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Abstract— The accuracy of the adaptive cross approxima-
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1

tion (ACA) algorithm, a popular method for the compression2

of low-rank matrix blocks in method of moment computations,3

is sometimes seriously compromised by unpredictable errors in4

the convergence criterion. This article proposes an alternative5

criterion based on global sampling of the error in the elements6

of the ACA compressed matrix. The sampling error depends7

not only on the size of the sample but also on the population8

distribution of the error, which makes it difficult to control9

the error independently of the underlying problem. However,10

as argued and demonstrated in this article, the distribution of11

the error converges to the same unique probability distribution12

function for all low-rank matrices. Complementing the sampling13

criterion with a simple mechanism to detect this convergence,14

we arrive at a criterion that controls the error irrespective of15

the underlying problem. As a practical example, the RCS of a16

moderate size metallic ogive is computed to illustrate the merits17

of the proposed criterion. The proposed algorithm may also be18

useful in other methods that approximate low-rank matrices by19

interpolation of a reduced set of its elements.20

Index Terms— Adaptive cross approximation (ACA), compu-21

tational electromagnetics, fast solvers, method of moments.22

I. INTRODUCTION23

THE adaptive cross approximation (ACA) algorithm [1] is24

a rank revealing matrix decomposition that has received25

widespread attention in the computational electromagnetics26

community since its introduction to the field in 2005 [2].27

This success is due to its capacity to generate, efficiently and28

reliably, a blockwise compressed representation of the method29

of moments impedance matrix. The core of the algorithm is30

a simple and elegant pivoting strategy that optimizes what is31

essentially an ordinary LU decomposition by picking, with32

every iteration, those rows and columns of the original block33

that are expected to contribute most to the convergence of34
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the algorithm. It also allows formulating a convergence 35

criterion that estimates the residual error of the current 36

decomposition at every iteration and thus decides when to 37

declare convergence and stop iterating further. The conver- 38

gence criterion makes an estimation of the difference between 39

the decomposition and the original matrix block. Of course, 40

since one of the strengths of the ACA is precisely that only 41

those few rows and columns that actually contribute to the 42

decomposition are computed, a large part of the original 43

block remains unknown, leading to an inherent uncertainty 44

in the convergence criterion. As a consequence, convergence 45

is sometimes declared when the error is more than an order 46

of magnitude above the chosen threshold. This issue has been 47

pointed out in the literature before [3], [4], but it has never 48

been adequately addressed. Indeed, one may argue that it is 49

an inevitable consequence of using an approximation and must 50

simply be accepted as such. Furthermore, the error in any given 51

matrix subblock will be only qualitatively related to the error 52

in the solution of the method of moments linear system, so the 53

choice of convergence threshold is somewhat arbitrary anyway. 54

Nevertheless, we believe that an alternative formulation that 55

yields a more reliable minimum accuracy would be a welcome 56

improvement, provided that it does not compromise the overall 57

efficiency of the ACA. 58

In this article, we propose an alternative convergence cri- 59

terion that satisfies these requirements. The new criterion 60

is based on random sampling of the error. In order to 61

ensure that the estimate from the sample is close to the true 62

value, we independently monitor the population distribution. 63

Crucially, we show that after sufficient iterations, this distrib- 64

ution must converge to a unique probability density function. 65

If necessary, we continue iterating until this state is reached. 66

In this article, the proposed method is incorporated in 67

the ACA algorithm, but it may be useful for estimating the 68

residual error in any algorithm that approximates low-rank 69

matrices by interpolation of a reduced set of its elements. 70

Such algorithms are used in a wide field of scientific appli- 71

cations. Some examples are randomized QR decomposition 72

for parameter estimation [5], the CUR-decomposition for data 73

analysis [6], or the mosaic-skeleton method [7] for solving 74

integral equations. 75

This article is organized as follows. In Section II, a review 76

of the conventional ACA convergence criterion is given. 77

In Section III, the new criterion is derived. In Section IV, 78
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the statistical distribution of the error matrix elements is79

analyzed. In Section V, the new criterion is complemented80

with information from the statistical distribution. Section VI81

presents a practical example, and Section VII presents some82

conclusions.83

II. CONVENTIONAL ACA CONVERGENCE CRITERION84

In ACA, the matrix to be compressed, A of size m × n,85

is approximated as A ≈ Uk V T
k , where Uk and Vk are,86

respectively, of size m×k and n×k, with k � m, k � n, hence87

the compression. Matrices Uk and Vk are built iteratively by88

adding a column uk, vk at each iteration. These are computed89

from a selected row and column of the block A to be com-90

pressed, of indices Ik and Jk , respectively, called the pivots,91

which are the worst-represented by the current decomposition92

(have the largest error). When uk and vk are incorporated in93

the decomposition Uk V T
k ≈ A, the corresponding row Ik and94

column Jk of the error matrix Ek = UkV T
k − A are reduced95

to zero.96

The convergence criterion proposed in the original ACA97

paper [1] works as follows. Assuming the original block to98

be low-rank, at some stage, the decomposition will cover the99

full row and column space of A and the Frobenius norm100

of the error matrix, ‖Ek‖F , will decrease exponentially with101

every subsequent iteration. The error matrix can then be102

estimated from the currently selected column uk and row103

vk as E (est im)
k = ukv

T
k . Since the variable of interest is the104

relative error, the absolute error ‖Ek‖F must be divided by105

the Frobenius norm of A itself, which is approximated by106

the Frobenius norm of Uk V T
k . In summary, the convergence107

criterion compares the estimated relative error at each step k108

ε′
k =

∥∥ukv
T
k

∥∥
F∥∥Uk V T

k

∥∥
F

(1)109

with a chosen threshold τ rather than the true relative error110

εk = ‖Ek‖F

‖A‖F
(2)111

which would be much too computationally expensive.112

Since the selection of new rows and columns relies on113

the current state of the decomposition, it does not guide the114

choice of the first row pivot at the start of the iterations, I1.115

The original ACA paper [1] does not specify where to start,116

while [2] presents the algorithm with the row of index one117

as a starting point [see the algorithm described in Section V118

(line 3)]. The open ACA literature provides no alternative119

suggestions. It is clear that this introduces an element of120

randomness in the ACA algorithm, albeit somewhat obfuscated121

since the random choice is made only once, at the moment,122

the algorithm is implemented.123

In order to illustrate the effect of this choice on the accuracy124

of the ACA, we show in Fig. 1 the histogram of the true125

relative error of an ACA decomposition for all possible choices126

of the starting row, after convergence to a threshold value127

of τ = 10−3. The underlying model consists of two square128

metal plates positioned as shown in the inset. The block A129

to be compressed is the mutual impedance matrix of the130

two plates, formulated with the electric field integral equation131

Fig. 1. Histogram of the true relative error of the ACA compression of the
mutual impedance of two square plates, for all 1160 initial row indices, with
an ACA accuracy threshold of 10−3.

and discretized using RWG basis functions [8]. The plate 132

dimensions are 2λ × 2λ, the distance between plates is 1λ, 133

and the triangularization is regular, with 1160 edges of only 134

two different lengths, 0.1λ and 0.14λ on each plate. 135

One observes that the average true relative error is around 136

10−2.8, only slightly larger than the threshold, but there is one 137

case with a true relative error of 10−1.9, more than ten times 138

the threshold. Such cases are not always present, and their 139

occurrence as a function of wavelength, geometry, or initial 140

index choice is completely unpredictable. The example men- 141

tioned earlier was found after a few tryouts with square plates 142

in different positions, by no means an exhaustive search for 143

the worst case. We must assume that the true relative error 144

can be far worse still. 145

As mentioned in Section I, the error in a given impedance 146

matrix subblock does not linearly translate to the error in 147

the full system solution. Since only blocks representing non- 148

touching groups of basis functions are compressed, the overall 149

solution will not suffer much in the case of well-conditioned, 150

diagonally dominant impedance matrices. When, on the other 151

hand, the impedance matrix is poorly conditioned, the error 152

in off-diagonal blocks may get amplified during the system 153

solution. 154

As an example, we use ACA to solve the problem of a 155

1 m length by 10-cm-diameter open metal cylinder, discretized 156

with 11 980 RWG basis functions, subdivided into ten groups 157

with 1198 basis functions each, as shown in Fig. 2. The 158

cylinder is illuminated by a plane wave, propagating perpen- 159

dicular to the cylinder axis, at 150 MHz. The matrix blocks 160

representing the interaction between nontouching groups are 161

ACA-compressed with a threshold of 10−3. The system is 162

solved using GMRES [9] with a threshold of 10−6, a total 163

of 1198 times, with the initial row index for all the ACA com- 164

pressions incremented by one with each solution. Fig. 2 shows 165

the relative difference with the exact MoM solution in the 166
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Fig. 2. Histogram of the relative error in the surface current density on a
metal cylinder, computed with MoM-ACA, as a function of the ACA initial
row index. Inset: geometrical decomposition of cylinder for ACA subblock
compression.

norm of the surface current vector for each run. One observes167

that it varies by almost two orders of magnitude.168

III. NEW ACA CONVERGENCE CRITERION169

After trying in vain to establish a relation between the170

choice of the initial row index and the true relative error at171

convergence, we decided instead to make the statistical nature172

of the convergence criterion explicit, in a controlled manner.173

We observe that the square of the Frobenius norm of a matrix174

is proportional to the mean value of the squared norms of the175

matrix elements. This means that the sample mean of a simple176

random sample of size M ≥ 1 of the squared element norms177

is an unbiased estimator for the Frobenius norm. The issue is178

then how to take a sample from Ek , which changes with every179

iteration and is never explicitly computed.180

Consider the ACA decomposition of an m ×n matrix block181

A with convergence threshold τ . Before starting the ACA182

iterations, we generate a vector r of random row indices183

ri, i = 1 . . . M and a vector c of random column indices184

ci, i = 1 . . . M (with replacement). Then, we compute the185

vector a of M matrix elements corresponding to each pair186

of indices A(ri , ci ). Now, after each ACA iteration, we are187

interested in the vector ek defined by the elements indexed188

(r, c), of the error matrix Ek . Initially, U and V are void,189

so e0 = a. Subsequently, each ACA iteration yields two190

vectors uk and vk to be incorporated in the matrices Uk−1191

and Vk−1 of the previous approximation. It is easily verified192

that ek can be recursively computed, without any additional193

matrix element evaluations after the initial calculation of a,194

with195

ek(i) = ek−1(i) − uk(ri )vk(ci ), i = 1 . . . M. (3)196

The mean νk of the squared moduli of the elements of ek197

is a random variable with an unknown distribution, whose198

Fig. 3. Histogram of the true relative error of the ACA compression for the
same problem as in Fig. 1 with the proposed new criterion, 1.000 runs with
sample size M = 100.

expectation μk equals the mean value for the full population 199

matrix Ek , which is proportional to the squared Frobenius 200

norm: ‖Ek‖2
F = nmμk . 201

The statistical uncertainty in using νk as an estimator for 202

μk depends on the sample size M and the distribution of the 203

elements of Ek . Unfortunately, this distribution changes dras- 204

tically and unpredictably with every iteration, so we cannot 205

characterize it without compromising the overall efficiency 206

of the algorithm. Besides, even if we could, it would be 207

impractical to adapt the sample size with every iteration. 208

All we know is that the choice of M will be a compromise 209

between the uncertainty and the efficiency. We, therefore, 210

choose a value that is sure to have very little impact on the 211

overall efficiency, say M = 100, and see what happens. 212

First, we apply it to the problem of Fig. 1. The histogram 213

of 1.000 executions of this experiment is shown in Fig. 3. 214

The observed negative skew and the fact that the mean value 215

is somewhat below 10−3 are due to an overshoot effect. The 216

estimated relative error changes in discrete steps; therefore, 217

at convergence, it is never exactly 10−3, and instead, it is 218

randomly distributed below that value. This introduces an 219

inevitable spread in the estimated relative error. If, for instance, 220

we increased the sample size to M = 1.000, we would reduce 221

the right tail of Fig. 3, but the spread due to the overshoot 222

would still be there. 223

We have repeated the experiment with the cylinder of Fig. 2 224

with the new criterion and M = 100, and again, the result, 225

shown in Fig. 4, represents a very important improvement over 226

the conventional approach. 227

The two experiments mentioned earlier involve matrix 228

blocks with relatively homogeneous squared norms of the 229

elements of the matrix blocks. Since the error matrix Ek is 230

built up of linear combinations of the rows and columns of 231

the blocks, it seems reasonable to assume that this homo- 232

geneity will carry over in Ek . The spread around the mean, 233
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Fig. 4. Histogram of the relative error in the surface current density on the
metal cylinder of Fig. 2 with the proposed new criterion, 1.000 runs with
sample size M = 100.

Fig. 5. Histogram of the true relative error of the ACA compression of the
mutual impedance of two square plates, irregularly meshed, for all 1312 initial
row indices. ACA threshold τ = 10−3.

or dispersion, of the elements of Ek can, therefore, be expected234

to be relatively mild, which explains why good results are235

obtained with a sample size as small as M = 100. This is236

not always the case. The magnitude of the elements of A237

depends on features, such as the mutual distance between basis238

functions, their relative orientation, and the relative sizes of the239

corresponding triangles.240

In order to investigate the behavior under more challenging241

conditions, we have replaced the mesh of the plates of Fig. 1242

with the very irregular mesh of the inset in Fig. 5. The same243

figure shows the distribution of the true relative error using244

the conventional ACA criterion, for all initial row indices.245

We observe that the extreme outliers are absent this time;246

Fig. 6. Histogram of the true relative error of the ACA compression for the
same problem as in Fig. 5, with the proposed new criterion, 1.000 runs.

as mentioned earlier, they do not always occur and their cause 247

remains unexplained. 248

In Fig. 6, the distribution of the true relative error after 249

1.000 runs with the new criterion is shown. As expected, with 250

sample size M = 100, the spread is far higher than with the 251

regular grid of Fig. 1, although it is still lower than with the 252

conventional ACA criterion. Also shown is the distribution 253

when the sample size is increased to M = 1.000. This last 254

distribution is comparable to the one for the regular grid with 255

M = 100. Unfortunately, we cannot reliably estimate the 256

correct choice of M in advance. The only option in order to 257

arrive at a truly problem-independent criterion is to try and 258

find some universal characteristics of the distribution of the 259

elements of Ek . This will be the subject of Section IV. 260

IV. ON THE DISTRIBUTION OF THE ELEMENTS 261

OF THE ACA ERROR MATRIX 262

After iteration k of the ACA algorithm, we have for the 263

error matrix Ek 264

Ek = A −
k∑

i=1

ui vT
i (4) 265

where ui and vi are the selected rows and columns of A, 266

orthogonalized with respect to all the previous ui and vi . 267

Since these two are constructed so as to completely cancel the 268

existing error for the entire corresponding row and column, 269

they are in fact, up to a minus sign, equal to this error. 270

Hence, at every step, we have access to one row and one 271

column of Ek . The conventional convergence criterion is 272

based on the assertion that after some step k = K , the full 273

rank of A is covered, and beyond this step, the true relative 274

error drops exponentially with k, which in turn implies that 275

every subsequent adaptation of Ek , equal to ukvT
k , must be 276

at least of the order of magnitude of Ek itself. Up until 277
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k = K , little can be said about the distribution of Ek , since,278

at this stage, the ACA decomposition cannot fully represent279

all the eigenvectors of A, so the error still depends on these280

eigenvectors. Hence, we focus on the evolution beyond this281

point.282

Consider the alternative, equivalent representation of the283

ACA decomposition [10]284

A(:, j)A(i, j)−1 A(i, :) ≈ A (5)285

where i and j are vectors of length k containing the indices286

of the ACA selected rows and columns, Ik and Jk , respec-287

tively. In [10], this representation is shown to be equivalent288

to a two-sided Lagrange (polynomial) interpolation of the289

elements. Suppose that the rows of A represent sources at290

points x in domain DX , and the columns represent fields at291

points y in domain DY . Then, the approximate value of the292

matrix element A(p, q) representing the field at yq due to a293

source at xp is found by polynomial interpolation through the294

values at yj and xi. Polynomial interpolation yields the exact295

value at the interpolation points, while in between, the error296

may oscillate depending on the polynomial order. However,297

as the density of interpolation points increases, the error will298

be progressively locally linearizable and become proportional299

to the distance from the nearest interpolation point. The ACA300

selects the interpolation points on the basis of the largest301

current error at each iteration. Once we are beyond k = K ,302

the points are therefore chosen as far as possible from any303

neighbor, leading to a progressively more uniform distribution304

over the two domains.305

In [11], it is proven that given a set of points, uniformly306

distributed over an N-dimensional domain, the probability for307

any location within that domain to find any of these points308

within a Euclidean distance d is exponentially distributed.309

Since, as argued earlier, we have, beyond k = K , a linear310

relationship between the error and the distance, and the311

interpolation error on both sides of the ACA approximation312

should be exponentially distributed too. Hence, ui and vi in (4)313

are exponentially distributed, for large enough i . This does not314

immediately reveal the distribution of Ek itself, but we can315

invoke the same reasoning that leads to the conventional ACA316

convergence criterion; once we are in the range of exponential317

decrease of |Ek |, ukvT
k is the dominant contribution, and we318

assume that the distribution of Ek is close to that of ukvT
k .319

Before proceeding to put this model to the test, we need to320

address two additional considerations. First, we are ultimately321

interested in the distribution of the squared norms of the322

elements of Ek rather than the elements of Ek themselves,323

and second, we are dealing with complex matrices, with324

the real and imaginary parts identically and independently325

distributed (i.i.d.), following the exponential distribution. If we326

denote UR, UI ∼ exp(λu) and VR, VI ∼ exp(λv) (where327

∼ means “has the distribution") as the random variables328

representing the real and imaginary parts of the elements of329

uk and vk , respectively, then |Ek|2 is distributed as W, with330

W ∼ (
U2

R + U2
I

)(
V2

R + V2
I

)
(6)331

or equivalently332

W ∼ (URVR)2 + (URVI)
2 + (UIVR)2 + (UIVI)

2. (7)333

Fig. 7. Measured and theoretical probability density function of Z′ for the
case of Fig. 5.

The distribution of W cannot be expressed in closed form, 334

as far as we know. However, knowing that the expectation of 335

the exponential distribution equals E(exp(λ)) = 1/λ and using 336

some elementary probabilistic identities for the expectation of 337

sums and products of independent random variables, we find 338

from (6): E(W) = 16/(λuλv)
2. To know more about W, 339

we turn to the representation in (7). The four terms on the 340

right-hand side are squares of products of two exponential 341

distributions, each term involving the two scale parameters λu 342

and λv . The product of two exponential distributions exp(λu) 343

and exp(λv ) yields the K-distribution [12] 344

Z ∼ fZ (x) = 2λuλv K0(2
√

λuλv x) (8) 345

where Z is any of the four terms in (7) and K0 denotes the 346

modified Bessel function of the second kind and order zero. 347

Observe that Z′ = λuλvZ yields a parameter-free distribution: 348

Z′ ∼ 2K0(2
√

x). To demonstrate the validity of this model, 349

even in the case of an irregular mesh, Fig. 7 shows the 350

distribution of |Re{uk}Re{vT
k}|, normalized to the mean for 351

step k = 100 of an execution of the ACA for the square plate 352

problem of Fig. 5, together with the theoretical PDF of Z′. 353

Since W ∼ ∑4
i=1 Z2 = (λuλv)

2 ∑4
i=1 Z′2, we note that 354

W′ = W/E(W) is also parameter-free. In other words, the 355

distribution of |Ek |2 normalized by its mean converges, for 356

large enough iteration step k, to a unique, parameter-free 357

distribution. 358

We can now also calculate the coefficient of variation 359

CV , defined as σ/μ (the standard deviation over the mean), 360

of W′ (and W). This is difficult using (7), because the terms 361

are not independent, but we can use (6). The square of an 362

exp(λ) distribution is easily shown to be a Weibull (1/2, 1/λ2) 363

distribution [13], which has CVWei(1/2) ≈ 2.23. From (6), 364

W is the product of two sums of such distributions, all 365

of them i.i.d. Using the following relation for i.i.d. random 366

variables X and Y: 367

CVXY =
√

CV 2
X + CV 2

Y + CV 2
XCV 2

Y (9) 368

we find CV|Ek |2 ≈ CVW ≈ 3.35. 369
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Fig. 8. Approximate coefficient of variation of the distribution of the squared
norms of the error matrix elements as a function of the ACA iteration step.

Of course, we cannot compute the true CV of |Ek |2 itself370

at every step, but since as shown in [1] and [2], ukv
T
k ≈ Ek371

and CV|ukv
T
k |2 can be used as an approximation of CV|Ek |2 .372

Computing CV|ukv
T
k |2 is fast; first, we find CV|uk |2 and CV|vk |2373

by computing the mean and variance of the respective vectors.374

Then, we use (9) to compute the final result.375

Now, we can predict a characteristic value of the distribution376

of |Ek |2 and can test the model on the problem of the377

interaction between two square plates presented in Section IV.378

In Fig. 8, we see the CV of the elements of |ukvT
k |2 for379

each step k, both for the case of the homogeneous mesh and380

the highly irregular mesh. We see that with the homogeneous381

mesh, initially, the CV is, on average, somewhat below the382

theoretical value. Eventually, the CV does converge toward383

the theoretical value. In the case of the irregular mesh, we see384

that indeed, the CV varies wildly initially, assuming very high385

values. However, after about 40 steps, it also converges toward386

the theoretical value.387

Just like in the case of the conventional convergence crite-388

rion, the accuracy of the approximation CV|ukv
T
k |2 ≈ CV|Ek |2389

is impossible to quantify. What we can do is to compare the390

approximation with the true CV of the population distribution391

of |Ek|2. The true CV is shown in Fig. 9. We observe392

that qualitatively, there is a good correspondence, but there393

is a clear discrepancy; the true CV is always somewhat394

lower. In fact, the true distribution is a weighted sum of the395

distributions of ui vT
i of the last few iterations. Assuming that396

these are all the same (equal to W), the distribution will be that397

of a linear combination of i.i.d. distributions with decreasing398

weights. This by elementary probability theory will always399

yield a smaller CV than the terms individually.400

V. ENHANCED NEW ACA CONVERGENCE CRITERION401

With the convergence criterion of Section III, the average402

number of steps needed for convergence to τ = 10−3 is403

37,7 for the two squares with homogeneous mesh and 37.6 for404

Fig. 9. True coefficient of variation of the distribution of the squared norms
of the error matrix elements as a function of the ACA iteration step.

the irregular mesh, almost the same, as expected since the 405

underlying physical problem is the same in both cases. Notice 406

that for the irregular mesh, the number of steps before the 407

CV converges to the critical value of 3.35 is larger than the 408

average number of steps for convergence of the ACA. This 409

means that often, the sample that detects convergence is taken 410

from a distribution with a very high CV , which explains the 411

large spread in the true relative error in Fig. 6 with M = 100. 412

We might be tempted to use the measured CV at step k 413

directly to compute a shifted threshold τ ′ in order to ensure 414

that the true mean lies below the real τ with a chosen 415

probability, for example using Tchebichef’s inequality [14]. 416

The main problem with this approach is precisely the fact that 417

it is based only on the first two moments of the distribution: 418

μ and σ 2. The first two moments do not reveal anything about 419

the asymmetry of the distribution. Yet, the typical “difficult” 420

distribution is highly asymmetric, many small elements and 421

a few very large ones. This leads to a long right tail in the 422

distribution and a high CV . In reality, we are more interested 423

in the left tail: the risk of an underestimation of the mean (and 424

hence a premature convergence) is determined here. 425

In fact, we used the CV to test the theory developed 426

in Section IV, but, under the assumption that the theory is 427

correct, we know much more than the first two moments. 428

Although we do not have a closed expression for the distri- 429

bution, we do know that after sufficient steps, it is always 430

the same, independent of the underlying problem or the 431

discretization. We propose to use the measured approximate 432

value of the CV as a test for how closely the error distribution 433

probability density at step k corresponds to fW. Once it is 434

close enough, we will obtain, for a chosen sample size, a fixed 435

distribution of the true relative error. Hence, we supplement the 436

convergence criterion based on the sample mean with a second 437

condition, namely 438

CV∣∣ukv
T
k

∣∣2 < CVcrit . (10) 439
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Fig. 10. Histogram of the true relative error for the same problem as in Fig. 5,
with the proposed new criterion, M = 100, and imposing CV|ukvT

k |2 < 4,

1.000 runs.

The exact choice of CVcrit should not be highly conse-440

quential, as long as the excessive peaks observed in Fig. 8 are441

rejected. We suggest CVcrit = 4, just above the theoretical442

value of 3.35.443

A consequence of this approach is of course that for444

“difficult” matrix blocks, such as that of Fig. 5, we risk445

ending up taking far more ACA steps than necessary and446

obtaining a precision far beyond the required value. However,447

most ordinary blocks will always comply with (10). Typically,448

large simulations require compressing many blocks, most449

of which will be “ordinary,” so the overall computational450

overhead due to (10) will be very limited. In essence, (10)451

allows the algorithm to “cheaply” detect whether a block452

is “difficult,” in which case it is treated with extraordinary453

precaution. Fig. 10 shows the effect of imposing (10) on454

the result for the two plates with irregular mesh. Effectively,455

the convergence takes much longer than before: 47.2 steps456

on average. However, the desired accuracy is clearly obtained.457

Typically, the proportion of such difficult cases will be so small458

that dedicating some extra effort to them will have a negligible459

influence on the overall computation time. Meanwhile, risking460

an inaccurate ACA approximation of just one of them may461

seriously compromise the overall accuracy.462

We conclude this section with a listing of the ACA463

algorithm following [2], with the new convergence criterion464

incorporated (the bold-faced lines).465

Initialization :466

1) Store M random row/column indices in r and c.467

2) e0(i) = A(ri, ci), i = 1 · · · M .468

3) Initialize the first row index I1 = 1.469

4) Initialize error matrix: ṽ1 = A(I1, :).470

5) Find J1 = max j (|̃v1|).471

6) v1 = ṽ1/̃v1(J1).472

7) u1 = A(:, J1).473

8)
∥∥Z̃ (1)

∥∥2 = (|uk ||vk|)2.474

Fig. 11. E-plane Bistatic RCS of a metallic ogive, incidence along the ogive
axis. Black dots: solution by inversion of the full impedance matrix. Red
curves: 250 different ACA computations with the conventional convergence
criterion. Blue dots: full solution using a mesh without refinement at the tips.

9) Find I2 = maxi (|u1|), i 	= I1. 475

kth Iteration: 476

1) ṽk = A(Ik, :) − ∑k−1
l=1 (ul)Ik vl . 477

2) Find Jk = max j (|̃vk |), j 	= J1 · · · Jk−1. 478

3) vk = ṽk /̃vk(Jk). 479

4) uk = A(:, Jk) − ∑k−1
l=1 (vl)Jk ul . 480

5)
∥∥Z̃ (k)

∥∥2 = ∥∥Z̃ (k−1)
∥∥2 + 2Re{∑k−1

j=1(u
T
j uk) · (vT

j vk)}+ 481

+(|uk ||vk|)2
482

6) ek(i) = ek−1(i) − uk(ri )vk(ci ), i = 1 · · · M 483

7) Compute the CV of |uk |2 and |vk|2. 484

8) CVe = √
CV 2

u + CV 2
v + CV 2

u CV 2
v 485

9) If mean(
∣∣e2

k

∣∣) < τ
nm

∥∥∥Z̃(k)
∥∥∥2

AND CVe < 4 exit. 486

10) Find Ik+1 = maxi (|uk |), i 	= I1 · · · Ik . 487

Note : Line 5 of the iterations is erroneous in the original 488

paper [2]. It is corrected here following [15]. 489

VI. PRACTICAL EXAMPLE 490

Providing a large-scale example of the merits of the new 491

criterion is difficult because we need to execute the simulation 492

many times with random initial row indices. Furthermore, 493

we must be able to solve the full system directly to provide a 494

reference solution. We, therefore, present a relatively small 495

problem. The target is the metallic ogive defined in [16] 496

(see the inset in Fig. 11), at 9 GHz. The ogive surface is 497

discretized with an average mesh size of 0.003 m, but with a 498

refinement of the mesh near the tips where the mesh size is 499

approximately ten times smaller. This leads to 24.804 RWG 500

basis functions (the uniform mesh, without the refinement 501

has 23.472 basis functions). We decompose the ogive surface 502

into 100 subdomains with an approximately equal number of 503

basis functions each. This leads to very small blocks (about 504

250 × 250), which may not be the most efficient choice, but 505

it mimics a large-scale problem that typically has several 506
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Fig. 12. E-plane Bistatic RCS of a metallic ogive, incidence along the ogive
axis. Black dots: solution by inversion of the full impedance matrix. Red
curves: 250 different ACA computations with the proposed new convergence
criterion.

hundreds or thousands of subdomains. Since this is not a507

particularly large or badly conditioned problem, we use an508

ACA convergence threshold of τ = 0.01. We solve for the509

surface current density using a GMRES iterative solver with a510

preconditioner according to [17]. Then, we calculate the bista-511

tic RCS for an angle of incidence along the positive x-axis,512

parallel to the ogive axis. Figs. 11 and 12 show the E-plane513

RCS from 250 calculations using the ACA without and with514

the new convergence criterion, respectively, compared with the515

full solution. Also shown is the full solution for the uniform516

mesh, to show that the mesh refinement does indeed affect the517

result.518

It is clear that the new criterion leads to considerably519

more accurate results. In fact, the median relative error in the520

surface current vector equals, for the new criterion, 4%, with a521

maximum of 10%. For the conventional criterion, the median522

is 13% and the maximum error is 800%. The difference in523

medians indicates that the new criterium is consistently a524

factor 3 more accurate. However, more importantly, it avoids525

the occasional outliers of the conventional ACA. Interestingly,526

even the enormous maximum error of the conventional ACA527

still yields a reasonable RCS. Looking at the detail of the528

surface current solution reveals that this large error is localized529

very near one of the tips. Since the RCS computation integrates530

over the entire surface, a very large but very localized error531

may well have a limited effect on the RCS. For problems532

with larger, badly conditioned impedance matrices, we expect533

the error to spread throughout the solution, invalidating any534

far-field results.535

Regarding the size of the compressed matrix, with the536

conventional ACA, it equals on average 689 MB (double537

precision, exploiting symmetry to store only half the matrix),538

of which 384 MB are the self-block and touching block that539

are not compressed. Therefore, the compressed matrices take540

up on average 305 MB, with very little variation. Using the541

new criterion, the average size of the compressed matrices 542

equals 299 MB. Surprisingly, the new criterion yields slightly 543

more compression. The average matrix construction time is 544

36.4 s with the conventional criterion and 37.5 s with the 545

new criterion, about 3% more. Profiling the code, we find 546

that this is entirely due to the computation of 100 sample 547

elements (line 2 of the initialization phase in the algorithm). 548

The problem is that it takes much more time to compute 549

individual matrix elements than to fill entire rows or columns 550

at once. This is due to the fact that our MoM discretization for 551

a triangular mesh is based on Rao, Wilton, and Glisson basis 552

and testing functions [8]. Computing M random elements of 553

the impedance matrix needs integration on 4M triangles, while 554

computing a full row or column of M elements needs 4M/3. 555

In addition, computing full rows or columns makes better use 556

of the computer CPU cache memory. 557

VII. CONCLUSION 558

A new ACA convergence criterion has been proposed that 559

avoids the high inaccuracy, of more than a factor 10, some- 560

times produced by the unpredictable errors caused by the 561

conventional ACA convergence criterion. The new criterion 562

uses a global sampling of the error matrix. The sampling error 563

inherent in this approach can be controlled by exploiting the 564

fact that once the matrix to be compressed is fully represented 565

by its low-rank ACA approximation, the error matrix elements 566

are distributed according to a unique probability density func- 567

tion such that the sampling error only depends on the sample 568

size. A complementary criterion is proposed to check whether 569

this distribution has been established. Although in this article 570

the proposed method has only been applied to the ACA, it may 571

be useful for estimating the residual error in any algorithm that 572

approximates low-rank matrices by interpolation of a reduced 573

set of its elements. 574

REFERENCES 575

[1] M. Bebendorf, “Approximation of boundary element matrices,” 576

Numerische Math., vol. 86, no. 4, pp. 565–589, Oct. 2000. 577

[2] K. Zhao, M. N. Vouvakis, and J.-F. Lee, “The adaptive cross approxi- 578

mation algorithm for accelerated method of moments computations of 579

EMC problems,” IEEE Trans. Electromagn. Compat., vol. 47, no. 4, 580

pp. 763–773, Nov. 2005. 581

[3] J. Laviada, R. Mittra, M. R. Pino, and F. Las-Heras, “On the convergence 582

of the ACA,” Microw. Opt. Technol. Lett, vol. 51, no. 10, pp. 2458–2460, 583

Oct. 2009. 584

[4] A. Heldring, E. Ubeda, and J. M. Rius, “On the convergence of the ACA 585

algorithm for radiation and scattering problems,” IEEE Trans. Antennas 586

Propag., vol. 62, no. 7, pp. 3806–3809, Jul. 2014. 587

[5] N. Halko, P. G. Martinsson, and J. A. Tropp, “Finding structure with ran- 588

domness: Probabilistic algorithms for constructing approximate matrix 589

decompositions,” SIAM Rev., vol. 53, no. 2, pp. 217–288, Jan. 2011. 590

[6] M. W. Mahoney and P. Drineas, “CUR matrix decompositions for 591

improved data analysis,” Proc. Nat. Acad. Sci. USA, vol. 106, no. 3, 592

pp. 697–702, Jan. 2009. 593

[7] A. A. Kashirin, S. I. Smagin, and M. Y. Taltykina, “Mosaic-skeleton 594

method as applied to the numerical solution of three-dimensional 595

Dirichlet problems for the Helmholtz equation in integral form,” Comput. 596

Math. Math. Phys., vol. 56, no. 4, pp. 612–625, Apr. 2016. 597

[8] S. Rao, D. Wilton, and A. Glisson, “Electromagnetic scattering by 598

surfaces of arbitrary shape,” IEEE Trans. Antennas Propag., vol. AP-30, 599

no. 3, pp. 409–418, May 1982. 600

[9] Y. Saad and M. H. Schultz, “GMRES: A generalized minimal residual 601

algorithm for solving nonsymmetric linear systems,” SIAM J. Sci. Stat. 602

Comput., vol. 7, no. 3, pp. 856–869, Jul. 1986. 603



IEE
E P

ro
of

HELDRING et al.: IMPROVING THE ACCURACY OF THE ACA WITH A CONVERGENCE CRITERION BASED ON RANDOM SAMPLING 9

[10] M. Bebendorf and R. Venn, “Constructing nested bases approximations604

from the entries of non-local operators,” Numerische Math., vol. 121,605

no. 4, pp. 609–635, Aug. 2012.606

[11] M. Jirina and M. Jirina, “Features of neighbors spaces,” SOFSEM 2004:607

Theory and Practice of Computer Science (Lecture Notes in Computer608

Science), vol. 2932. 2004, pp. 241–248.AQ:5 609

[12] N. J. Redding, “Estimating the parameters of the k distribution in610

the intensity domain,” DSTO Electron. Surveill. Lab., South Australia,611

Tech. Rep. DSTO-TR-0839, Jul. 1999.AQ:6 612

[13] N. L. Johnson, S. Kotz, Samuel, and N. Balakrishnan, Continuous613

Univariate Distributions (Wiley Series in Probability and Mathematical614

Statistics). vol. 1. 1994.AQ:7 615

[14] P. Tchebichef, “Des valeurs moyennes,” J. de Mathématiques Pures et616

Appliquées, vol. 2, no. 12, pp. 177–184, 1867.617

[15] X. Chen, C. Gu, J. Ding, Z. Li, and Z. Niu, “Multilevel fast adaptive618

cross-approximation algorithm with characteristic basis functions,” IEEE619

Trans. Antennas Propag., vol. 63, no. 9, pp. 3994–4002, Sep. 2015.620

[16] A. C. Woo, H. T. G. Wang, M. J. Schuh, and M. L. Sanders “Bench-621

mark radar targets for the validation of computational electromagnetics622

programs,” IEEE Antennas Propag. Mag., vol. 35, no. 1, pp. 84–89,623

Feb. 1993.624

[17] A. Heldring, E. Ubeda, and J. M. Rius, “The multiscale compressed625

block decomposition as a preconditioner for method of moments626

computations,” in Proc. 7th Eur. Conf. Antennas Propag. (EuCAP),627

Gothenborg, Sweden, Apr. 2013, pp. 8–12.628

Alexander Heldring was born in Amsterdam, The629

Netherlands, in 1966. He received the M.S. degree630

in applied physics and the Ph.D. degree in electrical631

engineering from the Delft University of Technol-632

ogy, Delft, The Netherlands, in 1993 and 2002,633

respectively.634

He is currently an Associate Professor with635

the Telecommunications Department, Universitat636

Politècnica de Catalunya (UPC), Barcelona, Spain.637

He has authored over 30 articles in international638

journals and 100 in international conference pro-639

ceedings. His special research interest includes fast integral equation methods640

for electromagnetic problems.641

Eduard Ubeda (Member, IEEE) was born in 642

Barcelona, Spain, in 1971. He received the Telecom- 643

munication Engineer and Doctor Ingeniero degrees 644

from the Universitat Politècnica de Catalunya 645

(UPC), Barcelona, in 1995 and 2001, respectively. 646

In 1996, he was with the Joint Research Center 647

from the European Commission, Ispra, Italy. From 648

1997 to 2000, he was a Research Assistant with the 649

Electromagnetic and Photonic Engineering Group, 650

UPC. From 2001 to 2002, he was a Visiting Scholar 651

with the Electromagnetic Communication Labora- 652

tory, Electrical Engineering Department, Pennsylvania State University (PSU), 653

University Park, PA, USA. Since 2003, he has been with the Universitat 654

Politècnica de Catalunya (UPC). He has authored over 30 articles in inter- 655

national journals and 100 in international conference proceedings. His main 656

research interests are numerical computation of scattering and radiation using 657

integral-equation methods and advanced discretization techniques. 658

Juan M. Rius (Senior Member, IEEE) was born 659

in Barcelona, Spain, in 1963. He received the 660

“Ingeniero de Telecomunicación” and “Doctor Inge- 661

niero” degrees from the Universitat Politècnica de 662

Catalunya (UPC), Barcelona, in 1987 and 1991, 663

respectively. 664

In 1985, he joined the Electromagnetic and Pho- 665

tonic Engineering Group, UPC, now the Comm- 666

SensLab, where he currently holds a position of 667

”Catedrático” (equivalent to Full Professor). From 668

1985 to 1988, he developed a new inverse scattering 669

algorithm for microwave tomography in cylindrical geometry systems. Since 670

1989, he has been involved in the research for new and efficient methods for 671

numerical computation of electromagnetic scattering and radiation. He is the 672

Developer of the graphical electromagnetic computation (GRECO) approach 673

for high-frequency RCS computation, the Integral Equation formulation of 674

the Measured Equation of Invariance (IE-MEI), and the multilevel matrix 675

decomposition algorithm (MLMDA) in 3-D. He has held positions of “Visiting 676

Professor” at EPFL, Lausanne, Switzerland, from May 1, 1996 to October 31, 677

1996; a “Visiting Fellow” at the City University of Hong Kong, Hong Kong, 678

from January 3, 1997 to February 4, 1997; the “CLUSTER Chair” at EPFL 679

from December 1, 1997 to January 31, 1998; and a “Visiting Professor” 680

at EPFL from April 1, 2001 to June 30, 2001. He has more than 70 arti- 681

cles published or accepted in refereed international journals (40 in IEEE 682

Transactions) and more than 200 in international conference proceedings. His 683

current interests are the numerical simulation of electrically large antennas 684

and scatterers. 685


