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The paper describes a numerical approach to represent cracking along non-pre-established di
rections, in 2-D structures or domains of quasi-brittle materials such as concrete or rock. The
approach is developed on the basis of the FEM with zero-thickness interface elements, combined
with the principles of Configurational Mechanics. Interface elements are pre-inserted along all
potential crack lines in the mesh, and are equipped with a plasticity-type fracture mechanicsbased constitutive model that incorporates fracture energies in mode I and IIa as constitutive
parameters. Once an interface element starts cracking, an iterative re-orientation process is
triggered according to the direction of configurational forces. After that process has converged,
the interface orientation becomes fixed and the surrounding nodes are relocated to preserve mesh
quality. The overall procedure developed has the main advantages of a fixed mesh topology
(constant number of nodes) and a crack re-orientation criterion based on the minimization of the
overall structural energy, as implied by the definition of configurational forces. Various examples
of application are presented in which cracks get re-oriented during calculations. The results show
good agreement with the crack paths known by symmetry considerations or experimental results,
thus illustrating the good performance of the approach proposed.

1. Introduction
Modeling of crack initiation and propagation is of paramount importance in several Engineering fields such as Structural,
Geotechnical, Mechanical, and recently also Petroleum Engineering. In recent decades, abundant literature has been published on the
subject and considerable progress has been made in the representation of cracking and fracture using the Finite Element Method
(FEM). In spite of that, the accurate and realistic prediction of crack initiation, propagation, and especially, crack trajectories, still
constitutes a major challenge [1–5].
Early FEM implementations for crack representation were traditionally classified into smeared and discrete approaches. Smeared
crack approaches, originally attributed to Rashid [6] were based on the use of classical continuum elements with nodal displacements,
and included any opening/sliding of the discontinuities in an averaged manner within the continuum deformations. The cracking laws
were considered part of the continuum constitutive laws with softening; “fixed crack” and “rotating crack” models are early examples
of that representation [7]. The smeared approach had the advantage of a fixed mesh; however, a number of mathematical problems
were soon identified such as a pathological mesh dependency and lack of uniqueness of the solution, or difficulties of the standard
continuum elements to represent localized opening/sliding not aligned with the element sides, leading to unrealistically “thick” and
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stiff crack bands. A number of regularization techniques were proposed as remedies, such as the crack band model, non-local con
tinuum, Cosserat continuum, gradient plasticity, or gradient damage [8–14]. However, although some of these methods have been
shown to accomplish their main purpose of regularization, in general require sufficiently dense meshes in the zones subject to damage
and fracture, the location of which is not generally known a priori. In recent years the phase-field approach has emerged as a powerful
alternative [15,16,1]; however, this technique also seems to require denser meshes in the fracture zones [4,17] of location not
necessarily known a priori, which in a general loading situation may imply the use of remeshing procedures [17–19].
The discrete crack approach, on its side, often attributed to Ngo and Scordelis [20], represents cracks explicitly by duplicating
nodes and leaving the crack faces as free boundaries or, later (and more conveniently in case of crack closure or friction/sliding) by
inserting zero-thickness interface elements [7]. The cracking criterion may be based on the LEFM theory [e.g. 21] or, more generally,
on a cohesive law such as the Fictitious Crack Model (FCM) [22] or on generalizations of it using the normal and shear stress tractions
in the form of a constitutive law for the cohesive interface elements [e.g. 23,24,25,26]. The original discrete approaches were linked to
LEFM and implied continuous re-meshing in order to be able to represent, at least approximately, the singular stress state at the crack
tip [21, FRANC code]. Later, however, with the use of zero-thickness interface elements, the option was developed of pre-inserting
interface elements along the expected crack path if that is known a priori [7], or otherwise along all potential crack trajectories
[27–30]. This would provide certain freedom for the crack to propagate, but has two shortcomings: (1) the increase in the number of
nodes due to the systematic pre-insertion of interface elements, and (2) the restrictions of potential crack trajectories to the original
mesh lines. The first problem is addressed by some authors by starting with a classical continuum mesh, resolving the stress tractions
transmitted across neighbor elements and inserting the interfaces only when those stress tractions exceed the strength [31]. However,
this requires quadratic elements, stress tractions can only be estimated easily at the middle nodes of each mesh line, and implies
topological changes during the analysis. The second problem can be mitigated by using a proper meshing strategy that would include
the main potential crack paths in the mesh, something that may be easier in some cases (e.g. if there is a material microstructure with
known weakness planes/lines), but not so trivial in the general case. Developing an efficient method for crack propagation with nonpre-established trajectory is one of the main motivations of the work described in the present paper.
In recent years, a variety of other methods not clearly included in the smeared or discrete crack approaches have been also pro
posed, such as meshless methods, EFEM, XFEM, etc. [32–40]. Most of them reproduce some of the shortcomings of the smeared
approach, that is, either the kinematics of localized deformation is not explicitly considered and its representation via continuum
deformations requires very fine meshes in the areas of interest, or it is considered only internally within each element, therefore
requiring external artifacts such as “tracking algorithms”, understanding as such the procedures not based on fundamental mechanics
principles, which are intended to make discontinuities compatible across elements. Perhaps the most salient exception to these ob
jections is the eXtended Finite Element Method (XFEM) in which the continuum deformation field represented by standard
displacement formulation of the FEM is enriched with additional nodal variables with the meaning of displacement jumps, which are
then interpolated with a discontinuous shape function defined only for the elements crossed by the discontinuity. The method,
originally proposed by Möes et al. [41] has the advantage of representing fractures without the need of modifying the underlying mesh
topology. A restricted version of XFEM for geomechanical applications has been proposed with multiple interacting but a priori fixed
discontinuities, as it would correspond to the most relevant fractures found in a geological domain [42], and some key aspects of
interpolation functions have been discussed in [43]. XFEM has also been used to simulate crack propagation, see e.g. [44,36,45,46]
although the crack tip representation adds complexity in terms of the enrichment functions which have to include a singularity and
may require special integrations techniques for the elements involved [47,48]. In the case of multiple discontinuities, each one of them
requires one set of enrichment variables for the elements crossed, plus one additional set of interaction variables per each pair of
crossing discontinuities, in the elements crossed by more than one intersecting discontinuity. If n is the number of unknowns per
regular node, this means n extra additional unknowns for nodes of elements crossed by one discontinuity, 3n extra for nodes of ele
ments crossed by two intersecting discontinuities, etc. [49]. Additional difficulties come from the required intersections of the XFEM
discontinuity surface with the underlying mesh and the subsequent element subdivision for integration. This intersection may produce
small badly shaped sub-elements that have been related to significant oscillations in the results, and generally require mesh corrections
to either move close nodes away from the discontinuity or move them on top of it [43]. All that requires considerable bookkeeping and
makes XFEM not trivial to implement for the general case with multiple propagating and potentially intersecting cracks, which in
general would imply continuous changes in the number of variables for each node and the subsequent information to store/update.
These complexities and possible remedies have been reported in XFEM literature [50–52].
With the general objective of developing a 2D crack propagation approach with no preestablished trajectories, another essential
ingredient is the criterion for crack propagation and, especially, for crack propagation direction. As already mentioned, most of the
existing procedures rely on local criteria at the cracking point, such as direction perpendicular to the maximum tensile stress [53–56].
However, Fracture Mechanics (FM) principles imply that the energy dissipated at crack sites comes mainly from elastic energy released
by stress unloading in the surrounding areas. One powerful way to introduce those concepts in standard FE analysis may be achieved
by means of Configurational Mechanics (CM), which is concerned with the overall elastic energy changes due to changes in the
material configuration (i.e. the original geometry of the structure/domain). Applied in the FEM context, configurational forces may be
interpreted as vectors indicating the direction in which the coordinates of each node should be moved, in order to maximize or
minimize the change of the overall elastic energy of the structure. These forces are defined as derivatives of the elastic energy with
respect to the initial position of the node (“configuration”), and their calculation involves an integral over the elements of the so called
Eshelby pseudo-stress or energy-momentum tensor [57]. The concept has obvious application for fracture propagation, since
configurational forces at the crack tip will indicate the direction in which that point should be moved (i.e. in which the crack should
propagate) to maximize the overall elastic energy release. This idea, which has already been proposed and, to some extent also
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developed, in the literature [58–61,2,15,62], seems the ideal way to provide the necessary (but often missing) energetically consistent
criterion for crack propagation direction.
Based on the above considerations, a new model for 2-D fracture analysis is proposed in which crack initiation and propagation,
including propagation direction, are not necessarily pre-established. The model is developed on the basis on the existing approach of
pre-inserting zero-thickness interface elements along the expected crack path, or if that path is not known, inserting interface elements
along a sufficient number of possible alternative crack paths, so that the crack(s) will get initiated during the calculations depending on
local stress and boundary conditions. Once a crack has started to open, a procedure based on the configurational forces is established so
that the corresponding interface element may get re-oriented to approach the actual physical direction of the crack. In this way, mesh
topology (including number of nodes) is not changed during the re-orientation process, yet crack trajectories will evolve so that global
structural energy will be minimized.
The content of the paper is organized as follows: after this introduction, Section 2 discusses the basic concept of configurational
forces and Section 3 their physical meaning in the context of fracture mechanics and FEM calculations with cracks represented via zerothickness interface elements. Section 4 describes the numerical implementation of the method including the procedures for interface
realignment, as well as other numerical procedures involved such as mesh relaxation, variable transport and a new iterative strategy
based on constitutive dissipation. Section 5 includes various examples of application showing the good performance of the approach
developed and, finally, Section 6 contains some concluding remarks.
2. Basic concepts of configurational mechanics and interpretation of configurational forces
In the context of a general, large-strain formulation of the FEM, global elastic energy is a function of original location X as well as
final node position after deformation X, i.e. ψ (X, x), and configurational nodal forces are generally defined as the negative gradient of
energy with respect to the original node locations (at constant x):
⃒
⃒
̂f = − ∂ψ ⃒
(1)
∂X⃒x=const.
Developing this equation within the standard framework of a displacement-based large strain formulation of the FEM [63,64],
configurational nodal forces may be expressed as:
∫
̂f =
̂ T ΣdΩ
B
(2)
Ω

̂ is the non-symmetric version of the traditional “B” matrix in the FEM [65], and Σ is the “configurational stress” provided by
where, B
Eshelby’s energy-momentum tensor [57]:
(3)

Σ = WI − FT P

In the above equation, W is the elastic energy per unit volume of the undeformed configuration, F the deformation gradient and P
the first Piola-Kirchoff stress. A similar expression may be obtained in small strains
∫
̂f =
̂T̂
B
σ dΩ
(4)
Ω

where the small-strain configurational stress has the following expression [64],
(5)

̂
σ = WI − FT σ
where FT in small strain theory Fji =

(

∂uj
∂Xi

)
+δji .

The method implemented basically consists of “moving” the nodes (changing their coordinates) by certain magnitude along the
directions indicated by configurational forces and, once moved, reevaluate configurational forces and repeat the process iteratively
until convergence. Node relocation is obviously subject to some restrictions, such as for instance boundary restrictions not to change
the domain geometry, as explained in Section 4.
3. Configurational forces and zero-thickness interface elements
In the current implementation, cracks are represented via zero-thickness interface elements [66–68] that can be re-oriented along
the most favorable directions for crack opening/extension.
These elements are equipped with an existing fracture-based elasto-plastic constitutive law originally conceived to describe
cracking in quasi-brittle materials such as concrete, rock, ceramics, ice, bone tissue, etc. [24,25]. The constitutive law is briefly
outlined in the following; a more detailed description may be found in [24,25]. The elastic part of the interface response is controlled
by normal and tangential stiffness coefficients KN, KT. Plastic behavior is based on a hyperbolic cracking surface which depends on
three basic parameters: tensile strength χ , cohesion c and internal friction angle φ (Fig. 1a), according to the following expression:
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F(σN , σT ) = − (c − σ N tanϕ) +

√̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
)̅
(
(σ T )2 + (c − χ tanϕ)2

(6)

The cracking surface evolves with a single history variable defined as the work dissipated in fracture processes, Wcr. In tension, the
increments of Wcr are assumed equal to the increments of plastic work, while in compression only to the increments of shear work
excluding basic friction. The surface evolves from the initial configuration shown in Fig. 1a, to a hyperbola going through the origin
(no tensile strength) when , Wcr = GIf , and then the apparent cohesion starts to decay to the limit configuration of a pair of straight

I
IIa
frictional lines when Wcr=GIIa
f . Model parameters Gf and Gf correspond to the classical fracture energy in mode I, and to a second
asymptotic mode II, or mode IIa, shear fracture energy under high compression and no dilatancy allowed. A typical stress-opening
curve obtained for uniaxial tension is shown in Fig. 1b. More details of the formulation, numerical implementation and further ex
amples under mixed-mode loading, may be found in [24,25].
Note that in the FEM approach to fracture using interface elements pre-inserted along all potential cracks (“FEM+z” approach), the
interface elastic stiffness may be generally interpreted not as a physical parameter but as a penalty coefficient necessary to obtain the
stress tractions along the interface plane, and for this reason (and in order not to introduce unrealistic spurious deformability along all
mesh lines), very high stiffness values are typically used. A very high stiffness value causes elastic energy stored in the interface el
ements to be negligible in comparison to the elastic energy stored in the continuum elements and also in comparison to the fracture
energy consumption upon crack opening (e.g. shaded area in Fig. 1b, in comparison to total area under the curve, GIf ). This fact is

relevant to the calculation of configurational forces (gradient of elastic energy), because then those forces can be calculated on the
basis of the elastic energy which is stored in the continuum elements only, Wel:
∫
1
Wel =
wdΩ, where w = σ : ε
(7)
2
Ω

Another peculiarity of FEM+z meshes is that they contain many duplicated/multiple nodes at the same location, as shown sym
bolically in Fig. 2a (in which interfaces are represented with a certain thickness and nodes are not coincident for clarity, but typically
thickness is zero and all nodes at the same location really overlap each other). The group of nodes at the same location may be called a
“cluster”. In the implementation developed, the configurational forces of all the nodes in a cluster are summed to obtain the net
configurational force that indicates the direction in which the cluster should be moved to decrease global elastic energy. For simplicity,
when solving the configurational problem, an equivalent cluster mesh is generated without multiple nodes (Fig. 2b). In this way, the
net configurational force is calculated over clusters and also location rearrangement is determined for clusters and later this infor
mation is transported to the nodes.
The sum of the configurational forces of all nodes in a cluster, and the subsequent movement of the cluster as a single entity in the
interface re-alignment process, may also be interpreted from the configurational mechanics viewpoint. In a linear equation system,
summing the forces of two nodes is the conjugate operation to the assumption that the corresponding displacements have to take the
same value, i.e. they are the same variable. In this case, all nodes in the cluster will be moved together, so their configurational ki
nematic variables (coordinate change) will be the same and therefore the corresponding conjugate forces have to be summed.
Configurational forces of opposite nodes in an interface represent energy changes associated to node relocation in the surrounding
continuum on each side of the interface. If considered separately, some of those force components correspond to nodal relocations
incompatible with the physical nature of the interface, for instance the no-interpenetration condition. Summing the cluster

Fig. 1. (a) Hyperbolic cracking surface defined by three parameters. tensile strength χ , cohesion c and internal friction angle φ, which will evolve
with energy dissipation; (b) resulting constitutive response in uniaxial tension, where the shaded area represents the elastic energy at peak (very
small due to the high value of elastic stiffness).
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Fig. 2. (a) Typical FEM+z mesh, where zero-thickness interface elements are represented with no-zero-thickness only for clarity and to be able to
visualize individually the various nodes at each cluster. (b) Equivalent mesh without interface elements using clusters instead of traditional nodes.

components, those unphysical components cancel out, leading to a configurational force resultant on the cluster that could be
interpreted as the directions in which the cluster as a whole should be moved, so that, after the resulting interface re-alignment, the
energy release from the continuum surrounding the interface upon the same nodal displacement field (that is when that interface starts
to open or slide), should be maximized.
4. Numerical implementation
As already mentioned, the main objective of the research described in this paper is to develop a method for crack realignment in the
context of the general approach of FEM+z (FEM with zero-thickness interface elements pre-inserted in the mesh), in order to ultimately
represent fracture development along non-pre-established paths in 2-D. It is well known that configurational forces are closely related
to discretization error [63,64], and for this reason quadratic elements are going to be used in this implementation to reduce this error;
however, element edges will be assumed straight to simplify the re-orientation process. Therefore, the initial mesh will include
quadratic interface elements equipped with a fracture-based constitutive law, and in general their initial orientation will not corre
spond to the optimal/physical crack directions. As loading increases and one or more interface elements start to open (onset of
cracking), an iterative re-orientation procedure will be initiated for those elements. This procedure conceptually constitutes an outer
loop to the classical iterative loop for “deformational” analysis (material or geometrical non-linearity), i.e. only after the classical
iterative process has converged, configurational forces are evaluated and the corresponding node locations may be changed. In
general, the configurational forces obtained in this way may be non-zero for many nodes of the mesh. However, some of the mesh
nodes should be considered as “configurationally prescribed” and not be relocated even if their configurational forces are non-zero,
and for the remaining nodes a selective strategy for node re-location has been designed for computational efficiency, as explained
below.
The first obvious set of nodes that should be configurationally prescribed is the boundary nodes, since the configurational forces for
those nodes simply indicate the obvious fact that changing the domain shape/size might change the overall elastic energy (boundary
nodes can in fact move along the boundary without modifying the domain; this partial restriction is considered later in the section). A
second set of nodes that may be excluded from relocation (in spite of non-zero forces) is that of nodes not related to interfaces, or
related to interfaces that remain closed. This is, in order to discriminate the energy changes, due to physical configurational changes
(such as crack propagation) from those due to the “background noise” associated to discretization errors. A more detailed discussion on
this particular aspect may be found in [63,64]. Finally, configurational changes are not permitted either for nodes that belong to
interfaces that started cracking at earlier stages of the loading, and therefore their current location is already the result of some
previous reorientation procedure. With all the above exclusions, the only nodes subject to potential relocation during configurational
iterations are those corresponding to interface elements that have started cracking during the current load increment, and that do not
belong at the same time to interfaces that were previously cracked.
On the other hand, practical implementation has shown that allowing a general reallocation of many nodes simultaneously may
lead to lack of convergence of the configurational iterative process. This is why, in order to achieve a progressive configurational
change, in the implementation developed it is not considered to relocate nodes that belong to more than one consecutive interface
elements at the same time. Two interfaces are considered consecutive interfaces if they are connected to the same cluster (i.e. they may
open one after the other in the context of a single propagating physical crack). In order to avoid that situation, if more than one
consecutive interface would be starting to open during a given load increment, that load increment would be discarded, the load factor
would be reduced and the calculation of the increment would be re-initiated. This process would be repeated until no more than one
consecutive interface element would be opening during the same load increment (although more than one interface are allowed if they
are not consecutive).
5
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Note that, in general, progressive realignment of interface elements approaching the correct direction of physical cracks, may lead
to crack initiation/propagation loads which might be lower for subsequent iterations until they become lowest when the orientation
becomes optimal. Note also that the FEM+z analysis performed at each configurational iteration may exhibit snap-back depending on
geometric configuration and parameter values. In order to cope efficiently with all those possible situations, an indirect displacement
control (IDC) method may be required. This need, and the fact that the fracture-based interface element employed is governed by an
energy-based history variable, has motivated the development of an IDC procedure based on energy dissipation, in which the external
load factor is not fixed but is allowed to change during the iterative process. The detailed description of this IDC procedure may be
found in [63,69].
During configurational changes the mesh may become distorted, or even entangled. This is why it may be convenient to limit the
magnitude of the configurational changes for each iteration, and also to accompany the re-orientation process with some mesh
improvement techniques. In the approach developed, a simple “mesh relaxation” algorithm capable of relocating the nodes around the
interfaces just realigned, has been implemented. This procedure, which is explained below in more detail, is convenient to keep the
mesh elements in regular shape and, in some cases, (such as the one presented in example 5.2, Fig. 21), to avoid mesh entanglement
and element folding/overlap. Also, after changing nodal coordinates, it is necessary to map the values of displacements (and any other
nodal variables), at the new node locations. This is the case for all the nodes which have been relocated, either due to configurational
forces directly, or during the subsequent mesh-relaxation steps.
By definition, configurational forces ̂f indicate the direction in which nodes should be moved so that the whole structure or domain
experiences the fastest decrease in elastic energy. Therefore, the first and simplest “tangential approach” to modify nodal coordinates
consists of moving the nodes of interest in the direction indicated by ̂f , i.e.:
(8)

Xnew = Xold − α̂f

where α is a constant with a small value that is used to obtain the new nodal coordinates (Xnew) on the basis of the previous nodal
coordinates (Xold) and the configurational forces (̂f ). Some authors in the literature have used this technique in the context of mesh
optimization in elasticity, on the basis of the idea that the optimal mesh geometry is the one that provides the lowest elastic energy
[2,65,70].
This simple method, however, cannot be applied directly to the present case of fracture using FEM+z. Configurational forces based
on elastic energy of the continuum elements will certainly indicate the direction in which crack should be extended to obtain the fastest
decrease of elastic energy in the surrounding continuum; however, crack propagation will be subject to additional conditions such as
the correct energy consumption per unit length (or area) of new crack that, according to Fracture Mechanics, needs to be dissipated. In
this case, this should be guaranteed by the constitutive law of the zero-thickness interface elements, which incorporates this energy
calibration via history variable Wcr and fracture energy parameters GIf and GIIa
f . Note that only interface elements which are cracking
for the first time are being re-oriented, and that, as it will be explained below, just after that the calculation of the latest relevant load
increments is repeated with the new interface orientation. In this way, it is ensured that when the re-orientation process has converged
the dissipation consumed due to fracture is the same as if the interface elements would have been correctly oriented from the beginning
of the calculation, i.e. all the energy dissipated in the fracture process is accounted for by the underlying FEM+z analysis. According to
those ideas, the three-step procedure described below and shown in Fig. 3 has been implemented. Note that this procedure only in
volves nodes connected to interface elements starting to crack in the current load increment, i.e. it does not include any node connected
to interface elements already cracked in previous load steps:
a

a

1. The configurational force ̂f at cluster “a” is projected on the direction normal to the initial interface element to obtain ̂f N .

Fig. 3. Scheme of the procedure for nodal relocation of an interface element. Dashed lines represent initial mesh lines, and solid lines represent final
mesh lines.
6
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2. From this vector, only the fact that it points to the right or left of the original (dashed) interface line is retained, and the new
interface line (solid) is then established by rotating the original interface line around its fixed end (point in which it connects to a
a
previously open crack) by a given (small) angle Δθ in the direction indicated by ̂f (in the current implementation Δθ = 1 degrees).
a
Note that, if the angle is small, this is equivalent to applying Eq.8 with ̂f = ̂f N and the appropriate value of c = c(Δθ), which leads to
a preliminary relocation of cluster “a” from original point “0” in Fig. 3, to point “2” in the same figure:
a
Xnew = Xold − ̂
α (Δθ)̂f N

(9)

3. In order to reduce potential mesh distortion, the final interface element length is shortened slightly so that the final location of
cluster “a” is point “3” in the figure (point from which the normal to the new direction leads to the original cluster location point
“0”).
a

Only for comparison, note that if Eq. (8) would have been applied directly with the original configurational forces ̂f and a certain
̂ (Δθ), the final location for cluster a would have been for instance point “1′′ in the same Fig. 3.
tentative (small) value of α = α
It has been already mentioned that unless action is taken, the quality of the mesh may be degrading as the configurational process
advances and the clusters progressively change their location. This is why a mesh relaxation strategy has been also implemented,
which is performed after each step of the configurational process. Various techniques for mesh improvement with different degrees of
sophistication exist in the literature, e.g. [71,72]. In this case, however, a simpler iterative strategy has been implemented to make
mesh geometry more regular around each of the clusters moved during the configurational step and avoid ill-shaped continuum el
ements such as needle-type or “folded” elements during the crack reorientation (Fig. 4). The mesh relaxation procedure implemented is
schematized in Algorithm 2, and summarized in the following: (a) a list is created with the clusters moved during the present
configurational iteration or “configurational clusters”; (b) the clusters or nodes surrounding each of those are identified, in the current
implementation this is done till the second layer (Fig. 5a); (c) for each of those clusters/nodes, the list of directly connected clusters/
nodes is also identified, and its coordinates are set equal to the average of those connected clusters/nodes. Each of the clusters/nodes
surrounding a “configurational cluster” are moved one after the other according to the procedure (c). The procedure is performed
sequentially for each cluster of the configurational list, and then the whole process is repeated two or three times until no further
changes are obtained in cluster locations, which leads to an improved mesh such as the one shown in Fig. 5b. Note that, as described,
the above relaxation strategy is only applied to nodes/clusters which are configurationally free. This excludes the nodes/clusters
located on the domain boundary and the nodes/clusters shared by interface elements that had already started cracking in previous
configurational steps (Fig. 5a). The latter are considered totally fixed, but the former (boundary nodes/clusters) can be in fact allowed
to move along the domain boundary. The practical benefits of this option is explored in example 5.2 in the following section.
Once the newly opening interfaces have been re-oriented and the surrounding mesh relaxed, the calculation needs to be restarted at
a previous loading step. As previously explained, this is because, with a more favorable orientation, interfaces are likely to start
opening at a lower external loading level, and therefore the last loading increment might need to be discarded. In the current
implementation, the previous point in history to restart the calculation after each mesh re-orientation is the last previously converged
configurational step, all the information of which needs to be properly stored in a configurational restart file.
However, before re-starting the calculation, the initial values of nodal variables for those nodes/clusters which have been moved,
will need to be transported from their old to their new locations. Regarding Gauss point variables within elements, such as stress, strain
or internal variables, in principle they would also need to be transported, although this is not necessary in case of linear elasticity since
one can re-calculate strain from nodal displacements and subsequently also stress.
Fig. 6 illustrates the nodal transport process. The old mesh is represented in dashed lines, and the new one in solid lines. A node/

Fig. 4. Crack reorientation without mesh relaxation procedure. (a) original mesh configuration with initial crack path (in blue) and regular
triangular continuum elements; (b) final mesh configuration after crack relocation (represented by red lines). The procedure of crack path
realignment without an algorithm of mesh relaxation can cause ill-shaped elements such as the one colored in yellow. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 5. Mesh relaxation procedure. (a) original mesh with cluster to be relocated during configurational iterations marked as a hollow red dot, and
surrounding element layers “1′′ and “2”; (b) final mesh configuration after configurational iterations and subsequent mesh-relaxation algorithm
(original configuration represented by dotted lines). (For interpretation of the references to color in this figure legend, the reader is referred to the
web version of this article.)

cluster represented with a hollow red dot in the old mesh, has been relocated to the solid red dot in the new mesh. The element in the
old mesh which contains the new location of that cluster/node has to be identified and the local coordinates of that point need to be
determined. Once this has been accomplished, it is immediate to interpolate nodal variables to the new locations with standard shape
functions and nodal values corresponding to the old mesh configuration.
The overall scheme implemented for crack re-orientation based on FEM+z and configurational mechanics, is summarized in the
Algorithm 1 scheme. Note that in this scheme, and for programming convenience reasons, the above-mentioned configurational outer
loop has been merged with the load increment loop by use of some “goto” statements.
A final note is added concerning the possible extension of this procedure to three-dimensions. All fundamental concepts used in the
approach and the algorithmic structure are equally valid in 3D, as well as most of the numerical procedures such as calculation of
configurational forces, mesh relaxation, variable transport, etc. Only some specific geometrical concepts such as consecutive interfaces
or procedures such as the node relocation strategy might require a new proper definition in the extended three-dimensional context.

Fig. 6. Mapping of the nodal variables onto new location. (a) original mesh in dotted lines and final mesh in solid lines, and (b) detail of new node
location (red point) on top of the old mesh for interpolation of transported variables. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)
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Algorithm 1.

Configurational mechanics algorithm

Input: Model parameters, problem geometry and boundary conditions
Transformation of “double/multiple nodes” into “clusters”
Initialize deformational increment, iincr = 0
1: for iincr = 1, nincr (Deformational Increment loop) do
2: Deformational increment convergence
3: Evaluation of configurational forces
4: Nodal configurational release (crack tip clusters)
5: Create a list of the new cracked interfaces
6: if consecutive interface elements have cracked1 then
7:
Repeat last deformational increment reducing load factor
8:
goto Deformational Increment loop
9: else
10:
for all selected free-clusters do
11:
if cluster not configurationally constrained then
12:
Change nodal coordinates:
a
13:
Xnew = Xold − ̂
α (Δθ)̂f
N

14:
List moved clusters
15:
if Configurational convergence reached then
16:
Fix moved clusters
17:
Mesh-relaxation + Mapping of nodal variables
18:
iincr = iincr + 1
19:
goto Deformational Increment loop
20:
else
21:
Release moved clusters
22:
Mesh-relaxation + Mapping of nodal variables
23:
Repeat deformational increment since last
24:
Configurationally converged Increment
25:
goto Deformational Increment loop
26:
end if
27:
end if
28:
end for
29: end if
30: iincr = iincr + 1
31: end for
1
Previously two lists must be created: The list of consecutive interfaces (interfaces connected to the same cluster) and the list of cracked interfaces able to be moved
in the current configurational step. Then, check that there are non-consecutive interface elements in the list of cracked interfaces able to be moved.

Algorithm 2.

Mesh Relaxation Subroutine

Input: List of moved clusters, geometry connectivities
1: for r = 1,nrepetitions do
2: for i = 1,ncluster do
3:
icluster = clusterList(i)
4:
CALL subroutine that identifies free clusters surrounding moved
5: icluster (until second layer) to calculate the arithmetic mean of
6: cluster coordinates:
x1 + x2 + ⋯xn
7:
x(icluster) =
n
8:
Assign new coordinate (x) to the corresponding cluster/nodes
9: end for
10: end for

Fig. 7. Boundary conditions of three-point bending test example.
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5. Examples
5.1. Three-point bending beam test with a single crack path
The first example of application to crack propagation is a 5 × 1 m three-point bending beam test represented in Fig. 7. It is a simple
and useful example to verify simulations of cracking along non-pre-established path because, due to symmetry, it is known that the
crack path should be vertical, along the plane of symmetry and starting from the bottom face of the beam. The initial mesh lines are
generated randomly, and if the process works correctly, the initially zig-zagging mesh lines should get realigned to this vertical crack
path.
Deformational boundary conditions consist of nodes at the lower vertices vertically constrained, and a node at the middle of the
upper face with horizontal displacements restricted. The loading is applied as a vertical displacement at the prescribed point and it has
an increasing value (Fig. 7).
The beam is discretized into triangular elements of quadratic order (Fig. 8). The configurational iterative procedure is adjusted so
that the change of interface orientation at each iteration does not exceed 1◦ , and the iterative strategy for the deformational iterative
procedure is the indirect displacement control based on fracture dissipation [69], with an automatic adjustment of the value of
dissipation constraint during the deformational increments. Due to the expected crack trajectory, and in order to deal with increasing
complexity more progressively, in this first example interface elements are pre-inserted along a single line zig-zagging around the
symmetry line of the beam (blue line in Fig. 8).
The continuum material is linear elastic (small strain), with elastic modulus E = 15000 MPa and Poisson’s ratio ν = 0.0. The
parameter values used for the fracture-based constitutive model are the following: normal and tangential elastic stiffness KN = KT =
107 MPa/m, friction angle tanφ = 0.7, tensile strength χ = 3 MPa, cohesion c = 6 MPa, fracture energy mode I GIf = 10− 2 MPa⋅m,
= 10−
fracture energy mode IIa GIIa
f

1

MPa⋅m and sigma at which dilatancy vanishes σdil = 30 MPa.

As expected, the crack is initiated at the center of the lower face of the beam and from there it propagates upwards. In Figs. 9 and 10
the final state of the beam is depicted, showing that the iterative configurational process succeeds in orienting the crack along the
correct vertical direction. In the figures, blue lines correspond to the zero-thickness interface elements which remain un-cracked and,
therefore, in the scheme implemented they have not triggered the process of moving nodes (although some of them may have changed
orientation if they share nodes with other interfaces already cracked, such is the case of the top interface in Figs. 9 and 10). Red lines
correspond to the interface elements that have started cracking, and therefore configurational forces may have moved them to an
optimal position.
Fig. 11 depicts two load-displacement curves for the same beam, the first one in blue corresponds to a calculation with the initial
mesh configuration fixed, which results in a distorted zig-zagging crack trajectory, and the other one in red has been obtained with the
crack realignment strategy leading to the vertical straight crack path. As it could be expected, the load-displacement curve obtained in
the second case exhibits a lower, more realistic peak and post-peak response. This is because in the final configuration interface el
ements are better oriented and therefore the crack initiates and propagates with lower applied load values.
5.2. Eccentric three-point beam bending test with one possible path
The second example consists of an eccentric three-point bending beam, where the initial notch is not aligned vertically with the
loading point of prescribed displacement at the middle of the top side of the beam [73,74]. The desired path must follow some inclined
line connecting the notch tip with the loading point, as depicted in Fig. 12.
The beam is discretized into triangular quadratic elements and the initial path trajectory is defined by twelve interface elements
that zig-zag from the tip of the notch until the loading point at middle top of the beam (Fig. 13). Material properties for the continuum
(assuming small strain and linear elasticity) are Young’s modulus E = 10000 MPa and Poisson’s ratio ν = 0.2 and for the interfaces are:
KN = KT = 105 MPa/m, tanφ = 0.7, χ = 3 MPa, c = 9 MPa, σdil = 50 MPa. For the fracture energies in mode I and IIa, in the first round of
3
calculations some relatively high values have been assumed (GIf = 102 MPa⋅m, GIIa
f = 10 MPa⋅m) in order to simulate perfect plasticity
and facilitate convergence. The remaining options are similar to the previous example.
At the end of the calculation process, interface elements are reoriented replacing the unlikely zig-zag path to a smooth and slightly
curved line trajectory, as seen in Figs. 14 and 15, where blue lines represent the interface elements still not cracked and red lines are the
ones that have already cracked and therefore may have been moved to the optimal position by configurational forces.
Load-displacement curves of Fig. 16 show that solving the problem with the fixed geometry provided by the initial configuration

Fig. 8. Initial configuration of the mesh and interface elements.
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Fig. 9. Configuration with interface elements realigned at the end of analysis.

Fig. 10. Deformed mesh at the end of analysis (magnification ×100).

Fig. 11. Three-point bending test load-displacement curves.

Fig. 12. Boundary conditions of eccentric three-point bending test example assuming d = 1 m.

leads to clearly higher loads than using the mesh with the interfaces realigned. In these calculations, load-displacement diagrams show
always- hardening curves due to the assumption of very high fracture energy which is equivalent to near-perfectly plastic interface
behavior.
11
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Fig. 13. Initial configuration of eccentric three-point bending test example.

Fig. 14. Final configuration of mesh and interfaces for the eccentric three-point bending beam.

Fig. 15. Deformed mesh and interfaces for the eccentric three-point bending beam (magnification ×10).

Fig. 16. Eccentric three-point bending test load-displacement curves obtained using a very large fracture energy value (GIf = 100MPa⋅m).
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Additional calculations have been run with identical parameters except for the fracture energies, which take lower, more realistic
values GIf = 0.01 MPa⋅m or GIf = 0.001 MPa⋅m and, in both cases. Results are depicted in Figs. 17–20. Figs. 17 and 18 show the final

crack geometry and deformed shape of specimen for each value of Gf. These results seem similar to the case of perfect plasticity
(Fig. 15). However, the crack paths are different, as it can be seen in Fig. 19, which shows that with perfect plasticity the crack tra
jectory near the tip follows a lower path, which turns out progressively higher for lower values of Gf. Therefore, an interesting
observation is that by means of the present approach one can evaluate the non-trivial influence of material parameters on crack
trajectory.
Fig. 20 shows the load-displacement curves corresponding to each value of Gf and the final crack geometry (in red), together with
the curves that would have been obtained for each value of Gf by using the original crack geometry (no reorientation, in blue). Crack
reorientation with the same Gf leads to lower peak load and lower peak deformations, which shows the benefit of the reorientation
strategy implemented. On the other hand, the effects of changing Gf are also clear, with lower peaks and softening curves (more brittle)
for lower Gf values, in contrast to the always increasing (hardening) curve obtained for perfect plasticity.
Finally, this example also shows that the mesh relaxation algorithm, which has been previously presented as a strategy to maintain
the mesh quality (Section 4), in practical cases may be completely necessary to achieve the right representation of the crack path. As
shown in Fig. 21, if only reorienting interface elements without the subsequent mesh relaxation process, reaching the crack final
trajectory (in red) would imply element folding due to the superposition of lines.
This example of the eccentric three-point bending beam has been also selected to verify an extension of the mesh relaxation
technique implemented, that consists of involving also the boundary nodes. As already explained, the boundary nodes have been
considered configurationally fixed, as a sufficient condition to ensure that node relocation would not affect the domain geometry.
However, strictly speaking the domain boundary could be equally preserved if those nodes (excluding domain corner nodes) would be
allowed to move along the boundary. To explore this possibility, the extension has been tentatively implemented and tested in the case
of this beam with the lower fracture energy value GIf = 0.001 MPa⋅m. As seen in Figs. 18 and 19, for this lower value of GIf the crack

would tend to develop more vertically, and because the boundary node could not move the line of interfaces would be progressively
stretched from the end of the open crack to this boundary point. As the result the configurational strategy could only proceed until the
crack has reached a point at two segments distance from the upper face of specimen. As a first approach to explore the effects of moving
nodes along the boundary, those nodes have been also included in the mesh relaxation procedure, and once their new location has been
computed, they have been projected back onto the boundary. The results of applying this strategy in this example, are shown in Fig. 22.
As seen in the figure, the movement of the boundary nodes along the domain boundary makes it possible the re-orientation and the
crack progression by one extra interface element, therefore till a point only one short segment away of the upper beam boundary.
5.3. Two-notch beam
The third example consists of the two-notch mixed-mode fracture beam originally tested by Nooru-Mohamed and van Mier at TUDelft [75], and also analyzed numerically in later studies [74] and [76]. The specific geometry and parameters used in the present
analysis have been extracted from [76]. Geometry and boundary conditions are depicted in Fig. 23. This example has been chosen in
order to verify the performance of the approach proposed in a case with simultaneous development of more than one non-consecutive
cracks.
The beam is discretized with quadratic triangular continuum elements, and the mesh is a little finer in the zone of interest (central
part of the beam between and around notches), see Fig. 24. From the experimental results of [76] it is known that for these conditions
two cracks are formed that start at the tip of the notch and grow towards the load/displacement application points. Consequently, two
zig-zagging lines of interface elements have been preinserted along mesh lines connecting the top and bottom notches on each side of
the beam ligament. Initially irregular paths have been selected to simulate the crack propagation (blue lines in Fig. 24), that should be
realigned during configurational iterations. The material model for the continuum is linear elasticity (small strain) with Young’s
modulus E = 30000 MPa and Poisson’s ratio ν = 0.18. The interface parameter values are: KN = KT = 108 MPa/m, tanφ = 0.7, χ = 2.7
− 3
MPa, c = 15 MPa, σ dil = 27 MPa and fracture energy mode I and IIa, GIf = 1.1 ⋅ 10− 4 MPa⋅m andGIIa
MPa⋅m.
f = 1.1 ⋅ 10

Fig. 17. Eccentric three-point bending test deformation with GIf = 0.01 MPa⋅m andGIIa
= 10GIf (displacement magnification ×10). final mesh
f
configuration and deformed shape.
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I
Fig. 18. Eccentric three-point bending test with GIf = 0.001 MPa⋅m andGIIa
f = 10Gf (displacement magnification ×10). final mesh configuration and
deformed shape.

Fig. 19. Eccentric three-point bending beam test. Comparison of final crack orientation path depending on Gf values.

Fig. 20. Eccentric three-point bending test load-displacement curves depending on Gf values.

During the iterations of the deformational/configurational analysis, the interface orientations and locations are modified, and the
resulting final deformed mesh is shown in Fig. 25 on the initial geometry, together with the area of cracking observed in experiments
[76]. In Fig. 26, the same results are depicted on the deformed geometry. Same as in previous examples, the interface elements which
have not reached cracking remain in blue color, while red lines correspond to those interface elements which have cracked. As shown
in the figure, the cracked interfaces have been realigned nicely to configure a pair of smooth curved wing cracks which embrace a
central bridge of solid material crossing the ligament from top left to bottom right, consistently with the kinematics of the prescribed
displacements.
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Engineering Fracture Mechanics 241 (2021) 107349

L. Crusat et al.

Fig. 21. Final crack path (in red) represented over the initial configuration of the eccentric three-point bending test example. Focusing on the
enlarged view of the zone of interest, the arrows indicate the location change of selected end nodes of the interface elements. Note that some of them
remain within the same continuum element but some others move to a different element, which, in the absence of mesh relaxation would imply
element folding and mesh entanglement. (For interpretation of the references to color in this figure legend, the reader is referred to the web version
of this article.)

Fig. 22. Effect of moving boundary nodes w.r.t. configurationally fixed boundary nodes. comparison of final crack path for the eccentric three-point
bending beam with GIf = 0.001 MPa⋅m. The dashed line represents the final trajectory with boundary nodes fixed, while the solid one is the obtained

allowing the movement of boundary nodes during the mesh relaxation technique. In red, cracked interface elements that have been re-oriented by
configurational forces; and in blue, un-cracked interface elements (that may have been however re-oriented by the mesh relaxation procedure). (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 23. Geometry and boundary conditions of a two-notch beam d = 150 mm.

Fig. 24. Initial configuration of the two-notch beam example.

Fig. 25. Final configuration of the two-notch beam example (shaded area indicates the zones of cracking observed in experiments).

Fig. 26. Final configuration and deformation of the two-notch beam example (displacement magnification ×100).

Fig. 27 depicts the mesh evolution for each individual configurational step, so that progressive mesh reorientation may be
appreciated as it takes place along 13 configurational steps. At each step, the process involves the progressive relocation of the nodes
that on one side belong to an opening interface element, and that at the same time are marked as configurationally free. During the
iterations of a given configurational step, more than one (non-consecutive) interface elements can reach the cracking condition and be
selected to change their orientation. However, it is also possible that after the iterative process one or more of those interface elements
initially selected would finally remain un-cracked. In Fig. 27, these interface elements are represented in orange. On the other hand,
red lines represent the interface elements that have reached their new fixed location driven by configurational forces. Finally, note that
the surrounding continuum mesh (black lines) and some interface elements that have not reached cracking (in blue or orange) may also
modify their position, because they may reach the configurational criterion in intermediate configurational steps (in orange), or due to
the mesh relaxation technique (in blue).
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Fig. 27. Geometric evolution of the two-notch beam during configurational iterations.
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5.4. Three-point bending beam with a zone of potential crack paths
The purpose of this example is to illustrate the capability of the approach developed to represent an area of possible fractures in
which the potential cracks have the freedom to start, develop, compete, get arrested, etc. To this end, the case of the three-point beam
bending test Section 5.1 (see Fig. 7) is considered again, with the same geometry, material parameters and boundary conditions
already defined in that section. The beam is discretized again into quadratic triangular continuum elements, and the novelty is that
interface elements are preinserted along all mesh lines in a central section of the beam of length dimension similar to the beam width.
The resulting finite element mesh is depicted in Fig. 28, where blue lines represent the pre-inserted zero-thickness interface elements.
Fig. 29 shows the results of the calculation after prescribing a top displacement of 2.5 mm, with red lines indicating the interface
elements that have been realigned during the calculation. Fig. 30 shows the same results on a deformed mesh, with a detailed view of
the central part of the beam where all cracks develop.
In this example, one could think that central interface elements would develop a single fracture similar to the one obtained in the
same beam example with only one crack trajectory, Section 5.1. However, Figs. 29 and 30 show various competing cracks developing
near the beam center. The main one certainly is the one at the beam center as expected, but also two more have developed on each side
which are progressively shorter but nevertheless comparable in length.
The obvious discussion is whether these cracks are realistic, or could be spurious secondary cracking due to the numerical strategy.
In order to clarify that, a simple direct calculation has been run of the mesh of Fig. 28, that is with all the cracks (main one and
secondary ones) well aligned. This has been done to the same level of prescribed displacement at the loading point, of 2.5 mm, with the
results shown in Fig. 31, which depicts practically the same cracking scheme as in the configurational calculation. This example
therefore confirms that at least in this case the scheme proposed is capable of representing simultaneous competing cracks within a
context of systematic pre-insertion of interfaces along all mesh lines.
5.5. L-shaped panel
The last example consists of the inverted “L-shaped” panel represented in Fig. 32, which was tested experimentally in a lab
campaign [77,74] and has been used as a verification test in other numerical studies, e.g. [77,78,46]. The panel is fixed along the
bottom side of the inverted “L” and is subject to a vertically ascending load at the cantilever end that creates an overall bending
moment. As the result, the inner side of the “L” is subject to tensile stresses, causing the panel to fail due to a dominant crack that starts
at the inner vertex and progresses towards the opposite lateral face with a relatively low angle.
In the present study, the panel has been analyzed using various discretizations made with quadratic triangles for the continuum and
interface elements have been pre-inserted along selected mesh lines. In the first analysis presented, interfaces are pre-inserted along all
lines in a wide area along the expected crack trajectory, from the internal vertex of the structure to a point slightly higher on the right
edge (Fig. 33). In order to investigate the effect of crack branching, some additional calculations have also been run with a single line of
interface elements zig-zagging around the expected crack trajectory, and finally mesh sensitivity is also studied by using a refined halfmesh.
Continuum material has been assumed linear elastic (small strain) with Young’s modulus E = 20000 MPa and Poisson’s ratio ν =
0.18. Note that this is about 20% lower than the value of E given in the original reference [77]; however, that value seemed not
consistent with the elastic slope of the load-displacement curve, and it has been preferred to use a value that approaches better the
experimental curve. For interface elements, the constitutive parameter values used are: normal and tangential stiffness KN = KT =
108MPa/m, friction angle tanφ = 0.7, tensile strength χ = 2.7 MPa, cohesion c = 15 MPa, sigma dilatation σdil = 27 MPa, fracture
energy mode I GIf = 9 ⋅ 10−

5

MPa⋅m and fracture energy mode IIa GIIa
= 9Â ⋅ 10−
f

4

MPa⋅m.

In Figs. 34 and 35, the results obtained using the approach described on the basis of the mesh of Fig. 33, are shown together with the
results obtained via traditional FEM+z calculation with the fixed original mesh (of the same Fig. 33). In Fig. 34, the interface elements
that have started cracking are highlighted in green or red on the undeformed mesh (the undeformed original mesh in Fig. 34a, and the
undeformed final mesh after configurational re-orientation in Fig. 34b), and the gray shaded area shows the scatter of the experimental
results from [74,77]. Fig. 35 depicts the same results, but in this case represented on the deformed meshes. In Figs. 34b and 35b, blue
lines represent the interface elements which did not reach cracking and therefore were not moved directly in the direction of
configurational forces (although they might have been reoriented if they were connected to a cracked element), and red lines are the
ones which have been reoriented to the optimal position. Finally, the load-displacement curves resulting from the calculation, both
with the original (in blue) as well as the re-oriented mesh (in red) are represented in Fig. 39, together with the gray shaded area
representing the scatter of experimental results [74,77], plus also some additional curves obtained using a single line of pre-inserted

Fig. 28. Initial mesh configuration of the three-point beam bending test example.
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Fig. 29. Final mesh configuration of the three-point beam bending test example.

Fig. 30. Three-point bending test deformation after solving the deformational and configurational problem (displacement magnification ×100).

Fig. 31. Deformed mesh and cracking obtained in direct calculation using final configuration (magnification ×100).

interfaces on the same mesh and on a refined half-mesh which are described below.
As seen in the figures, the approach developed based on configurational mechanics leads in this case to results (Figs. 34a, 35a, and
solid red line in Fig. 39) which fall fully within the experimental scatter, except in the tail part of load-displacement diagram, as
explained below.
The results obtained with the crack realignment approach seem clearly closer to experimental behavior than the results obtained
with the traditional FEM+z calculations with the fixed original mesh, which are also represented in the same figures. Indeed, those
results with fixed original mesh exhibit a main crack path clearly drifting upwards, and a load-displacement curve with a substantially
higher peak load and post-peak behavior than those obtained experimentally.
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Fig. 32. Geometry and boundary conditions of the L-shaped panel.

Fig. 33. Initial mesh configuration of L-Shaped panel problem. Red lines represent the zero-thickness interface elements inserted along the FEM
mesh lines (in black). The expected crack path is depicted in the shaded area, which is obtained by experimental results [77]. (For interpretation of
the references to color in this figure legend, the reader is referred to the web version of this article.)

The crack path obtained with the crack realignment approach also shows the occurrence of crack branching, mainly at two points:
(a) a short incipient vertical branch departing upwards at about 1/4 length distance from the crack mouth, and (b) a main crack
bifurcation at about 3/4 of the crack length, that divides the single crack in two competing crack symmetrically oriented about 30
degrees up and down from the axis of the main trajectory. It is worth noting that branching event (a) does not take place when the main
crack reaches that point, but at a later stage, when the main crack is well developed and the upper crack wall is progressively becoming
the lower side of an extension of the horizontal leg of the L-panel. Upwards cantilever bending of that panel leg causes significant
tensile stresses parallel to its lower face, leading to cracking when those stresses exceed strength at the interfaces with the appropriate
vertical orientation. On the other hand, the main crack branching (b) does occur when the crack tip reaches that point, due to a
multiaxial tension state generated in that zone. From that point on, two competing cracks continue for the remaining part of the
loading, which seems to be consistent with the widening of the final part of the shaded experimental area.
It has to be emphasized that the freedom to obtain more complex behavior than a single propagating crack, such as the abovementioned crack branching events (a) or (b) is intrinsically “built in” in the approach proposed, as it is part of the FEM+z analysis
procedure which is the basis of the current implementation. And this may be in contrast to some of the alternative existing approaches
in which representing additional cracks might require additional code provisions and increased storage needs (e.g. XFEM).
In order to investigate the effect of crack branching on the crack trajectory and the load-displacement diagram, additional cal
culations have been run using the same original mesh as in Fig. 33, but pre-inserting interface elements only along a single line zigzagging around the around the expected cracking zone. The analysis has been run with the approach proposed allowing mesh realignment, and also using traditional FEM+z analysis with a fixed mesh. The results in terms of final crack trajectories are repre
sented in Fig. 36.
Also, in order to see the effect of mesh refinement, the same calculations have been run with the same single line of zig-zagging
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Fig. 34. L-shaped panel analysis with a zone of interface elements inserted. (a) Red lines show the main crack trajectory in the undeformed
configuration at the end of the configurational procedure. (b) Green lines represent the main crack trajectory obtained in the calculation with the
fixed mesh. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 35. Deformations and cracking of the L-Shaped panel (a) after solving the problem with the configurational procedure, and (b) after solving the
problem with the fixed original mesh (displacement magnification ×100).

interfaces, but a denser structured half mesh (subdividing each line in the mesh into two segments and each triangle into four smaller
triangles). The results of those refined calculations in terms of final crack geometry are represented in Fig. 37. The final crack paths of
all cases are represented in Fig. 38, and a comparison of all load-displacement curves is represented in Fig. 39.
The comparison of crack paths in Fig. 38, shows that the cracks obtained without mesh realignment (in green) are zig-zagging
unrealistically, while those obtained with the proposed procedure for mesh re-alignment (in red) look much smoother and better
aligned with the experimental shaded area. Among the calculations obtained with mesh re-alignment, the paths obtained with a single
line of interfaces run straighter along the central part of the experimental scatter, and little difference is obtained with the refined
mesh, for which the crack path follows a slightly lower line and more centered in the shaded area but essentially similar to the path
obtained with the unrefined mesh and, for the most part, also coincident with the main path obtained in the multiple crack calculation.
In the final part of the crack, approaching the right side of the panel, the single-line crack runs in between the two branches obtained
for the multiple crack calculation, which seems also reasonable.
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Fig. 36. L-shaped panel analysis with a single-line of interfaces inserted. (a) Red lines show the main crack trajectory obtained using the
configurational procedure. (b) Green lines represent the main crack trajectory obtained in the calculation with the fixed mesh. (For interpretation of
the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 37. L-shaped panel analysis with a single-line of interfaces inserted and structured mesh refinement. (a) Red lines show the main crack tra
jectory obtained using the configurational procedure. (b) Green lines represent the main crack trajectory obtained in the calculation with the fixed
mesh. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

The comparison of load-displacement curves in Fig. 39, also shows that the re-alignment strategy based on configurational me
chanics leads to load-displacement curves that are much closer to experimental behavior than those obtained without crack realignment, which show much higher (and in some curves unrealistically higher) peak and post-peak responses. Also, little differ
ence is observed between curve for the refined and unrefined single-line crack, both for the fixed mesh and the re-aligned mesh
calculations.
Among the load-displacement curves obtained with interface re-alignment, the curve for multiple cracking runs always above the
curves obtained with a single interface line, which may be explained because of the higher energy dissipation implied by crack
branching. It is also observed that in the tail part of the diagram, the difference between curves is progressively amplified; the curve for
multiple cracking drifts progressively out of the shaded experimental area on its upper limit, while the curves obtained with a single
line of interfaces run on its lower limit. This seems also consistent with the progressively higher difference in dissipation caused by the
difference in the total crack length, minimal in case of a single crack, and probably an upper bound in the case of two equally
competing cracks as obtained in the analysis with multiple cracking allowed.
6. Concluding remarks
A numerical approach has been presented to evaluate the crack propagation along non-preestablished paths by combining
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Fig. 38. Comparison of crack paths obtained for the L-shaped panel analysis. In red paths obtained using interface re-alignment approach, and in
green fixed original mesh with. (A) single line of interfaces, (B) single line of interfaces and structured half-mesh refinement, and (C) interfaces
along all mesh lines in the zone of potential cracking. (For interpretation of the references to color in this figure legend, the reader is referred to the
web version of this article.)

Fig. 39. Load-displacement curves of L-shaped panel problem obtained with analysis with the original mesh fixed, and allowing configurational
realignment process.

traditional zero-thickness interface elements (FEM+z) with a mesh re-alignment strategy based on concepts of configurational
mechanics.
The approach is conceptually simple but the success of its practical implementation depends very much on the details of the various
non-trivial procedures involved. Relocating nodes according to the directions of configurational forces may become very complicated
and potentially unmanageable when too many nodes are moved at the same time. Configurationally prescribed nodes have to be
defined to avoid changing some fundamental parameters such as domain geometry or dimensions. Also, the procedure may get
polluted by “configurational noise” coming from the oscillation of total energy with nodal positions, which is inevitably associated to
the intrinsic FE discretization error. For those reasons, a selective methodology of node configurational release has been developed to
move only the crack tip nodes when the corresponding interface starts to open, and this is accompanied by a mesh relaxation procedure
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to preserve mesh quality in surrounding elements after each crack tip relocation.
Another crucial point is from what earlier point in the loading history the analysis has to be restarted after each mesh re-alignment
operation, since it is obvious that, with a better aligned interface, cracking may be starting at a lower load level. In the present
implementation, the analysis is restarted from the last configurationally converged step. In the examples analyzed this has led to
consistent results which have been verified by straight analysis with a standard FEM+z analysis using final crack configuration as a
fixed mesh. However, this aspect remains the subject of further research.
The first application examples include cases for which the final fracture trajectory is known, either by symmetry considerations or
by experimental results. Three-point bending examples show that, in spite of different initial mesh configurations, the dominant
fracture ends up being totally vertical and aligned with the imposed load or displacement. The examples of eccentric three-point
bending test, L-shaped panel and mixed mode fracture tests develop more complex trajectories that compare well with experi
mental tests. In most cases, the resulting crack trajectory and overall load-displacement curves are compared advantageously with
those obtained using traditional FEM+z analysis on the fixed initial mesh. Additional aspects that have been explored in examples are
moving boundary nodes in the relaxation process, and influence of mesh refinement.
The main advantages of the proposed method are: (1) it incorporates the very fundamental assumption that fractures propagate in
the direction of maximum structural energy release (global criterion and not local); and (2) the correct energy dissipation due to
fracture propagation is ensured by the underlying FEM+z (zero-thickness interface) approach that is actually running on the mesh
once it has been properly realigned.
In conclusion, the approach developed seems to represent an advantageous promising strategy for crack propagation which is
conceptually simpler and computationally cheaper than other alternative procedures requiring either much denser meshes in fracture
zones of a-priori unknown location, or other external artifacts such as non-mechanics tracking algorithms.
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Glossary
̂ non-symmetric version of the traditional “B” matrix in the FEM
B:
c: cohesion
E: elastic or Young’s modulus
F: cracking surface function
F: deformation gradient
̂f: configurational force
̂f aˆ: configurational force evaluated in cluster “a”

̂f aˆ: normal projection of configurational force evaluated in cluster “a”
N
GIf : fracture energy in Mode I

GIIa
f : fracture energy in Mode IIa
I: identity matrix
iincr: deformational increment “i”
KN: normal stiffness coefficient
KT: tangential stiffness coefficient
P: first Piola-Kirchoff stress
w: elastic energy per integration point
W: elastic energy per unit volume of the undeformed configuration
Wcr: Work Spent on Fracture Processes
Wel: elastic energy of a continuum finite element
x: nodal coordinates in the current configuration
X: nodal coordinates in the reference configuration
Xnew: new nodal coordinates
Xold: previous nodal coordinates
α: small constant value
̂ : trigonometrical function that returns an scalar deppending on Δθ value
α
χ: tensile strength
Δθ: angle incrementation
ε: strain tensor
ν: Poisson’s ratio. σ stress tensor
̂
σ : small-strain configurational stress
σN: interface normal stress
σT: interface tangential stress
σdil: limit stress dilatancy
Σ: large-strain configurational stress tensor or Eshelby’s energy-momentum tensor. φ tangent of internal friction angle
ψ : global energy of the system
CM: Configurational Mechanics
EFEM: Embedded Finite Element Method
FCM: Fictitious Crack Model
FEM: Finite Element Method
FEM+z: Finite Element Method with zero-thickness interface elements pre-inserted between continuum elements
FM: Fracture Mechanics
IDC: Indirect Displacement Control
LEFM: Linear Elastic Fracture Mechanics
XFEM: eXtended Finite Element Method
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