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Abstract. In this paper, a new prediction methodology to deal with longitudinally invariant
soil-structure interaction problems in elastodynamics is presented. The method uses the ﬁniteelement method to model the structure, the boundary-element method to model the local soil surrounding the structure and the method of fundamental solutions to model the wave propagation
through the soil. All those methods are formulated in the two-and-a-half-dimensional domain.
The methodology is ﬁrstly veriﬁed in the framework of a homogeneous half-space system by
comparing the results of the current method with those computed by the semi-analytical solution
of this problem. Secondly, the methodology is veriﬁed against a two-and-a-half-dimensional ﬁnite element-boundary element approach, for two calculation examples: a tunnel embedded in
a homogeneous half-space and a tunnel embedded in a layered half-space. This comparison
also shows that this novel methodology reduces the computational costs of such simulations
without compromising the accuracy of the results. The increase on the computational efﬁciency
is due to the use of the method of fundamental solutions to account for the wave propagation in
the medium, and it is even higher when the number of evaluations points increases.
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INTRODUCTION

In the framework of soil-structure interaction problems, some structures can be considered as
longitudinally invariant systems that can be assessed by two-and-half-dimensional approaches.
Structures like at-grade railway tracks [4], tunnels [1], roads [2] or bridges [3] are some examples of soil-structure problems where the structure can be modelled as longitudinally invariant system. A review of the literature indicates that there are several works that contributed
to the study of this kind of soil-structure interaction problems. Among them, coupled 2.5D
ﬁnite element-boundary element methodology (2.5D FEM-BEM) is a well-known numerical
approach for the assessment of the soil-structure interaction problems. François et al. [2] presented a 2.5D FEM-BEM model in frequency domain. They proposed this method to study
the wave propagation in soil induced by railway or road trafﬁc using this method. Galvı́n et
al. [4] used the same method to analyse two different applications: a ballasted track over a
layered half-space and a tunnel embedded in a layered half-space. Lopes et al. [5] proposed
an alternative method where a 2.5D FEM with 2.5D perfect matched layers (PML) is used to
assess the ground-borne vibration response of a building. Later, the re-radiated noise inside
the building was investigated using a 2.5D MFS in acoustics weakly coupled with the building
vibration ﬁeld obtained with the method presented in [5] [6]. More recently, Ghangale and his
colleagues [7] presented a method for the prediction of the energy ﬂow radiated by underground
railway infrastructures based on a 2.5D FEM-BEM method to model the tunnel and the locally
surrounding ground and on the semi-analytical solutions of a cylindrical cavity to model the
wave propagation on the soil.
The MFS is a collocation method which approximates the solution within an elastic medium
employing a combination of fundamental solutions of the medium governing equations. It is
specially interesting for dealing with wave propagation problems in unbounded or partially
unbounded domains. Its application is based on a distribution of collocation points, which
evaluates the boundary conditions at discrete positions, and on a distribution of source points
(or virtual forces, in elastodynamic problems), which are obtained by complying the boundary
conditions at the collocation points. The collocation points are located on the boundary and the
source points outside the domain. Godinho et al. [11] presented two-dimensional FEM-MFS
modelling approach for these types of problems. An extension of this to longitudinally invariant
systems was presented by Amado-Mendes and his colleagues [1], where a methodology that
models the structure using 2.5D FEM and the surrounding soil with 2.5D MFS is proposed.
For many years, it has been a concern of the researchers to ﬁnd the optimal distance between
collocation and source points, particularly in complicated shapes. An incorrect selection of this
distance may lead to large errors of the numerical method [9]. Besides, it should be noted that
the amount of source points affects the numerical convergence and stability of the results [10].
In this study, a 2.5D FEM-BEM-MFS method in frequency domain is presented. The 2.5D
FEM-BEM is used to obtain the displacement ﬁeld on the boundary and the 2.5D MFS is used
as a post-processing tool to obtain the displacement and traction ﬁelds on the soil from the
displacement ﬁeld on the soil-structure interaction boundary. The main novelty of the current
method is, thus, the way MFS is applied, which leads to two global beneﬁts. On the one hand,
the application of this methodology results to an increase of the computational efﬁciency of the
method respect to traditional 2.5D FEM-BEM approaches and this is mostly signiﬁcant when
many evaluator points are to be analysed. On the other hand, a signiﬁcant difference between
the work of Amado-Mendes et al. [1] and the current method is related about how the dynamic
stiffness matrix of the soil at the soil-structure interaction boundary is obtained.
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Description of the methodology

In this study, the calculations are performed in two general steps. Firstly, the displacements
on the boundary are computed through a 2.5D FEM-BEM method. In this 2.5D FEM-BEM
approach, the FEM is used to model the structure and the BEM is used to model the locally
surrounding soil. The formulation of the 2.5D FEM-BEM used here is based on [2]. The
response of the soil-structure system can be calculated by
*

,

K0 − ikx K1 + kx 2 K2 + K̄s − ω 2 M Ū = F̄ ,

(1)

where K0 , K1 , K2 and M are the stiffness and mass matrices related to the 2.5D FEM
domain, K̄s is the dynamic stiffness matrix of the soil obtained by 2.5D BEM model, kx is the
longitudinal wavenumber and ω is the angular frequency. Moreover, Ū and F̄ are the vectors of
displacements and applied external forces along the mesh of the structure, respectively. Thus,
the displacements Ūb on the boundary can be extracted from Ū .
Secondly, the displacement and traction ﬁelds in the soil are calculated using a 2.5D MFS
for elastodynamics. For this aim, the displacements on the boundary (Ūb ) are considered as the
boundary conditions of the MFS. Then, the virtual source strengths can be computed as
S̄v = H̄−1
cs Ūc ,

(2)

where S̄v is the vector of virtual source strengths, H̄cs represents the matrix of displacement
Green’s functions on the collocation points due to the virtual sources and Ūc represents the
displacements at the collocation points. If the collocation points are considered to be directly
the nodes of boundary mesh, Ūc = Ūb . If the conﬁguration is different, the displacement in the
collocation points Ūc should be obtained by interpolation along the boundary from Ūb . In this
study, the Green’s function are computed by the ElastoDynamics Toolbox for MATLAB [8].
Given the source strengths, the displacement and traction ﬁelds can be calculated as
Ūf = H̄f s S̄v ,

T̄f = H̄τf s S̄v ,

(3)

where H̄f s and H̄τf s represent the source-evaluators Green’s functions for displacements and
tractions, respectively, and Ūf and T̄f stand for the displacement and traction of the evaluation
points, inside the domain.
In order to improve the computational efﬁciency of the method, a mapping technique is used.
In this technique, the Green’s displacement and Green’s traction ﬁelds are calculated for the
unique values of the sources depth and relative distances of the source-receiver points. Then,
these Green’s functions are mapped into the original conﬁguration of sources and evaluation
points by performing the required coordinate rotations [7].
3

Veriﬁcation of the method for a homogeneous half-space problem

The proposed method is ﬁrstly veriﬁed for a solid cylinder with a radius of 3 m embedded
in a homogeneous half-space, a system illustrated in Fig. 1. In order to compare with the semianalytical solutions of a homogeneous half-space for veriﬁcation purposes, the solid cylinder is
assumed to be deﬁned by the exact same mechanical parameters than the soil. The mechanical
parameters of the soil are deﬁned in Table 1. The vertical displacements obtained with the new
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method are plotted against the results obtained by the semi-analytical solution of the problem
and by the 2.5D FEM-BEM approach for a wavenumber of 0.1 rad/m. Results of this veriﬁcation are shown in terms of displacement Green’s functions in the wavenumber-frequency
domain, presented in dB based on reference of 10−12 m/(N/m).
Type
E [MPa]
Cylinder
108
Soil
108

ρ [kg/m3 ] ν
1800
1/3
1800
1/3

Damping
0.05
0.05

Table 1: Mechanical parameters of the solid cylinder and the soil.
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Figure 1: Geometry of the system studied, based on a solid cylinder in a homogeneous half-space. A and B
represent the ﬁeld points on the soil where the results will be obtained. The input vertical force applied at the
center of the cylinder is represented by a big arrow.

According to the results presented in Fig. 2, very good agreement of the results is observed
between the three methods compared. The results of the current method and those obtained
by 2.5D FEM-BEM method are almost exactly matched. However, a slight difference can be
observed between the results of the proposed method and semi-analytical solution, particularly
at frequencies higher than 60 Hz, due to the mesh size.
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Figure 2: Vertical displacement Green’s functions at evaluation points A (a) and B (b). Methods: 2.5D FEM-BEM
(solid red line), 2.5D FEM-BEM-MFS (dashed black line) and semi-analytical solution (dashed gray line).

4

Veriﬁcation of the method for the case of a tunnel embedded in a half-space

In this section, the methodology is veriﬁed against a 2.5D FEM-BEM approach, for two calculation examples: a tunnel embedded in a homogeneous half-space and a tunnel embedded in
a layered half-space. In these examples, the comparison is done in terms of the displacement
Green’s function due to a vertical force applied in the bottom of the tunnel and for the wavenumber of 0.1 rad/m. The mechanical parameters of the soil and tunnel are presented in Table 2 and
Table 3 for the homogeneous and layered half-space cases, respectively. In the example of a
tunnel embedded in a layered half-space, the soil is divided into three layers.
Type
E [MPa]
Tunnel
31000
Medium
108

ρ [kg/m3 ]
2500
1800

ν
0.2
1/3

Damping
0.001
0.05

Table 2: Mechanical parameters of the tunnel and the soil for the homogeneous half-space case.

Type
Tunnel
Soil layer 1
Soil layer 2
Soil layer 3

E [MPa]
31000
50
180
400

ρ [kg/m3 ] ν Thickness [m]
2500
0.2
−
1900
0.3
4
1980
0.3
9
2050
0.3
∞

Damping
0.001
0.05
0.05
0.05

Table 3: Mechanical parameters of the tunnel and the soil for the layered half-space case.

4.1

A tunnel embedded in a homogeneous half-space

The application of the methodology for a tunnel embedded in a homogeneous half-space is
studied. As shown in Fig. 3, a tunnel embedded in a homogeneous half-space at a depth of 9 m
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from the ground surface is assumed. The external radius and the lining thickness of the tunnel
are 3 m and 0.3 m, respectively. A single vertical point load is considered to be acting on the
bottom surface of the tunnel. Two evaluation points, one on the near ﬁeld (A), one in the far ﬁeld
(B) are assumed in the soil. The vertical displacements obtained by the proposed methodology
are compared with those obtained by the 2.5D FEM-BEM approach. This comparison is shown
in Fig. 4, where the left graph represents the vertical displacements in the point A and right
ﬁgure denotes the vertical displacements at point B.
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Figure 3: Geometry of the second system studied, based on a tunnel embedded in a homogeneous half-space. A
and B represent the ﬁeld points on the soil where the results will be obtained. The input vertical force is represented
by a big arrow.

As presented in Fig. 4, the vertical displacements obtained by the 2.5D FEM-BEM-MFS are
in a very good agreement with respect to those obtained with the 2.5D FEM-BEM approach.
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Figure 4: Vertical displacement Green’s functions for the system in Fig. 3. Methods: 2.5D FEM-BEM (solid red
line) and 2.5D FEM-BEM-MFS (dashed black line).
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4.2

A tunnel embedded in a layered half-space

In order to investigate the performance of the method for a tunnel embedded in a layered
half-space, another example is presented in this section. As can be observed in Fig. 5, a tunnel
structure is located in the second layer and two ﬁeld points are assumed in the soil (A and B).
The geometry of the tunnel is the same as previous example.
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Figure 5: Geometry of the third system studied, based on a tunnel embedded in a layered half-space. A and B
represent the ﬁeld points on the soil where the results will be obtained. The input vertical force is represented by a
big arrow.

The results conﬁrms that the proposed methodology can be used for the case of layered
half-space. Based on Fig. 6, the results of the current methodology are again consistent with
the results of the 2.5D FEM-BEM approach. However, a slight difference can be observed at
frequencies higher than 60 Hz for the point A.
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Figure 6: Vertical displacement Green’s functions for the system in Fig. 5 at evaluation points A (a) and B (b).
Methods: 2.5D FEM-BEM (solid red line) and 2.5D FEM-BEM-MFS (dashed black line).
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CONCLUSIONS

In this study, a methodology is presented to deal with longitudinally invariant soil-structure
interaction problems in elastodynamics. The methodology is ﬁrstly veriﬁed for the case of a
solid cylinder embedded in a homogeneous half-space, having the structure and the soil the same
mechanical parameters. Then, the performance of the model is investigated by presenting two
calculation examples; a tunnel embedded in a homogeneous half-space and a tunnel embedded
in a layered half-space. The results obtained for the three cases studied conﬁrm that the accuracy
of the new 2.5D FEM-BEM-MFS method is in agreement with those obtained by 2.5D FEMBEM, especially in the far ﬁeld results. Furthermore, the inclusion of the MFS as a postprocessing tool has found to be very simple to be implemented. However, it is also found, as was
expected, that the accuracy of the 2.5D FEM-BEM-MFS strongly depends on the accuracy of
the boundary conditions obtained by 2.5D FEM-BEM method. Moreover, the displacement and
traction Green’s functions in the ﬁeld points can be obtained in x, y and z directions. However,
in this paper, only the vertical displacements are presented.
The accuracy of the results can be improved considerably by controlling the robustness of
the method. To do so, a check point can be assumed in the domain and the distance between
virtual sources and collocation points can be optimised by minimising the relative error between
the current method and 2.5D FEM-BEM approach at this control point.
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