greater than the transverse 231 

steel reinforcement yielding, there were also applied in this particular case without transverse 232 

reinforcement. 233 

For the cases without internal transverse reinforcement, the performance of all models is similar 234 

for both continuous and discontinuous configurations. In general, all models are more conservative for the 235 

discontinuous cases. The fib Bulletin 14 [6] shows the best statistical performance with a MV of 1.03 and 236 

a COV of 37% for the discontinuous configuration and a MV of 1.09 and a COV if 27% for the 237 

continuous configuration. Since the fib Bulletin does not consider the GFRP wrapped cases (9 tests 238 



instead of 12 tests analysed), the JSCE (2000) and Kotynia (2011) [14] show also a good performance in 239 

terms of MV and COV for the 12 tests analysed. 240 

Table 3 also shows the statistical results for the rectangular wrapped RC beams with transverse 241 

reinforcement. As generally observed, for the discontinuous configuration, the mean value of the ratio 242 

Vf,exp/Vf,th is less conservative than in the previous case and it is close to 1.0 for some of the models. The 243 

coefficient of variation ranges between 20 and 50%. In this case, the fib Bulletin 14 [6] and the modified 244 

model of Kotynia [14] show the best performance in terms of MV and COV. For the continuous 245 

configuration, the models are in general less conservative with higher coefficients of variation ranging 246 

between 30 and 70%. As observed, the fib Bulletin 14 [6] and the modified model of Kotynia [14] show 247 

an unsafe mean value (0.72 and 0.80 respectively), in the last case with the lowest coefficient of variation 248 

(31%). Then, the DAfStb [5] (MV=1.13, COV=39%) and the CNR-DT/200R1-2013 [3] (MV=1.03, 249 

COV=43%) show the best performance for continuous systems in beams with transverse reinforcement. 250 

In relation to the experimental results, for the specimens with rectangular section without 251 

transverse reinforcement, the percentage of the experimental FRP shear strength in relation to the total 252 

experimental ultimate strength ranges between 20 and 68% with a mean value of 45% and a COV of 253 

27%. For the specimens with transverse reinforcement, the percentage of the FRP contribution ranges 254 

between 16 and 58% with a mean value of 38% and a COV of 30%. Therefore, the FRP contribution is 255 

higher in the beams without transverse reinforcement. 256 

 257 

Table 3. Statistical results of the experimental to theoretical Vf for rectangular RC beams in a wrapped 258 

configuration w/o and w/ transverse reinforcement (a/d≥2.5). 259 

 260 

Table 4 shows the statistical results for the cases with T-sections. As observed, the scatter is larger than in 261 

the case of rectangular sections, especially for beams with transverse reinforcement. For beams without 262 

transverse reinforcement and in a continuous configuration, all models except Fib Bulletin 90 [1], 263 

Rousakis et al. [26] and Carolin and Täljsten [42] show an unsafe MV lower than 1.0. The COV ranges 264 

between 55-75% which is very high for the number of tests analysed (10). These 10 tests analysed were 265 

strengthened in a U-shaped configuration with anchorages in the bottom of the flanges. Failure in these 266 

cases was due to anchor pull out attributed to the propagation of diagonal shear cracks to the intersection 267 

of the web and flange. Therefore, it might not be appropriate to apply the formulation for wrapped cases 268 



to this particular situation where failure is not starting at the bottom corner of the section. The same 269 

explanation can be extended to all cases with transverse reinforcement and continuous FRP. 270 

In relation to the experimental results, for the T-sections, without transverse reinforcement, the 271 

percentage of FRP contribution ranges between 12 and 59% with a mean value of 37% and a COV of 272 

39%, and with transverse reinforcement it ranges between 4 and 54% with a mean value of 27% and a 273 

COV of 43%. In this last case, 4 out of 50 tests show an FRP contribution to the total shear strength lower 274 

than 10%. As observed, the variability of the FRP contribution is larger for the T-sections than for the 275 

rectangular sections, especially when there is internal transverse reinforcement. 276 

In relation to TR-55 [4], results in Table 3 and 4 do not consider the previously mentioned 277 

condition of having an FRP strain higher than the transverse steel yielding strain. When considering this 278 

situation, for the cases with transverse reinforcement the results are quite similar for both rectangular and 279 

T-sections. A MV=2.53 and a COV=42% is obtained for the 25 rectangular beams with discontinuous 280 

FRP and a MV=2.84 and a COV=49% for the 23 T-sections with discontinuous FRP and yielded stirrups. 281 

Results do not vary for the continuous configuration, since the internal steel is always yielded at failure. 282 

 283 

Table 4. Statistical results of the experimental to theoretical of Vf for RC beam with a T-section in a 284 

wrapped configuration w/o and w/ transverse reinforcement (a/d≥2.5). 285 

 286 

4.2 U-shaped FRP configuration 287 

For the U-shaped and side-bonded configurations, the difference between the existing models 288 

arise on the definition of debonding. Most of them define a bonded length in relation to the critical shear 289 

crack and the FRP strength relies on the debonding initiation point. One of the most exact procedure 290 

seems to be that of Kotynia [14], since it calculates the FRP contribution to the shear strength as the sum 291 

of the maximum shear stress transferred by all the strips that cross the critical shear crack assuming 292 

different positions of the strips in relation to the crack. However, this procedure is not simple for hand 293 

calculations. A simpler procedure is defined in some of the remaining guidelines or models, where instead 294 

of calculating the contribution of each FRP strip, a mean bonded strength is considered, which also seems 295 

reasonable for daily engineering practice. 296 

For the cases without transverse reinforcement (see Table 5) regardless the FRP configuration, 297 

fib Bulletin 14 [6] shows the best performance performance in terms of MV and COV, followed by Chen 298 

and Teng [34], Kotynia [14] and the DAfStb [5] models. For continuous FRP reinforcement, the TR-55 299 



[4] gives also good results (MV=1.07, COV=36%) in addition to the fib Bulletin 90 [1] (MV = 1.12, 300 

COV=35%). The remaining formulations to evaluate the FRP shear strength contribution give in general 301 

more conservative mean values. Despite the JSCE [51] shows a good performance for the wrapped cases, 302 

it gives a MV significantly lower than 1.0 for the U-shaped configuration. Mofidi and Chaallal [20] 303 

shows a good performance for the continuous case (MV=1.19, COV=28%), but a slightly unsafe mean 304 

value (0.82) for the discontinuous system. 305 

For the tests with transverse reinforcement (see Table 5), the dispersion is much higher than for 306 

tests without transverse reinforcement when evaluating Vf, following the same trend as for the wrapped 307 

configuration. All models behave in a similar manner as observed in Table 5 except for the fib Bulletin 90 308 

[1], fib Bulletin 14 [6] and the JSCE [51], all of them with unsafe MV (0.85, 0.68, and 0.38 respectively 309 

for discontinuous configurations; and 0.53, 0.51, and 0.19 respectively for continuous configurations). In 310 

general, the COV oscillates between 50 and 95% and between 43 and 61% for the discontinuous and 311 

continuous cases, respectively. The higher dispersion might be explained by the possible interaction of 312 

the FRP shear reinforcement with the shear strength component of the existing transverse reinforcement. 313 

The application of an FRP implies an increase of the transverse reinforcement that may modify the 314 

inclination of the struts and also the contribution of the internal steel reinforcement to the total shear 315 

strength, which is not considered in the calculation of Vf,exp. 316 

As observed in Table 5, for the cases with transverse reinforcement, Mofidi and Chaallal [20] 317 

shows the best performance for both discontinuous (MV=1.17 COV=51%) and continuous EB FRP 318 

(MV=1.02 COV=43%), followed by Chen and Teng [34] (MV=0.96, COV=54%). It should also be 319 

mentioned that for the continuous cases, most of the formulations give unsafe mean values, ranging 320 

between 0.50-0.80. In this particular case, Kotynia [14] shows also one of the best results (MV=0.99, 321 

COV=50%). 322 

In relation to the experimental results for rectangular sections and the U-shaped configuration 323 

without transverse reinforcement, the percentage of the contribution of the experimental FRP shear 324 

strength in relation to the experimental ultimate strength ranges between 26 and 63% with a mean value 325 

of 47% and a COV of 21%. For the specimens with transverse reinforcement, the percentage of the FRP 326 

contribution ranges between 2 and 46% with a mean value of 24% and a COV of 49%. From these 327 

percentages, it can be concluded that the FRP contribution is much lower when having internal transverse 328 



reinforcement. In addition, the variability of the EB FRP is also related to a higher scatter on the 329 

comparison of the experimental to theoretical prediction. 330 

 331 

Table 5. Statistical results of the experimental to theoretical Vf for rectangular RC beams in a U-shaped 332 

configuration w/o and w/ transverse reinforcement (a/d≥2.5). 333 

 334 

Table 6 shows the statistical results for T-sections in a U-shaped configuration. In general, the trend of the 335 

different formulations is quite similar to the rectangular sections for both cases with and without 336 

transverse reinforcement. In general, all sets (with or without transverse reinforcement, discontinuous or 337 

continuous configuration) show a large scatter. For the specimens without transverse reinforcement and 338 

with a continuous configuration, the scatter of fib Bulletin 90 [1], TR-55 [4], Rousakis et al. [26], Cheng 339 

and Teng [34], is mainly due to some experimental programs where the stresses in the FRP are very low 340 

due to its total strength which ranges from 170 to 200 MPa. When these cases are not considered, the MV 341 

and COV decreases to MV=0.72 and COV 38% for fib Bulletin 90 [1], MV=0.72 and COV=44% for TR-342 

55 [4], MV=1.65 and COV=49% for Rousakis et al. [26], MV=0.82 and COV=48% for Chen ad Teng 343 

[34]. 344 

For the T-sections, without transverse reinforcement, the percentage of FRP contribution ranges 345 

between 10 and 61% with a mean value of 36% and a COV of 34%, and with transverse reinforcement it 346 

ranges between 1 and 48 % with a mean value of 18% and a COV of 83%. In this last case, 35 out of 63 347 

tests show an FRP contribution to the total shear strength lower than 10%. 348 

When considering the condition of calculating the TR-55 provisions only for those cases where 349 

debonding or failure occurs after transverse steel yielding, for the 34 rectangular specimens with 350 

discontinuous FRP strips accomplishing the condition the MV is 1.14 with a COV of 68%, and for the 31 351 

tests with a continuous configurations, the MV is 0.51 and the COV, 48%. For the discontinuous 352 

configuration of T-sections, 29 tests accomplished the yielding condition, with a MV of 1.23 and a COV 353 

of 16%, and for the continuous configuration the 12 tests accomplishing the condition, the MV was 1.16 354 

and the COV was 65%. Therefore, the statistical performance improves considerably. 355 

 356 

Table 6. Statistical results of the experimental to theoretical of Vf for RC beam with a T-section in a U-357 

shaped configuration w/o and w/ transverse reinforcement (a/d≥2.5). 358 

 359 



4.3 Side-bonded FRP configuration 360 

The analysis for the side-bonded configuration in rectangular beams with and without transverse 361 

reinforcement is presented in Table 7. When evaluating Vf and for beams without transverse 362 

reinforcement, Chen and Teng [34] shows the best performance for the discontinuous configuration 363 

(MV=1.01, COV=46%). However, for the continuous configuration, Kotynia [14] (MV=0.99, 364 

COV=56%) and Carolin and Täljsten [42] (MV=1.07, COV= 57%) behave better than Chen and Teng 365 

(2003) [34] (MV=1.47, COV= 87%). 366 

For the continuous case with transverse reinforcement, the best model for the FRP contribution seems the 367 

CNR-DT200/2004 [43] (MV=1.11, COV=53%) followed by Kotynia [14] (MV=1.02, COV=72%).  368 

In relation to the experimental results for rectangular sections and the side-bonded configuration, 369 

for the specimens without transverse reinforcement, the percentage of the contribution of the 370 

experimental FRP shear strength in relation to the experimental ultimate strength ranges between 12 and 371 

66 % with a mean value of 45% and a COV of 30%. For the specimens with transverse reinforcement, the 372 

percentage of the FRP contribution ranges between 10 and 53% with a mean value of 31% and a COV of 373 

40%. Therefore, the FRP contribution is larger for the cases without transverse reinforcement, as 374 

previously observed for other configurations. 375 

 376 

Table 7. Statistical results of the experimental to theoretical Vf for rectangular RC beams in a side-bonded 377 

configuration w/o and w/ transverse reinforcement (a/d≥2.5). 378 

 379 

There are only 14 tests with a T-section in side-bonded configuration (9 with transverse reinforcement an 380 

5 without transverse reinforcement). The performance of the existing models have not been analysed in 381 

these cases due to the small number of tests. 382 

 383 

4.4 General performance of the existing theoretical models for the FRP shear strength 384 

contribution 385 

Figures 1 to 3 show the performance of the different models when evaluating the FRP shear 386 

strength contribution in rectangular RC beams strengthened with different configurations (UD, UC, WD, 387 

WC, SD, SC) distinguishing the cases without and with transverse reinforcement. In all plots, the red line 388 

indicates an identical value for the experimental and theoretical FRP shear strength contribution. If tests 389 

are below the red line, the prediction of the model is conservative. In general, as shown in Figure 1 to 3, 390 



the scatter is larger for all the specimens with transverse reinforcement. In relation to the existing models, 391 

all of them except the JSCE [51] show conservative predictions for the wrapped configuration despite the 392 

internal transverse steel reinforcement ratio. Predictions for the U-shaped configurations seem more 393 

accurate, since they are close to 1.0 for many theoretical models, especially for the cases without 394 

transverse reinforcement. The fib Bulletin 90 [1], CNR-DT200 R1/2013 [49], fib Bulletin 14 [6], JSCE 395 

[51], Pellegrino and Modena [10,18,53], and Chen and Teng [23] predictions seem unconservative for the 396 

U-shaped configuration with transverse reinforcement. Mofidi and Chaallal [20] followed by Kotynia 397 

[14] are the models that show less scatter for both the U-shaped and side-bonded configurations. 398 

Figures 4 to 6 show the performance of the models, but in this case, for T-sections. A similar 399 

trend is observed in all models for T-sections. ACI 440.2R-17 [2] is more conservative for T-sections in 400 

all configurations. For the U-shaped configuration with transverse reinforcement, fib Bulletin 14 [6] and 401 

JSCE [51] predictions are unconservative. TR-55 is also unconservative but only for the U-shaped 402 

continuous case. Since trends are similar to those of rectangular sections, it seems that the shape of the 403 

section does not influence very much on the theoretical FRP shear strength contribution. 404 

 405 

Figure 1. Experimental vs. theoretical Vf  according to Fib Bulletin 90 [1], ACI 440.2R-17 [2], DAfStb 406 

[5], CNR-DT-200 R1/2013 [3] and TR-55[4] for rectangular RC beams w/o and with transverse 407 

reinforcement for continuous or discnontinous U-shaped, wrapped or side-bonded FRP configurations. 408 

 409 

Figure 2. Experimental vs. theoretical Vf according to Fib Bulletin [6], JSCE [51], Rousakis et al. [26], 410 

Kotynia [14], and Mofidi and Chaallal [12] for rectangular RC beams w/o and with transverse 411 

reinforcement for continuous or discontinuous U-shaped, wrapped or side-bonded FRP configurations. 412 

 413 

 414 

Figure 3. Experimental vs. theoretical Vf according to Pellegrino and Modena [10,18,53], Monti and 415 

Liotta [13], Carolin and Täljsten [42] and Chen and Teng [23], for rectangular RC beams w/o and with 416 

transverse reinforcement for continuous or discnontinous U-shaped, wrapped or side-bonded FRP 417 

configurations. 418 

 419 



Figure 4. Experimental vs. theoretical Vf  according to Fib Bulletin 90 [1], ACI 440.2R-17 [2], DAfStb 420 

[5], CNR-DT-200 R1/2013 [3] and TR-55[4] for T-RC beams w/o and with transverse reinforcement for 421 

continuous or discontinuous U-shaped, wrapped or side-bonded FRP configurations. 422 

 423 

Figure 5. Experimental vs. theoretical Vf according to Fib Bulletin 14 [6], JSCE [51], Rousakis et al. [26], 424 

Kotynia [14], and Mofidi and Chaallal [12] for T-RC beams w/o and with transverse reinforcement for 425 

continuous or discontinuous U-shaped, wrapped or side-bonded FRP configurations. 426 

 427 

Figure 6. Experimental vs. theoretical Vf according to Pellegrino and Modena [10,18,53], Monti and 428 

Liotta [13], Carolin and Täljsten [42] and Chen and Teng [34], for T-RC beams w/o and with transverse 429 

reinforcement for continuous or discontinuous U-shaped, wrapped or side-bonded FRP configurations. 430 

 431 

4.4 General performance of the existing theoretical models that predict the ultimate shear 432 

strength of FRP-shear strengthened elements 433 

Some of the previous theoretical models give the prediction for the total ultimate shear strength 434 

and not only the FRP contribution. When combining a model or formulation that quantifies the FRP shear 435 

strength contribution, Vf, with a general model for the calculation of the total shear strength of the beam, 436 

the dispersion decreases substantially (for those cases with stirrups or for those w/o stirrups if the 437 

concrete contribution is considered) (see Figure 7). This might be explained by the interaction between 438 

the different components on the shear strength, that is, by the influence of the FRP in the concrete 439 

contribution to the shear strength. In addition, in some cases the contribution of the FRP is less significant 440 

than the remaining components (concrete and steel) so the scatter is lower. 441 

 442 

Figure 7. Experimental vs. theoretical Vu according to Rousakis et al. [26], Pellegrino and Modena 443 

[10,18,53], and Monti and Liotta [13] for rectangular RC beams w/o and with transverse reinforcement 444 

for continuous or discontinuous U-shaped, wrapped or side-bonded FRP configurations. 445 

 446 

Tables 8 and 9 give the statistical results for some models that predict the total ultimate shear strength 447 

(Rousakis et al. [26], Pellegrino and Modena [10,18,53], and Monti and Liotta [13]) for wrapped and U-448 



shaped configurations, respectively. As observed, the model of Monti and Liotta [13] show mean values 449 

closer to 1.0. However, the model of Rousakis et al. [26] shows less scatter than the remaining models. 450 

 451 

Table 8. Statistical results of the experimental to theoretical of Vu for RC beam with a rectangular section 452 

in a wrapped configuration w/o and w/ transverse reinforcement (a/d≥2.5). 453 

 454 

Table 9. Statistical results of the experimental to theoretical of Vu for RC beam with a rectangular section 455 

in a U-shaped configuration w/o and w/ transverse reinforcement (a/d≥2.5). 456 

 457 

In general, it is considered that the internal transverse steel reinforcement is yielded at failure. In a real 458 

field case, since the FRP strengthening is employed when the unstrengthened element is not able to carry 459 

the loads. It is assumed that the internal transverse steel has yielded. However, in a test of an experimental 460 

program, the debonding of the FRP external reinforcement might occur before steel yields, as observed in 461 

the database. For the 262 tests with stirrups, only 146 out of 262 show a mean value of the tensile stress 462 

in the stirrups crossing the shear critical crack higher than its yield strength. This fact should be 463 

considered in the theoretical models that assess the total shear strength of FRP shear-strengthened RC 464 

elements. 465 

 466 

5. ANALYSIS OF THE INFLUENCE OF THE ANGLE OF INCLINATION OF STRUTS IN THE 467 

THEORETICAL PREDICTIONS 468 

From the experimental results compiled on the database, some parameters have a significant 469 

influence in the calculation of the FRP contribution to the shear strength as observed by Kotynia et al. 470 

[50]. In addition, Mofidi and Chaallal [12] identified several major parameters: bond model, effective 471 

strain, anchorage length, width-to-spacing ratio for discontinuous configurations, crack angle, crack 472 

pattern, effect of transverse steel. Some of them have already been considered in the existing theoretical 473 

formulations. However, some of these parameters such as the crack angle, crack pattern or effect of 474 

transverse steel are not fully understood and need further research. This section is mainly focused on the 475 

study of the influence of the adopted angle of inclination of struts. 476 

The angle of inclination of struts with the beam axis perpendicular to the shear force,  should 477 

be defined in accordance to the remaining components of the shear strength. In this section, the models of 478 



the previous section which do not considered a fixed crack angle have been analysed with different 479 

possible definition of the inclination of struts. 480 

As observed in Table 2, some models such that of DAfStb [5], Mofidi and Chaallal [12], 481 

Pellegrino and Modena [10,18,53], Monti and Liotta [13], Carolin and Täljsten [42] considered a variable 482 

angle , in a similar manner than the Eurocode 2 [24]. 483 

Kotynia [14] proposes a value that depends on the amount of internal transverse reinforcement, 484 

which gives values of  ranging between 35º and 45º. 485 

 𝜃 = 35𝑜            𝑓𝑜𝑟 𝜌𝑠 < 0.1%  (2) 486 

 𝜃 = 40𝑜             𝑓𝑜𝑟 0.1% ≤ 𝜌𝑠 < 0.2%  (3) 487 

 𝜃 = 45𝑜             𝑓𝑜𝑟 𝜌𝑠 ≥ 0.2%  (4) 488 

Rousakis et al. [26] considered Marí et al. [56,57] model to calculate the concrete and internal 489 

steel contribution to the shear strength. This model defines the  angle as shown in Eq. (5). 490 

 𝑐𝑜𝑡𝜃 =
0.85𝑑

𝑑−𝑥
≤ 2.50 (5) 491 

where: 492 

d is the effective depth of the section 493 

x is the neutral axis depth of the cracked section, obtained assuming zero concrete tensile 494 

strength. 495 

𝑥

𝑑
= 𝛼𝑒𝜌𝑙 (−1 + √1 +

2

𝛼𝑒𝜌𝑙
) ≈ 0.75(𝛼𝑒𝜌𝑙)

1 3⁄  (6) 496 

where: 497 

e  is the modular ratio between the longitudinal reinforcement material, Es, and the 498 

secant modulus of the concrete, Ecm, 𝛼𝑒 = 𝐸𝑠/𝐸𝑐𝑚, being (𝐸𝑐𝑚 = 22000(𝑓𝑐𝑚/10)
0.3 ≯ 39 𝐺𝑃𝑎) 499 

l  is the longitudinal tensile reinforcement ratio referred to the effective depth d 500 

and the width b. 𝜌𝑙 = 𝐴𝑠 𝑏𝑑⁄ . 501 

As observed, in Eq. (1), since Vf depends on cot, as long as the angle decreases the prediction 502 

of the FRP contribution increases, and then the model is less conservative.  503 

Figure 8 and 9 show the statistical results in terms of mean value and error, for some of the 504 

models included in the previous analysis, with four different possible variable definitions of the  angle 505 

(45o, Kotynia’s [14] proposal, Marí et al. proposal [56,57], variable approach of Eurocode 2 [24]). The 506 



variable approach of Eurocode 2 [24] is obtained as the optimal angle that equals the shear resistance to 507 

the maximum shear force limited by the crushing of the compression struts. 508 

As observed, the scatter of the different models remains almost constant for the different  509 

definitions. The main difference is related to the mean value, which is less conservative as long as the 510 

angle decreases. The  angle according Kotynia [14] is in between 35 and 45º, the value obtained from 511 

Eurocode 2 [24] is around 21º for most cases, and according to variable model of Mari et al. [56,57] 512 

ranges from 28 to 41º.  513 

 514 

Figure 8. Mean value and dispersion for different  angles according to different existing models [5], [6], 515 

[14], [13], [23] for rectangular RC beams strengthened in a wrapped continuous or discontinuous 516 

configuration with and without transverse reinforcement. 517 

 518 

Figure 9. Mean value and dispersion for different  angles according to different existing models [5], [6], 519 

[14], [13], [12] [23] for rectangular RC beams strengthened in a wrapped continuous or discontinuous 520 

configuration with and without transverse reinforcement. 521 

 522 

Figure 10 shows the influence of the angle in the different components of the shear strength according  523 

the model of Monti and Liotta (2007) [13] for two beams of the database (BS2 from Matthys [58], and 524 

T4S2-C45 from Deniaud and Cheng (2003) [59]). As observed in both cases, the FRP and the transverse 525 

steel components (Vf and Vs, respectively) decrease when the angle increases. Therefore, the predictions 526 

are much more conservative with the increment of  527 

 528 

Figure 10. Influence of the angle of inclination of struts in the different resisting components according 529 

to the formulation of Monti and Liotta (2007) [13] for specimens BS2 (Matthys, 2000 [58]) and T4S2-530 

C45 of Deniaud and Cheng (2003) [59]. 531 

 532 

7. CONCLUSIONS 533 

A database of 555 tests strengthened in shear by EB FRP sheets was assembled from the existing 534 

experimental programs distinguishing between the EB FRP configuration and the existence of internal 535 

transverse reinforcement. A comparative analysis of the experimental-to-theoretical ratio of the FRP 536 



contribution to the ultimate shear strength has been performed by means of the database. From this analysis, 537 

the following conclusions can be drawn: 538 

For rectangular beams without transverse reinforcement strengthened in a wrapped configuration, 539 

most of the models show a conservative mean value higher than 2.0 of the experimental-to-theoretical 540 

Vf,exp/Vf,th ratio with COV between 30 and 50%. The fib bulletin 14 [6] shows the best statistical performance 541 

for both discontinuous (MV=1.03, COV=37%) and continuous (MV=1.09, COV=27%) configurations. 542 

For rectangular beams with transverse reinforcement strengthened in a wrapped configuration, all 543 

models are less conservative, showing the fib bulletin 14 [6] and the modified model of Kotynia [14] the 544 

best statistical performance for the discontinuous case (MV=1.04 COV=36%; MV=1.15 COV=38%, 545 

respectively), but being unconservative both formulations for the continuous configurations. In this last 546 

case the CNR-DT200/2004 [43] shows the best MV=1.00 with a COV=43%. 547 

For T-sections the scatter is larger despite the number of tests is lower. This fact might be explained 548 

by the experimental failure mode which is due to the anchor pull out instead of the theoretical failure which 549 

is assumed to occur at the bottom corner of the section. 550 

For rectangular beams without transverse reinforcement in a U-shaped configuration, the best 551 

statistical performance is given by the fib Bulletin (MV=1.10, COV=39%) for the discontinuous EB FRP 552 

and by Mofidi and Chaallal [20] (MV=1.19, COV=28%) for the continuous configuration.  553 

For the same case but with transverse reinforcement, the scatter is larger than for beams without 554 

transverse reinforcement. Mofidi and Chaallal [20] show the best statistical performance for both 555 

discontinuous (MV=1.17, COV=51%) and continuous cases (MV=1.02, COV=43%).  556 

For T-sections in a U-shaped configuration, the trend of the results is similar to rectangular 557 

sections. 558 

For side-bonded FRP configurations, in rectangular beams without transverse reinforcement, the 559 

model with best statistical performance is that of Chen and Teng [34] (MV=1.01, COV=46%) for the 560 

discontinuous sheets and Kotynia [14] (MV=0.99, COV=56%) for the continuous systems. T-sections were 561 

not analysed in this case due to the reduced number of tests. 562 

Results depend mainly on the assumed value for the inclination angle of struts. It has been observed 563 

that the models seem more conservative as long as this angle increases up to 45º. 564 

Finally, when predicting the total ultimate shear strength, the performance of the analysed models 565 

is better than that obtained when analysing only the FRP shear strength contribution. This might be 566 



explained by the importance of the interaction between the different shear strength components. The 567 

existence of the FRP might modify the transverse steel contribution. This might justify a modification of 568 

the conventional calculation of the experimental FRP shear strength component as the difference between 569 

the ultimate shear strength of the strengthened element and the ultimate shear strength of the control 570 

specimen. 571 
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APPENDIX 1. Summary of existing equations to evaluate the total shear strength or the FRP 

contribution to the total shear strength. Units are in SI (N, mm) 
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for bonded strips: 2·tf·wf/sf 

for continuous bonded reinforcement: 2·tf·sinf 
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 rc radius at the corners of the cross section 

 at creep factor of 0.80 

 ffd ultimate strength of the FRP reinforcement 
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 for ℎ𝑓 𝑠𝑖𝑛𝛼𝑓⁄ ≤ 𝑙𝑒 and 𝑠𝑓 (𝑐𝑜𝑡𝜃 + 𝑐𝑜𝑡𝛼𝑓)𝑠𝑖𝑛𝛼𝑓⁄ ≤ ℎ𝑓 𝑠𝑖𝑛𝛼𝑓⁄ : 𝑓𝑓𝑏𝑤𝑑 =
2

3

(𝑛𝑠𝑓) [(𝑐𝑜𝑡𝜃+𝑐𝑜𝑡𝛼𝑓)𝑠𝑖𝑛𝛼𝑓]⁄

𝑙𝑒

𝑓𝑏𝑘

𝛾𝑓𝑏
 

 n number of strips crossed by shear crack: integer quotient  ℎ𝑓 (𝑐𝑜𝑡𝜃 + 𝑐𝑜𝑡𝛼𝑓) 𝑠𝑓⁄  

 m number of strips for which the bond length is less than le: 𝑙𝑒  (𝑐𝑜𝑡𝜃 + 𝑐𝑜𝑡𝛼𝑓)𝑠𝑖𝑛𝛼𝑓 𝑠𝑓⁄  

 le  maximum bond length: 

𝑙𝑏,𝑚𝑎𝑥 =
𝜋

2
√
𝐸𝑓𝑡𝑓𝑠0𝑘

𝜏𝑏1
 

 ffbk bond strength 

𝑓𝑓𝑏𝑘 =

{
 
 

 
 
√
𝐸𝑓𝑠0𝑘𝜏𝑏1𝑘

𝑡𝑓

𝑠𝑟
𝑙𝑒
(2 −

𝑠𝑟
𝑙𝑒
)     𝑓𝑜𝑟  𝑠𝑟 < 𝑙𝑒

√
𝐸𝑓𝑠0𝑘𝜏𝑏1𝑘

𝑡𝑓
                           𝑓𝑜𝑟  𝑠𝑟 ≥ 𝑙𝑒

 

 𝜏𝑏1𝑘 characteristic value of maximum 

bond stress 
CFRP strips: 𝜏𝑏1𝑘 = 0.37√𝑓𝑐𝑚𝑓𝑐𝑡𝑚 

𝜏𝑏1𝑚 = 0.53√𝑓𝑐𝑚𝑓𝑐𝑡𝑚 

CFRP sheets: 𝜏𝑏1𝑘 = 0.44√𝑓𝑐𝑚𝑓𝑐𝑡𝑚 

𝜏𝑏1𝑚 = 0.72√𝑓𝑐𝑚𝑓𝑐𝑡𝑚 

 𝑠0𝑘 characteristic value of maximum 

bond slip 

CFRP strips: 0.20 mm (mean value 0.21 mm) 

CFRP sheets: 0.23 mm (mean value 0.24 mm) 

 𝜅𝑏 1.128  

 for full area bond:  

 
for ℎ𝑓 𝑠𝑖𝑛𝛼𝑓⁄ ≥ 𝑙𝑒: 𝑓𝑓𝑏𝑤𝑑 = [1 −

1

3

𝑙𝑒

(ℎ𝑓 𝑠𝑖𝑛𝛼𝑓⁄ )
]
𝑓𝑏𝑘

𝛾𝑓𝑏
 



 for ℎ𝑓 𝑠𝑖𝑛𝛼𝑓⁄ ≤ 𝑙𝑒: 𝑓𝑓𝑏𝑤𝑑 =
2

3

ℎ𝑓 𝑠𝑖𝑛𝛼𝑓⁄

𝑙𝑒

𝑓𝑏𝑘

𝛾𝑓𝑏
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𝑉𝑅𝑑 = 𝑚𝑖𝑛{𝑉𝑅𝑑,𝑠 + 𝑉𝑅𝑑,𝑓 , 𝑉𝑅𝑑,𝑚𝑎𝑥} 

𝑉𝑅𝑑,𝑠 steel contribution to the shear capacity according to the current building code 

𝑉𝑅𝑑,𝑚𝑎𝑥 ultimate strength of the concrete strut to be evaluated according to the current building code 

U-shaped or 

wrapped 
𝑉𝑅𝑑,𝑓 =

1

𝛾𝑅𝑑
0.9𝑑𝑓𝑓𝑒𝑑2𝑡𝑓(𝑐𝑜𝑡𝜃 + 𝑐𝑜𝑡𝛽)

𝑤𝑓

𝑠𝑓
 

 𝛾𝑅𝑑 partial safety factor 1.20 

 𝜃 angle of shear cracks to be assumed equal to 45º unless a more detailed calculation is 

made 

 𝑤𝑓 , 𝑠𝑓 FRP width and spacing measured orthogonally to fibre direction. For continuous FRP, 
𝑤𝑓

𝑠𝑓
= 1.0 

 𝑓𝑓𝑒𝑑 Effective FRP design strength 

 U-shaped: 𝑓𝑓𝑒𝑑 = 𝑓𝑓𝑑𝑑 [1 −
1

3

𝑙𝑒𝑠𝑖𝑛𝛽

𝑚𝑖𝑛{0.9𝑑, ℎ𝑤}
] 

   𝑓𝑓𝑑𝑑 

𝑓𝑓𝑑𝑑 =
1

𝛾𝑓,𝑑
√
2𝐸𝑓Γ𝐹𝑑
𝑡𝑓

 

    Γ𝐹𝑘 
Γ𝐹𝑑 =

𝑘𝑏𝑘𝐺
𝐹𝐶

√𝑓𝑐𝑚𝑓𝑐𝑡𝑚 

    𝑘𝑏 

𝑘𝑏 = √
2−

𝑏𝑓

𝑏

1+
𝑏𝑓

𝑏

≥ 1.0 where 
𝑏𝑓

𝑏
≥ 0.25 

    𝑘𝐺 𝑘𝐺 = 0.023 mm or 0.0037 mm for pre-
cured or wet lay-up 

   𝑙𝑒 

𝑙𝑒 = 𝑚𝑎𝑥 {
1

𝛾𝑅𝑑𝑓𝑏𝑑
√
𝜋2𝐸𝑓𝑡𝑓Γ𝐹𝑑

2
, 200𝑚𝑚} 

 Wrapped: 𝑓𝑓𝑒𝑑 = 𝑓𝑓𝑑𝑑 [1 −
1

6

𝑙𝑒𝑠𝑖𝑛𝛽

𝑚𝑖𝑛{0.9𝑑, ℎ𝑤}
] +

1

2
(𝜙𝑅𝑓𝑓𝑑 − 𝑓𝑓𝑑𝑑) [1 −

𝑙𝑒𝑠𝑖𝑛𝛽

𝑚𝑖𝑛{0.9𝑑, ℎ𝑤}
] 

  𝜙𝑅 = 0.2 + 1.6
𝑟𝑐

𝑏𝑤
         0≤

𝑟𝑐

𝑏𝑤
≤ 0.5 

  𝑟𝑐 corner radius of the section 

D
A

fS
tb

 [
5
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𝑉𝑅𝑑 = 𝑉𝑅𝑑,𝑠 + 𝑉𝑅𝑑,𝑓 + 𝑉𝑐𝑐𝑑 + 𝑉𝑡𝑑 

𝑉𝑅𝑑,𝑓 =
𝐴𝑓𝑤

𝑠𝑓
𝑑𝑓𝑓𝑓𝑤𝑑(𝑐𝑜𝑡𝜃 + 𝑐𝑜𝑡𝛼𝑓)𝑠𝑖𝑛𝛼𝑓 

 𝐴𝑓𝑤

𝑠𝑓
 for bonded strips: 2·tf·wf/sf 

for continuous bonded reinforcement: 2·tf·sinf 

 𝑓𝑓𝑤𝑑    

Closed FRP: 𝑓𝑓𝑤𝑑 = 𝑓𝑓𝑤𝑑,𝑐 = 𝑘𝑅𝛼𝑐𝑓𝑓𝑑  

 
kR 𝑘𝑅 = {

0.5
𝑟𝑐
60
(2 −

𝑟𝑐
60
)       𝑟𝑐 < 60 𝑚𝑚

0.5                             𝑟𝑐 ≥ 60 𝑚𝑚
 

 rc radius at the corners of the cross section 

 c creep factor of 0.75 

 ffd ultimate strength of the FRP reinforcement 

U-shaped configuration 𝑓𝑓𝑤𝑑 = 𝑚𝑖𝑛 (𝑓𝑏𝑓𝑤𝑑 , 𝑓𝑓𝑤𝑑,𝑐) 

 for bonded strips: 

 for  𝑑𝑓 ≥ 𝑙𝑏,𝑚𝑎𝑥 and 𝑙𝑏,𝑚𝑎𝑥 ≤ 𝑠𝑓 ≤ 𝑑𝑓 :  𝑓𝑏𝑓𝑤𝑑 =
𝑓𝑏𝑘,𝑚𝑎𝑥

𝛾𝑓𝑏
 

 
for  𝑑𝑓 ≥ 𝑙𝑏,𝑚𝑎𝑥 and 𝑠𝑓 ≤ 𝑙𝑏,𝑚𝑎𝑥  : 𝑓𝑏𝑓𝑤𝑑 =

𝑓𝑏𝑘,𝑚𝑎𝑥

𝛾𝑓𝑏
{[1 −

(𝑚−1)

(𝑛−1)
] +

𝑚(𝑚−1)𝑠𝑓

2(𝑛−1)𝑙𝑏,𝑚𝑎𝑥
} 

 for  𝑑𝑓 ≤ 𝑙𝑏,𝑚𝑎𝑥  and  𝑠𝑓 ≤ 𝑑𝑓 :  𝑓𝑏𝑓𝑤𝑑 =
𝑓𝑏𝑘,𝑚𝑎𝑥

𝛾𝑓𝑏

𝑛𝑠𝑓

2𝑙𝑏,𝑚𝑎𝑥
 

 n number of strips crossed by shear crack  

 m number of strips for which the bond length is less than lb,max 



 lb,max  maximum bond 

length 𝑙𝑏,𝑚𝑎𝑥 =
2

𝜅𝑏
√
𝐸𝑓𝑡𝑓𝑠𝑓0𝑘

𝜏𝑓1𝑘
 

 fbk,max bond strength 

𝑓𝑏𝑘,𝑚𝑎𝑥 = √
𝐸𝑓𝑠𝑓0𝑘𝜏𝑓1𝑘

𝑡𝑓
 

 𝜏𝑓1𝑘 characteristic 

value of 

maximum bond 

stress 

𝜏𝑓1𝑘 = 0.311√𝑓𝑐𝑚𝑓𝑐𝑡𝑚,𝑠𝑢𝑟𝑓 

 𝑠𝑓0𝑘 characteristic 

value of 

maximum bond 

slip 

0.201 mm 

 𝜅𝑏 1.128  

 fctm,surf mean axial tensile surface strength of concrete 

T
R

-5
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𝑉𝑅𝑑 = 𝑉𝑅𝑑,𝑠 + 𝑉𝑅𝑑,𝑓 

𝑉𝑅𝑑,𝑠 =
𝐴𝑠𝑤
𝑠
𝑧𝑓𝑦𝑤𝑑𝑐𝑜𝑡𝜃 

 𝐴𝑠𝑤
𝑠

 
cross sectional area of steel shear reinforcement/longitudinal spacing of steel shear 

stirrups 

 𝑧 lever arm between the longitudinal steel reinforcement and the centroid of the 

compression section 

 𝑓𝑦𝑤𝑑  design yield strength of the steel shear reinforcement 

 𝜃 angle between the concrete compression and the beam axis perpendicular to the shear 

force 

𝑉𝑅𝑑,𝑓 =
𝐴𝑓𝑤

𝑠𝑓
(𝑑𝑓 −

𝑛𝑠
3
𝑙𝑡,𝑚𝑎𝑥𝑐𝑜𝑠𝛼𝑓) 𝐸𝑓𝑑𝜀𝑓𝑠𝑒(𝑠𝑖𝑛𝛼𝑓 + 𝑐𝑜𝑠𝛼𝑓) 

 𝐴𝑓𝑤

𝑠𝑓
 

area of FRP (2·bf·tf) measured perpendicular to the direction of the fibres/longitudinal 

spacing of the FRP. For continuous FRP sheet, sf is taken as 1.0. 

 𝑏𝑓 width of the FRP laminate measured perpendicular to the direction of the 

fibres. For continuous FRP sheet, bf is taken as cosf 

 𝑡𝑓 thickness of the FRP laminate 

 𝑑𝑓 effective depth of the FRP strengthening, measured from the top to the FRP shear 

strengthening to the steel tension reinforcement 

 𝑛𝑠 0 for a fully wrapped beam; 1.0 when FRP is bonded continuously to the sides and bottom 

of a beam (U-shaped) and 2.0 when it is bonded to only the sides of a beam 

 𝑙𝑡,𝑚𝑎𝑥 anchorage length required to develop full anchorage capacity  

 
𝑙𝑡,𝑚𝑎𝑥 = 0.7√(𝐸𝑓𝑑𝑡𝑓 𝑓𝑐𝑡𝑘⁄ ) 

 𝐸𝑓𝑑 design tensile modulus of the FRP laminate 

 𝜀𝑓𝑠𝑒 effective strain in the FRP for shear strengthening 

 

𝜀𝑓𝑠𝑒 = 𝑚𝑖𝑛 (
𝜀𝑓𝑑

2
; 0.5√

𝑓𝑐𝑡𝑘
𝐸𝑓𝑑𝑡𝑓

; 0.004) 

 𝜀𝑓𝑑 design ultimate strain capacity of FRP 

 𝑓𝑐𝑡𝑘 characteristic tensile strength of the concrete 



 𝛼𝑓 angle between the principal fibres of the FRP and a line perpendicular to the longitudinal 

axis of the member. f is positive when the principal fibres of FRP are rotated away from 

the direction in which a shear crack will form. 
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𝜙𝑉𝑛 = 𝜙𝑓(𝑉𝑐 + 𝑉𝑠 + 𝜓𝑓𝑉𝑓) ≥ 𝑉𝑢 

𝜙 strength reduction factor, 𝜙 = 0.85 

𝜓𝑓 additional FRP strength reduction factor, 𝜓𝑓 = 0.95 for wrapped, 𝜓𝑓 = 0.85 for U-shaped or side-bonded 

𝑉𝑐, 𝑉𝑠 nominal shear strength of concrete and steel 

𝑉𝑢 factored required shear strength 

𝑉𝑓 =
𝐴𝑓𝐸𝑓𝜀𝑓𝑒(𝑠𝑖𝑛𝛼𝑓 + 𝑐𝑜𝑠𝛼𝑓)𝑑𝑓

𝑠𝑓
 

nominal shear strength of FRP 

 𝐴𝑓 area of FRP shear reinforcement 𝐴𝑓 = 2𝑛𝑡𝑓𝑤𝑓 

 𝜀𝑓𝑒 effective strain in FRP laminates 𝜀𝑓𝑒 = 0.004 ≤ 0.75𝜀𝑓𝑢 for wrapped 

𝜀𝑓𝑒 = 𝑘𝑣 𝑓𝑢 ≤ 0.004 for U-shaped or side-bonded 

  𝜀𝑓𝑢 𝜀𝑓𝑢 = 𝐶𝐸𝜀𝑓𝑢
∗  

   𝐶𝐸  environmental reduction factor 

   𝜀𝑓𝑢
∗  ultimate rupture strain of FRP reinforcement 

  𝑘𝑣 bond reduction 

coeff. 
𝑘𝑣 =

𝑘1𝑘2𝐿𝑒
11900𝜀𝑓𝑢

≤ 0.75 

  𝐿𝑒 active bond length 𝐿𝑒 =
23300

(𝑛𝑓𝑡𝑓𝐸𝑓)
0.58 

  𝑘1 factor 
𝑘1 = (

𝑓𝑐𝑘
27
)
2 3⁄

 

  𝑘2 factor 

𝑘2 =

{
 
 

 
 
𝑑𝑓 − 𝐿𝑒

𝑑𝑓
𝑓𝑜𝑟 𝑈 − 𝑗𝑎𝑐𝑘𝑒𝑡𝑖𝑛𝑔 (𝑈)

𝑑𝑓 − 2𝐿𝑒

𝑑𝑓
𝑓𝑜𝑟 𝑠𝑖𝑑𝑒 𝑏𝑜𝑛𝑑𝑖𝑛𝑔 (𝑆)

 

 𝑑𝑓 effective depth of the FRP shear reinforcement 

 𝛼𝑓 angle of the FRP shear reinforcement with the longitudinal axis of the beam 

𝑉𝑠 + 𝑉𝑓 ≤ 8√𝑓𝑐𝑘𝑏𝑤𝑑  
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𝑉𝑅𝑑 = 𝑚𝑖𝑛{𝑉𝑐𝑑 + 𝑉𝑠𝑑 + 𝑉𝑓𝑑 , 𝑉𝑅𝑑2}  (EC2 Format) 

𝑉𝑓𝑑 = 0.9𝜀𝑓𝑑,𝑒𝐸𝑓𝜌𝑓𝑏𝑤𝑑(𝑐𝑜𝑡𝜃 + 𝑐𝑜𝑡𝛼)𝑠𝑖𝑛𝛼 

 𝜀𝑓𝑑,𝑒  design value of the effective strain 

 𝜀𝑓𝑑,𝑒 = 𝜀𝑓𝑘,𝑒 𝛾𝑓⁄  

  𝜀𝑓𝑘,𝑒 characteristic value of the effective strain 

   𝜀𝑓𝑘,𝑒 = 𝑘𝜀𝑓,𝑒  where   𝑘 = 0.8 

  𝜀𝑓,𝑒 fully wrapped (or properly anchored CFRP-FRP fracture controls 

   

𝜀𝑓,𝑒 = 0.17 (
𝑓𝑐𝑚

2 3⁄

𝐸𝑓𝜌𝑓
)

0.30

𝜀𝑓𝑢 

   side or U-shaped CFRP jackets 

   

𝜀𝑓,𝑒 = 𝑚𝑖𝑛 [0.65 (
𝑓𝑐𝑚

2 3⁄

𝐸𝑓𝜌𝑓
)

0.56

10−3, 0.17 (
𝑓𝑐𝑚

2 3⁄

𝐸𝑓𝜌𝑓
)

0.30

𝜀𝑓𝑢] 



   fully wrapped AFRP-FRP fracture controls 

   

𝜀𝑓,𝑒 = 0.048 (
𝑓𝑐𝑚

2 3⁄

𝐸𝑓𝜌𝑓
)

0.47

𝜀𝑓𝑢 

 𝜌𝑓  FRP reinforcement ratio equal to 2𝑡𝑓𝑠𝑖𝑛𝛼 𝑏𝑤⁄  for continuously bonded shear 

reinforcement of thickness 𝑡𝑓, or (2𝑡𝑓 𝑏𝑤⁄ )(𝑤𝑓 𝑠𝑓⁄ ) 

 𝐸𝑓  elastic modulus of FRP in the principal fibre orientation in GPa 

 𝜃 angle of diagonal crack with respect to the member axis, assumed equal to 45º 

JS
C

E
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5
1

] 

𝑉𝑓𝑑 =
1

𝛾𝑓
𝐴𝑓𝜀𝑓𝑒𝐸𝑓𝑧

(𝑠𝑖𝑛𝛼+𝑐𝑜𝑠𝛼)

𝑠𝑓
  

 𝜀𝑓𝑒 𝜀𝑓𝑒 = 𝐾𝜀𝑓𝑢𝑑 

  𝐾 𝐾 = 1.68 − 0.67𝑅              0.4 ≤ 𝐾 ≤ 0.8 

  𝑅 
𝑅 = (𝜌𝑓𝐸𝑓)

1 4⁄
𝜀𝑓𝑢𝑑
2 3⁄ (

1

𝑓𝑐𝑑
)
1 3⁄

                   0.5 ≤ 𝑅 ≤ 2.0 

   𝜀𝑓𝑢𝑑 =
𝑓𝑓𝑢

𝐸𝑓𝜆𝑓
                      𝜆𝑓 = 1.25 

R
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u
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s 
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] 

𝑉𝑅𝑑 = 𝑉𝑐𝑑 + 𝑉𝑠𝑑 + 𝑉𝑓𝑑   

𝑉𝑓𝑑 = 0.9𝜀𝑓𝑑,𝑒𝐸𝑓𝜌𝑓𝑏𝑤𝑑(𝑐𝑜𝑡𝜃 + 𝑐𝑜𝑡𝛼)𝑠𝑖𝑛𝛼   (Fib Bulletin 14, 2001) 

 𝑓𝑓,𝑒,𝑖𝑚𝑝𝑟  
𝑓𝑓,𝑒,𝑖𝑚𝑝𝑟 = 0.0103𝑓𝑓,𝑚0 (

𝑓𝑓,𝑒

𝑓𝑓,𝑚0
)

1.5297

 

 𝑓𝑓,𝑚0 = 1 𝑀𝑃𝑎 

 𝑓𝑓,𝑒is the FRP stress at failure of different recommendations. According to Rousakis et 

al. (2016), best results were obtained for fib Bulletin 14 (2001) 

𝑉𝑐𝑑 , 𝑉𝑠𝑑 Concrete and transverse steel contribution obtained according to Marí et al. (2014) 

assuming =45º. 
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𝑉𝑓 = 𝜌𝑓𝐸𝑓𝜀𝑓𝑒𝑏𝑑𝑓(𝑐𝑜𝑡𝜃 + 𝑐𝑜𝑡𝛼𝑓)𝑠𝑖𝑛𝛼𝑓 

(Proposed model not valid for fully wrapped configurations) 

 𝜌𝑓 𝜌𝑓 =
2𝑡𝑓𝑤𝑓

𝑏𝑠𝑓
. For a continuous FRP sheet, wf and sf can be assumed equal to 1.0. For a 

strip configuration, the effective width is the sum of the FRP strip widths within the 

effective width zone. 

 𝐸𝑓 elastic modulus of the FRP in the principal fibre-orientation direction 

 𝜀𝑓𝑒 effective strain of FRP 

  

𝜀𝑓𝑒 = 0.31𝛽𝑐𝛽𝑙𝛽𝑤√
√𝑓𝑐
𝑡𝑓𝐸𝑓

 

  𝛽𝑐 cracking modification 

factor based on the 

rigidity of FRP and 

transverse steel 

𝛽𝑐 =

{
 
 

 
 

0.6

√𝜌𝑓𝐸𝑓 + 𝜌𝑠𝐸𝑠
𝑓𝑜𝑟 𝑈 − 𝑠ℎ𝑎𝑝𝑒𝑑

0.6

√𝜌𝑓𝐸𝑓 + 𝜌𝑠𝐸𝑠
𝑓𝑜𝑟 𝑠𝑖𝑑𝑒 − 𝑏𝑜𝑛𝑑𝑒𝑑

 

   𝜌𝑠 transverse steel ratio. 𝜌𝑠 = 𝐴𝑠𝑡 (𝑠𝑏𝑤)⁄  

   𝐸𝑠 elastic modulus transverse steel 



  𝛽𝑙 coefficient to 

compensate for 

insufficient anchorage 

length 

𝛽𝑙 = {
1 𝑖𝑓 𝐿𝑚𝑎𝑥 𝐿𝑒⁄ ≥ 1

(2 − 𝐿𝑚𝑎𝑥 𝐿𝑒⁄ ) 𝐿𝑚𝑎𝑥 𝐿𝑒⁄ 𝑖𝑓 𝐿𝑚𝑎𝑥 𝐿𝑒⁄ < 1
 

   𝐿𝑚𝑎𝑥  
𝐿𝑚𝑎𝑥 = {

𝑑𝑓 𝑠𝑖𝑛𝛼𝑓⁄ 𝑓𝑜𝑟 𝑈 − 𝑠ℎ𝑎𝑝𝑒𝑑 

𝑑𝑓 2𝑠𝑖𝑛𝛼𝑓⁄ 𝑓𝑜𝑟 𝑠𝑖𝑑𝑒 − 𝑏𝑜𝑛𝑑𝑒𝑑
 

   𝐿𝑒 

𝐿𝑒 = √
𝐸𝑓𝑡𝑓

2𝑓𝑐𝑡
 

  𝛽𝑤 FRP-width to spacing 

ratio coefficient 𝛽𝑤 = √
2 − 𝑤𝑓 𝑠𝑓⁄

1 + 𝑤𝑓 𝑠𝑓⁄
 

 𝑏 width of the concrete beam cross-section 

 𝑑𝑓 distance from the extreme compression fibre to the centroid of the tension reinforcement 

 𝜃 angle of concrete shear crack 

 𝛼𝑓 angle of inclination of FRP fibres 

K
o

ty
n

ia
 [

1
4

] 

𝑉𝑓  

U-shaped or side-bonded   𝑉𝑓 = 2∑ 𝑃𝑖𝑠𝑖𝑛𝛼
𝑛𝑓𝑚𝑖𝑛
𝑖=1  

 𝑃𝑖  transferred force between each EB FRP strip and the concrete 

  
𝑃𝑖 = 𝛽1𝑏𝑓√2𝐺𝑓𝑘𝐸𝐸𝑓𝑡𝑓 

   

𝛽1 = {

1 𝑓𝑜𝑟 𝐿𝑖 > 𝐿𝑒

𝑠𝑖𝑛 (
𝜋𝐿𝑖
2𝐿𝑒

) 𝑓𝑜𝑟 𝐿𝑖 ≤ 𝐿𝑒
 

  nfmin number of FRP strips crossing the critical shear crack 

   
𝑛𝑓𝑚𝑖𝑛 =

ℎ𝑛𝑒𝑡
𝑠𝑓

(𝑐𝑜𝑡𝜃 + 𝑐𝑜𝑡𝛼𝑓) 

   hnet bonded height of the FRP in the direction perpendicular to longitudinal 

axis of the beam 

   Gf fracture energy which depends on the bond model. In this case the 

model of Bilotta et al. (2011) has been adopted with: 𝐺𝑓 =

0.252kb
2fcm
2/3

, where kb is a shape factor given by: 𝑘𝑏 = √
2−𝑏𝑓 𝑏⁄

1+𝑏𝑓 𝑏⁄
, where 

b corresponds to sf projected in the direction perpendicular to the FRP 

fibres 

   Li bonded length of each FRP sheet 

   Le effective bonded length of the FRP which also depends on the bond 

model, 𝐿𝑒 =
𝜋

2
√
𝐸𝑓𝑡𝑓𝑠0

𝜏𝑏1
  where according to Bilotta et al. (2011); 𝜏𝑏1 =

0.50𝑘𝑏
2𝑓𝑐𝑚

2 3⁄
 and s0 = 0.25 mm 

   kE reduction factor for the FRP modulus of elasticity when the tensile 

force acting on it is not in the same direction as the fibres ( angle) 

   
𝑘𝐸 =

1

𝑐𝑜𝑠4𝛾 + 𝑘1𝑠𝑖𝑛
4𝛾 + (𝑘2 − 2𝜈)𝑐𝑜𝑠

2𝜃𝑠𝑖𝑛2𝜃
 



   k1, 

k2 

factors which considers the relationship between the elastic 

modulus in the direction of the fibres and perpendicular to them 

(k1) and the relationship between the elastic modulus in the 

direction of the fibres and the shear modulus (k2). 

  For the discontinuous configuration, when calculating the bonded length Li of the different strips, 

if we don’t know the exact position of the strips, only its width and spacing, several assumptions 

can be analyzed such as z1=0, z2=0 or z1 = z2. The minimum Vf value between all these assumptions 

will be considered in the calculations.  

  
𝑧1 = 𝑧2 =

ℎ𝑛𝑒𝑡(𝑐𝑜𝑡𝜃 + 𝑐𝑜𝑡𝛼𝑓) − 𝑛𝑓𝑚𝑖𝑛𝑠𝑓

2
 

  
𝐿0 = 𝑧1

𝑠𝑖𝑛𝜃

𝑠𝑖𝑛(𝛼𝑓 + 𝜃)
 

  
𝐿𝑖𝑚𝑖𝑛 = 𝑚𝑖𝑛 {

𝐿𝑎𝑖 = 𝐿0 + 𝑖𝐿𝑠
𝐿𝑏𝑖 = 𝐿𝑓 − (𝐿0 + 𝑖𝐿𝑠)

 

  
𝐿𝑠 = 𝑠𝑓

𝑠𝑖𝑛𝜃

𝑠𝑖𝑛(𝛼𝑓 + 𝜃)
 

Wrapped  𝑉𝑓 = 2
𝑏𝑓𝑡𝑓

𝑠𝑓
𝑘𝑓𝑓𝑧(𝑐𝑜𝑡𝜃 + 𝑐𝑜𝑡𝛼𝑓)𝑠𝑖𝑛α𝑓 

 k constant which considers the fibre rupture of the FRP in the round corners of the RC 

section. k is equal to 0.45 for discontinuous FRP and 0.30 for continuous 

M
o

n
ti

 a
n

d
 L

io
tt

a
 [

1
3

] 

, 

𝑉𝑅𝑑 = 𝑚𝑖𝑛(𝑉𝑅𝑑,𝑐𝑡 + 𝑉𝑅𝑑,𝑠 + 𝑉𝑅𝑑,𝑓; 𝑉𝑅𝑑,𝑚𝑎𝑥) 

𝑉𝑅𝑑,𝑐𝑡 =
0.18

𝛾𝑐
𝑏𝑤𝑑 · 𝑚𝑖𝑛 (1 + √

200

𝑑
; 2) √100𝑚𝑖𝑛(𝜌𝑠𝑙; 0.02)𝑓𝑐𝑘

3
 

𝑉𝑅𝑑,𝑠 = 0.9𝑑𝑓𝑦𝑑
𝐴𝑠𝑡
𝑠𝑡
(𝑐𝑜𝑡𝜃 + 𝑐𝑜𝑡𝛼𝑠)𝑠𝑖𝑛𝛼𝑠 

 𝜃 Crack angle 

For Wrapped or U-shaped configurations: 𝑉𝑅𝑑,𝑓 =
1

𝛾𝑅𝑑
0.9𝑑𝑓𝑓𝑒𝑑

2𝑡𝑓𝑤𝑓

𝑠𝑓
(𝑐𝑜𝑡𝜃 + 𝑐𝑜𝑡𝛼𝑓) 

 𝑓𝑓𝑒𝑑 wrapped 
𝑓𝑓𝑒𝑑 = 𝑓𝑓𝑑𝑑 (1 −

1

6

𝐿𝑒𝑠𝑖𝑛𝛼𝑓

𝑚𝑖𝑛(0.9𝑑; ℎ𝑤)
)

+
1

2
(𝜙𝑅𝑓𝑓𝑑 − 𝑓𝑓𝑑𝑑) (1 −

𝐿𝑒𝑠𝑖𝑛𝛼𝑓

𝑚𝑖𝑛(0.9𝑑; ℎ𝑤)
) 

  U-shaped 
𝑓𝑓𝑒𝑑 = 𝑓𝑓𝑑𝑑 (1 −

1

3

𝐿𝑒𝑠𝑖𝑛𝛼𝑓

𝑚𝑖𝑛(0.9𝑑; ℎ𝑤)
) 

 𝑓𝑓𝑑𝑑 debonding strength 

𝑓𝑓𝑑𝑑 =
0.80

𝛾𝑓𝑑
√
2𝐸𝑓𝐺𝑓

𝑡𝑓
 

 𝐺𝑓 fracture energy 𝐺𝑓 = 0.03𝑘𝑏√𝑓𝑐𝑘𝑓𝑐𝑡𝑚 

 𝑘𝑏 covering/scale coefficient  
𝑘𝑏 = √

2−𝑤𝑓 𝑠𝑓⁄

1+𝑤𝑓 400⁄
≥ 1  for strips 

𝑘𝑏 = 1  for continuous sheets 

 𝑤𝑓  width measured orthogonally to 𝛼𝑓. 𝑤𝑓 should not exceed 

𝑚𝑖𝑛(0.9𝑑; ℎ𝑤) 𝑠𝑖𝑛(𝜃 + 𝛼𝑓) 𝑠𝑖𝑛𝜃⁄  

 𝑠𝑓  spacing measured orthogonally to 𝛼𝑓. 

 𝜙𝑅 𝜙𝑅 = 0.2 + 1.6
𝑟𝑐

𝑏𝑤
,        0 ≤

𝑟𝑐

𝑏𝑤
≤ 0.5 



For side-bonded configuration: 𝑉𝑅𝑑,𝑓 =
1

𝛾𝑅𝑑
𝑚𝑖𝑛(0.9𝑑, ℎ𝑤)𝑓𝑓𝑒𝑑

2𝑡𝑓𝑤𝑓

𝑠𝑓

𝑠𝑖𝑛𝛼𝑓

𝑠𝑖𝑛𝜃
 

 𝑓𝑓𝑒𝑑 

𝑓𝑓𝑒𝑑 = 𝑓𝑓𝑑𝑑
𝑧𝑟𝑖𝑑,𝑒𝑞

𝑚𝑖𝑛(0.9𝑑; ℎ𝑤)
(1 − 0.6√

𝐿𝑒
𝑧𝑟𝑖𝑑,𝑒𝑞

)

2

 

 
𝑧𝑟𝑖𝑑,𝑒𝑞 = 𝑚𝑖𝑛(0.9𝑑; ℎ𝑤) − (𝐿𝑒 −

𝑠𝑓

𝑓𝑓𝑑𝑑 𝐸𝑓⁄
) 𝑠𝑖𝑛𝛼𝑓 

𝑉𝑅𝑑,𝑚𝑎𝑥 = 0.9𝑑𝑏𝑤𝜈𝑓𝑐𝑑
(𝑐𝑜𝑡𝜃 + 𝑐𝑜𝑡𝛼𝑠)

1 + 𝑐𝑜𝑡2𝜃
 

 𝜈 𝜈 = 0.6(1 − 𝑓𝑐𝑘 250⁄ ) 
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𝑉𝑓 = 𝜂𝐸𝑓𝑡𝑓𝜀𝑐𝑟𝑟𝑓𝑧
𝑠𝑖𝑛(𝜃 + 𝛼𝑓)

𝑠𝑖𝑛𝜃
 

 𝜀𝑐𝑟 Critical strain 

  

𝜀𝑐𝑟 = 𝑚𝑖𝑛 {

𝜀𝑓,𝑢

𝜀𝑏𝑜𝑛𝑑𝑠𝑖𝑛
2(𝜃 + 𝛼𝑓)

𝜀𝑐,𝑚𝑎𝑥𝑠𝑖𝑛
2(𝜃 + 𝛼𝑓)

} 

  𝜀𝑓,𝑢 Ultimate allowable fibre capacity 

  𝜀𝑏𝑜𝑛𝑑 Maximum allowable strain without achieving anchorage 

  

𝜀𝑏𝑜𝑛𝑑 =
1

𝐸𝑓𝑡𝑓
√2𝐸𝑓𝑡𝑓𝐺𝑓 {

𝑠𝑖𝑛(𝜔𝐿𝑐𝑟) 𝑓𝑜𝑟 𝐿𝑐𝑟 ≤
𝜋

2𝜔

1 𝑓𝑜𝑟 𝐿𝑐𝑟 >
𝜋

2𝜔

 

  𝐺𝑓 Fracture energy 

  
𝜔 = √

𝜏𝑚𝑎𝑥
2

2𝐸𝑓𝑡𝑓𝐺𝑓
 

  𝜀𝑐,𝑚𝑎𝑥  Concrete contribution due to aggregate interlocking. If the concrete 

contribution is not included in the shear bearing capacity,  
𝜀𝑐,𝑚𝑎𝑥, can be ignored 

 𝑟𝑓  Factor which depends on the layout of strengthening system 

  𝑟𝑓 = 𝑠𝑖𝑛𝛼𝑓    for continuous wrapping 

  𝑟𝑓 =
𝑤𝑓

𝑠𝑓
         for discrete strips 
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𝑉𝑓 = 2𝑓𝑓,𝑒𝑡𝑓𝑤𝑓
𝑑𝑓(𝑐𝑜𝑡𝜃 + 𝑐𝑜𝑡𝛼𝑓)𝑠𝑖𝑛𝛼𝑓

𝑠𝑓
 

 𝑓𝑓,𝑒 Average stress of the FRP intersected by the shear crack 

  𝑓𝑓,𝑒 = 𝐷𝑓𝜎𝑓,𝑚𝑎𝑥  

 FRP Rupture 
𝐷𝑓 =

1 + 𝜁

2
 

   𝜁 =
𝑧𝑡
𝑧𝑏

 

   𝑧𝑡 = (0.1𝑑 + 𝑑𝑓,𝑡) − 0.1𝑑 

   𝑧𝑏 = (𝑑 − (ℎ − 𝑑𝑓)) − 0.1𝑑 



   𝑑𝑓,𝑡 Distance from the concrete compression face to the actual 

upper edge of the FRP (𝑑𝑓,𝑡 = 0 for wrapping) 

  

𝜎𝑓,𝑚𝑎𝑥 =

{
 
 

 
 0.8𝑓𝑓 𝑖𝑓 

𝑓𝑓

𝐸𝑓
≤ 𝜀𝑚𝑎𝑥

0.8𝐸𝑓𝜀𝑚𝑎𝑥 𝑖𝑓 
𝑓𝑓

𝐸𝑓
> 𝜀𝑚𝑎𝑥

 

   𝜀𝑚𝑎𝑥  1.5% may be used until a soundly proposal is available 

 FRP Debonding 

𝜎𝑓,𝑚𝑎𝑥 = 𝑚𝑖𝑛

{
 

 
𝑓𝑓

0.427𝛽𝑤𝛽𝐿√
𝐸𝑓√𝑓𝑐

𝑡𝑓

 

   

𝐿𝑚𝑎𝑥 =

{
 
 

 
 ℎ𝑓

𝑠𝑖𝑛𝛽
𝑓𝑜𝑟 𝑈 − 𝑗𝑎𝑐𝑘𝑒𝑡𝑠

ℎ𝑓

2𝑠𝑖𝑛𝛽
𝑓𝑜𝑟 𝑠𝑖𝑑𝑒 𝑝𝑙𝑎𝑡𝑒𝑠

 

   
𝛽𝐿 = {

1 𝑖𝑓 𝜆 ≥ 1

𝑠𝑖𝑛
𝜋𝜆

2
𝑖𝑓 𝜆 < 1

 

   
𝜆 =

𝐿𝑚𝑎𝑥
𝐿𝑒

 

   
𝐿𝑒 = √

𝐸𝑓𝑡𝑓

√𝑓𝑐
 

   
𝛽𝑤 = √

2−𝑤𝑓 (𝑠𝑓𝑠𝑖𝑛𝛽)⁄

1+𝑤𝑓 (𝑠𝑓𝑠𝑖𝑛𝛽)⁄
 for discontinuous sheets 

   𝛽𝑤 =
√2

2
 for continuous sheets 

 

 



APPENDIX 2. Database of FRP shear-strengthened beams. 

Table A2.1. Rectangular beams strengthened in shear by FRP sheets or laminates 

 



Table A2.2 T-beams strengthened in shear by FRP sheets or laminates 

 

 

 





 

 

NOTATION 

𝑏𝑤 = web section width 

𝑑 = effective depth, that is the distance between the most compressed fibre and the tensile longitudinal 

reinforcement 

𝑓𝑐𝑘 = concrete characteristic cylindrical strength 

𝑓𝑐𝑚 = mean value of the concrete strength 

𝑓𝑐𝑡 = concrete tensile strength 

𝑓𝑐𝑡𝑚 = mean value of the concrete tensile strength 

𝑓𝑓𝑑 = design ultimate strength of the FRP 

𝑓𝑦𝑑 = design steel yield strength 

ℎ𝑤 = height of the web in a T-section 

𝑟𝑐  = corner rounding radius 

𝑠𝑡 = longitudinal spacing between the internal transverse reinforcement 

𝑡𝑓 = thickness of a FRP sheet 

𝑤𝑓 = width of a FRP strip 

𝐴𝑠𝑡 = area of transverse internal steel reinforcement, 𝐴𝑠𝑡 =
𝑛𝜋𝜙𝑠𝑡

2

4
  

𝐴𝑓 = area of FRP shear reinforcement 

𝐸𝑠 = elastic modulus transverse steel 

𝐺𝑓 = fracture energy 

𝛼𝑠 = angle between the stirrups and the longitudinal axis 

𝛾𝑐 = concrete partial safety coefficient 

𝜙𝑠𝑡 = diameter of the internal transverse reinforcement 

𝜌𝑠𝑙  = longitudinal reinforcement ratio 
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Figure 9. Mean value and dispersion for different  angles according to different existing models [5], [6], 
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Figure 10. Influence of the angle of inclination of struts in the different resisting components according 

to the formulation of Monti and Liotta (2007) [13] for specimens BS2 (Matthys, 2000 [58]) and T4S2-

C45 of Deniaud and Cheng (2003) [59]. 
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