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 Ott, Grebogi and Yorke (OGY) method (1990)

Unstable periodic orbits can be used for control: wisely 

chosen periodic kicks can maintain the system near the 

desired orbit.

 Pyragas method (1992)

Control by using a continuous self-controlling feedback

signal, whose intensity is practically zero when the system 

evolves close to the desired periodic orbit but increases 

when it drifts away.

Can we control a chaotic system?

E. Ott, C. Grebogi and J. A. Yorke, Phys. Rev. Lett. 64, 1196 (1990).

K. Pyragas, Physics Letters A 170, 421 (1992).



Experimental demonstration of OGY control of chaos



Demonstration of delayed feedback control (Pyragas method)
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 Introduction to delay differential equations (DDEs)

 Solving DDEs

 Bifurcations in DDEs

Motivation:

Bibliography: 
T. Erneux, Applied Delay Differential Equations (Springer 2009).

https://discovery.upc.edu/iii/encore/record/C__Rb1482328?lang=cat



 A feedback control mechanism usually involves a time delay.

 In a 2D system delayed feedback can reduce oscillations, but 

in a 1D system it can induce oscillations.

 Example:

Exception to no oscillations in 1D systems: 

delay differential equations (DDEs)

 Linear system

 Infinite-dimensional system 

(because the initial condition is a 

function defined in an interval).

 Delay-induced oscillations.



Example: population dynamics Delayed logistic equation 

In a single-species population, the incorporation of a delay allows to explain 

the oscillations, without the predatory interaction of other species.

The initial function is y=0.5 in -1<s<0



It is important for the crane to move payloads rapidly and 

smoothly. If the gantry moves too fast the payload may start 

to sway, and it is possible for the crane operator to lose 

control of the payload.

Example of delayed feedback control: container crane 

T. Erneux, Applied Delay Differential Equations (Springer 2009).



weakly damped oscillator

Pendulum model for the crane, 

y represents the angle

Feedback control

Reduction of payload oscillations: why delayed feedback works?

Near the equilibrium solution y=0:

Small delay:

The delay increases the damping.

Therefore: the oscillations decay faster.

(not first-order equation, 

without control payload 

oscillations are possible)



 Small perturbation

but

 Large perturbation

T. Erneux, Applied Delay Differential Equations (Springer 2009).



Example: Car following model



Typical solution for two cars

 Speed of the two cars  Distance between the two cars

The lead vehicle reduces its speed of 80 km/h to 60 

km/h and then accelerates back to its original 

speed. The initial spacing between vehicles is 10 m.



Alcohol effect

A sober driver needs about 1 s in order to start 

breaking in view of an obstacle. 

With 0.5 g/l alcohol in blood (2 glasses of wine), this 

reaction time is estimated to be about 1.5 s.

 oscillations near the stable equilibrium increase.



 Introduction to delay differential equations 

(DDEs)

 Solving DDEs

 Bifurcations in DDEs
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Solving DDEs

function solve_delay1

tau = 1;

ic = [0.5];

tspan = [0 100];

 = 1.8;

sol = dde23(@f,tau,ic,tspan);

plot(sol.x,sol.y(1,:),'r-')

function v=f(t,y,Z)

v = [*y(1).*(1-Z(1))];

end

end
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ic =constant 
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function

Time



Simulate the delayed logistic equation with different 

values of the delay . 

Exercise 10
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 Introduction to delay differential equations 

(DDEs)

 Solving DDEs

 Bifurcations in DDEs

Outline



 Delay allows for sustained oscillations in a single species 

population, without any predatory interaction of other species

Bifurcations in 1D systems with delay

Example 1: delayed logistic equation

Hopf bifurcation (to be discussed in “2D systems” with Prof. Pons).



Example 2: particle in a double-well 

potential with delayed feedback
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 Simple model to understand two-state systems

 Example: light emitted by a diode laser with optical feedback, 

observation of switching between X and Y polarization.

Motivation

 With appropriated parameters delay feedback can suppress 

fluctuations and stabilize the system in one state (the laser 

emits a stable output with stable polarization).

 Dtxcxx
dt

dx
2)( 3 



Fixed points of the deterministic equation (D=0)

if c>0 stable for all 

if c<0 the stability 

depends on (c, )

 Dtxcxx
dt

dx
2)( 3 



Special initial conditions give 

meta-stability and very long transients

T. Erneux, Applied Delay Differential Equations (Springer 2009).



 Transient dynamics becomes stationary, sustained by noise.

Role of “noise”?

 In nonlinear systems noise can have contra-intuitive effects.

 Example: stochastic resonance. It refers to maximum 

regularity (max performance) under an optimal level of noise.

 It occurs in a bistable system + small amplitude signal + noise.

No noise With noise

Experiments: laser output intensity

Time (arb. units)



 Classical noise: Brownian motion

 Quantum noise: Spontaneous emission

What is “noise”?

Brownian motion: random fluctuations in a particle's position 

due to interactions with smaller particles (“thermal noise”). 

Trajectories of 5 particles (yellow)

Source: Wikipedia

Cartoon of 2D random walk (drunkard’s walk) 

Source: The Viking Press, New York,1955



Bistable system with sinusoidal forcing and noise

25

Varying ; D constant



Time

Varying D;  constant

D

Time

x(t)

Gammaitoni et al, Reviews of Modern Physics 70, 223 (1998).

Fixed points: x=1, x=-1



Experimental demonstration using a bistable laser

Input 

signal 

Output 

laser 

intensity

Level 

of 

noise 

S. Barbay et al., Phys. Rev. Lett 85, 4652 (2000).

Level of noise 

Quantification of 

“resonance”: 
correlation input-output



 A periodic modulation can be used to control a 

chaotic system: to generate a periodic output.

 A time-delayed feedback loop can stabilize a 

nonlinear system, but it can also induce oscillations.

 Delays can induce long transients, which can 

become stationary in the presence of noise.

 In a nonlinear system, the effects of noise and 

delays can be counterintuitive: they can enhance the 

regularity of the output of the system.

Summary



Test the stability diagram by simulating the equation with 

D=0 and different values of the parameters c and .

Exercise 11
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