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ABSTRACT

The notion of metamaterials as artificially engineered structures designed to obtain specific material properties, typically unachievable in naturally occurring materials, has captured the attention of the scientific and industrial communities. Among the broad range
of applications for such kind of materials, in the field of acoustics, the possibility of creating materials capable of efficiently attenuating noise in target frequency ranges is of
utmost importance for a lot of industrial areas. In this context, the so-called locally resonant acoustic metamaterials (LRAMs) can play an important role, as their internal topology can be designed to exhibit huge levels of attenuation in specific frequency regions
by taking advantage of internal resonance modes. With a proper, optimized topological
design, LRAMs can be used, for instance, to build lightweight and thin noise insulation
panels that operate in a low-frequency regime, where standard solutions for effectively
attenuating the noise sources require dense and thick materials.
Given the importance of the topological structure in obtaining the desired properties in
acoustic metamaterials, the use of novel numerical techniques can be exploited to create
a set of computational tools aimed at the analysis and design of optimized solutions.
These are based on three fundamental pillars: (1) the multiscale homogenization of complex material structures in the microscale to get a set of effective properties capable of
describing the material behavior in the macroscale, (2) the model-order reduction techniques, which are used to decrease the computational cost of heavy computations while
still maintaining a sufficient degree of accuracy, and (3) the topology optimization methods that can be employed to obtain optimal configurations with a given set of constraints
and a target material behavior. This set of computational tools can be applied to design
acoustic metamaterials that are both efficient and practical, i.e. they behave according
to their design specifications and can be produced easily, for instance, making use of
novel additive manufacturing techniques.
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RESUM

La concepció dels metamaterials com a estructures dissenyades artificialment amb l’objectiu d’obtenir un conjunt de propietats que no són assolibles en materials de manera
natural, ha captat l’atenció de les comunitats científiques i industrials. Dins de l’ampli
ventall d’aplicacions que se’ls pot donar als metamaterials, si ens centrem en el camp
de l’acústica, la possibilitat de crear un material capaç d’atenuar de manera efectiva
sorolls en rangs de freqüència concrets és de gran interès en multitud d’indústries. En
aquest context, els anomenats locally resonant acoustic metamaterials (LRAMs) destaquen per la possibilitat de dissenyar la seva topologia interna per tal que produeixin
elevats nivells d’atenuació en regions concretes de l’espectre de freqüències. Amb un
disseny topològic òptim, els LRAMs poden servir, per exemple, per a la construcció de
panells lleugers aïllants de soroll, que operin en rangs de freqüències baixos, en els
quals la solució clàssica requereix de materials d’elevada densitat i espessor.
Donada la importància de l’estructura topològica dels metamaterials acústics en l’obtenció de les propietats desitjades, resulta convenient l’ús de mètodes numèrics punters
per al desenvolupament d’un conjunt d’eines computacionals que tinguin per objectiu
l’anàlisi i el disseny de solucions òptimes. Tals eines es fonamenten en tres pilars: (1) la
homogeneïtzació multiescala d’estructures de material complexes a una escala micro
que derivi en l’obtenció de propietats efectives que permetin descriure el comportament
del material a una escala macro, (2) tècniques de reducció per minimitzar l’esforç computacional mantenint nivells de precisió suficients i (3) mètodes d’optimització topològica
emprats per a l’obtenció de configuracions òptimes donat un conjunt de restriccions i
unes propietats de material objectiu. Aquestes eines computacionals es poden aplicar
al disseny de metamaterials acústics que resultin eficients i pràctics a la vegada, és a
dir, que es comportin segons les especificacions de disseny i siguin fàcilment fabricables, per exemple, mitjançant tècniques punteres d’impressió 3D.
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Chapter 1

MOTIVATION AND SCOPE

I like to define progress as the ability of making possible what once was impossible.
Challenging the limits of nature is a quality of our species that has brought us to an era
where we can travel thousands of kilometers in a matter of hours, communicate almost
instantly with other people anywhere in the planet or even explore the universe beyond
our solar system. The progress of humanity is a proof that we are good at solving problems, but in order to do that, what is most important is for the right questions to be raised
first. This is precisely our task, as scientists, and ultimately the driving force that makes
us succeed and evolve as a civilization.
This constant questioning is carried out in every existing field of science. However, this
work will be focused on what can be considered a very clear example of what it means
to surpass the limits of what is possible: metamaterials. The notion behind this concept
lies on its own etymological meaning, combining the word material with the prefix meta,
which denotes “beyond”, to refer to “materials with properties beyond those found naturally”. The prospect applications of such kind of materials have attracted the attention of
the scientific and industrial communities for the past decades. Technically speaking, metamaterials consist of artificially engineered materials with the ability to manipulate waves
for different outcomes. The nature of these waves is what determines the kind of application, offering a wide range of possibilities.
To narrow down the research, this study will focus on acoustic problems. The so-called
acoustic metamaterials are capable of producing frequency bandgaps, i.e. selected regions in the frequency spectrum where waves’ propagation is effectively stopped, due to
local resonance phenomena. For practical purposes, this translates in the ability to attenuate sound pressure waves at targeted frequency ranges, typically in the lower end
of the spectrum, where a classical approach would require huge amounts of mass. This
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is a very interesting property, for instance, for cheap and lightweight sound insulation in
many industrial sectors including construction or transport.
With the current and potential growth of manufacturing technologies, including novel
techniques such as 3D-printing, practical realizations of metamaterials are getting closer.
Furthermore, given the importance of the role their design plays in obtaining the desired
properties, there is a need for fast and efficient resources capable of performing this task.
In this context, the aim of this work is to develop a set of computational tools for the
analysis and design of acoustic metamaterials. These tools are grounded on three fundamental pillars in the field of computational design of materials: (a) multiscale modelling,
(b) model-order reduction techniques, and (c) topology optimization.
Additionally, as part of this work, the application of the aforementioned tools for the study,
design and characterization of different kinds of acoustic metamaterials is performed.
The obtained results and the concept of local resonance as the mechanism responsible
for the attenuating capabilities of acoustic metamaterials is assessed through a set of
experiments in an impedance tube with 3D-printed prototypes.

FIG. 1 Computational design of materials paradigm. The multiscale modelling,
model-order reduction and topology optimization are the three pillars upon which it
is built.
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Chapter 2

STATE OF THE ART

2.1 Metamaterials technology
In the previous chapter, the concept of metamaterials has been introduced to describe
artificially engineered structures capable of manipulating waves and exhibiting non-conventional behavior as a result. A more general definition is provided by Cui et al. (2010)
where a metamaterial is considered “a macroscopic composite of periodic or non-periodic structure, whose function is due to both the cellular architecture and the chemical
composition” [1]. According to this description, metamaterials gain their properties by
combining materials with different chemical compositions and/or by rearranging their internal topology.
2.1.1 Early days of metamaterials
Even though the term metamaterial has been used since the late 1990’s, the notion of
“artificial” materials had already been explored in the past. For instance, in 1948, Kock
managed to manipulate the refractive index of an artificial media created by periodically
arranging conducting spheres, disks and strips [2]. However, it was not until 1967, when
Veselago conducted the first theoretical study on plane-wave propagation in materials
with simultaneously negative permittivity and permeability [3]. With his work, Veselago
established the physics behind the metamaterial’s ability to manipulate waves, in the
context of electromagnetism. Those theoretical findings would not be validated until
some decades later, with the first experimental realizations of the so-called double-negative metamaterials. Smith et al. (2000) introduced a composite structure based on split
rings resonators (SRRs) that exhibited a frequency band over which both the effective
permittivity and permeability were negative [4]. The SRRs is a common metamaterial
design that consists of a set of concentric conducting rings with a gap on each. It is used
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to achieve magnetic resonance in a selected frequency band, which is responsible for
the negative refractive index of the metamaterial [5].
2.1.2 Phononic crystals and acoustic metamaterials
While the idea of waves’ manipulation to obtain unusual properties was born in the context of electromagnetism, it rapidly extended to other fields where the material response
is also governed by waves’ propagation mechanisms. In particular, by applying the concept to sound waves manipulation, the notion of acoustic metamaterials was introduced.
Analogously to how electromagnetic metamaterials exhibit exotic behavior by showing
negative effective permittivity and permeability, in the context of acoustic metamaterials,
this translates in negative effective mass density and bulk modulus. In this case, these
are the source of certain regions in the frequency spectrum, called frequency bandgaps,
where sound waves effectively stop propagating. There are two known mechanisms by
which this can be achieved: Bragg scattering and local resonance effects [6].
Bragg scattering occurs in periodic media, typically consisting of a lattice with repeating
unit cells, which are known as phononic crystals (PCs). The physics behind Bragg scattering effects is discussed in [7]. An important aspect to notice is that in order for Bragg
scattering to manifest, the crystal's dimensions (i.e. the periodicity size) must be larger
than the incident wave’s wavelength. This means that bandgaps produced by PCs usually appear at frequency ranges higher than those interesting for acoustic applications
based on sound insulation. However, PCs are still a topic of active research due to their
applications in several areas including: superlensing, for which PCs can be used for
medical and non-destructive sensing [8], energy harvesting through the interaction between PCs bandgaps and piezoelectric microstructures [9], thermal control using PCs
with nano-scale dimensions [10] and opto-mechanics, where PCs are used in combination with their electromagnetic analogous, photonic crystals, for communication and
sensing applications [11], among others. Also in this context, the notion of acoustic black
holes (ABHs) [12], which typically operate in the same frequency range as PCs, has
recently been proposed for isolating vibrations in plates [13].
The other phenomenon capable of producing frequency bandgaps is local resonance.
Metamaterials that employ this mechanism to get their unusual properties are known as
locally resonant acoustic metamaterials (LRAMs). As with PCs, the structure of LRAMs
contains a lower scale with a certain topology that triggers the effects causing the appearance of frequency bandgaps. While periodicity is not a requirement in this case, it is
still preferable for most cases, as it enables a unit cell-based description of its dynamical
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properties as well as ease in the process of introducing resonating elements (for manufacturing purposes, for instance). A main difference of LRAMs in contrast to PCs is that
the characteristic size of the lower scale needs to be smaller than the incident wave’s
wavelength [14]. This requirement is important for two reasons: (1) it allows using LRAMs
for low-frequency applications (which are interesting especially in sound insulation problems) and, (2) in cases where periodicity is present, it gives the metamaterial the ability
to be regarded as an effective medium.
(a)

(I) Phononic crystal

(II) Acoustic metamaterial
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FIG. 2 Concept of phononic crystals (PCs) and acoustic metamaterials (AMs). (a)
Rheological models of mass-and-mass (PCs) and mass-in-mass (AMs) unit cells.
(b) Characteristic dispersion curves showing the bandgap formation nature of each
case. The frequency 𝜔𝜔 is normalized with a reference frequency 𝜔𝜔0 = 2𝜋𝜋 𝑐𝑐0 ⁄𝑎𝑎 , with
𝑐𝑐0 being the static wave propagation speed. For comparison, the parameters in
both systems are chosen so that they have the same static wave propagation
speed, 𝑐𝑐0 . Notice how the frequency bandgaps are more narrowband in the AM
case than in the PC case, but with the latter occurring at higher frequency ranges.
These differences are more apparent the higher the contrast between 𝑘𝑘1 /𝑘𝑘2 and
𝑚𝑚2 /𝑚𝑚1 becomes.

As the name suggests, local resonance takes advantage of resonating effects in the
internal structure of the metamaterial to effectively stop the propagation of waves at a
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macroscopic scale. In order for it to occur, the lower scale must be composed of certain
resonating elements. These resonating elements typically contain a compliant component, the purpose of which is to play the role of a spring, and a dense component acting
as mass, the combination of which resonates at the desired frequencies in order to produce bandgaps. It is important for local resonance effects to manifest that each unit cell
vibrates independently of the others. For this reason, these effective spring-mass systems are typically embedded in a stiff matrix or frame.
While LRAMs are especially interesting for sound insulation, shielding and noise blocking
purposes [15, 16], there are other kind of application for which they can also be considered. These include subwavelength focusing, where LRAMs allow to break the diffraction
limit and can be used as an alternative to conventional imaging technologies [17–19], or
cloaking applications, where an object becomes “invisible” to acoustic waves by guiding
them around it instead of being scattered [20–23].

2.2 Computational design of materials
Computational modelling is a field that has experienced a significant growth in the last
decades and has been infiltrating in a broad range of application areas. In several contexts, experimental validation of a phenomenon or the evaluation of a certain behavior is
difficult to reproduce, either because of its complexity or simply due to the lack of resources. In such situations, computational modelling offers the ability to perform a preliminary (and sometimes sufficient) characterization allowing great savings of time and
resources. Additionally, it can be used for design purposes, allowing the obtention of
desired features and optimal results. In this regard, the field of computational design of
materials, which is growing alongside new developments in computer technologies, is
progressively getting more attention in several disciplines. The foundation upon which it
is based can be synthesized with three main branches: the multiscale modelling, modelorder reduction techniques and topology optimization.
2.2.1 Multiscale modelling
Homogenization-based or multiscale techniques offer the possibility of accounting for
microstructural physical phenomena and their impact in a macroscopic level at a relatively inexpensive computational cost compared to direct numerical simulations or concurrent multiscale techniques. In the context of solid mechanics, the first theoretical developments based on the obtention of macroscopic properties from heterogeneous materials were carried out by Hill (1965) [24] and Mandel (1971) [25], among others. Since
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then, these theories have derived to more sophisticated models, mostly based on finite
element methods, allowing their use in a computational context and giving them several
practical applications.
For instance, homogenization models in which the constitutive information driving the
macroscopic analysis is computed from consecutive interaction between the macro and
microscales can be found in Feyel and Chaboche (2000) [26] or Kouznetsova et al.
(2001) [27]. This approach has been successfully applied to a wide range of quasi-static
contexts, including complex material behavior such as softening and localization phenomena [28–30], multi-physics [31] or large deformations [32], among others. However,
developments in the context of dynamic problems, where inertial effects are relevant,
started to emerge only in more recent years with the works of Karamnejad et al. (2013)
[33], Pham et al. (2013) [34] or De Souza Neto et al. (2015) [35, 36], who count among
the first to propose a formulation in rigorous variational form based on a generalized HillMandel principle along with kinematic admissibility between scales.
2.2.2 Model-order reduction techniques
Model-order reduction techniques are an effective tool to reduce the computational cost
associated to large-scale problems. They are based on retaining the relevant information
of the problem by using physical insight and intuition or through statistical correlation
between input data and output results. In either case, the so-called projection-based
methods have gained prominence in recent years. In projection-based methods a set of
solutions is computed in an offline stage and a subspace of a reduced basis is built with
the most dominant ones. Then, in the online stage, the governing equations are projected
onto this reduced-order subspace, allowing faster computational evaluation while preserving the required accuracy for the problem.
The most popular model-order reduction technique is the proper orthogonal decomposition (POD). In Chatterjee’s work, a review on the fundamental idea behind the POD can
be found [37]. Furthermore, Krysl et al. (2001) provided a rigorous discussion on this
method [38]. Other projection-based methods used, more specifically, in the context of
wave propagation in periodic media were firstly proposed by McDevitt et al. (2001) [39].
Research in this line was followed by Hussein and Hulbert (2006), who presented a
method for fast dispersion curves calculation based on a mode-enriched model, in a
multiscale context, by selecting a set of Bloch eigenvectors to build a projection subspace [40].
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2.2.3 Topology optimization
Topology optimization techniques have been spreading progressively to a wide range of
fields for the past decades. Typically, they are based on computing the gradient of a
functional in order to steer the algorithm into gradually improving a certain objective function. The first notions were introduced in the work of Bendsøe et al. (1988), which proposed a method that relied on homogenization theory to define a set of macroscopic
properties and perform the topology optimization through the parametrization of the microstructure [41]. The solid isotropic material with penalization (SIMP) method was proposed in 1989 also by Bendsøe [42] and has been improved by several works later [43],
[44]. Since then, it has become one of the most used techniques and applications can
be found in several disciplines, including compliant mechanisms [45], geometrical nonlinear structures [46], multi-physics actuators [47], photonic crystal structures [48] or phononic bandgap materials [49], among others.

Level-set function

Design domain
𝛺𝛺 +

1
0
−1

𝛺𝛺 −

FIG. 3 Graphical idea of the level-set based methods for topology optimization.
The level-set function 𝜑𝜑 sign determines material regions 𝛺𝛺+ (𝜑𝜑 > 0) and void regions 𝛺𝛺− (𝜑𝜑 < 0) in the design domain.
Theories based on topological derivative were first suggested by Eschenauer et al.

(1994) [50] and Sokolowki and Zochowki (1999) [51]. They resort to computing a func-

tion evaluating the sensitivity of the specific problem to the appearance of an infinitesimal
void in the material domain. In contrast, shape derivative methods are based on computing the sensitivity of the problem when a unit normal deformation is applied on the
boundaries of the domain. In this context, level-set methods used in image processing
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were adapted to work together with the shape derivative [52, 53] and later also with the
topological derivative [54, 55] as a tool to update the topology at each optimization step.
Alternatively, recent methods combining a 0-level set function and an estimated topological derivative are being developed by Oliver, et al. (2019) [56] and Yago, et al. (2020)
[57] to overcome the high computational cost of the aforementioned techniques.
2.2.4 Computational modelling of acoustic metamaterials
Research on acoustic metamaterials has derived in several approaches that go from
simple analytical studies to sophisticated computational models capable of accounting
for their intrinsic exotic behavior. For instance, in the work of Xiao et al. (2011), an analytical model of a 1D string with spring-mass resonators is developed to study the
bandgap formation mechanisms showed by acoustic metamaterials [58]. In the context
of numerical modelling, most of the early works focused on periodically repeated microstructures where Bloch-Floquet boundary conditions can be applied to study the dispersion properties of 2D and 3D unit cells [59, 60]. In this line, Hussein (2009) proposed a
Bloch-based model to characterize the local resonance effects in periodic structures [61].
Other approaches have focused on retrieving effective properties from acoustic metamaterials by means of homogenization theory. In this regard, Fokin et al. (2007) developed a method to obtain properties from experimental measurements of the reflection
and transmission coefficients of LRAMs [62]. Nemat-Nasser et al. (2011) presented a
homogenization method based on Floquet theory applied to periodically arranged elastic
composites [63]. In more recent developments, the use of computational homogenization
frameworks based on variational formulations have been successfully applied to acoustic
problems and, in particular, for the study and characterization of local resonance effects
in LRAMs. For instance, Sridhar et al. (2016) proposed a Craig-Bampton mode synthesis
substructuring method to reduce the set of degrees of freedom in the microscale accounting only for the relevant resonance modes, leading towards an emergent enriched
continuum [64, 65]. A similar approach is proposed in the present work [66, 67], but by
performing a unit cell’s system split into a quasi-static and inertial components based on
a set of simple hypotheses that do not require to resort to substructuring techniques to
identify the relevant resonance modes.
Given the intrinsic narrowband nature of frequency bandgaps caused by local resonance
effects, research can be found in the literature aiming at enlarging the attenuating properties of acoustic metamaterials. In this regard, Krushynska et al. (2014) presented the
first attempts towards the design of acoustic metamaterials by studying the effects of

10

Chapter 2 State of the art

certain parameters in their topology [68]. Additionally, Matsuki et al. (2014) proposed a
topology optimization-based method to find optimal LRAM configurations with multiple
attenuation peaks [69].
Another approach that has been studied consists of exploiting the viscoelastic behavior
of certain materials used in typical acoustic metamaterial configurations. In this context,
Hussein and Frazier (2013) [70] introduced the concept of metadamping referring to the
damping emergence phenomenon produced when viscous dissipation is used in combination with local resonance effects [71, 72]. The effects of dissipative behavior in acoustic metamaterials has also been studied analytically by Manimala and Sun (2014) [73].
Furthermore, numerical generalized viscoelastic models have been developed by
Krushynska et al. (2016) [74] and Lewinska et al. (2017) [75] to characterize the attenuation performance of LRAMs.
Other attempts in this endeavor include, for instance, the addition of holes on a plate with
resonating pillars. The idea was proposed by Bilal and Hussein (2013), who called this
phenomenon the trampoline effect, given the analogy between springboards and recreational trampolines with the holed plate, the increased compliance of which enhances
the motion of the pillars at the resonance frequencies [76].

2.3 Acoustic metamaterial designs
The first actual realizations of an acoustic metamaterial came from the work of Liu
(2000), who built a composite structure that possessed negative elastic constants and
exhibited frequency bandgaps around 400 and 1100 Hz [14]. The material consisted of
a 2.1 cm slab with a structure made of an epoxy matrix with randomly dispersed rubbercoated lead spheres. In this case, the elastic properties of the silicone rubber coating
made it act as a spring, which combined with the high density of the lead spheres gave
rise to local resonances at lower frequency ranges. The concept of building acoustic
metamaterials based on the combination of different material properties was implemented in several other experimental demonstrations [77–81], where typically a polymerbased structure was used to host rubber-coated metal inclusions.
There are several other experimental realizations of acoustic metamaterials exploiting
the local resonance phenomenon which are based on different configurations. For instance, the idea of introducing hollow topologies or cavities in the material, acting as
Helmholtz resonators capable of producing bandgaps, has been explored [82, 83]. Designs with different kinds of resonators can also be found, including beam resonators
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[84], pillared plates [85–90] or membranes [91–93], among others. Recent works have
also studied the effects of irregularities and random structures in acoustic metamaterials
without periodic arrangements [94–97].
(a) Composite-based

(b) Hollow cavities

Epoxy

Helmholtz
resonators

Lead

Silicone rubber
(c) Resonating pillars on a plate

Porous medium
(d) 3D-printed panels

FIG. 4 Examples of different acoustic metamaterial designs. (a) Composite-based
concept based on combining materials with different properties [14]. (b) Hollow
cavities acting as Helmholtz resonators [83]. (c) Resonating pillars on a plate acting
as an acoustic metamaterial [89]. (d) 3D-printed acoustic metamaterial panel [99].
While the idea and properties of acoustic metamaterials have been demonstrated, both
theoretically and experimentally, their intrinsic complex nature still make them far from
practical realizations. In this regard, new kinds of acoustic metamaterials meant to be
built monolithically through an additive manufacturing process have been devised. Since
only one material is considered, one cannot resort to the combination of material properties in order to achieve the resonances in the desired frequency range. This highlights
the importance of the topology and geometrical features in the design for these kinds of
acoustic metamaterials. Experimental implementations of such metamaterials can be
found in the work of Claeys et al. (2016), in which they demonstrate the attenuating capabilities of acoustic enclosures composed of unit cells with internal resonators that were
fully 3D-printed [98]. More recently, Leblanc and Lavie (2017) came up with another 3D-
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printed configuration based on a resonating membrane [100], while McGee et al. (2019)
devised a 3D-printed foam with hollow spheres capable of producing low-frequency
bandgaps [101]. Finally, as a result of the present work, a 3D-printed prototype LRAM
panel has been designed and tested numerically and experimentally to assess its transmission loss capabilities [99].
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Chapter 3

SCIENTIFIC CONTRIBUTIONS

3.1 Multiscale homogenization framework
3.1.1 Multiscale virtual power principle
Aiming at characterizing the behavior of LRAMs and to provide a computational framework that can be employed in the design of such metamaterials, a homogenization model
has been developed. The multiscale framework is based on the ability to identify a repeating structure (unit cell) in what is considered a macroscopic domain. In the present
context, this unit cell configures the metamaterial structure and is treated as the microscale (see Fig. 5).
In this regard, a kinematic relation is established between the macro and microscales in
terms of the displacement field and its symmetric gradient (i.e. strain field). Namely,
�𝜇𝜇 (𝒚𝒚, 𝑡𝑡),
𝒖𝒖𝜇𝜇 (𝒚𝒚, 𝑡𝑡) = 𝒖𝒖(𝒙𝒙, 𝑡𝑡) + 𝜵𝜵𝒙𝒙 𝒖𝒖(𝒙𝒙, 𝑡𝑡) · (𝒚𝒚 − 𝒚𝒚(0) ) + 𝒖𝒖
�𝜇𝜇 (𝒚𝒚, 𝑡𝑡),
𝜵𝜵S𝒚𝒚 𝒖𝒖𝜇𝜇 (𝒚𝒚, 𝑡𝑡) = 𝜵𝜵S𝒙𝒙 𝒖𝒖(𝒙𝒙, 𝑡𝑡) + 𝜵𝜵S𝒚𝒚 𝒖𝒖

(1)
(2)

where 𝒖𝒖 and 𝒖𝒖𝜇𝜇 correspond to the displacement fields in the macro and the microscales,

�𝜇𝜇 is the micro-fluctuation field. Note in Eqs. (1) and (2) the use of 𝒙𝒙 to
respectively, and 𝒖𝒖

refer to the spatial coordinates in the macroscopic domain and 𝒚𝒚 to refer to their mi-

croscale counterparts (𝒚𝒚(0) are the coordinates of the unit cell’s geometric center). The
symbols 𝜵𝜵𝒙𝒙 and 𝜵𝜵𝒚𝒚 denote the gradient operators in the macro and microscale contexts
and the superscript (∙)S = ((∙) + (∙)T )⁄2 is used to specify the symmetric component of

(∙). A specific set of restrictions over the micro-fluctuation field and its symmetric gradi-

�𝜇𝜇 , need to be considered in order to set the kinematic relation between
�𝜇𝜇 and 𝜵𝜵S𝒚𝒚 𝒖𝒖
ent, 𝒖𝒖
scales.
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Macroscale

Microscale

Unit cell

FIG. 5 Multiscale framework setting. The macroscale domain corresponds to some
part or structure with a certain internal configuration/topology that is represented
by the microscale.

Then, an energetic equivalence between both scales is established by means of an extended version of the classical Hill-Mandel principle, in which inertial effects can be accounted for (also known as multiscale virtual power principle [36]). In its variational form,
the postulate reads
σ ∶ 𝜵𝜵S𝒙𝒙 𝒖𝒖̇ − 𝒇𝒇 · 𝒖𝒖̇ = ⟨σ𝜇𝜇 ∶ 𝜵𝜵S𝒚𝒚 𝒖𝒖̇ 𝜇𝜇 − 𝒇𝒇𝜇𝜇 · 𝒖𝒖̇ 𝜇𝜇 ⟩𝛺𝛺𝜇𝜇 ,

(3)

for all kinematically admissible (i.e. constrained by Eqs. (1) and (2)) displacement-rate
fields 𝒖𝒖̇ and 𝒖𝒖̇ 𝜇𝜇 . In Eq. (3), σ and σ𝜇𝜇 are the macro and microscale stress tensors,

respectively, while 𝒇𝒇 and 𝒇𝒇𝜇𝜇 denote the D’Alembert forces density vectors (which include
the inertial effects), also for the macro and microscales. The notation ⟨∙⟩𝛺𝛺𝜇𝜇 =

1
∫ (∙)𝑑𝑑𝑑𝑑
�𝛺𝛺𝜇𝜇 � 𝛺𝛺𝜇𝜇

is employed here to refer to the average value of (∙) over the unit cell domain 𝛺𝛺𝜇𝜇 .

Chapter 3 Scientific contributions

15

3.1.2 Lagrange functional-based reformulation
The problem can be reformulated as a saddle point problem where the specific kinematic
restrictions are introduced via Lagrange multipliers. In this context, by associating these
Lagrange multipliers to the minimal kinematic restrictions, the problem results in the following system of equations:
⟨σ𝜇𝜇 ∶ 𝜵𝜵𝒚𝒚𝑆𝑆 𝛿𝛿𝒖𝒖𝜇𝜇 − 𝒇𝒇𝜇𝜇 · 𝛿𝛿𝒖𝒖𝜇𝜇 ⟩𝛺𝛺𝜇𝜇 − 𝜷𝜷 · ⟨𝛿𝛿𝒖𝒖𝜇𝜇 ⟩𝛺𝛺𝜇𝜇 − λ ∶ ⟨𝜵𝜵S𝒚𝒚 𝛿𝛿𝒖𝒖𝜇𝜇 ⟩𝛺𝛺𝜇𝜇 = 0, ∀𝛿𝛿𝒖𝒖𝜇𝜇 ;
⟨𝒖𝒖𝜇𝜇 − 𝒖𝒖⟩𝛺𝛺𝜇𝜇 · 𝛿𝛿𝜷𝜷 = 0,

∀𝛿𝛿𝜷𝜷;

⟨𝜵𝜵S𝒚𝒚 𝒖𝒖𝜇𝜇 − ε⟩𝛺𝛺𝜇𝜇 : 𝛿𝛿λ = 0,

∀𝛿𝛿λ;

(4)
(5)
(6)

where 𝜷𝜷 and λ are the Lagrange multipliers and the perturbation fields 𝛿𝛿𝒖𝒖𝜇𝜇 , 𝛿𝛿𝜷𝜷 and 𝛿𝛿λ,

are totally unconstrained. Note that in Eq. (6), the macroscopic strain field is denoted by

ε ≡ 𝜵𝜵S𝒙𝒙 𝒖𝒖. The key aspect about associating the Lagrange multipliers to the minimal kin-

ematic restrictions (derived from Eqs. (5) and (6)), is that one can give them a physical
interpretation. This can be seen by appropriately manipulating Eq. (4) to obtain:
𝜷𝜷(𝒙𝒙, 𝑡𝑡) = −⟨𝒇𝒇𝜇𝜇 (𝒚𝒚, 𝑡𝑡)⟩𝛺𝛺𝜇𝜇 ≡ −𝒇𝒇(𝒙𝒙, 𝑡𝑡),

(7)

λ(𝒙𝒙, 𝑡𝑡) = ⟨σ𝜇𝜇 − 𝒇𝒇𝜇𝜇 (𝒚𝒚, 𝑡𝑡) ⊗S (𝒚𝒚 − 𝒚𝒚(0) )⟩𝛺𝛺𝜇𝜇 ≡ σ(𝒙𝒙, 𝑡𝑡),

(8)

where the operator ⊗S is used to denote the symmetric outer product between tensors

(i.e. 𝒂𝒂 ⊗S 𝒃𝒃 = (𝒂𝒂 ⊗ 𝒃𝒃 + 𝒃𝒃 ⊗ 𝒂𝒂)⁄2). Specific details on the derivation of these results are
given in Article I. Note that according to Eqs. (7) and (8), the Lagrange multiplier 𝜷𝜷 can

be interpreted as the opposite macroscopic D’Alembert force density vector, 𝒇𝒇, while the

other Lagrange multiplier, λ, is directly interpreted as the macroscopic stress tensor, σ.
Considering a Galerkin-based finite element discretization of Eqs. (4)-(6), the resulting
system can be expressed in matrix form as
𝕄𝕄𝜇𝜇

𝟎𝟎

𝟎𝟎

𝟎𝟎

� 𝟎𝟎

𝟎𝟎

𝟎𝟎 𝒖𝒖
�̈𝜇𝜇

𝕂𝕂
⎡ 𝜇𝜇
𝟎𝟎� � 𝜷𝜷̈ � + ⎢−ℕ𝜇𝜇
⎢
𝟎𝟎 λ̈
⎣−𝔹𝔹𝜇𝜇

−ℕ𝜇𝜇T
𝟎𝟎
𝟎𝟎

�𝜇𝜇
−𝔹𝔹𝜇𝜇T 𝒖𝒖
𝒃𝒃
⎤ �𝜇𝜇
𝟎𝟎 ⎥ � 𝜷𝜷 � = � −𝒖𝒖 �,
⎥
𝟎𝟎 ⎦ λ
−ε

(9)

where 𝕂𝕂𝜇𝜇 , 𝕄𝕄𝜇𝜇 are the standard stiffness and mass matrices, ℕ𝜇𝜇 and 𝔹𝔹𝜇𝜇 are matrices

�𝜇𝜇 is the vector of nodal micro-displacements
applying the minimal kinematic restrictions, 𝒖𝒖
�𝜇𝜇 is another vector containing body forces data. Again, the reader is referred to
and 𝒃𝒃

Article I for a complete derivation of all these terms.
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The system in Eq. (9) clearly shows that the microscale gets the information from the
displacement and strain fields, 𝒖𝒖 and ε, in the associated macroscopic point (which

become actions in the microscale system). These, along with the body forces data given
�𝜇𝜇 (if present), are used to obtain the effective response, the information of which is
by 𝒃𝒃

condensed on the Lagrange multipliers, 𝜷𝜷 and λ, and returned to the macroscale as the
D’Alembert force density and stress (acting as reactions in the microscale context).

3.1.3 Application to acoustic metamaterials problems
Up to this point, the proposed formulation is general for as long as homogenization theory
holds, which means: (a) it exists a separation of scales enough to satisfy 𝜆𝜆 ≫ ℓ𝜇𝜇 (i.e.

inertial effects or force excitations in the macroscale have a wavelength 𝜆𝜆 higher than

one order of magnitude compared to the characteristic size of the microscale ℓ𝜇𝜇 ) and (b)

the kinematic relation between both scales reflects the actual material interaction in the
microscale. The better these two conditions are satisfied, the better the microscale effects on the macroscale will be captured by the homogenization scheme.
However, in the context of this work, where the goal of the proposed multiscale framework is to characterize the behavior of acoustic metamaterials, additional hypotheses
can be considered to further simplify the model. In particular:
(a) Supported by the separation of scales condition, 𝜆𝜆 ≫ ℓ𝜇𝜇 , the macroscopic strain

acceleration field can be neglected, ε̈ ≈ 𝟎𝟎, because no deformation modes will be

excited. Although this condition limits the applicability of the homogenization framework to cases in the low-frequency regime, it is also a requirement for local resonance phenomena to arise. Thus, the model is still capable of characterizing the
behavior of LRAMs.
(b) The density distribution on the unit cell satisfies ⟨𝜌𝜌𝜇𝜇 (𝒚𝒚 − 𝒚𝒚(0) )⟩𝛺𝛺𝜇𝜇 ≈ 𝟎𝟎, i.e. its center
of mass lies close to the geometric center 𝒚𝒚(0) . This occurs, for instance, if the unit

cell topology is symmetric with respect to its geometric center 𝒚𝒚(0) .

(c) Body forces are neglected, so that the D’Alembert force density vector contains
only its inertial component, i.e. 𝒇𝒇𝜇𝜇 ≈ −𝜌𝜌𝜇𝜇 𝒖𝒖̈ 𝜇𝜇 and 𝜷𝜷 ≡ −𝒇𝒇 ≈ 𝒑𝒑̇ (with 𝜌𝜌𝜇𝜇 being the

density distribution on the microscale and 𝒑𝒑̇ denoting the time derivative of the
linear momentum in the macroscale).

Furthermore, given the periodic nature of acoustic metamaterial structures, and since
the study on the microscale is focused on a unit cell, the appropriate set of kinematic

Chapter 3 Scientific contributions

17

restrictions considered for the micro-fluctuation field consists of: (1) applying periodic
�𝜇𝜇 = 𝟎𝟎 at some point on the unit
boundary conditions and (2) prescribing the value of 𝒖𝒖

cell’s boundary (in order to avoid rigid body motion). These are used instead of the minimal kinematic conditions as they give more accurate results in the present context. In
Fig. 6 a schematic representation of the micro-displacement field is shown. The derivation of the matrices 𝕀𝕀, �� , �� and ℙ (from Fig. 6) is given in Article I.

In order to proceed with the unit cell system resolution, in the context of acoustic metamaterials, the system in Eq. (9) will be split into two subsystems. Under the assumptions

considered, this split will allow us to isolate the quasi-static response from the inertial
one, simply by dealing with the actions of the system (i.e. the macroscopic displacement
and strain fields, 𝒖𝒖 and ε) separately.

The quasi-static subsystem is derived when 𝒖𝒖 = 𝟎𝟎 is considered, so it represents the
system’s response to a homogeneous strain action, ε. According to hypothesis (a), by
assuming ε̈ ≈ 𝟎𝟎, the inertial response of this subsystem can be neglected (hence the

name quasi-static). In this regard, one can anticipate the resulting displacement field to
(1)

(1)

(1)

satisfy 𝒖𝒖̈ 𝜇𝜇 ≈ 𝟎𝟎 and, according to Eq. (7) and considering 𝒇𝒇𝜇𝜇 = −𝜌𝜌𝜇𝜇 𝒖𝒖̈ 𝜇𝜇 , then 𝜷𝜷(1) ≡

𝒑𝒑̇ (1) ≈ 𝟎𝟎. This subsystem can be solved by means of classical homogenization theory

and one is able to obtain a value for the effective macroscopic stress as a result,
σ(1) ≡ λ

(1)

= Ceff ∶ ε,

(10)

where Ceff is the resulting effective homogenized constitutive tensor.
On the other hand, the inertial subsystem takes into account the effect of a homogeneous
displacement 𝒖𝒖 in the action vector, so in this case ε = 𝟎𝟎. Since body forces are being

neglected here (according to hypothesis (c)), it should be noted that the sum of both
subsystems accounts for the complete action vector, hence giving the full response of
the original microscale system. In this case, given the nature of the action for this system
(that essentially simulates a homogeneous, rigid body-like displacement of the unit cell)
(2)

one can anticipate the traction forces appearing as a reaction to be negligible, σ𝜇𝜇 · 𝒏𝒏 ≈

𝟎𝟎 (� here referring to the outward unit normal vector at the unit cell’s boundaries). Fur-

thermore, in virtue of hypothesis (b), it is reasonable to assume that the global contribu(2)

tion of the resulting moments will also be small, thus the term ⟨𝜌𝜌𝜇𝜇 𝒖𝒖̈ 𝜇𝜇 ⊗S (𝒚𝒚 − 𝒚𝒚(0) )⟩𝛺𝛺𝜇𝜇 ≈
𝟎𝟎 can be neglected too. In this regard, according to Eq. (8), one can expect λ
σ(2) ≈ 𝟎𝟎, and obtain an effective macroscopic inertial force density as a result,

(2)

≡
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(2)
�̈𝜇𝜇 ⟩𝛺𝛺𝜇𝜇 = 𝜌𝜌̅ 𝒖𝒖̈ + 𝔻𝔻𝒖𝒖
�̈𝜇𝜇∗ ,
𝒑𝒑̇ (2) ≡ 𝜷𝜷(2) = 𝜌𝜌̅ 𝒖𝒖̈ + ⟨𝜌𝜌𝜇𝜇 𝒖𝒖

(11)

�̈𝜇𝜇∗ is the nodal vector containing
where 𝜌𝜌̅ = ⟨𝜌𝜌𝜇𝜇 ⟩𝛺𝛺𝜇𝜇 is the average density of the unit cell, 𝒖𝒖

(2)
�̈𝜇𝜇 , and 𝔻𝔻 is a
the free degrees of freedom of the micro-fluctuation acceleration field, 𝒖𝒖

pseudo-density coupling matrix.

At this point, it is important to remark two key aspects:
(1) By expressing the microscale system in the form of Eq. (9), one gets enough physical insight of the problem to properly apply the simplifying hypotheses considered,
granting us with the ability to uncouple the macroscopic stress from the macroscopic inertial force density and associate the former with the macroscopic strains
only (through Eq. (10)), and the latter with the macroscopic acceleration field
(through Eq. (11)).
(2)
�̈𝜇𝜇 ⟩𝛺𝛺𝜇𝜇 ≡ 𝔻𝔻𝒖𝒖
�̈𝜇𝜇∗ , corresponds to
(2) The second component appearing in Eq. (11), ⟨𝜌𝜌𝜇𝜇 𝒖𝒖

the micro-inertial effects of the metamaterial on the macroscale, thus being the

most interesting term in this context. However, it requires a full resolution of the
(2)
�̈𝜇𝜇
inertial subsystem in order to obtain the resulting micro-fluctuation field, 𝒖𝒖

�̈𝜇𝜇∗ + 𝕂𝕂𝜇𝜇∗ 𝒖𝒖
�𝜇𝜇∗ = −𝔻𝔻𝑇𝑇 𝒖𝒖̈ ,
𝕄𝕄𝜇𝜇∗ 𝒖𝒖
∗

(12)

∗

where �� and �� are the mass and stiffness matrices obtained after the kinematic restrictions over the micro-fluctuation field have been applied. This is not
efficient from a computational point of view, since this system solving needs to be
successively carried out online and at each point in the macroscale.
3.1.4 Modal-based reduced-order modelling
Aiming at counteracting the issue with the computational efficiency of the formulation
involving the micro-inertial effects, a reduced-order methodology is devised. Given the
(2)

�̈𝜇𝜇 ⟩𝛺𝛺𝜇𝜇 ≡ 𝔻𝔻𝒖𝒖
�̈𝜇𝜇∗ to capture the local resonance
nature of the problem, we want the term ⟨𝜌𝜌𝜇𝜇 𝒖𝒖

phenomenon characterizing the acoustic metamaterial behavior. To do so, a modal anal∗(𝑘𝑘)

� 𝜇𝜇 , and
ysis of Eq. (12) is performed, from which the mass-normalized eigenvectors, 𝝓𝝓
∗(𝑘𝑘)

eigenvalues, 𝜆𝜆𝜇𝜇

, can be obtained:
∗(𝑘𝑘)

� 𝜇𝜇
�𝕂𝕂𝜇𝜇∗ − 𝜆𝜆𝜇𝜇∗(𝑘𝑘) 𝕄𝕄𝜇𝜇∗ � 𝝓𝝓

= 𝟎𝟎,

such that

Then, the solution field can be expressed as

� ∗(𝑘𝑘)𝑇𝑇
� ∗(𝑘𝑘)
𝝓𝝓
𝕄𝕄𝜇𝜇∗ 𝝓𝝓
= 1.
𝜇𝜇
𝜇𝜇

(13)
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∗(𝑘𝑘)
� ∗(𝑘𝑘)
�𝜇𝜇∗ = � 𝝓𝝓
𝒖𝒖
𝜇𝜇 𝑞𝑞𝜇𝜇 ,
∗(𝑘𝑘)

where 𝑞𝑞𝜇𝜇

(14)

𝑘𝑘

are the modal amplitudes associated to the 𝑘𝑘-th eigenvectors, which become

the new system unknowns. Furthermore, the system in Eq. (12) can also be projected
onto each eigenvector, yielding a set of uncoupled equations
∗(𝑘𝑘) 2 ∗(𝑘𝑘)
𝑞𝑞𝜇𝜇

𝜔𝜔𝜇𝜇

∗(𝑘𝑘) 2

where 𝜔𝜔𝜇𝜇

𝑇𝑇

+ 𝑞𝑞̈ 𝜇𝜇∗(𝑘𝑘) = −ℚ(𝑘𝑘) 𝒖𝒖̈ ,
∗(𝑘𝑘)

= 𝜆𝜆𝜇𝜇

(15)

� ∗(𝑘𝑘)
refer to the natural frequencies and ℚ(𝑘𝑘) = 𝔻𝔻𝝓𝝓
can be regarded
𝜇𝜇

as a coupling vector (or the 𝑘𝑘-th component of a coupling matrix ℚ). In this regard, the

macroscopic inertial force density expression can be written as
𝒑𝒑̇ ≈ 𝜌𝜌̅ 𝒖𝒖̈ + � ℚ(𝑘𝑘) 𝑞𝑞̈ 𝜇𝜇∗(𝑘𝑘) .

(16)

𝑘𝑘

The actual system reduction here comes from identifying the set of relevant eigenvectors
(i.e. vibration modes) responsible for local resonance effects. This selection is performed
at two different levels:
(1) The first big truncation comes from the separation of scales condition, that limits
the applicability of the proposed formulation to the low-frequency range. In partic∗(𝑘𝑘)

ular, all modes associated to a natural frequency 𝜔𝜔𝜇𝜇

above a certain limit can be

discarded as they will not be excited in the range of application of the model. This
limit is typically determined by the first natural frequencies associated to deformation modes of the unit cell.
(2) From the set of remaining modes after the first truncation, only those relevant on
the macroscale should be considered. In the proposed model, the criterion to determine whether a particular mode is relevant comes down to the coupling vector
ℚ(𝑘𝑘) . A small absolute value of the magnitude of ℚ(𝑘𝑘) indicates that the vibration

∗(𝑘𝑘)
� ∗(𝑘𝑘)
mode 𝝓𝝓
associated to the natural frequency 𝜔𝜔𝜇𝜇 is poorly coupled with the
𝜇𝜇

macroscale, hence its effects can be neglected. In other words, it means that this
mode is not responsible for local resonance effects.
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Kinematic relation
Rigid body
displacement

Rigid body
rotation

Homogeneous
strain

Micro-fluctuation
displacement field

𝑖𝑖

𝛺𝛺𝜇𝜇

�𝜇𝜇
𝒖𝒖

MACROSCALE

𝕐𝜃 𝜽

𝕀𝕀𝒖𝒖

𝛤𝜇𝜇

𝕐𝜀 𝛆

MICROSCALE

−

𝛤𝜇𝜇

+

(p)

�𝜇𝜇∗
ℙ𝒖𝒖

(1) Quasi-static component

𝛆
𝛔

1

Hypothesis: 𝒖𝒖̈ 𝜇𝜇 ≈ 𝟎𝟎
𝜷𝜷

1

𝛌

1

= 𝒑𝒑̇

1

Result:

≈ 𝟎𝟎

≈ 𝛔 = 𝐂 eff : 𝛆

(2) Inertial component

𝒖𝒖̈𝒖𝒖̈
𝒑𝒑̇

Hypothesis:
𝛌

2

𝜷𝜷

2

=𝛔

2

Result:

≈ 𝟎𝟎

≈ 𝒑𝒑̇ = 𝜌𝜌̅ 𝒖𝒖̈ + ∑𝑘𝑘 ℚ

Modal projection:

𝒑𝒑̇ = 𝜵𝜵𝒙𝒙 · 𝛔

∗ 𝑘𝑘 2 ∗ 𝑘𝑘
𝑞𝑞𝜇𝜇

𝜔𝜔𝜇𝜇

∗ 𝑘𝑘

+ 𝑞𝑞̈ 𝜇𝜇

𝑘𝑘

∗ 𝑘𝑘

𝑞𝑞̈ 𝜇𝜇

= −ℚ

𝑘𝑘 T 𝒖𝒖̈

FIG. 6 Global homogenization scheme for characterizing acoustic metamaterials.
The wave equation in the macroscale is solved with effective values of the stress
and inertial force density terms, σ and 𝒑𝒑̇ , that come from the resolution of the unit
cell system in the microscale under the action of the associated macroscopic strain
and acceleration fields, ε and 𝒖𝒖̈ . This problem is split into a quasi-static component and a reduced inertial subsystem allowing us to uncouple the stress and inertial force density contributions in the macroscale, while still accounting for local
resonance effects.
3.1.5 Homogenization framework applications
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With Eqs. (10), (15) and (16), we now have all the ingredients to express the set of equations to be solved in the macroscale:
∗(𝑘𝑘)

𝜵𝜵𝒙𝒙 · �Ceff : 𝜵𝜵S𝒙𝒙 𝒖𝒖(𝒙𝒙, 𝑡𝑡)� − 𝜌𝜌̅ 𝒖𝒖̈(𝒙𝒙, 𝑡𝑡) = � ℚ(𝑘𝑘) 𝑞𝑞̈ 𝜇𝜇
𝑘𝑘
�
∗(𝑘𝑘) 2 ∗(𝑘𝑘)
𝜔𝜔𝜇𝜇
𝑞𝑞𝜇𝜇 (𝒙𝒙, 𝑡𝑡)

(𝑘𝑘) 𝑇𝑇

+ 𝑞𝑞̈ 𝜇𝜇∗(𝑘𝑘) (𝒙𝒙, 𝑡𝑡) = −ℚ

𝒖𝒖̈ (𝒙𝒙, 𝑡𝑡).

(𝒙𝒙, 𝑡𝑡) ,

(17)

Again, it should be noted that local resonance effects are accounted for by the presence
of the coupling vector ℚ(𝑘𝑘) in the equations. But for this additional term to appear, the
unit cell design of the acoustic metamaterial plays an important role. In particular, two
key aspects need to be satisfied:
(a) Each unit cell is isolated from the rest in order to trigger internal resonance modes.
This is important for the separation of scales condition, 𝜆𝜆 ≫ ℓ𝜇𝜇 , to be satisfied,

which is also required for local resonance effects to arise. To guarantee this, one
can rely on employing stiff materials on the unit cell’s boundaries, for instance.
(a)

(b)

(c)

4

4

3

5
1

2

FIG. 7 Different LRAM-based unit cell configurations. All the designs consist of a
relatively stiff frame to isolate each unit cell from the rest and a resonating element
with components acting as masses and springs. (a) Bi-material design considered
in Article I: the steel inclusion is the resonating element, which is attached to a
polymer-based frame through thin attachments built with the same material. (b)
Three-phase composite configuration used in Article II: in this case, the resonating
element is a steel inclusion coated with a silicone rubber embedded in a stiff matrix.
(c) Single material unit cell devised for Article III: the support rods on the vertices
fix each cell and the combination of the thin attachments with the flower-shaped
inclusion allow for out-of-plane local resonance effects in the low-frequency range
of interest, despite employing only one material phase. The numbers correspond
to materials listed in Tab. 1.
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TAB. 1 Material properties considered for the different LRAM designs.
Material

Density (kg/m3)

Young’s Mod. (MPa)

Poisson’s ratio

(1) Nylon

1100

2000

0.4

(2) Epoxy

1180

4350

0.368

(3) PA 11

1050

1800

0.405

(4) Steel

7800

180000

0.33

(5) Silicone rubber

1300

0.1175

0.469

(b) The unit cell contains some kind of resonating element. These resonating elements are what cause the internal resonance modes that trigger the local resonance effects at a specified frequency. To achieve this, one can combine materials with different properties (preferably compliant materials assuming the role of
springs and dense inclusions to act as masses) and/or rely on specific topologies
that produce the same effects.
In Fig. 7, different LRAM-based unit cell configurations considered in this work are depicted. Each one employs a different strategy to achieve the local resonance effects expected.
Homogenized macroscale model to study local resonance effects
In order to analyze the behavior of LRAMs and provide a better understanding of the
bandgap formation mechanisms due to local resonance effects, an analytical treatment
of Eq. (17) will be performed.
To do so, Eq. (17) will be solved in the frequency domain, for a given frequency 𝜔𝜔, allowing us to condense the system by establishing the following relation:
𝑞𝑞̈ 𝜇𝜇∗(𝑘𝑘) (𝒙𝒙, 𝑡𝑡) =

𝜔𝜔2

∗(𝑘𝑘) 2
𝜔𝜔𝜇𝜇

− 𝜔𝜔 2

𝑇𝑇

ℚ(𝑘𝑘) 𝒖𝒖̈ (𝒙𝒙, 𝑡𝑡).

(18)

Substituting Eq. (18) into the expression for the inertial force density (given by Eq. (16))
allows us to determine an effective density tensor,
R

eff

(𝜔𝜔) = 𝜌𝜌̅ 𝟏𝟏 + �

𝜔𝜔2

∗(𝑘𝑘) 2
𝑘𝑘 𝜔𝜔𝜇𝜇

where 𝟏𝟏 is the identity tensor.

− 𝜔𝜔 2

𝑇𝑇

ℚ(𝑘𝑘) ⊗ ℚ(𝑘𝑘) ,

(19)
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For the sake of simplicity, let us assume plane wave propagation at a given frequency 𝜔𝜔
and wavenumber 𝜅𝜅. Then

𝒖𝒖(𝒙𝒙, 𝑡𝑡) = 𝑼𝑼𝑒𝑒 𝑖𝑖(𝜅𝜅𝒏𝒏𝜅𝜅 ·𝒙𝒙−𝜔𝜔𝜔𝜔) ,

(20)

where 𝑼𝑼 is the wave amplitude and 𝒏𝒏𝜅𝜅 is a unit vector with the wave propagation direc-

tion. In this context,

𝒖𝒖̈ (𝒙𝒙, 𝑡𝑡) = −𝜔𝜔2 𝑼𝑼𝑒𝑒 𝑖𝑖(𝜅𝜅𝒏𝒏𝜅𝜅 ·𝒙𝒙−𝜔𝜔𝜔𝜔) ,

(21)

𝜵𝜵S𝒙𝒙 𝒖𝒖(𝒙𝒙, 𝑡𝑡) = 𝑖𝑖𝑖𝑖𝒏𝒏𝜅𝜅 ⊗𝑆𝑆 𝑼𝑼𝑒𝑒 𝑖𝑖(𝜅𝜅𝒏𝒏𝜅𝜅 ·𝒙𝒙−𝜔𝜔𝜔𝜔) .

(22)

Upon substitution of Eqs. (21) and (22) into Eq. (17), one gets the following dispersion
relation
�𝜔𝜔2 Reff (𝜔𝜔) − 𝜅𝜅 2 𝒏𝒏𝑇𝑇𝜅𝜅 · Ceff · 𝒏𝒏𝜅𝜅 �𝑼𝑼 = 𝟎𝟎.

(23)

To further simplify the analysis, let us consider a wave propagating in the 𝑥𝑥-direction, i.e.
𝒏𝒏𝜅𝜅 = {1, 0, 0}𝑇𝑇 , and a single vibration mode arising from the microscale causing local
(1)

resonance effects only in the direction of the wave propagation, i.e. ℚ(1) = {𝑄𝑄1 , 0, 0}𝑇𝑇 .

In this regard, assuming the effective metamaterial has a standard linear elastic behavior, one gets three eigenvalues and eigenvectors from Eq. (23), namely
(1) 2
⎧
𝜌𝜌̅
𝜔𝜔 2
𝑄𝑄1
(1)
⎪𝜅𝜅 = 𝜔𝜔� eff +
, 𝑼𝑼(1) = {𝑈𝑈1 , 0, 0}𝑇𝑇 ;
eff
𝐶𝐶1111 𝜔𝜔∗(1) 2 − 𝜔𝜔 2 𝐶𝐶1111
⎪
𝜇𝜇
⎪
⎪
𝜌𝜌̅
(2)
𝑼𝑼(2) = {0, 𝑈𝑈2 , 0}𝑇𝑇 ;
⎨𝜅𝜅 = 𝜔𝜔�𝐶𝐶 eff ,
1212
⎪
⎪
𝜌𝜌̅
⎪ (3)
𝑼𝑼(3) = {0, 0, 𝑈𝑈3 }𝑇𝑇 .
⎪𝜅𝜅 = 𝜔𝜔� eff ,
𝐶𝐶
1313
⎩

(24)

Note that 𝜅𝜅 (2) and 𝜅𝜅 (3) , which are associated to transverse propagation modes (𝑼𝑼(2) and

𝑼𝑼(3) are normal to the wave propagation direction 𝒏𝒏𝜅𝜅 ), have a standard dispersion rela-

tion proportional to the frequency 𝜔𝜔 through a constant propagation speed. However, for
longitudinal waves the material is dispersive, as the relation between 𝜅𝜅 (1) and 𝜔𝜔 is not
(1)

linear due to the presence of local resonance effects caused by non-null values of 𝑄𝑄1 .

A close inspection on this expression allows us to realize: (1) as 𝜔𝜔 approaches the nat-

eff
ural frequency 𝜔𝜔𝜇𝜇∗(1), the corresponding effective density tensor term 𝑅𝑅11
→ +∞ which

eff
causes 𝜅𝜅 (1) → +∞; and (2) when 𝜔𝜔 surpasses the value of 𝜔𝜔𝜇𝜇∗(1), then 𝑅𝑅11
→ −∞ (i.e.
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the metamaterial exhibits negative density-like behavior) causing 𝜅𝜅 (1) to be purely imag-

inary (see Fig. 8 for an illustrative example).

According to Eq. (20), a purely imaginary wavenumber � causes an effective attenuation
of the wave’s amplitude as it propagates, producing the so-called frequency bandgap.
This bandgap region is extended until a frequency that makes the corresponding effeceff
tive density tensor component become null, 𝑅𝑅11
= 0. In Article I, it is demonstrated that

these frequencies correspond to resonance frequencies for vibration modes in the unrestricted microscale inertial system.
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FIG. 8 Illustrative example of the local resonance phenomenon. The bandgap corresponds to a region bounded by the frequencies of the restricted and unrestricted
unit cell systems, whose vibration modes are depicted as (a) and (b) (dashed lines
indicate the undeformed state). Note that in this region the metamaterial exhibits
negative density-like behavior, causing a purely imaginary valued wavenumber.
The plots are adapted from the ones provided in Article I considering Fig. 7-(a) unit
cell design.
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⋮
air
𝑃𝑃𝑖𝑖 = 𝑒𝑒 𝑖𝑖

Unit cell

LRAM panel
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𝜅𝜅𝑖𝑖−𝜔𝜔𝜔𝜔
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plane wave

𝑃𝑃𝜔𝜔 = 𝑇𝑇𝑒𝑒 𝑖𝑖
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Reflected
plane wave
𝑃𝑃𝑟𝑟 = 𝑅𝑅𝑒𝑒 −𝑖𝑖

𝜅𝜅𝑖𝑖−𝜔𝜔𝜔𝜔
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panel slice
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𝑦
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⋮

TL = −20 log10 𝑇𝑇

FIG. 9 LRAM-based panel problem setting for computing its transmission loss. The
macroscopic domain consists of an infinitely extended panel with a certain thickness. Its microscale is modelled as a periodically repeated unit cell with a given
configuration that allows it to produce local resonance effects. In order to compute
the transmission loss, acoustic plane waves propagating in the direction normal to
the panels’ surfaces are considered. On the front side, there are two waves travelling in opposite directions corresponding to the incident and reflected waves, while
on the rear side, there is only the transmitted wave propagating away from the
panel. The ratios between these waves’ amplitudes define the reflection and transmission coefficients, 𝑅𝑅 and 𝑇𝑇, respectively.
Transmission loss in LRAM-based panels
The LRAM application considered throughout this work is the design of noise insulation
panels with enhanced attenuating capabilities (due to local resonance effects) in a specified frequency range. These are typically in the low-frequency regime, where standard
solutions would require the use of thick panels of dense materials.
The scheme in Fig. 9 is used to characterize the performance of such LRAM-based panels by computing their transmission loss as the ratio of the amplitudes of acoustic plane
waves propagating normal to the panels’ surfaces on their front and rear sides. Details
on this computation are provided in Article II.

26

Chapter 3 Scientific contributions

This kind of example has also been used in Article I to validate the homogenization model
through a comparison of the results obtained with a direct numerical simulation of the
panel. The results of this study can be seen in Fig. 10.
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FIG. 10 Validation of the proposed homogenization scheme. (a) The transmission
loss of a panel has been computed through a direct numerical simulation and the
results are compared with those obtained by the proposed homogenization framework. (b) Internal resonance modes for the unit cell design considered. Notice that
only the first 3 modes lie in the audible frequency range, of which only 2 have nonnegligible components in the coupling vector and only the first is responsible for
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causing local resonance effects for waves propagating in the longitudinal direction.
Results adapted from Article I.

3.2 Computational design of acoustic metamaterials
The homogenization framework presented can be employed to characterize the behavior
of LRAMs. This motivates its use in the design process of such metamaterials aiming,
for instance, at enhancing its attenuating capabilities. In this context, the application devised for LRAMs is in the form of noise insulation panels as described in Section 3.1.5.2.
Therefore, since the levels of attenuation achieved by local resonance effects are large
but very narrowband, the goal is to enlarge the effective frequency bandgap. In this regard, three different strategies have been considered: (1) stacking layers with different
LRAM unit cell configurations aiming at overlapping their effective bandgaps, (2) taking
advantage of the viscoelastic behavior of certain materials which, in combination with
local resonance effects, can give rise to a damping emergence phenomenon called
metadamping and (3) use topology optimization techniques to obtain unit cell designs
with a targeted frequency range of operation and optimal (maximized) bandwidth.
3.2.1 Multi-layer LRAM-based panel design
As a first approach in LRAMs design, the consideration of a multi-layered panel has been
studied. The idea in this case is to enlarge the effective attenuation band (defined as the
frequency range with transmission loss levels over a certain baseline value) by using
different unit cell configurations in each layer, with overlapping frequency bandgaps. This
concept has been explored using the proposed homogenization scheme as part of the
examples section in Article I. An adaptation of these results (in terms of transmission
loss) can be seen in Fig. 11.
First, it should be noted that the two overlapping bandgaps are produced with small
changes in the geometrical properties of each unit cell. In this case, a simple reduction
of 0.25 mm in the outer hole diameter (see Fig. 7-(a)) is enough to slightly increase the
frequency bandgap width and move it to a 2 kHz higher frequency range.
The main drawback observed with this design concept is that, while the corresponding
unit cells’ bandgaps overlap, the resulting transmission loss curve is not capable of producing a continuous effective attenuation band throughout the entire expected enlarged
frequency bandgap. This is because by stacking layers with different unit cell configurations, they interact with each other producing undesired transmission (inverted) peaks at
frequencies inside the attenuation region.
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FIG. 11 Transmission loss of a bi-layer LRAM panel. Each layer contains 5 unit
cells with variations in the geometric parameters of the configuration in Fig. 7-(a),
in order to produce two overlapping frequency bandgaps (shaded areas in the plot).
Results adapted from Article I.

3.2.2 Introduction of damping effects
Viscoelastic behavior of materials can be accounted for in the proposed formulation by
considering, on the microscale, a stress-strain relation of the form
σ𝜇𝜇 = C𝜇𝜇 : 𝜵𝜵S𝒚𝒚 𝒖𝒖𝜇𝜇 + η𝜇𝜇 : 𝜵𝜵S𝒚𝒚 𝒖𝒖̇ 𝜇𝜇 ,

(25)

so that the stress tensor gains a strain-rate, 𝜵𝜵S𝒚𝒚 𝒖𝒖̇ 𝜇𝜇 , dependency through a fourth-order

viscous tensor η𝜇𝜇 . First, it should be noted that the introduction of this additional term

in the formulation does not affect the simplifying hypotheses considered for the application of the model to acoustic metamaterials problems. Details on the whole derivation of

the model with viscoelastic effects can be found in Article II. Here, only the major implications of the changes in the results will be discussed:
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(a) While the assumption considered for the quasi-static subsystem still holds, some
changes need to be applied to accommodate the presence of dissipation terms.
Ultimately, this affects the expression obtained for the effective macroscopic
stress, that now reads
σ ≈ Ceff :ε + ηeff : ε̇ .

(26)

In contrast to the previous definition, given by Eq. (10), in this case a new term
arises accounting for an effective viscous tensor, ηeff , responsible for relating the
macroscopic stress with the strain-rate, ε̇ .

(b) Another difference appearing as a result of considering viscoelastic effects concerns the inertial subsystem. In this case, the expression for the macroscopic inertial force density remains the same as in Eq. (16), but an additional dissipation term
appears in the reduced microscale system:
2

D

Ω𝜇𝜇 𝒒𝒒𝜇𝜇 + Ω𝜇𝜇 𝒒𝒒̇ 𝜇𝜇 + 𝒒𝒒̈ 𝜇𝜇 = −ℚ𝑇𝑇 𝒖𝒖̈ ,

(27)
2

where former Eq. (15) in its matrix form has been considered, i.e. with Ω𝜇𝜇 =
∗(𝑘𝑘) 2

diag{ … 𝜔𝜔𝜇𝜇

… } being a diagonal matrix containing all the relevant squared nat-

ural frequencies, 𝒒𝒒𝜇𝜇 = { … 𝑞𝑞𝜇𝜇∗(𝑘𝑘) … }𝑇𝑇 denoting a column vector with the modal am-

plitudes and ℚ = { … ℚ(𝑘𝑘) … } referring to a matrix containing the coupling vectors.
D

In Eq. (27), Ω𝜇𝜇 is the new term assuming the role of a damping matrix.

Regarding Eq. (27), it should be noted that the addition of damping counteracts the beneficial effects of local resonance phenomena. However, in a low-frequency regime, depending on the level of viscosity, it can slightly extend the effective attenuation band.
Another issue concerning the modal-based reduction is that, unlike the former microscale
D

system from Eq. (15), the new system in Eq. (27) is not necessarily uncoupled, since Ω𝜇𝜇

is not diagonal, in general. This may cause the reduction scheme to not be so efficient,
as additional modal amplitudes may be required in order to achieve more accurate results. While this issue is something that needs to be considered, in practice, it has been
verified that it does not have a major impact on the overall formulation, because the
degree of coupling is so small that good results can still be obtained considering only the
relevant modes selected using the criterion established in Section 3.1.4 .
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FIG. 12 Problem setting for the topology optimization of acoustic metamaterials.
(a) Unit cell configuration showing the fixed stiff material frame and the design domain where the topology of the inclusions (acting as dense material regions) is
obtained. (b) Restricted and unrestricted resonance frequencies marking the frequency bandgap limits. Figure extracted from Article II.

3.2.3 Topology optimization of LRAMs
A LRAMs computational design methodology based on a level-set topology optimization
strategy has been devised. The objectives for this optimization problem are:
(1) Fit the relevant resonance frequency triggering local resonance effects into a targeted range.
(2) Maximize the bandwidth of the frequency bandgap associated to the previous resonance frequency.
To do so, a smooth level-set function 𝜑𝜑(𝒚𝒚) is defined to determine the material distribu-

tion by means of a characteristic function
𝜒𝜒(𝒚𝒚) ≔ ℋ�𝜑𝜑(𝒚𝒚)� ≡ �

0 ∀𝒚𝒚 such that 𝜑𝜑(𝒚𝒚) < 0
1 ∀𝒚𝒚 such that 𝜑𝜑(𝒚𝒚) ≥ 0

.

(28)

This characteristic function 𝜒𝜒 takes values of 1 for dense material regions (these will

correspond to the resonating elements, i.e. the inclusions) and values of 0 for compliant
material regions (which will be treated as void or coating materials). In this context, the
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level-set function 𝜑𝜑 becomes the unknown of the problem of minimizing the cost function,

given by

with

𝛱𝛱�𝜒𝜒(𝜑𝜑)� ≔ 𝛼𝛼𝑓𝑓 2 + (1 − 𝛼𝛼)𝑔𝑔2
𝑓𝑓 =
𝑔𝑔 =

ln 𝜆𝜆𝜇𝜇∗(1) �𝜒𝜒(𝜑𝜑)� − ln 𝜆𝜆𝜇𝜇̅∗
ln 𝜆𝜆𝜇𝜇∗(1) �𝜒𝜒(𝜑𝜑)� + ln 𝜆𝜆𝜇𝜇̅∗
∗(1)

ln 𝜆𝜆𝜇𝜇 �𝜒𝜒(𝜑𝜑)�
(1)

ln 𝜆𝜆𝜇𝜇 �𝜒𝜒(𝜑𝜑)�

,

,

(29)

(30)

(31)

�𝜇𝜇∗ 2 is the squared
In Eqs. (29)-(31), 𝛼𝛼 is a weighting parameter (0 ≤ 𝛼𝛼 ≤ 1) and 𝜆𝜆𝜇𝜇̅∗ ≡ 𝜔𝜔
∗(1)

target frequency where we expect to obtain local resonance effects. The variables 𝜆𝜆𝜇𝜇
(1)

and 𝜆𝜆𝜇𝜇 are the first relevant resonance frequencies for the restricted and unrestricted

microscale inertial systems, respectively, which typically determine the lower and upper

bounds of the associated frequency bandgap. Thus, at each iteration step, the following
equations must be satisfied:
∗(1)

∗(1)

� 𝜇𝜇
�𝕂𝕂𝜇𝜇∗ − 𝜆𝜆𝜇𝜇 𝕄𝕄𝜇𝜇∗ � 𝝓𝝓
(1)

(1)

= 𝟎𝟎,

� 𝜇𝜇 = 𝟎𝟎.
�𝕂𝕂𝜇𝜇 − 𝜆𝜆𝜇𝜇 𝕄𝕄𝜇𝜇 � 𝝓𝝓

(32)
(33)

It should be noted that the objective function � is bounded between 0 and 1 and is
composed by two subfunctions, 𝑓𝑓 2 and 𝑔𝑔2 . The former (see Eq. (30)) reaches its mini∗(1)

mum when the squared first relevant resonance frequency of the restricted system 𝜆𝜆𝜇𝜇

(i.e. the one producing local resonance effects) matches the targeted one 𝜆𝜆𝜇𝜇̅∗ , satisfying

the first objective established. As for the latter (see Eq. (31)), its value decreases as the
(1)

difference between 𝜆𝜆𝜇𝜇 and 𝜆𝜆𝜇𝜇∗(1) becomes larger (i.e. the frequency bandgap limits ex-

tend, which satisfies the second objective set).

To solve the problem, a pseudo-time variable is used to update the solution, starting from
an initial state that consist of the design area filled entirely with dense material (i.e. 𝜑𝜑 >

0 in the whole domain), until it reaches an appropriate converged solution. A Hamilton-

Jacobi approach has been considered, where the updated solution is given by
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𝜑𝜑(𝑛𝑛+1) (𝒚𝒚) = 𝜑𝜑(𝑛𝑛) (𝒚𝒚) − ∆𝑡𝑡 𝐶𝐶1

𝛿𝛿𝛱𝛱𝑡𝑡
(𝒚𝒚),
𝛿𝛿𝛿𝛿

(34)

with ∆𝑡𝑡 being a time-step, 𝐶𝐶1 > 0 is an adjusting parameter and 𝛿𝛿𝛱𝛱𝑡𝑡 ⁄𝛿𝛿𝛿𝛿 is the so-called

topological sensitivity of the cost function (also known as the variational topological de-

rivative of the functional 𝛱𝛱). Details on the derivation of 𝛿𝛿𝛱𝛱𝑡𝑡 ⁄𝛿𝛿𝛿𝛿 can be found in Article
II.
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FIG. 13 Evolution plots for the topology optimization of acoustic metamaterials. (a)
Frequency fitting case and (b) Frequency fitting paired with bandgap maximization.
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In Additional media, a link to a video showcasing the topology evolution at each
iteration for both cases can be found. Figure extracted from Article II.
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FIG. 14 Transmission loss for the optimized LRAM topologies. Comparison between the frequency fitting design and the frequency fitting paired with the bandgap
maximization case. Each plot corresponds to different viscosity parameters to high-
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light the effect of considering viscoelastic behavior in the design. The effective attenuation bands are defined as the uninterrupted frequency regions with a TL level
over 40 dB. Figure extracted from Article II.

Some important aspects concerning the topology optimization problem devised include:
(a) To ensure the appearance of a topological design that triggers local resonance
effects, the target squared frequency 𝜆𝜆𝜇𝜇̅∗ needs to be set in a proper region that is

typically determined by the dimensions of the unit cell, for a given set of material
properties. This also implies that 𝛼𝛼 > 0, i.e. the frequency fitting must be part of the

objective function always.

(b) The design domain is surrounded by a fixed material frame, which is considered
infinitely stiff so that no deformation modes appear in the modal analysis. This is
done also to avoid spurious interactions of the matrix with the inclusion/coating
materials considered for the topological design area in the early steps of the algorithm.
(c) The mass of the void/coating material is neglected, again, to avoid spurious modes
that would difficult the proper identification of the relevant resonance mode. This
should not affect the value of the resonance frequency, since the parameters that
play a role in its determination are the elastic properties of the coating phase and
the mass of the inclusion, both of which remain unaltered with this assumption.
(d) Finally, in order to help the algorithm become more stable, only the degrees of
freedom in the direction where one expects local resonance effects to arise are left
free (assuming the unit cell will work as a LRAM panel subjected to plane waves
propagating in the predefined direction, this simplification is not a cause for important issues from the topological design point of view).
In Fig. 13, an example from Article II of the application of the proposed topological design
strategy is shown. For comparison, two cases have been studied: one only accounting
for the frequency fitting (𝛼𝛼 = 1) to get a topology with an internal resonance frequency in

a target value, and another in which bandgap maximization is also taken into account

(� = 0.5). Notice the big jump in the resonance frequency scale once the inclusion gets

detached from the matrix. The corresponding transmission loss curves for each case are
given in Fig. 14, which can be found also in Article II. In this case, one can also see the
smoothing effect caused by increasing the viscosity of the coating material upon considering viscoelastic behavior in the model, which translates in slightly wider bandgaps.
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This, combined with topological optimized designs, lead to big improvements in the attenuation properties of the LRAM panel.

3.3 Experimental validation
The last main contribution of this work involves a series of experimental tests with the
following objectives: (1) to demonstrate the concept of local resonance and show its effects on a fully 3D-printed acoustic metamaterial prototype and (2) validate the computational framework developed to characterize them. A detailed description of the experiments carried out and the obtained results can be found in Article III. Here, some important aspects will be highlighted.
3.3.1 Prototypes design
For almost 20 years, there have been plenty of acoustic metamaterials realizations that
have been tested experimentally. While most of them are based on local resonance as
the mechanism responsible for their attenuating properties, they differ in the way this
kind of phenomenon is achieved. For a review on the different concepts and designs
found in the literature, the reader is referred to Section 2.3 of this work. Most of the early
designs employed composite structures composed of different material phases in order
to obtain the desired properties. These designs are effective and capable of exhibiting
local resonance effects, but they are not practical, mainly because of manufacturability
issues or the dimensions required.
In this context, the prototypes for the devised set of experimental tests are designed with
the notion of making them practical. To do so, given the recent growth and potential of
new additive manufacturing technologies, the acoustic metamaterials employed as prototypes have been designed so that they can be fully 3D-printed via multi jet fusion (MJF)
techniques. The main challenge when choosing 3D-printing as the fabrication method is
in the currently available materials. In order to target the interesting frequency range of
operation for sound insulation applications (around and below 1000 Hz), the materials
employed need to allow internal resonances in this low-frequency regime, which typically
implies the combination of highly compliant and dense materials. Since the majority of
materials used in 3D-printing are polymers, the aforementioned frequency range is difficult to achieve with a set of dimensions that makes the metamaterial attractive for practical purposes, i.e. thin and lightweight, and at the same time, respect the limits and
tolerances set by the manufacturing system. Here is where the unit cell design plays an
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important role, since it can be exploited to obtain the desired properties, subjected to the
material restrictions, and be interesting from a practical point of view.
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FIG. 15 3D-printed acoustic metamaterial panel design. Two skins are stuck at the
panel in order to hold and isolate each unit cell. The flower-like design of the unit
cells is depicted in the bottom right corner of the figure. All dimensions are in millimeters. Figure extracted from Article III.

To this end, the prototype built for the experimental tests consists of a panel with a thickness of only 5 mm and composed of unit cells with the design shown in Fig. 13. The
material employed is a Polyamide (PA11), with a density of 1050 kg/m3, a Young’s modulus of 1800 MPa and a Poisson’s ratio of 0.405. The unit cell design has been carefully
chosen so that it can be easily 3D-printed from a single block of material, while still having
the required elements for local resonance effects to arise. In particular, (1) the support
rods at the unit cell’s vertices act as fixing points to isolate each unit cell and trigger the
appearance of internal resonance modes; (2) the central inclusion provides the mass for
the resonating element, and (3) the thin attachments connecting the inclusion to the supports assume the role of springs, allowing the unit cell to have relevant resonance modes
in the desired frequency range, around 1000 Hz. In fact, in order to achieve this frequency range, the particular flower-like topology has been chosen so that the bending
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stiffness of the attachments is small (which is attained with longer elements) and the
resonating mass is as big as possible (by occupying most of the space available).
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FIG. 16 Experiment setup for normal-incidence transmission loss measurements.
(a) Schematic representation showcasing the four microphone positions and holding of the sample panel. (b) Actual impedance tube employed in the experiments.
Figure from Article III.

3.3.2 Impedance tube measurements
Impedance tubes are used to characterize the acoustic performance of materials, in particular, its transmission and reflection coefficients to normal incidence plane waves. The
device employed to carry out such kind of experimental tests in the present work consists
of two tube parts built with medium-density fiberboard 4 cm thick, with a squared section
of 8 cm x 8 cm. A 3.3 inch loudspeaker (4 Ohm, 30 W) is connected to an amplifier and
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located on one end of the first tube. The other tube’s termination is filled with a polyurethane foam to act as an absorbing material, which guarantees an anechoic condition (no
reflections). Four 1/2 inch prepolarized microphones with an integrated circuit piezoelectric preamplifier are positioned at different tube sections (see Fig. 14).
The guidelines from ASTM E1050-98 have been followed in order to set the section size
and microphone separation to guarantee a frequency range of operation between 200
and 2000 Hz. Assuming plane wave propagation in this range, the following expressions
can be used to describe the pressure field in the front (𝑓𝑓) and rear (𝑟𝑟) tube sections in
the frequency domain:
𝑃𝑃𝑓𝑓 (𝑥𝑥, 𝜔𝜔) = 𝐴𝐴(𝜔𝜔)𝑒𝑒 𝑖𝑖𝑖𝑖𝑖𝑖 + 𝐵𝐵(𝜔𝜔)𝑒𝑒 −𝑖𝑖𝑖𝑖𝑖𝑖 ,

(35)

𝑃𝑃𝑟𝑟 (𝑥𝑥, 𝜔𝜔) = 𝐶𝐶(𝜔𝜔)𝑒𝑒 𝑖𝑖𝑖𝑖𝑖𝑖 ,

(36)

where 𝑥𝑥 refers to the longitudinal position in the tube with respect to the sample’s incident

surface section, 𝜔𝜔 is the frequency, 𝜅𝜅 is the wavenumber (which is related to the speed

of sound in air, 𝑐𝑐, by 𝜅𝜅 = 𝜔𝜔⁄𝑐𝑐) and 𝐴𝐴, 𝐵𝐵 and 𝐶𝐶 are the incident, reflected and transmitted
wave’s amplitude coefficients, respectively.
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FIG. 17 Comparison between experimental and simulated results. The simulations
have been performed using the proposed homogenization framework (further de-
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tails in Article III). The experimental curves represent the results for the metamaterial panel and two homogeneous panels with an equivalent mass (� = 6 mm) and
thickness (� = 9 mm), for comparison. Figure extracted from Article III.

Note that reflections on the rear sections of the tube are being neglected here because
of the anechoic termination. With measurements of the pressure field on the four microphone positions, one can easily obtain the values for these coefficients and compute the
transmission loss as
2

𝐴𝐴(𝜔𝜔)
TL(𝜔𝜔) = 10 log10 �
� .
𝐶𝐶(𝜔𝜔)

(37)

The results of these measurements for the 3D-printed prototype panel can be observed
in Fig. 17 (also in Article III), along with the transmission loss computation from a simulated panel where the proposed homogenization scheme has been applied. The metamaterial case shows increased attenuation around the expected frequency when compared to equivalent homogeneous panels with the same thickness and equivalent mass.
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CONCLUSIONS

4.1 Discussion of the results
By applying the concepts of multiscale homogenization, model-order reduction techniques and topology optimization, a set of computational tools has been developed to
study and design acoustic metamaterials. The numerical framework proposed highlights
the potential of the computational design of materials and its ability to characterize complex material behavior, such as local resonance effects. The key aspects developed
throughout the present thesis are discussed here:
(a) Multiscale homogenization of acoustic metamaterials. A general multiscale homogenization framework capable of accounting for inertial effects has been built upon
the so-called multiscale virtual power principle. The macroscale (part) is linked to
the microscale (metamaterial) through a kinematic relation and a Lagrange-based
form of the energetic equivalence between both scales provides a good setting for
solving the problem in the microscale and identifying the Lagrange multipliers as
the macroscopic effective stress and inertial force density terms. Based on (a) the
separation of scales condition (� ≫ ℓ� ) and assuming (b) a density distribution

symmetrical with respect to each unit cell’s center, along with (c) neglecting body
forces, the formulation can be simplified to characterize periodic arrangements of

acoustic metamaterials. Namely, the microscale system can be split onto a quasistatic component, from which an effective constitutive tensor is obtained, and an
inertial component, from which the effective inertial force density is derived as a
function of the macroscopic acceleration and some micro-inertial terms accounting
for local resonance effects.
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(b) Modal-based model-order reduction accounting for internal resonances. By solving
the eigenproblem in the microscale inertial subsystem, one can identify the relevant internal resonance modes responsible for triggering local resonance effects
on the macroscale. This is translated in a huge reduction of the computational effort
required to solve the coupling between the macro and microscales due to inertial
effects, while still allowing the model to properly capture the acoustic metamaterials’ behavior.
(c) Topology optimization for frequency bandgap fitting and maximization. A level-set
optimization algorithm is used to obtain acoustic metamaterial unit cell’s designs
that allow to (a) set the target frequency range where local resonance effects are
expected to arise, and (b) maximize the effective frequency bandgap along with
the attenuation performance for panel-based applications subject to normal incident acoustic plane waves.
(d) Damping phenomena accounting for more realistic material behavior. The homogenization framework has been enriched with the incorporation of more realistic material behavior in the microscale by accounting for viscoelastic effects. This addition
has allowed to study the impacts of damping in acoustic metamaterials and, more
specifically, its role when used in combination with local resonance effects.
(e) Experimental validation with 3D-printed prototypes. Aiming at experimentally
demonstrating the effects of local resonance phenomena of acoustic metamaterials, an impedance tube-based test has been devised to analyze the transmission
loss of panels subject to normal-incidence acoustic plane waves. These experiments have been used to both validate the homogenization model and to prove
the enhanced attenuating capabilities of acoustic metamaterials based on a fully
3D-printed design.
The model has been successfully applied to simulate the attenuating capabilities of
LRAM-based panels subject to normal-incidence acoustic plane waves. Such example
has been considered to validate the homogenization framework through comparison with
a direct numerical simulation. The results confirm the applicability range of the model
within the simplifying hypotheses considered and prove the effectiveness of the modalbased reduction strategy by achieving reductions of up to 0.1% of the total number of
degrees of freedom of the problem (in a 2D setting) while still managing to obtain accurate results with < 1% of relative error in the frequency range of interest.
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Using the computational tools developed in this work, early attempts at designing LRAMbased panels for sound insulation in a low-frequency range (around 1 kHz) have been
carried out, following different approaches:
(a) In Article I, the idea of combining multiple layers with different unit cell designs
(each one providing a frequency bandgap in different overlapping regions) has
been explored. The aim is to obtain an extended effective attenuation band by
taking advantage of multiple internal resonances. The preliminary study performed
reveals that there is still room for improvement in this regard, especially in understanding the interaction between the different layers to get a continuous attenuation band.
(b) In Article II, the topology optimization algorithm has been used to set the local resonance effects in a targeted frequency around 1 kHz. Designs with bandgap maximization as part of the cost function in the optimization algorithm have been obtained and proven to almost double the frequency bandgap compared to non-optimized designs. This translates in an increase of more than 1.5 times the bandwidth
of effective continuous attenuation over 40 dB. Furthermore, the consideration of
viscoelastic effects in the coating material phase has also shown that this effective
bandwidth can be extended an additional 30%.
(c) In Article III, the first attempt at building a practical acoustic metamaterial prototype
by employing a currently available 3D-printing technology has been carried out. Its
design has been devised to get local resonance effects in a frequency range
around 1 kHz with a set of dimensions that make it both interesting for practical
applications and manufacturable within the 3D-printing technology limitations. To
do so, the design consists of a flower-like shaped inclusion in order to maximize
the resonating mass, while still allowing the presence of thin attachments (acting
as springs) long enough to produce internal resonances in the frequency range of
interest.

4.2 Future research lines
All the developments and results achieved throughout the present work can be regarded
as the foundation for further research lines related to the design and characterization of
acoustic metamaterials. Some of these possible research topics are discussed here:
(a) Similar to how viscoelastic effects have been introduced in the model in order to
account for more realistic behavior, other kind of phenomena can also be added to
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the present formulation in order to enrich it. In this context, the consideration of
non-linear material behavior could be an example. Another possibility would be to
extend the range of applicability of the model to higher frequency ranges by incorporating Bloch-Floquet conditions. This would allow the model to be used, for instance, in characterizing the behavior of phononic crystal structures.
(b) The topology optimization algorithm presented is also subject to be updated (for
example, with new cost functions or restrictions) to obtain more efficient designs
that are feasible and practical in terms of manufacturability. This would also offer
the possibility of building prototypes to experimentally test and validate the benefits
attained with the design optimization.
(c) Although the proposed model is specifically tailored for the study of acoustic metamaterials, given the similarity between such kind of metamaterials with others (in
electromagnetic applications, for instance), another possible research line devised
is the adaptation of the framework to these other types of metamaterials.
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