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Abstract. We live in a time where resources are scarce and tools are developed to control
their use. One of the most powerful material-saving tools is shape optimization. This method
produces complex shapes, difficult to manufacture using classical techniques. In such situations,
additive manufacturing appears to be as an appealing approach. In this paper, a non intrusive
average stress based shape optimization technique is presented. This technique is composed of a
processing phase followed by a post processing smoothing phase. The processing phase aims at
minimizing the deviation of the calculated Von Mises stress field using FEM, from the average
stress in the part divided by a certain factor by element removal. In the next phase, the obtained
non smooth surface of the part is smoothened using the weighted laplacian smoothing algorithm.
This method is attractive since it doesn’t need to re-mesh the domain at every iteration. In
addition, it does not require a high processing power since the results were obtained during half
an hour using a medium fine mesh on an i5 processor with a home made code. Furthermore,
at the end of this algorithm the stress distribution in the part is quasi-homogeneous and it gives
flexibility for the user to choose the desired stress criterion which is suitable for the studied
application.

1 INTRODUCTION

The development of shape optimization techniques has gone hand in hand with the indus-
trial development due to the feasibility of the complex optimized shapes resulting from these
techniques. These latter are highly used nowadays due to their environmental advantages by
reducing the material waste and use, as well as for increasing the efficiency of the desired part
in a certain application. Seing their numerous advantages, shape optimization techniques are
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widely used in many fields such as in the automotive industry [10] and in fluid mechanics [7].

Shape optimization consists of finding the optimum shape for a certain application and it
contains three subfields which are: parametric, geometric and topological. In the parametric
shape optimization, the shape is defined by a set of parameters that are changed in order to
maximize or minimize a certain function [8] [6]. The parameters can be process related as time,
velocity, etc..., or shape related as the length or thickness of a part [5], or structure related as
the size of bars in a truss for example [12]. This type of optimization is limited to the chosen
parameters a priori and thus it offers limited options of shape variations.

The geometric shape optimization consists of optimizing the shape of the part through mod-
ifying his boundary. The shape can be thus represented numerically through a finite element
mesh for example [2], and the variable to optimize is the solution of a certain differential equa-
tion which is evaluated inside the domain; and at each iteration, changes are applied to the
domain boundary. In order to implement parametric optimization to geometric optimization,
Ammar et al. [3] chose the parameters as to define the problem geometry and get the optimal
parameter choice (dimensions) using the proper generalized decomposition technique.

As for the topology shape optimization, it consists of finding the best material distribution to
satisfy an optimization goal. It starts from any shape and redistributes the material in an opti-
mum way that satisfies the optimization criterion. This latter can be performed using different
methods. For example, the homogenization method [1], or the SIMP (Solid Isotropic Material
with Penalization) method [4]. After using any of these two methods, the initial shape is lost
since they consider materials with intermediate densities to give the final material distribution.

In this paper we will present a simple shape optimization technique which consists of two
phases. In the processing phase the part is represented numerically using finite elements and
solving the elasticity equation to get the Von Mises stresses in each element. Then setting the
function to minimize as the difference between the stress in each element and the average stress
in the part divided by a certain user chosen safety factor, at each iteration, the elements which
have a stress lower than the set stress are removed and hence the stress difference function de-
creases with each iteration as the number of removed elements decreases until none is found.
After the processing phase, the part will have a non smooth boundary making it difficult to
print, thus the post processing phase consists of smoothing the boundary using the laplacian
mesh smoothing technique.

In what follows, the processing phase in presented in section 2 followed by the post-processing
phase presented in section 3. Furthermore, to show the effectiveness of this method, the algo-
rithm was tested on two load configurations and the obtained results are shown in section 4.
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2 PROCESSING PHASE

As discussed previously, this method is a geometric shape optimization approach with the
following function Ψ to minimize:

minΩΨ = σ(Ω)−
σavg

n
(1)

In which σ is the Von Mises stress element field, σavg is the average Von Mises stress in the
studied part and n is a factor of safety specified by the user.

Therefore, the first phase consists of evaluating the Von Mises stresses at each element of
a 3D mesh which will presented in section 2.1. Later on the processing algorithm will be
presented in section 2.2.

2.1 Stress evaluation

In order to find the stresses in each element, the elasticity equation shown in equation (2)
must be solved:

{K}{ε}= {σ} (2)

Where {K} is the stiffness 3D tensor, {σ} is the 3D stress vector and { ε } is the 3D strain
vector. Let {U} = {u,v,w} be the displacement field at every node. Hence the strains can be
expressed by:

{ε}= {D}{U} (3)

Where D is the matrix differentiation operator expressed by:

D =




∂/∂x 0 0

0 ∂/∂y 0

0 0 ∂/∂z
1
2∂/∂y 1

2∂/∂x 0

0 1
2∂/∂z 1

2∂/∂y
1
2∂/∂z 0 1

2∂/∂x




(4)

The finite element solution of this problem is the displacement field that corresponds to the
minimum elastic energy expressed by equation (5), assuming neither body forces nor thermal
strains that could be added :
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Π =
∫

Ω
{U}T{P}dΩ (5)

Where {P} is a surface force vector with {P}= {Px,Py,Pz}.

To minimize Π, ∂Π
∂U = 0 which yields the following form to solve using finite elements

method.

{K}{U}= {F} (6)

Where {K}, {U} and {F} are the global stiffness, displacement and load matrices respec-
tively. For this purpose, linear interpolation shape functions where used in a tetrahedral mesh
and the obtained results will be shown in section 4. Once the displacement field is obtained, the
strain field { ε } is obtained by:




εxx
εyy
εzz
εxy
εxz
εyz




=




ux
vy
wz

1/2(uy + vx)
1/2(uz +wx)
1/2(vz +wy)




(7)

With ux = ∂u/∂x, uy = ∂u/∂y, uz = ∂u/∂z and the same notation for v and w. The obtained
element strain field is used to calculate the element stress field using equation 2. Thus the Von
Mises element stress field is obtained using τi j = 2εi j by:

σ =
√

0.5[(σx −σy)2 +(σy −σz)2 +(σz −σx)2]+3(τ2
xy + τ2

yz + τ2
zx) (8)

Any solver can be used to obtain these stress fields, the loop of the optimization only acts
outside of the solver core. Therefore, any solver can be used to optimize the shape using this
algorithm which makes it a non intrusive method.

2.2 Processing algorithm

After calculating the Von Mises stress field, the average stress in the part σavg is calculated
and divided by a factor n specified by the user. The elements in which σ <

σavg
n , are removed

from the mesh. A diagram explaining the algorithm is shown in fig. 1
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PROCESSING

2

Find the 
stresses in 

each element

Find the Von 
Mises stress in 
each element S

Find the 
average Von 
Mises stress 

Savg

if
 S< Savg/factor Remove the 

element

Repeat until no more elements 
that satisfy the criterion are 

found

Figure 1: Processing algorithm diagram

After the first iteration a certain number of elements Ni will be removed. In the next iteration,
no re-meshing is needed since the elements are only removed from the connectivity matrix and
hence won’t get involved in the calculations. The new Von Mises stress field is calculated
and another number Ni+1 < Ni will be removed. The same procedure will be repeated until
no element satisfying the set criterion is obtained indicating that the target function which is
the difference between the element stress and the average stress is minimized and the stress
distribution in the part is quasi-homogenous. After this iteration scheme, the obtained boundary
is non-smooth and requires a boundary smoothing technique which will be discussed in the next
section.

3 POST PROCESSING PHASE

In order to smoothen the boundary of the part, the weighted laplacian mesh smoothing tech-
nique [11] is used. This latter adjusts the position of each node with respect to its neighbors by
compensating its concavity using the following:

Pj = Pj +∆P (9)

∆P =
1

∑N
i=1[Li j]

N

∑
i=1

Li jPj (10)

Where Pj = {x j,y j,z j} is the node coordinate vector, ∆P is the numerical evaluation of the
node concavity, N is the number of neighboring nodes on the boundary and Li j is the distance
between the selected node and the neighboring nodes as shown in fig. 2.
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Figure 2: Schematic diagram of the selected node for the weighted laplacian smoothing

The same procedure is applied to all the nodes on the boundary and the iteration scheme can
be applied on each node as much as needed depending on the desired quality of the final part.
Fig. 3 shows the algorithm used in the post processing phase.

POST-PROCESSING

4

Find the nodes 
on the non 

smooth 
boundary

Select a node
Find the 

neighboring 
nodes

Use weighted 
Laplace 

smoothening
Apply resulting 
displacement 

to node

Repeat until the surface is 
smoothened as desired

Figure 3: Schematic diagram of the post processing phase

To see the effectiveness of this method, two load configurations were tested and the obtained
results are shown in the next section.

4 RESULTS AND DISCUSSION

4.1 Case 1

Fig. 4 shows the schematic representation of the load configuration of the first tested case.
The load applied applied is compressive normal to the top surface with two fixed supports at the
bottom corners.
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Figure 4: Schematic diagram of the load configuration of the first tested case

The obtained results are shown in fig. 5 with a safety factor of 2. As it can be seen, the
boundary is modified in order to reach the optimal final shape based on the desired criterion.

Figure 5: Obtained simulation results: a) The stress distribution, b) The part at the end of the processing phase
and c) The part after boundary smoothing.

As a comparison, since we couldn’t find a similar configuration in the literature, fig. 6
shows the results obtained using topological optimization in a cloud-based commercial software
with targets 70% mass conservation and stiffness maximization. The obtained result is highly
similar to the simulation using the software. In addition the processing time is about half an
hour on an i5 processor using MATLAB with a fine mesh compared to 20 minutes using the
software with online simulation and with restricted degrees of freedom. Note that the duration
can be decreased without any problem with a coarser mesh similar to what the software uses
and instead of the average stress criterion, the algorithm gives flexibility to the user in the sense
that he can easily choose the yield stress or any other suitable criterion.
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Figure 6: Optimized shape using topological optimization on a cloud-based commercial software

4.2 Case 2

In the second case, a force is applied at the end of a cantilevered part as shown in fig. 7. The
obtained results are shown in fig. 8 with a factor of safety of 2.

Figure 7: Schematic diagram of the load configuration of the second tested case

Figure 8: Obtained simulation results: a) The stress distribution, b) The part at the end of the processing phase
and c) The part after boundary smoothing.

The same configuration is optimized using topological optimization [9] and its results are
shown in fig. 9. It can be noticed that the two results have similar aspects but in the topological
optimization case, the shape is lost and material is removed from inside the domain, whereas
using our method, only the boundary is modified and the overall shape is maintained.
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Figure 9: Optimized shape using topological optimization from the open literature

5 CONCLUSION

In this paper, we presented a simplified approach for average stress based geometric shape
optimization. This method consists of a processing phase in which elements from the finite
element mesh are removed based on a specified criterion which is in this case, the average
stress divided by a certain safety factor; and a post processing phase in which the boundary is
smoothed using the weighted laplacian mesh smoothing technique. This method offers flexi-
bility to the user in the sense he can change the criterion (yield strength, ultimate stress, etc...)
based on the load configuration, the factor of safety used, and the dimensional accuracy since
this algorithm does not require a really fine mesh to converge. This method was tested for
two load configurations and the obtained results were in agreement with optimized shapes from
commercial softwares or from the open literature.
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