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Propulsion and energetics of a minimal magnetic
microswimmer†
Carles Calero,‡,a,b José García-Torres,‡,a,b Antonio Ortiz-Ambriz,a,b Francesc Sagués,b,c
Ignacio Pagonabarraga,a,d,e and Pietro Tierno∗,a,b,e

In this manuscript we describe the realization of a minimal hybrid microswimmer, composed of
a ferromagnetic nanorod and a paramagnetic microsphere. The unbounded pair is propelled in
water upon application of a swinging magnetic field that induces a periodic relative movement of
the two composing elements, where the nanorod rotates and slides on the surface of the paramagnetic sphere. When taken together, the processes of rotation and sliding describe a finite area
in the parameter space which increases with the frequency of the applied field. We develop a
theoretical approach and combine it with numerical simulations which allow us to understand the
dynamics of the propeller and explain the experimental observations. Further, we demonstrate a
reversal of the microswimmer velocity when varying the length of the nanorod, as predicted by the
model. Finally we determine theoretically and in experiments the Lighthill’s energetic efficiency of
this minimal magnetic microswimmer.

Introduction
The ability to swim or propel at low Reynolds number (Re), when
viscous effects dominate over inertial forces, characterizes many
biological systems living in a fluid medium, such as cells or bacteria 1,2 . In this situation, the fluid flow can be considered as
time-reversible, and propulsion cannot be achieved with a simple
reciprocal movement, namely a periodic sequence of back and
forward displacements 3 . Such necessary condition can be formulated in an equivalent way by stating that in a viscous, Newtonian
fluid propulsion can only be achieved when there are at least two
independent degrees of freedom able to describe a closed area in
the parameter space 4 . The canonical example is the scallop, a
macroscopic organism that is characterized by one degree of freedom, as it can only periodically open and close its shells 5 . Thus,
the scallop provides a simple example of reciprocal motion, and
it would not swim at low Re. The same physical situation applies
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to artificial microswimmers, i. e. man-made micromachines that
are designed to navigate in viscous fluids, and thus have to avoid
reciprocal motion in order to translate in the medium.
The current push to fabricate microscopic devices that can be
propelled in fluid media is in part driven by fundamental motivations aimed at investigating the physics of microorganism motility and reproducing their essential features 6 . But there is also the
technological promise to deliver a novel class of microscale devices capable of performing useful tasks in microfluidic chips 7,8
or vein networks 9–11 . These motivations have lead to the realization of different prototypes based on the use of flexible or
stiff parts that could be actuated by chemical reactions or external fields 12 . In the latter case, some examples include the use
of electric 13,14 , magnetic 15–18 , and optical fields 19,20 or ultrasound 21–23 , to cite a few cases. In parallel, different prototypes
have been realized via chemical reactions, such as Pt-Au nanorods
that induce heterogeneous catalytic reactions on their surface 24 ,
Janus colloids 25,26 or other reactive species 27–29 . In spite of all
these achievements, experimental prototypes actuated by external magnetic fields demonstrated simplicity in design, as they require a finite number of well identified, independent, degrees of
freedoms to propel in a fluid medium. Some examples include elementary stiff dumbbells 30,31 , triplets 32 , chiral 16,17 or other planar achiral structures 33–36 . Developing minimal microswimers is
appealing for different reasons, even if their speed performance
may be inferior to other prototypes which make use of flexible or
helical parts. From a fundamental point of view, they allow to
develop analytical models which can be used to understand the
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physical principle behind the interactions between few elements,
to calculate analytically their efficiency or to clarify the role of
hydrodynamics and the interaction with the dispersing medium.
From the point of view of applications, minimal microswimmers
can be easily optimized as their propulsion mechanism is based
on the rotation/displacement of few elements and thus on a minimal number of degrees of freedom.
In our previous work 37 , we have realized experimentally a
hybrid magnetic microswimmer composed by a ferromagnetic
nanorod and a paramagnetic microsphere. The couple assembled and propelled when it was actuated by a swinging magnetic
field which performed periodic oscillations around a fixed axis
and induced consecutive rotation and translation of the nanorod
close to the surface of paramagnetic particle. These movements
were uncoupled, and allow the displacement of the pair since
they provided two degrees of freedom. These are represented by
two angles and describe a closed area in the parameter space. In
this article we generalize the previous study of the magnetic pair
by formulating a theoretical approach which allows to characterize the displacement of the pair and the corresponding energetic
efficiency. This model displays good agreement with numerical
simulations which are performed in order to explore a range of
parameters which are inaccessible to the experimental system.
Further, we show experimentally that increasing the length of the
nanorod induces a reversion of the propulsion direction, another
feature captured with the theoretical model. We also demonstrate
the scaling of the swimmer velocity with the area of the parameter space and the Lighthill’s energetic efficiency of the microswimmer.
The article is organized as follow. First we describe the experimental system and the technique used to measure the phase
of the field in order to determine the energetic efficiency of the
nanorod-particle pair. In the next section we explain the mechanism of motion of the pair, and then we introduce the theoretical
model used to describe the experimental results. After that, we report the results of the theory and simulations where we identify
and describe in detail the two independent degrees of freedom
which enable the net translation of the propeller. Then we describe how we measure the Lighthill’s energetic efficiency of the
microswimmer and discuss its dependencies on the parameters
of the problem. We conclude by stressing the main results and
provide a general outlook in view of this emergent, and rapidly
developing research field.

Experimental part
Materials and methods
The micropropeller is composed of a magnetically assembled
ferromagnetic nickel (Ni) nanorod and a paramagnetic microsphere. The Ni nanorods are synthesized by template-assisted
electrodeposition from a single electrolyte, 0.5mol dm−3 NiCl2 solution (Sigma Aldrich), prepared with distilled water treated with
a Millipore (Milli Q system). The electrosynthesis was conducted
using a microcomputer-controlled potentiostat/galvanostat Autolab with PGSTAT30 equipment, GPES software and a three
electrode-system. A polycarbonate (PC) membrane with pore
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Fig. 1 (a) Diagram illustrating the experimental system with the optical
microscope and the set of coils arranged in the Helmholtz configuration
and used to apply the swinging magnetic field. Inset shows the circuit
used to connect the two colored LEDs in an anti-parallel configuration to
estimate the phase of the field at a given time (see main text). (b) The
left panel shows an experimental image of the nanorod-particle propeller
with the green LED on, and the right panel shows an image with the red
LED on. The scale bar is 5µm. The difference in color is subtle, but can
be appreciated more clearly in panel (c) where we plot the average value
of the pixels of each channel versus time.

diameter ∼ 400nm (Merck-MilliPore) and sputter-coated with a
gold layer on one side to make it conductive is used as the working electrode. The reference electrode is made of Ag/AgCl/KCl
(3mol dm−3 ) while the counter electrode is a platinum sheet.
After synthesis, the Ni nanorods are released from the membrane by first removing the gold layer with a I2 /I− aqueous solution, and then by wet etching of the PC membrane in CHCl3 .
Nanorods are then subsequently washed with chloroform (10
times), chloroform-ethanol mixtures (3 times), ethanol (2 times)
and deionised water (5 times). Finally, sodium dodecyl sulphate
(Sigma Aldrich) is added to disperse the nanorods. The typical
length of the fabricated Ni nanorods is L = 3µm. The permanent
moment of the nanorod is measured by following its orientation
under a static magnetic field, as described in previous works 38,39 .
The value obtained for the magnetic moment of the ferromagnetic
rod is mn = 3.7 × 10−11 Am−2 .
The spherical colloids used are paramagnetic microspheres
with radius R = 1.5µm, ∼ 15% iron oxide content and surface
carboxylic groups (ProMag PMC3N, Bang Laboratories). The particles are characterized by a magnetic volume susceptibility equal
to χ = 0.21, as measured in separate experiments 40 . The particles
and the nanorods are dispersed in highly deionized water (MilliQ,
Millipore) and allowed to sediment above a glass substrate. While
the fabrication yield of the Ni nanorods is high (∼ 75%), the final
yield of the pair nanoro-microsphere is much lower. This is due to
different reasons, as the fact that due to their permanent moment
many nanorods tend to cluster and cannot be used to produce the
microswimmer pair.
As shown in the schematic in Fig.1(a), the substrate is placed in
the center of five orthogonal coils (for clarity only three coils are
shown in the schematic), four of them arranged in the Helmholtz

configuration on the stage of a light microscope (Eclipse Ni,
Nikon). The latter is equipped with a Nikon 100× objective
with 1.3NA. The coils are connected to a waveform generator
(TGA1244, TTi) feeding a power amplifier (IMG AMP-1800). The
particle dynamics are recorded with a CCD camera (scA640-74fc,
Basler) working at 75 frames per second (fps), with a CMOS camera (MQ003MG-CM, Ximea) working at 500 fps, or in color at 325
fps (acA640-750uc, Basler).
Measurement of the phase of the field
To measure the phase between the instantaneous value of the applied field and the orientation of the propeller, we modify the experimental set-up by introducing two light-emitting diode (LEDs)
to the optical path, just above the observation objective, as shown
in Fig.1(a). The two LEDs are connected in an anti-parallel configuration to an alternate current (AC) voltage source, which is
produced by the same waveform generator that powers the magnetic coil system. We use a phase lock program to synchronize
the oscillations coming from the two signals. In this configuration, the green LED emits light during the positive cycle of the applied field, while the red LED emits on the negative one. The tube
lens of the objective allows to distribute the colored light over the
whole sample view. Even if the transmitted intensity appears as
relatively small, it can be distinguished from the experimental image. From the color video in RGB format, we calculate the average value of all the pixels in the red and in the green channels as a
function of time. An example of the time series for a 5Hz video is
shown in Fig. 1(c). We then perform a least squares fit using the
function f (t) = A + B2 (sin(2π f t + φ ) + |sin(2π f t + φ )|) from which
we extract the phase φ , being A and B two amplitudes. The value
of φ allows us to calculate an instantaneous value of the field for
each frame. Further, we track three points of the swimmer using
the public program ImageJ (National Institutes of Health). These
points are the outermost tip of the nanorod, the point of contact
between the nanorod and the colloidal particle, and the center of
the colloidal particle. From these three points, we extract the relative angles, and using the instantaneous direction of the applied
field B, we have all the information over the different degrees of
freedom involved.

Propulsion mechanism
We start by describing the mechanism of motion of our assembled microswimmer and how the nanorod-colloid pair reacts to
the external field. Initially, the nanorod and the microsphere are
separated, and can be approximated by a static magnetic field
which induces attractive dipolar interactions. When the field is
switched off, the pair can easily uncouple due to thermal fluctuations. We induce propulsion by using a swinging magnetic field
characterized by a static component of amplitude Bx and an oscillating one perpendicular to it of amplitude By and frequency
ν:
B ≡ (Bx , By sin (2πνt)) .
(1)
Since the applied field is spatially homogeneous, i. e. it has no
magnetic gradient, it produces no force on the particles. The field
exerts only a torque to the nanorod, while it induces a dipole mo-

ment within the paramagnetic colloid. The sequence of images in
Fig. 2(a) results from fast video recordings of the hybrid propeller,
which moves towards the left with the spherical particle in front
of it. This sequence shows the orientation of the nanorod and its
position relative to the spherical particle during one entire field
cycle. The sequence starts from a configuration where the permanent moment of the nanorod (mn ) and the induced moment of
the particle (m p ) are aligned along the field direction. Attractive
dipolar interactions between the pair keep both elements together
until the field changes direction. When the oscillating component
of the field evolves and changes sign, By → −By , we observe that
the nanorod tilts following the direction of the field by changing
the orientation angle θ , defined in Fig. 2(b), while it keeps the
contact point with the particle surface approximately fixed. With
a significant lag, the nanorod slides across the particle’s surface
varying the position of the contact point, which is characterized
in terms of a second angle φ (see Fig. 2(b)). The translation of
the nanorod on the spherical particle tends to align mn with m p ,
minimizing the magnetic dipolar interaction energy of the couple.
Another inversion of the oscillating component, −By → By repeats
the cycle and the pair starts to advance with the paramagnetic
particle in front of it. This sequence of events showed in Fig. 2a
is also observed in the trajectories of our numerical simulations
(see later).
Since the the rotation and the sliding of the nanorod are mostly
uncoupled, they provide the two independent degrees of freedom
required to break the time-reversal symmetry of the fluid flow,
thus avoiding the Scallop’s situation of reciprocal motion. Linking the nanorod to the particle, for example using DNA 41 , would
impede the relative sliding motion, thus reducing the degrees of
freedom to one and making the motion reciprocal. Understanding the main ingredients of the propulsion mechanism is essential
to justify the theoretical model that will be detailed in the next
section.
Further we explore the average propulsion speed of the pair
by fixing the static field to Bx = 2.15mT and by varying both the
amplitude of the oscillating field By and the driving frequency ν.
In particular, we vary ν ∈ [5, 30]Hz and By ∈ [1.36, 3.16]mT and
observe a maximum speed of V = 7µm/s for the extreme values
of both parameters 37 . Above 30Hz, the nanorod becomes asynchronous with the swinging field and it cannot follow its fast oscillations, thus 30Hz represent a critical (or step-out) frequency.
As a consequence, the nanorod pins to the surface of the paramagnetic particles and there is no net motion of the pair. The
speed raises in a non linear manner with ν and By , but experimental limitations impeded us to explore the existence of a peak
as a function of ν, due to the high range of frequency required.
We note that in contrast with other prototypes as surface walkers 42–45 or rotors 30,46–48 , that require the close proximity of a
substrate to propel, our case is completely independent from it.
The substrate could have some effect on the microswimmer performance but is not important for its propulsion mechanism.

Theoretical treatment
We consider a pair composed of a spherical paramagnetic particle of radius R and isotropic magnetic volume susceptibility χ,
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Fig. 2 (a) Sequence of experimental images showing one hybrid propeller composed by a paramagnetic colloid (radius R = 1.5µm) and a Ni nanorod
(length L = 3µm, diameter D = 400nm). The pair is actuated by a swinging magnetic field with frequency ν = 20Hz and amplitudes Bx = 2.15mT and
By = 2.74mT. In average the propeller moves towards left, with the particle in front of it. Scale bar is 5µm, see VideoS1 in the Supporting Information.
(b) Schematic picture of the system illustrating the definition of the two angles φ and θ .

and a ferromagnetic rod of length L, diameter D, and a permanent moment amn . Both elements self-assemble due to their mutual magnetic dipolar interaction. The only external actuation is
through the swinging magnetic field B given by Eq. 1, which exerts
a torque on the ferromagnetic rod. We assume that the magnetic
field is sufficiently weak so that the paramagnetic particle is in
its linear response regime. Thus, the induced moment is given
4π 3
R χB, being µ0 the permeability of vacuum. Due to
by m p = 3µ
0
the dimensions of the swimmer we assume that its dynamics are
overdamped and governed by the hydrodynamic drag with the
viscous fluid.
Numerical simulations
This theoretical picture of the microswimmer is implemented into
a model whose dynamics under the actuating field are solved
through numerical simulations.
The dynamics of the swimmer are determined by magnetic, hydrodynamic, and steric interactions. To describe magnetic interactions we model the paramagnetic colloid as a spherical particle with induced moment m p located in its center. The shape
and magnetization of the ferromagnetic rod are modeled using a
group of N equally spaced ferromagnetic beads of diameter D and
with permanent moment mn /N directed along the axis of the rod.
The length of the rod is kept fixed using a SHAKE algorithm. Under the actuating fields considered here we assume that the paramagnetic particle responds instantaneously, so the external field
only exerts a torque on the ferromagnet, given by τB = mn × B.
This torque is implemented as an artificial force pair applied perpendicular to the axis of the rod. Additionally, the mutual magnetic interactions between the nanorod-sphere pair are modeled
as a sum of dipolar interaction between the dipole of the paramagnetic sphere and the N beads composing the ferromagnetic
rod.
The viscous fluid exerts a drag against the motion of the microswimmer. In addition, the independent motion of the two
magnetic particles generates hydrodynamic flows which induce
mutual hydrodynamic interactions. In our description, the interaction of bead i of the microswimmer with the viscous fluid is
given by the hydrodynamic friction force
FH,i = −γi (vi − u(ri )) ,

(2)

where γi is the bead’s friction coefficient, vi its velocity, and u(ri )
is the induced fluid flow at the bead’s position. We calculate the
4|
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flow field u(r) generated by the motion of the different components of the microswimmer in the far field regime. Under this
approximation we assimilate the hydrodynamic behavior of the
beads composing the microswimmer to that of point particles,
which provides the flow field at point ri
u(ri ) =

1
8πη

∑ G(ri ; r j ) · F j .

(3)

j

Here, F j is the non-hydrodynamic force acting on particle j, η
is the viscosity of the fluid, and G(ri ; r j ) is the Oseen tensor.
To avoid overlaps of the particles composing the swimmer we
also provide them with short ranged steric interactions through
a Weeks-Chandler-Andersen potential 49 .
Under these interactions, the dynamics of the swimmer evolves
following Newton’s equations of motion. This is done by using a
Verlet algorithm adapted for cases with forces which depend on
the velocity 50 .

Analytical perturbative solution
We also solve analytically the dynamics of the self-assembled microswimmer under the action of a swinging field in the regime of
small amplitude of the oscillating field, ε ≡ By /Bx  1. To accomplish that, we model the paramagnetic particle as a sphere with an
induced magnetic moment m p in its center, and the ferromagnet
as a rod with a permanent moment mn also located in its center.
Dipolar attraction between the two magnetic particles keeps the
tip of the rod on the surface of the paramagnetic sphere, a point
which is identified as a virtual joint. The dynamical equations for
the virtual joint in the overdamped regime are given by 51
fr + fs

=

0

Mr + τB + rr × fr + rr × fr

=

0

rs × fs − τdip

=

0 ,

(4)

where fr , Mr are the forces and torques exerted by the fluid on
the rod, and fs is the viscous drag force of the fluid on the spherical particle. rr and rs are the vectors from the joint to the center
of the rod and sphere. Neglecting hydrodynamic interactions between the sphere and the rod, we approximate fr and Mr with the

help of slender body theory as
fr

=

−

2πηL
4πηL
(vr · t̂)t̂ −
(vr · n̂)n̂
γ
γ

(5)

Mr

=

−

πηL3
ωr .
3γ

(6)

Here, η is the viscosity of the fluid, γ = log(L/D), vr and ωr are
the linear and angular velocities of the rod, respectively. In Eq. 5,
t̂ (n̂) denotes the direction parallel (perpendicular) to the axis of
the rod. In eqs. 4, fs is given by Stokes law fs = −6πηRvs , where
vs is the linear velocity of the spherical particle. In this model
we assume that the spherical particle is a perfect paramagnet, so
there is no external torque exerted on it and as a result it does not
rotate.
In Eq. 4, τdip is the internal torque exerted by the dipolar forces
about the joint, which defines the shape of the swimmer and can
be written as
τdip =

3µ0
r × [mn (r · m p ) + m p (r · mn )] ,
4πr5

Fig. 3 Velocity V of the microswimmer versus driving frequency ν.
Symbols correspond to the results obtained from numerical simulations.
Dashed lines represent the results from the analytical model.

(7)

where r is the vector joining the centers of the paramagnetic and
ferromagnetic particles.

Results
Velocity of the swimmer
The relevant coordinates of the problem are the coordinates of
the joint on the plane of motion (x, y) and the angles θ and φ defined by the position of the joint on the surface of the spherical
particle and the direction of the rod, see Fig. 2b. The problem
is controlled by three dimensionless parameters, namely the ratio
between the sizes of the particles, δ = L/R, the volume paramagnetic susceptibility χ and αind = µ0 mn /(R3 Bx ), which is a measure
of the importance of the magnetic field induced by the ferromagnet on the paramagnet with respect to the external field.
Following the work by Gutman and Or 51 , we solve the steady
state dynamics of the propeller with the transfer function formalism using a perturbative approach under the condition of small
oscillating transverse field, ε  1. The leading order expression
for the velocity of the propeller V is given by
V /V0 = ε 2

b1 (ν/ν0 )2
+ O(ε 4 ) ,
a4 (ν/ν0 )4 + a2 (ν/ν0 )2 + a0

(8)

x mn
where V0 = Rν0 , and ν0 = 9B
is a characteristic frequency of
πηL3
the problem. b1 , a0 , a2 , a4 are coefficients which depend on the
parameters δ , χ, αind and are provided in a script in the Supporting Information. In our approach, collecting analytical expressions for higher order terms in the relative amplitude ε becomes
unmanageable.
The dependence of V on the frequency for typical values of
the field ratio ε is shown in Fig. 3. Along with the theoretical curves we plot also results from the numerical simulations
(dashed points) over a wide range of driving frequencies, in order to display the complete functional form. As shown previously 37 , within the range of experimentally accessible frequencies
ν ≤ 30Hz the velocity exhibits a good agreement with the exper-

Fig. 4 Sequence of microscope images showing the propulsion of the
hybrid microswimmer with a long nanorod in front of it, length L ∼ 6µm.
The green arrow in the first image denotes the direction of motion. The
external field parameters are Bx = 2.15mT, By = 1.3mT and frequency ν =
10Hz. The tracking of the center of velocity of the pair is superimposed to
the bottom image. The scale bar is 10µm, see VideoS2 in the Supporting
Information.

imental data. Further we note that Eq. 8 exhibits a maximum at
frequency
 1/4
a0
.
(9)
νVmax /ν0 =
a4
The model is based on the assumption of the existence of a contact point between the ferromagnetic rod and the paramagnetic
sphere, which restricts the range of parameters to cases where
the dipolar attraction between the two magnetic particles is large
enough. In addition, the expressions are derived under the condition of small oscillating transverse fields, ε  1. Within this
regime, the analytical model provides a good quantitative account
of the velocity of the microswimmer obtained with numerical simulations in the whole range of frequencies, as shown in Fig. 3.
Note that even for values of ε of the order of 0.35, we obtain
a good agreement between the analytical formula Eq. 8 and the
results from numerical simulations.
Inversion of direction of motion.
The coefficient b1 in Eqs. (8) can be written as
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b1

=

h
i

A(δ , αind ) 3πγ δ 4 + 8δ 3 + 24δ 2 + 32δ + 16

−

h
i
8π χγ δ 3 /γ + 6δ 2 + 18δ + 18

.

analytical model for different frequencies. The cyclical trajectories enclose a finite area which evidences the non-reciprocity of
the motion.
(10)

This indicates the existence of a threshold χ∗ which determines
the direction of motion of the microswimmer pair

3 δ 4 + 8δ 3 + 24δ 2 + 32δ + 16

.
(11)
χ∗ =
8 δ 3 /γ + 6δ 2 + 18δ + 18
For χ < χ∗ the velocity of the propeller is positive, with the paramagnetic particle in front of the pair and moving along the x axis,
whereas for χ > χ∗ it becomes negative, with the pair moving
along the x < 0 direction with the nanorod in front of it. Thus, for
a fixed diameter of the magnetic particle, the direction of motion
can be reversed by considering paramagnetic particles with different magnetic susceptibility χ. Alternatively, for a fixed χ the ratio
δ = L/R controls the value of χ∗ and thus can also determine the
sign of the propulsion velocity.
We demonstrate experimentally the possibility of inverting the
direction of motion by using longer nanorod, as shown in Fig.4.
Indeed, while the nanorod used previously, with L ∼ 3µm, moves
with the spherical paramagnetic particle at the front, we observe that the direction of propulsion inverts when using a longer
nanorod with L ∼ 6µm and the pair moves with the nanorod at
the front of it. This behavior provides a further functionality to
our microswimmer, namely the possibility to control the direction of motion also by tuning the geometrical parameters, and
not only the chirality of the applied field. This effect could be
eventually used in a suspension of several hybrid microswimmer,
to realize a selective sorting by inducing an opposite motion. The
sorting effect could be used to select a population of microswimmers characterized by nanorods with similar lengths, which then
could be separated from the particles by simply switching off the
applied field.
Relation between velocity of microswimmer and the cyclical
deformations
The propulsion of the microswimmer is allowed because it undergoes periodic non-reciprocal deformations, defined by the angular coordinates φ , θ . The perturbative solution to the theoretical model provides expressions for the steady-state evolution of
the coordinates (φ , θ ) which define the deformation of the microswimmer. To first order in ε, they are given by
φ (t)/ε

=

Aφ sin(2πνt) + Bφ cos(2πνt) + O(ε)

θ (t)/ε

=

Aθ sin(2πνt) + Bθ cos(2πνt) + O(ε) .

(12)

The coefficients Aφ , Bφ , Aθ , Bθ (given in a script in the Supporting
Information) are functions of ν and of the dimensionless parameters which define the problem δ , αind , χ. Due to the simplicity of
our magnetic swimmer, we can track in experiment the dynamics
of such deformations. In Fig. 5 we show the trajectories in the parameter space (φ (t), θ (t)) obtained in experiments and from the

6|

J
our
na
l
Na
me,
[
y
ea
r
]
,
[
vol
.
]
,
1–10

In the following we demonstrate an approximate relation between the average speed of our microswimmer and the trajectory
of its cyclical deformations. The dynamics within a cycle of the
magnetic field is governed by the rotation of the ferromagnetic
nanorod following the direction of the external magnetic field. In
addition, the ferromagnetic rod moves on the surface of the paramagnetic spherical particle to minimize the dipolar interaction. At
low Re the velocity of the swimmer is proportional to the forces
and torques externally applied to the object through the mobility
matrix, V = MF, where F contains the external forces and torques
applied. In our case, there is only an external magnetic torque applied on the ferromagnetic particle along the z-direction perpendicular to the confining plane, τB = mB sin(α − θB ). The average
velocity of the swimmer along the x-direction over a cycle of the
external field can be expressed as
Vx = ν

Z 1/ν
0

dtMTxzR (t)τBz (t) ,

(13)

where MT R is the part of the mobility matrix that couples the application of a torque with the translational motion. The external
magnetic field induces a rotation of the ferromagnetic nanorod,
whose angular velocity can be approximated to α̇ ≈ −τBz /ξR under
the assumption that dipolar induction only determines the position on the surface of the spherical particle. Here, α = φ + θ is the
angle between the magnetic moment of the ferromagnet nanorod
and the x-axis, ξR is the rotational drag coefficient, which is
ξR = πηL3 /(4 log(L/a)) for a rod of length L and width a. As a
result of the rotation of the nanorod, a flow is generated which
drags the paramagnetic particle. This flow can be approximated
by the flow induced by a point rotlet located at the center of the
ferromagnetic rod. Under this approximation, and considering
that the drag of the swimmer is mainly determined by the spherical particle, the mobility matrix becomes
MTxzR (t) ≈ −

sin(θ )
.
2πη(D + L)2

Consequently, Eq. 13 becomes
Z α
Z
M
dα sin θ +
Vx ∝ ν
−αM

−αM

(14)


dα sin θ

≡ νAX ,

(15)

αM

where αM = arctan(By /Bx ) is the maximum angle between the
nanorod and the horizontal, x-axis. Eq. 15 tells us that the averaged velocity in a cycle is given by the enclosed area that
is swept in a full cycle in the [sin θ , α] space. A similar expression is found for the y-component of the average velocity,
R αM
R M
V y ∝ ν −α
dα cos θ + α−α
dα cos θ ≡ νAY .
M
M
In Fig. 6a we show the normalized speed of the swimmer scaled
by the driving frequency and the area enclosed by the [sin θ , α]
trajectory during a whole cycle, νAX , as obtained in numerical
simulations and with the perturbative solution of the theoretical
model. In both approaches, V /(νAX ) is almost constant regardless of the frequency of actuation. In the inset of Fig. 6(a) we

Fig. 5 (a,b) Cycles in the [θ , φ ] plane of the sphere-rod swimmer at different frequencies from experiments taken from Ref. 37 (a) and from the
theoretical model (b).

show the dependence of AX and AY on the frequency. Note that
due to symmetry, the integration through a whole cycle yields
AY ≈ 0, consistent with the zero velocity measured along the ydirection. A similar analysis has been done for the experimental
results, shown in Fig. 6(b). The dependence of the angular areas
AX and AY on the frequency of actuation agrees well with the values obtained from the theoretical model (see inset in Fig. 6b). The
scaled speed, however, oscillates around a constant value only for
the highest frequencies, with large deviations for ν = 1Hz and
ν = 5Hz. At such low frequencies both the velocity and the area
enclosed in the [sin θ , α] space are very small numbers, and their
exact determination becomes more difficult due to the presence
of different sources of error. For example, at low speed thermal
fluctuations may influence the measurement of the speed of the
pair, or the close proximity of the substrate may introduce a further drag to the translational movement. When the area is small,
the sliding motion of the nanorod tip may be affected by the
roughness of the particle surface or the presence there of polymeric groups which may introduce additional steric interactions
between the two elements.

Determination of the Lighthill’s energetic efficiency
The Lighthill’s efficiency e compares the external power hΦi which
is needed to induce a mean velocity V in a medium of viscosity
η, to the power required to rigidly drag the swimmer at the same

Fig. 6 (a,b) Scaling of the swimmer velocity with νAX (AX is the area
enclosed in [sin θ , α] space in a full cycle) for (a) numerical simulations
(dots) and the perturbative solution of the theoretical model (lines), and
(b) experiments. The insets show the dependence of AX and AY on the
driving frequency for (a) the theoretical model, (b) experiments. The error
bars in the experimental data are obtained from the statistical analysis of
different experiments.

speed with an external force Fdrag 52,53 ,
e=

FdragV
hΦi

(16)

This parameter is a standard measure for the efficiency of many
microswimmers, and has been employed in the past in different theoretical works 6,54,55 to analyze the performance of simple
artificial designs like three-link flagella 56–58 , three-sphere swimmers 59 , squirmers 60 , neck-like propellers 61 and undulating magnetic systems 51 .
Theoretical expression for the efficiency
In our case, the Lighthill efficiency of the microswimmer for a
given actuation is given by e = ξV 2 /P̄B , where ξ is the drag coefficient of the propeller moving as a rigid body, V its steady state
average velocity, and P̄B is the average power supplied by the external magnetic field. The power exerted on the swimmer is due
to the action of the external field on the ferromagnetic nanorod
PB (t) = τB (t) α̇ .

(17)
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Fig. 7 Efficiency of the microswimmer versus driving frequency ν.
Symbols correspond to the results obtained from numerical simulations.
Dashed lines represent the results from the analytical model.

Here, τB is the instantaneous torque exerted by the field on the
rod, τB (t) = mn (t) × B(t), and α̇ is the angular velocity of the rod.
The average power in one period of the magnetic field is givenby:
Z 1/ν

P̄B = ν

0

(18)

PB (t)dt .

The instantaneous power PB (t) can be calculated using the perturbative solutions for the evolution of the angles of deformation
(φ , θ ), see Eqs. 12. Using Eq. 18 and the analytic expression for
the steady state average velocity of the microswimmer (Eq. 8) we
find that, to leading order in ε
e = ε2

n2 (ν/ν0 )2
6
d6 (ν/ν0 ) + d4 (ν/ν0 )4 + d2 (ν/ν0 )2 + d0

+ O(ε 4 ) .

(19)

Here, d0 , d2 , d4 , d6 are coefficients which depend on the parameters of the problem δ , χ, αind and are provided in a script in the
Supporting Information.
In Fig. 7 we show the dependence of the efficiency on the frequency of the actuating field for typical parameters of the microswimmer. In addition, in Fig. 7 we compare the results from
Eq. 19 and the efficiency of the microswimmer obtained from
our numerical simulations, with excellent agreement in the whole
range of frequencies.
Experimental measurement
In experiment we can directly measure the efficiency of the swimmer thanks to the precise tracking of the position of the microswimmer elements over time. To obtain P̄B we record the dynamics of the swimmer with the help of a high-speed camera,
taking images at 380 fps. With those images we track the position and orientation of the rod, which allows us to determine its
angular velocity at each instant of time. To know the phase of
the transverse component of the field at a given time from the
analysis of the images we couple the signal of the alternating current current flowing through the Helmholtz coils to a pair of light
emitting diodes. The instantaneous power exerted by the external field is obtained by using Eq. 17 and the average power is
computed by numerically integrating Eq. 18, see Fig. 8. The final
average value for P̄B is obtained by taking the average over 5 to 8
field cycles.
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The power needed to rigidly drag the swimmer is also obtained
completely from parallel experiments. We use a single coil to generate a magnetic field, whose gradient decays with distance to the
coil over a few centimeters. By measuring the velocity induced
by the gradient at different distances we determine the external
force, and thus the power, needed to drag the swimmer at a given
velocity V by interpolation. Independently, we can estimate the
drag coefficient of the swimmer ξ from its dimensions, and calculate the power needed to move it at a velocity V , P = ξV 2 . Both
methods provide similar results, consistent within the uncertainty
of the quantities.
With this procedure we have directly measured the efficiency
of our microswimmer for a frequency of ν = 10Hz, a longitudinal magnetic field Bx = 2.15mT and a transverse amplitude of the
magnetic field By = 1.37mT. Under these conditions we obtain an
experimental value for the efficiency of eexp = (2.1 ± 0.5) × 10−8 .
This value is significantly smaller than the efficiency obtained
from theory and numerical simulations, which results in esim =
2.9 × 10−7 . Such discrepancy can be attributed to a number of
contributions which our theoretical model does not capture. Although in our case the propulsion mechanism is not affected by
the presence of a bounding wall, the direct interaction with the
wall due to gravity and its effects on the rheology of the fluid
can significantly affect the magnitude of propulsion and hence
the value of the Lighthill efficiency. In addition, our assumption of perfect paramagnet is a valid approximation to capture
the essence of the propulsion mechanism but might induce significant quantitative discrepancies in the calculation of the input
power. Indeed, the paramagnetic particle is composed of magnetic domains in a non magnetic matrix and can present residual magnetic anisotropy. As a consequence, the field can induce
the rotation of the spherical particle and thus the dissipation of
energy without contributing to the steady state velocity of the
swimmer. Finally, the far field approximation assumed in our
theoretical treatment of hydrodynamic interactions may also contribute to the theoretical overestimation of the microswimmer’s
efficiency.

Conclusions
In this article we have realized and fully characterized a minimal
self-assembled microswimmer composed by a paramagnetic microsphere and a ferromagnetic nanorod. We have developed a
theoretical model combined with numerical simulation to understand the propulsion of the pair and extract its Lighthill energetic
efficiency. Further we demonstrate theoretically that it is possible to induce a velocity reversal by simply changing the magnetic
properties of the particle or the rod geometric parameter. We confirm this effect by employing a longer nanorod in our self assembled microswimmer. We note that also our self-assembled pair
does not need the presence of a boundary to propel, as the case
of others magnetic propeller working at similar length scales.
Our work can be further extended to other physical situations
in order to explore how the efficiency or the directionality of the
pair may be affected. For example all the results obtained until now have been based on the use of simple Newtonian fluids.
However changing the medium with a viscoelastic fluid might

Fig. 8 Power at each instant of time for a cycle of the magnetic field with
frequency ν = 10Hz, Bx = 2.15mT and By = 1.37mT.

lead to different developments where memory effects or time
dependent phenomena become important and simple reciprocal
motion may still lead to propulsion of the pair. Finally we stress
that the realization of minimal, artificial microswimmers based
on simple and externally tunable interactions, may be of great
interest in different applications based on the controlled transport of drugs or chemicals into small pores or channels. The
use of low frequency magnetic fields to actuate such functional
micromachines has the advantages of not altering the dispersing
medium (water) or affecting biological tissues. Finally, we provide a way to experimental characterize the energetic efficiency
of such prototype, which may be of help in similar prototypes
based on magnetic dipolar interactions.
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