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Abstract

This project provides an indepth analysis of the spatio-temporal dynamics of the system Hepatitis B Virus

(HBV) - Hepatitis Delta Virus (HDV) - Defective interfering particles (DIPs). HDV is a virus satellite

that co-infects hepatocytes together with HBV. That is, the satellite is a kind of parasite of HBV. On

the other hand, DIPs are incomplete viruses that typically interfere with the replication of the standard

virus (i.e., HBV). About the dynamics of interference of DIPs on standard viruses, few is known about the

antagonistic interactions between the three virus types studied here. The computational model and the

results reported in this research project are an extension of the mean field model developed and analysed

in the Bachelor Thesis done by the author of this work1. We have introduced two key processes that are

extremely important in virus dynamics: physical space and stochasticity. As far as we know, this project

presents the first attempt to model the spatial dynamics of HBV together with its delta satellite and DIPs.

To do so we work with a computational model given by a stochastic Cellular Automaton (CA), which is

a dynamical system that evolves in discrete time steps. The present work identifies the dynamics char-

acterised by the mean field model studied in the Bachelor’s Thesis with the spatial model, and provides

a more realistic biological setting characterizing the bifurcations and the impact of space and parameters

in the critical values as well as providing results on the spatial spread of the three viral populations and

characterize spatial self-organization patterns. We have found that the satellite is very sensitive to spatial

dynamics, observing a wide parameter ranges for which they are not able to persist. This result has an

important clinical implication, since the presence of satellite replication together with HBV is known to

cause larger damage to hepatocites. Our results show how the state-transition probabilities affect the

satellite persistence.

Keywords: DNA-RNA virus, defective interfering particles, virus satellite, cellular automaton, physical

space, stochasticity, complex systems.

1Albó, A., Plana, M, Lázaro, J.T., Alarcón, T., Elena, S.F., Sardanyés, J. Co-infection dynamics of Hepatitis B virus and

its δ-satellite under the interference of defective particles. Manuscript in preparation.
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1 Introduction

Viruses are among the smallest replicators also being important pathogens for bacteria, fungi, plants and

animals. They are obligate parasites without translation machinery in order to complete their infection

cycles, and, for this reason, they need to infect and take profit of the host to replicate their genomes and

produce the main proteins that will be used to encapsulate their genomes. Viruses can be so different and

also they can present many different shapes and varied life cycles. These pathogens are typically composed

by a protein-made capside that contains the viral genome (DNA and/or RNA). This genome can be a

single or a double RNA strand, a DNA molecule, or different RNA genomes that can be encapsulated

together in the same viral particle (like influenza) or in different viral particles (like alphalpha mosaic

virus). An interesting fact is that some viruses can interact with so-called virus satellites [1]. These virus

satellites are subviral agents composed of a nucleic acid that depends on the co-infection of a host cell

by the standard virus (regular virus able to complete the whole infection cycle by its own) for its replication.

The first satellite virus was discovered in 1962, and it is believed that these type of viruses may have

emerged from either the genome of the host or its co-infecting agents, or any vectors leading to trans-

mission. They are most commonly associated with plants, but satellites viruses can also infect bacteria,

arthropods or mammals. Satellite viruses have the components to make their own protein capside but

they depend on the standard virus, and they can not complete their infection cycle alone (unlike standard

viruses, which have the capability to use host proteins for replication) [1]. That is, satellite viruses can

not replicate their genomes without co-infection with a standard virus. Commonly, satellites have been

suggested to establish symbiotic relations with the virus, thus getting a benefit, but other processes as

competition or parasitism (where the satellite acts as the parasite) may appear, which do not provide an

advantage to the standard virus.

Hepatitis B virus (HBV) is a DNA virus that infects the hepatocytes of the liver and can causes chronic

hepatitis which can progress to cirrhosis and liver cancer (hepatoma). Although is not a common disease

in developed countries it continues being a serious global health problem, with 2 billion people infected

worldwide, and 350 million suffering from chronic HBV infection. There are endemic regions where, in

the most cases, the infection is caused by a transplacental transmission (i.e, perinatal transmission). Even

so, there are different ways that virus can be transmitted such as unsafe injections, sexual practices with

different partners, hemodialysis or blood transfusion. Moreover, the geographic region affects the prob-

ability of acquiring the disease, being higher in underdeveloped countries due to the lack of the vaccine

and sexual education. The incubation of HBV is around 80 days since the first contact with the virus and

30% of the individual that are infected are asymptomatic. It is known that acute HBV infection is age

dependent and become chronic in roughly 95% of neonates, 20-30% of children (1-5 years) and less than

5% of adults. The infants are the most vulnerable people of suffer the progression from acute to chronic

HBV infection so the prevention of perinatal transmission of HBV is crucial.
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HBV belongs to Hepadnaviridae family and it is a partly double stranded DNA virus. The transcriptional

template of HBV is the cccDNA, which resides inside the hepatocyte nucleus as a mini-chromosome. The

replication of HBV involves the packaging and reverse transcription of an RNA intermediate. The exis-

tence of spliced HBV RNAs has been demonstrated but their significance is not clear. It has been found

that splicing of HBV RNA, followed by reverse transcription and packaging, leads to secretion in serum

of defective HBV particles (DIPs).

Satellite viruses also have an important impact on human health, for example the Hepatitis D (or delta)

Virus (HDV) [3]. Hepatitis viruses infect hepatic cells in the liver and are an important health problem.

HDV was discovered in 1977 by Mario Rizzetto [3]. He found a new nuclear agent in the liver cells of

patients infected with Hepatitis B Virus (HBV). This new agent was thought to be a new protein encoded

by HBV, and it was labeled as the delta antigen. Further research on chimpanzees, however, indicated

that this antigen was derived from a new virus, named the HDV. As a difference from the other hepatitis

viruses (such as Hepatitis A or C) HDV needs to co-infect with HBV or needs to infect people with chronic

HBV infection (process called superinfection). Hepatitis C and D viruses are RNA viruses, while HBV is a

DNA one. Hepatitis Delta virus consists of a single-stranded, negative-sense, circular RNA genome, with

an envelope made up of HBAg (Hepatitis B Antigen). The viral particles (also called virions) are 35-43

nm long and are roughly spherical. The capsid proteins are the only proteins encoded by HDV genome.

HDV replication occurs in the nucleus of primary hepatocytes (liver cells). Importantly, new HDV virions

can only be assembled under the presence of HBV.

Hepatitis Delta virus infections are found worldwide, but the geographical areas with higher HDV infec-

tion are Africa, the Middle East and Southern Italy. 10 million people are infected with HDV all over

the world. When chronic HBV carriers are infected with HDV, an 80 % of the cases suffer acute hepati-

tis and chronic Hepatitis infection. Under this situation, the so-called fulminant viral hepatitis is about

ten-fold more common in HDV infections than in the other types. Fulminant hepatitis is characterized by

hepatic encephalopathy manifested in changes of personality, disturbances in sleep, confusion, abnormal

behaviour, and also coma. The mortality rate of fulminant hepatitis is about 80% [3]. Moreover, chronic

HDV infection typically progresses to liver cirrhosis in about 60-70% of patients. Hepatocellular carcinoma

(liver cancer) occurs in chronically infected HDV patients with the same frequency as in patients only

infected with HBV. Overall, the mortality rates for HDV infection lines between 2% and 20%, values ten

times greater than the mortality rates for only-HBV infected people [3].

It is known that viruses can produce the so-called defective interfering particles (hereafter DIPs) during

their replication. DIPs were first reported by Von Magnus [4], who studied their development in Influenza

A virus populations passaged in embryonated chicken eggs. Based on these serial passage experiments

the existence of ‘incomplete’ virus variants which increase rapidly in frequency and cause drops in overall
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virus titers was proposed. The existence of virus variants with large genomic deletions has been confirmed

in many virus families [5], including the Alphabaculoviruses [6]-[9]. DIPs viruses are generated almost in-

stantly and accumulate rapidly when baculoviruses are introduced into cultured insect cells [8]-[9], leading

to problems with sustained expression of heterologous proteins [8] in this widely used expression system

[10]. DIPs viruses are thought to replicate much faster than viruses with a full-length genome, due to

their smaller genome sizes. Furthermore, DIPs can evolve other strategies to better compete with standard

viruses, such as the accumulation of origins of DNA replication within a single genome [11]-[13], a phe-

nomenon that can be cell-line dependent [13]. On the other hand, DIPs can not autonomously replicate

because they lack essential genes. They must co-infect a cell with a standard virus in order to replicate,

becoming obligate parasites of standard viruses, as they must co-opt gene products and cannot replicate

on their own. When the frequency of the DIPs is high, overall virus production is low because essential

gene products, which must come from a helper virus, are no longer available (i.e., interference). DIPs

can have implications for virus amplification in cultured cells, protein expression using viral vectors, and

vaccination [14]. DIPs are produced by almost all RNA viruses, which have very large mutation rates and

thus are prone to synthesize defective genomes during replication. Examples of DIPs have been described

in RNA viruses such as vesicular stomatitis virus (VSV) [14]-[15] and baculoviruses [7]-[13].

Interestingly, DIPs can also be produced by DNA viruses such as HBV. Defective forms of HBV, named

spliced HBV, have been characterized and investigated in vivo [16]-[17]. Theoretical investigations of the

dynamical impact of DIPs in the replication of standard viruses have been carried out by several authors

[18]-[21]. Typically, these mathematical models have been studied with mean-field approximations con-

sidering either discrete- [18]-[19] or continuous-time [20]-[21] dynamical systems. As far as we known, the

interference of DIPs in satellite viruses co-infecting with standard viruses has been only explored to date

by Ref. [2]2 considering a well-mixed approach using autonomous ordinary differential equations (see Fig.

1).

This project is the natural continuation of [2], which is the first attempt to describe the dynamics of

a standard virus (Hepatitis B Virus) together with its defective interfering particles (DIPs) and a virus

satellite (Hepatitits Delta Virus). In this project we are going to introduce two key processes that are ex-

tremely important in virus dynamics: physical space and stochasticity. To do so we are going to work with

a computational model given by a stochastic Cellular Automaton (CA). A CA is a dynamical system that

evolves in discrete time steps [22]. It consists on a grid of cells, where each cell can take a different state

from a (typically) finite set of states. That is, the state variables are also discrete elements. Moreover, each

cell has a neighbourhood, that can be defined in any number of ways, but it is normally a list of adjacent

cells. Common cell shapes are squares, hexagons, and cubes. The simplest CA are one-dimensional (with

cells on a row), where each cell typically has two possible states (e.g., binary states, such as alive/dead or

on/off). A CA can have any number of dimensions, and each cell can have any number of possible states.

2This work was developed by the author of this project as a Bahcelor Thesis in 2018.
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The state of each cell changes in discrete steps at regular time intervals and, at any given time, it depends

on two things: its own state and the states of its neighbours in the previous time step. Typically, the rule

for updating the state of cells is the same for each cell and does not change over time, and is applied to the

whole grid simultaneously, though exceptions are known, such as the stochastic CA and asynchronous CA.

As we mentioned, one peculiarity of viral infections that is usually ignored by most theoretical models is

the existence of a spatial population structure. For instance, only a few studies have analyzed the evolu-

tion of RNA genome information in a spatial context [23, 24]. It is well known that spatial correlations

can deeply change the dynamical in nonlinear systems [25]. Within infected hosts, viruses do not behave

as a single well-stirred population but as a collection of subpopulations able to colonize and reproduce

on different compartments constituted by different tissues and organs. For example, it has been exten-

sively shown that after infection, the Human immunodeficiency virus type 1 (HIV-1) is able to establish

well-differentiated populations which are organ-specific and show limited gene flow among them [26, 27].

In these cases, organ-specificity appears not as a consequence of founder events but as a consequence of

differences in the adaptive constraints imposed by heterogeneous cell types and the existence of fitness

tradeoffs across organs.

In the case of plant viruses, spatial structure appears at two different levels. First, it has been shown that

different leaves can be infected with different viral subpopulations, which, for the case of perennial plants,

may further differentiate into different branches and sub-branches, as it has been shown, for example, for

Plum pox virus (PPV) [28]. In this case, population structure likely arises as a consequence of the strong

bottlenecks associated with the systemic movement of viruses from source to sink leaves [29, 30, 31]. Sec-

ond, within a given infected leaf, that for the sake of simplicity can be considered as a two- dimensional

space, populations initiated at different infectious foci do not overlap after confluence but exclude each

other, generating a patched distribution of genotypes [32].

Due to the importance of space in virus infections, and, especially for hepatic viruses, we here provide a

spatial model for HBV. To the extend of our knowledge, this project presents the first attempt to model

the spatial dynamics of HBV together with its delta satellite and DIPs (see Fig. 1).
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2 Main goals

The main objective of this project is to provide an indepth analysis of the spatio-temporal dynamics of

the system hepatitis B - hepatitis δ - Defective Interfering particles (see Fig. 1). The results presented

here, as mentioned, are an extension of the mean field model developed and analysed in [2], considering

two important aspects of virus dynamics that deterministic models do not take into account: spatial

correlations and stochasticity. The specific goals of the present work are:

• Identify the dynamics characterised by the mean field model studied in Ref. [2] with the spatial

model (model testing and confirmation of asymptotic dynamics).

• Characterize the transitions (bifurcations) and the impact of space and parameters in the critical

values. We have focused on the rate of DIPs production and their interference potential.

• Provide results on the spatial spread of the three viral populations and characterize possible spatial

self-organization patterns.
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3 Mean field model

In the research work [2] we developed a mean field model based on autonomous ordinary differential equa-

tions to investigate the dynamics of viruses with satellites affected by the so-called defective interfering

particles (DIPs) (see Fig. 1 for a schematic diagram of the modeled system). We are particularly inter-

ested in a specific systems given by hepatitis B virus (HBV). This virus is known to carry RNA satellites.

If we denote by x = (v, s,D) the following state variables denoting the population numbers of:

v : standard virus

s : virus satellites

D : Defective Interfering Particles (DIPs).

Consider also the following list of parameters involved in the model:

α : replication rate of standard virus

η : interference strength of satellites on the replication of standard viruses

ηD : interference strength of DIPs on the replication of standard viruses

β : replication rate of virus satellites

ε : decay rate of the viral particles

µ : production rate of DIPs

γ : DIPs replication rate.

The corresponding system of differential equations is given by

v̇ = α(1− µ)vΩ(x)− εv (1)

ṡ = βvs θ(x)− εs (2)

Ḋ = (αµv + γvD) θ(x)− εD, (3)

where

Ω(x) = 1− v − ηs− ηDD,

θ(x) = 1− v − s−D,

with the hypotheses

0 < µ� 1, ηD ≥ η > 1, γ ≥ α

We will also assume that γ > β − 1.

This dynamical system has three types of equilibrium points:

(i) O = (0, 0, 0), all-virus extinction, for any value of the parameters.
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Figure 1: Schematic diagram of the system Hepatitis B virus- Hepatitits-δ satellite - Defective Interfering

Particles. While the virus can replicate itself, the satellite need the standard virus to do it. Moreover,

HBV synthesises DIPs, which also need the virus to replicate. HBV replicates in the hepatic cells. Solid

arrows indicate replication processes. Dashed arrows indicate the processes of complementation, which

introduce nonlinear interactions between the three virus populations. Two other interactions, given by

intra- and inter-specific competition, are also considered (red and blue lines, respectively).
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(ii) P = (v0, 0, D0), virus satellite extinction, provided that

µ < µ∗ := 1− ε

α
. (4)

Furthermore, v0 is any positive real root of the polynomial of degree 3:

p3(v) = A1v
3 +A2v

2 +A3v +A4 = 0,

for some values of the constants A1, A2, A3 and A4 (see [2]), and where

D0 =
1

ηD

(
1− ε

α(1− µ)
− v0

)
.

(iii) Q = (v1, s1, D1), all-virus coexistence: necessary conditions for this kind of points to exist are

β > γ,

ηD
αµ

β − γ
+

ε

α(1− µ)
< 1, (5)

and the existence of v1 = A− ηs1 with s1 any root of the polynomial of degree 2:

p2(s) = (−η2 + η)s2 + (2Aη −A− ηB)s+ (−A2 +AB − ε

β
) = 0,

for some constants A and B, and where the D-component is given by

D1 =
αµ

β − γ

and provided that v1 + s1 +D1 ∈ T . Notice that from (5) it follows that

ηD
αµ

β − γ
<

1

ηD
< 1,

which is equivalent to µ < µ∗, the condition of P -points to exist.

Equilibrium (i) involves, if stable, the extinction of the three virus types. Equilibrium (ii) involves, when-

ever stable, the coexistence of the standard virus with its DIPs. This equilibrium involves extinction of

the virus satellite. This is positive, although not as much as in equilibrium (i). The worst case is equi-

librium (iii), where the virus, the satellite and the DIP coexist all together, due to the harmful medical

consequences. Finally, we must take into account that there are no equilibra with v = 0 apart from the

origin and there are no equilibria of the form (v, s, 0).

From [2] it is known that the origin O is unstable if µ < µ∗ = 1 − ε
α and becomes asymptotically stable

(attractor) when µ > µ∗, coinciding with the disappearance of all the equilibrium points of P -type and

Q-type (if they exist).
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4 Spatial model

To investigate the spatial dynamics of the system under study we will develop a computational model using

a Cellular Automaton (CA). A CA is given by a state space Ω(L2), where L is the lattice side size. We

assume that Ω(L2) has zero flux boundary conditions and use a Moore neighbourhood (eight nearest cells).

Since viruses replicate in the liver cells, we may consider a closed system. That is, periodic boundary

conditions may be less suitable. However, we want to note that we are simplifying the three-dimensional

structure of the hepatic tissue to a two-dimensional system.

We denote by Ci,j the cell located at position (i, j) and by CNi,j a neighbouring cell of Ci,j where

Ni,j =

{
(i1, j1) 6= (i, j)

∣∣∣∣ |i− i1| ≤ 1, |j − j1| ≤ 1

}
.

This CA considers three different populations v, s, and D, where v denotes the standard virus; s is the

satellite virus and D stands for the defective interfering particles (DIPs). The state variables forming

the vector p = (v, s,D) are continuous since they represent concentrations of viral particles. Namely,

any cell is composed by a virus population Ci,j([v]), a satellite population Ci,j([s]) and a DIP population

Ci,j([D]), such that

0 ≤ Ci,j([v]) + Ci,j([s]) + Ci,j([D]) ≤ Ki,j =: K,

where the within-cell carrying capacity K is assumed to be 1. The CA, which has four state transition

rules (listed below), works as follows: at each time generation τ we choose L2 random cells. Each chosen

cell can undergo one of the transition rules with the same probability. These rules are given by:

1. Within-cell replication

If the cell Ci,j is infected, the following probabilistic rules apply:

Ci,j([v]) −→ Ci,j([v]) + G · α (1− µ)Ci,j([v])

Ci,j([s]) −→ Ci,j([s]) + β Ci,j([s]) · Ci,j([v])

Ci,j([D]) −→ Ci,j([D]) + G · αµCi,j([v])

Ci,j([D]) −→ Ci,j([D]) + γ Ci,j([D]) · Ci,j([v]),

where

G = G
(
Ci,j([s]), Ci,j([D]), η, ηD

)
=

1

1 + η Ci,j([s]) + ηD Ci,j([D])

is a function introducing inhibition in the replication of virus v due to the presence of the satellite

s and defective particles D. We will also assume

α, β, µ, γ ∈ [0, 1] and ηD ≥ η > 1.
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2. Degradation

The viral populations will decay proportionally to the probability ε, assuming symmetry in decay

rates among them.

C
(k)
i,j ([ξ]) −→ C

(k+1)
i,j ([ξ]) = (1− ε)C(k)

i,j ([ξ])

where ξ ∈ {[v], [s], [D]}.

3. Cell-to-cell infection

Hepatitis B virus is not lytic3. We will assume that the infection from neighboring sites is density-

dependent. That is, the more viruses accumulated in a given cell the higher probability to infect

neighboring cells. However, we will also implement cell death tied to large within-cells viral loads

(see Rule 4, below). Since populations infection are assumed to be independent then, a given

viral population p can infect a neighbouring cell CNi,j . The infection process will follow the next

probabilistic rules:

CNi,j ([v])(k+1) = CNi,j ([v])(k) + I · Ci,j([v])(k),

CNi,j ([s])
(k+1) = CNi,j ([s])

(k) + I · Ci,j([v])(k) · Ci,j([s])(k),

CNi,j ([D])(k+1) = CNi,j ([D])(k) + I · Ci,j([v])(k) · Ci,j([D])(k),

where I is the infection probability. This indeed involves the movement of viral particles from cell

Ci,j to cell CNi,j , thus we also need to implement the next processes:

Ci,j([v])(k+1) = Ci,j([v])(k) − I · Ci,j([v])(k),

Ci,j([s])
(k+1) = Ci,j([s])

(k) − I · Ci,j([v])(k) · Ci,j([s])(k),

Ci,j([D])(k+1) = Ci,j([D])(k) − I · Ci,j([v])(k) · Ci,j([D])(k),

4. Cell death

This rule assumes that infected cells can decay at a rate that depends on the amount of internal

virus loads.

Ci,j(p)
Γ(p)−→ ∅

Here Γ(p) is a density-dependent death rate, given by:

Γ(p) = εmax

(
aγ(p) − 1

a− 1

)
,

with:

γ(p) = λ(Ci,j([v]) + Ci,j([s])) + (1− λ)Ci,j([D]), with 0 ≤ γ(p) ≤ 1.

A Pareto function is introduced by means of parameter λ to simulate that cells infected together

with viruses and the satellites further increase their death rates. For the sake of simplicity we will

set λ = 0.75. We will also set a = 50 and εmax = 0.1.

3A lytic virus is a virus that causes cell lysis during its infection cycle. That is, the virus destroys the cell’s membrane to

release the virions. HBV secretes mature nucleocapsides containg viral DNA without destroying the cells.
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Figure 2: Plot of the cell death probability Γ(p) assuming a = 50, λ = 0.75 and εmax = 0.1.

Remark 4.1 (Pareto distribution) The Pareto distribution is a power-law continuous probability

distribution with two parameters that is used in description of social, scientific, geophysical, actuarial,

and many other types of observable phenomena. The equivalent discrete probability distribution is

the Zeta distribution. The probability density function of a Pareto random variable with parameters

α and xm is

fX(x) =

α
xαm
xα+1 if x > xm

0 otherwise.

The CA employs a lattice side size of L = 100 and a number of generations (time steps) of 20000 (if not

otherwise specified). The content of each cell has been normalized to 1: that is, the sum of the amount of

virus, satellite, DIP and free space is always 1. For the initial condition, the center of the lattice is selected

and a contagious kernel is assumed. The cells in the center of the lattice are assumed to be infected with

virus or satellite populations with a probability 0.5.

In order to implement the rules explained before, the following items have been taken into account:

• Before applying each rule, it is necessary to check if the cell is alive and with free space: rules are

not applied to dead or full cells.

• In the case that one of the chosen cells is in a corner or in the boundary of the lattice, the Moore

neighbourhood has been adapted to the corresponding inner neighbours in the lattice.
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• If the sum of the updated populations is bigger than the cell free space after the within-cell replication

and cell-to-cell infection rules are applied, the occupied space of the cell is distributed proportionally

to each of the three elements: virus, satellite, and DIPs.
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5 Results and discussion of the spatial model

In our simulations we have used the parameter values and ranges shown in Table 1. The spatio-temporal

dynamics of the virus, the satellites and the DIPs will be studied considering different cases and key

biological processes:

(i) simulations with and without virus-induced cell death (that is assuming εmax = 0 or εmax > 0),

(ii) the impact of interference strength of satellites and DIPs on the replication of the viruses (η and ηD),

(iii) the production rate of DIPs, given by probability µ.

Parameter Biological meaning Values/Range

α Replication probability of the virus 0.5

ε Decay probability of the virus 0.1

µ Production probability of DIPs [0, 1]

η Interference strength of satellites on the replication of viruses {1.5, 15}
ηD Interference strength of DIPs on the replication of viruses {2, 20}
β Replication probability of satellites 0.6

γ Replication probability of DIPs 0.6

εmax Decay probability at maximum viral load 0.1

a Constant to modulate virus-induced cell death 50

λ Parameter of the Pareto function 0.75∗

I Infection probability 0.01

Table 1: Choice of parameter values and ranges used for the simulations. Notice that we consider that

DIPs and the satellites replicate faster than the HBV due to their shorter genome sizes. ∗The Pareto

function has been implemented considering that HBV together with the satellite have a larger influence

in lethality of cells, as compared to the impact of DIPs.

The results have been divided in different parts. Broadly, we have a first section where no cellular death

is going to be assumed, which means that rule 4 of the cellular automaton (CA) is not applied. The main

reason of assuming this variable εmax to be 0 is to have a model closer to the one studied in [2], since

there it was not taken into account that cells could die. In the second section cellular death is going to

be taken into account.

The histogram of the viruses, the satellites and DIPs is going to be computed in both cases explained

in the previous lines depending on the interference strength of satellites and DIPs on the replication of

viruses: first, low interference is going to be assumed and later it is going to be seen if there are some

differences when assuming high interference between them. This distribution is going to be shown in terms
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of the production rate of DIPs µ, taking values from 0 to 1. It is also going to be represented the evolution

of the main variables (virus, satellite and DIP) over 20000 generations depending on two different values

of the production rate of DIPs: one below the bifurcation value µ∗ = 1− ε
α = 0.8 (studied in the research

work [2] and using parameters from table (1)) and another one just above it. Remember that this value

µ∗ determines the stability of the origin and the existence of P -type and Q-type points. Finally, the

spatio-temporal dynamics for the virus, the satellite and the DIP at three different generations is going

to be represented.

5.1 No cellular death: εmax = 0

We here provide results of the CA model first considering no cell death. This allows us to simplify a little

bit the complexity of the model and then evaluate how virus-induced cells death can affect the dynamics

of the system.

5.1.1 Case η = 1.5 and ηD = 2

Figure (3) shows the viruses, satellites and DIPs histogram assuming no cellular death and low interference

strength of satellites and DIPs on the replication of viruses.

It is clear that in the case µ = 0, that is, no production of DIPs, the virus and the satellite take their higher

value. For values of the production rate of DIPs higher than the bifurcation value µ∗, virus, satellites and

DIPs disappear, implying the disappearance of P -type and Q-type points, which could be expected from

theoretical results in [2].

In the viruses histogram it is seen that, the higher the production of DIPs, the less concentration of

virus. Something different happens in the case of the DIPs: the concentration of DIPs increases until µ

approximately 0.4 and, after that, it starts decreasing until the bifurcation value µ∗. The concentration

of satellites throughout the lattice is practically null as soon as µ ceases to be 0. Notice that the standard

deviation is low, which means that the values are close to the expected concentration of virus, satellites

and DIPs.

In the following lines the evolution of viruses, satellites and DIPs over 20000 generations is going to be

computed for two different values of µ : at first we will set µ = 0.4 and after that µ = 0.81. These two

values of µ have been chosen in order to see if there is any difference in the spatio-temporal dynamics and

the evolution of the three populations taking a replication rate of DIPs lower than the bifurcation value

µ∗ = 0.8 and a replication rate of DIPs above it.

• Production rate of DIPs µ = 0.4:

The time series for the virus, the satellite and the DIP are the ones in figure (4).
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Figure 3: Mean population values (±SD) at increasing the probability of DIPs generation (using 0 ≤ µ ≤
1). We display the results for the viruses (blue bars), the satellite (red bar) and the DIPs (green bars).
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Figure 4: Time series of the virus, the satellite and the DIP over 20000 generations, using µ = 0.4, η = 1.5,

ηD = 2 and assuming no cell death (εmax = 0).

In figure (4) it is seen that the amount of virus and DIPs increases over the first 2000 generations and

after that it tends to stabilize. As the amount of satellites tends to 0, it can be conclude that for these

parameters the system tends to a P -type point, which is of the form P = (v, 0, D) ≈ (0.17, 0, 0.56).

The spatio-temporal dynamics for the viruses, the satellites and the DIPs at generations 500, 2000

and 10.000 is represented in figures (5), (6) and (7). The plot is the representation of the square

lattice of size LxL = 100 × 100. Each of the points on the grid represents the amount of virus,

satellite and DIP in the cell: the darker the color of the cell the more concentration of virus, satellite

or DIP there is.
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Figure 5: Spatio-temporal dynamics of the virus at generations 500, 2000 and 10.000.

Figure 6: Spatio-temporal dynamics of the satellite at generations 500, 2000 and 10.000.

Figure 7: Spatio-temporal dynamics of the DIPs at generations 500, 2000 and 10.000.
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Due to the low amount of satellites and the extinction of them at first generations, the spatio-

temporal dynamics representation is not accurate. In figure (8) a zoom of the spatio-temporal

dynamics of the satellite until generation 40 can be seen.

Figure 8: From left to right: zoom of the spatio-temporal dynamics of the satellites at generation 5,

generation 20 and generation 40.

• Production rate of DIPs µ = 0.81:

Using µ = 0.81, that is, just above the theoretical bifurcation value µ∗, the time series for the virus,

the satellite and the DIP are the ones in figure (9).

23



Figure 9: Top: evolution of virus, satellites and DIPs over 20000 generations, using µ = 0.81, η = 1.5, ηD =

2 and assuming no cell death (εmax = 0). Bottom: zoom of the evolution of virus, satellites and DIPs,

using the same parameters over the first 500 generations.

As could be predicted from the results seen in the histograms in figure (3), for µ higher than µ∗ the

amount of viruses, satellites and DIPs tends to vanish. The zoom at the bottom of figure (9) shows

that the virus, satellite and DIP extinction is fast since from generation 200 the amounts of them
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are practically 0. This result agrees with the theoretical study according to which for µ above the

bifurcation value µ∗ the origin becomes an attractor.

Figures (10), (11) and (12) represent the spatio-temporal dynamics of viruses, satellites and DIPs

at generations 1, 25 and 50. As the amount of these three populations is low (note that the scale of

the plot is of the order of 10−3) a zoom of these three spatio-temporal dynamics is shown in figures

(13), (14) and (15).

Figure 10: Spatio-temporal dynamics of the viruses at generations 1, 25 and 50.

Figure 11: Spatio-temporal dynamics of the satellites at generations 1, 25 and 50.
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Figure 12: Spatio-temporal dynamics of the DIPs at generations 1, 25 and 50.

As in the previous case, a darker color of the cell represents more concentration of virus, satellite

or DIP. In these figures it is shown that the satellites are the first population to vanish, followed by

the virus and, finally, the DIPs.

Figure 13: Zoom of the spatio-temporal dynamics of the viruses at generations 1, 25 and 50.

Figure 14: Zoom of the spatio-temporal dynamics of the satellites at generations 1, 25 and 50.
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Figure 15: Zoom of the spatio-temporal dynamics of the DIPs at generations 1, 25 and 50.

5.1.2 Case η = 15 and ηD = 20.

Figure (16) shows the viruses, satellites and DIPs histogram assuming no cellular death and high inter-

ference strength of satellites and DIPs on the replication of viruses.

Comparing these histograms with the previous ones (when assuming that the interference strength of the

satellites and DIPs (η and ηD) in the replication of viruses is low; see Fig.(3)) it can be seen that the

behaviour of the viruses and the satellites is the same. Again, in the case of the virus, the larger the values

of µ, the smaller the concentration of viruses. The amount of satellites also tends to 0 when µ ceases to

be 0. The different point of this case compared with the first one is what happens with DIPs. If η and

ηD take larger values, DIPs behave as viruses: the higher is the production rate of DIPs µ, the lower is

the amount of DIPs. Moreover, in this case the average amount of viruses and DIPs is lower than in the

previous one.

• Production rate of DIPs µ = 0.4:

Figure (17) shows the evolution over 20000 generations of the amount of viruses, satellites and DIPs.
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Figure 16: Mean population values (±SD) at increasing the probability of DIPs generation (using 0 ≤
µ ≤ 1) assuming η = 15, ηD = 20. We display the results for the viruses (blue bars), the satellite (red

bar) and the DIPs (green bars).
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Figure 17: Time series of the virus, the satellite and the DIP over 20000 generations, using µ = 0.4,

η = 15, ηD = 20 and assuming no cell death (εmax = 0).

The same way as in the case when the interference strength of the satellites and the DIPs in the

replication of virus is low, it is clearly seen that the amount of viruses and DIPs increases during the

first 2000 generations and then stabilizes. The amount of satellites tends to 0 in the first generations,

as it can be seen in the zoom of the spatio-temporal dynamics shown in figure (21).

Figure 18: Amount of viruses at generation 50, 1900 and 4000 assuming η = 15, ηD = 20, µ = 0.4 and no

cellular death (εmax = 0).

29



Figure 19: Amount of satellites at generation 50, 1900 and 4000 assuming η = 15, ηD = 20, µ = 0.4 and

no cellular death (εmax = 0).

Figure 20: Amount of DIPs at generation 50, 1900 and 4000 assuming η = 15, ηD = 20, µ = 0.4 and no

cellular death (εmax = 0).

Figures (18), (19) and (20) show the spatio-temporal dynamics of viruses, satellites and DIPs at

generations 50, 1900 and 4000. Due to the low amount of satellites, figure (21) shows a zoom of the

spatio-temporal dynamics of this population at generations 25, 50 and 100, where also the scale of

the colors is changed from 1 to 0.1 in order to see which is the behaviour of the satellites at the first

generations.
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Figure 21: Zoom of the spatio-temporal dynamics of the satellites at generations 25, 50 and 100.

• Production rate of DIPs µ = 0.81:

Again, as could be predicted from the results seen in the histograms in figure (16), for µ higher than

µ∗ the amount of viruses, satellites and DIPs tends to vanish. The zoom at the bottom of figure (22)

shows that the virus, satellite and DIP extinction is fast since from generation 100 these populations

are practically 0. This extinction implies that the origin becomes an attractor.
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Figure 22: Top: evolution of virus, satellites and DIPs over 20000 generations using µ = 0.81, η = 15,

ηD = 20 and assuming no cell death (εmax = 0). Bottom: zoom of the evolution of virus, satellites and

DIPs, using the same parameters over the first 150 generations.

The spatio-temporal dynamics of the three populations is shown in figures (23), (24) and (25).
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Figure 23: Spatio-temporal dynamics of viruses at generations 1, 25 and 50.

Figure 24: Spatio-temporal dynamics of satellites at generations 1, 25 and 50.

Figure 25: Spatio-temporal dynamics of DIPs at generations 1, 25 and 50.

Due to the low concentration of viruses, satellites and DIPs, figures (26), (27) and (28) show a

zoom of these spatio-temporal dynamics. It is clearly seen that satellites are the first one to vanish,

followed by the viruses and, finally, the DIPs.
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Figure 26: Zoom of the spatio-temporal dynamics of viruses at generations 1, 25 and 50.

Figure 27: Zoom of the spatio-temporal dynamics of satellites at generations 1, 25 and 50.

Figure 28: Zoom of the spatio-temporal dynamics of DIPs at generations 1, 25 and 50.
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5.2 Cellular death εmax = 0.1

5.2.1 Case η = 1.5 and ηD = 2.

Figure (29) shows the viruses, satellites and DIPs histogram assuming cellular death (now rule 4 of the

cellular automaton applies) and low interference strength of satellites and DIPs on the replication of

viruses.

Figure 29: Mean population values (±SD) at increasing the probability of DIPs generation (using 0 ≤
µ ≤ 1) and assuming η = 1.5 and ηD = 2. We display the results for the viruses (blue bars), the satellite

(red bar; see Fig.(30)) and the DIPs (green bars).

The first difference between these histograms and the previous ones when assuming no cellular death (and

same interference conditions between the populations) is that now the amount of viruses, satellites and

DIPs is lower. Another difference is that while in the previous case the larger the µ the more viruses there
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were, now the population of viruses if practically null for low µ and increases until approximately µ ≈ 0.7.

Then it starts decreasing and for µ > µ∗ the amount of viruses is null again.

Figure (30) shows a zoom of the satellites histogram.

Figure 30: Satellite histogram zoom

• Production rate of DIPs µ = 0.4:

The time series for the virus, the satellite and the DIP are shown in figure (31).

The virus and the DIP have a similar behaviour: they increase from the first generation until

generation 2000, when they start to decrease until disappearing in approximately generation 8000.

The amount of satellite is practically null, but the cells with some amount of satellite remain with

this same quantity during all generations, as could be seen in the zoom of the spatio-temporal

dynamics of the satellite represented in figure (35).
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Figure 31: Top: evolution of virus, satellites, DIPs and dead cells over 20000 generations, using µ = 0.4,

η = 1.5, ηD = 2 and assuming cell death (εmax = 0.1). Bottom: same evolution above but without the

representation of the dead cells.
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Figure 32: Spatio-temporal dynamics of the virus at generations 1000, 2000 and 3000.

Figure 33: Spatio-temporal dynamics of the satellite at generations 1000, 2000 and 3000.

Figure 34: Spatio-temporal dynamics of the DIPs at generations 1000, 2000 and 3000.

As the amount of satellites is low, in (35) it is represented a zoom of the spatio-temporal dynamics

of the satellite changing also the scale of the colours. It is clearly seen that the amount of cells with

satellites remain with the same quantity of satellite all over the generations.
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Figure 35: Zoom of the spatio-temporal dynamics of the DIPs at generations 1000, 2000 and 3000 with a

scale of colours from 0 to 0.2.

• Production rate of DIPs µ = 0.81:

As could be predicted from histograms in figure (29), for µ > µ∗ the population of virus, satellite

and DIP tend to extinct. This is what can be seen in figure (37): the evolution of virus, satellites,

DIPs and dead cells from generation 0 to 200.

39



Figure 36: Top: evolution of virus, satellites, DIPs and dead cells from the first generation to generation

2000, using η = 1.5, ηD = 2, assuming cell death (εmax = 0.1) and using µ = 0.81. Bottom: zoom of this

evolution over the first 200 generations
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Figure 37: Zoom of figure (36) without the representation of the dead cells.

Figures (38), (39) and (40) represent the spatio-temporal dynamics of the three populations over

the first generations.

Figure 38: Spatio-temporal dynamics of the virus at generations 1, 20 and 60.
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Figure 39: Spatio-temporal dynamics of the satellites at generations 1, 20 and 60.

Figure 40: Spatio-temporal dynamics of the DIPs at generations 1, 20 and 60.

As the amount of viruses, satellites and DIPs is low, figures (41), (42) and (44) show a zoom of these

three populations at generation 1, 20 and 60. In figure (43) there is represented the spatio-temporal

dynamics of the satellites changing the colours scale.

Figure 41: Zoom of the spatio-temporal dynamics of the virus at generations 10, 20 and 60.
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Figure 42: Zoom of the spatio-temporal dynamics of the satellites at generations 10, 20 and 60.

Figure 43: Zoom of the spatio-temporal dynamics of the satellites at generations 10, 20 and 60 and

changing the scale from 0 to 0.5.

Figure 44: Zoom of the spatio-temporal dynamics of the DIPs at generations 10, 20 and 60.

5.2.2 Case η = 15 and ηD = 20.

Figure (45) shows the viruses, satellites and DIPs histogram assuming cellular death and high interference

strength of satellites and DIPs on the replication of viruses. In this case, the amount of viruses increase
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until µ ≈ 0.5, while in the previous one was until µ ≈ 0.7. From this value, µ decreases and when µ > µ∗

population of viruses and DIPs vanish.

Figure 45: Mean population values (±SD) at increasing the probability of DIPs generation (using 0 ≤
µ ≤ 1) and assuming η = 15 and ηD = 20. We display the results for the viruses (blue bars), the satellite

(red bar; see Fig.(46)) and the DIPs (green bars).
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Figure 46: Satellite histogram zoom

• Production rate of DIPs µ = 0.4:

Top of figure (47) represents the evolution of virus, satellites, DIPs and dead cells, while in the

bottom of the figure one can see the same evolution without the representation of dead cells.

Clearly one can see that the population of viruses and DIPs increases until approximately generation

2000, then it starts decreasing until extinction. Satellites population vanishes in the first generations,

as can be seen in the zoom of the spatio-temporal dynamics in figure (51).

Figures (48), (49), (50) show the spatio-temporal dynamics of the virus, the satellite and the DIP

population at generations 1000, 2000 and 10000. In order to see better the dynamics, the scale has

been changed from 0 to 0.5.
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Figure 47: Top: evolution of virus, satellites, DIPs and dead cells, assuming µ = 0.4, η = 15, ηD = 2 over

20000 generations. Bottom: Same evolution without representing the dead cells.
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Figure 48: Spatio-temporal dynamics of the virus at generation 1000, 2000 and 10000.

Figure 49: Spatio-temporal dynamics of the satellite at generation 1000, 2000 and 10000.

Figure 50: Spatio-temporal dynamics of the DIPs at generation 1000, 2000 and 10000.
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Figure 51: Zoom of the spatio-temporal dynamics of the satellite at generation 1000, 2000 and 10000.

• Production rate of DIPs µ = 0.81:

The evolution of virus, satellites, DIPs and dead cells is shown in figure (52). The three populations

get extincted approximately at generation 100.
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Figure 52: Top: evolution of the virus, the satellite, the DIP and the dead cells over 20000 generations

using η = 15, ηD = 20, µ = 0.81 and assuming cell death (εmax = 0.1). Bottom: zoom of the same

evolution over the first 200 generations.

The spatio-temporal dynamics of the viruses, the satellites and the DIPs at generations 10, 25 and

50 is shown in figure (53), (54) and (55).
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Figure 53: Spatio-temporal dynamics of the virus at generations 10, 25 and 50.

Figure 54: Spatio-temporal dynamics of the satellites at generations 10, 25 and 50.

Figure 55: Spatio-temporal dynamics of the DIPs at generations 10, 25 and 50.

In order to better see what happens, figures (56), (57) and (58) represent a zoom of these spatio-

temporal dynamics. As in the previous cases, it can be seen that the first population that disappears

is the satellites, followed by the viruses and, finally, the DIPs.
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Figure 56: Zoom of the spatio-temporal dynamics of the virus at generations 10, 25 and 50.

Figure 57: Zoom of the spatio-temporal dynamics of the satellites at generations 10, 25 and 50.

Figure 58: Zoom of the spatio-temporal dynamics of the DIPs at generations 10, 25 and 50.
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6 Conclusions

In this Master Thesis we have analyzed a spatial model for viruses with a satellite and Defective Interfering

Particles (DIPs). Despite our model is quite general, results may serve to gain qualitative knowledge of

the dynamics for Hepatitis B Virus (HBV) co-infecting with its δ satellite, together with DIPs. Following

previous research on the mean field dynamics for this system (see Ref. [2] for details), we have extended

this study introducing two key factors in virus dynamics: stochasticity and spatial correlations. The spa-

tial simulations have successfully reproduced the asymptotic results predicted by the mean field model.

Indeed the critical values predicted by the mean field model involving virus and satellite extinction due

to the interference of DIPs matches well with the critical value obtained from the spatial simulation.

This way, we have obtained that when no virus-induced cell death is assumed, for a production rate of

DIPs µ = 0.4 (a value lower than the theoretical bifurcation value µ∗ = 0.8) virus and DIPs population

tend to stabilize, while satellite population goes to extinct. This means that our system tends to a P -type

point (see Section 3). When the production of DIPs is slightly above µ∗, the three populations tend to

vanish, which means that the origin O becomes an attractor (as defined in the ODEs model). On the other

hand, if virus-induced cell death is assumed, virus, satellite and DIPs go to extinction, independently of

the value of µ, which only interferes with how quickly this extinction is: the larger the µ, the faster the

populations disappear.

The values of interference strength of the satellites and the DIPs on the replication of the standard virus

influence the amount of virus, satellite, and DIPs population, but do not essentially affect the system

qualitative behavior. Indeed, according to the results obtained in the work, for values of η and ηD of the

same order, the dynamics of the system behaves in a similar way. Next studies will check what happens

when the orders of the interference strength of the satellites and the DIPs are of different magnitude.

Further research will also be focused on measuring spatial correlation functions to look for scaling laws

at changing parameters (i.e., analysis of spatial patterns). Also, a deeper study close to the critical

transitions is needed to check whether the extinction of the virus and the other populations is given by

a first- or second-order phase transitions. The mean field model studied in Ref. [2] identified transcritical

bifurcations involving the healthy state (i.e., origin globally asymptotically stable). Thus we may expect

to find a second-order phase transitions at the critical µ probability.
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