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Abstract. LiDAR (Light Detection and Ranging) is a device using a laser source and a photodetector to 

determine the distance to any object ahead in a scene. The LiDAR uses the “time-of-flight” (TOF) as the 

measuring principle. Solid-state LiDAR systems features fast acquisition rates of a scene we want to 

measure by scanning it using a single micro-electrical-mechanical system (MEMS) mirror but scanning 

presents a certain amount of distortion in the measures which cannot be described by the conventional 

optical model. Thus, the scanning Field-of-View (FOV) must be characterized and corrected so that precise 

and accurate measurements can be obtained. Such correction is critical for high-end applications, such as 

autonomous driving, where congruent data fusion with imaging sensors is required. The current procedure 

is based on a single 3D capture, where the LiDAR is constrained to a fixed position and orientation. The 

aim of this thesis is to improve the procedure by using multiple captures with different positions and 

orientations of the system and adapting the conventional calibration methods used in conventional imagers 

using some image processing techniques. 
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1. Introduction 

 

LiDAR devices measure the time it takes an emitted pulse to reach a photodetector after getting 

reflected or scattered on an object. As the velocity of light 𝑐 in the air is known, we can easily 

compute the range distance 𝑟 from an object to the LiDAR (eq. 1) [1]. 
 

                  𝑟 =
𝑐

2
 𝑡𝑇𝑂𝐹 

Through a scanning procedure (see figure 1a), you can obtain information about the 

three-dimensional space, discretizing the environment in points where all the distances to these 

points are well determined and thus a 3D Point Cloud representation can be generated as shown 

in the figure 1b.  

 
Figure 1. a) LiDAR system laser scan movement pattern. Adapted with permission from [2]. b) Point Cloud 

of an environment obtained by a LiDAR fused with an RGB color image. 

 

The laser scanning is performed using a two-axis micro-electrical-mechanical system (MEMS) 

mirror. The laser beam of the LiDAR points to a MEMS mirror before getting out of the LiDAR 

itself to do the scanning. The scanning system is characterized in spherical coordinates and has to 

be as fast as possible. The increase in the velocity in certain regions of the scanning is needed in 

order to provide faster acquisition rates (see figure 1a) [2]. 

(eq. 1) 

a) b) 
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The non-linearity of the Snell equation in 3D and the movement of the MEMS are the two causes 

of distortion in the FOV [2]. More relevantly, the change in velocity of the scanning produces 

misalignment between points in the image we obtain, with added changes in resolution between 

data points on it (see figure 2a). 

 

One of the main applications of LiDAR is in autonomous driving. The current working range of 

LiDAR devices for this application is between 1 and 200 m [3]. Other sensors can be used to span 

further distances, although they don't offer such a good resolution. Also, the LiDAR shows no 

color information, which would be appropriate for perception of the environment. Therefore, 

combining LiDAR systems with other sensors capable of providing complementary information 

is of interest for this type of application [3] (see figure 1b). For that purpose, it is crucial to get 

consistent data with the LiDAR. 

 

The data we obtain from the LiDAR scanning is a TOF image (see Figure 2a). The TOF image is 

a distribution of pixel locations, in a projection space, where each location represents the TOF 

and the laser intensity measured in its corresponding scanning direction. 

      
Figure 2. a) Acquired TOF image of a parallel object, a checkerboard. The image suffers from distortion. 

b) Checkerboard scheme. Adapted from [4]. 
 

From the TOF image we extract the pixel locations that will be regarded as an image, situated in 

the image plane of a real object through an optical system. Figure 2a shows the image of a 

checkerboard that originally maintains parallelism in its dimensions and in the image suffers from 

certain distortion. 

 

Due to the characteristics of the system and the particularity of the scanning pattern [2], the data 

we obtain in the image gets distorted (see figure 2a). To fix this distortion, we have to calibrate 

our LiDAR device. To calibrate the LiDAR, checkerboard patterns are used as reference object, 

as shown in the figure 2b, so the distribution of the intersections of the squares on it are known. 

Since the intersections of the checkerboard seen in the image plane are distorted (see figure 2a), 

we should not directly generate a Point Cloud from them. A calibration process is necessary to 

define the system and to render a whole point cloud free from distortion. Rendering a point cloud 

is what we could be calling “back-projecting the image to three-dimensional space with 

corrections”. The three-dimensional space of this back-projection emulates the real three-

dimensional space of points of any object seen from the LiDAR coordinate reference system, so 

we can render the environment on a computer. As the coordinates of the checkerboard are known, 

defining them as our input, our purpose is to be able to render this checkerboard oriented in any 

position so that this rendering matches to how the checkerboard looks in reality, as seen from the 

LiDAR. If the checkerboard matches, the whole stage environment does. Since we are trying to 

correct misalignments in three-dimensional space, we will provide a calibration process in which 

the mismatch between the point ploud representing the scene and the scene itself is minimized. 

 

The current calibration procedure is based on a single capture and requires the LiDAR to be fixed 

at a specific position, making it a cumbersome and complex process since it is necessary to make 

manual measurements of the position and orientation beforehand. Thus, the aim of this work is to 

improve the process providing freedom to the LiDAR position and orientation from the 

a) b) 
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checkerboard through using multiple captures of the calibration pattern, similarly to the widely 

used Bouguet’s method for 2D cameras. 

 

2. Materials and methods 

 

2.1 Definitions and Parameters 

 

To introduce us to a LIDAR system calibration, we will base it on a calibration model of the 

pinhole camera but the image plane (pixels) will be defined between the optical system (LiDAR) 

and the object (checkerboard), instead of behind the optical system, to facilitate calculations 

without loss of rigor [5], as seen in figure 3. 

 
Figure 3. LiDAR model. The image plane (pixels) is defined between the optical system (LiDAR) and the 

object (checkerboard) without loss of rigor. Adapted with permission from [2]. 

 

Our objective will be to obtain the extrinsic parameters, parameters relating the position and 

orientation of the LIDAR given the coordinates of a reference object (𝑋, 𝑌, 𝑍)𝑊 (world 

coordinates) considered at the plane of origin 𝑍 = 0, and the intrinsic parameters relating 

image-pixels coordinates with the angular directions pointing from the image to the object. 

 

 
Figure 4. LiDAR model. We obtain the data with the scanning projection and we render it with the back-

projection. The matrix 𝑯 relates coordinate systems and contains the extrinsic parameters. The function 𝑓 

is a function relating pixels with angular directions and contains the intrinsic parameters. 

  

As for the extrinsic parameters, in order to characterize the points in the world reference system 

as seen from the LiDAR reference system, we will be using a matrix representation relating the 

two different coordinate reference systems. We will estimate a matrix 𝑯 providing information 

about the orientation (through the rotational matrix 𝑹) and the position (through the translation 

matrix 𝒕) of the LiDAR with respect to our reference object, the checkerboard, to define any point 

𝑷𝑾 of our measured object in LiDAR coordinates reference system 𝑷𝑳 [5] as seen in the workflow 

represented in the figure 4 above.  

 

The rotational matrix 𝑹 = 𝑹𝒙(𝛼) · 𝑹𝒚(𝛽) · 𝑹𝒛(𝛾) can be determined by finding the rotational 

angles 𝛼, 𝛽, 𝛾 around each axis of the three-dimensional space. These angles can be parametrized 

as 𝑟𝑥 , 𝑟𝑦, 𝑟𝑧 as part of the extrinsic parameters. The translational components of the translational 

matrix 𝒕 = 𝑡𝑥,𝑡𝑦, 𝑡𝑧 introduces 3 more extrinsic parameters. The extrinsic matrix 𝑯 provides 6 
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parameters, 𝑟𝑥, 𝑟𝑦, 𝑟𝑧, 𝑡𝑥 , 𝑡𝑦, 𝑡𝑧 defining each checkerboard position and orientation we make. In 

eq. 2, the relationship taking any point in the world coordinate reference system to a LiDAR 

coordinate reference system is shown. 
 

                                                          [
𝑋
𝑌
𝑍
]

𝑳

= [𝑹|𝒕] [
𝑋
𝑌
𝑍
]

𝑾

= 𝑯𝑾→𝑳 [
𝑋
𝑌
𝑍
]

𝑾

 

 

By knowing the extrinsic matrix 𝑯, we can define the coordinates of any point of an object in the 

world as seen from the LiDAR. The extrinsic matrix 𝑯 is an invertible matrix, since it is a rigid 

transformation. Therefore, we can relate each reference coordinate system with each other [5]. 

As for the intrinsic parameters, to find a fit taking the pixels locations 𝑖,𝑗 to angular directions 

𝜃𝐻(𝑗), 𝜃𝑉(𝑖) that can point towards the real distribution of the points in the tridimensional space, 

we will be using a nonlinear function 𝑓 (eq.3) of 26 parameters relating the pixel locations with 

the angular directions: 

 
where parameters 𝑋 are mainly parameters involving shift distortion decenter, resolution and 

corrections for the velocity of the MEMS [2] and 𝑖, 𝑗 are the pixel locations in the image-pixel 

reference system. 

 

Once the angular directions are obtained, we can represent any back-projected point 𝑩𝒑𝑷𝑳 in the 

Point Cloud from the TOF image using eq. 4, where �̂�(𝜃ℎ, 𝜃𝑉) is a vector defined by the angular 

directions and a transformation to spherical coordinates [2]: 
  

                                       𝑩𝒑𝑷𝑳 = [𝐵𝑝𝑋, 𝐵𝑝𝑌, 𝐵𝑝𝑍]𝐿 = 𝑇𝑂𝐹 ·
𝑐

2
· �̂�(𝜃ℎ, 𝜃𝑉) 

 

Usually we want to provide as much information of the environment as we can. If the 

checkerboard has 35 point intersections (see figure 2), we would be working with 490 points by 

using 14 captures placed in different orientations, so we would be taking into account 84 different 

extrinsic parameters representing a reference of the free space we want to render. Along with the 

intrinsic parameters, we have a total of 110 unknown parameters to determine. 

 

2.2 Algorithm 

 

In the algorithm scheme seen in figure 5, we start from the pixel locations in the image reference 

system and the checkerboard points in the world reference system. At first, the extrinsic 

parameters are unknown and are estimated by relating the checkerboard points in the world 

reference system combined with a back-projection assuming ideal intrinsic parameters 

characterizing a homogeneous FOV with no distortion, as an initial guess for the iterative 

algorithm. 

 

Once the angular directions 𝜃𝐻, 𝜃𝑉 given by (eq. 3) have been calculated, we can use Region of 

Interest (ROI) algorithms [6] along with a Random Sample Consensus (RANSAC) fit [7], using 

the TOF information, to obtain an estimation of the plane of the object. Then we can intersect the 

scanning directions with the detected plane to obtain 3D points in the LiDAR reference system. 

This is what we call the back-projection. Using a ROI algorithm along with the RANSAC fit 

saves us from carrying the inherent measurement uncertainty (noise) of the TOF image itself, as 

the input data is subject to measurement uncertainty. 

 

To estimate the rigid transformation 𝑯 between the reference checkerboard points and the back-

projected points, as well as to reduce the measurement noise, we use a Horn's method [8]. 

(eq. 2) 

(eq. 3) 

(eq. 4) 
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Figure 5. Step-by step algorithm scheme for the estimation of the parameters that provides a reliable back-

projection as a LiDAR output. Two comparisons are made during the process, (1) and (2), respectively. 

 

Next, for a set of m control viewing angles 𝜃𝐻
𝑚 = arctan (

𝑋𝐿

𝑍𝐿
)  and  𝜃𝑉

𝑚 = arctan (
𝑌𝐿

𝑍𝐿
), we can 

estimate some intrinsic parameters that fix the distortion according to the following angular cost 

function 𝑔1 (eq. 5), used in a non-linear least squares system (NLSQ) optimization solver 

          
 

Once the extrinsics have been obtained, our checkerboard point locations in the LiDAR reference 

system are compared with the ground truth (1) which are the measurements of the checkerboard 

point locations in the LiDAR reference system made with a previously calibrated LiDAR. This 

will be regarded as the ground truth as it is the only 3D reliable measurement we can use as a 

reference. Although we already have a good result here and we can render the Point Cloud, the 

distortion has been corrected by minimizing two-dimensional angular information, according to 

the angular cost function 𝑔1 (eq. 5), and misalignment always remains in the three-dimensional 

Point Cloud. This result is not considered definitive and is only used as a good guess to start a 

new optimization process, the one we call refinement. By providing both intrinsic and extrinsic 

parameters as an input guess in the refinement, we can fix the misalignment of points in the 

tridimensional space through a metrical cost function 𝑔2 (eq. 6) used in a non-linear least squares 

system (NLSQ) optimization solver 

        
 

The optimization through this newly introduced objective function works by, given a guess of 

intrinsic and extrinsic parameters, back-projecting and updating those parameters at once, 

iteratively, until the back-projected points 𝑩𝒑𝑷𝑾 minimize their difference with the points of the 

board 𝑷𝑾 in the world's reference system located at the plane Z = 0. 

In this way we obtain intrinsic parameters that are well correlated with the extrinsic ones and we 

manage to improve the Point Cloud compared to what we had before starting this last optimization 

process. The last intrinsic parameters, can be used to back-project the pixel information in a 

definitive Point Cloud. while with the last extrinsics, we can make a new metric comparison (2). 

(eq. 5) 

(eq. 6) 
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2.3 Calibration 

For calibration purposes, it is possible to implement the algorithm with as many captures as we 

can to provide more input checkpoints. We decided to use multiple captures so as to allow for a 

better characterization of the distortion in more regions of the space. 

Having a single capture 

filling the entire FOV 

produces a result in the 

optimization process that is 

not very decisive because, for 

the 35 points of each checker-

board, there are certain gaps 

between them that do not 

provide info about the space.  

What we want is to cover the 

whole FOV uniformly in order to characterize it. By distributing a given number of points around 

the entire FOV, there is generally a greater error in the optimization output compared to 

distributing the same given number of points in a small region of the FOV but spacing the points 

out, we’re aiming to cover more FOV and we would be getting information of the distortion at 

more differentiated regions of the FOV. Hence, the result of the optimization is also more 

complete in the sense that we are covering more FOV. The figure 7 below depicts this concept in 

a simple way. 

 

Looking at figure 7 we can better understand why a 

smaller error would occur when obtaining the 

parameters, in the optimization process, for the case 

in which we use a distribution of captures that offer 

points that are very close to each other. It is clear that 

in figure 7 a), the line fits the curve better. Instead, in 

figure 7 b), when trying to fit the curve, the error is 

larger, but the result is more complete in that it takes 

more extension into account. In our case, we are not 

fitting a line to a curve but a nonlinear function 𝑓 (eq. 3) to a two-dimensional space of angular 

directions, however the concept is similar. 

Filling the FOV with points using different captures improves the result of the angular cost 

function 𝑔1 (eq. 5). But, following the metrical cost function 𝑔2 (eq. 6), the way to improve its 

result is to put as many captures as we can, not to fill only the FOV, but also all the 3D space that 

the z-direction depth adds. This optimization now restores the mismatch in a three-dimensional 

space instead of the mismatch in the angular directions. 

The way we arrange the points 

on the checkerboard also plays 

an important role in the outcome 

of our optimization. In figure 8 

we use a checkerboard capture 

distribution where the captures 

progressively move away 

without changing the transversal 

position. This arrangement is not 

optimal since, in a three-dimensional sense, as we move away from the LiDAR, more captures 

are needed to fill the FOV and the depth space ahead. This is why it is chosen to choose a 

distribution of checkerboards where the angular orientations 𝛼, 𝛽, 𝛾 are changed and they are 

Figure 7. a) Straight line (red) that passes 

through 3 close points belonging to a curve 

(blue). b) Straight line that passes through 

3 distant points belonging to a curve. 

a) b) 

Figure 6. a) Various captures with different positions and orientations 

as seen from de LiDAR. b) Distortion free FOV of the LiDAR 

Figure 8. Effect on the FOV of moving the checkerboard away 

a) b) 
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arranged in different positions 𝑑𝑥, 𝑑𝑦, 𝑑𝑧  to try to cover the greatest diversity of regions and 

obtain the most complete information possible (see figure 6). 

 

3. Results 

 

3.1 Ground truth 

 

Once the calibration is done, we can provide some results on the process. To characterize the 

results obtained through our calibration process, we will establish a reference value coming from 

a previous calibration, regarded as the ground truth, to compare it with and define a metric error. 

The metric difference of the measurements between calibrations 𝐶𝑑𝑖𝑓𝑓 (eq. 7) is 

𝐶𝐷𝑖𝑓𝑓 = ||𝑯𝑾→𝑳𝑷𝑾 − 𝑯𝑾→𝒑𝒓𝒆𝒗𝒊𝒐𝒖𝒔𝑳 𝑷𝑾||
2

 
 

Knowing the 𝐶𝑑𝑖𝑓𝑓 value, which is the metric error, will be useful to validate the obtained extrinsic 

parameters representing the rigid transformation between the LiDAR and world reference 

coordinate systems. 

 

In the figure 9, different values of metric error 𝐶𝑑𝑖𝑓𝑓 as a function of the distance to each 

checkerboard capture are shown. The modulus of the translational vector |𝒕| involved in each 

capture is regarded as the range distance of the LiDAR to each capture. 
 
 

The figure 9 basically shows the 

metrical error 𝐶𝑑𝑖𝑓𝑓 each capture 

has. Through a linear fit, we provide 

the general trend of metrical error 

𝐶𝑑𝑖𝑓�̃� as we increase the distance of 

the checkerboard from the LiDAR. 

We can observe how the metric 

error increases as we increase the 

distance of each capture but, 

generally, the error values stay 

within the centimeter range. A way 

to produce a single value result 

characterizing the calibration 

process can be done by using the 

average value of the metrical error 

𝐶𝑑𝑖𝑓𝑓
̅̅ ̅̅ ̅̅ ̅ shown in the black dashed 

line in figure 9. We can use this to 

provide some more comparisons, as 

shown in table 1 below. 

 

Throughout the algorithm shown in figure 5, we said that after obtaining both extrinsic and 

intrinsic parameters provided by using the metrical cost function 𝒈𝟐 (eq. 6), we improved the 

results we already obtained using the angular cost function 𝒈𝟏 (eq. 5). By using 𝒈𝟏, we obtained 

only the intrinsic parameters but extrinsic parameters could be found in a posterior step, which 

allowed us to make a comparison with the ground truth. Therefore, a comparison can be made 

between the results obtained using each cost function. 

 
Cdiff
̅̅ ̅̅ ̅̅  

 

     
10.21 𝑚𝑚 

 

 
 

8.39 𝑚𝑚 
Table 1. Averaged metrical error Cdiff

̅̅ ̅̅ ̅̅  in the range of calibration as a result of involving different 

objective functions, g1 and g2 in the optimization process. 

Figure 9. Blue points: Metric error 𝐶𝑑𝑖𝑓𝑓  each capture has. The 

value of the position of each capture is regarded in the abscissa 

axis. Red line: Linear regression of the evolution of metric 

error 𝐶𝑑𝑖𝑓�̃�  with the distance. Black line: Average value of the 

metric error 𝐶𝑑𝑖𝑓𝑓
̅̅ ̅̅ ̅̅ ̅ in the measurement range. 

(eq. 7) 
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Table 1 provides the values of the average metric error 𝐶𝑑𝑖𝑓𝑓
̅̅ ̅̅ ̅̅ ̅ in the range of calibration, obtained 

in each case. Experimentally, the results of 𝐶𝑑𝑖𝑓𝑓 obtained using the metrical cost function 𝑔2 (eq. 

6) cannot be obtained without using a good initial guess, it is for that reason that we use the 

parameters obtained through the angular cost function 𝑔1 (eq. 5) as initial guess. 
 
 
 

In order to assess the magnitude of our results, a study on measurement uncertainty is presented 

below. In this way, we can have a vision of how precise our results are and show the virtue of the 

calibration process. 

 

3.2 Measurement uncertainty 

 

As with all techniques, measurements made with LiDAR are subject to measurement uncertainty. 

Hereby we carry out a study to quantify the measurement uncertainty of the LiDAR data, to check 

if the results of our optimization are close to the precision limit. 

 

𝑪𝒅𝒊𝒇𝒇 will be thus compared with the uncertainty that we have due to the physical limitations of 

the measuring instruments 𝛿𝑃𝐿 that depends both on the uncertainty in the determination of the 

distance (range) 𝑟 (quantified for the LiDAR of BEAMAGINE S.L. being used in 𝛿𝑟 = ±3 𝑐𝑚) 

and the limits in the results obtained in the angular error |𝛿𝜃| which ranges, depending on the 

FOV angular value position 𝜃, between |𝛿𝜃| = 0.05° and |𝛿𝜃| = 0.1° [2]. 

 

To characterize the measurement uncertainty, we will be using a two-dimensional model 

representing how the laser beam interacts with the checkerboard. This model considers the 

variables 𝑟, 𝜃, 𝜙,  with 𝜙 being the rotation of the checkerboard, as the figure 10 shows: 

 
Figure 10. Two-dimensional schematic model showing the variables that characterize the measurement 

uncertainty. The blue line characterizes the position of the board viewed from the side, the red line 

characterizes the range of the beam with angular variation. 

 

Based on the figure 10, we can characterize our results, as we can compare how far we are from 

the precision limit that offers the measurement uncertainty. 

 

Judging from figure 10, for the small variations of the angles involved, we can define (see eq. 8): 

 

                    𝑃𝐿
⃗⃗  ⃗ = [

𝑦 + 𝑑𝑦𝜙

𝑧 + 𝑑𝑧𝜙
] = 𝑟 · [

sin 𝜃 + sin 𝜃 · tan𝜙 · tan 𝜃
cos 𝜃 + sin 𝜃 · tan𝜙

] = [
𝑃𝐿�̂�

𝑃𝐿�̂�

]   

 

By error propagation we can define the uncertainty in the measure as follows: 
 

Δ𝑃𝐿 = √∑|
𝛿𝑃𝐿

𝛿𝑥𝑖

|
2

𝛿𝑥𝑖
2 

 

𝑃𝐿
⃗⃗  ⃗ = 𝑃𝐿�̂�

⃗⃗⃗⃗⃗⃗ + 𝑃𝐿�̂�
⃗⃗ ⃗⃗  ⃗      →      Δ𝑃𝐿

⃗⃗⃗⃗ ⃗⃗  ⃗ = Δ𝑃𝐿�̂�
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ + Δ𝑃𝐿�̂�

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  = Δ𝑃𝐿𝑦
· �̂� + Δ𝑃𝐿𝑦

· �̂� 

where 

Δ𝑃𝐿𝑦
= √∑ |

𝛿𝑃𝐿𝑦

𝛿𝑟
|
2

𝛿𝑟2 + |
𝛿𝑃𝐿𝑦

𝛿𝜃
|
2

𝛿𝜃2 and Δ𝑃𝐿𝑧
= √∑ |

𝛿𝑃𝐿𝑧

𝛿𝑟
|
2

𝛿𝑟2 + |
𝛿𝑃𝐿𝑧

𝛿𝜃
|
2

𝛿𝜃2 

 

So, the uncertainty in the measure results in eq. 9: 

(eq. 8) 
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                  𝛿𝑃𝐿 = √Δ𝑃𝐿𝑦

2 + Δ𝑃𝐿𝑧

2  

 

The results shown, above, in figure 9 are truly promising as they are far below the uncertainty of 

the measurement for the range of the measurements used, as we can see in Figure 11. 
 

The figure 11 shows the metric 

error trend 𝑪𝒅𝒊𝒇�̃� and the average 

metrical error 𝑪𝒅𝒊𝒇𝒇
̅̅ ̅̅ ̅̅ ̅, in red and 

black dashed lines, respectively, 

as discussed also in figure 9. The 

different solid color curves 

represent the evolution of the 

measurement uncertainty for 

different 𝝓 orientations of the 

checkerboard as a function of the 

range r of the LiDAR. It is 

shown that we have a trend  error 

𝑪𝒅𝒊𝒇�̃� far below the uncertainty 

in the range distance 𝒓 of the 

checkerboard captures involved 

(𝑟 < 7 𝑚). 

 

There’s no appreciable change between the curves of 𝜹𝑷𝑳(𝒓) when varying 𝜃, the metrical 

difference raises below the millimeter, that is the reason why in the figure 11 the study is done at 

a single angle, 𝜃 = 15°. 
 

The reason why we are below measurement uncertainty is due to image processing. When we 

were detecting the plane to intersect with the angular directions using ROI and RANSAC 

algorithms, we could already instead determine the z-position of the checkerboard by using 

directly the TOF information that provides the TOF image. But we would always carry the 

uncertainty error of the TOF. Using plane detection makes the inherent error in the depth to 

disappear. The TOF image also presents some error in the measurement in the tangential plane of 

the TOF image that we carry also in the back-projection, but by relating the checkerboard points 

in the world reference system with the back-projection made the LiDAR reference system, using 

a Horn's quaternion-based method, we amend the distortion in the tridimensional space that we 

may be carrying. 

 

With such results, the LiDAR system is ready to do a back-projection as an output (see figure 12). 

 

 
Figure 12. a) TOF image from which we get the pix locations (distorted). b) The rendered Point Cloud is 

shown. The orientation of the renderization can be changed, as it is a 3D Point Cloud, but we offer the same 

perspective as the TOF image to see how distortion has been corrected in the renderization. 

 Figure 11: The metric error trend 𝑪𝒅𝒊𝒇�̃�, is contrasted with the 

measurement uncertainty 𝜹𝑷𝑳 for different orientations 𝝓 of the 

checkerboard. The metric error is shown to be below the 

measurement uncertainty. 

a) b) 

TOF image                                                           Point Cloud 

(eq. 9) 
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In figure 12, left is the initial TOF image obtained through the scanning. At right, the rendered 

Point Cloud is shown. In the Point Cloud, the yellow dots and the whole scenario, including the 

checkerboard, are the definitive back-projection 𝑩𝒑𝑷𝑳 that LiDAR system does from the TOF 

image. The green and purple points are the control points of the checkerboard in the LiDAR 

coordinate reference system for the present calibration 𝑷𝑳 and the ground truth, respectively. 

Seeing the results shown in which both back-projected points and control points fits each other in 

3D, with no noticeable distortion, proves that the rendered back-projection has been successful. 

 

4. Conclusions 

 

The objective of this work has consisted in successfully calibrate a LiDAR system device in order 

to produce at the output a Point Cloud representing the scene it has ahead. Throughout the whole 

process of calibration, we have contrasted different usage options to improve our results. We have 

seen that multi-capture allows for a better characterization of the stage environment and that it is 

important to spread the checkerboard throughout the full FOV considering the three-

dimensionality of the space ahead the FOV. The results of the optimization using a tridimensional 

objective function provides an improvement of the metrical error of about 2 𝑚𝑚 with respect the 

result obtained using a two-dimensional objective function, which leads us to state it is important 

to fix the distortion in three-dimensional space rather than in the projected space that offers the 

angular directions. 

 

Placing the checkerboard in various positions and orientations is an improvement to the previous 

calibration process, where a fixed position was required for the LiDAR and it needed to be, hardly, 

very well defined. This new calibration method is successful because it allows us to obtain precise 

results that also do not depend on prior knowledge of the position and orientation of the 

checkerboard, since everything happens in an automated way from defining the checkerboard in 

its own reference system and scanning it.  
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