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Abstract. In this work, a numerical model based on the Particle Finite Element Method (PFEM)
for the simulation of extrusion-based additive manufacturing of fresh concrete is presented.
The balance of momentum and mass are solved with a mixed velocity-pressure formulation in
an updated Lagrangian framework. The constitutive law is based on a Bingham model, that
is approximated by a Perzyna formulation in order to account for the elastic regime before
yielding, which is relevant for the analysis of printed material at rest. The channel flow test, a
numerical benchmark for the flow of fresh concrete, is used to validate the model. Finally, 2D
examples of extrusion-based additive manufacturing processes of fresh concrete are discussed.

1 INTRODUCTION

The trend of additive manufacturing, initiating in mechanical engineering and related in-
dustry sectors, has recently also found rapidly growing interest in the construction industry
[1, 2, 3, 4, 5, 6, 7]. Different techniques with high-performance concretes and mortars are under
development, that allow for accurate and automated construction of complex concrete struc-
tures and components. Most of these manufacturing techniques can be broadly categorized
into selective-binding and more common extrusion techniques [8]. 3D-printing with concrete
requires precise setting and control of time dependent rheological properties of concrete. At
the same time the machine and process parameters must be dynamically adjusted depending on
the material and surrounding changes. As a result properties of 3D-printed concrete structures
are much more dependent on the manufacturing process as compared to conventional casted
structures. There is an ongoing scientific discussion about the mechanical characterization of
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printable cement-based materials [3, 9, 10]; which is challenging due to the fact the their early
age rheological properties often increase multiple orders in few tens of minutes requiring novel
test setups. Numerical models can assist to understand the complex interactions between the
printing process and the evolution of material and structural properties during the fabrication
processes. However, as a matter of the complexity of these processes, their widely varying
technical setups, little work have been done in terms of numerical modeling so far. In [11] a
time-dependent Mohr-Coulomb failure criterion and linear stress-strain behavior was used to
model the early age behavior of fresh concrete in a finite element software in a quasi-static
framework. This work was extended in [12] by mechanical modeling of elastic buckling and
plastic collapse of additively manufactured wall structures. Nevertheless, to the best of the
authors knowledge, the dynamic effects of the extrusion process with respect to the structural
response of already printed material has not been adequately addressed yet.

Accordingly, a numerical framework for the extrusion process in layered extrusion-based
additive manufacturing of cementitious materials is presented. As the numerical model need to
account for large deformations and accurate tracking of the free surface, the governing equations
including balance of momentum and mass, are solved via the Particle Finite Element Method
(PFEM) [13, 14]. In the PFEM the underlying equations are discretized by standard finite
elements in an updated Lagrangian formulation, so that nodal positions are updated in each
time step. In order to deal with large deformations and element distortions, the domain is
frequently re-meshed. Therefore, robust and fast re-meshing using triangular and tetrahedral
elements in two and three dimensions, respectively, is fundamental. Due to its reliability and
robustness, PFEM is applied in various disciplines, for example, in fluid structure interaction
[15, 16], multiphase flow problems [17, 18], ground excavation [19] or flow of fresh cement
suspensions [20].

The established approach for describing the flow of homogenized fresh concrete, which is
a non-Newtonian fluid, is based on the Bingham model [21]. In special cases, when complex
shear and flow histories with shear thickening and thinning must be analyzed, more advanced
constitutive laws such as the Herschel-Bulkley model can be used. All of the fresh concrete
rheological models have a certain yield stress, that must be exceeded to initiate viscous flow.
The common approach for modeling this behavior is based on regularized models [22], where
the regime below the yield stress is approximated with a large viscosity. These models have the
advantage that no internal variables must be stored. A drawback of these methods, however,
is, that the material never really comes to rest and that stresses of material "at rest" are always
viscous. Alternatively, in this work a classical elasto-viscoplastic model is used to approximate
the material behavior of fresh concrete. While the stresses below the yield stress are elastic, the
stresses during yielding are approximated with an overstress function [23]. Hence, when the
material is at rest, stresses can be assessed more accurately, which is important for analyzing
initial stress states of 3D-printed concrete structures. Furthermore, in extrusion-based additive
manufacturing processes of concrete, the concrete mix is designed, so that the printed mate-
rial inherits adequate shape-stability properties. Therefore, once the material is extruded, the
mechanical behavior is governed by the material response before yielding. Perzyna based flow
models have already been successfully applied in flow simulations of geomaterials [24].
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The constitutive law followed in this paper is based on a an elasto-viscoplastic Perzyna for-
mulation and the underlying governing equations and weak forms in an updated Lagrangian
description; see Section 2. Furthermore, in Section 3 the numerical framework with the basics
of the Particle Finite Element Method and the discretized set of equations are given. Finally,
in Section 4 a numerical benchmark of the channel flow problem and numerical analyses of
extrusion processes of additive manufacturing of fresh concrete are discussed.

2 THEORETICAL FRAMEWORK

2.1 Constitutive law

An elastoplastic material model formulated in rate form is employed. Even though hypoelas-
tic models do not necessarily conserve energy in a closed deformation cycle, when the elastic
strains are assumed small in comparison to plastic deformations, these models give an ade-
quate approximation of the elastic behavior [26]. Therefore, the deformation rate tensor d is
additively split into elastic and plastic parts as

d = de +dp (1)

with the subscript e and p denoting the elastic and plastic parts, respectively. The elastic defor-
mation rate is related to the stress rate via

τ∇J = C : (d−de) (2)

with the objective Jaumann stress rate of the Kirchhoff stresses τ∇J and the elasticity tensor C
defined as

C = κI ⊗I +2µ(I − 1
3I ⊗I) (3)

where κ denotes the bulk modulus, µ the shear modulus, Iij = δij the second order identity
tensor and Iijkl = (δikδjl + δilδkj)/2 the fourth order symmetric identitiy tensor.

The material is assumed to satisfy a von Mises yield function as

Φ(τ ) = q(τ )−σ0 (4)

in which q(τ ) =
√

3
2dev[τ ] : dev[τ ] is the equivalent stress and σ0 the yield stress. Furthermore,

the plastic flow rule [25] is given by

dp = γ̇
∂Φ
∂τ

(5)

with the plastic multiplier γ̇, that must obey the standard Kuhn-Tucker loading/ unloading con-
ditions along with the consistency condition, defined for classical rate-independent plasticity
as

Φ(τ ) ≤ 0, γ̇ ≥ 0, Φ(τ )γ̇ = 0 (6)

and the consistency condition
γ̇Φ̇(τ ) = 0. (7)
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The Perzyna formulation [23] of the plastic multiplier is given by the introduction of an over-
stress function by

γ̇ = < f(τ ) >

η
(8)

where η is a viscosity parameter, f is the overstress function and "< . >" are the McCauley
brackets defined as

< f(τ ) >=





f(τ ) if f(τ ) ≥ 0,

0 if f(τ ) < 0.
(9)

When the overstress function f is chosen equal to the yield function Φ, a Bingham-like response
is gained. Hence, the viscosity parameter η can be related to the fluid viscosity µ by η = 3µ.

2.2 Governing equations

When fresh concrete, containing water, cement, aggregates and other admixtures, is con-
sidered as a homogenized material, the local form of the balance of momentum, covering the
domain Ω in the time interval (0,T ), becomes

ρ
Dv

Dt
= ∇·σ+b in Ω × (0,T ) (10)

with the density ρ, the velocity v, the Cauchy stress tensor σ and the body forces b. The
boundary conditions on the Neumann ∂ΩN and Dirichlet boundary ∂ΩD are

σ(x, t)n = tp(x, t) on ∂ΩN × (0,T ), (11)
v(x, t) = vp(x, t) on ∂ΩD × (0,T ) (12)

with the normal vector n and the prescribed tractions tp(x, t) and velocities vp(x, t) on the
Neumann and Dirichlet boundary, respectively. Due to incompressibility, that may arise from
material behavior in plastic deformation, locking phenomena might occur with a pure velocity
formulation. Therefore, the hydrostatic components are separated from the stress field and
discretized over an additional equilibrium equation, which is called the balance of mass. The
balance of mass is given for nearly incompressible materials by

∇·v = 1
κ

Dp

Dt
in Ω × (0,T ) (13)

where p denotes the pressure, assumed as negative in compression, and κ denotes the bulk mod-
ulus, which can be interpreted as a penalty parameter of this mixed formulation. By separating
the compressibility κ from the elasticity tensor (3), objective stress integration is just performed
on the deviatoric parts of the stress tensor.

2.3 Weak form

Integration of equation (10) over the domain Ω in the updated configuration and multiplica-
tion with the arbitrary weight function δv belonging to the velocity field leads to the weak form
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of the momentum balance equation as
∫

Ω
δv

(
ρ

Dv

Dt
−∇·σ−b

)
dΩ = 0. (14)

By integration by parts and using the Neumann boundary condition (11) the momentum balance
equation is rewritten as

∫

Ω
δvρ

Dv

Dt
dΩ+

∫

Ω
∇δv : σdΩ−

∫

Ω
δvbdΩ−

∫

∂ΩN

δvtp d∂Ω = 0. (15)

Similar to the weak form of the balance of momentum, the weak form of the balance of mass is
derived as ∫

Ω
δp∇vdΩ−

∫

Ω
δp

1
κ

Dp

Dt
dΩ = 0 (16)

with the weight function δp belonging to the pressure field.

3 NUMERICAL FRAMEWORK

3.1 The particle finite element method

The Particle Finite Element Method (PFEM) is a numerical method for solving partial dif-
ferential equations in a Lagrangian framework by means of a finite element discretization. In
order to deal with large deformations, updated Lagrangian schemes are utilized in combination
with remeshing of the finite element mesh [13, 14]. Remeshing is typically performed after a
certain number of time steps or when the mesh quality, due to too distorted or poorly shaped
elements, becomes too bad. Hence, fast remeshing is essential and can only be guaranteed by
using triangular and tetrahedral elements in two or three dimensions, respectively. The remesh-
ing algorithm is based on the so called α-shape method. First, a Delaunay triangulation of a
point cloud is formed and second, elements with a circumcircle or circumsphere larger than a
threshold value α are removed from the mesh.

3.2 Discretized set of equations

As pointed out in the previous section, in PFEM the underlying weak form of the problem
is approximated by means of finite elements. Consequently, the pressure and velocity fields are
discretized by standard linear shape functions as

v = Nvv̄ p = Npp̄ (17)

with v̄ and p̄ denoting the nodal values for the velocity and pressure. The shape functions are
defined as Nv = [N1I, N2I, · · · NNI] and Np = [N1, N2, · · · NN ] with N number of nodes
per element and the identity matrix I . By choosing a Galerkin formulation, substitution of the
previous approximations into the weak forms Eqs. (14) and (15) and elimination of the nodal
values of the weight functions, the discretized form of the system of equations is obtained as

rv = Mvv · ˙̄v+fint −fext = 0, (18)

rp = GT
vp · v̄−Kpp · ˙̄p = 0 (19)

5
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with

fext =
∫

∂Ωn+1
NT

v tp
n+1 d∂Ωn+1 +

∫

Ωn+1
NT

v bn+1 dΩn+1, (20)

fint =
∫

Ωn+1
BT

v σn+1 dΩn+1, Mvv =
∫

Ωn+1
NT

v ρNv dΩn+1, (21)

Gvp =
∫

Ωn+1
BT

v mNp dΩn+1, Kpp =
∫

Ωn+1
NT

p 1/κNp dΩn+1 (22)

where m= [1,1,0]T for 2D elements and Bv denotes the discretized differential operator, that is
compatible with the velocity field. The tangent stiffness matrices are derived from linearization
of the internal nodal forces Eq. (21) as [16, 26]

Kmat,vv =
∫

Ωn+1
BT

v ∆tCσ,T
n+1Bv dΩn+1, (23)

Kgeo,vv =
∫

Ωn+1
GT

v ∆t[σn+1]Gv dΩn+1 (24)

with the incremental size of a time step ∆t and the tangent constitutive operator Cσ,T
n+1 in

terms of the Truesdell rate expressed in the updated configuration. The Truesdell tangent
modulus of the Cauchy stresses is related to the Jaumann tangent modulus of the Kirchhoff
stresses as Cσ,T

n+1 = J−1Cτ,J
n+1 −C ′ with the determinant of the deformation gradient J and

C ′
ijkl = 1

2(δikσjl + δilσjk + δjkσil + δjlσik) [26]. However, approximating the tangent consti-
tutive operator only by the tangent constitutive operator of the Jaumann rate of the Kirchhoff
stresses was found to be sufficient for rapid convergence in all studied examples. The dis-
cretized set of equations (18) and (19) can be solved by the introduction of proper time integra-
tion schemes. In this study the implicit α-Bossak [28] time integration scheme is used for the
velocity field and the backward Euler for the pressure field. Furthermore, as the mixed formu-
lation is discretized by equal order finite elements, the Ladyzhenskaya-Babuska-Brezzi (LBB)
condition is violated and a proper stabilization technique must be introduced. To this end, a
direct pressure stabilization technique based on the polynomial pressure projection (PPP) is
chosen and applied to the balance of mass [27].

4 NUMERICAL APPLICATION

4.1 Benchmark: Channel flow

The channel flow test is a practical test to assess the yield stress of self compacting concrete
(SCC). In [29] the experimental procedure is explained as follows: From a bucket 6 l of fresh
concrete is slowly poured (over 30 s) at one extreme end of a rectangular channel (l = 1.2 m,
w = 0.2 m, h = 0.15 m). After waiting for the stoppage of the fluid (max. 120 s) the final shape
of the material can be analyzed and related to the yield stress τ0 of the material. A numerical
benchmark comparison of the channel flow test with a virtual concrete (µ = 50 Pa ·s, τ0 = 50 Pa
and ρ = 2300 kg/m3) was performed in [30]. The same virtual concrete as in [30] is used

6
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Figure 1: Results for the channel flow test

for benchmark analysis of the proposed numerical model. The simulations were performed
in 2D with three different mesh sizes, in order to assess convergence of the numerical model.
Moreover, the pouring process of the concrete is modeled by a velocity inlet flow: new nodes
(elements) are pushed by a row of fixed nodes into the domain and after a certain number of
time steps the fixed nodes are placed to their initial position in height direction and the process
restarts with a new set of nodes. This will approximately result in initial element sizes of 0.005,
0.0023 and 0.0016 and 1176, 4690 and 8600 number of nodes when the inlet phase is finished.
At all boundary nodes no slip boundary condition are considered.

The results are given in Figure 1a) and b). The flow process stops at around 100 s, as can
be observed from the material front over time diagram, see Figure 1a). Furthermore, the final
shape of the material is in a good agreement with the analytical solution [29] and the final
length varies by 1.01 % from the average value found by different numerical methods in [30].
Differences between the analytical solution and numerical results at the left end of the channel
can be explained by simplified stress states in the analytical solution.

4.2 Additive manufacturing of concrete

Extrusion

vprint

2,7 cm

50 cm

Inlet face
vinlet

~2
,7

 c
m

nozzle

Figure 2: Extrusion-based additive manufacturing of fresh concrete - geometry

In the following, the capability of the proposed numerical model is analyzed by test case
scenarios of extrusion-based additive manufacturing of fresh concrete, where three layers of 50
cm length and 2.7 cm height are numerically printed, see Figure 2. The problem is studied in a
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2D plain strain framework. The selected results presented in this paper focus on the geometry of
the concrete immediately after leaving the nozzle outlet and vertical loads on extruded layers,
below the nozzle, due to pressure excreted by vertical concrete extrusion. The concrete flow
rate at the nozzle outlet is assumed to be constant. In other words, dynamic variation in the
concrete flowrate due to potential pulsations of screw extruder are not considered. Furthermore,
the time dependent behavior (structural build-up) of concrete is not considered as the time for
extruding three layers is few seconds. All the printing process parameters including nozzle
dimensions are obtained from a large-scale 3D-printer developed at the TU Dresden. The inlet
flow is approximated with a velocity inlet, see Figure 2. The simulation is preformed with three
different element sizes 0.27, 0.135 and 0.09 cm with three different sets of material parameters,
to reflect different states of structuration of the printed material. The material and simulation
parameters are plastic viscosity µ = 10, 15, 20 Pa·s, dynamic yield stress τ0 = 0.5, 0.75, 1 kPa,
fresh density ρ = 2000 kg/m3, E = 0.1 MPa, Poisson’s ratio ν = 0.3, printing velocity vprint =
0.1 m/s, material flow rate vinlet = 0.09744 m/s, nozzle-separation distance ∆znozzle = 2.7 cm,
∆t = 10−4 s and tmax = 15 s. Furthermore, the yield stress of already printed layers is set to a
value of 1 kPa, which serves as material yield stress after extrusion i.e. at rest (static yield stress)
and is responsible to prevent the collapse of already printed layers in the simulation process.
Note that rheological measurements conducted at TU Dresden with rotational rheometer by
following stress growth tests confirm similar static yield stress for printable concretes.

Pressure [Pa]
1000

-3000

0

-1000

-2000

2,7 cm

Figure 3: Shape of the printed material with the pressure contours [Pa] for the time instances t = 2.5, 7.5, 12.5 s
with µ = 15 Pa · s and τ0 = 0.75 kPa

The printed layers with µ = 15 Pa · s and τ0 = 0.75 kPa along with the contour plot of the
pressure for the finest mesh size and the time instances t = 2.5, 7.5, 12.5 s are given in Figure
3. As can be observed, lower layers are under compression from the simulation inlet (in reality
nozzle outlet) flow, while a small region behind the extrusion nozzle is subjected to tension.
From the generation of contact or boundary elements, when two bodys get into contact, a certain
volume gain is caused by the remeshing procedure in PFEM simulations. Furthermore, due
to the numerical formulation, assuming slight compressibility, newly printed material will get
compressed, which on the other hand causes a certain volume loss. For analyzing the interaction
between these two processes, the evolution of the total volume over time is given in Figure 4a).
The final relative volume gain in relation to the theoretical volume evolution is given for all 3
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Figure 4: Results for the additive manufacturing of concrete study

mesh sizes, starting from the coarsest element size, as 2.78 %, 0.95 % and 0.29 %. Hence, the
volume gain caused by contact elements prevails the effect of volume loss from compressibility.
This volume gain is particularly critical for the printing simulation of the first layers, because
additional volume is simply accumulated in front of the extrusion nozzle, see Figure 4b). As
can be concluded from Figure 4b) this effect also increases for materials with lower viscosity
and yield stresses, as the resulting layer height is slightly lower for these materials. In this
study, the volume gain is less important for upper layers, as the effectively printed layer height
is slightly less than 2.7 cm and the extrusion nozzle, however, is lifted up by the total distance
of ∆z = 2.7 cm, when a new layer is started to be printed. Hence, the distance between the
extrusion nozzle and the printing surface increases for upper layers and there is more space for
the printed material to flow to.

To study the dynamic impact of the inlet flow, the vertical reaction forces at the boundary
nodes are evaluated while printing the first layer. In a post-process these reaction forces are av-
eraged and converted to a distributed load. The results are depicted in Figures 5a) and b), along
with the relative distance to the extrusion nozzle. The results can be separated into a purely static
(distance < 0.06 m) and an inlet flow regime (distance > 0.06 m). For the purely static regime,
the vertical load is constant and for all materials almost the same (≈ 0.51 kN/m2), which is plau-
sible, since all materials share the same density and body loads. For the inlet flow regime, how-
ever, the behavior is more complex. First, right below the extrusion nozzle an increased loading
is observed and second a concentrated force at the front of the printed material is found. Re-
garding the region right below the extrusion nozzle, peak values of 1.44, 1.98 and 2.61 kN/m2

are observed, see Figure 5a). Therefore, lower layers would need to bear an impact load, that is
approximately 1.48/0.51 ≈ 3 - 2.61/0.51 ≈ 5 times larger, depending on the printed material,
than the pure static load. The concentrated load at the front of the printed material is caused by
a sharp edge and a stress concentration. Additional studies with varying printing speeds vprint

show, that with larger printing speeds this impact also increases, due to the increased inlet flow
rates, see Figure 5b). Hence, it can be concluded, that the printed material should not only bear
its self weight, but also temporarily the impact loads from the printing process of upper layers.
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Figure 5: Vertical load below the extrusion nozzle along the relative distance to the extrusion nozzle

5 CONCLUSIONS

A numerical model based on the Particle Finite Element Model for the simulation of extru-
sion processes of additive manufacturing of fresh concrete is presented. The material model is
based on a Bingham model and is approximated with an elasto-viscoplastic Perzyna formula-
tion in a hypoelastic rate form. In order to overcome issues arising from the incompressible
plastic flow, inherited from the underlying J2 plasticity, a mixed velocity-pressure formulation
is chosen for the approximation of the problem. Furthermore, as equal order finite element ap-
proximations are used for the discretization of the velocity and pressure fields, the formulation
is stabilized by a direct pressure stabilization to treat the LBB condition. Results show, that
extrusion processes of additive manufacturing of fresh concrete can effectively be simulated.
Volume gain that appears from the remeshing procedure in PFEM is found to be a crucial as-
pect in the simulation procedure. Furthermore, studies on the reaction forces on the boundary
show, that a dynamic impact by the inlet flow appears and that already printed layers need to
bear this impact load. The peak value of the impact load depends on the material properties of
the printed material and is 3-5 times larger than the pure static load for the studied examples.
This analysis also highlights the complex interactions between process and material parameters
with the structural response in extrusion-based additive manufacturing processes of concrete.
The proposed numerical model indicates, that the whole additive manufacturing process, con-
sisting of extrusion of the fresh concrete as a fluid and ageing like a solid can be performed
in a unified way, as the numerical model can easily be extended by an adequate modeling of
structural build-up (increase of yield stress and elastic parameters).
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