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A BSTRACT. In this article we consider integrable systems on manifolds endowed with singular symplectic structures of order one. By singular symplectic structures of order one we mean structures
which are symplectic away from an hypersurface along which the symplectic volume either goes to
infinity or to zero in a transversal way (singularity of order one) resulting either in a b-symplectic
form or a folded symplectic form. The hypersurface where the form degenerates is called critical set.
In this article we give a new impulse to the investigation of action-angle coordinates for these structures initiated in [34] and [33] by proving an action-angle theorem for folded symplectic integrable
systems. We also establish new cotangent models for these systems and investigate the duality with
b-integrable systems via desingularization. Global constructions of integrable systems are provided
and obstructions for global existence of action-angle coordinates are investigated in both scenarios.
The new topological obstructions found emanate from the topology of the critical set Z of the singular
symplectic manifold. The existence of these obstructions in turn implies the existence of singularities
for the integrable system on Z.

1. I NTRODUCTION
In this article we investigate the integrability of Hamiltonian systems on manifolds endowed
with a smooth 2-form which is symplectic away from an hypersurface Z (called the critical set)
and which degenerates in a controlled way (of order one) along it. Either this form lowers its
rank at Z and it induces a form on Z with maximal rank or its associated symplectic volume
blows-up with a singularity of order one. The manifolds endowed with the first type of singular structure are called folded symplectic manifolds and the ones endowed with the second one are
called b-symplectic forms. Folded symplectic manifolds can be thought as symplectic manifolds
with a fold, Z that ”mirrors” the symplectic structure on both sides. The study of folded symplectic
manifolds complements that of their ”duals” to b-symplectic manifolds which have been largely investigated since [16] and [14] and are better described as Poisson manifolds whose Poisson bracket
looses rank along an hypersurface keeping some transversality properties. This article is also an
invitation to consider more degenerate cases (higher order singularities) which will be studied
elsewhere and the models provided here can be considered as a toy model for more complicated
singularities. Integrable systems on singular manifolds show up naturally, for instance, in the
study of the Toda systems when the particles in interaction collide or are far-away. Singular symplectic manifolds naturally model symplectic manifolds with boundary and, as such, the notion
of integrable system is naturally extended to manifolds with boundary.
The research of integrability of Hamiltonian systems on these manifolds is of interest both from
a Poisson and symplectic point of view. The existence of action-angle coordinates on symplectic
manifolds has been of major importance as, other than integrating the system itself, it provides
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semilocal normal forms for integrable Hamiltonian systems which allow, for instance, a deep understanding perturbation theory of these systems (KAM theory). The existence of action-angle
coordinates of integrable systems is also useful for quantization as already observed by Einstein
when reformulating the Bohr-Sommerfeld quantization conditions [11].
Integrable systems on these singular symplectic manifolds define natural Lagrangian foliations
on them and thus naturally yield real polarizations on these manifolds. In particular they are
of interest to study geometric quantization of symplectic manifolds with boundary as one of the
sources of examples for these singular structures. On symplectic manifolds with boundary deformation quantization is already well-understood [41] and formal geometric quantization has been
object of recent study in [47] for non-compact manifolds and in [21, 22] and [5] for bm -symplectic
manifolds. More specifically, the existence of action-angle coordinates for these structures provides a primitive first model for geometric quantization by counting the integer fibers of the integrable system. As proved in [24, 23, 25, 40] this model has been tested to be successful in geometric
quantization of toric symplectic manifolds and refines the idea of Bohr-Sommerfeld quantization.
Understanding action-angle coordinates for integrable systems on singular symplectic manifolds
can be a first good step in the study of geometric quantization of singular symplectic manifolds.
Action-angle manifolds on singular symplectic manifolds also provide natural cotangent-type
models that can be useful in understanding the notion of quantum integrable systems ([44], [3]) in
the singular set-up.
The study of folded symplectic manifolds comprises the case of origami manifolds [7] where additional conditions are imposed on the critical set and a natural global toric action exists. Origami
manifolds inherit their denomination from origami paper templates where a superposition of
Delzant polytopes [8] gives rise to a toric action on a class of folded symplectic manifolds. Symplectic origami provides an example of integrable system on folded symplectic manifolds but
there are other examples motivated by physical systems such as the folded spherical pendulum
or the Toda systems where the interacting particles are far-away.
In this article we show the existence of b-integrable systems on b-symplectic manifold of dimension 4 having as critical set a Seifert manifold, and via the desingularization technique we obtain
folded integrable systems on the associated desingularized folded symplectic manifold. We prove
existence of action-angle coordinates à la Liouville-Mineur-Arnold exploring the Hamiltonian actions by tori on folded symplectic manifolds. The action-angle theorem provides models of cotangent type by replacing the cotangent bundle of a Liouville torus by another algebroid over the
Liouville torus. We use the desingularization techniques in [19] to relate this cotangent model to
cotangent models in the b-case obtained in [34]. The cotangent models provide semilocal toric actions in a neighbourhood of the Liouville tori which do not always extend to the whole manifold.
We end up this article investigating the obstruction theory of global existence of action-angle
coordinates exhibiting a new topological obstruction for the singular symplectic manifolds that
lives on the critical set of the singular symplectic form. This yields examples of integrable systems
on b-symplectic manifolds and folded symplectic manifolds with critical set non diffeomorphic to
a product of a symplectic leaf with a circle. For those systems the toric action does not even extend
to a neighborhood of the critical set. We end up this article observing that the existence of finite
isotropy for the transverse S 1 -action given by the modular vector field obstructs the uniformization of periods of the associated torus action on the b-symplectic manifold and automatically yields
the existence of singularities of the integrable system on the critical locus of the b-symplectic structure.
Organization of this article: In Section 2 we introduce the basic tools in b-symplectic and folded
symplectic geometry. In Section 3 we investigate Hamiltonian dynamics on folded symplectic
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manifolds and introduce folded integrable systems. In Section 4 we provide a list of motivating
examples for integrable systems on folded symplectic manifolds. In Section 5 we prove an actionangle theorem (Theorem 5) for folded symplectic manifolds which we also rephrase as a cotangent
lift 16. We end up this section investigating the duality of folded and b-integrable systems. Section
6 contains constructions of integrable systems on 4-dimensional b-symplectic manifolds having as
critical set a Seifert manifold (Theorem 20) and on any folded symplectic manifold which desingularizes it. Section 7 investigates the existence of global action-angle coordinates and highlights the
non-triviality of the mapping torus as topological obstruction to global existence of action-angle
coordinates (Theorems 25 and 26).
2. P RELIMINARIES
In this article we consider forms ω on even dimensional manifolds M 2n which are symplectic
away from a hypersurface Z and such that ω n either cuts the zero section of the bundle Λn (T ∗ M )
transversally or goes to infinity in a controlled way along Z. So, in particular ω n defines a volume
form away from Z.
For the class of forms for which ω n either cuts the zero section of the bundle Λn (T ∗ M ) transversally we require an extra condition to guarantee maximal rank (see below). These forms are called
folded symplectic forms as they can be visualized as symplectic manifolds which are folded along
the folding hypersurface.
2.1. Basics on folded symplectic manifolds. We recall here some basic facts on folded symplectic
manifolds.
Definition 1. Let M be a 2n-dimensional manifold. We say that ω ∈ Ω2 (M ) is folded-symplectic if
(1) dω = 0,
V
(2) ω n t O, where O is the zero section of 2n (T ∗ M ), hence Z = (ω n )−1 (O) is a codimension 1
submanifold,
(3) i : Z → M is the inclusion map, i∗ ω has maximal rank 2n − 2.
We say that (M, ω) is a folded-symplectic manifold and we call Z ⊂ M the folding hypersurface.
The following theorem is an analog of Darboux theorem for folded symplectic forms [37]:
Theorem 1 (Martinet). For any point p on the folding hypersurface Z of a folded symplectic manifold
(M 2n , ω) there is a local system of coordinates (x1 , y1 , . . . , xn , yn ) centered at p such that Z is locally given
by x1 = 0 and
ω = x1 dx1 ∧ dy1 + dx2 ∧ dy2 + . . . + dxn ∧ dyn .
Let (M, ω) be a 2n-dimensional folded symplectic manifold. Let i : Z ,→ M be the inclusion
of the folding hypersurface Z. The induced restriction i∗ ω has a one-dimensional kernel at each
point. We denote by V the bundle ker i∗ ω defined at Z, and L = V ∩ T Z the null line bundle.
The following theorem [6, Theorem 1] is a Moser type theorem for folded symplectic manifolds
which extends the local normal form above to a neighborhood of Z. For the null line bundle we
consider α a one-form such that α(v) = 1 for a non-vanishing section v of L.
Theorem 2. Suppose that Z is compact. Then there exists a neighborhood U of Z and an orientation
preserving diffeomorphism,
ϕ : Z × (−ε, ε) → U
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where ε > 0 and U such that ϕ(x, 0) = x for all x ∈ Z and

ϕ∗ ω = p∗ i∗ ω + d t2 p∗ α ,
with p : Z × (−ε, ε) → Z the projection onto the first factor, the map i : Z ,→ M the inclusion and t the
real coordinate on the interval (−ε, ε).
A special class of folded-symplectic manifolds are origami symplectic manifolds for which the
null foliation L defines a fibration.
Definition 2. An origami manifold is a folded symplectic manifold (M, ω) whose null foliation is fibrating with oriented circle fibers, π, over a compact base, B.
S1

Z
π

B
The form ω is called an origami form and the null foliation is called the null fibration.
Remark 1. On an origami manifold, the base B is naturally symplectic with symplectic form ωB
on B satisfying i∗ ω = π ∗ ωB .
P
Example. Consider the unit sphere S 2n ⊂ R2n+1 given by equation ni1 (x2i + yi2 ) + z 2 = 1 with global
coordinates x1 , y1 , . . . , xn , yn , z on R2n+1 . Let ω0 be the restriction to S 2n of the form dx1 ∧ dy1 + . . . +
dxn ∧ dyn which in polar coordinates reads r1 dr1 ∧ dθ1 + . . . + rn drn ∧ dθn . Then ω0 is a folded symplectic
form. The folding hypersurface is the sphere given by the intersection with the plane z = 0. It is easy to
check that the null foliation is the Hopf foliation (see for instance [7]).
2.2. Basics on b-symplectic manifolds. In this section we give a crash course on b-symplectic/Poisson
manifolds.
The study of b-symplectic manifolds starts with a similar definition to that of folded symplectic
manifolds but in the context of Poisson geometry. Given a symplectic form ω we can naturally
associate a Poisson bracket to any pair of smooth functions f, g ∈ C ∞ (M 2n ) from the symplectic
structure as follows
{f, g} = ω(Xf , Xg )
where the vector fields Xf and Xg stand for the Hamiltonian vector fields with respect to ω.
From the equation above it is simple to check that {f, g} = Xf (g) so the bracket defines a
biderivation (Leibnitz rule), it is antisymmetric and because X{f,g} = [Xf , Xg ], it also satisfies the
Jacobi identity (i.e., {{f, g}, h} + {{g, h}, f } + {{h, f }, g} = 0 for any triple of smooth functions f, g
and h.
A general Poisson structure is defined as a general antisymmetric bracket on any manifold (not
necessarily even dimensional) {·, ·} : C ∞ (M ) × C ∞ (M ) −→ C ∞ (M ) satisfying Leibnitz rules and
Jacobi identity.
Because a Poisson bracket defines a biderivation, it is possible to work with it like a bivector
field Π ∈ Γ(Λ2 (T M )).
The correspondence between Poisson brackets and Poisson bivector fields is clarified by the
equation
Π(df, dg) = {f, g}.
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As the Jacobi identify defines an additional constraint not every bivector field defines a Poisson
structure. Bivector fields which are Poisson satisfy the integrability equation [Π, Π] = 0 where the
bracket is the Schouten bracket, the natural extension of Lie brackets to bivector fields.
In total analogy with the symplectic case given a function we may define the Hamiltonian vector
field via the equation: Xf := Π(df, ·). Observe that, in particular the equation {f, g} = Xf (g) also
holds in the general Poisson context.
Let us now consider a Poisson bivector field on an even dimensional manifold which is symplectic away from an hypersurface. When these Poisson bivector fields fulfill transversality conditions along the hypersurface many tricks from symplectic geometry can be applied. These are
called b-Poisson manifolds and have been studied and analyzed in detail starting in [16].
Definition 3. Let (M 2n , Π) be a Poisson manifold. If the map
2n
^
p∈M →
7 (Π(p)) ∈ (T (M 2n ))
n

is transverse to the zero section, then Π is called a b-Poisson structure on M . The pair (M 2n , Π) is called
a b-Poisson manifold. The vanishing set of Πn is a hypersurface denoted by Z and called the critical
hypersurface of (M 2n , Π).
A list of examples can be found and analyzed in detail in [39]. In the particular case of surfaces,
these structures coincide with the stable Poisson structures classified by [42]. The next example is
the typical Radko sphere.
Example. We endow the 2-sphere S2 with the coordinates (h, θ), where h denotes the height function and
∂
∂
∧ ∂θ
vanishes transversally along the equator
θ is the angle. The Poisson structure written as Π = h ∂h
Z = {h = 0} and thus it defines a b-Poisson structure on the pair (S2 , Z).
The product of two b-Poisson manifolds is not a b-Poisson manifold but the product of a bPoisson surface with a symplectic manifold is a b-Poisson manifold as described in the example
below.
Example. For higher dimensions we may consider the following product structures: let (S2 , Z) be the
sphere in the example above and (S 2n , πS ) be a symplectic manifold, then (S2 × S, πS2 + πS ) is a b-Poisson
manifold of dimension 2n + 2. We may replace (S2 , Z) by any Radko compact surface (R, πR ) (see for
instance [16]).
Other examples come from foliation theory and from the theory of cosymplectic manifolds:
Example. Let (N 2n+1 , π) be a Poisson manifold of constant corank 1. Let us assume that there exists a
vector field X which is a Poisson vector field and f : S1 → R a smooth function. The bivector field given by
∂
Π = f (θ)
∧X +π
∂θ
defines a b-Poisson structure on the product S 1 × N whenever the function f vanishes linearly and the
vector field X is transverse to the symplectic leaves of N . In this case, the critical hypersurface is formed by
the union of as many copies of N as zeros of f .
The example above is generic in the sense that any b-Poisson structure can be described in this
way in a neighborhood of a critical hypersurface N . The critical hypersurface N has a natural
cosymplectic structure associated to it. In particular, this example realizes a given cosymplectic
manifold as a connected component of a cosymplectic manifold which is a critical set of a b-Poisson
manifold. This is the content of example 19 in [16].
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Around any point in Z, the b-Darboux theorem (see [16] and [41]) guarantees that it is always
possible to find local coordinates with respect to which the b-Poisson structure as stated below:
Theorem 3 (b-Darboux). For any point p ∈ Z on the critical hypersurface of a b-Poisson manifold we
may find local coordinates centered at p for which the b-Poisson structure Π can be written as:
Π=

n−1
X
i=1

∂
∂
∂
∂
∧
+t ∧
.
∂xi ∂yi
∂t ∂z

Thus b-Poisson manifolds and symplectic manifolds have many things in common. Indeed it is
possible to work with the language of forms by admitting df
f where f is the defining function of
Z as a legal form of an extended complex. This is the complex of b-forms originally introduced by
Richard Melrose [38] to study the index theorem on manifolds with boundary.
In order to introduce this language properly we briefly recall the construction of b-forms: Given
a pair (M, Z) where Z is an hypersurface a b-vector field is a vector field on M tangent to Z. The
space of b-vector fields can be naturally identified as sections of a vector bundle on M called the
b-tangent bundle b T M . When we refer to b-forms we consider sections of the exterior algebra of
the its dual, the b-cotangent bundle b T ∗ M := (b T M )∗ .
Any b-form of degree k can be written as ω = df
f ∧ α + β where α and β are k − 1 and k smooth
De Rham forms respectively and f is a defining function for Z.
Definition 4. (b-functions) A b-function on a b-manifold (M, Z) is a function which is smooth away from
the critical set Z, and near Z has the form
c log |t| + g,
where c ∈ R, g ∈ C ∞ , and t is a local defining function. The sheaf of b-functions is denoted bC ∞ .
A closed b-form of degree 2 which is nondegenerate as a section of the bundle Λ2 (b T ∗ M ) is
called a b-symplectic form. As proved in [16] there is a one-to-one correspondence between bsymplectic forms and b-Poisson forms. In particular we may re-state the Darboux normal form in
the language of b-forms as done below
Theorem 4. [b-Darboux theorem] Let ω be a b-symplectic form on (M, Z) and p ∈ Z. Then we can find
a coordinate chart (U, x1 , y1 , . . . , xn , yn ) centered at p such that on U the hypersurface Z is locally defined
by y1 = 0 and
n
dy1 X
ω = dx1 ∧
+
dxi ∧ dyi .
y1
i=2

For any b-function on a b-symplectic manifold (M, ω) the b-Hamiltonian vector field is the one
Xfn defined by ιXfn ω = −dfn .
A Tk action on a b-symplectic manifold (M 2n , ω) is called b-Hamiltonian if the fundamental
vector fields are the b-Hamiltonian vector fields of functions which Poisson commute. Such an
action is called toric if k = n.
The critical hypersurface Z of a b-symplectic structure has an induced regular Poisson structure
which can also be visualized as a cosymplectic manifold (see [16, 18]).
In [18] it was shown that if Z is compact and connected, then the critical set Z is the mapping
torus of any of its symplectic leaves L by the flow of the any choice of modular vector field u:
Z = (L × [0, k])/(x,0)∼(φ(x),k) ,
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where k is a certain positive real number and φ is the time-k flow of u. In particular, all the symplectic leaves inside Z are symplectomorphic. As in [16], we refer to a fixed symplectomorphism
inducing the mapping torus as the monodromy of Z.
This yields the following definition:
Definition 5 (Modular period). Taking any modular vector field uΩ
mod , the modular period of Z is the
number k such that Z is the mapping torus
Z = (L × [0, k])/(x,0)∼(φ(x),k) ,
and the time-t flow of uΩ
mod is translation by t in the [0, k] factor above.
2.2.1. The (twisted) b-cotangent lift. The cotangent lift can also be defined on the b-cotangent bundle
of a smooth manifold. In this case there are two different 1-forms that provide the same geometrical structure on the b-cotangent bundle (a b-symplectic form). These are the canonical (Liouville)
b-form and the twisted b-form. Both forms of degree 1 have the same differential ( a smooth bsymplectic form) but are indeed non-smooth forms. The b-cotangent lift in each of the cases is
defined in a different manner. These were studied in detail in [34]. In this article we focus on the
twisted b-cotangent lift as it gives the right model for the structure of a b-integrable system.
Definition 6. Let T ∗ Tn be endowed with the standard coordinates (θ, a), θ ∈ Tn , a ∈ Rn and consider
again the action on T ∗ Tn induced by lifting translations of the torus Tn . Define the following non-smooth
one-form away from the hypersurface Z = {a1 = 0} :
λtw,c log |a1 |dθ1 +

n
X

ai dθi .

i=2

Then, the form ω := −dλtw,c
In coordinates:

is a b-symplectic form on T ∗ Tn , called the twisted b-symplectic form on T ∗ Tn .
n

ωtw,c :=

X
c
dθ1 ∧ da1 +
dθi ∧ dai .
a1

(1)

i=2

Observe that this twisted forms comes endowed with a local invariant: The constant c. The
interpretation of this invariant is that this gives the period of the modular vector field.
We call the lift together with the b-symplectic form (1) the twisted b-cotangent lift with modular
period c on the cotangent space of a torus.
As it was deeply studied in [34] the lifted action can be extended to groups of type S 1 ×H which
turns out to be b-Hamiltonian in general.
2.2.2. b-Integrable systems. A b-symplectic manifold/b-Poisson manifold can be seen as a standard
Poisson manifold. Along the critical set Z the Liouville tori determined by a standard integrable
system have dimension n − 1 which is not convenient to model integrable systems on b-symplectic
manifolds where the critical set Z represent the direction of infinity in celestial mechanics and we
would expect to have n-dimensional tori.
This is why in this context it is more natural to talk abou b-integrable system as follows:
Definition 7. A b-integrable system on a 2n-dimensional b-symplectic manifold (M 2n , ω) is a set of n
b-functions which are pairwise Poisson commuting F = (f1 , . . . , fn−1 , fn ) with df1 ∧ · · · ∧ dfn 6= 0 as a
section of ∧n (b T ∗ (M )) on a dense subset of M and on a dense subset of Z. A point in M is regular if the
vector fields Xf1 , . . . , Xfn are linearly independent (as smooth vector fields) at it.
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For these systems an action-angle coordinate, proved in [33], shows the existence of a semilocal
invariant in the neighbourhood of Z (the modular period):
Theorem 5. Let (M, ω, F = (f1 , . . . , fn−1 , fn = log |t|)) be a b-integrable system, and let m ∈ Z be a
regular point for which the integral manifold containing m is compact, i.e. a Liouville torus Fm . Then there
exists an open neighborhood U of the torus Fm and coordinates (θ1 , . . . , θn , σ1 , . . . , σn ) : U → Tn × B n
such that
n−1
X
c
ω|U =
dσn ∧ dθn ,
(2)
dσi ∧ dθi +
σn
i=1

where the coordinates σ1 , . . . , σn depend only on F and the number c is the modular period of the component
of Z containing m.
In [34] this normal form was identified as a cotangent model:
Theorem 6. Let F = (f1 , . . . , fn ) be a b-integrable system on the b-symplectic manifold (M, ω). Then
semilocally around a regular Liouville torus T, which lies inside the exceptional hypersurface Z of M , the
system is equivalent to the cotangent model (T ∗ Tn )tw,c restricted to a neighbourhood of (T ∗ Tn )0 . Here c is
the modular period of the connected component of Z containing T.
2.3. b-symplectic manifolds and folded symplectic manifolds as duals. In [19] the following
theorem is proved in the more general setting of bm -symplectic structures with singularities of
higher order:
Theorem 7. Let ω be a b-symplectic structure on a compact manifold M and let Z be its critical hypersurface. There exists a family of folded symplectic forms ω which coincide with the b-symplectic form ω
outside an -neighborhood of Z.
As a consequence of this result any b-symplectic manifold admits a folded symplectic structure. However, it is well-known that the converse statement does not hold as not every folded
symplectic form can be presented as a desingularization of a b-symplectic structures. In particular, any compact orientable 4-dimensional manifold admits a folded symplectic form [2] but not
every 4-dimensional compact manifold admits a b-symplectic manifold. For instance the 4-sphere
S 4 does not admit a b-symplectic structure as it was proven in [16] that the class determined by
the b-symplectic form is non-vanishing.
As we will see in the next section not every folded integrable system on a folded symplectic
manifold can be obtained via desingularization from a b-integrable system.
3. H AMILTONIAN DYNAMICS ON FOLDED SYMPLECTIC MANIFOLDS
Let (M, ω) be a folded symplectic manifold, with folding hypersurface Z. Consider p a point in
Z, applying Theorem 1 the folded-symplectic form ω can be written as following in a neighborhood U of a point on the folding hypersurface as:
ω = tdt ∧ dq +

n
X

dxi ∧ dyi .

i=2

with t = 0 as folding hypersurface. The singularity in ω prevents the Hamiltonian equation ιX ω =
−df from having a solution for every possible function f . So not every function f ∈ C ∞ (U ) defines
locally a Hamiltonian vector field.
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Example. Let (U ; t, q, ..., xn , yn ) be a chart where ω takes the folded-Darboux form mentioned
above. Take for example the function f = t. By imposing the Hamiltonian equation we get that
∂
X = 1t ∂q
, which is not a well defined smooth vector field.
Fortunately, we can characterize the set of functions which define smooth Hamiltonian vector
fields.
Lemma 8. A function f : M → R in a folded symplectic manifold (M, ω) has an associated smooth
Hamiltonian vector field Xf if and only if df |Z (v) = 0 for every v ∈ V . Furthermore Xf is tangent to Z.
Proof. Assume that f has a well-defined smooth Hamiltonian vector field at a point p in Z. Take
Darboux coordinates (t, q, ..., xn , yn ) at a neighborhood U of p. In these coordinates, the form can
be written as:
n
X
ω = tdt ∧ dq +
dxi ∧ dyi .
i=2
∂
∂
+b1 ∂q
a1 ∂t

Any vector field can be written as X =
equation ιX ω = −df we obtain that

a1



b
1

ai



bi

+...+an ∂x∂n +bn ∂y∂n . Imposing the Hamiltonian

1
= − ∂f
∂q t
1
= ∂f
∂t t
= − ∂f
∂q , i = 2, ..., n
∂f
= ∂t , i = 2, ..., n.

In order to have the coefficients a1 and b1 well defined, the following equation needs to hold
∂f
∂f
∂q = tH and ∂t = tF where H and G are functions in M . The second equation implies that
f = t2 f1 + f2 (q, x2 , ..., yn ) and the first equation implies that
f = t2 f1 + f2 (x2 , ..., yn ),

∂f2
∂q

= 0. Hence f has the form
(3)

∂
∂
)|Z = df ( ∂q
)|Z = 0 since Z = {t = 0}. The converse is obviously true.
which implies that df ( ∂t
2 ∂f1
It follows from equation (3) that ∂f
∂q = t ∂q which implies that a1 = 0. We deduce that Xf , the
Hamiltonian vector field of f , is tangent to Z.


We denote these functions as folded functions.
Definition 8. A function f : M → R in a folded symplectic manifold (M, ω) is a folded function if
df |Z (v) = 0 for every v ∈ V = ker ω|Z .
Note that even if a Hamiltonian vector field Xf is always tangent to Z, one can obtain non
vanishing components of Xf in the null line bundle L. If one takes n folded functions, we will
always have df1 ∧ ... ∧ dfn |Z = 0 when we look it as a section of Λn T ∗ M . However, the n functions
can define n linearly independent Hamiltonian vector fields. This yields the following definition:
Definition 9. An integrable system on a folded symplectic manifold (M, ω) with critical surface Z is a set
of functions F = (f1 , ..., fn ) such that they define Hamiltonian vector fields which are independent on a
dense set of Z and M , and commute with respect to ω.
Around the regular points of the integrable system, the expression of the functions can be simplified and as a consequence the Poisson bracket of the functions is well-defined:
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Lemma 9. NearPa regular value of an integrable system, there exist coordinates (t, q, x2 , ..., yn ) such that
ω = tdt ∧ dq + ni=2 dxi ∧ dyi , and the integrable system has the form
f1 = t2 /2
f2 = g2 (t, q, x2 , ..., yn )tk2 + h2 (x2 , y2 , ..., xn , yn )
..
.
fn = gn (t, q, x2 , ..., yn )tkn + hn (x2 , y2 , ..., xn , yn ),
for k2 , . . . , kn ∈ N all of them ≥ 2 and t is a defining function of Z.
Proof. Denote the inclusion of Z in M by i : Z ,→ M . Since the pullback to Z of the folded
symplectic form i∗ ω has rank 2n − 2, there are at most n − 1 independent Hamiltonian vector
fields tangent to Z such that hX1 , ..., Xn−1 i has no component in ker i∗ ω. This implies that at any
regular point p ∈ Z of an integrable system, one of the n independent Hamiltonian vector fields
X1 , ..., Xn has a component in ker i∗ ω. We might assume it is the first one X1 .
Let us show that in the points close to p in Z, this vector field X1 can be written as X1 = v + X 0 ,
where v ∈ ker i∗ w and X 0 ∈ hX2 , ..., Xn i.
Indeed if X1 had a component in the complement of ker i∗ ω ∪ hX2 , ..., Xn i, it would have a
component either in the symplectic orthogonal space to hX2 , ..., Xn i with respect to i∗ ω or in T Z ⊥ .
However, we know that the Hamiltonian vector fields with respect to ω are tangent to Z, and so
X would have a component in the symplectic orthogonal to hX2 , ..., Xn i and would not Poisson
commute with them. In particular, we can take a new basis of Hamiltonian vector fields generating
hX1 , ..., Xn i in a neighborhood of p such that X1 lies exactly in the kernel of i∗ ω in U ∩ Z.
∂
. Consider the one form
Take local coordinates in a neighborhood U of p such that X1 = ∂q
∗
α = dq and some symplectic coordinates (x2 , y2 , ..., xn , yn ) of i ω. We can now use Theorem 2 to
conclude that
n
X
ω = tdt ∧ dq +
dxi ∧ dyi .
i=2

In these coordinates the vector field X1 is the Hamiltonian vector field of t2 /2, and the rest of
Hamiltonian functions will be of the form (3). This concludes the proof.

3.1. Folded cotangent bundle. In this subsection we recall the construction of [27], a dual of the
b-cotangent bundle for folded symplectic manifolds.
Definition 10. Let M a manifold and Z a closed hypersurface. Let V a rank 1 subbundle of i∗Z T M so that
for all p ∈ Z the fiber Vp is transverse to Tp Z. We define for each open subset U ⊂ M
Ω1V (U ) := {α ∈ Ω1 (U )| α|V = 0},
the space of 1-forms on U vanishing on V . If U ∩ Z = ∅ then it is just Ω1 (U ).
Following [27] there exists a vector bundle TV∗ M called the folded cotangent bundle, of rank n
whose global sections are isomorphic to Ω1V (M ). This vector bundle is unique up to isomorphism,
independently of the chosen V . For a small open neighborhood U of a point in Z, there exists suitable coordinates (x1 , ..., xn−1 ) in U ∩ Z and a coordinate t such that (x1 , ..., xn−1 , t) are coordinates
in U and TV∗ (U ) is generated by dx1 , ..., dxn−1 , tdt. The dual bundle to TV∗ M is denoted by TV M
and called the folded tangent bundle.
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In this bundle there is a canonical folded symplectic form which is obtained by taking a Liouville form λf which is canonical as it satisfies the Liouville-type equation hλf |p , vi = hp, (πp )∗ (v)i
for every v ∈ TV (TV∗ M ) and p ∈ TV∗ M . In coordinates (x1 , ..., xn , p1 , ..., pn ) we have
λ = p1 x1 dx1 +

n
X

pi dxi .

i=2

Its derivative gives rise to a folded symplectic structure
ωf = dλ = x1 dp1 ∧ dx1 +

n
X

dpi ∧ dxi

i=2

which looks like the Darboux-type folded symplectic structure. The introduction of this bundle
allows to restate the definition of a folded integrable system in terms of the folded cotangent
bundle.
Definition 11. An integrable system on a folded symplectic manifold (M, ω) is a set of folded functions
F = (f1 , ..., fn ) for which df1 ∧ ... ∧ dfn 6= 0 as sections of Λn TV∗ M on a dense set of M and Z, and whose
Hamiltonian vector fields commute with respect to ω.
Even if ω does not define a Poisson bracket in Z because the Hamiltonian vector fields are
not defined for non-folded functions, the bracket is well defined for folded functions and the
commutation condition ω(Xfi , Xfj ) = 0 for two Hamiltonian vector fields is still well-defined.
4. M OTIVATING EXAMPLES
In this section we present a series of examples of folded integrable systems. In particular, we
exhibit examples of folded integrable systems whose dynamics cannot possibly be modeled by bintegrable systems. This will motivate the development of the theory of folded integrable systems,
and in particular of the existence of action-angle coordinates.
4.1. Double collision in two particles system. In the literature of celestial mechanics like the restricted 3-body problem or the n-body problem several regularization transformation associated to
ad-hoc changes (like time reparametrization) bring singularities into the symplectic structure. Below we describe a model of double collision in two particle systems where McGehee type changes
are implemented. We model a system of two particles under the influence of a potential energy
function of the form U (x) = −|x|−α , with α > 0. In the phase space (x, y) ∈ R2 × R2 it is a Hamiltonian system with Hamiltonian function F = 21 |y|2 − |x|−α . Let us introduce a notation for two
1
constants: denote β = α/2 and γ = β+1
. By implementing the change of coordinates:
(
x = rγ eiθ
y = r−βγ (v + iw)eiθ
and scaling with a new time parameter τ
 0
r



v 0

θ0


 0
w

such that dt = rdτ we obtain the equations of motion
= (β + 1)rv
= w2 + β(v 2 − 2)
.
=w
= (β − 1)ωv

We will model the collision set {r = 0} in the case β = 1 as the folding hypersurface of a
folded symplectic manifold endowed with a folded integrable system. Let us consider the folded
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symplectic form ω = rdr ∧ dv + dθ ∧ dw in the manifold T ∗ (R × S 1 ) ∼
= R2 × S 1 × R with coordinates
(r, v, θ, w). We take the folded Hamiltonian function
H=−

r2 2
w2
(w + (v 2 − 2)) +
.
2
2

Observe that dH = −r2 vdv + (w2 + v 2 − 2)2rdr + (w − r2 w)dw, and the Hamiltonian vector field is
XH = −rv

∂
∂
∂
+ (w2 + v 2 − 2)
+ (w + r2 w)
∂r
∂v
∂θ

The equations of motion in the critical hypersurface {r = 0} coincide with the equations of motion
in the collision manifold of the original problem, hence providing a folded Hamiltonian model for
it. In fact, even the linear asymptotic behavior close to collision is captured by the model. Observe
∂
that X commutes with ∂θ
, which is a Hamiltonian vector field for the function f2 = w. Hence the
dynamics are modelled by a folded integrable system given by F = (f1 = H, f2 ) in T ∗ (R × S 1 )
with folded symplectic structure rdr ∧ dv + dθ ∧ dw.
4.2. Folded integrable systems in toric origami manifolds. Not all integrable systems on folded
symplectic manifolds come from standard systems on symplectic manifolds after singularization
transformations or regularization techniques as in the example above. Take for instance R4 with
the standard symplectic structure ω = dx1 ∧ dy1 + dx2 ∧ dy2 . The function f1 = x21 + y12 + x22 + y22
and f2 = x1 y2 − x2 y1 commute with respect to ω. There is a natural folding map from the sphere
S 4 to D̄4 , that we denote π. It is a standard fact that π ∗ ω is a folded symplectic structure in S 4 ,
and in fact an origami symplectic structure. Taking F = (π ∗ f1 , π ∗ f2 ) yields an example of a folded
integrable system in S 4 with its induced folded symplectic structure. Note that this is an example
of an integrable system on a singular symplectic manifold which is not b-symplectic, as shown by
the obstructions in [16] and [36].
4.3. Symplectic manifolds with fibrating boundary. Consider a symplectic manifold with boundary such that close to the boundary the symplectic form tends to degenerate and admits adapted
Martinet-Darboux charts such that the boundary has local equation x1 = 0 and the symplectic
form degenerates on the boundary with the following local normal form:
ω = x1 dx1 ∧ dy1 + dx2 ∧ dy2 + . . . + dxn ∧ dyn .
Let us take as starting point some integrable system naturally defined on a manifold with boundary. Assume the folding hypersurface fibrates by circles over a compact symplectic base (origami
type). It would be enough to consider an integrable system on the (2n − 2)-symplectic base
f2 , . . . fn and add t2 as f1 . The set (t2 , f2 , . . . , fn ) defines a folded integrable system. Observe
that complete integrability comes as a consequence of Theorem 2.
4.4. Product of folded surfaces with symplectic manifolds endowed with integrable systems.
Take an orientable surface Σ, and ω a non-vanishing two form. Denote t any function in Σ which
is transverse to the zero section. The critical set is a finite number of closed curves γj , j = 1, ..., k.
Then the function t2 defines a folded integrable system in (Σ, tω), where tω is a folded symplectic
structure. Let F = (f1 , ..., fn ) be an integrable system in a symplectic manifold (M 2n , ω1 ). Then
(t2 , f1 , ..., fn ) defines a folded integrable system in the manifold M 2n ×Σ endowed
P with the folded
symplectic form ωf = tω ⊕ ω1 . In fact, taking any (n + 1)-tuple of the form (t2 ni=1 λi fi , f1 , ..., fn )
for some non trivial n-tuple of constants λi yields a folded integrable system. The critical set is of
the form Z = tkj=1 γj × M 2n .
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4.5. Origami templates. The study of toric folded symplectic manifolds was initiated in [7] in the
origami case (see [27] for the general case).
Toric actions and integrable systems have always been hand-in-hand. In particular the actionangle coordinate theorem proof that we will provide in this article uses intensively this correspondence. So in particular a toric manifold provides examples of integrable systems which are
described by a global Hamiltonian action of a torus. Indeed any integrable system can be semilocally described in these terms (as we will see in the next section).
The classical theory of toric symplectic manifolds is closely related to a theorem by Delzant [8]
which gives a one-to-one correspondence between toric symplectic manifolds and a special type
of convex polytopes (called Delzant polytopes) up to equivalence. Grosso modo, toric symplectic
manifolds can be classified by their moment polytope, and their topology can be read directly
from the polytope in terms of equivariant cohomology. In [29, 30] the authors examine the toric
origami case and describe how toric origami manifolds can also be classified by their combinatorial moment data.
Origami templates form a visual way to describe toric origami manifolds and thus in particular
integrable systems on folded symplectic manifolds.

F IGURE 1. Origami template of Example 4.2
Toric origami manifolds are classified by combinatorial origami templates which overlap Delzant’s
polytopes in an special way providing pictorially beautiful examples of folded integrable systems.

F IGURE 2. Origami template corresponding to the radial blow-up of two Hirzebruch surfaces.
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4.6. The folded spherical pendulum. Consider the spherical pendulum on S 2 defined as follows:
Take spherical coordinates (θ, φ) with θ ∈ (0, π) and φ ∈ (0, 2π) if we denote each momentum as
Pθ and Pφ respectively, the Hamiltonian function is
1
1
H = (Pθ2 +
P 2 ) + cos θ.
2
sin2 θ φ
Instead of taking the standard symplectic form in T ∗ S 2 we consider the folded symplectic form
ω = Pφ dPφ ∧ dφ + dPθ ∧ dθ.
Computing the Hamiltonian vector field associated to H we get
XH =

1 ∂
∂
cos θ 2 ∂
P )
+ Pθ
+ (sin θ +
.
∂θ
sin2 θ ∂φ
sin3 θ φ ∂Pθ

This vector field clearly commutes with
Observe furthermore that

∂
∂φ ,

which is the Hamiltonian vector field of f = Pφ2 .

cos θ 2
P )2Pφ dθ ∧ dPφ ,
sin3 θ φ
which is nondegenerate on a dense set of M and on a dense set of Z when seen as a section of
the second exterior product of the folded cotangent bundle. The manifold is in fact M = T ∗ (S 2 \
{N, S}), i.e. we are taking out the poles of the sphere. In this sense M is equipped with an origami
symplectic form: the critical set is T ∗ (S 2 \ {N, S}) and the null line bundle is an S 1 fibration
∂
generated by ∂ϕ
.
dH ∧ dPφ2 = −(sin θ +

Observe that dynamically this system is different from the standard spherical pendulum. When
∂
Pφ = 0, the vector field can have a non vanishing ∂φ
component.
4.7. A folded integrable system which cannot be modelled as a b-integrable system. Consider
S 2 with the folded symplectic form ω = hdh ∧ dθ. A folded function whose exterior derivative is a
non-vanishing one-form (when considered as section of the folded cotangent bundle) on a dense
set of Z. This function defines a folded integrable system. Take for instance f = cos θh2 , which
satisfies this condition. Computing its Hamiltonian vector field we obtain
Xf = h sin θ

∂
∂
+ 2 cos θ .
∂h
∂θ

This vector field vanishes at some points in the critical locus Z = {h = 0}. A b-integrable system on
a surface Σ is defined by a function f = c log h + g with g ∈ C ∞ (Σ). In particular its Hamiltonian
vector field cannot vanish at any point on the critical hypersurface, as it is happening in this
example of folded integrable system. Thus, even if the structure hdh ∧ dθ can be seen as the
desingularization of h1 dh ∧ dθ, the dynamics of this folded integrable system cannot be modeled
using the b-symplectic structure.
4.8. Cotangent lifts for folded symplectic manifolds. In this section we describe the cotangent
lift in the set-up of folded symplectic manifolds.
When the group acting on the base is a torus this procedure provides examples of folded integrable systems.
Consider a Lie group G acting on M by an action φ : G × M −→ M .
Definition 12. The cotangent lift of φ is the action on T ∗ M given by φ̂g := φ∗g−1 , where g ∈ G.
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We have the following commuting diagram:
φˆg

T ∗M

/ T ∗M

π

π




/ M

φg

M

where π is the projection from T ∗ M to M . The cotangent bundle has the symplectic form ω = −dλ
where λ is the Liouville form. This form is defined by the property hλp , vi = hp, (πp )∗ (v)i, where
v ∈ T (T ∗ M ) and p ∈ T ∗ M . It can be shown easily that the cotangent lift is a Hamiltonian action
with momentum map µ : T ∗ M → g∗ given by
hµ(p), Xi := hλp , X # |p i = hp, X # |π(p) i.
Here X # denotes the fundamental vector field of X associated to the action. The Liouville form is
invariant by the action which implies the invariance of the moment map. In particular, the map is
Poisson.
The construction called b-symplectic cotangent lift for b-symplectic manifolds done in [34] can
be similarly done in the folded symplectic case which we will do below.
For the standard Liouville form in the folded cotangent bundle, the singularity is in the base
space, and we would like to have it on the fiber. A different form, that we call twisted folded
Liouville form can be defined on TV∗ S 1 with coordinates (θ, p):
p2
dθ1 .
2
this way the singularity is in the fiber, and we can apply it to define a folded cotangent lift on
the torus. Let Tn be the manifold and the group acting by translations, and take the coordinates
(θ1 , ..., θn , a1 , ..., an ) on T ∗ M . The standard symplectic Liouville form in these coordinates is
λtw =

λ=

n
X

pi dθi .

i=1

The moment map µcan : T ∗ Tn → t∗ of the lifted action with respect to the canonical symplectic
form is
X
µcan (θ, p) =
pi dθi
i

where the θi are seen as elements of t∗ . In fact, one can identify the moment map as just the
projection of T ∗ Tn into the second component since T ∗ Tn ∼
= Tn × Rn .
This torus action in the cotangent bundle of the torus can be seen as a folded-Hamiltonian action with respect to a folded symplectic form. Similarly to the Liouville one-form we define the
following singular form away from the hypersurface Z = {p1 = 0} :
p21 dθ1 +

n
X

pi dθi .

i=2

The negative differential gives rise to a folded symplectic form called twisted folded symplectic
form on T ∗ Tn :
n
X
ωtw,f := p1 dθ1 ∧ dp1 +
dθi ∧ dpi .
i=2
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The moment map is then
µtw,f = (p21 , p2 , . . . , pn ),
where we identify t∗ with Rn as before.
We call this lift the folded cotangent lift. Note that, in analogy to the symplectic case, the components of the moment map define a folded integrable system on (T ∗ Tn , ωtw,f ).
Remark 2. As we will see in the next chapter the example of folded cotangent lifts is the standard example as the action-angle theorem that we prove identifies the neighbourhood model of a
Liouville torus with the folded cotangent lift.
5. C ONSTRUCTION OF ACTION - ANGLE COORDINATES
In this section we prove existence of action-angle coordinates for singular symplectic manifolds
of order one. One may have the temptation to use the desingularization and the action-angle
coordinate theorem proved in [33] to conclude. However, as we saw in previous sections, not
every folded integrable system can be seen as a desingularized b-integrable system and thus a
complete proof is needed.
5.1. Topology of the integrable system. We first show that for a folded integrable system there
is a foliation by Liouville tori in the neighborhood of a regular fiber of the integrable system. For
this it is important to observe the following:
The foliation given by the Hamiltonian vector fields of F coincides with the foliations described
by the level sets of F̄ = (t, f2 , ..., fn ) because by definition the Hamiltonian vector field of t2 /2 is
tangent to the level set of this function, and hence also to the level sets of t. The same argument in
[35] gives a commutative diagram
U

ϕ

Tn × B n
π

F̄

Bn
and proves:
Proposition 10. Let p ∈ Z be a regular point of a folded-integrable system (M, ω, F ). Assume that the
integral manifold Fp is compact. Then there is neighborhood U of Fp and a diffeomorphism
ϕ:U ∼
= Tn × B n
which takes the foliation F to the trivial foliation {Tn × {b}}b∈B n .
In what follows we prove a Darboux-Carathéodory theorem for folded symplectic manifolds to
complete (locally) a set of Poisson commuting functions to a maximal set. We do this adapting the
arguments of the proof of Darboux theorem provided in [1] . The Darboux-Carathéodory theorem
will be a key point in the proof of existence of action-angle coordinates.
Theorem 11 (Folded Darboux-Carathéodory theorem). Let m ∈ Z be a point of the folding hypersurface of a folded symplectic manifold (M, ω) and let t be the function defining Z. Consider f1 = t2 /2, ..., fn ,
n functions whose Hamiltonian vector fields are smooth, independent at m and commute pairwise with
respect to ω. Then in a neighborhood U of m there exists n functions q1 , ..., qn such that
(1) the 2n functions (t, f2 , ..., fn , q1 , ..., qn ) form a system of coordinates on U , centered at m;
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F IGURE 3. Fibration by Liouville tori: In the middle fiber (in blue) of the point
F (p), the neighbouring Liouville tori in red.
(2) in these coordinates the folded symplectic form is written as
ω = tdq1 ∧ dt +

n
X

dqi ∧ dfi

i=2

Remark 3. Comparing this theorem with the analog in [33] observe that unlike the b-symplectic
case where the modular period turns out to be a semilocal invariant for the action-angle theorem,
there are no semilocal invariants for folded symplectic manifolds.
Proof. The first function is f1 = t2 /2 and the rest can be written as fi = tki gi (t, q, x2 , ..., yn ) +
hi (x2 , ..., yn ), with ki ≥ 2. Because the Hamiltonian vector fields are independent we obtain dhi 6=
0 for all i = 2, ..., n. Observe that the system of functions t, f2 , ..., fn are functionally independent.
The Hamiltonian vector fields Xfi commute with respect to ω and on M \ Z, the Poisson bracket
{fi , fj } = 0 and thus [Xfi , Xfj ] = 0 along M \ Z. By continuity the bracket [Xfi , Xfj ] vanishes
everywhere on M and the distribution hXf1 , ..., Xfn i is involutive.
For any i, the distribution given by all but one Hamiltonian vector field Di = hXfj ij6=i is also
involutive and integrates to a submanifold Li , which lies inside the Lagrangian submanifold L
generated by X1 , ..., Xn at p. For each i there is an i small enough such that the flow φti of Xfi is
defined in a neighborhood U for |t| < i and such that it does not leave the neighbourhood of the
torus. Then for any x ∈ U ∩ L there is a point ξi = ξi (x) ∈ Li ∩ U and one time ti (x) such that
x = ϕtii (ξi ). Define now
qi : U → R
x 7→ ti (x).
Observe that since [Xfi , Xfj ] = 0 the leaves are sent to leaves. Since qi (φti (Li ∩ U )) = t is constant for each t we deduce dqi (Xj ) = δij everywhere on U . In particular in U \ Z the functions
(f1 , ..., fn , q1 , ..., qn ) constitute a coordinate system and the form is completely determined as
ω=

n
X

dfi ∧ dqi .

i=1

Since ω, fi and qi are smooth in U , this is the form everywhere in U , including the points in Z. It
is clear that the functions (t, f2 , ..., fn ) define a coordinate system.

Remark 4. The same theorem applies if we take a set of k < n commuting functions which are
Pl
independent f1 , ..., fk . We can find then a set of coordinates such that ω =
i=1 dqi ∧ dfi +
Pn
t2
i=k+1 dxi ∧ dyi with f1 = 2 .
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5.2. Equivariant relative Poincaré’s lemma for folded symplectic forms. We start this section
with some lemmas which we will need for the proof of the action-angle theorem. They concern
Relative Poincaré’s lemma for folded symplectic forms and their equivariant versions. Recall from
[46, page 25].
Theorem 12 (Relative Poincaré lemma). Let N ⊂ M a closed submanifold and i : N ,→ M the inclusion
map. Let ω a closed k-form on M such that i∗ ω = 0. Then there is a (k − 1)-form α on a neighborhood of
N in M such that ω = dα.
This Relative Poincaré lemma can be used in the particular case in which the form is folded and
the submanifold is a Liouville torus.
Proposition 13. In a neighborhood U (L) of a Liouville torus the folded symplectic form can be written
ω = dα.
If ω is invariant by a compact group action, α can be assumed to be invariant by the same compact group
action.
Proof. Let i : L ,→ M be the natural inclusion of the Liouville torus on the folded symplectic
manifold, since i∗ ω = 0 we may apply the following relative Poincaré theorem.
Let us check that the hypotheses of the Relative Poincaré lemma are met. The form is closed
and we only need to check i∗ ω = 0. Since every Yi is Hamiltonian with Hamiltonian function
σi , we obtain that ιYi ω = dσi . And therefore the tangent space to L is generated by Y1 , ..., Yn .
However, we know that i∗ dσi = 0, since L is the level set of the integrable system. This implies
that ιYi i∗ ω = 0 and hence i∗ ω = 0.
Now define a new ᾱ as
Z
ᾱ =

ρ∗g αdµ,

G

where µ is a Haar measure and ρg is the group action. This 1-form is G-invariant, and as ρ
preserves ω we obtain,
Z
ω=

ρ∗g ωdµ

G

Z
=

dρ∗g αdµ

G

R
Thus ω = d( G ρ∗g (α)dµ). In particular this proves that the primitive ᾱ is invariant by the action.
i.e, for any Yi fundamental vector field of the torus action one obtains, LYi ᾱ = 0. Thus finishing
the proof of the proposition.

5.3. Statement and proof of the action-angle coordinate theorem. We proceed now with the
statement and the proof of the action-angle theorem.
Theorem 14. Let F = (f1 , ..., fn ) be a folded integrable system in (M, ω) and p ∈ Z a regular point in
the folding hypersurface. We assume the integral manifold Fp containing p is compact. Then there exist an
open neighborhood U of the torus Fp and a diffeomorphism
(θ1 , ..., θn , τ, σ2 , ..., σn ) : U → Tn × B n ,
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where τ is a defining function of Z and such that
ωU = τ dθ1 ∧ dτ +

n
X

dθi ∧ dpi .

i=2

Moreover, functions τ, p2 , ..., pn depend only on F .
The S 1 -valued functions
θ1 , ..., θn
are called angle coordinates and the R-valued functions
τ 2 , p2 , ..., pn
are called action coordinates.
Besides the lemmas in the former subsection we will need the following technical lemma.
In [35] (see Claim 2 in page 1856) it is shown that given a complete vector field Y of period 1
and a bivector field P such that LY LY P = 0 then LY P = 0. If instead of a bivector field we take a
2-form, the proof can be easily adapted as follows.
Lemma 15. If Y is a complete vector field of period 1 and ω is a 2-form such that LY LY ω = 0 then
LY ω = 0.
Proof. Denote v = LY ω. Denote φt the flow of Y . For any point p we have

d
φ∗t ωφ−t (p) = (φt )∗ (LY ωφ−t (p) )
dt
= φt ∗ vφ−t (p)
= vp
In the last equality we used that LY v = 0. Integrating we obtain
(φt )∗ ωφ−t (p) = ωp + tvp .
At time t = 1 the flow is the identity because Y has period 1 and hence vp = 0.



We now proceed to the action-angle theorem proof.
Proof. We may assume that the integrable system is of the form f1 = t2 /2, f2 , ..., fn by Lemma 9.
The vector fields Xf1 , ..., Xfn define a torus action on each Liouville torus Tn × {b}b∈B n . We would
like an action defined in a neighborhood of the type Tn × B n . For the first part of the proof we
follow the proofs in [35] and [33] and construct a toric action. For this we consider the classical
action of the joint-flow (which is an Rn -action) and prove uniformization of periods to induce a
Tn -action.
We denote by ϕti the time-t-flow of the Hamiltonian vector fields Xfi . Consider the joint flow of
these Hamiltonian vector fields.
ϕ : Rn × (Tn × B n ) −→ Tn × B n

(t1 , . . . , tn ), (x, y) 7−→ ϕt11 ◦ · · · ◦ ϕtnn (x, y).
The vector fields Xfi are complete and commute with one another so this defines an Rn -action
on Tn × B n . When restricted to a single orbit Tn × {b} for some b ∈ B n , the kernel of this action is
a discrete subgroup of Rn , a lattice Λb . We call Λb the period lattice of the orbit. The rank of Λb is
n because the orbit is assumed to be compact.

20

ROBERT CARDONA AND EVA MIRANDA

The lattice Λb will in general depend on b. The idea of uniformization of periods is to modify
the action to get constant isotropy
groups such that Λb = Zn for all b. For any b ∈ B n−1 × {0} and
P
any ai ∈ R the vector field ai Xfi on Tn × {b} is the Hamiltonian vector field of the function
ai t2 /2 +

n
X

ai fi .

i=2

To perform the uniformization we pick smooth functions
(λ1 , λ2 , . . . , λn ) : B n → Rn
such that
(1) (λ1 (b), λ2 (b), . . . , λn (b)) is a basis for the period lattice Λb for all b ∈ B n
(2) λ1i vanishes along {0} × B n−1 for i > 1. Here, λji denotes the j th component of λi .
Such functions λi exist such that they satisfy the first condition (perhaps after shrinking B n ) by the
implicit function theorem, using the fact that the Jacobian of the equation Φ(λ, m) = m is regular
with respect to the s variables. We will now show why they can be chosen to satisfy the second
condition.
We define a uniformized flow using the functions λi as
Φ̃ : Rn × (Tn × B n ) → Tn × B n
n
X



(s1 , . . . , sn ), (x, b) 7→ Φ

!
si λi (c), (x, b) .

i=1

The period lattice of this Rn action is Zn , and therefore constant hence the initial action clearly
descends to the quotient to define a new action of the group Tn .
We want to find now functions σ1 , ..., σn such that their Hamiltonian vector fields are precisely
P
the ones constructed above Yi = nj=1 λji Xfj . Denote λ11 as c. We compute the Lie derivative of
the vector fields Yi using Cartan’s formula:
LYi ω = dιYi ω + ιYi dω
= d(−

=−

n
X

λji dfj )

j=1
n
X

dλji ∧ dfj

j=1

We deduce that
LYi LYi ω = LYi (−

n
X

dλji ∧ dfj ).

j=1

In the last equality we have used the fact that λji are constant on the level sets of F . Lemma 15
applied to the vector fields Yi yields LYi ω = 0 and the folded-symplectic structure is preserved.
The next step is to prove that the collection of 1-forms ιYi ω are exact in the neighbourhood
of a Liouville torus. So the new action is indeed Hamiltonian. We apply proposition 13 in a
neighbourhood of a Liouville torus and the symplectic form ω can be written as ω = dα. Now since
LYi ω = 0, consider the toric action generated by the vector fields Yi . Applying the equivariant
version of Proposition 13 with the group G = Tn the form ω is G-invariant and we can find a new
ᾱ which is at the same time a primitive for the folded symplectic structure ω and Tn -invariant.
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Cartan’s formula yields:
ιYi ω = −ιYi dᾱ
= −dιYi ᾱ.
Thus we deduce that the fundamental vector fields Yi are indeed Hamiltonian with Hamiltonian
functions ιYi ᾱ. Denoting by σ1 , ..., σn these Hamiltonian functions, they are now the natural candidates for ”action” coordinates. Observe that σ1 = ct2 since λ1i = 0 for all i < n, for some constant
c > 0.
By Theorem 11 (Darboux-Carathéodory theorem) there exists a coordinate system
(σ1 , ..., σn , q1 , ..., qn )
such that
ω = dσ1 ∧ dq1 +

n
X

dσi ∧ dqi .

i=2

Since the vector fields Xσi are Hamiltonian fundamental vector fields of the Tn -action, in the local
chart the flow of the vector fields gives a linear action on the qi coordinates and the functions
σ1 = ct2 /2, ..., σn that were defined in an open set U of the point can be extended to the whole set
U 0 = σ −1 (σ(U )) (a neighbourhood of the Liouville torus). For the sake of simplicity we denote
these extensions using the same notation. The Hamiltonian vector fields of σi have period one,
so the functions qi can be viewed as angle variables θi . It only remains to check if the extended
functions define a system of coordinates in the neighbourhood of the torus and that ω has the
desired Darboux-type form.
∂
, ∂ ) = δij by the own definition of θi . By abuse of notation we denote by
Observe that ω( ∂σ
i ∂θi
Xθi the vector fields which solve the equation: ιXθi ω = −dθi .
∂
In the original neighborhood U we had that ω( ∂σ
, ∂ ) = ω(Xθi , Xθj ) = 0. Applying the
i ∂σj
definition of exterior derivative, using that ω is closed and that the vector fields commute we
obtain:

dω(Xθi , Xθj , Xσk ) = Xθi (ω(Xθj , Xσk )) − Xθj (ω(Xθi , Xσk ))
+ Xσk (ω(Xθi , Xθj ))
=0
Using that ω(Xσi , Xθj ) = δij for all i and j, we obtain
Xσk (ω(Xθi , Xθj )) = 0.
∂
In particular, by following the flow of the vector fields Xσk we prove that the relation ω( ∂σ
, ∂ )=
i ∂σj
0 holds in the whole neighborhood U 0 . We conclude that ω has the desired form

ω = ctdt ∧ dθ1 +

n
X

dσi ∧ dθi .

i=2

In particular the functions t, σ2 ..., σ√
n , θ1 , ..., θn are independent on U and hence define a coordinate
system. Taking pi := −σi and τ = ct then the form in the neighborhood of the torus is written
ω = τ dθ1 ∧ dτ +

n
X

dθi ∧ dpi .

i=2

This concludes the proof.
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5.4. Action-angle coordinates and cotangent lifts. Observe that using the language of cotangent
lifts introduced in Section 4.8, this theorem can be stated as follows:
Theorem 16. Let F = (f1 , ..., fn ) be a folded integrable system on a folded symplectic manifold (M, ω).
Around a regular Liouville torus inside Z, the system is equivalent to the system (p1 , ..., pnP
) in T ∗ Tn , with
coordinates (θ1 , ..., θn , p1 , ..., pn ) and twisted folded symplectic form ω = p1 dp1 ∧ dθ1 + ni=2 dpi ∧ dθi ,
restricted to a neighborhood of the zero section.
Remark 5. By this local model, one can also think of a neighborhood of a regular point of a folded
integrable system as the ”folding” of a regular symplectic neighborhood of an
Pintegrable system.
Concretely, consider the standard action-angle coordinates in (Tn × Rn , ω = ni=1 dθi ∧ dpi ) with
the set of functions F = (p1 , . . . , pn ). Then the local model for folded integrable systems is just the
pullback of the symplectic form ω and the set of functions F by the folding map
F : Tn × B n −→ Tn × B n
(θi , p1 , . . . , pn ) 7−→ (θi , p21 , p2 , . . . , pn ).
5.5. Singular cotangent models and desingularization. In [34] several examples of b-integrable
systems are provided using the b-cotangent lift. In fact, the construction can be generalized to the
context of bm -symplectic manifolds. From the definition of cotangent lift and the results in [34]
which we recalled in subsection 2.2.1 we obtain:
Proposition 17. The twisted b-cotangent lift of the action of an abelian group G of rank n on M 2n yields
a b-Hamiltonian action in T ∗ M . If the action is free or locally free, the twisted cotangent lift yields a
b-integrable system.
In [20] the desingularization of torus actions was explored in detail. As a consequence of theorem 6.1 in [20] where an equivariant desingularization procedure is established for effective torus
actions, we obtain the following desingularized models.
Proposition 18. The equivariant desingularization takes the twisted b-cotangent lift of an action of a torus
Tn on M to a twisted folded cotangent lift model.
Proof. Denote t the defining function of the critical hypersurface Z. The moment map of the action
in the S 1 coordinate is a function of the form f = c log(|p|) for some constant c, where p denotes
2
∂
. Take f 0 = cp2 as new
the momentum coordinate in T ∗ S 1 . Its Hamiltonian vector field is Xf = c ∂θ
momentum map component for the folded symplectic structure in T ∗ M .

This construction provides a machinery to produce examples of folded integrable systems via
desingularization of b-integrable systems. Even though, we know that not all integrable system
on a folded symplectic manifold comes from desingularization.
6. C ONSTRUCTIONS OF INTEGRABLE SYSTEMS
In this section, we study the existence of integrable systems on b-symplectic manifolds and
their possible desingularization into folded integrable systems. We construct ad-hoc integrable
systems on any 4-dimensional b-symplectic manifold from integrable systems defined on the leaf
of a cosymplectic manifolds. In what follows we will always assume that the symplectic foliation
on the critical set Z contains a compact leaf, and thus Z is a symplectic mapping torus by [18,
Theorem 19]. Furthermore, we will assume that the first singular integral induces an S 1 -action
in a neighborhood of Z which is transverse to the symplectic foliation on Z. In particular, the
monodromy obtained by the first return map of the Hamiltonian vector field of the first integral
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induces a finite group action on the symplectic leaf of Z. The finite group action detects the points
where the initial circle action is not free.
6.1. Structure of a b-integrable system in Z. We start analyzing how a b-integrable system behaves on Z, the critical hypersurface of a b-symplectic manifold (M, ω).
Claim 1. Let F stand for a b-integrable system on a b-symplectic manifold (M, ω). Then for a fixed
symplectic leaf L of Z there is a dense set of points in L that are regular points of F .
Proof. Assume that the set of regular points in a fixed leaf L is not dense. Then we can find an
open neighbourhood U in L which does not contain any regular point, i.e. df1 ∧ · · · ∧ dfn = 0
(when seen as a section of Λn (b T ∗ M )). However, in order for F to define a b-integrable system,
one of the functions has to be a genuine (i.e., non-smooth) b-function in a neighborhood of Z. In
other words, f = c log |t| + g with c 6= 0 and g a smooth function. We can assume that f1 = f is a
genuine b-function in a neighborhood U 0 in Z containing U . Since c 6= 0, it defines a Hamiltonian
vector field whose flow is transverse to the symplectic leaf L. The function f1 Poisson commutes
with all the other integrals, and so the the flow of f1 preserves df1 ∧ · · · ∧ dfn .
Denote by ϕt the flow of Xf1 . Then the set V = {ϕt (U 0 ) | t ∈ (0, ε)} is an open subset of Z
where df1 ∧ · · · ∧ dfn = 0. This is a contradiction with the fact that F = (f1 , . . . , fn ) defines a
b-integrable system.

Once we take into the account that the first integral f1 = c log t induces an S 1 -action, we can
deduce the semi-local structure of the system.
Proposition 19. Let (M, ω) be a b-symplectic manifold admitting a b-integrable system such that f1 =
c log t defines an S 1 -action in the neighborhood of Z. Then (f2 , ..., fn ) induces an integrable system on each
symplectic leaf L on Z which is invariant by the monodromy of the S 1 -action.
Proof. The fact that we may always assume that in a neighborhood of Z the first integral is f1 =
c log t follows from remark 16 in [33](see also Proposition 3.5.3 in [32]), where c is the modular
period of that connected component, and f2 , ..., fn are smooth. Observe that because f1 is regular
everywhere in a neighborhood of Z, the induced S 1 -action has no fixed points.
By hypothesis, the Hamiltonian vector field Xc log t commutes with the Hamiltonian vector
fields Xf2 , ..., Xfn which implies that the flow ϕt of the S 1 -action preserves each of the functions
f2 , ..., fn . The flow also preserves the symplectic foliation in Z. Thus, fixing a symplectic leaf L,
the flow ϕt satisfies ϕt (L) ∼
= L and ϕ∗t (f2 , ..., fn ) = (f2 , ..., fn ). This shows that on each leaf the
functions f2 , ..., fn induce the same integrable system. In particular this integrable system in L is
preserved by the first return map of the monodromy in that fixed leaf, implying that the system is
invariant by that finite group action.

Remark 6. In the jargon of three-dimensional geometry, the connected components of the critical
set Z of a 4-dimensional manifold are Seifert manifolds with orientable base and vanishing Euler
number. This follows from the fact that Z is a mapping torus and that the first Hamiltonian vector
field induces an S 1 -action without fixed points.
6.2. Construction of b-integrable systems. Taking into the account the last remark, in order to
construct b-integrable systems we will assume that Z is the mapping torus of a periodic symplectomorphism of a compact leaf L on Z. This symplectomorphism defines a finite group action on
L. This is why in order to construct b-integrable systems on 4 dimensional b-symplectic manifolds,
we start by proving that we can always find a non-constant function which is invariant under a
symplectic finite group action on a surface.
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Claim 2. Let Zk be a finite group acting of a symplectic surface Σ. Then there exists a non-constant analytic
function F invariant by the group action.
Proof. Take f a generic analytic function in Σ. Consider the averaged function given by the averaging trick:
k−1
X
F (x) :=
f (i.x)
i=1

. By construction this analytic function is invariant by the action of Zk . Given a point p in Σ, the
differential of F vanishes at p if and only if dfp + df2.p + ...df(k−1).p = 0. Observe that for a generic
f , there exists a point where this condition is not fulfilled. In particular, we deduce that dFp 6= 0
at some point p, and hence F is not a constant function.

In the claim above we can replace the analytic condition by a Morse function F . See for instance
[45] for a proof of the existence and density of invariant Morse functions by the action of a compact
Lie group.
Theorem 20. Let (M, ω) be a b-symplectic manifold of dimension 4 with critical set Z which is a mapping
torus associated to a periodic symplectomorphism. Then (M, ω) admits a b-integrable system.
Proof. In this case, a leaf of the critical set is a surface L. Take a neighborhood of Z of the form
U = Z × (−ε, ε). Denote by X the Hamiltonian vector field of the function log t for some defining
function of Z. By hypothesis, X defines a Poisson S 1 -action in Z transverse to the leaves as studied
in [4]. This S 1 -action can have some monodromy. Denote by α and β the defining one and two
forms of ω at Z. That is, in U we can assume that ω has the form ω = α∧ dtt +β with α ∈ Ω1 (Z), β ∈
Ω2 (Z). Recall that both forms are closed and i∗L β is a symplectic form in a leaf L of Z.
We have the following description of the critical set. There is an equivariant cover L×S 1 ×(−ε, ε)
of U , and we denote by p the projection to U . This equivariant cover can be equipped with the
b-Poisson structure
dt
+ πZ∗ 0 β̃,
ω = πZ∗ 0 α̃ ∧
t
where α̃ = p∗ α and β̃ = p∗ β. Then U is Poisson isomorphic by [4, Corollary 17] to the quotient of
the equivariant by the action of a finite group Zk in the leaf given by the return time flow of the
S 1 -action and extended trivially to the neighborhood L × S 1 × (−ε, ε).
The action of Zk acts by symplectomorphisms on L. By Lemma 2, there is an analytic function
F in L which is invariant by the action. In particular, F can be extended to F̃ in all Z by the S 1 action. If π is the projection in U = Z × (−ε, ε) to the first component, then we extend F̃ to U by
considering π ∗ F̃ and denote it again F̃ .
We construct in the neighborhood U the pair of functions (f1 , f2 ) = (ϕ(t)c log t, ϕ(t)F̃ ) in U . The
function ϕ(t) denotes a bump function which is constantly equal to 1 for t ∈ (−δ, δ) and constantly
equal to 0 for |t| > δ 0 , with δ < δ 0 < ε. Observe the functions f1 and f2 are linearly independent in
b T ∗ M in a dense set of Z ×(−δ 0 , δ 0 ). The Hamiltonian vector field of ϕ(t)f generates the transverse
1
S 1 action extended to U , and the Hamiltonian vector field of F̃ is tangent to the symplectic leaves
in each Z × {t0 }. Hence {f1 , F̃ } = 0. Now using the properties of the Poisson bracket we have
{f1 , ϕ(t)F̃ } = −{ϕ(t)F̃ , f1 }
= {ϕ(t), f1 }F̃ + {F̃ , f1 }
= 0 + 0,
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where we used that f1 only depends on the coordinate t. We obtain an integrable system in the
neighborhood of the critical locus U . To obtain an integrable system in all M , we do it as in the
proof of existence of integrable systems in symplectic manifolds as shown by Brailov (cf. [13]).
That is, cover M \ U by Darboux balls, each of them equipped with a local integrable system of
P
the form fi0 = x2i + yi2 . By cutting off this system using a function ϕ( 2i=1 (x2i + yi2 )), we can obtain
for each Darboux ball a globally defined pair of functions fi = ϕ.fi0 . We can now cover M \ U by a
finite amount of balls Bi whose intersection is only the union of their boundaries. We choose ϕ in
each ball such that the locally defined integrable systems vanish in all derivatives exactly at these
boundaries. The closed set of zero measure where the globally constructed n-tuple of functions
are not independent is composed of the boundaries of the balls, and includes Z × {−ε, ε}. This
is illustrated in Figure 4, where only some balls are depicted close to the boundary of Z × [−ε, ε].
The closed set where the functions vanish are represented by the black-colored boundaries.
M \U
B1 , B2 , . . .

U∼
= Z × (−ε, ε)

Z

F IGURE 4. Some Darboux balls filling M \ U .
This allows to glue the system in each ball and with the system we constructed in U , yielding a
pair of commuting functions F1 , F2 such that dF1 ∧ dF2 6= 0 in a dense set of M and Z.

Remark 7. The proof generalizes to higher dimensions as long as one can construct an integrable
system in the symplectic leaf invariant by the finite group action. This is the content of Claim 6.2
for the case of a symplectic surface.
Remark 8. The original construction of integrable systems in regular symplectic manifolds via the
covering of Darboux balls yields an integrable system without any interesting property. However,
the construction in Theorem 20 gives rise to a lot of examples of b-integrable systems that near the
singular set Z can be very rich from a semi-global point of view.
The following theorem is Theorem B in [12]:
Theorem 21. Any cosymplectic manifold of dimension 3 is the singular locus of orientable, closed, bsymplectic manifolds.
In particular, whenever the cosymplectic manifold has periodic monodromy, it can be realized
as the critical locus of a b-symplectic manifold with a b-integrable system. Theorem 21 requires
specifically that Z is connected. If we drop that requirement, there is a direct construction (Example 19 in [16]) to realize any cosymplectic manifold as the singular locus of a b-symplectic manifold
that we will introduce later.
The proof of Theorem 20 can be adapted to obtain folded integrable systems in the desingularized folded symplectic manifold resulting from applying Theorem 7.
Corollary 22. Let (M, ω) be a b-symplectic manifold in the hypotheses of Theorem 20. Then the desingularized folded symplectic manifold (M, ωε ) admits a folded integrable system.
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Proof. The desingularization given by Theorem 7 sends ω to ωε , which is a folded symplectic structure in M with critical hypersurface Z. The induced structure on Z remains unchanged: it is a
cosymplectic manifold with compact leaves whose monodromy is periodic. The S 1 -action generated by the modular vector field becomes the null line bundle of ωε . Such line bundle is generated
in a neighborhood of Z by the Hamiltonian vector field of t2 , where t is defining function of Z. By
Claim 6.2, there is an analytic function invariant by the first return map Xt2 . One can do exactly
the same construction as in the proof of Theorem 20, taking as first function f1 = ϕ(t)t2 instead of
ϕ(t) log t in the neighborhood U of Z.


7. G LOBAL ACTION - ANGLE COORDINATES : C ONSTRUCTIONS AND EXISTENCE
In this section we extend toric actions on the symplectic leaf on the critical set of a b-symplectic
manifold and folded-symplectic manifold to a toric action in the neighbourhood of the critical
set Z. Thus obtaining global action-angle coordinates. For certain compact extensions of this
neighbourhood we obtain global action-angle coordinates on the compact manifold. In doing
so, we explore obstructions for the existence of global-action angle coordinates which lie on the
critical set Z.
For a global toric action which we combine with the finite group transversal action given by the
cosymplectic structure on Z to produce an example of integrable system on any b-symplectic/folded
symplectic manifold with toric symplectic leaves on the critical set.
By doing so, we explore the limitations that this construction has to admit an extension to a
global toric action and thus admit global action-angle coordinates. This limitation lays on the
topology of the critical set Z which can be an obstruction for the global existence of action-angle
coordinates. In other words, this construction admits global action-angle coordinates if and only
if the toric structure of the symplectic leaf of the critical set Z extends to a toric action of the bsymplectic/folded symplectic manifolds. Toric symplectic manifolds are well-understood thanks
to [17] and [15].
In this section we will need to following lemma (which is Corollary 16 in [17]):
Lemma 23. Let (M 2n , Z, ω) be a b-symplectic manifold with a toric action and L a symplectic leaf of Z.
Then Z ∼
= L × S1.
Let L be a toric symplectic manifold of dimension 2n − 2 and let F = (f2 , . . . , fn ) be its moment
map.
We know from Delzant’s theorem [8] that the image of F is a Delzant polytope. From the definition of moment map the components of F Poisson commute and are functionally independent
so they form an integrable system on L. Consider now φ be a symplectomorphism of L which is
equivariant with respect to the toric action and let Z = L × [0, 1]/ ∼ be the cosymplectic manifold
associated to it. Extend the integrable system on Z to an integrable system on Z just by observing
that by hypothesis the toric action commutes with the symplectomorphism defining the cosymplectic manifold. Observe that the integrable system F on the leaf extends to Z only if Z is a
product or F is invariant by the monodromy. Denote by (α, ω) the pair of 1 and 2-forms associated to the cosymplectic structure i.e, ω restricted to the symplectic leaves defines the symplectic
structure on Z and α is a closed form defining the codimension one symplectic foliation.
Following the extension theorem (Theorem 50 in [16]) we consider now the open b-symplectic
manifold U = Z × (−, ) with b-symplectic form,
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df
∧ π ∗ (α) + π ∗ (ω)
f

where π : U → Z stands for the projection in the first component of U , Z and f is the defining
function for the critical set Z.
Consider the map F̂ = (c log(t), π ∗ (f2 ), . . . , π ∗ (fn )) on with c the modular period of Z where
we abuse notation and we write the components on the covering L × [0, 1] of the mapping torus
Z.
In this section we prove,
Theorem 24. The mapping F̂ = (c log(t), π ∗ (f2 ), . . . , π ∗ (fn )) defines a b-integrable system on the open
b-symplectic manifold Z × (−, ) thus extending the integrable system defined by the toric structure of L.
The toric structure of L extends to a toric structure on the b-symplectic manifold Z × (−, ) if and only if
the cosymplectic structure of Z is trivial, i.e., Z = L × [0, 1].
Proof. Observe that the functions f2 , . . . , fn define an integrable system on the cosymplectic manifold Z as the gluing symplectomorphism that defines the mapping torus commutes with the torus
action defined by F . So this torus action descends to the quotient Z and the functions fi are welldefined on the mapping torus Z. From the definition of b-symplectic form the projection π is a
Poisson map and thus {π ∗ (fi ), π ∗ (fj )} = {fi , fj } = 0 for all i, j ≥ 2. Observe also that functional
independence on a dense set W of L, of the functions f2 , . . . , fn on L (a factor of U ) together with
the functional independence of the pure b-function c log(t) from the functions π ∗ (f2 ), . . . , π ∗ (fn )
implies the functional independence on the dense open set W × I with the product topology.
Furthermore, the Poisson bracket {c log(t), π ∗ (fj )} = 0 from the expression of b-symplectic
structure. Thus the system F̂ defines an integrable system on Z × (−, ).
To conclude observe that the action-angle coordinates associated to the global toric action on L
extends to Z (and thus to a neighborhood Z × (−, ) if and only if the action extends to a toric
action. We now use Lemma 23 above to conclude that the toric structure extends to Z if and only
if the mapping torus is trivial, i.e., Z = L × [0, 1]. This ends the proof of the theorem.

Observe that given any cosymplectic compact manifold Z, then following the construction from
Example 19 in [16], Z × S 1 admits a b-symplectic structure simply by considering the dual bPoisson structure (where π is the corank regular Poisson structure associated to the cosymplectic
structure and X is a Poisson vector field transverse to the symplectic foliation in Z as it was proved
in [18]). The function f is a function vanishing linearly. The critical locus of this b-Poisson structure
has as many copies of the original Z as zeros of the function f .
Π = f (θ)X ∧

∂
+π
∂θ

The theorem above admits its compact version:
Theorem 25. The mapping F̂ = (c log(f (θ)), π ∗ (f2 ), . . . , π ∗ (fn )) defines a b-integrable system on the
b-symplectic manifold Z × S 1 thus extending the integrable system defined by the toric structure of L. The
toric structure of L extends to a toric structure on the b-symplectic manifold Z × S 1 if and only if the
cosymplectic structure of Z is trivial, i.e., Z = L × [0, 1].
As a corollary we can detect situations in which the topological obstruction to global existence
of action-angle coordinates lies in the non-triviality of the mapping torus defined by the critical
set Z.
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Theorem 26. Any b-integrable system on b-symplectic manifold extending a toric system on a symplectic
leaf of Z does not admit global action-angle coordinates whenever the critical set Z is not a trivial mapping
torus Z = L × [0, 1].
Below we show an example of a b-symplectic manifold M of dimension 6 an admits some bintegrable system which is not toric even though the leaves on the critical hypersurface are toric.
Observe that the b-integrable system cannot define a toric action (and thus admit global actionangle coordinates) because of the topological structure of Z.
Example (Topological obstruction to semi-local action-angle coordinates). Consider a product of
spheres S 2 × S 2 with coordinates (h1 , θ2 , h2 , θ2 ) and standard product symplectic form ω = dh1 ∧ dθ1 +
dh2 ∧ dθ2 . The map
ϕ : S 2 × S 2 −→ S 2 × S 2
(p, q) 7−→ (q, p)
ϕ2

is a symplectomorphism satisfying that
= Id. The induced map in homology swaps the generators of
2
2
2
2
∼
H2 (S × S ) = H2 (S ) ⊕ H2 (S ). This shows that ϕ is not in the connected component of the identity,
since this would imply that induced map in homology would act trivially [26, Theorem 2.10]. Thus, the
mapping torus with gluing diffeomorphism ϕ cannot be a trivial product S 2 × S 2 × S 1 .
The pair of functions F = (f1 , f2 ) = (h1 + h2 , h1 h2 ) are invariant with respect to ϕ and hence descend
to the mapping torus. Furthermore, they define an integrable system in S 2 × S 2 , since they clearly Poisson
commute and satisfy that df1 ∧ df2 = (h2 − h2 )dh1 ∧ dh2 6= 0 almost everywhere. In particular, by Remark
7, any b-symplectic manifold with critical set Z admits a b-integrable system. However since the critical
hypersurface is not a trivial product, any b-integrable system will not be toric in a neighborhood of Z.
By the discussion before Theorem 25, we know that we can realize this cosymplectic manifold N as a
connected component of a critical hypersurface of a compact b-symplectic manifold diffeomorphic to M =
N × S 1 . Any b-integrable system in M will not be toric even in a neighborhood of Z.
Observe that with the magic of the desingularization trick we obtain examples of folded-integrable
systems without global action-angle coordinates just by applying Theorem 26 and the behaviour
of torus actions under desingularization studied in [20].
Theorem 27. Let F be a folded integrable system obtained by desingularization of a b-integrable system,
if the critical set Z of the original b-symplectic structure is not a trivial mapping torus, then the folded
integrable system F does not admit global action-angle coordinates.
Let us finish this article with a couple of concluding remarks:
• For symplectic manifolds the obstructions to global action-angle coordinates started with
Duistermaat in his seminal paper [10] where Duistermaat related the existence of obstructions to the existence of monodromy which in its turn was naturally associated to the existence of singularities.
In this article we have concluded that for a singular symplectic manifold there are topological obstructions for existence of global action-angle coordinates that are detectable at
first sight: The critical set Z has to be a trivial mapping torus Z = L × [0, 1] thus the
existence of monodromy associated to this mapping torus is also an obstruction.
• Furthermore, the existence of action-angle coordinates yields a free action of a torus in
the neighbourhood of a regular torus action thus the existence of isotropy groups for the
candidate of torus action defining the system, automatically implies that the locus with
non-trivial isotropy groups is singular for the integrable system. The same holds for a
sub-circle. In particular:
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Corollary 28. Let F be a b-integrable system on a b-symplectic manifold and denote by T the union of the
exceptional orbits of the S 1 -action described in Proposition 19. Then the system has singularities at the set
T.
Thus not only the topology of the critical set Z yields an obstruction to existence of global
action-angle coordinates but it also detects singularities of integrable systems. In particular along
the exceptional orbits for the transverse S 1 -action given by Proposition 19. This motivates us to
study singularities of integrable systems on singular symplectic manifolds, study which we will
pursue in a different article.
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