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Abstract 13 
 14 
A new mathematical model is presented for the supercritical fluid extraction of lanoline 15 

from wool using near-critical ethanol-modified CO2, using our previous experimental 16 

data. The model is intended to account for the extraction of lanoline at conditions well 17 

above its melting point (60-80ºC) and pressures up to 150 bar. The model parameters 18 

are a Henry-type fluid-to-liquid partition coefficient for lanoline, K = Cg/CL, and a 19 

fluid-side mass-transfer coefficient, kG. For Re ~1, K is independent of velocity and 20 

wool packing density, but increases with pressure (K = 4 -15 x 10-4). kG is found to be  21 

independent of temperature; it increases with velocity, decreases with pressure, and 22 

increases with wool packing density. The values found are kG = 5.66 x 10-6 m/s (70 bar) 23 

and kG = 1.51 x 10-6 m/s (150 bar).  24 

 25 
 26 
 27 
 28 
 29 
Nomenclature. See end of manuscript.  30 
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1. Introduction 1 
 2 

Supercritical fluids (SCF) have been known since the late nineteenth century. But the 3 

modern impulse of SCF reappeared in the 1970s in connection with the interest in 4 

natural products and the processes for treating valuable substances, such as coffee and 5 

tea decaffeination, hops, extraction of flavours and fragrances and pharmaceutical 6 

separation methods. SCF is now considered a mature technology. Information about 7 

SCF technology can be found in recognised texts dealing with the physical-chemical 8 

properties and applications of SCF (McHugh and Krukonis, 1986; King and Bott, 1993; 9 

Brunner, 1994; Clifford, 1999; Arai et al., 2002).  10 

 11 

Lanoline is a highly valued wool grease secreted by sheep and is widely used in the 12 

cosmetic and pharmaceutical industries. Early attempts to extract lanoline from raw 13 

wool with supercritical carbon dioxide date back to the 1990s, and are  the work of Koo 14 

et al.,1992, Cygnarowicz-Provost et al., 1994, and New Zealand researchers (Jones et 15 

al., 1995). In all cases, pure compressed CO2 was employed. Bayona et al. (2005) 16 

employed modified CO2 to extract lanoline from raw wool, developing a process for the 17 

fractionation of lanoline from raw wool or technical lanoline. One of the first 18 

experimental systematic studies was that published by our group (Eychenne et al., 19 

2001), which is the experimental basis of the present work.  In this work, CO2 modified 20 

with 5% ethanol was used under near-critical conditions, allowing operation at lower 21 

pressure. Extraction yields higher than 90% were obtained in about 1-2 h, which were 22 

not possible with pure CO2. Recently, we published an article dealing with modelling 23 

the extraction of solid lanoline from wool using modified CO2 (Valverde and Recasens, 24 

2019) at a single temperature, 30ºC, and pressures up to 150 bar. In these conditions, the 25 

lanoline is a solid (melting point. 38-44 ºC) and the fluid is a liquid.  Extraction rates 26 
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were interpreted using the gas-solid shrinking-core concept for non-catalytic reactions 1 

(Fogler, 2006) applied to extraction.   In this case, the solid lanoline covering the wool 2 

fibres is in direct contact with the fluid and is progressively dissolved by the flowing 3 

solvent. Lanoline is known to consist of two fractions. In the Valverde and Recasens 4 

(2019) model the two lanoline fractions are assumed to be deposited one over the other 5 

on the wool fibre, as is suggested by the empirical results obtained in the fractionation 6 

process developed in a patent (Bayona et al., 2005) and the chemical characterization of 7 

the fractions (Domínguez et al, 2003a, 2003b; López-Mesas et al., 2007). 8 

 9 

The present work is based also on the results of the experiments of Eychenne et al., 10 

(2001), but now the modelling work is extended to wider ranges of temperature, 11 

pressure and other variables that affect the extraction rate. As can be seen in Table 1, 12 

lanoline is extracted from a liquid to a near-critical fluid at temperatures of 60 to 80ºC, 13 

well above the lanoline melting point (38-42ºC), in all the extraction runs. At these 14 

temperatures, the conservation equations for lanoline become complicated by the fact 15 

that there is a multicomponent liquid phase, which involves an additional mass transfer 16 

resistance compared with the extraction runs at temperatures where lanoline is a pure 17 

solid. For temperatures above 30ºC, the lanoline diffusion equations from the liquid up 18 

to the liquid-fluid interface mean that solving the model is quite complex. To overcome 19 

these difficulties, Valverde et al. (2020) employed neural computing to solve the 20 

problem of characterising the effects of the variables. The neural network approach 21 

allowed us to accurately predict packed bed extraction yield as a function of time, for 22 

given values of pressure, temperature, solvent flow rate, and wool packing density. The 23 

average error for the neural network predictions was less than ± 0.42%. 24 

  25 
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However, one shortcoming of neural computing is that it cannot provide the values of 1 

physically meaningful model parameters, such as the mass transfer coefficient and 2 

solubility of the solute as a function of the process variables. This is a problem for the 3 

design and simulation of packed beds from first principles, which requires data on 4 

equilibrium solubility and mass transfer rate parameters. (King and Catchpole, 1993). 5 

 6 

The purpose of the present work is to solve the mass conservation equations for lanoline 7 

extraction from raw wool in conditions where lanoline is a liquid. Our aim is to 8 

determine the physical parameter values that characterise the fundamental physical 9 

model. A further purpose of this work is to compare the results of the present method 10 

with the prediction of lanoline extracted fractions using neural networks, that is 11 

available (Valverde at al., 2020). In both cases, our previous experimental extraction 12 

runs (Eychenne et al, 2001) were the basis of our models. Our work offers a complete 13 

mathematical model for the design and operation of near-critical solvent extraction of 14 

lanoline from wool. 15 

 16 

2. Experimental background 17 

The experimental study behind this work was published elsewhere (Eychenne et 18 

al., 2001); the reader should refer to it for a complete description. Here, we report only a 19 

few significant features. A Separex 200 unit was used for the high-pressure extraction. 20 

The laboratory extractor unit is shown in Fig 1, where the elements of the setup are 21 

described. A summary of the scope of the measurements, features of the extractor vessel 22 

and the wool stock used are given in Table 1. 23 

 24 

 25 
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 1 
Table  1. Settings for the extraction runs of raw wool.  Extractor and wool fibre 2 

properties 3 
 4 

Temperature 60, 80ºC 
Pressure 70, 120, 150 bar 
Solvent* mass flow rate 3, 4 and 5 kg/h 
Solvent passed up to 5 kg 
Total extraction time 1h approx. 
Wool packing densities 127, 159, 227 and 318 kg/m3 

Extractor vessel 
Shape Cylindrical 
Material Stainless steel AISI 316L 
Interior dimensions 145 mm x 30 mm (H x D) 
Volume 100 cm3 
Internal cross section 706.8 mm2 

Wool stock fibres 
Wool loading in extractor 13 g 
Wool composition 60-65% wool proper, 10-20% wax and 

proteins, 10% soluble stains (salts), 1-
20% soil and vegetable matter 

Fibre geometry Cylindrical 
Fibre length (approx.) 15 cm 
Initial fibre radius, r0 ≈ 10 μm 
Final fibre radius, R 8.3 μm 
Lanoline content 20 % wt 
Types of lanoline Two fractions (external and internal) 
Lanoline melting point  38 – 44 ºC 
Equivalent (Sauter) particle size of wool 
fibres 

3.2 x 10-2 mm 

* Solvent is 95% wt. CO2 – 5% ethanol. 5 
 6 
 7 
The runs of the extracted lanoline fraction as a function of time have been taken from 8 

the Figs 5, 6b,8b, 9b and 10, belonging to the article by Eychenne et al (2001). Only the 9 

supercritical operating data have been used in the present work, that is, for temperatures 10 

above 50ºC and pressures above 100 bar. The PT envelope for the solvent mixture we 11 

know that the the critical point of the solvent 5% Ethanol-95% CO2 is about 50ºC and 12 

95 bar; at 30ºC and pressures above 70 bar the fluid is a liquid. For T below 38-44ºC, 13 

lanoline is a solid. See Valverde and Recasens (2019). 14 

 15 
 16 
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 1 
 2 
 3 

 4 
 5 
Fig  1. Separex 200 unit flow diagram. P1, Milton-Royal CO2 pump; P2, Pulsa-Feeder 6 
ethanol pump; HE1, HE2, HE3, heat exchangers; BPR back-pressure control valve; E, 7 
Separex 200 extractor vessel; S, Separex cyclone separator; PI, pressure indicators; TIC 8 
temperature indicating controller; FC, flow controller 9 

 10 
 11 
The physical properties of the materials are required in order to solve the mathematical 12 

model for extraction, i.e., the solvent densities and the densities of lanoline and the wool 13 

fibre. These are taken from Valverde and Recasens (2019). It should be mentioned that 14 

both the total extractor length, zT, and the void fraction of the wool, ε, depend on the 15 

operating packing density of the wool bed, ρB, because the total load of wool in the 16 

extractor vessel is the same in all runs (see Table 1). In order to change the packing 17 

density, lowering the threaded upper head of the extractor vessel decreases the length 18 

zT. So, when the length zT is decreased, the wool packing density increases. The 19 

relationship between packing density, bed porosity and extraction vessel length can be 20 

calculated. See Table 2. 21 

Table  2. Wool packing density - bed porosity - extractor length relationship 22 

Bulk density ρB (kg/m3)  Bed porosity ϵ (m3 void/m3 bed) Extractor height zT (m) 
127 0.90 0.145 
159 0.88 0116 
227 0.83 0.081 
318 0.76 0.058 
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 1 
 2 
3. Theory 3 

 4 

3.1 Conservation equations. 5 

Consider a bed of packed wool from which the lanoline deposited on the fibers is 6 

extracted by the flowing solvent. At t = 0, a step input of lanoline-free solvent is 7 

introduced in the bed inlet at z = 0.  At the same time, the lanoline-saturated fluid is 8 

removed at the other end of the bed at z = zT. Neglecting pressure drop, the solvent 9 

passes through the bed in plug flow at constant pressure and temperature. The rate of 10 

extraction depends on two factors:  the solubility of lanoline in the solvent and a fluid-11 

side mass transfer coefficient. Two assumptions are made: 12 

  13 

1) Since the amount of lanoline on the wool is small, the bed void fraction, ε, is about 14 

constant and equal to that of packed wool; and  15 

2) Since the layer of liquid lanoline covering the fibers is very thin, the total mass 16 

transfer area, a, is considered constant; therefore, the holdup of liquid in the bed, εL, is 17 

taken as equal to its average value.  18 

 19 

With these assumptions, the balance equations for lanoline in the flowing solvent and in 20 

the liquid phase, respectively, are 21 

𝜖𝜖 𝜕𝜕𝐶𝐶𝑔𝑔
𝜕𝜕𝜕𝜕

+ 𝑢𝑢 𝜕𝜕𝐶𝐶𝑔𝑔
𝜕𝜕𝜕𝜕

= 𝑟𝑟𝑣𝑣   (1) 22 

−𝜕𝜕(𝑉𝑉𝐿𝐿𝐶𝐶𝐿𝐿)
𝜕𝜕𝜕𝜕

= 𝑉𝑉𝑉𝑉𝐺𝐺𝑎𝑎 (𝐶𝐶𝑔𝑔∗ − 𝐶𝐶𝑔𝑔)  (2) 23 

where rv is the volumetric mass transfer rate at position z and time t, and kG is the fluid-24 

side mass transfer coefficient. In eqn. (2), Cg* is the lanoline concentration in the 25 

solvent side. Cg* is related to the concentration of lanoline in the bulk liquid, CL, 26 
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through a Henry-type equilibrium constant, K, as is usually the case in high-pressure 1 

studies. This is 2 

𝐶𝐶𝑔𝑔∗ = 𝐾𝐾𝐶𝐶𝐿𝐿        (3) 3 

Fig 2 shows the initial and final liquid side lanoline radius, and the equilibrium between 4 

CL and Cg*, that is, between the lanoline concentration in the bulk liquid and that in the 5 

gas phase. 6 

 7 

 8 
Fig  2. Initial and final liquid lanoline on a wool fibre, and liquid-solvent mass transfer 9 
gradients. Note that CL is the lanoline in the bulk liquid (see text). 10 

 11 
 In order to develop the theoretical model, it is further assumed that the concentration of 12 

lanoline in the liquid phase has an average value CL of the lanoline concentration profile 13 

in the liquid layer (see the right of Fig 2). That hypothesis was already made by 14 

Puiggené et al. (1997) with very good results. These authors were able to obtain an 15 

analytical expression for the fluid concentration at bed exit, Cg (t, zT), for the case of 16 

the liquid-to-SCF mass-transfer in a packed bed on inert particles. 17 

 18 
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Note that CL decreases with increasing z, because lanoline dissolves in the solvent for 1 

increasing values of z. Using the following relationship 2 

𝑉𝑉𝐿𝐿 = 𝑉𝑉 𝜖𝜖𝐿𝐿             (4) 3 

together with the gas and liquid holdups, ε and εL, and the Henry constant, K, eqns. (1) 4 

and (2), become 5 

𝜖𝜖 𝜕𝜕𝐶𝐶𝑔𝑔

𝜕𝜕𝜕𝜕
+ 𝑢𝑢

𝜕𝜕𝐶𝐶𝑔𝑔

𝜕𝜕𝜕𝜕
= 𝐾𝐾𝑉𝑉𝐺𝐺  𝑎𝑎 (𝐶𝐶𝐿𝐿 −

𝐶𝐶𝑔𝑔

𝐾𝐾
)   (5) 6 

−𝜕𝜕𝐶𝐶𝐿𝐿
𝜕𝜕𝜕𝜕

=  𝐾𝐾𝑘𝑘𝐺𝐺𝑎𝑎
𝜀𝜀𝐿𝐿

(𝐶𝐶𝐿𝐿 −
𝐶𝐶𝑔𝑔
𝐾𝐾

)   (6) 7 

where εL is the liquid holdup, taken as an average value during the extraction process. If 8 

the bed is initially loaded with new wool, and the inlet solvent is lanoline-free, the 9 

boundary and initial conditions for the system of eqns. (5) and (6), are 10 

𝐶𝐶𝑔𝑔 (𝜕𝜕, 𝜕𝜕 = 0) =  𝐶𝐶𝑔𝑔 (𝜕𝜕 = 0, 𝜕𝜕  ) = 0              (7) 11 

𝐶𝐶𝐿𝐿 (𝜕𝜕 = 0, 𝜕𝜕) = 𝐶𝐶𝐿𝐿0    (8) 12 

where CL0 is the initial concentration of lanoline covering the fibers. As will be noted, 13 

CL0 equals the pure lanoline density. 14 

 15 

3.2 Time evolution of lanoline concentration in the gas phase at bed inlet. 16 

A description of the bed conditions follows from the start of the extraction. First, we 17 

study what happens at bed inlet, and later we look at bed outlet. When the solvent enters 18 

the bed at t = 0 and z = 0, Cg is Cg = 0 in eqn. (6), so that the initial rate of change of CL 19 

with time at bed inlet, will be 20 

−𝜕𝜕𝐶𝐶𝐿𝐿
𝜕𝜕𝜕𝜕

=  𝐾𝐾𝑘𝑘𝐺𝐺 𝑎𝑎
𝜖𝜖𝐿𝐿

 𝐶𝐶𝐿𝐿    (9) 21 

Integration of eqn. (9) from t = 0, gives the following expression for CL, which accounts 22 

for the value of CL near z = 0, 23 

𝐶𝐶𝐿𝐿 =  𝐶𝐶𝐿𝐿0 𝑒𝑒 − 𝐾𝐾𝑘𝑘𝐺𝐺 𝑎𝑎
𝜖𝜖𝐿𝐿

 𝜕𝜕 (10) 24 
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This expression indicates that at the beginning of extraction, CL (t) near z = 0, rapidly 1 

drops exponentially from CL0 to zero.  Now, if CL given by eqn. (10) is substituted in 2 

eqn. (5), the following expression is obtained: 3 

𝜖𝜖 𝜕𝜕𝐶𝐶𝑔𝑔

𝜕𝜕𝜕𝜕
+ 𝑢𝑢

𝜕𝜕𝐶𝐶𝑔𝑔

𝜕𝜕𝜕𝜕
= 𝑉𝑉𝐺𝐺𝑎𝑎 (𝐾𝐾𝐶𝐶𝐿𝐿0 𝑒𝑒 − 𝐾𝐾𝐾𝐾𝐺𝐺 𝑎𝑎

𝜖𝜖𝐿𝐿
 𝜕𝜕
− 𝐶𝐶𝑔𝑔) (11) 4 

Using the initial conditions, eqns. (7) (8), eqn. (11) can be written as 5 

𝜖𝜖 𝜕𝜕𝐶𝐶𝑔𝑔

𝜕𝜕𝜕𝜕
+ 𝑢𝑢

𝜕𝜕𝐶𝐶𝑔𝑔

𝜕𝜕𝜕𝜕
= 𝐾𝐾𝑉𝑉𝐺𝐺𝑎𝑎 𝐶𝐶𝐿𝐿0 𝑒𝑒 − 𝐾𝐾 𝑉𝑉𝐺𝐺𝑎𝑎

𝜖𝜖𝐿𝐿
 𝜕𝜕 (12) 6 

Using this expression and the initial conditions, eqns. (7) and (8), we can begin to solve 7 

the partial differential equations with the method of finite differences, advancing one 8 

step forward, ∆z, and progressing to the end of the bed. See paragraph 4.1 below. 9 

 10 

3.3 Time evolution of lanoline concentration in the gas phase at any point of the bed. 11 

For the purpose of solving the conservation equations (5) and (6) at a point within the 12 

bed, it is necessary to solve eqn. (6) in order to find the value of CL at any z, or CL(z), 13 

and then apply a finite difference scheme up to the end of the bed. Eqn. (6) is readily 14 

solved by the Laplace transform method, as summarized next 15 

 16 

−ℒ �𝜕𝜕𝐶𝐶𝐿𝐿
𝜕𝜕𝜕𝜕
� = 𝑘𝑘𝐺𝐺𝑎𝑎

𝜀𝜀𝐿𝐿
𝐿𝐿�𝐾𝐾𝐶𝐶𝐿𝐿(𝑠𝑠) − 𝐶𝐶𝑔𝑔(𝑠𝑠)�   (13) 17 

𝑠𝑠𝐶𝐶𝐿𝐿(𝑠𝑠) − 𝐶𝐶𝐿𝐿0 = −𝑘𝑘𝐺𝐺𝑎𝑎
𝜀𝜀𝐿𝐿
�𝐾𝐾𝐶𝐶𝐿𝐿(𝑠𝑠) − 𝐶𝐶𝑔𝑔(𝑠𝑠)�   (14) 18 

𝑠𝑠𝐶𝐶𝐿𝐿(𝑠𝑠) + 𝐾𝐾𝑘𝑘𝐺𝐺𝑎𝑎
𝜀𝜀𝐿𝐿

𝐶𝐶𝐿𝐿(𝑠𝑠) = 𝑘𝑘𝐺𝐺𝑎𝑎
𝜀𝜀𝐿𝐿
𝐶𝐶𝑔𝑔(𝑠𝑠) + 𝐶𝐶𝐿𝐿0  (15) 19 

�𝑠𝑠 + 𝐾𝐾𝑘𝑘𝐺𝐺𝑎𝑎
𝜀𝜀𝐿𝐿

� 𝐶𝐶𝐿𝐿(𝑠𝑠) = 𝑘𝑘𝐺𝐺𝑎𝑎
𝜀𝜀𝐿𝐿
𝐶𝐶𝑔𝑔(𝑠𝑠) + 𝐶𝐶𝐿𝐿0                         (16) 20 

𝐶𝐶𝐿𝐿(𝑠𝑠) =
𝑘𝑘𝐺𝐺𝑎𝑎
𝜀𝜀𝐿𝐿

�𝑠𝑠+𝐾𝐾𝑘𝑘𝐺𝐺𝑎𝑎𝜀𝜀𝐿𝐿
�
𝐶𝐶𝑔𝑔(𝑠𝑠) + 𝐶𝐶𝐿𝐿0

�𝑠𝑠+𝐾𝐾𝑘𝑘𝐺𝐺𝑎𝑎𝜀𝜀𝐿𝐿
�
                (17) 21 
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ℒ−1{𝐶𝐶𝐿𝐿(𝑠𝑠)} = ℒ−1 �
𝑘𝑘𝐺𝐺𝑎𝑎
𝜀𝜀𝐿𝐿

�𝑠𝑠+𝐾𝐾𝑘𝑘𝐺𝐺𝑎𝑎𝜀𝜀𝐿𝐿
�
𝐶𝐶𝑔𝑔(𝑠𝑠)� + ℒ−1 � 𝐶𝐶𝐿𝐿0

�𝑠𝑠+𝐾𝐾𝑘𝑘𝐺𝐺𝑎𝑎𝜀𝜀𝐿𝐿
�
�  (18) 1 

 2 

Applying the convolution theorem to eqn. (18), it is inverted to give 3 

𝐶𝐶𝐿𝐿 = 𝐾𝐾𝐺𝐺𝑎𝑎
𝜀𝜀𝐿𝐿

∫ 𝐶𝐶𝑔𝑔(𝜏𝜏)𝑒𝑒 −
𝐾𝐾𝑘𝑘𝐺𝐺 𝑎𝑎
𝜖𝜖𝐿𝐿

(𝜕𝜕−𝜏𝜏)𝑑𝑑𝜏𝜏𝜕𝜕
0 + 𝐶𝐶𝐿𝐿0𝑒𝑒 − 𝐾𝐾𝑘𝑘𝐺𝐺 𝑎𝑎

𝜖𝜖𝐿𝐿
 𝜕𝜕  (19) 4 

𝐶𝐶𝐿𝐿 = �𝑘𝑘𝐺𝐺𝑎𝑎
𝜀𝜀𝐿𝐿
∫ 𝐶𝐶𝑔𝑔(𝜏𝜏)𝑒𝑒 

𝐾𝐾𝑘𝑘𝐺𝐺 𝑎𝑎
𝜖𝜖𝐿𝐿

𝜏𝜏𝑑𝑑𝜏𝜏𝜕𝜕
0 + 𝐶𝐶𝐿𝐿0� 𝑒𝑒 − 𝐾𝐾𝑘𝑘𝐺𝐺 𝑎𝑎

𝜖𝜖𝐿𝐿
 𝜕𝜕  (20) 5 

 6 

In brief, after finding the first step from the bed inlet using finite differences, it is 7 

possible to obtain the integral of eqn. (20) numerically (for example, by trapezoids 8 

under the Cg(t) curve). With this in hand, the profile of CL(t) is readily obtained 9 

from eqn. (20). Once this is calculated, eqn. (5) is used again to advance a step in z. 10 

The process is then repeated up to the end of the bed.  11 

As pointed out before, Puiggené et al. (1997) obtained an analytical solution using 12 

the incomplete gamma functions in the form of a series, that allows calculation of 13 

the extracted fraction based on Cg (t), not CL (t). Puiggené’s equations are 14 

significantly more complex compared with the rather simple numerical integral just 15 

obtained by eqn (20) with a comparable error. 16 

Fig 3 shows the three positions of the extraction front along the bed as a function of 17 

time, as we have just discussed. The beginning of the breakthrough curve at bed exit 18 

is also represented on the right. 19 



 12 

 1 

Fig 3. Extraction front through the extractor. A step input of pure solvent enters at z = 0 2 
on the left. Top: at the initial moment; middle: at half extraction; bottom: near the end of 3 
extraction. 4 

 5 

4. Method of solution 6 

 7 
4.1 Integration of model eqns. (1) and (2) 8 

 9 
The method of finite differences is used to integrate the system of equations (1) and (2). 10 

To do that let us write eqn. (1) in the form of finite increments, as 11 

𝜖𝜖 Δ𝐶𝐶𝑔𝑔
Δ𝜕𝜕

+ 𝑢𝑢 Δ𝐶𝐶𝑔𝑔
Δ𝜕𝜕

= 𝑟𝑟𝑣𝑣            (21) 12 
 13 
For the time derivative, the central difference for ∆Cg is used. For the space derivative, 14 

the forward difference is used, that is, the difference between the value of Cg at the last 15 

z and the value at the next z, which is unknown. So, eqn. (21) is written as follows: 16 

𝜖𝜖 𝐶𝐶𝑔𝑔
(𝜕𝜕𝑖𝑖,𝜕𝜕𝑖𝑖+ℎ𝑡𝑡)−𝐶𝐶𝑔𝑔(𝜕𝜕𝑖𝑖,𝜕𝜕𝑖𝑖−ℎ𝑡𝑡)

2ℎ𝑡𝑡
+ 𝑢𝑢 𝐶𝐶𝑔𝑔(𝜕𝜕𝑖𝑖+ℎ𝑧𝑧,𝜕𝜕𝑖𝑖)−𝐶𝐶𝑔𝑔(𝜕𝜕𝑖𝑖,𝜕𝜕𝑖𝑖)

ℎ𝑧𝑧
= 𝑟𝑟𝑣𝑣(𝜕𝜕𝑖𝑖, 𝜕𝜕𝑖𝑖)      (22) 17 

where ht is the time step size, ∆t, and hz. is the space step size, ∆z. To calculate rv (zi, ti), 18 

the following expression, based on eqns. (5) and (20), is used: 19 

𝑟𝑟𝑣𝑣(𝜕𝜕𝑖𝑖, 𝜕𝜕𝑖𝑖) = 𝑉𝑉𝐺𝐺𝑎𝑎 ��𝐾𝐾𝑘𝑘𝐺𝐺𝑎𝑎
𝜀𝜀𝐿𝐿

∫ 𝐶𝐶𝑔𝑔(𝜕𝜕𝑖𝑖, 𝜏𝜏)𝑒𝑒 
𝐾𝐾𝑘𝑘𝐺𝐺 𝑎𝑎
𝜖𝜖𝐿𝐿

𝜏𝜏𝑑𝑑𝜏𝜏𝜕𝜕𝑖𝑖
0 + 𝐾𝐾𝐶𝐶𝐿𝐿0� 𝑒𝑒 − 𝐾𝐾𝑘𝑘𝐺𝐺 𝑎𝑎

𝜖𝜖𝐿𝐿
𝜕𝜕𝑖𝑖 − 𝐶𝐶𝑔𝑔(𝜕𝜕𝑖𝑖, 𝜕𝜕𝑖𝑖)� (23) 20 



 13 

Now, for a given value of z = zi, the terms that appear in eqn. (22) are all known except 1 

for 𝐶𝐶𝑔𝑔(𝜕𝜕𝑖𝑖 + ℎ𝜕𝜕 , 𝜕𝜕𝑖𝑖), which is unknown. Once eqn. (23) is solved with a known value of 2 

𝐶𝐶𝑔𝑔(𝜕𝜕𝑖𝑖, 𝜕𝜕𝑖𝑖), the obtained 𝑟𝑟𝑣𝑣(𝜕𝜕𝑖𝑖, 𝜕𝜕𝑖𝑖) value is then used to find a new 𝐶𝐶𝑔𝑔(𝜕𝜕𝑖𝑖 + ℎ𝜕𝜕 , 𝜕𝜕𝑖𝑖) at the 3 

next zi, isolating it from eqn. (22).  Then, the procedure is repeated up to the end of the 4 

bed. 5 

4.2 Parameter optimisation 6 

Two model parameters are subject to optimisation. These are: the Henry constant for 7 

lanoline dissolution in the solvent, K, and the volumetric mass transfer coefficient, kGa. 8 

The global optimisation algorithm Genetic algorithm (GA), available in Matlab, was 9 

used to obtain these values. The objective function to minimise was the Mean Squared 10 

Error (MSE), which involves the squared differences between the observed extracted 11 

fractions of lanoline, and the fractions predicted by the model for the same times. We 12 

chose this type of function, that is, without denominator, because of the absence of 13 

experimental or theoretical ones, which tend to overvalue the sum of small 14 

denominators and to undervalue those values close to unity. The expression of MSE is 15 

𝑀𝑀𝑀𝑀𝑀𝑀 = 1
𝑁𝑁
∑ �𝑋𝑋𝑖𝑖

𝑒𝑒𝑒𝑒𝑒𝑒 − 𝑋𝑋𝑖𝑖𝜕𝜕ℎ𝑒𝑒𝑒𝑒𝑒𝑒�
2𝑁𝑁

𝑖𝑖=1   (24) 16 
 17 

The values of the extracted fractions, X (t), used in eqn. (24) were calculated from the 18 

extraction runs using the following expression 19 

𝑋𝑋(𝜕𝜕) = ∫ 𝐶𝐶𝑔𝑔 (𝜕𝜕,𝜕𝜕𝑇𝑇)𝑑𝑑𝜕𝜕𝑡𝑡
0

∫ 𝐶𝐶𝑔𝑔 (𝜕𝜕,𝜕𝜕𝑇𝑇)𝑑𝑑𝜕𝜕∞
0

  (25) 20 

 21 

5. Results and discussion 22 

5.1 Results on parameters kGa and K. Estimation errors. 23 

The integration of eqns. (1) and (2) using the method of finite differences, gives the 24 

lanoline concentration in the gas phase and the extraction rates, rv, at different time t and 25 

position in the bed z. These values are represented in Fig 4. After performing the 26 



 14 

integrals of the curves Cg vs t of eqn. (25) up to the end of the bed, the fractions of 1 

lanoline extracted as a function of time are calculated. Fig 4 shows an early decrease of 2 

the lanoline breakthrough curve starting from an initial maximum value consistent with 3 

experimental evidences. This last requirement is achieved by restricting the possible 4 

values in the optimization subroutine to the solubility values at 3 kg/h reported by 5 

Eychenne et al. This restriction leads to the quite constant smooth decrease shown in 6 

Fig 4. As it can be observed, there is no saturated horizontal value of the breakthrough 7 

curve (see middle curve on the right of Fig 3).  This is the expected behaviour for a 8 

small flow rate, since this allows solvent to reach equilibrium solubility within the 9 

extractor. So, the solvent can be dissolved sufficiently in the lanoline layer to gradually 10 

reduce the maximum quantity of lanoline that the solvent can take up until the bed exit. 11 

Also, other possible mass transfer phenomena can affect runs at 3 kg/h (see discussion 12 

of Fig 5). This would explain both the low initial quantity extracted with respect to 13 

solubility and the constant slow decrease of the breakthrough curve. The low dissolution 14 

rate at any point of the extractor would also explain the parallel extraction rate profile, 15 

rV vs.  time at different points of the extractor. Furthermore, the calculated features 16 

under the imposed restrictions agree well with both the model and the experimental 17 

results obtained by Eychenne et al., and furthermore, it would suggest that the available 18 

experimental values show the real profile of the full extraction curve and not only a first 19 

saturated slope.  20 

Since these phenomena at 3 kg/h highly depend on the solvent flow rate, it is consistent 21 

with the fact that at 4 and 5 kg/h the residence time in the bed is reduced enough to 22 

show a different pattern. Indeed, both Cg and rv curves at 4 and 5 kg/h show the 23 

expected sigmoid profiles versus time and reactor length, and rv vs time the expected 24 



 15 

evolution with z, since it evolves from an exponential to a Gaussian shape as extraction 1 

front moves on (see Fig 3). 2 

The resulting optimal parameters obtained by the GA optimisation method are given in 3 

Table 3. This table shows the values of the AARD% (Average absolute relative 4 

deviation). This index is a statistical standard error indicator, better than the MSE 5 

(Fullana et al., 2000). The expression for the AARD% is 6 

  𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴% = 1
𝑁𝑁
∑ �𝑋𝑋𝑖𝑖

𝑒𝑒𝑒𝑒𝑒𝑒−𝑋𝑋𝑖𝑖
𝑁𝑁𝑁𝑁�

𝑋𝑋𝑖𝑖
𝑒𝑒𝑒𝑒𝑒𝑒 100𝑁𝑁

𝑖𝑖=1   (26) 7 

This expression explains why this index has not been used directly in the GA 8 

optimisation. 9 

 10 

Table 3. Values of model parameters obtained in this work, kGa and K. 11 

P (bar) 120 150 200 
T (ºC) 80 60 80 60 

Q (kg/h) 3 4 5 4 4 
ρB (kg/m3) 127 227 159 227 318 127 227 127 127 127 
kga (h-1) 22.6 22.6 743.7 1706.5 1348.9 899.3 970.5 171.9 191.8 157.9 
K x 104 4.11 4.11 4.04 3.66 4.64 3.52 4.19 9.23 9.17 15.42 

MSE x 104 0.14 0.14 1.22 3.88 2.22 51.06 2.72 0.65 1.89 5.49 
AARD% 2.53 2.53 1.59 4.17 2.75 3.73 0.45 0.94 1.45 1.70 

 12 



 16 

 1 

Fig 4. From left to right: plots of lanoline concentration in the gas phase Cg vs time, Cg vs 2 
bed length (z), and extraction rate (rv) vs time. From top to bottom: 120 bar, 80ºC, 3 kg/h 3 
and 227 kg/m3; 120 bar, 80ºC, 4 kg/h, 227 kg/m3; and 200 bar, 60ºC, 4 kg/h and 127 kg/m3. 4 
Darker lines are those nearer to extractor exit. For middle plot, darker lines are those at 5 
latest time. 6 

 7 

 8 
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Table 3 shows the values of MSE. Also, the AARD% are always less than 5%, thereby 1 

indicating that the model fits the experimental results very well. 2 

6.2 Results on the lanoline solubility in the fluid. 3 

Using eqn. (3), it is possible to calculate the initial concentration of lanoline in the 4 

extraction solvent, Cg*, from the value of CL at t = 0, CL0, that is, the density of lanoline. 5 

Table 4 is a summary of our findings about Cg* calculated in the present work and the 6 

values published by Eychenne et al. (2001) for the same solvent for the same variable 7 

settings. As can be seen in the table, the differences between the Cg* values are of only 8 

a few hundredths. 9 

Table 4. Comparison of lanoline solubility in 5%ethanol-95%CO2 determined in 10 
the present work with that experimentally determined by Eychenne et al. (2001). 11 

P (bar) 120 150 200 
T (ºC) 80 60 80 60 

Q (kg/h) 3 4 5 4 4 
ρB (kg/m3) 127 227 159 227 318 127 227 127 127 127 

Cg
* (kg/m3) determined here 0.33 0.33 0.33 0.30 0.38 0.29 0.34 0.76 0.74 1.27 

Cg
* (kg/m3) Eychenne et al.* 0.33 0.33 0.33 0.33 0.33 0.33 0.33 0.74 0.69 1.24 

*0.74 and 1.24 are interpolated from all the values given by Eychenne et al. 12 
 13 

6.3 Results on the fluid-side mass transfer coefficient, kG. 14 

In order to define the individual mass transfer coefficient, and to check if our values are 15 

plausible, the kG and the area a have been separated using the expression for the area 16 

given by Valverde and Recasens (2019). This is 17 

𝑎𝑎 = 2(1−∈)
𝑒𝑒

  (27) 18 

where r is the external radius of the cylindrical wool fibre with lanoline, which is 19 

actually a variable. According to these authors, the radius r decreases progressively 20 

from an initial value of 10 µm to a final 8.3 µm as extraction takes place (see Table 1). 21 

Taking the initial value of r for calculating an average a, the values of the individual 22 

mass transfer coefficient are given in Table 5.  23 



 18 

Table 5. Fluid-side mass transfer coefficient and mass transfer area calculated 1 
from kGa given in Table 3. 2 

P (bar) 120 150 200 
T (ºC) 80 60 80 60 

Q (kg/h) 3 4 5 4 4 
ρB (kg/m3) 127 227 159 227 318 127 227 127 127 127 

ϵ 
(m3

void/m3
bed) 0.90 0.83 0.88 0.83 0.76 0.90 0.83 0.90 0.90 0.90 

kG (x106), 
m/s 0.32 0.18 8.54 13.72 7.74 12.92 7.80 2.47 2.75 2.27 

a (x10-4), 
m2/m3 1.93 3.46 2.42 3.46 4.84 1.93 3.46 1.93 1.93 1.93 

 3 

Puiggené et al. (1997) measured the overall mass transfer coefficients, KG, in the case of 4 

liquid-to-SCF mass transfer and correlated them with the solvent Reynolds number. The 5 

values obtained in this work agree within an order of magnitude with those compiled by 6 

Puiggené et al. (1997) (see their Fig 12). It is also observed that at constant T, the mass 7 

transfer coefficient kG decreases as the extraction pressure increases. This is the 8 

expected behaviour for individual mass transfer coefficient (Brunner, 1994). This is 9 

seen on Table 5 for a T= 80ºC, where kG drops from 12,92 to 2.75 x 10-6 m/s for a 10 

pressure increase from 80 to 150 bar. However, at a temperature of 60ºC, the 11 

decrease of kG is not so pronounced. Looking at the values of kGa in Table 3, 12 

suggests that the trend of the combined coefficient does agree with the theory. 13 

This indicates that at 60ºC, the behaviour of kG with pressure might be due to the use 14 

of eqn (27) to evaluate the area a.  15 

In general we conclude that the behaviour of kG, and K given in Table 5 agree well with 16 

the theory. It is also found that the mass transfer coefficient is not greatly affected by 17 

temperature. 18 

 19 

Further comments on the mass transfer coefficient are in order. In a previous work 20 

(Valverde and Recasens, 2019), we saw that the Reynolds number in the runs of 21 



 19 

Eychenne et al. (2001) was about Re ~ 1. Therefore, if we look at the values for KG 1 

compiled by Puiggené et al. (1997) for Re ~1, the overall mass transfer coefficients are 2 

around 10-6 and 10-5 m/s, hence very close to those reported by King et al. (1987) for the 3 

extraction of rapeseed oil with near-critical CO2. The values of King et al. agree well 4 

with those obtained by Valverde and Recasens (2019) for solid lanoline extraction 5 

under similar working conditions (30ºC, packing density = 127 kg/m3 and  Q = 4 kg/h),  6 

where  values of kG = 5.66 x 10-6 m/s at 70 bar and kG = 1.51x 10-6 m/s at 150 bar are 7 

found. In this case, the inverse effect of pressure, discussed above, is also observed.  8 

 9 

As for the effect of packing density, it is seen a slight increment of kG in most cases, 10 

except for 120 bar, 80ºC 4 kg/h and 227 kg/m3, where a maximum appears (see the 11 

original in Eychenne et al, 2001). The most significant effect is due to the mass flow 12 

rate, as noted next. At settings of 3 kg/h there is a markedly lower value than at higher 13 

flow rates. However, at 4 and 5 kg/h the difference is less important. As for the effect of 14 

temperature, this is negligible at increasing flowrates, as expected. 15 

 16 

6.4 Performance of the proposed model. Comparison with the neural networks model. 17 

 The effects just discussed are seen graphically in the following figures. Observe the 18 

fitting quality obtained with Genetic Algorithm. 19 



 20 

 1 

Fig 5. Model curves vs experimental points with different state variables. Note that the 2 
curve at 120 bar, 80ºC, 3 kg/h and 227 kg/m3 (bottom right plot) is equal to 120 bar, 80ºC, 3 
3 kg/h and 127 kg/m3 because the experimental data are identical.  4 

 5 
As seen in the figure it is clear that the fitting of the theoretical curves to the 6 

experimental data of extracted fraction vs. time is very good, either for the effects of 7 

temperature and pressure or for the effect of packing density and solvent flow rate. For 8 

the packing density, however, this is not too evident. Eychenne’s original work 9 

indicates that the effect of packing density displays quite a strange behaviour that would 10 

require further experimental study. The curve with higher fitting error is that at 120 bar, 11 

80ºC, 4 kg/h and 127 kg/m3. For this curve, for these conditions the MSE = 51 x  12 

10-4 is 10 times larger than for the other runs. The reason for this behaviour may be due 13 

to experimental error in the extraction runs. 14 

  15 

Also, the extracted fraction vs, time for different flow rates (Fig 5, bottom right curve) 16 

shows a peculiar shape for 3kg/h compared to 4 and 5 kg/h. A possible explanation has 17 

been already given above when discussing Fig 4, since the marked difference between 18 



 21 

the results for 3 kg/h and for 4 and 5 kg/h in both Fig 4 and Fig 5 rely in the same 1 

physical phenomenon. In fact, extracted fraction curves of Fig 5 are obtained by the 2 

integration of the curves Cg vs time at the extractor exit in Fig 4. However, another 3 

phenomenon may occur as it is discussed next. 4 

 5 

Valverde and Recasens (2019) calculated the Reynolds number for Eychenne´s runs. Re 6 

were well below unity (Re = 0.6-0.7). At low Reynolds number, fluid-to-solid mass 7 

transfer in SCF can be much affected by natural convection (Brunner, 1994). In this was 8 

the case, the run at 3 kg/h would be more affected by natural convection effects than for 9 

runs at 4 -5 kg/h.  To ascertain that, more experiments would be needed in the lower Re 10 

range under upflow and downflow operation, a method to check if natural convection is 11 

important (Stüber at al, 1996) 12 

 13 

Finally, we have compared the results obtained by Valverde et al. (2020) using neural 14 

networks with those of the work done here, in terms of the extracted fraction of lanoline 15 

vs time. Recall that in Valverde´s et al. work, the X(t) vs time and the breakthrough 16 

curve were based on the use of the integral of the Weibull distribution function. This 17 

approach was very useful in modelling not only the breakthrough curve for lanoline, but 18 

also for augmenting the rather scarce experimental data of the extraction runs. Note that 19 

using the Weibull function, it is possible to calculate a value of K by direct application 20 

of eqn. (3), because Cg* and CL0 are known at the start. In Table 6 we compare the 21 

values of K obtained in our prior work (Valverde et al, 2019) and those obtained in the 22 

present work based on solving the model. 23 

 24 



 22 

Table 6. Comparison between Henry's constant, K, obtained in this work and that 1 
using the Weibull function (Valverde et al., 2020) 2 

P (bar) 120 150 200 
T (ºC) 80 60 80 60 

Q (kg/h) 3 4 5 4 4 
ρB (kg/m3) 127 227 159 227 318 127 227 127 127 127 

K x 104, (this work)  4.11 4.11 4.04 3.66 4.64 3.52 4.19 9.23 9.17 15.42 
K x104,  

(Weibull method 
Valverde et al.) (x104) 

0.70 0.67 4.12 3.54 4.61 5.06 4.58 8.79 8.42 15.27 

 3 
The table shows that at 3 kg/h there is an important difference between the K values, 4 

most likely because of an insufficient number of experimental data points. For the rest 5 

of the cases, however, the agreement is very good. This indicates that the statistical 6 

Weibull function used can predict the value of the K constant accurately, without the 7 

need to solve the physical model. 8 

In Fig 6, shown next, the extraction curves predicted by the neural network approach, 9 

applied by Valverde et al. (2020), are compared with those calculated in the present 10 

work. As can be seen, the agreement is excellent.  11 

 12 

 13 

Fig 6. Summary of the comparison between the results from neural networks 14 
(Valverde et al., 2020) and the curves obtained in this work. 15 



 23 

 1 
A final comment on the results of Fig 6 is needed. It is seen that the curves obtained in 2 

this work almost coincide with those based on the neural network predictions. The case 3 

of 3 kg/h (middle curve) is the only exception. The prediction fails for times of more 4 

than 1h. This is the possible cause for the strange value of K, discussed above in 5 

connection with Table 6. In general, however, the agreement is very good. 6 

 7 

6. Conclusions 8 

The solution of the mass balance equations for supercritical extraction, carried out with 9 

the finite difference algorithm, provides a method for the design and simulation of the 10 

extraction of lanoline from raw wool. The two physical parameters of the model are the 11 

Henry-type constant, K, and the fluid-side mass transfer coefficient, kG. After the 12 

optimisation of parameters, the model provides a maximum error of 5% with an average 13 

error of 2.2 %. We can say that these parameters were not previously available for the 14 

present problem. 15 

The values of the parameters obtained are considered correct, based on the analysis of 16 

similar cases found in the literature. Knowledge of the lanoline mass transfer and 17 

solubility parameters allows designing from first principles the extraction of lanoline 18 

from raw wool with quasi-critical CO2.  19 

 The results of the present work firmly validate the methods previously employed by the 20 

authors, using neural networks with the Weibull function for an accurate description of 21 

the lanoline breakthrough at extractor bed exit. 22 

 23 

 24 

 25 
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Nomenclature 1 

a Mass transfer area, m2/m3 
Cg Lanoline conc. in the fluid, kg/m3 
Cg* Lanoline conc. In equil. with CL, kg/m3  
CL Average Liquid conc., kg/m3 
CL0 Initial liquid loading, kg/m3 
ht Time step size, s 
hz Space step size, m 
K Equilibrium constant, eqn. (3) 
kG Fluid-side mass transfer coefficient, m/s 
kGa Mass transfer conductance, h-1 

Q Mass flow rate, kg/s 
rv Volumetric mass transfer rate, kg/m3 s 
s Laplace variable, s-1 
t Time, s  
T Temperature, ºC 
u Superficial velocity, m/s 
V Total bed volume, m3 
VL Liquid holdup, m3 
X(t) Extracted fraction at time t, - 
z Length coordinate, m 
zT Total bed length, m 

   
   
   
Greek 
symbols 
and 
acronyms   
ε Gas holdup, - 
εL Liquid holdup, - 
ρΒ Wool packing factor, kg/m3 
τ Dummy time variable, s 
SCF Supercritical fluid 
SCFE Supercritical fluid extraction 
AARD% Absolute average relative deviation, eqn. (26) 
MSE Mean squared error, eqn. (24) 
 2 
 3 

 4 
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