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Abstract

This work proposes a possible generalization of k-nearest neighbors rule (kNN) where the
impact of a point goes beyond the exact location. The decision criteria does not only depend
on the distances to points but also on the distance of those to the nearest miss. This concept
is defined in this work as a second order interaction and it could be extended to high orders.
The motivation of this concept is to take into consideration if points are in pure areas or
if there are points of other classes nearby. Indeed, the methodology used to integrate the
concept of second order interaction in the model is via hyper spheres centered around the
points in the dataset. Those spheres have a radius that is proportional to the nearest miss
and their unions and intersections will drive the decision rule. Therefore, we call this family
of models Hyper Sphere Wrappers (HSW).
Using those concepts, we developed three versions of the model: One-Class HSW for
binary classification, Multi-Class HSW for multi-label classification and Complete-HSW for
regularized multi-label classification. Indeed, we show that the latter converge asymptotically to a local kNN rule and in particular cases to the classical kNN rule. Once the models
are defined, we apply them to diverse benchmark data sets and compare them with typical
machine learning models. The results are promising, in particular for high dimensional data.
In addition, the complexity of the model enhance those kind of datasets because, as most distance based method, HSW scale better with the number of dimensions than with the number
of samples.
Moreover, the work shows that even if the Minkovsky metric for p < 1 is no longer a
proper distance measure, it help the algorithm to gain accuracy in high dimensional data.
The results indicate that in those cases the model perform a kind of instance selection procedure. The idea is that the model will select as nearest neighbors those points that lie parallel
to any local axis of the sample that we want to predict. In consequence, the model obviate
points with variability in lots of different directions which seem to help to boost performance
of HSW and kNN.
Finally, the work also shows that metric learning algorithms like Neighborhood Component Analysis (NCA) are able to increase substantially the performance of HSW. However,
those kind of algorithms scale poorly in high dimensional data. Therefore, we leave a set of
open questions that could be interesting to enhance this kind of rules. Among others, the
study of Kth order interactions, the impact of defining the radius of the spheres as non-linear
functions of the nearest miss or a metric learning algorithm that is able to optimize p instead
of the linear transformation.
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Introduction

K-Nearest Neighbors is probably one of the most studied non parametric model due to its
simplicity but yet powerful characteristics. This algorithm was discovered in the seminal
works of Fix and Hodges [1] back in 1951 and later published by Cover and Hart [2]. The
k-nearest neighbors rule assign a given instance to the majority class of the k-nearest points
in the training set. Diverse variants of this algorithm has been proposed in the past years [3].
Each of them addressing one of the main points of interest of the algorithm. Among others,
the theoretical derivation of the optimal weights in kNN [4], the optimization procedure to
find the linear transformation that optimize the cross validation score in kNN [5] or the ball
tree structure to speed up the nearest neighbor search [6].
In this work, we propose a distance based classification rule inspired by topological concepts like the open balls. A topology is just a family of subsets that are called open sets
which are closed under finite intersections and unions. When this open sets are chosen to be
open balls, then we have the open ball topology. Those open balls with arbitrary center c
and radius r are defined as the set of points x satisfying d(x, c) < r [7]. The motivation of
this work is to use the key property of the topology base, we can create any open set with
the intersection or union of open balls. This property will allow us to shape the decision
boundaries of the classifier with open balls centered in the points of the data set. In addition,
this work shows that by selecting the radius of the open balls as a function of the nearest
miss we can create an accurate classifier. The notion of using spheres to shape the decision
boundaries have been used already in diverse studies. For instance, one class SVM [8] use
a spherical large margin as data description or large margin nearest neighbor classification
(LMNN) [9] that search for optimal linear transformations that compress samples of equal
class into spherical regions. In addition, there are gravitational methods like GFRNN that
use fixed radius NN to select the set of candidates to apply the sum of gravitational pattern
[10].
The initial topological motivation lead to a general problem setting in binary classification. Given a set of points that belong to one of two classes, finds a set of N open balls with
centroids ci and spheres ri that better separate both classes. The border arising from the
intersection and union of those balls will define the decision boundary of the classifier. The
exposed setting can have multiple solutions which can be arbitrary complex depending on the
number of parameters that we want to optimize. Due to the problem definition we call the
this family of algorithms Hyper Sphere Wrappers (HSW). Indeed, we generalize this idea to
any geometric shape that arise from the L-p norm [11]. As mentioned, we use the information
about the nearest miss to give a solution to the problem. This quantity has been widely used
in feature selection algorithm like Relie-F [12]. Principally, this work focus around the linear
dependence of the radius with the nearest miss but apriori many other dependencies could
be assumed.
The advantage of working with this open balls instead of points is that we can take into
consideration second order interactions. With second order interactions we mean that the
decision rule not only depends on the distances to points but also on the distance of those
with it’s nearest miss. In consequence, if the distance to a point is big but at the same time
this point is very far away from his nearest miss, then the effective distance is small. This
setting appear convenient for classification since it somehow encodes the information about
the class certainty of a point. In other words, classifying a point as class A because it is very
close to another point of class A seem to be more solid if this point is at the same time very
far away from any other point of class B.
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Finally, regarding the structure of the report: Section 3 expose the trivial solution to the
proposed setting from which we derive the one class model which we expand to multi-class
problems. In section 4, we will add regularization parameters that define the complete model
and we show that those parameters will allow to link with kNN in the asymptotic case.
A part, we will also study how metric learning algorithms impact the performance of the
algorithm. Finally in section 5, we expose the main conclusions and possible related future
works.

3

HSW Rule

The main concept of the classification rule is to use the intersection and unions of hyper
spheres to shape its decision boundaries. We will start by explaining the One-Class HSW
where only one class expand spheres around the points and afterwards we generalize the idea
for multi-label classification.

3.1
3.1.1

One-Class HSW
Definition

The one sided version is the simplest of its kind and it only considers the binary class setting.
The problem definition is as follows:
Given a set of N data points that belong to one of both classes S ∈ {S − , S + }, an
interior class Sc ∈ {S − , S + } and a p-norm. Find a set of M spheres such that all
points of the class Sc lie in the interior of the spheres and the points of the opposite
class in the exterior. The solution will be defined by the set of centroids Ai and radiuses
Ri ∀i ∈ [ 1, M ] that better separate the both classes.
The One-Class HSW is build around the trivial solution: We choose one of the classes
S as interior and each of its corresponding data points will represent a centroid of a sphere
with radius equal to the nearest miss. This is indeed a valid solution that perfectly separates
both classes. In figure 1, we show a 2D example of the classifier for different choices if the
interior class (Sc ).
The implementation is straightforward since the train procedure only need to calculate
the distance matrix and the nearest miss for each point in the interior class. Afterwards, the
predict procedure check whether the point that we want to classify lie inside of any sphere.
If it does, then the point is classified as Sc and otherwise as Snc
Algorithm 1 Train One-Class HSW
Input: Set of indices I over the train data rows, Interior class Sc and a p-Norm
Output: Distance matrix D and the radius of each sphere R
D ← Distance Matrix between Train Points for the choosen p
Ic ← Set of Points s.t. class(I) = Sc
Inc ← Set of Points s.t. class(I) != Sc
R ← ∅ {Initialize solution}
for all i ∈ Ic do
R ← R ∪ min(D(i, Inc )) {Append the nearest miss to the array of radius R}
end for
return R, D
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Algorithm 2 Predict One-Class HSW
Input: Set of indices I over the test data rows, Set of radius R, Interior class
Sc
and a p-Norm
Output: Predicted class for each Test Point
Snc ← Exterior class. Snc = S \ {Sc }
P red ← ∅ {Initialize solution}
Dtest ← Distance Matrix between Test Points and Spheres
for all i ∈ I do
Outside ← Dtest[i, ] ≥ R {Array of booleans indicating if the point lie outside each
sphere}
if sum(Outside) = |R| then
P red ← P red ∪ Snc
else
P red ← P red ∪ Sc
end if
end for
return P red

Figure (1)

One-Class HS Comp decision boundaries for different choices of the interior class

As most distance based algorithms, the computation time scale better with the number of
dimensions than with the number of data points. In particular, for the train procedure, the
distance matrix computation scales as O(N 2 P ) and the for loop as O(Nc ). The dependence
on the dimensionality in the distance matrix computation appear because each pair of points
involves a dot product of two vectors of length P.
According to this characteristics, we can already anticipate that large data-sets will be
prohibited on this kind of algorithms. However, we will explore the capability of this algorithm
in small sample size or even high dimensional environments.
3.1.2

Hyperparameters, symmetry and compactness

Currently the model has two hyper parameters that need to be adjusted in order to ensure
the best possible generalization error.
 Interior Class Sc . This value determines which class will be asociated with interior
region of the hyper-spheres.
 Shape of the spheres p. This is the value that determines the minkovsky metric and
therefore the norm. For instance p = 2 correspond to the euclidean distance and p =
1 to the Manhattan distance.

Both parameters are useful to balance variance and bias but the interior class is by far the
one that has the strongest impact. In this section, we will investigate which characteristics/structures of a given class can cause a good generalization error and which ones not.
5

Hypothesis I: The class with the highest spherical symmetry should be the interior class.
Reasoning: Imagine you have a class with very little spherical symmetry and you expand
spheres around them. Due to the lack of symmetry the optimal radius in both directions
should be very different. In consequence, we would end up covering a region with very low
density of points in one direction and therefore induce potential for miss-classifications
In order to measure the spherical symmetry of each class we created an index that captures directional heterogeneity. The main concept is to calculate the radius that a semi-sphere
in one direction should have to enclose 95 % of the points an we compare it to the radius
calculated in the opposite direction
In Figure 2, we show the graphical representation of this index and in practice we do the
calculation as follows:
1. Select a random point in the dataset.
2. Consider all points above the semi-plane perpendicular to the maximum distance (Rmax )
and calculate the radius (Ra ) such that 95 % of the points lie withing the semisphere.
3. Considering the points below the semi-plane (opposite direction than Rmax ), calculate
the radius (Rb ) such that 95 % of the points lie withing the semisphere.
4. The value SI =

min(Ra ,Rb )
max(Ra ,Rb )

is what we define as the symmetry index.

5. Repeat for other random points of this class and return the average SI.
Note that if the value SI is close to 1 it means that that 95 % quantile radius is similar in
both directions and therefore the class has a high level of symmetry. In contrast, small levels
of SI indicate a asymmetric shape like in Figure 2.
Hypothesis II: The class with less variance should be the interior class.
Reasoning: Since we have a finite number of points, the interior region will be always cover
less volume than the exterior region. Therefore, it seems to be less risky to have the high
variance class outside.

Figure (2)

Symmetry Index based on the 95 % quantile in each direction.
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Table 1 shows the results of the symmetry and compactness index on diverse datasets. The
complete information about each dataset can be found in table 2. Regarding the methodology,
we calculated cross validation classification accuracy for different values of the interior class.
Based on those results, column Best Class indicate which had smaller error. Ideally, the
best interior class in terms of CV error should be the one with highest SI and lowest CI
(standardized variance). Bold fonts indicate that there is a criteria match. For instance in
the first row, both SI and CI index predict correctly the best class.

Dataset
Appendicitis
Banknote Authentication
Diabetes
Ionosphere
Qsar
Quickbird
Sonar
Wisconsin Breast Cancer

Symmetry
SI Class I
0.80
0.51

and Compactness Index
SI Class II CI Class I
0.65
0.13
0.44
2.03

CI Class II
0.19
3.15

Best Class
Class I
Class II

0.41
0.91
0.77
0.85
0.43
0.40

0.43
0.58
0.61
0.61
0.75
0.60

83.34
0.67
2.74
47
0.14
0.76

Class I
Class II
Class II
Class I
Class I
Class II

62.77
0.29
6.62
85.00
0.12
0.92

Table (1) This table shows the symmetry (SI) and compactness (CI) index for each class in the
corresponding dataframe. The rightmost column indicate the interior class that show lower 10 fold
CV error. Ideally, the winning class should be the one with highest SI and lowest CI.

Unfortunately, it turns out that neither of both indicators predict accurate enough the
interior class on real data sets. The interior class is very important to ensure a solid generalization error and therefore we cannot rely on those indicators. Even thought, the symmetry
index could be useful in other fields like kernel selection for SVM. For instance, RBF kernels
give good results on datasets where the class location has a radial dependency. Therefore,
we could anticipate that a RBF kernel could be worth to try on a dataset with high spherical
symmetry index.
However, for this work we need to rely on cross validation to select the hyper-parameters.
Even thought, most of the times hyper-parameters p and Sc have little interaction. In other
words, if selecting Class X as interior show significantly higher CV error for a given p, it will
hold for any value of p. In contrary, if the difference is small we have to include all pairs
(Sc , p) in the grid search for the optimal hyper parameters.
A good practice to save computation time could be:
1. Run the model for a given p and check the CV error with each class.
2. If the CV error difference is bigger than 5 accuracy points:
(a) Fix the winning class and do a line search to optimize p
(b) Run the model with the optimal p and double check that the selected interior class
is still the best choice.
3. If the CV error difference is smaller than 5 accuracy points:
(a) Do the full grid search for each value of (p,Sc )
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3.2
3.2.1

Multi-Class HSW
Definition

One-Class HSW has two main drawbacks: the interior class hyper-parameter has a very high
impact on the classification error and the one sided version is only applicable to binary classification settings. Therefore, in this section, we propose the Multi-Class HSW variant of the
model that does not require the definition of an interior class and is applicable to any number
of labels C.
The Multi-Class variant is similar to the one sided version with respect to the training
procedure but it has some key changes in the predict function. The only difference in the
train procedure is that we expand the spheres around all training points (all classes) instead
of only the points corresponding to the interior class. It is true that this ads additional
complexity but at the same time we remove one hyper-parameter. Indeed, if we look at the
whole process of training + hyper-parameter search, the complexity is similar. In the one
sided version the loop is smaller because we only have to traverse the points of the interior
class but we had to train the model C times to find the best performing interior class. In the
multi-class version of the algorithm, we have to traverse all data points but we only have to
train it once. Indeed, the latter is slightly faster because we do not need to predict in order
to check the performance of each interior class.
In contrary, the Multi-Class HSW prediction rule is no longer straightforward. In the
one sided version, the boundaries of the intersecting spheres separate one class from
another whereas now we can find points that are within multiple spheres of different
classes simultaneously. In addition, it can also happen that a test point is not contained
in the interior of any sphere. From now on, we will assume binary classification setting
(C = 2) in order to show how we deal with those situations.

Consider a trained Multi-class HSW model composed by a set of training points, 2 classes
and a sphere placed in each point with radius equal to the corresponding nearest miss. Given
a new data point, it will face one of those two scenarios:
 CASE 1: The new training point lie in the interior of at least one sphere. In that
case, we treat the situation as a voting system (simple majority vote). For instance, if
the new data point lie within 80 % of the C1 spheres but only within 40 % of the C2
spheres we will predict this point as C1 . In case of tie, we choose one class at random.
 CASE 2: The new training point does not lie in the interior of any sphere. In that
case, we associate the new point to the class of the nearest sphere. Note that nearest
sphere is defined as the nearest border, not the nearest centroid.

In figure 3, we show an example for each case and in the next page we describe the
pseudocode for Multi-Class HSW.
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Figure (3) Graphical representation of the Multi-Class HSW for C = 2. Two classes (cross and
circles), train points (bold shapes), test points (empty shapes) and fitted spheres (continuous spheres
indicate circle spheres and discontinuous spheres indicate cross spheres). The number in the parenthesis indicate to which of the previously explained cases the test point correspond.

Algorithm 3 Train Multi-Class HSW
Input: Set of indices I over the train rows, Set of classes Cj of the target variable and a norm p
Output: Distance matrix D and the radius of each sphere R
D ← Distance Matrix between Train Points for the choosen p
ICj ← Set of Points s.t. class(I) = Cj
R ← ∅ {Initialize solution}
for all i ∈ I do
for all Cj ∈ C do
if class(i) = Cj then
R ← R ∪ min(D(i, Ik )) s.t k 6= Cj
break
end if
end for
end for
return R, D
Algorithm 4 Predict Multi-Class HSW
Input: Set of indices I over the test data rows, Set of fitted spheres R and a value for p (Norm)
Output: Predicted class for each Test Point
P red ← ∅ {Initialize solution}
Dtest ← Distance Matrix between Test Points and Spheres
for all i ∈ I do
Outside ← Dtest[i, ] ≥ R {Array of booleans indicating if the point lie outside each
sphere}
if sum(Outside) = |R| then
P red ← P red ∪ N earestSphere
else
P red ← P red ∪ M ajorityV ote
end if
end for
return P red
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Algorithm 5 NearestSphere
Input: The ith data point, Array of distances from i to train set Dtest[i,] and Set of fitted Spheres R
Output: Predicted class for the corresponding point based on the nearest sphere criteria
P red ← ∅ {Initialize solution}
M inDist ← ∞ {Initialize Minimum Distance}
for all Rj ∈ R do
if D[i, j] − Rj < M inDist then
M inDist ← D[i, j] − Rj
P red ← Class(Rj )
end if
end for
return P red

Algorithm 6 MajorityVote
Input: The ith data point, Array of distances from i to train set Dtest[i,] and Set of fitted Spheres R
Output: Predicted class for the corresponding point based on the majority vote
P red ← ∅ {Initialize solution}
V otesCj ← 0 {Initialize the number of votes for each class Cj }
SpheresCj ← 0 {Number of spheres/train samples of class Cj }
for all Rj ∈ R do
if D[i, j] < Rj then
Cj ← Class(Rj )
1
V otesCj ← V otesCj +
SpheresCj
end if
end for
w ← argmaxj (V otesCj )
if CountDistinct(w) = 1 then
P red ← Cw
else
P red ← Select a Random Class between all Cw
end if
return P red

3.3
3.3.1

Empirical Results
Experimental Design

We dedicate this small section to explain how we calculated the results for section 3.3.2.
First at all, the objective of 3.3.2 is to compare One-Class and Multi-Class HSW with
other models. The decision of which models to compare is somehow arbitrary but we tried to
pick them as diverse as possible. First, a purely distance based rule with low complexity like
kNN. Then, a linear classifier like SVM that tend to give good results on higher dimensional
data and is robust to over-fitting. And third, a gradient boosting model that include tree
structures like XGboost. In order to do a fair comparison, we did not consider to use kernel
kNN or kernel SVM. It would be interesting to compare kernelized versions if we apply them
to both HSW and SVM. Note that HSW can be kernelized since it is a distance based method.
Regarding the dataset, the decision was made based on popularity such that they can be
considered as benchmark datasets for classification. A part from the results that we show in
table 3, those datasets have been widely applied in literature such that it help us to evaluate
the results of HSW.
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The methodology used to calculate the classification error in table 3 is as follows:
 Split into train and test set. The fraction used for training is 2/3 and for testing 1/3.
 Hyperparameter tuning with 10 fold cross validation. When we applied cross validation
on the train set, we did an exhaustive grid search for all models except XGboost due
to the big amount of free parameters. For the latter we applied randomized grid search
in order to speed up computation time.
 Classification Accuracy to evaluate the performance. With the set of hyperparameters
that showed best CV accuracy, we train again the model on the full train set and
calculate the classification accuracy on the test set.
 Repeat this procedure for different splits train/test. In order to get an idea of the
robustness of the result, we repeat this procedure for different pairs of train and test
sets. In particular, the procedure has been repeated 20 times and with those values we
calculate the average prediction and the 95 % confidence interval. The expression used
to calculate the confidence interval involve the t-statistic and thus assume unknown
variance and normality over the distribution of the mean.

Therefore, the results in table 3 correspond to the mean classification accuracy and the
corresponding confidence interval on the test set. The utility of the confidence interval is to
assess if results are significantly different. For instance, if the mean accuracy plus minus the
confidence interval of model A overlap with model B, then we cannot say with 95 % confidence
that model A perform better than B on this dataset. In table 3, the mean value that better
performed is marked in bold. However, if this very same model perform statistically significant better than the second placed model, then the confidence interval is also marked in bold.
Finally in table 2, we give brief description of each dataset used in table 3.

Dataset
Appendicitis
Banknote
Diabetes
Ionosphere
Qsar
Quickbird
Sonar
Wisc. Breast Cancer

Data Description
Sample Size Dimensions
106
7
1372
4
768
8
351
34
1055
41
4839
5
209
60
699
10

Number of Classes
2
2
2
2
2
2
2
2

Table (2) Number of samples, dimensions and classes for all datasets used in table 3
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3.3.2

Binary Classification

In this section we will apply One-Class HSW and Multi-Class HSW to diverse binary classification benchmark data sets.

Dataset
Appendicitis
Banknote
Diabetes
Ionosphere
Qsar
Quickbird
Sonar
Wisc. Breast
Cancer
Table (3)

Application on real data and comparison
1-Class
2-Class
Lin. SVM
KNN
HSW
HSW
84.42 ± 2.42 86.00 ± 2.55 86.42 ± 2.40 87.57 ± 1.94
98.01 ± 0.60 99.72 ± 0.20 99.03 ± 0.18 99.97±0.03
70.01 ± 1.11 72.28 ± 0.74 77.03 ± 0.73 73.04 ± 1.29
93.58 ± 0.85 93.41 ± 1.01 88.39 ± 1.48 85.42 ± 1.66
80.54 ± 1.28 84.60 ± 0.70 86.43 ± 1.06 83.94 ± 0.88
95.79 ± 0.12 97.47 ± 0.18 96.78 ± 0.23 96.81 ± 0.19
72.31 ± 3.86 79.76 ± 1.91 75.21 ± 2.98 83.40 ± 1.72
96.32 ± 0.54 97.31 ± 0.76 96.49 ± 0.34 96.65 ± 0.53

XGBoost
86.43 ± 2.79
99.22 ± 0.30
74.92 ± 1.79
91.97 ± 1.15
86.10 ± 0.67
98.51±0.15
81.37 ± 1.89
95.44 ± 1.22

One Class HSW and Multi Class HSW comparison with other typical benchmark models.

The results in table 1 have been extracted by fitting Sc and p via 10 fold CV for optimizing
One-Class HSW. In Multi-Class (2-class) HSW we used 10 fold CV to find optimal p. Finally,
we fitted C value for SVM, k for KNN, and (eta, gamma, maxdepth, minimumchildweight,
nrounds) for XGboost.
First, note that Multi-Class HSW performance is always better than One-Class HSW.
However, in general the results show little significance in the sense that there are only two
cases where we have statistical guarantees: kNN outperform in Banknote Auth. and XGboost in Quickbird. However, Multi-Class HSW show good results compared to standard
algorithms in Ionosphere and WSBC but with the current resampling size we cannot give a
95 % significance. On the other hand, on data sets like Diabetes or Qsar the performance of
HSW is low whereas when the number of data points grow, boosting algorithms like XGBoost
gain performance (Qsar, Quickbird).
After checking performance of other authors in the Open ML repository, we discovered
that the RBF kernel applied to a SVM show similar results than HSW on Ionosphere dataset.
A possible explanation is that both approaches exploit the spherical symmetry of the classes.
Indeed, in table 1, we observe that ionosphere is the dataset that show highest spherical
symmetry index. In addition, even if XGboost outperform in Quickbird, we observe a similar
phenomena. Again, if we check table 1, we see that this dataset has a very high symmetry
and at the same time HSW is significantly better than SVM or kNN. On the other hand, the
performance of HSW is poor in datasets with low spherical symmetry index like Diabetes,
where a linear classifier shine. Therefore, a first insight could be that it is worth to try HSW
where we suspect that there is a radial dependency of the class positions.
Finally, Sonar, Ionosphere and Qsar have a relatively high dimension compared to it’s
sample size. The results show that this version of HSW is not yet ready to compete in Sonar
or Qsar. This fact encourage us to add regularization parameters that could boost HSW in
higher dimensional data.
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4

Complete HSW: Regularization and Convergence towards
kNN

Currently Multi-Class HSW rule has only one hyper-parameter, the value of p that we decide
to use for the distance matrix calculation. In this section, we propose two additional regularization parameters that define the Complete HSW rule. In addition, those parameters will
allow us to link with K-nearest Neighbors in the asymptotic case.
First, we want to give more flexibility to the Nearest Sphere selection. Remember that
when a new data point is not contained in any sphere we assign the value of the nearest
sphere. Thus, just as in KNN, we want to allow the algorithm to choose between the KNearest Spheres instead only the nearest one.
The second parameter is related to the intensity of the second order interaction. In particular, we will replace the nearest miss Ri → λRi where λ ∈ [0, ∞) This parameter allow
us to control the percentage of cases that fall in each setting explained in section 2.2.1. For
instance, if lambda is very large then all radius will be very large and thus most points will
be contained in some sphere whereas if lambda is small most of the points will lie outside the
spheres. Indeed, note that in the case λ = 0 all spheres’ radius are zero such that spheres
get reduced to single points. In that case all the test points will lie outside the spheres and
therefore we will apply the K-Nearest Sphere approach, which will be exactly the same as the
KNN algorithm. On the other hand, in the limit λ → ∞ we have the opposite case where all
test points should lie within each an every sphere. Therefore, according to the majority vote,
points will be assigned to the majority class (just as in the limit k → ∞). In the upcoming
sections, we will analyze in detail those statements and show some particular cases where
they are not correct.
Finally, it is interesting to note that lambda is a scale parameter and that its value does
not impact the ratio between spheres of different points. This fact is convenient because it
mean that by changing lamda we will not change the hierarchy between nearest neighbors.
In other words, if the radius of sphere 1 is two times bigger than sphere 2 radius, then this
will hold for any value of lambda.
To conclude, remark that adding hyper-parameters k, λ is mathematically convenient
because it allow us to link HSW with kNN in the asymptotic case. Thus, the performance of HSW should be always greater or equal to kNN provided that we include the
value λ = 0 in the hyper-parameter search. The magnitude of improvement that this
extension provide will depend on how well this second order interaction suit the data.

4.1

Limit λ → 0

The formal question we have to answer is if the following limit exist for any new test point x.
?

lim HSW (k, λ, x) = KN N (k, x)

λ→0

(1)

First, we recall the definition of open ball. Let (M,d) be a metric space with a given
metric d. The open ball centered at c is denoted by Br (c)
[Br (c) = {x ∈ M | d(x, c) < r}

(2)

Where the condition of open requires to not include the boundary. This condition is key
for the classifier because we expand the spheres up to the nearest miss.
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Consider now a trained HSW algorithm as a set of N open balls of dimension P with
radius ri and centers ci . The radius is defined as proportional to the nearest miss Ui of the
point that lie in centroid ci .
ri = λUi

(3)

Any given test point x can be either in the interior or in the exterior of a given sphere
i. Thus, we define the following vector to indicate whether a point lies inside or outside the
spheres.
z = (z1 , z2 , ..., zn )
(
1
zi =
0

(4)

if d(x, ci ) < ri
otherwise

P
P
In consequence if i zi = 0 then we apply the nearest sphere approach and if i zi > 0
we use the majority vote of the spheres i such that zi = 1. In order to ease
Pnotation we will
refer from now on to the summation over all zi as S(x) such that S(x) = i zi
Those two cases cover all possible situations and they are disjoint in the sense that a test
point can either have S(x) = 0 or S(x) > 0. Therefore we can define HSW rule as sum over
both cases.
lim HSW (k, λ, x) = lim

λ→0

λ→0

1S(x)=0 KN S(x, k, r) + 1S(x)>0 M V (x, r)



(5)

where 1 represent the indicator function. Now, we can imagine that if we start to shirk
lambda and in consequence the radius of the spheres, at some point the test sample x will lie
outside any sphere. In a formal manner, this means that for a given point x, there should exist
a value  > 0 such that any λ ≤  will force the point to be outside any sphere. The fact that
epsilon exists or not only depends on the distances from x to the centroids ci and its radius ri .
Finally, it is convenient to define j as the index of the sphere that fulfill the following
condition.
d(x, cj ) − rj = 0 | d(x, ci ) − ri ≥ 0 ∀i 6= j

(6)

Note that j correspond to the last sphere whose border lie exactly on the point x such
that all the other spheres no longer contain it. We can now define  as the value of lambda
that leave the point x exactly on the border of the deepest sphere j.
d(x, cj ) − rj = 0 → d(x, cj ) −  Uj = 0 →  =

d(x, cj )
Uj

(7)

From equation 7 we can derive that in order to exist  > 0, no repeated points such that
d(x, cj ) = 0 should exist. Another conflict can arise when Uj = 0 (zero nearest miss distance).
This situation can only exist when we have two points that have the exact same explanatory
variables but different target class. In that case both spheres will annihilate each other in the
sense that both will have radius equal to zero. In consequence,  diverge but the condition
 > 0 is still satisfied such that the only possible conflict can arise from repeated points. With
repeated points we mean test points that lie exactly on the centroid of a trained sphere and
in consequence d(x, cj ) = 0.

14

4.1.1

No repeated points:  exist.

This special case of data sets require that we can have no test points that lie exactly on the
centroid of a trained sphere. Therefore, we can assure that epsilon exist and in consequence
the limit can be simplified:
lim HSW (k, λ, x) = lim KN S(x, k, r)

λ→0

λ→0

∀λ≤|>0

(8)

Note that now the only difference with KNN is that KNS calculate the distance to the
border of the spheres instead to the point itself. Therefore we just have to prove that when
the radius tend to 0, we end up having the KNN algorithm. In other words we want to show
that the distance criteria in KNS converge to the distance criteria in KNN.
The distance criteria in KNS is just the distance to the border of the spheres and in KNN
the distance to the points.
dKN S = d(x, ci ) − ri
dKN N = d(x, ci )
Since the radius is proportional to λ, the convergence is trivially satisfied.
lim (dKN S ) = lim (d(x, ci ) − ri ) = lim (d(x, ci ) − λUi ) = d(x, ci ) = dKN N

λ→0

λ→0

λ→0

Therefore, we conclude that whenever there exist an  > 0, HSW rule converge to KNN
in the limit λ → 0
4.1.2

Repeated points:  does not exist.

In the case that the point x lie exactly on the centroid cj , then no matter which value of
λ > 0 we choose, the point will be always inside the sphere. Therefore, the Majority Vote will
be applied since only points that are outside all spheres fall into the K-Nearest Sphere case.
What will happen is that for very small lambda we will have KNS on non repeated points and
Majority Vote on the repeated points. Then once we make λ = 0 all those repeated points
will fall abruptly outside the spheres and therefore they will fall into the KNS approach.
This means that our classifier has a discontinuity in λ = 0 and therefore the limit exposed in
equation 1 does not exist.
Thus, in the limit of small lambda we will have a local KNN approach. Non repeated
points will have a value of k defined by the hyperparameter and the repeated points will have
a value of k equal to the number of repeated points. For instance, if we have 3 points that
lie on the centroid c1 then k1 = 3 whereas other centroid c2 that have 4 repeated points will
have k2 = 4.
In general, we can say that HSW is a generalization of a local KNN rule and in some
particular cases also a generalization of the classical KNN approach. We could force a dataset
to have no repeated points by adding a small error term such that no point land on any
centroid but for the moment we see no need for that. Bear in mind that you can always add
λ = 0 in the grid search to recall the classic KNN rule.
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4.2

Limit λ → ∞

This limit can be solved with the same methodology used in the previous section. Now
we want to prove that the limit λ → ∞ HSW converge to a static prediction equal to the
percentage of the majority class C
NC
N

?

lim HSW (k, λ, x) =

λ→∞

(9)

Where N indicate the number of points and NC the number of points corresponding to
the majority class in the train set.
Key here is to show that there exist a value of λ such that the point x is contained in
all the available spheres. Therefore, we define the opposite expression to eq 6., the farthest
open ball (distance to the border).
d(x, cl ) − rl = 0 | d(x, ci ) − ri ≤ 0 ∀i 6= l

(10)

Now we define that if we start to increase λ, the last sphere that will end up containing
x is sphere l. In order words, we can define the threshold ν as the value of λ that leaves the
point x exactly on the border of sphere l. In consequence, we can assure that whenever a
finite ν exist, the limit in eq 5 can be simplified.
lim HSW (k, λ, x) = lim M V (x, r)

λ→∞

λ→∞

∀λ>ν|ν <∞

(11)

Note that now x is contained all the spheres and the value of the classifier will be constant
in the range λ ∈ [ν, ∞]. Due to the definition of MV(x,r), the output of the function will be
equal to the majority class fraction and thus we close the proof in eq 9.
The only open question is if ν exist for any possible dataset. Using the analogous expression than eq 7. for the farthest sphere.
d(x, cl ) − ν Ul = 0 → ν =

d(x, cl )
Ul

(12)

Since all distances are finite by definition the only possible corner case is when Ul = 0
and thus ν diverge. The fact that the nearest miss is zero means that we have points in the
train set with equal explanatory variables but different class labels. In that case, no matter
how big we make lambda, the radius of the sphere will be equal to zero. Therefore, we can
conclude that the limit in equation 9 exist only when all spheres have strictly positive nearest
miss.
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4.3

Empirical Results

4.3.1

Experimental Design

Just as in section 3.3.1, the purpose in this one is to explain the methodology used to derive
the results in section 4.3.
First of all, the procedure used to calculate the mean classification error and the confidence intervals in table 5, 6 and 7 is exactly the same as in table 3.
Regarding the intention of each table:
 Table 4: Show the number of samples, dimensions and classes of each dataset used in
section 4.3.
 Table 5: Compare the three versions of HSW and evaluate if it is worth to fit all three
hyperparameters
 Table 6: Show the results of HSW on high dimensional data and compare them to other
models. We chose the ones that tend to give good results on high dimensional data like
regularized logistic regression, SVM or kNN.
 Table 7: Apply metric learning algorithm NCA to HSW and kNN and compare it to
the results obtained when we optimize p via cross validation

Dataset
Appendicitis
Banknote Auth.
Diabetes
Ionosphere
Qsar
Quickbird
Sonar
Wisc. Breast Cancer
Iris
Wine
Balance Scale
Omentum Kidney
Breast Ovary
Ovary Lung
Omentum Prostate
Lung Kidney
RSCTC2 2010

Data Description
Sample Size Dimensions
106
7
1372
4
768
8
351
34
1055
41
4839
5
209
60
699
10
150
4
178
14
625
4
337
10937
542
10937
324
10937
146
10937
386
10937
105
22284

Number of Classes
2
2
2
2
2
2
2
2
3
3
3
2
2
2
2
2
3

Table (4) Number of samples, dimensions and classes for all datasets used in section 4.3

In addition, it is worth mentioning the procedure used to derive results for the instance
selection process (4.3.5) and the asymptotic behavior (4.3.6).
The methodology used to plot figure 7 is to calculate the pairs distance and angle with
the closest axis for each nearest neighbor. More precisely:
1. For each point in the test set, we take the 100 nearest neighbors and store their distances
2. Then, for each nearest neighbor we calculate the angles to each and every axis and
store the minimum value. Thus, we will have for each point in the test set and for each
nearest neighbor a pair of values (distance, angle)
17

3. Finally, in order to reduce the sample size, we average on each nearest neighbor. For
instance, take the first nearest neighbor of all test samples and average their distances
and angles and repeat this process until we get the values for the 100th nearest neighbor.
Therefore, what we plot in figure 7 are the pairs of average distance vs average minimum
angles of those 100 nearest neighbors for different values of p.
On the other hand, the calculation of figure 8 is more simple. This plot shows the density
function over all pairs of distances from test to train samples for different values of p. In
both figure 7 and 8, the leftmost plot correspond to Wisconsin Breast Cancer dataset and
the right one to Ionosphere.
Regarding section 4.3.6, the objective is to show that HSW converge to kNN in the limit
λ → ∞ when we have no repeated points (test points match with centroids). The methodology used to parametrize the repetition of points is via the Oversampling factor (OF). The
idea es that we pic at random a percentage of points from the original data set and repeat
them so that they appear exactly two times in the data set. The selected percentage of the
sample size to repeat is exactly equal to the oversampling factor. For instance, OF = 0.05,
means that we select at random 5 % of the rows and duplicate them.
Finally, the dataset used in section 4.3.6 is synthetic. We create a 2D dataset that has
two concentric classes arising from a Gaussian distribution over the radius. More precisely,
the distance from class i to the center has a normal distribution with mean Ri and variance
σi . In order to avoid negative values of the inner class, we take the absolute value. In figure
10, we show an example of the data set for different values of the variance.
4.3.2

Classification

This section show the performance of Complete HSW rule. We already showed some results
of HSW for λ = 1 and k = 1 (Multi-Class HSW) in section 2.3.1 on typical benchmark
datasets. Now we explore the full power of the algorithm and study the difference between
Complete HSW and Multi-Class HSW. Therefore, if it is worth to fit all 3 hyper-parameters
(p,lambda and k).
Table 5 show from left to right: HSW with optimal (k,λ) and p = 2, HSW with optimal p
and (k = 1,λ = 1) and HSW with optimal (k,λ,p)
Different number of parameters optimized with CV
Dataset
HSW opt.(k,λ)
HSW opt. p
HSW opt.(k,λ,p)
Appendicitis
87.44 ± 2.60
86.00 ± 2.55
86.00 ± 2.60
Banknote Auth.
99.98 ± 0.03
99.72 ± 0.20
99.95 ± 0.04
Diabetes
73.35 ± 1.06
72.28 ± 0.74
72.93 ± 1.14
Ionosphere
93.29 ± 1.1
93.41 ± 1.01
94.23 ± 1.05
Sonar
82.75 ± 2.38
79.76 ± 1.91
82.61 ± 1.61
Wisc. Breast Cancer
96.87 ± 0.77
97.31 ± 0.76
96.79 ± 0.81
Iris
95.20 ± 1.01
93.77 ± 1.57
97.00 ± 1.90
Wine
96.10 ± 2.62
97.45 ± 1.51
96.61 ± 1.68
Balance Scale
90.62 ± 1.11
87.83 ± 1.92
90.01 ± 1.05
Omentum Kidney
94.01 ± 1.39
97.01 ± 1.22
97.76 ± 1.03
Breast Ovary
89.33 ± 2.11
95.11 ± 0.73
95.72 ± 0.90
Ovary Lung
89.53 ± 1.41
91.01 ± 1.11
94.15 ± 1.49
RSCTC2 2010
52.34 ± 3.40
53.28 ± 4.68
58.28 ± 4.15
Table (5) Complete HSW with different number of free parameters
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In general, we observe that on most low dimensional datasets there is little difference
between the three variants. There are datasets where the value of p is more important and
others where fitting 3 parameters traduce in an excess of complexity which lead to over-fitting.
However, in general there are no statistically significant differences among the three settings.
Therefore, on low dimensional data it seems that there is no point in doing a exhaustive
grid search to optimize all three hyper parameters. There is little gain in accuracy and the
computing time is heavy because we need to recalculate the distance matrix for each value
of p. A randomized grid search would be more suited for this kind of data sets.
In the other hand, on most high dimensional datasets, the classification accuracy is significantly better on the three parameter setting. The biggest improvement comes from optimizing
the value of p whereas fine tuning k and λ consistently add small improvements.
4.3.3

Classification on high dimensional datasets

Due to the positive results of HSW, we want to further explore the performance on high
dimensional data sets. To do so, we will use datasets from the gene expression machine
learning repository (GEMLeR).

Dataset
Oment. Kidney
Breast Ovary
Ovary Lung
RSCTC2 2010
Oment. Prostate
Lung Kidney

DNA Microarray Sequences - Comparison
KNN
KNN p opt Logistic
Complete
HSW
96.60 ± 1.64 96.88 ± 1.22 97.11 ± 0.57 97.76 ± 0.74
93.27 ± 1.18 94.44 ± 1.83 96.90±0.39 95.72 ± 0.90
89.07 ± 2.88 91.64 ± 1.27 94.16±0.97 94.15 ± 1.49
50.85 ± 3.25 52.00 ± 5.59 53.42 ± 4.65 58.28 ± 4.15
94.58 ± 2.09 97.50 ± 1.80 97.85 ± 0.86 98.13 ± 1.28
95.46 ± 0.99 96.40 ± 0.78 96.54 ± 0.46 96.83 ± 0.86

Lin. SVM
97.33 ± 0.62
96.54 ± 0.45
94.02 ± 0.91
57.61 ± 4.74
97.75 ± 0.66
96.93±0.59

Table (6) HSW performance on high dimensional data compared with other benchmark models

Table 6 compare HSW with most common used algorithms on high dimensional data.
Mostly algorithms with low complexity like linear SVM , logistic regression or kNN have
more chances to deal with over-fitting in this kind of data. In order to do a fair comparison
of HSW with kNN, we also include the version of kNN with optimal p. Logistic regression
and SVM has been trained with LiblineaR package in R. The best possible regularization
method and value has been selected via 10 fold cross validation. Logistic regression showed
best performance with L1 regularization whereas in SVM, L1 regularization and L2 loss.

Figure (4)

Cross validation error on the train set for different values of p
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Regarding the results, in almost all datasets HSW perform significantly better than kNN
with p = 2. Indeed, there is one out of six datasets (Ovary Lung) where HSW is also significantly better than kNN with optimal p. In contrary, when we compare HSW with Logistic
Regression or SVM, there is no significant difference among them.

4.3.4

Instance Selection Process for p ≤ 1

After applying HSW and kNN to high dimensional data, it turned out that the values of p
that showed best results are far below 1. As figure 4 indicate, on GEMLeR data sets, the
successful values of p where between 0.05 and 0.1. This is surprising considering that the l -p
norm for p < 1 is no longer a proper distance metric due to the lack of the subaditivity property [13]. As you can see in Figure 5, the hypersphere for p < 1 have a star like appearance.
The star has as two vertices per dimension and for a fixed radius, the volume get smaller and
smaller as we decrease p (figure 6).

Figure (5) Graphical representation of the distance distortion along the coordinate axis for p < 1.
The stars represent the unit sphere circle for some value p < 1. The discontinuous circles indicate the
unit circle for the euclidean distance metric.

Figure (6)

Unit radius circle for different values of p. From left to right p = 0.3, 0.6, 0.9
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Therefore for very small values of p, only points that lie on some of the local axis 1 will
be relevant for the nearest neighbors selection. All the other points will be so far away that
they are excluded from the nearest neighbors selection unless we have a very high value of k.
For instance in figure 5, note that point G and F are at the exact same euclidean distance
from point E. However, for values p < 1, point G is much closer than F. Now imagine that
we start to shrink more and more the value of p (figure 5) such that all the points that are
not directly aligned with the axis will be so far away from E that they will be irrelevant for
the algorithm. In addition, it is easy to show that the distance between two points that lie
on the same local axis is independent of p.
If the previous statements are true, then the distance to the nearest neighbors will have
a dependency with the angle respect to the local axis. In other words, if we decrease the
value of p, kNN will select as nearest neighbors those samples that lie parallel or almost
parallel to some axis (small angle). In figure 7, we plot the average distance of each nearest
neighbor vs the minimum angle to any local axis. Indeed, note how the dependency with the
angle increase as we lower the value of p. For instance, p = 1 the shape of the unit sphere
is a rhombus such that the vertices already start to activate the instance selection process.
However, this process intensifies for smaller values of p. On the other hand, note that for p
= 10 the distance has absolutely no dependency with the angle to the local axis. In figure
8 we can observe how those two groups of points appear when we move to small values of p
(0.01 or 0.05)

Figure (7) Distance vs angle dependency for different values of p. Left plot correspond to Wisconsin
Breast Cancer and right one to Ionosphere data set.

It is yet unclear how this process suits high dimensional data but the results show that
the CV decrease as we decrease the values of p. The hypothesis is that only comparing with
other points along the local axis help the model to detect patters. With noise we mean points
that have a variability in all directions. Intuitively, we could say that if order appears clear
in the data, the algorithm might detect easier relevant patterns. For instance, it is clear that
the vector (0,1) is smaller than (0,2) but the answer is not so clear when the comparison is
(2,1) vs (0,4). However, those are just possible hypothesis. Truth is that but we don’t know
is this is a industry related effect (genomic data) of if this is an intrinsic characteristic of
the nearest neighbor approach in high dimensional data. More theoretical analysis would be
needed to clarify this question.
1

Local axis: Coordinate system obtained by translating the axis to the corresponding point a. ~
x → (~
x − ~a)
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Figure (8)

Density plot of the all distances between train and test points for different values of p.

Summarizing, this section showed that there exist a instance selection process for p ≤ 1
that ”remove” points that have variability in more than one dimension with respect to the
local axis. Then, based on those reduced set of points the algorithm execute the standard
selection rule. As we observed on diverse data sets, this selection process increase the accuracy of the algorithm substantially.

4.3.5

Neighborhood Components Analysis

The fact of recalculating the distance matrix for each value of p, a-priori seem to be a limitation of the model. Therefore, in this section we will compare the methodology optimizing
p via hyperparameter search with the metric learning algorithm Neighborhood Component
Analysis (NCA) [5].
The objective of NCA is to find the optimal linear transformation ~x0 = L~x such that it
maximizes a stochastic variant of the leave-one-out KNN score on the training set. They
use a stochastic approach in order to avoid the non differenciable nature of KNN objective
functions due to the nearest neighbor discontinuity. They fix the value of p = 2 (Euclidean)
and search for optimal matrix L.
In table 7, we highlight the data sets where we found that the norm dependency is strong
and we compare the performance of HSW combined with NCA vs empirical search for p.
Dataset
Ionosphere
Sonar
Wine
Balance Scale

NCA vs Hyperparameter Search
HSWp
HSWL
KN Np
94.23 ± 1.05 95.38±0.76 90.89 ± 2.45
82.61 ± 1.61 88.91±1.89 81.54 ± 1.42
96.61 ± 1.68 98.89±0.53 96.44 ± 0.95
90.01 ± 1.05 96.05±0.67 88.67 ± 0.88

KN NL
90.34 ± 1.51
86.08 ± 1.76
96.77 ± 1.04
95.01 ± 0.90

Table (7) NCA applied to kNN and HSW compared to the same models optimizing p via cross
validation. The subscript L indicate NCA and p the typical CV approach. NCA has been applied to
the train set to learn the matrix L and then we projected the test samples on that space.

Note that NCA boost substantially the performance of HSW. In addition, HSW is always
a few accuracy points above KNN and that in Ionosphere and Wine the increase is significant.
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The fact that HSW is closely related to KNN, means that HSW should be able to benefit
from metric learning algorithms that aim to optimize KNN. We showed that it is the fact for
NCA but it could also work on LMNN (Large Margin Nearest Neighbor) [14].
The main limitation of NCA and LMNN is that the loss functions involve cross product
between the matrix L and the points X. This operation scales at most as O(N P 2 ) which
implies that high dimensional data sets are prohibited. We say at most because we use R
function tcrossprod() which speed up the calculation with the GPU but still the computation
is unfeasible. Indeed, NCA will calculate the cross-product for each iteration of the algorithm which enlarge even more the computation time. Thus, in high dimensions, it is couple
of orders of magnitudes faster to calculate the distance matrix for each value of p than using
metric learning algorithms that use the linear transformation L.
More precisely, let CL denote the time complexity of NCA, CL the time complexity of
hyperparameter search, Niter the number NCA iterations until convergence and Ngrid the of
different hyperparameters that we want to try. Then the complexity ratio between the two
methods can be defined as follows:
CL
O(Niter · N · P 2 )
≈
=O
Cp
O(Ngrid · P · N 2 )



Niter · P
Ngrid · N


(13)

In general the number of iterations of the NCA is bigger than the number of different
values of p that we want to test. However, even if they would be of the same order of
magnitude in high dimensional data P >> N . For instance in the GEMLeR repository, P is
of the order 104 where N is of order 102 . Thus, using p as a hyper-parameter is 100 times
faster than linear transformation metric learning. On the other hand, there is also a memory
storage problem. In the case of NCA, we need to store a matrix of dimension P x P whereas
in the other case we need to store Ngrid matrices of dimension N x N. Going back to our
data sets, NCA will need to store a matrix of 8 bytes x 10000 x 10000 = 800 Mb whereas the
hyper-parameter search need to store Ngrid matrices of 8 x 100 x 100 = 80 Kb. Thus, unless
we want to try 104 different values of p, the second method is more efficient.
4.3.6

Asymptotic behavior

This section complement the theoretical results from section 4.1 with some simulations.
First of all, in figure 9 we show the cross validation error for different values of k and λ on
the Sonar dataset. The discontinuous lines indicate the kNN error rate for the corresponding
values of k. The values of k are odd numbers in order to avoid inconsistencies due to ties in
the nearest neighbor majority vote. In this particular dataset, since there are no repeated
points, note that the limit exist for all exposed values of k.
In order to illustrate the discontinuity of the classifier, we use the synthetics dataset explained in section 4.3.1. On this dataset we analyze the percentage of test points that fall
outside the spheres for different values of lambda. More precisely, the faction of test points
that have S(x) = 0 (eq. 5).Recall that in order to have a well defined limit, there should exist
a value of λ > 0 such that all points end up in the KNS region. The objective is to show
that when we have no repeated points (test points match with centroids) the limit exist and
that the repeated points create the discontinuity. In figure 10 we can clearly identify that no
matter how small we make lambda, the percentage does not converge to 100 % unless the
Oversampling Factor (OF) is exactly equal to 0.
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Figure (9) CV error for different values of the hyperparameter lambda and k. The discontinuous
lines show the CV error corresponding to the classic KNN algorithm. Data correspond to sonar
data-set whereas 10-fold CV and 20 bootstrap samples have been used for the calculations.

Figure (10) Synthetic dataset with gaussian distribution over the radius of the points. σR = 4
(left) and σR = 6 (rigth). Note that we took the absolute value in order to avoid negative radius.

Finally, we analyze the CV error on this same dataset for different values of the oversampling factor. In figure 12, the discontinuous lines indicate the CV error for KNN and
the shapes the CV error for HSW. Again, note that the limit only exist across all values
of k when we have no repetition (OF = 0). In the cases when there is heavy repetition of
points, both algorithms strongly diverge. To our benefit, HSW shows much stronger performance in the limit of small lambda due to the locality of k. The idea is that HSW is able
to detect that two points are exactly equal and therefore it uses locally k = 1 whereas the
rest of the points that have more uncertainty it uses the general value of k. This can be one
another rule of thumb where HSW outperform KNN: when there is heavy repetition of points
in the dataset (many integer features for instance), we can take advantage of the locality of k.
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Figure (11) Percentage of test cases that fall into the K-Nearest Sphere (KNS) case for different
values of the oversample factor.

Another detail to note in figure 12 is that for k = 1, the limit convergence is satisfied
even if there is repetition of points. However, this is only true because the repeated points
appear exactly twice. Remember that the value of the local k is determined by the number
of times a centroid is repeated. In our case, since the centroids have at most 1 duplicate the
local value of k is 1. Since this value coincide with the global k, HSW converge to KNN in
the limit of small lambda. Bear in mind that as soon as some point is repeated more than
once, the local value of k will no longer coincide and therefore the discontinuity will reappear.

Figure (12) Percentage of test cases that fall into the K-Nearest Sphere (KNS) case for different
values of the oversample factor.
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5

Related Work

HSW’s core idea is to build a classifier that expand spheres around points whose radius depend on the nearest miss. From this point of view, the closest related work that has been
found in literature is Large Margin Nearest Neighbors [9]. LMNN approach is to train a
mahalanobis metric with the goal that the k-nearest neighbors always belong to the same
class while examples from different classes are separated by a large margin. In consequence,
samples that belong to the same class will be ”compressed” into a hyper sphere and the others
will be pushed outside. However, instead of having a single radius, LMNN have a margin
that intend to separate the nearest misses from the inner class.
The difference with this work is that HSW does not learn any metric. The union and intersection of hyperspheres shape the boundaries of the classifier with the standard minkovsky
metric. Both models attack similar concepts but LMNN from the metric perspective and
HSW from the classifier rule perspective. Indeed, it would be interesting to combine HSW
and LMNN since the leaned metric in LMNN enhance spherical shaped decision boundaries.
Indeed we showed that coupling HSW with NCA [5] add significant improvements over kNN.
Changing the point of view, HSW can be approximated as mixture between two different
configurations of nearest neighbors classifiers. A partition of the test set will be predicted
with the KNS approach and the other with what we defined in this work as Majority Vote.
Even more, the KNS approach can be viewed as a classical kNN rule where the distance from
test to train points is replaced by d(x, ci ) − ri . On the other hand, Majority Vote rule can be
viewed as a local k nearest neighbor model replacing the distances by min (d(x, ci ) − ri , 0)).
Specifically, the nearest neighbors are defined by the number of spheres that contain the test
point.
Therefore, we can decompose HSW in three related work areas:
 Mixture of kNN models. The is plenty of literature that combine kNN with other
models. In order to speed up computation time [15] used kNN combined with K-means
clustering algorithm. In addition, [16] proposed a hybrid version of KNN with SVM for
visual category recognition. Also kNN has been combined with Genetic Algorithms, Ant
Colony Optimization or Swarm Optimization among many others [3]. Nonetheless, to
the best of our knowledge there is no related work that combine different configurations
of kNN in a single model.
 Similarity measure selection. It is well known that the similarity measure has
strong impact on the nearest neighbor classifier. Indeed, [17] studies the performance
of NN rule with over 50 different similarity measures on 30 data sets from the UCI
Machine Learning Repository. They show that the Hassanat Distance gives the best
average result on those datasets. In any case, we haven’t found any related work that
use a distance metric that involve the nearest misses of the train points.
 Local adaptive k value. For instance [18] calculate the best local value of k for each
instance in the train set with cross validation. Then, for each test point they use the
value of k corresponding to the average 3 nearest neighbors. In order to add a smoothing
factor and break ties they also take into consideration the impact of the local k to the
global accuracy. Another example is Adaptive kNN algorithm [19]. In their work the
optimal value of k is defined as then number of the fewest nearest neighbors a training
example has to identify to get its correct class label. In comparison with HSW, the
local value of k arise only as a consequence from the distance metric and how the radius
depend with the nearest misses.
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Conclusions

This work showed that HSW is able to compete with other well know algorithms like SVM,
kNN, XGboost or Logistic Regression. In general terms, this only applies to Multi-Class and
Complete HSW whereas One-Class HSW is not able to reach a solid benchmark in classification. However, on low dimensional sets, we cannot guarantee that the complete version will
always be better than multi-class. A randomized grid search should be enough in those cases.
Regarding structure affinity for HSW, it seems that when at least one of the classes has a
high spherical symmetry, the algorithm show strong performance. In addition, it would be
worth to try HSW when we have a high number o repeated points such that we can benefit
from the locality of k.
The structure of HSW is closely related to kNN. Indeed, the work shows that complete
HSW converge to kNN in the limit λ → 0 when there are no repeated points in the dataset.
In contrast, the presence of repeated points imply that HSW converge to a local kNN rule
where the value of ki is exactly equal to the number of repeated points such that xi = ci . In
any case, since the value λ = 0 always recover the classical kNN approach, we can guarantee
than HSW will always perform better or equal than kNN. The magnitude of the improvement
will depend on how well this linear second order interaction suits the data.
Due to the time complexity of the algorithm, we investigated the performance on high
dimensional data. In almost all studied datasets, HSW perform significantly better than kNN
with p = 2. Perhaps most importantly, in some cases HSW is also significantly better than
kNN with optimal p which indicate that the second order interaction add value to kNN. On
the other hand, we found little differences with Logistic Regression and Linear SVM on the
studied dataset.
In addition, HSW required very low values of p in all the studied high dimensional
datasets. Those values of p create a instance selection process that exclude points with
variability in more than one direction from the nearest neighbor selection. It is yet unclear
why exactly this process boost the accuracy of HSW and kNN and if this is purely an effect
of dimensionality.
Finally, the work also shows that metric learning algorithms like neighborhood component
analysis are able to boost substantially the performance of HSW. This technique show much
better results than searching for p in the hyper parameter space via cross validation. However,
those metric learning processes are unfeasible in high dimensional data. Indeed, in those cases
it is much more efficient to recalculate the matrix distance for each value of p.
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Future Work

Currently, the function that determine how the radius of the spheres depend with the nearest
miss is defined as a linear relationship ri = λUi . Other functions of interest could be involving
the furthest hit Vi such that we radius is defined as ri = λ(Ui + Vi )/2. We understand the
furthest hit as the most distant positive sample before the nearest miss. This function create
a margin that should be is less biased towards the class of the sphere. Indeed, those functions
can be probabilistic in the sense that we assume a distribution over values of ri . For instance
a valid approach could be to assume that ri follow a normal distribution with mean value
µ = (Ui + Vi )/2 and variance σ 2 = λ where now the hyper-parameter define the uncertainty
of the margin.
On the other hand, it could be interesting to studying if Kth order interactions (K > 2)
are able to add value to the model. For instance a 3rd order interaction could be that the
selection rule depend not only on the distance and nearest miss but also on the nearest hit of
the nearest miss. In that case KNS distance criterion would be d(x, ci ) − Ui + Wj where Wj
represent the nearest hit of Ui . In that case, the rule would take into account if the nearest
miss if far away from other samples of the same class or not. This idea could be expanded
to any K such that for a Kth order interaction the radius array R would become a (K1,N) matrix. First row represent the nearest miss of each data point, second row the nearest
hit of the point in row 1, third row the nearest miss of the point calculated in row 2, and so on.
Another topic of interest could be study the kernelized HSW rule and if it is a potential
alternative to the grid search of p. In the same direction, a metric learning algorithm that
optimize p instead of the matrix L could be a valuable alternative in terms of scalability in
high dimensional data.
To conclude, remark that most works dedicated to improve kNN scalability [6][19][20][21]
could be also applied to HSW, at least to the predict procedure and the distance matrix
computation. On the other hand, the train procedure of calculating the nearest miss can be
easily parallelized since the calculations for each sample are independent.
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