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Abstract. The paper presents a novel hybrid approach developed to improve the resolu-
tion of concentrated vortices in computational fluid mechanics. The method is based on
combination of a grid based and the grid free computational vortex (CVM) methods. The
large scale flow structures are simulated on the grid whereas the concentrated structures
are modeled using CVM. Due to this combination the advantages of both methods are
strengthened whereas the disadvantages are diminished. The procedures of the separation
of small concentrated vortices from the large scale vortices is based on LES filtering idea.
The flow dynamics is governed by two coupled transport equations taking two way inter-
action between large and fine structures into account. The fine structures are mapped
back to the grid represented large structures if their size grows due to diffusion. Algo-
rithmic aspects of the hybrid method are discussed. Advantages of the new approach are
illustrated on some simple canonic flows containing concentrated vortices.

1 INTRODUCTION

Insufficient resolution of vortex structures is one of the key problems in Computational
Fluid Dynamics (CFD). First, the turbulent models used in Reynolds Averaged Navier
Stokes Equations (RANSE) and Large Eddy Simulations (LES) approaches can be too
diffusive. Second, the grid based methods possess rather high numerical diffusion which
is proportional to the grid resolution. Both effects result in non- physical flow smoothing
making difficult the reproduction of concentrated vortex structures with scales compa-
rable with the cell size ∆. Some obvious movies illustrating this fact can be seen in
http://www.lemos.uni-rostock.de/galerie-von-cfd-simulationen/. The numerical diffusion
can be sufficiently diminished when the grid free Lagrangian methods like the Computa-
tional Vortex Method (CVM) [1] are applied. The vorticity domain is represented as a set
of vortex particles tracked in the Lagrangian way. The CVM has the following advantages:
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low numerical diffusion, no restrictions with respect to the CFL stability criteria, conve-
nience in results interpretations in terms of vorticity, etc. Being developed many decades
ago, the CVM is still not became a popular tool in the turbulence research because of
the following difficulties: formulation of boundary conditions on solid boundaries, artifi-
cial noise typical for all particle methods, viscosity effects modeling, stability problems
in three dimensional cases, etc. Taking the fact into account that many disadvantages of
CVM can be easily solved within grid based methods and vice versa the authors came to
idea to combine both methods to improve the resolution of vortex structures in CFD.

2 HYBRID GRID BASED AND GRID FREE METHOD

2.1 Choice of basic vortex elements

In [2] we proposed the procedure for derivation of axisymmetric vortices, referred to as
the vortons, which being stochastic distributed reproduce the given spectra of turbulent
kinetic energy. Particularly, the following formulae were derived for the vortex elements
corresponding to the decaying turbulence spectra E(k) ∼ k4Exp[−πk2/L2], where L is
the integral length:
• velocity induced by the n-th vorton at point x:

u(x) = e−π|x−xn|2/2σ2
n

(
γn × (x− xn)

)
(1)

where γn and σn are the strength and the size of the vortex element.
• vorticity induced by the n-th vorton at point x:

ω(x) = e−π|x−xn|2/2σ2
n

((
2− π

σ2
n

|x− xn|2
)
γn +

π

σ2
n

[(x− xn)γn](x− xn)

)
(2)

The derivatives ∂ui/∂xj and ∂ωi/∂xj are calculated by direct differentiation of formulae
(1) and (2). Note that new three dimensional vortex elements introduced in [2] induce
the velocity and vorticity fields which are divergence free. Moreover, the distribution (2)
obeys the diffusion equation ∂tω = ν∆ω if σn and γn are assumed to be function of time.
Indeed, the fundamental solution of the diffusion equation for the vorton at the origin
(xn = 0) is

ω(x, t) =
1

(4πνt)3/2

∞∫∫∫

−∞

ω(ξ, 0)e−|x−ξ|2/(4νt)dξ = (3)

= e−π|x|2/2σ2
n(t)

((
2− π

σ2
n(t)

|x− xn|2
)
γn(t) +

π

σ2
n(t)

[xγn(t)]x

)

where
σ2
n(t) = σ2

n(0) + 2πνt (4)

γn(t) = γn(0)(σn(0)/
√

σ2
n(0) + 2πνt)5 (5)
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2.2 Scale separation and approximation of concentrated vortices through the
vortex elements.

The large scale flow field represented on the grid is separated from the small scale one
represented by vortex elements using the filtration procedure taken from Large Eddy Sim-
ulation (LES). First, the original velocity field u(x, t) is filtered with some filter function
F (x− s):

u(x, t) =

∞∫

−∞

∞∫

−∞

∞∫

−∞

u(s, t)F (x− s)ds (6)

The velocity field calculated as the difference between the original and filtered fields

u′(x, t) = u(x, t)− u(x, t) (7)

should be approximated by vortex elements. Identification of vortices corresponding to
the velocity field u′(x, t) is performed using one of the vortex identification criteria. The
authors have gathered the best experience with the λci criterion [3]. Vortex elements are
placed into the flow regions with large λci exceeding some threshold ε, i.e.

λci > ε. (8)

The condition (8) makes possible to separate strong vortices from weak ones which are
then represented by vortex elements.

Representation of vorticity field ω
′
= ∇ × u′ is a problem which can have different

numerical realizations. In the present paper we used a relative simple procedure assuming
that the fine vortices have the form of local tubes with a certain cross section.

The method can be summarized as follows. For each time-step
i) : Sort out the regions of u′ field with strong vortices:

λci =

{
λci, if λci > ε;
0, otherwise.

(9)

ii) : Find the point Ci with the maximum λci. It is supposed that the point Ci is the
local center of the vortex tube which is approximated by axisymmetric vortex element
with the axis aligned with the local vorticity vector ω(Ci).

iii) : Calculate the vorticity vector at point Ci:

ω(Ci) = ∇× u′(x, t) (10)

iv) : Determine the radius of the vortex structure at point Ci (see details in [4]).
v) : Calculate the vortex element strength and size.
The strength vector of the i− th vortex element γi is found from the condition

γiK(0) = ω(Ci) (11)
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where the coefficient K(0) is the value of the vortex element kernel (inner distributions
of vorticity at the center of the vortex element, K(0) = −2 for (2)). The vortex element
size σi can be taken equal to the vortex tube radius

σi = R (12)

vi) : Check the size and overlap with neighbors. If the radius is smaller than a certain
threshold R < α∆ the vortex element is generated. If a newly generated vortex element
intersects with one of these appeared within the previous time steps both elements should
be merged and replaced by a single element.
vii) : Eliminate the vortices close to Ci. The vortex element identified at the point Ci

is ascribed to the vicinity x−Ci ≤ βσi, where β < 1 is the overlapping parameter. At all
adjacent points x− Ci ≤ βσi the values of λci are set to zero.
viii) : If there are points with λci �= 0 return to the step ii).
Once the approximation is completed the velocities induced by vortex elements uv are

calculated. They are used to update the grid based velocities:

ug = u− uv (13)

Owing to this, the approximation procedure is conservative with the respect to the total
velocity u.

2.3 Equations of coupled evolution of grid- and particle represented flow
fields

In this work we propose the splitting of Navier Stokes equation into a system of two
coupled transport equations according to scales. The first equation describes the flow
of the background ug

i whereas the second one the flow induced by concentrated vortex
structures uv

i .
Substitution of the decomposition u = ug + uv and ω = ωg + ωv into the vorticity

transport equation gives:

∂(ωv + ωg)

∂t
+ ((uv + ug)∇)(ωv + ωg) = ((ωv + ωg)∇)(uv + ug) + ν∆(ωg + ωv) (14)

which we split into two following equations:



∂ωg

∂t
+ ((uv + ug)∇)ωg = (ωg∇)(uv + ug) + ν∆ωg

∂ωv

∂t
+ ((uv + ug)∇)ωv = (ωv∇)(uv + ug) + ν∆ωv

(15)

The l.h.s of (15) is the full material time derivative D
Dt
. The first equation describes the

evolution of the grid based vorticity whereas the second one is responsible for concentrated
vortices. The next task is to rewrite the first equation into u− p variables.

∂(∇× ug)

∂t
+ ((ug + uv)∇)(∇× ug) = ((∇× ug)∇)(ug + uv) + ν∆(∇× ug) (16)
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Taking the identities

(ω∇)u−(u∇)ω = ∇×(u×ω), (ω∇)u−(υ∇)ω = ∇×(u×ω), (u×ω) =
1

2
∇u2−(u∇)u

from the vector analysis into account one gets from (16) the u− p formulation of the first
equation (15). Finally we have the system:

∂ug

∂t
+ (ug∇)ug = ∇

(
π +

1

2
∇(ug)2

)
+ ν∆ug + (uv × ωg) (17)

dωv

dt
= (ωv∇)(uv + ug) + ν∆ωv (18)

The first equation (17) is coupled with the second one (18) through the additional term
(uv × ωg). The physical meaning of this term can be revealed by applying the curl
operator to the first equation. The term (uv × ωg) describes the convective transport,
amplification and rotation of the grid based vorticity vector ωg by the velocity field
induced by concentrated vortex structures uv. The coupling of the second equation with
the first one is due to the terms (ug∇)ωv and (ωv∇)ug. The scalar function π+ 1

2
∇(ug)2

is the grid based pressure Π.
The source term uv × ωg is not necessary divergence-free, i.e. ∇(uv × ωg) �= 0. For

the analysis of this term and its interpretation in terms on flow accelerations the pressure
Π can be splitted within the each time step ∆t into two terms Π = Πg + Πv where Πv is
found from the Poisson equation ∆Πv = −∇(uv × ωg). The contribution of vortices to
the grid based flow acceleration is then ∇Πv + uv × ωg. The vector fields uv × ωg and
∇Πv+uv×ωg calculated for ug = y2/2i and uv = (1−e−25r2)(−yi+xj)/r2 are illustrated
in Fig. 1. The uncompensated acceleration source uv × ωg is clearly seen in Fig. 1 left
whereas the term ∇Πv + uv × ωg shows a dipole like distribution.

The equations (17) and (18) are solved sequentially. The first equation is solved on the
grid whereas the second one using the grid free computational vortex method. The sum
of these two equations written in the same variables retrieves the original Navier- Stokes
equation.

The boundary conditions are explicitly formulated only for the grid solution. There is
no boundary conditions for the vortex method. The generation of vorticity at boundaries
due to induction uv is taken by the grid solution into account.

2.4 Grid simulation

Numerical solution of the first equation (17) is obtained using the finite differential
method (FDM) implemented on staggered grid. The convection step is treated explic-
itly whereas the diffusion step implicitly. The pressures Πv and Πg are found from the
continuity equation (Poisson equation). The intermediate velocities obtained after the
diffusion step are corrected by the gradient of a pressure Πv +Πg. The derivatives for the
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Figure 1: Vector fields uv × ωg (left) and ∇Πv + uv × ωg (right). Πv is calculated within the domain
[0, π]× [0, π] from the Poisson equation ∆Πv = −∇(uv×ωg) with Neumann boundary conditions ∇Πv =
−uv × ωg.

convection step are approximated using upwind, central differencing and a smooth transi-
tion between centered differencing and upwinding (mixed scheme). The poisson equation
is solved using central differential scheme. A thorough description of the method is pre-
sented in [5]. Implementation of the grid simulation in OpenFOAM code is now being
under progress. The velocity uv is calculated directly from the formula (1).

2.5 Numerical implementation of the vortex method

The second equation (18) is solved using the explicit Euler method. Strictly speaking
the vorticity at a point x is the sum of contributions of all vortons

ω =
N∑
n

ωn, (19)

where ωn is found from (2). The right hand side of (18) is obtained by a formal differen-
tiation of (19) on time:

dω

dt
=

N∑
n

( 3∑
k=1

∂ωn

∂γnk

dγnk
dt

+
∂ωn

∂σn

dσn

dt

)
(20)

Formal substitution of (20) into (18) would result in a system of nonlinear1 algebraic
equations even if the explicit methods are used for the numerical solution of (18). Since it
would make the numerical solution very complicated, this approach has never been used
in vortex methods so far. Instead of this, one utilizes the fact that the function (2) decays
rapidly and the mutual influence of vortons on r.h.s. of (18) is neglected. The derivatives

1nonlinear if σn(t) depends on time. Otherwise, the system is linear with unknowns γnk
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∂ωn

∂γnk
and ∂ωn

∂σn
are calculated at the vorton centre x = xn

∂ωnk

∂γnk
(x = xn) = 2,

∂ωn

∂σn

(x = xn) = 0 (21)

Thus, the equation (18) is reduced to

2
dγn

dt
= (ωv∇)(uv + ug) + ν∆ωv (22)

where the operator (ωv∇)uv is calculated analytically using (1) and (2). The grid velocity
uv at vortex place, which is necessary to calculate the operator (ωv∇)ug is determined
using the M2 interpolation procedure among adjacent grid points [1]. The diffusion ν∆ωv

is considered separately by the core spreading approach (see formulae (4) and (5)). If σn

is getting due to diffusion larger than α∆ it is mapped back to the grid. The velocities
induced by this vortex are added to the background field ug and the vortex is eliminated.
Change of the element size σn due to amplification is found from the transport equation:

dσn

dt
= −1

2
σne

((
e∇

)(
uv + ug

))
(23)

3 RESULTS

In this section we present numerical solutions of some academic cases illustrating the
advantages of the hybrid method.

The simulations have been performed in the rectangular domain π×π with the uniform
grid of 100×100 cells and time step of 10−3s. The kinematic viscosity is zero (ν = 0, Re =
∞), i.e. only the artificial viscosity is present. The upwind scheme was applied for the grid
based simulations using Finite Difference Method (FDM). Two Lamb- Oseen vortices with
vorticity distribution ω = 2γExp[−r2/σ2]/σ2 are first placed onto the grid. The vortices
with σ = 0.1m are well separated and have opposite signs γ = ±0.5m/s . Within the
hybrid method they are identified using the two dimensional version of the algorithm
described in Sec.2.2 using the Lamb- Oseen vortex elements. As seen from Fig. 2 a) and
b) the vortices are merged and diffuse in the pure grid based simulations whereas they
rotate and keep their identity in hybrid simulations (Fig. 2 c) and d)). Moreover, the
maximum vorticity is kept almost constant in hybrid simulations (Fig. 3). In upwind
FDM simulations ω2 losses almost 85 percent of its initial value in 1.3sec.

In the second test case the two dimensional turbulence was generated by placing
five Lamb Oseen vortices with random sign of strength γ uniformly on the line (x =
0.05, π/3 < y < 2π/3) every 0.3 s. Then they move driven by the mean flow with the
velocity Umean = 1m/s and mutual induction. The strength of vortices was equal to
|γ| = 0.1m2/s and radius σ = 0.02m. Such a vortex occupies about three cells. Results
presented in Fig. 4 show that the vortices disappear quickly in FDM simulation (Fig. 4
left) whereas they exist in the hybrid FDM+CVM simulations up to the outlet (Fig. 4
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Figure 2: Simulation of dynamics of two vortices using Finite Difference Method (a,b) and Hybrid Method
(c,d).

Figure 3: Maximum vorticity squared versus time. Simulation of two vortex rotation using FDM and
hybrid.
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Figure 4: Simulation of two dimensional turbulence using Finite difference Method (left) and Hybrid
Method (right).

Figure 5: Simulation of planar jet development using Finite Difference Method (left) and Hybrid Method
(right). Simulation time is 5 sec.
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Figure 6: Velocity profile in two sections along the jet (shown in Fig. 5 left). Simulation of planar jet
development using Finite Difference Method and Hybrid Method. Simulation time is 5 sec.

right).

The simulation of the planar jet development inclined under 45 degrees is presented in
Fig. 5. The velocity distribution at the inlet is specified as:

ux =

{
100(y − (0.5−Rjet))((0.5 +Rjet)− y) + 1.0 0.5−Rjet ≤ y ≤ 0.5 +Rjet

1.0 0.5−Rjet ≥ y ≥ 0.5 +Rjet
(24)

uy = ux.
The calculations were performed for the jet radius Rjet = 0.1. The grid based pressure

Πg was set to zero at all boundaries excepting the outlet where the zero gradient boundary
condition was enforced ∂Πg/∂x = 0. The unsteady convective boundary conditions for
velocities were satisfied at the outlet. The vortex identification is carried out with the
threshold of 0.1 for λci. Since the viscosity is zero the jet spreading takes place only
due to inviscid convective instability of the mixing layer arising at the jet boundary and
artificial diffusion. The FDM solution obtained using upwind scheme demonstrates very
fast spreading (Fig. 5 left)and velocity decay (Fig. 6). On the contrary, the jet maintains
its energy longer in hybrid simulation than in FDM. Also the velocity decay is substantially
slower in hybrid simulations.
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4 CONCLUSIONS

The paper presents the first attempt to couple grid based and grid free simulations to
improve the resolution of fine vortices in computational fluid dynamics. The separation of
fine vortices is performed using the filtering procedure taken from Large Eddy Simulation.
If the size of such vortices compared to cell size is small they get smoothed being modeled
on grid because of artificial diffusion typical for grid based methods. To keep them we
represent them explicitly by discrete vortex elements. The large scale motion being the
difference between the original field and field induced by vortex elements is simulated
on the grid, whereas the vortex elements evolution is treated with computational vortex
method (CVM). The CVM like all grid free methods possess a small artificial diffusion
and allows to keep identity of small vortices regardless of their size. Dynamics of large
and small structures is governed by two coupled transport equations solved on grid and by
CVM technique. The method principally differs from the existing hybrid approaches be-
cause the grid free simulation is embedded into the grid based one. With the other words,
two coupled simulations are running simultaneously at each point within the whole com-
putational domain. Numerical solution of some canonic problems shows the advantages
of the hybrid method with respect to common grid based technique.

The general scheme of the presented method is open for all advanced techniques de-
veloped by different authors for vortex methods. Thus, the algorithms presented in the
paper can be sufficiently improved using previous experience. First of all, the procedure of
vortex identification and velocity field approximation through vortex elements can be op-
timized in future works. The computations of vorton induced velocities can be sufficiently
accelerated with Fast Multipole Method (FMM) implemented on GPU cluster.

REFERENCES

[1] Koumotsakos P., and Cottet, J. (2000) Vortex methods: theory and practice. Cam-
bridge university press, 2000.

[2] Kornev N., Hassel E., (2007), Synthesis of homogeneous anisotropic divergence free
turbulent fields with prescribed second-order statistics by vortex dipoles, Physics of
Fluids, Vol. 19, No. 5.

[3] Chakraborty, P. and Balachandar, S. and Adrian, R. J. (2005) On the relationships
between local vortex identification schemes, J. Fluid Mech., Vol. 535, 189 - 214.

[4] http://www.lemos.uni-rostock.de/forschung/vortex-method/

[5] Seibold B. (2008) A compact and fast Matlab code solving the incompressible Navier-
Stokes equations on rectangular domains,www-math.mit.edu/ seibold.

11




