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Abstract

Galaxy interaction is a common feature in our universe but the dynamics behind it is still not
fully understood. More data is becoming available lately and every time it is more precise.
However, we need mathematical and physical models to understand this new data. In this
work we model the interaction between two galaxies with the parabolic restricted three body
problem. In a first step, we simulate the effects of the interaction in a disk galaxy doing several
particle simulations, obtaining results close to reality. Secondly, with the help of the C-criterion
classification we try to understand the relation between the radius of the disks and the formation
of galactic structures such as tails and bridges. Finally we use the invariant objects in the circular
restricted three body problem in order to understand the dynamics of our simulations. In fact,
we are able to explain the formation of tails with the invariant manifolds of Lyapunov orbits
around L1.

Key words: Dynamical systems, Galaxy interaction, Galactic dynamics, Restricted three
body problem, Numerical methods.
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Introduction

Galaxies are groups of stars, gas and dust that belong to the same gravitational bounded system,
which makes them remain together. Not so long ago it was thought that our Galaxy was the only
one in the universe and astronomy was focused only on the explanation of the Milky Way. Since
Edwin Hubble, who first proved that Andromeda was not a nebula belonging to our system, it
was an actual galaxy far beyond us, the extragalactic astronomy field has not stopped growing.

In fact, galaxies are not isolated systems as firstly suggested by Kant. There are a lot
of examples of interacting galaxies in the universe and the complete comprehension of their
dynamics still remains unknown. For example, a satellite galaxy can disturb a larger one just
with a close encounter, and sometimes they can even collide or merge. All of these interactions
can cause multiple dynamical structures, what makes even more difficult to understand the
already complex internal dynamics of a galaxy. However, the most common and most visually
striking structures formed by these interactions are the bridge (connecting both galaxies) and
tidal arms or tails. In Figure 1 we show three cases of galaxy interaction where these structures
appear.

Thanks to the technology we have nowadays, we are able to take extremely precise pho-
tographs of galaxies. But precise photographs can only give us precise measurements of positions
in the sky (2D or 3D points) and we need velocities for a dynamical study. One could think that
measuring positions in galaxies for long periods of time could give us some sort of information
about the dynamics of these objects. However, galaxies are so far that it is almost impossible
to have measurements of individual stars in them and long periods of time in a human being
scale are negligible in a galactic time scale. Just as an example: a whole revolution of the sun
around the center of the Milky Way is believed to take between 225 to 250 million years. So, in
the last 2000 years it has completed only 0.00089% of it.

Despite that, the Gaia mission follows this same idea [Gaia Collaboration, Brown et al. 2016].

Figure 1: NGC 5257 (left), ESO 77-14 (center) and UGC 8335 (right) interacting galaxies.
Credit: NASA, ESA, the Hubble Heritage Team (STScI/AURA)-ESA/Hubble Collaboration
and A. Evans (University of Virginia, Charlottesville/NRAO/Stony Brook University)
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Figure 2: Proper motion field of the bridge in the Magellanic Clouds for young stars (left) and
old stars (right). Credit: Figure 16 from [Gaia Collaboration, Luri et al. 2020].

Since 2014, the satellite Gaia is continuously scanning the sky and measuring positions (among
other things) of stars, galaxies and other galactic and extragalactic objects. With its unprece-
dent precision and using the data of its predecessor Hipparcos [Perryman et al., 2009], ESA
released the data of more than 1800 million objects.

One of the revolutionary aspects of this catalogue is that it contains 6D coordinates (3D
position and 3D velocity) of more than 7 million stars. This allowed astronomers to understand
better our own Galaxy. For example, they could identify that an external galaxy (Sagittarius)
perturbed the Milky Way between 300 million and 900 million years ago [Antoja et al., 2018]. Or
more recently, they could identify different dynamical populations of stars in the outskirts of our
Galaxy, suggesting that the origin of these populations belong to different external interactions
events with the Milky Way [Antoja et al., 2020].

All of these results imply galactic interaction in the past, but give few information about the
dynamics while the interaction is happening. However, with the improved data released last year
[Gaia Collaboration, Brown et al. 2020], for the first time we have positions and proper motions
(velocities 2D in the sky) of two interacting galaxies. In Figure 2 we show the velocity field of
the Magellanic Clouds from [Gaia Collaboration, Luri et al. 2020]. This precise determination
of their motion, along with the precise characterization of the stars that allowed to identify
a young bridge connecting both galaxies, will hopefully answer a lot of questions in the near
future.

Nevertheless, these new experimental results need to be understood with physical and math-
ematical models capable of explaining the discoveries. Right now, the scientific community is
using N-body simulations and potential simulations for that purpose.

The N-body simulations take N particles with certain initial conditions (position and ve-
locities) and simulate the evolution of their orbit under their mutual gravitational force. The
computational cost of these simulations is extremely high, but the equations of motion of the par-
ticles are the most realistic. For example, in [Pettit & Wadsley, 2017] they study the influence
of tidal interactions in the morphology of bars and spiral arms of galaxies using several N-body
simulations. Or in [Laporte et al., 2019] they simulate an interaction of the galaxy Sagittarius
with the Milky Way in order to validate the observational data that we already mentioned in
[Antoja et al., 2018].

On the other hand, we have the potential simulations. In this case we also consider a
set of particles with certain initial conditions, but their motion is defined by some artificial
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potential. The election of the potential and the initial conditions are the key points that will
determine the results. In fact, one of the motivations of this project is the work already done
in [Barrabés et al., 2017], where they model the interaction of two galaxies with the parabolic
restricted three body problem. The convenience of using this model is clear: it is a well known
problem in celestial mechanics and its dynamics has been already studied. However, reducing
such a complex problem to a simple model has some drawbacks. For example, all the internal
dynamics of the galaxies is ignored, what can lead to some inaccuracies in the simulations. And
chemistry of the stars is also ignored, which is known to play a key role in interactions.

In the previous article (or in a simpler way in [Toomre & Toomre, 1972]) they already show
a mechanism to create bridges and tails in the parabolic restricted three body problem and
they describe the role of the equilibrium points and their invariant manifolds in the formation
process. In their work, they are mainly focused on taking sets of initial conditions such that
they will evolve and form galactic structures. Conversely, we will be more focused on taking
initial conditions modeling an isolated galaxy (in a very simple way) and will study under what
circumstances are the different structures formed.

In other works it has already been shown how the equilibrium points of the circular restricted
three body problem, the family of periodic orbits around them and their invariant manifolds can
explain the motion of really complex scenarios. For example in [Romero-Gómez, 2006] they use
the invariant manifolds to explain the existence of internal spiral arms and rings in galaxies. And
in [Romero-Gómez & Athanassoula, 2017] they also give a qualitative approximation of bridges
and tails in galaxy interaction using these manifolds.

5



Main goals

The main objective of this project is proving that a very simple model such as the restricted
three body problem (either circular or parabolic) is a good first approximation to a galaxy
interaction. Indeed, this project is an attempt to continue and combine the results from
[Barrabés et al., 2017] and [Romero-Gómez & Athanassoula, 2017]. The specific goals of the
present work are:

• Simulate the interaction of two galaxies using the parabolic restricted three body problem.

• Study under what circumstances the bridge and tails generated in the parabolic problem
can be related to the invariant objects of the circular problem.

In chapters 1 and 2 we present the theoretical background of the circular and parabolic
restricted three body problem, respectively, needed for our astrophysical application. Apart
from the equilibrium points and invariant objects of both problems, in the parabolic case we
present the C-criterion, which plays a key role in the understanding of the formation of bridge
and tails. In chapter 3 we present the results of our simulations using the parabolic problem and
study what are the initial conditions needed in order to see some galactic structure formation.
Finally, in chapter 4 we try to understand the results of the previous chapter using the circular
problem and the invariant manifolds in it.
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Chapter 1

Circular restricted three body
problem

The definition of the circular restricted three body problem (hereafter, circular problem) given by
Szebehely (see [Szebehely, 1967]) is: Two bodies revolve around their center of mass in circular
orbits under the influence of their mutual gravitational attraction and a third body (attracted
by the previous two but not influencing their motion) moves in the plane defined by the two
revolving bodies. The [circular] restricted problem of three bodies is to describe the motion of
this third body.

This problem can be presented in many different ways: considering physical variables (with
dimensions) or dimensionless variables, and considering an inertial reference system or a synodic
one. We will focus on the dimensionless synodic problem, as it is an autonomous system of
differential equations and we can apply the dynamical system theory on it.

1.1 Equations of motion and Jacobi constant

We are considering a rotating (also called synodic) reference frame with origin the center of mass
of the two primary bodies m1 and m2 (with dimensionless masses µ1 and µ2, satisfying µ1 + µ2
= 1) and same angular velocity as them. Then, we can define the mass parameter µ2 = µ and
µ1 = 1 − µ, so the position of the primary masses are fixed at (µ, 0) and (µ − 1, 0) for m1 and
m2 respectively. The motion of the third massless body is defined by the equations:{

ẍ− 2ẏ = Ωx

ÿ + 2ẋ = Ωy
(1.1)

where we are using the notation Ωξ = ∂Ω/∂ξ and Ω is the potential defined as

Ω =
1

2
(x2 + y2) +

µ1
r1

+
µ2
r2

+
1

2
µ1µ2 (1.2)

where

r21 = (x− µ2)2 + y2

r22 = (x+ µ1)
2 + y2

This system has a first integral of motion called the Jacobian integral:

C = 2Ω− (ẋ+ ẏ) (1.3)

where C is known as the Jacobi constant and it can be thought as the energy of the third body.
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1.2 Equilibrium points

The system has exactly 5 equilibrium points (Li, i = 1, . . . , 5) called Lagrangian points. L1, L2

and L3 are collinear and lay in the x-axis satisfying x(L1) < µ − 1 < x(L2) < µ < x(L3), i.e.
they are at the left, between and at the right of the primary masses respectively. The other two
points L4 and L5 lay in an equilateral triangle with respect to the primary masses and their

position is given by (µ − 1
2 ,±

√
3
2 , 0, 0). In Figure 1.1 the location of the equilibrium points for

µ = 0.5 and 0.1 is marked with blue dots.
In order to study the stability of the Lagrangian points, we need to transform the system

(1.1) to a first order system: 
ẋ1 = f1(x1, . . . , x4) = x3

ẋ2 = f2(x1, . . . , x4) = x4

ẋ3 = f3(x1, . . . , x4) = Ωx1 + 2x4

ẋ4 = f4(x1, . . . , x4) = Ωx2 − 2x3

(1.4)

Then, the linear stability of the equilibrium points is given by the linearized problem around
each Li:

ẋ = Dxf(Li) · (x− Li)

where Dxf(Li) in this case is defined as:

Dxf(Li) =


0 0 1 0
0 0 0 1

Ωx1x1 Ωx1x2 0 2
Ωx2x1 Ωx2x2 −2 0


and has characteristic polynomial

P (λ) = det(Dxf(Li)− λ1)

= λ4 + (4− Ωx1x1(Li)− Ωx2x2(Li))λ+ Ωx1x1(Li)Ωx2x2(Li)− [Ωx1x2(Li)]
2

The classification of the Lagrangian points will depend on the eigenvalues of the matrices
Dxf(Li).

Collinear points L1,2,3

In this case we have Ωx1x2 = 0, so we can define β1 = 2 − (Ωx1x1 + Ωx2x2)/2 and β2 =
−Ωx1x1Ωx2x2 > 0 to express the polynomial as P (λ) = λ4 + 2β1λ

2 − β22 . The roots of P (λ)
are λ2 = −β1 ±

√
β21 + β22 . For the positive case we have real solutions λ = ±λ1 ∈ R and for

the negative one the solutions are complex λ = ±iλ2 ∈ C. Then, we can conclude that L1,2,3

are saddle-center in the linearized problem.

Equilateral points L4,5

We will see that the stability of the triangular equilibrium points is not so easy and it actually
depends on the value of µ. The characteristic polynomial is now P (λ) = λ4 + λ2 + 27

4 µ(1 − µ)

with µ ∈ (0, 12 ]. So the roots of P (λ) satisfy λ2 = 1
2(−1±

√
1− 27µ(1− µ)). The stability of the

points depends directly on the sign of the parabola 1− 27µ(1− µ), which has only one zero in

the interval (0, 12 ] and it is the so called Routh mass parameter µR = 1
2(1−

√
69
9 ). The parabola

is positive in (0, µR) and negative in (µR,
1
2).

Then, we can distinguish 3 cases:
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Figure 1.1: Forbidden regions of motion (red) of the circular problem for different values of
µ and Jacobi constant C. The location of the primary masses are marked with a black cross
and equilibrium points with blue dots. Top: µ = 0.5. From left to right: C = 3.2 < C1,3,
C = 3.7 = C1,3, C = 4.25 = C2 and C = 4.6 > C2. Bottom: µ = 0.1. From left to right:
C = 3.1 < C3, C = 3.18 = C3, C = 3.56 = C1 and C = 3.68 = C2.

• 0 < µ < µR: the roots of the polynomial are λ = ±iλ1 and λ = ±iλ2. L4,5 are center-
center.

• µ = µR: the roots are λ = ± i√
2

twice, so L4,5 are degenerated center-center.

• µR < µ ≤ 1
2 : the roots satisfy λ2 = −1

2 + ia2 , a ∈ R, and L4,5 are complex saddle.

1.3 Hill’s regions

The first integral defined in (1.3) gives a relation between the velocity and the potential (which
only depends on the position), that must be satisfied for any solution through all the orbit.

Then, for every value of C, we can define the zero velocity curve V0(C) = {(x, y)|2Ω(x, y) =
C} as the positions in the plane such that must have velocity equal to 0 in order to have a
Jacobi constant C. Indeed, this curve separates the plane in 2 regions: points (x, y) such that
2Ω(x, y) < C so there is no velocity that satisfies (1.3) (forbidden region, motion is not allowed
there for that value of C) and points where 2Ω(x, y) > C (called Hill’s region, any orbit with
that value of C must remain in this region).

In Figure 1.1 we show some forbidden regions of motion for µ = 0.5 and 0.1. By definition,
the equilibrium points have no velocity, so we can check in the figure how Li ∈ V0(Ci). In fact,
the most important thing to notice is that for any value of µ, the value of the Jacobi constant
at L1, C(L1) = C1, always separates the Hill’s region in two (second top and third bottom in
the figure) and C(L2) = C2 > C1 separates the bounded Hill’s region in two different bounded
sub-regions (top third and bottom forth).
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Figure 1.2: Lyapunov orbits and invariant manifolds for µ = 0.5. Top left: Lyapunov orbits
around L3 with Jacobi constants C∗ = C3−10−4 (red), C = C3−10−3 (green) and C = C3−10−2

(yellow). Top center: zoom of 10 asymptotic orbits belonging to the invariant manifolds (green
for stable and red for unstable) of the Lyapunov orbit around L3 with Jacobi constant C∗.
Top right: Invariant manifolds of Lyapunov orbits around L1 and L3 with C = C∗. Bottom:
Invariant manifolds of Lyapunov orbits around L2 with C = C2− 10−1, in the same scale as the
top right figure (right) and zoomed (left).

1.4 Lyapunov orbits and their invariant manifolds

In order to find the dynamics around the equilibrium points, we need to introduce the following
theorem.

Theorem (Lyapunov center theorem). Assume that the system

ẋ = g(x)

admits a nondegenerate integral and has an equilibrium point x0 with

Spec(Df(x0)) = {±iω, λ3, . . . , λn},

where iω 6= 0 is pure imaginary. If λj/iω is never an integer for j = 3, . . . , n, then there exists a
one-parameter family of periodic orbits emanating from the equilibrium point. Moreover, when
approaching the equilibrium point along the family, the period of the orbit tends to 2π/ω.

In particular, each of the collinear Lagrangian points L1,2,3 has a one-parameter family of
periodic orbits surrounding them. They are known as the Lyapunov orbits. The case of L4,5

is more complex and needs discussion, but it is irrelevant for the purpose of this work. In the
top left picture of Figure 1.2 we show a family of Lyapunov orbits around L3, showing how the
orbits get larger as the value of C decreases.

Now if we want to study the stability of these periodic orbits, we need to study their mon-
odromy matrix. If we note by φ(x, t) = φt(x) the flow solution of (1.4) and consider η a point
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in a Lyapunov orbit of period T , its monodromy matrix would be DφT (η) = (∂xjφi(η, T ))ij . It
is proved that Spec(DφT (η)) = {1, 1, λ, 1/λ} with λ > 1, meaning that each periodic orbit has
two unstable invariant manifolds (related to λ > 1) and two stable invariant manifolds (related
to 1/λ).

In Figure 1.2 we show some of these invariant manifolds. In the top center and top right
pictures we plotted the invariant manifolds of Lyapunov orbits around L1 and L3 with C∗ =
C1 − 10−4 = C3 − 10−4. We can see how although we compute only few asymptotic orbits
belonging to the manifolds, they are enough to give a sense of continuity. In the bottom we
plotted the invariant manifolds of the Lyapunov orbit around L2 with C = C2 − 10−1. A
difference in C of 0.1 with respect to the equilibrium point is big enough to perfectly see the
structure of ”tube” that all the invariant manifolds of Lyapunov orbits have.
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Chapter 2

Parabolic restricted three body
problem

We can define the parabolic restricted three body problem (hereafter, parabolic problem) com-
pletely analogously as in the circular problem, but the primary masses now follow a parabolic
orbit around their center of mass. We will also focus only on the dimensionless problem this
time, but we will need to use both sideral and synodic reference frames for the study.

2.1 Equations of motion

As shown in [Barrabés et al., 2015], the relative position of the two primary masses is given by
R = (σ2 − 1, 2σ) with σ = tan(f/2) and f being the true anomaly. Then, the relative distance

of the masses is given by R = ‖R‖ = σ2 + 1 and the time t satisfies 1√
2
(t− T ) = σ+ σ3

3 , with T

the time of pass at the pericenter (which we will set to 0 without any loss of generality). If we
consider the sideral reference frame to be Z = (X,Y ), the equation of motion of the third body
is:

Z̈ = −µ1
Z −Z1

|Z −Z1|3
− µ2

Z −Z2

|Z −Z2|3
(2.1)

being µ1 = 1 − µ the mass of the first (massive) body, µ2 = µ the mass of the second (small)
body, Z1 = µ2R the position vector of the first body, Z2 = −µ1R the position vector of the
second body and ˙= d/dt. See Figure 2.1.

In order to have an autonomous system and be able to make the typical study of a dynamical
system, we need to introduce several changes. The first one is the definition of a synodical
reference frame z = (x, y) where the primary masses are fixed points of the system, at positions
z1 = (µ, 0) and z2 = (µ− 1, 0). This is done by the complex product:

Z = Rz (2.2)

The second change is done in time:

dt

ds
=
√

2R3/2

And finally we introduce a new variable θ such that sin(θ) = tanh(s). After long computations
omitted here, we can express the equation of motion (2.1) in the new set of variables θ, z = (x, y)
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Figure 2.1: Parabolic problem scheme.
The primary bodies mi move in
parabolic orbits. R is the relative po-
sition of m1 with respect m2 and f is
known as the true anomaly.

Figure 2.2: Position of the primary bodies (black
cross), homothetic solutions (blue dots) and forbid-
den regions of motion (red) in the parabolic problem
for µ = 0.3. From top to bottom and from left to
right: C < C3, C = C3, C = C1 and C = C2.

and ω = z′ = (u, v) as: 

θ′ = cos θ

x′ = u

y′ = v

u′ = − sin(θ)u− 4 cos(θ)v + ∂xΩ

v′ = 4 cos(θ)u− sin(θ)v + ∂yΩ

(2.3)

being ′ = d/ds and Ω the potential defined as:

Ω = x2 + y2 +
2µ1
r1

+
2µ2
r2

(2.4)

where

r21 = (x− µ2)2 + y2

r22 = (x+ µ1)
2 + y2

It is important to understand the new variable θ, which can be interpreted as the new time.
Actually, θ ∈ (−π/2, π/2) and when s → ±∞, θ → ±π/2. Moreover, θ′ > 0, so it is strictly
increasing. Noting that R = 1/ cos2(θ), we can clearly see that for θ = −π/2 the masses are
infinitely far away and they get closer until θ = 0, the closest encounter. After that it keeps
increasing until θ = π/2 when the masses are infinitely far away again. We also need to remark
that the problem is still well defined for θ = ±π/2, what will be a key point in the future study.
We call these cases the upper (θ = π/2) and lower (θ = −π/2) boundary problems and they are,
in fact, invariant problems: in them we have θ′ = 0, so any solution belonging to he boundary
problem stays in the boundary problem for any time.

In order to be able to integrate numerically any initial condition for any time, we need to
get rid of the singularities in (2.3) (ri = 0). That way when the orbits are close to the primaries
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we make a change of coordinates and avoid numerical issues and collisions. For that, we do a
McGehee regularization as shown in [Pinyol, 1995]. The steps for the massive primary case are:

(i) (x, y, x′, y′, θ)→ (X1, X2, X3, X4, θ) with x = X1 + µ, y = X2, x
′ = X3 and y′ = X4.

(ii) (X1, X2, X3, X4, θ)→ (r, δ, ȳ, x̄, θ) with X1 = r cos δ, X2 = r sin δ, ȳ = r′ and x̄ = rδ′.

(iii) (r, δ, ȳ, x̄, θ)→ (r, δ, w1, w2, θ) with w1 =
√
rȳ and w2 =

√
rx̄.

(iv) s→ τ with ds
dτ = r3/2.

After long computations, the system (2.3) becomes:

ṙ = w1r

δ̇ = w2

ẇ1 =
1

2
w1 + w2

2 − (w1 sin θ + 4w2 cos θ)r3/2 + 2r3 + 2µr2 cos δ

−2(1− µ)− 2µr2

r32
(r + cos δ)

ẇ2 = −1

2
w1w2 + (4w1 cos θ − w2 sin θ)r3/2 + 2µr2 sin δ

(
−1 +

1

r32

)
θ̇ = r3/2 cos θ

(2.5)

with ˙ = d/dτ and r2 =
√
r2 + 2r cos δ + 1.

2.2 Equilibrium points and homothetic solutions

Due to the first equation of (2.3), the only equilibrium points of the system can exist when
θ = ±π/2. In [Alvarez et al. 2006] it is shown that the equilibrium points of the boundary
problems coincide with the ones of the circular problem Li, i = 1, . . . , 5. So we can use the
same notation but adding superindexes in order to refer to equilibrium points L+

i of the upper
boundary or L−i of the lower one.

Apart from the equilibrium points, the other simple analytical solutions we can find are the
ones connecting L−i with L+

i . They are called homothetic solutions and are of the form:
θ(s) = arcsin(tanh(s))

z(s) = z(L±i )

ω(s) = 0

(2.6)

The stability of the equilibrium points has been already studied in [Alvarez et al. 2006]
and in Table 2.1 we show the dimensions of their stable and unstable invariant manifolds. As
explained in [Barrabés et al., 2017], the fact that the collinear equilibrium points L+

1,2,3 have a
stable manifold of co-dimension 1 in a 5-dimensional phase space means that these manifolds
separate the space in sub-regions. Points belonging to different of these sub-regions will have
different dynamical behaviour, and this is a key point to understand tails and bridges formation.

L+
1,2,3 L+

4,5 L−1,2,3 L−4,5
unstable 1 2 4 3

stable 4 3 1 2

Table 2.1: Dimension of the invariant manifolds of the equilibrium points L±i .
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2.3 Jacobi function and C-criterion

Similarly to the Jacobi constant in the circular problem, we can define the Jacobi function as:

C = 2Ω(z)− |ω|2 (2.7)

Except in the homothetic solutions, the value of C is not constant in the parabolic problem.
However, its evolution is not totally unknown: looking at its derivative C ′ = 2 sin(θ)|ω|2 we can
tell that its value decreases in θ ∈ (−π/2, 0) or s < 0, and increases in θ ∈ (0, π/2) or s > 0.

Again, we can define zero velocity curves for a given value C as V0(C) = {z|2Ω = C} which
separates the plane of configuration (x, y) in regions where motion is allowed (Hill’s region) and
forbidden. As it happened in the circular case, C1 = C(L±1 ) separates the Hill’s region in a
bounded and an unbounded region, while C2 = C(L±2 ) separates the bounded Hill’s region in 2
sub-regions (each of them around each primary mass), as shown in Figure 2.2.

The main difference with the circular problem is that for any solution of the problem, the
value of C keeps changing, and so does the Hill’s region where it belongs. Indeed, while θ is
negative the Hill’s region is expanding and there are more positions (x, y) where its motion is
allowed. When θ = 0 the Hill’s region is at its maximum of extension, and for θ positive it
shrinks more and more, restricting the motion of the orbit.

These facts allows us to classify the orbits according to their final evolution with the so called
C-criterion.

C-criterion. Let q be a point of the phase space with θ ≥ 0, and γ(s) = (θ(s), z(s),ω(s)),
s ∈ [0,∞), the solution of the system through q. Then:

(i) if for some time s0 the value of the Jacobi function C(γ(s0)) > C2 and z(s0) is located in
one of the bounded components of Hill’s region, then γ is a collision orbit;

(ii) if for some time s0 the value of the Jacobi function C(γ(s0)) > C1 and z(s0) is located in
the unbounded component of Hill’s region, then the orbit escapes with no configuration.

For example, let’s consider an orbit γ(s) for a time after the pericenter (s > 0). If the value
of C(γ(s)) eventually reaches C1, the regions where its motion is allowed will be the ones of the
bottom left picture in Figure 2.2. If at that time, γ is located in the unbounded region, as C
will keep growing, it will always belong to the unbounded region. So we can assure that γ will
be infinitely apart of the primaries in the sideral coordinates frame. If conversely, it is located
in the bounded region, it may reach C2 later in time and its regions of motion will be the ones
of the bottom right picture in Figure 2.2. Then, γ will clearly collide with one of the primaries
(depending on the bounded sub-region it is located) as the value of C will keep growing and the
the sub-regions will keep shrinking.

We should note that for any value of µ, it is satisfied C1 < C2. So integrating a solution γ
until s > 0 and C(γ(s)) > C2 is always enough to classify its final evolution. Moreover, we can
consider the same criterion for s < 0 and integrate the solutions back in time, and we will be
able to classify the origin configuration of an orbit.
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Chapter 3

Creation of tails and bridges in the
parabolic problem

The aim of this chapter is to simulate the interaction of two galaxies with the parabolic problem.
For that, we will need to choose the initial conditions with some astrophysical meaning. And
then, we will use the C-criterion in order to understand our results.

In [Barrabés et al., 2017], they show that in a set of initial conditions classified by their
final evolution, the ones around the boundary of different C-criterion classifications are the ones
responsible of forming the bridge and tails. Here we will use the same idea and the one of
[Toomre & Toomre, 1972] but trying to give it a more astrophysical twist.

3.1 Particle simulations

In a particle simulation, there are two ingredients that define the simulation: the model and the
initial conditions. We chose the parabolic restricted three body problem as our model because
of its simplicity. Indeed, its dynamics has already been studied in [Barrabés et al., 2015] and
[Alvarez et al. 2006], so we can make use of this knowledge.

However, a simple model carries always some limitations. In the first place, we are modeling
only the gravitational force that the galaxies exercise towards some particles, ignoring the inter-
action between the particles themselves and other forces that rule these interactions (chemical
for example). Secondly, we are considering a 2D problem while galaxies are 3D objects, and we
are even reducing them to a single point mass.

In order to make the simulations more realistic, we will define our set of initial conditions
such that they emulate a disk galaxy (they are also 3D galaxies but their reduction to a 2D
galaxy seem a natural step). We will mock the disk distribution of particles in a very simple way:
in the sideral reference frame (as it is the frame astrophysically meaningful) we take particles
having a circular orbit around the primary mass they are surrounding (i.e. as if they were in a
circular solution of the two body problem). For that we fix a primary mi, i = 1, 2 and a mass
parameter µ. Then, we take several values of α ∈ [0, 2π) and R ∈ (0, Rc) and define each initial
condition (X,Y,X ′, Y ′) as:

X = Xmi +R cos(α) X ′ = X ′mi
+ V cos(β)

Y = Ymi +R sin(α) Y ′ = Y ′mi
+ V sin(β)

where V 2 = (1− µi)/R and β = α± π/2, ensuring that the position vector (of the particle with
respect to the primary mass) and the velocity vector are perpendicular. The sign ± in β will
define if the orbits are direct (positive) or retrograde (negative).
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Figure 3.1: Retrograde particle simulations around m2 at time θ = π/4 colored by their C-
criterion classification: blue for particles trapped by m1, red for particles staying around m2

and green for the ones escaping to infinity. From left to right: µ = 0.5, 0.3 and 0.1.

It is known that in real galaxies the density of stars is higher as one gets closer to the galactic
center. A very simple way to model this in our simulation is taking the same number of α for
each value of R: the closer to the primary mass location (Xmi , Ymi), the higher concentration
of particles (see first row of Figure 3.2).

In all of our simulations we have considered an initial time of θ = −π/4, the instant when
the two primary masses are in the y-axis just before the close encounter. We checked that taking
an initial θ0 smaller didn’t affect qualitatively to the results: during the interval (θ0,−π/4) the
particles keep almost circular orbits around the primary, so at time θ = −π/4 the distribution
of particles is almost identical. Symmetrically, we have chosen a final time of θ = π/4, because
the close encounter has already happened and the tails and bridges are already formed by this
time. However, it is true that if for some particles at time θ = π/4 the C-criterion could not be
applied, they have been integrated until we were able to classify them (until they reached C1 or
C2).

In Figure 3.1 we show the last step of some simulations of particles around m2 for different
values of µ, coloring the particles by their final evolution classification. We can see that the
bridge is always formed by particles classified as colliding with m1 and m2, and the tails are
formed by particles classified as colliding with m2 and escaping (the case µ = 0.5 do not satisfy
this last statement, but we will discuss that in the next section). These results agree with the
ones in [Barrabés et al., 2017], where they state that bridges and tails are formed by solutions
close to the boundary separating different C-criterion classifications.

We need to note that in all three simulations we took 150 points in α ∈ [0, 2π) and 150 in
R ∈ (0, 0.5]. However, for µ = 0.3 we are only showing particles with an initial radius of R < 0.4
and for µ = 0.1 a radius R < 0.35. This is because we already knew that a maximum radius
of 0.5 is too large for m2 when the value of µ starts to be small. And in fact, when plotting
all the particles of the simulation they where occupying a lot of space and not giving any extra
information (the bridge and tails were the same, they were just wider and longer). We chose
manually to cut at radius 0.4 and 0.35, respectively, in order to have a clean picture and make
easy the interpretation.

In Figure 3.2 we show more steps of the simulations presented in Figure 3.1. The formation
of the bridge and tail can be clearly seen and comparing the simulations with the real galaxies
of Figure 1, we consider that the results are close to reality.
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Figure 3.2: Retrograde particle simulations around m2. The color scale shows the density of
particles (yellow meaning 1 particle and the darker, the denser). The location of m1 is marked
with a cross. From left to right: µ = 0.5, 0.3 and 0.1. From top to bottom: θ = −π/4, −π/10,
0, π/10 and π/4.
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Figure 3.3: Initial conditions of particles in a retrograde orbit around the less massive primary.
The colors show the C-criteria classification of each particle: trapped by the massive primary
(blue), stay around the less massive primary (red) and escape to infinity (green). From left to
right: µ = 0.5, 0.3, 0.1 and 0.05.

3.2 Rc discussion using the C-criterion

The three simulations presented in the previous section are all in retrograde orbits around m2.
We also run simulations in direct orbits and around the primary mass m1, but bridges and tails
did hardly ever appear. In order to see some structure forming in those cases, we had to consider
large values of Rc (maximum radius of the disk of particles), which is unrealistic and loses the
sense of galactic interaction that we were looking for.

This made us wonder how the selection of Rc affects in the results of our simulations, as it
was arbitrary chosen until now. A way of selecting it with a more physical meaning would be
taking two known interacting galaxies and normalizing their dimensions (the distance between
their centers should be exactly 1 at the pericenter). That study is out of our goal, but we wanted
to measure somehow the influence of Rc in the creation of galactic structure. For that, in a first
step we fixed a Rc and run several simulations just to look at the C-criteria classification of
the initial conditions. In a second step, we quantify the relation between Rc and the particle
classification.

3.2.1 Simulations around m2

The primary mass m2 is as massive as m1 when µ = 0.5, but it is smaller for any other value.
Then, if we want to simulate a disk of particles around m2, it makes no sense to choose a
maximum radius Rc larger than 0.5: if we did, at the moment of the close encounter (θ = 0)
the extension of the less massive galaxy (m2) would be larger than half of the distance between
both galaxies (their distance at the pericenter is 1). If the extension of the other galaxy is also
larger than 0.5 (which should be, as m1 is more massive than m2) they would be colliding at
that moment, and the parabolic problem does not model that astrophysical event.

As we want to see as much structure as possible in these simulations, we fix the maximum
radius Rc as large as possible, which we just stated that was 0.5. In Figure 3.3 we show the initial
position of the particles around m2 in retrograde orbits colored by their C-criterion classification,
for different values of µ. The same exact experiment was made with particles in a direct orbit
but there was no galactic structure formed (all the particles were classified as staying around
m2), so we omit here their representation.

In the figure we clearly see how the area of particles responsible of the bridge (blue, trapped
by the massive body) and of the tail (green, tend to infinity) get larger as the mass parameter
gets smaller, as expected. Indeed, for small values of µ, one would represent the less massive
primary m2 with a small maximum radius Rc. The results show that bridges and tails would
be also formed for smaller values of Rc.
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Figure 3.4: Initial conditions of particles in a retrograde orbit around the massive primary. The
colors show the C-criteria classification of each particle: stay around the massive primary (blue),
trapped by the less massive primary (red) and escape to infinity (green). From left to right:
µ = 0.5, 0.3, 0.1 and 0.05. In the first case, the limit R = 0.5 was marked with a white circle in
order to make the comparison easier with the less massive simulation.

One special case that might deserve more explanation is µ = 1
2 . Figure 3.2 shows how a

tail was formed, while in Figure 3.1 and Figure 3.3 there is no particle classified as escaping
to infinity (the ones causing the formation of tails in principle). The reason is that the tail we
see in Figure 3.2 is temporal: if we keep running the simulation the particles are absorbed by
the primary mass eventually. As we mentioned before, particles near the boundary separating
different classifications are the responsible of bridges and tails. This may make us think that
in the case µ = 0.5 just increasing by a little the maximum radius Rc there would appear some
particles classified as escaping (and it is actually true as we will see in Figure 3.5).

3.2.2 Simulations around m1

Conversely to m2, the primary m1 becomes more massive as µ decreases. Then, limiting the
value of Rc to 0.5 seems insufficient. However, choosing a maximum radius of Rc = 1 would be
too large (again, it would be a collision case and our model does not contemplate that). We
decided to fix it at Rc = 0.9, which is too large for µ close to 0.5 but seems sensible for really
small values.

The results of the retrograde orbits are in Figure 3.4. We also did the same with particles in
a direct orbit, but there was only some structure for radius close to 0.9 when the mass parameter
was close to µ = 0.5. These are the most unreal conditions because we would have collision, so
the results are meaningless and we omit them.

Oppositely to the previous case, as the mass parameter decreases (m1 becomes more massive)
the influence of m2 is less notable, so the regions classified as not staying around m1 shrink.
We must remark that there are 2 branches classified as escaping: one next to particles classified
as staying around m1 (the right green area in the cases µ = 0.5 and µ = 0.3) and the another
inside the region of particles trapped by m2 (the left green area in all the cases plotted).

The first case, formed by particles classified as staying around m1 next to particles classified
as escaping, translates to a tail next to the primary mass m1. The second case, formed by
particles trapped by m2 next to particles escaping, represents a tail formed in the other primary
mass m2. This latter phenomenon seems less realistic and confirms that our election of maximum
radius Rc = 0.9 was too large, causing unrealistic events to happen.

Finally, we want to note that in the µ = 0.5 case, if we pay attention only to particles with
R ≤ 0.5 we can compare Figures 3.4 left (particles inside the white circle) and 3.3 left: they are
symmetrical due to the symmetry of the parabolic problem.
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Figure 3.5: Minimum radius Rc needed in our simulations in order to see particles classified as
not staying around the primary mass they are surrounding at the beginning. Left: minimum
Rc in a simulation around m1 for having a bridge (green) and tail (red). Right: minimum Rc
in a simulation around m2 for having a bridge (green) and tail (blue).

Figure 3.6: Initial conditions of particles in a retrograde orbit around the massive primary. The
colors show the C-criteria classification of each particle: stay around the massive primary (blue),
trapped by the less massive primary (red) and escape to infinity (green). From left to right:
µ = 0.36, 0.39 and 0.42. In yellow we marked the circumference where the closest escaping
particle lays.

3.2.3 Rc and C-criterion relation

After all of these simulations, we wanted to actually measure the effect of the election of Rc on
the galactic structure formed. For that, in Figure 3.5 we show the minimum Rc needed in order
to classify particles as trapped by the other primary mass or escaping to infinity as a function of
µ (for both primary masses). As expected, as the mass parameter decreases, the radius increases
for m1 and decreases for m2, what agrees with the results we just presented.

The most noticeable feature of the figure is probably the green peak formed near µ = 0.39
in the left picture. This is a consequence of the 2 different regions classified as escaping in the
simulations around m1 and we show in Figure 3.6. For µ ∈ (0.39, 0.5) the minimum radius is
found in the tail of m1 (right green area in Figure 3.6), for µ ∈ (0, 0.39) the minimum radius is
found in the other region (left green area).

We should point out that for really small values of µ, some values of Rc are missing in Figure
3.5. This is because they were really large and made no sense. In fact, it is reasonable that
when µ tends to 0, we need larger simulations of the disk around m1, because the influence of
m2 on it is negligible. For extremely small values of µ, Rc surpasses 1, meaning that we need
an actual collision between galaxies in order to see some structure formed in m1. However, we
already stated that this event is out of our model.

21



Chapter 4

Comparison of both problems

In previous works it has been shown how invariant manifolds of Lyapunov orbits around the
Lagrangian points can be the cause of internal galactic structures such as spiral arms and rings
(see [Romero-Gómez, 2006]), and a good first approximation of galactic interaction structures
such as tails and bridges (see [Romero-Gómez & Athanassoula, 2017]).

The simulations we run belong to the parabolic problem while the invariant manifolds belong
to the circular one. However, both problems share a common essence and we wondered whether
they could be compared and under what circumstances, and if the invariant manifolds can also
be used to explain the structures formed in our simulations.

4.1 Elements of the comparison

The first thing to notice is that points in the circular problem are 4-dimensional while in the
parabolic problem are 5-dimensional. However, the last variable θ of the parabolic problem is
only a new interpretation of the time (which is essential in order to have an autonomous system,
but physically has no more meaning).

Moreover, in the circular problem we have 5 equilibrium points, while in the parabolic we saw
they only exist in the boundary problems (which are not physically meaningful). Nevertheless,
we can use the homothetic solutions as a substitute of Lagrangian points, as they have the same
positions.

Acknowledging all those differences, we want to test whether for θ close to 0 (i.e. in the
proximity of the close encounter between the two primaries), the parabolic problem can be

Figure 4.1: Circular and
parabolic problems in
sideral coordinates.

Figure 4.2: Particle simulation with µ = 0.5 at θ = 0 around
both primaries and some invariant manifolds of Lyapunov orbits in
synodic coordinates.
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approximated by the circular problem. In fact, if we consider both problems in dimensionless
sideral reference frames (and the parabolic problem exactly at the pericenter time), it happens
that: the two primary masses are at distance 1 and they have perpendicular velocity vectors
with respect to their relative position, each of them in opposite directions. In Figure 4.1 we plot
this scenario for µ = 0.5.

In Figure 4.2 we show a simulation with µ = 0.5 at time θ = 0 for particles around both
primary masses (and with a maximum radius Rc = 0.5). From left to right, the black dots
represent the location of the Lagrangian points L1, L2 and L3 respectively. There are also
plotted the invariant manifolds (green for stable and red for unstable) of some Lyapunov orbits
with Jacobi constants: C = 3.706616224 around L1,3 and C = 4.2497 around L2.

It is important noting that these manifolds do not co-exist as they have different levels of
C. However, finding a Lyapunov orbit around L2 with Jacobi constant close to C(L1) is not a
simple task: the difference of C is so big that the orbit would be extremely wide. Indeed, the
particles plotted also have different levels of C and they are the objects we want to compare, so
we do not worry about co-existing objects in terms of C from now on.

The main point we want to remark from Figure 4.2 is that seeing how well the stable
manifolds define the curves of the bridge and tails, it is natural to question if they can explain
the formation of these structures. In fact, it has been already proved that these manifolds can
explain the dynamics of galaxies and bared galaxies, so we expect them to also explain a galaxy
interaction.

4.2 Tails

In the previous chapter we showed that, under certain circumstances, our simulations could
reproduce the formation of tails in galactic interactions. The tails are more visible for times
near θ = π/4, but we now constraint ourselves to times near θ = 0 and try to understand their
dynamics.

In Figure 4.3 we show the same particle simulation with µ = 0.5 as in the previous chapter,
for times θ = 0, 0.18 and 0.314 approximately. In the first row we plotted the density of
particles in sideral coordinates, making it easier to understand the moment of the interaction
we are showing. The other two rows are in synodic coordinates, as we can only compare with
the circular problem in that reference frame.

The last row of the figure shows the Jacobian C of the particles (z,w, θ) as it was defined
in the circular problem (1.3):

C = (x2 + y2) +
2µ1
r1

+
2µ2
r2

+ µ1µ2 − (ẋ2 + ẏ2)

but using the coordinates of the parabolic (as those are the ones we have for the particles). As we
expected, particles belonging to the early phase of the tail have values of C near C1 = 3.706796.

We should remind that for values lower than C1, but close enough, there exist Lyapunov
orbits around L1 and their respective invariant manifolds. In fact, in the second row of the
same figure we plot the Lyapunov orbit around L1 with C = 3.686796 (the lower value of C,
the wider the Lyapunov orbit) and one of its stable invariant manifolds (green tube). We must
remark that, as it is a stable manifold, orbits belonging to it tend to the Lyapunov orbit as time
tends to infinity, i.e. their velocity is towards L1. As expected, the shape of the stable invariant
manifold agrees with the shape of the tail that the particles are forming.

Our interpretation of this result is that the tail is formed by particles trapped by the invariant
manifolds of the family of Lyapunov orbits around L1. In other words, the particles forming the
tail are the ones with values of C lower than C1, but close enough to exist a Lyapunov orbit with
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Figure 4.3: Particle simulation with µ = 0.5, from left to right: θ = 0, π/20 and π/10. The
location of the other primary mass is marked with a cross, and L1 and L2 with black dots. Top:
density of particles in sideral coordinates. Center: density of particles in synodic coordinates and
stable invariant manifold of a Lyapunov orbit around L1 with C = 3.686796. Bottom: particles
colored by C as defined in the circular problem. The Jacobi constant of L1 is C1 = 3.706796.

Figure 4.4: Same as Figure 4.3 but with µ = 0.1. The energy of the Lyapunov periodic orbit is
C = 3.5167044 (right). The energy of L1 is C1 = 3.5566844
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Figure 4.5: Particle simulation at θ = 0 for µ = 0.5 (top) and 0.1 (bottom) in synodical
coordinates. Left: zoom around L2, coloring by C. The value of C(L2) is C2 = 4.25 (resp.
C2 = 3.6869532) for µ = 0.5 (resp. µ = 0.1). Right: density of particles and 2 stable manifolds
of a Lyapunov orbit around L2 of energy C = 4.23 (resp. C = 3.6669732) for µ = 0.5 (resp.
0.1).

that same C. Moreover, these particles eventually have similar velocities than the manifolds, so
they get trapped by them.

We repeated the same procedure with the case µ = 0.1 and we show the results in Figure
4.4. As before, particles forming the tail have values of C lower but close to C1 = 3.5566844
and the shape of the invariant manifolds of Lyapunov orbits are similar to the tail. So one can
conclude that our explanations are not a casual phenomenon in the case µ = 0.5.

As expected, if we try to do the same experiment for greater values of θ, the location of the
tail and the tubes start to differ very soon. Indeed, the location of L1 is far from the tail for
these values of θ. This is not a drawback for our explanations as we stated that the circular
problem can only approximate the behaviour of the parabolic problem close to the pericenter
passage (θ close to 0).

4.3 Bridge

Now we will focus on the dynamics of the bridge. Our intuition and gravitational attraction
tells us that in a galactic interaction, the bridge is formed by particles from the less mas-
sive galaxy going to the more massive one. In fact, as we mentioned in the introduction of
this project, we have recently confirmed this fact with the Magellanic Clouds data from Gaia
[Gaia Collaboration, Luri et al. 2020]. Our simulations also show this fact, and we want to
study the dynamics the same way we did with the tails.

Again, following our intuition, we firstly thought that the bridge could be caused by L2

the same way that the tail by L1, mostly because of its position inbetween both galaxies. In
Figure 4.5 left we show the value of C of the particles near L2 in the same simulations as before.
Considering that for µ = 0.5 we have C2 = 4.25 and for µ = 0.1, C2 = 3.6869532, it is clear in
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Figure 4.6: Particle simulation with µ = 0.1 at θ = 0. Left: invariant manifolds of the Lyapunov
orbit around L1 with C = C1 − 10−5, stable (green, top) and unsable (red, bottom). Right:
invariant manifolds of the Lyapunov orbit around L3 with C = C3 − 10−5, stable (green, top)
and unsable (red, bottom).

the figure that particles have lower values than C2. However, the differences in general with C2

are too large for us to find some Lyapunov orbits around L2 with those values of C.

Ignoring this fact, we could suppose there actually exist some Lyapunov orbits with these
values of C and their respective invariant manifolds. Qualitatively they would be similar to the
ones showed in the right pictures of Figure 4.5. Unfortunately, these manifolds could not explain
the formation of the bridge: as they are stable manifolds, the orbits tend to the Lyapunov orbit
with time (i.e. orbits at the left of L2 have velocities pointing to the right and orbits at the
right of L2, pointing to the left) while the particles of the bridge all have velocity towards the
other primary mass. So the left branch of the stable manifold agrees with the dynamics we see
in the simulations, while the right branch does not. In addition, the unstable manifold (omitted
in the figure) does not even match in its position with the shape of the bridge, so it cannot be
used for the explanation neither.

Then, it is clear that the saddle nature of the point L2 cannot explain the continuous be-
haviour of the bridge. This made us think that maybe the dynamics of the bridge are ruled
by some invariant manifolds around L1 or L3. In Figure 4.6 we show the internal invariant
manifolds of really small Lyapunov orbits around L1,3 (concretely, with C = C1,3 − 10−5).

The stable manifold around L1 has a similar shape to the bridge in that concrete area of the
configuration space. However, the dynamics is completely opposed: the manifold moves towards
L1 (left) and the bridge moves towards m1 (right). By the same logic, if the unstable manifold
around L1 had the same shape as the bridge, it would coincide in position and direction of
velocity. Unfortunately, this is not the case (at least for this selection of C).

Conversely, in the case of L3 we would need the stable manifold to describe a similar shape
to the bridge. However, both manifolds seem to have different shapes, so we cannot reach any
conclusion.

We consider that the dynamics of the bridge still needs more study. For example, in Figure
4.7 we show the stable manifold of a Lyapunov orbit around L1 for µ = 0.1 with the same C as
we used in the tail scenario. It is surprising how part of the tube breaks and defines the same
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Figure 4.7: Same plot as Figure 4.4 top left, but with longer orbits in the manifold.

curve as the bridge. Again, the velocities are opposed, but this just shows us that there is still
some feature in this problem that is ruling the dynamics and we need to find it.
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Conclusion

Interaction between galaxies is a common feature of our universe and the dynamics behind it
is still not fully understood. Thanks to technology, more and more data of objects outside our
Galaxy becomes available, and every time it is more precise. But we need mathematical models
in order to understand what we observe. In this Master Thesis we have modeled the interaction
between two galaxies with the parabolic restricted three body problem.

A first attempt to do so was already made in [Barrabés et al., 2017], but we introduced, for
the first time, a realistic criteria to choose the initial conditions in the simulations: emulating
each galaxy as a disk of particles in circular orbits around the primary mass. In fact, with
this new conditions we found that the bridges and tails formed in the simulations had actually
realistic shapes and could be compared qualitatively to real galaxy interactions.

Running several simulations and with the help of the C-criterion, we could quantify the
relation between the maximum radius Rc of a disk of particles and the formation of galactic
structure. Indeed, we saw how choosing unreasonable small radius could mean no galactic
structure formed, while unreasonable large radius could end up with collisions in the interaction,
which is not modeled by the restricted problem.

Finally, we proved that the parabolic problem was sensibly approximated by the circular
problem for times close to the pericenter passage. Moreover, we could use the invariant objects
of the circular problem to explain the formation of tails in our simulations. However, we were
not able to use the same explanations for the bridge and their study is left as further work.
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Future work

After the results found in this project, we plan to continue the work by:

• Fully understanding the relation between the invariant manifolds of the circular problem
and the bridge.

• Comparing the results with real case scenarios, previously searching for galactic interac-
tions close to 2D.

• Expanding the study to the 3D parabolic problem and repeating the simulations using
initial conditions emulating more realistic galaxies. For example, choosing a density profile
more complex than cylindrical coordinates or adding dispersion in the initial velocities.
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