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Abstract

This project studies the flow of a fluid inside an infinite pipe with periodically
forced extensional walls in the axial direction. The Navier-Stokes equations for an
incompressible fluid inside the pipe are solved to find self-similar solutions of the
problem. The system of PDEs is preconditioned using a spectral expansion inmodulated
Legendre polynomials, and is solved using an IMEXmethod. A numerical exploration of
time-periodic solutions in a wide parameter region has been conducted, and interesting
non-linear phenomena is found for specific parameter regions.

The system tends to converge to solutions with limit cycles of the same period as the
oscillation. The frequency response of the system is studied. For small frequencies, the
problem explores different solutions found in the ’non-forced’ problem [9], approaching
stable limit cycles of high frequencies when the pipe is shrinking very slowly, and
forming very fast axial jets. This behaviour is lost when the pipe oscillates at higher
frequencies. Moreover, no stable solutions with azimuthal velocity are found, but a
branch of unstable solutions with azimuthal velocity is born at a pitchfork bifurcation
of cycles. In addition, cascade of period doubling bifurcations is found, leading the
system to possible chaos.
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Chapter 1

Introduction

The Extensional Pipe Flow Problem

Westudy the behaviour of a fluid confined in an infinite cylindrical tube, with contracting
and expanding walls that shrink and stretch in the axial direction, in an oscillatory
manner.

Pulsating channels and tubes are found in different forms in nature. Research
regarding the physiological flow of the fluids inside such tubes has been conducted over
the years [9]; for instance, a technique called transmyocardial laser revascularisation
(TMLR), used to treat patients with heart conditions. It consists in creating narrow
tunnels in heart muscles not receiving enough blood flow, in order to help oxygen travel
from the left-ventricular chamber to the affected muscles. The study of the flow inside
such tubes is important in order to determine the efficiency of such techniques [19].
Oscillating elastic tubes may also have some engineering applications, such as in [20].

This, however, is only an example of possible practical applications of the study
on pulsating tubes, but our interest will remain around the domain of theory. In
this regard, the work of Brady and Acrivos (1981) drew attention to the extensional
pipe problem. Their research concerned a pipe that was continuously and constantly
stretching, without oscillatory movement, with a stretching ratio proportional to a
fixed point. As noted in [2], other authors have studied a similar problem: the flow
in a porous tube with uniform suction or injection at the walls, which gives rise to the
same set of ordinary differential equations but with different boundary conditions [18].
Hence, this problem has been approached numerous times with its nuanced variations.

Brady and Acrivos research focuses on self-similar solutions of the Navier Stokes
equations for a purely axisymmetrically expanding pipe, at a constant rate. It shows that
in certain parameter regions, solutions without swirl do not exist, generating solutions
with spontaneous swirl in such regions, far from being intuitive at first [2]. It also shows
multiplicity of such steady solutions: solutions without swirl form a closed branch
or seem to have an asymptotic behaviour; however, solutions with swirl seem to be
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unconnected, not evolving from a rest state nor coming from a bifurcation.

Following these results, the work of Marquès and Meseguer (2019) broadened the
problem to a pipe whose walls were simultaneously stretching and/or twisting also at a
constant rate, which extended the study from a one-parameter dependent system a two-
parameter dependent system. Their results show the twisting mechanism as a means
to explain how the different branches of solutions interact, and how solutions with
azimuthal swirl are generated. In addition, they also show the formation of strong axial
jets. Time-periodic solutions (limit cycles) are also found in the phase of contraction
of the tube, giving rise to a rich set of dynamics with codimension 2 bifurcations and
quasiperiodic behaviour such as tori [9].

Let us mention that this interesting oscillatory phenomena has also been found for
the analogous problem of self-similar solutions in a channel which shrinks steadily,
when the shrinking rate of both walls is the same [10], as well as in [3] where the flow
in channels of finite length is studied, resulting in time-periodic states appearing in the
case of accelerating walls.

With all of these results in sight, we hypothesise that interesting flow dynamics can
arise for the problem of a tube with periodically forced extensible walls. Starting from
the problem as described in [9], we expect the flow to visit some of the different flow
regimes described in the purely (and steadily) stretching pipe, but with a stretching
and shrinking ratio that is continuously changing, periodically.

The main goal of this project is to analyse the flow dynamics when the stretching
ratio of the wall is time periodic, with a given amplitude and frequency. The formulation
already existing for the analysis of extensional flows is adapted to the new periodic
boundary conditions. Now there will not be the twist-to-stretch ratio as a parameter,
but rather the frequency of oscillation. The numerical codes are adapted to track time
dependent solutions. Some of these solutions will be synchronous with the forcing,
but more complex behaviours may also appear. Continuation codes for periodic orbits,
stable or not, and the analysis of its stability are also implemented. A comprehensive
exploration of the parameter space in terms of amplitude and frequency of the forcing
is carried out, with particular attention to the bifurcations taking place when increasing
the amplitude. Also the response diagram (amplitude of the response versus the forcing
frequency) is analysed looking for possible resonances.



Chapter 2

Background

2.1 Mathematical treatment

The mathematical development exposed in the present section has been taken (and
stricly followed) from Marquès & Meseguer (2019) [9], which considers a ‘non-forced’
extensional and torsional pipe. The development has been (slightly) adapted to include
the necessary changes in the formulation for the case without torsion and with a
periodically forced pipe.

2.1.1 Governing equations

Consider an infinitely long cylindrical pipe, with extensional walls, and a constant
radius l. The cylinder is completely filled with an incompressible fluid of viscosity ν.
The cylinder is laying horizontally and gravitational effects are not considered. The
walls of the cylinder can be extended and contracted in an oscillatory fashion.

Due to the symmetry of the problem, cylindrical coordinates (r, θ, z) are taken to
describe the velocity at each point in the cylinder. This choice of coordinates will be
very useful since we will consider our flow to be self-similar in the axial direction. The
velocity at a point in the cylinder is expressed as (u, v, w) where u is the radial velocity,
v is the azimuthal velocity, and w is the axial velocity. A graphical description of our
choice of coordinates is represented in figure 2.1.1.

Our system will satisfy the Navier-Stokes equations for an incompressible fluid with
viscosity ν. Strictly following [9], the problem is non-dimensionalised, using l as the
unit of length and l2/ν as the unit of time. In cylindrical coordiates, using the notation
previously noted, the non-dimensional Navier-Stokes equations are:
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4 2.1. Mathematical treatment

Figure 2.1.1: Drawing of a section of the cylinder, in the phase of being expanded. The
z and r axis are represented, as well as the components of the velocity in cylindrical
coordinates and the boundary conditions for the w component of the velocity.

ut + uur + wuz − r−1v2 = −pr + dd+u+ uzz
vt + ud+v + wvz = dd+v + vzz
wt + uwr + wwz = −pz + d+dw

d+u+ wz = 0

(2.1.1)

Note that the subindices such as uz, ur, ut represent the partial derivativewith respect
to the subindexed variables. Here we have used the following notation, sticking to [9]:

d ≡ ∂r, d+ ≡ r−1∂rr and p is the kinematic pressure

Next, we impose the following boundary conditions at the border of the cylinder:

u|r=1 = 0, v|r=1 = 0 w|r=1 = σa · z · sin(ωt) (2.1.2)

Let us note two things: first, we consider the stretching velocity to be proportional
to z, i.e. linear with respect to the point from which the stretch starts (z = 0). Second,
such stretch will oscillate with time at a frequency ω: therefore the tube will stretch
and shrink, passing through instants where the boundary is (momentarily) at rest. The
maximum stretching/shrinking rate is σa.

For coherence with [2] and [9], we define a Reynolds number as R ≡ σa. In fact, the
formulation of this problem in terms of the formulation in [9] is strictly the same, but
for α = 0 or α = π, which implies then σt = 0 (see Section 2.2). The two key parameters
that will be varied in this problem are R and ω.
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2.1.2 Self-similar formulation

Following [2] and [9], we only explore self-similar solutions, which implies that the
solution for u is the same along the axial direction (does not depend on the axial
coordinate). This is reasonable given the boundary conditions: the radial velocity at
the border does not change along the axial coordinate.

From this assumption, it will be concluded that the solution w depends linearly on
the axial coordinate. In other words, the shape of w(r, θ) at different z = ct planes will
differ only by a multiplying constant: the axial coordinate. This is reasonable given the
boundary conditions and the symmetry of our problem. To produce an a ansatz, we
assume the same linear dependence of the azimuthal velocity v on z, despite the fact
that our boundary conditions on v are homogeneous along the tube. This is explained
given the results on [9], which found unstable solutions with swirl even when the pipe
was not stretched. Therefore, it is important to consider swirl.

In addition, the explored solutions are axisymmetric, and regular at the origin of
coordinates for (r, θ) = (0, 0). This last condition implies that the radial dependence
of u and v must be of the form rG(r2) and w must be of the form G(r2), if we want
our velocity field to be regular at the origin [9] (this can be proven by converting the
polar coordinates to a complex base and imposing regularity at the origin using Taylor
expansions). G(r2) means that the function G in its Taylor expansion may only contain
terms with an even exponent.

Moreover, it is convenient to use the following change of variables: r −→ x, with
x = 2r2 − 1, since we will use a polynomial expansion that needs our variable to span
the interval x ∈ [−1, 1] (which is accomplished given that r ∈ [0, 1] ). The squared
dependence on the change of variables allows us to write the radial dependence of u as
rG(x), for instance. With the change of variables, new useful notation is introduced:

D ≡ ∂x D+ ≡ D(x+ 1)

Following the reasoning mentioned above, we obtain an ansatz:

u(r, θ, z, t) = rF (x, t)
v(r, θ, z, t) = rzH(x, t) + rH0(x, t)

(2.1.3)

From the incompressibility equation, we obtain:

wz(r, θ, z, t) = −d+u = −z
r
∂r(r

2F ) = −2D+F =⇒

w(r, θ, z, t) = −2D+(zF (x, t) + F0(x, t)) (2.1.4)

being F0 a regular function that results from the integration. Hence, w depends
linearly on z. Note that F0(1, t) determines the total flux of mass across a section along
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the z axis, since [9]:

φz=ct =

∫ 2π

θ=0

∫ 1

r=0

wrdrdθ =
π

2

∫ 1

−1

wdx = −2πF0(1, t) (2.1.5)

Our fluid is incompressible, hence φ cannot depend on z. Let us observe that both
v and w have a constant term with respect to z, this is H0 and F0 respectively. These
terms represent a constant axial flow and swirl all along the tube, which we want to
consider null: in our solutions, at z = 0 the axial flow and swirl will vanish (which can
be reasoned given the symmetric boundary conditions). Then, F0(x, t) = H0(x, t) ≡ 0.
Note that our choice of F0 will make sure that φ = 0.

With the new notation, the boundary conditions are represented by u|r=1 = F (1, t),
v|r=1,∀z = zH(1, t) and w|r=1 = −2zD+F (1, t) = −4DF (1, t), which leaves the new
boundary conditions for F and H as:

F (1, t) = 0 H(1, t) = 0 DF (1, t) = −1

4
σa (2.1.6)

Next, the ansatz is replaced in the Navier-Stokes equations.

8DD +H = Ht + 2FD+H − 2HD+F
8DD+H0 = H0t + 2FD+H0 − 2HD+F0

pr = r8DD+F − 2FD+F + F 2 + (zH +H0)2 − Ft
pz = 2zD+Ft + 2(x+ 1)FDD+F − 2(D+F )2 − 8D+DD+F

+2D+F0t + 2(x+ 1)FDD+F0 − 2(D+F )D+F0 − 8D+DD+F0

(2.1.7)

Brief Pressure Insight

Given the integrability condition for p, we need that prz = pzr, which results in:

pzr = 2rH(zH +H0)
= 8rzDD+Ft + 2(x+ 1)FDD+F − 2(D+F )2 − 8D+DD+F
+ 8rDD+F0t + 2(x+ 1)FDD+F0 − 2(D+F )D+F0 − 8D+DD+F0

(2.1.8)

By integrating the first equation of the system 2.1.8 with respect to z, it can be inferred
that p can be developed as a second degree polynomial in z, i.e.

p(r, θ, z, t) = z2p2(x, t) + zp1(x, t) + p0(x, t)

Using equations 2.1.7, we can obtain the following equalities:
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p2(x, t) =
1

4

∫ x

−1

H2dx+ β2, p1(x, t) =
1

4

∫ x

−1

HH0dx+ β1

p0(x, t) = −1

4

∫ x

−1

(Ft + 2FD+F − F 2 −H2
0 − 8DD+F )dx

(2.1.9)

Here β1 and β2 are constant terms. In our case F0 = H0 = 0 it can be seen that
p1(x, t) = 0. Then, far enough from z = 0, the shape of the pressure field will be mostly
determined by p2(x, t). A measure for the quadratic growth of the pressure along the
tube is taken as p2(1), which is the quadratic term of the pressure at the wall. New
notation is introduced:

β ≡ p2(1) = β2 +

∫ 1

−1

H2dx (2.1.10)

This quantity is not important near z = 0 but it gives an idea about how much the
pressure grows far from the origin.

2.1.3 Final equations

Pressure can be removed by using its integrability condition. By taking F0 = H0 = 0 as
mentioned, equations 2.1.7 transform into:

DD+Ft + 2

∣∣∣∣∣(x+ 1)F D+F
DD+F D2D+F

∣∣∣∣∣− 1

4
H2 = 8(DD+)2F

Ht + 2

∣∣∣∣∣F D+F
H D+H

∣∣∣∣∣ = 8DD+H,

with boundary conditions:

F (1, t) = 0, DF (1, t) = −1

4
σa sin(ωt), H(1, t) = 0

(2.1.11)

With the self-similarity formulation, the functions F (x, t) and H(x, t) describe our
solutions. However, this system does not have homogeneous boundary conditions,
which would be preferable. Thus, F andH are build as a sum of two functions: a simple
known one satisfying non-homogeneous boundary conditions (and which will have
a simple derivatives), and another unknown function which will satisfy a system of
equations with homogeneous boundary conditions. We then solve for such unknown
function. This is:

F = f + fb, H = h+ hb with fb ≡
1

4
σa sin(ωt)(1− x) and hb ≡ 0

where fb and hb are the base solutions satisfying the non-homogeneous boundary
conditions of F and H in equation 2.1.11. The derivatives of these functions which
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appear in the differential equations are:

D+fb = −1

2
σa sin(ωt)x, DD+fb = −1

2
σa sin(ωt), D2D+fb = (DD+)2fb = 0

Now,we need to solve for f and h (which by definitionwill have homogeneous boundary
conditions). The differential equations they satisfy are:

DD+ft −
1

2
σaω cos(ωt) + 2

∣∣∣∣∣ (x+ 1)(f + fb) D+(f + fb)
DD+f − σa sin(ωt)/2 D2D+f

∣∣∣∣∣− 1

4
h2 = 8(DD+)2f

ht + 2

∣∣∣∣∣f + fb D+(f + fb)
h D+h

∣∣∣∣∣ = 8DD+

with boundary conditions:

f(1, t) = 0, Df(1, t) = 0, h(1, t) = 0
(2.1.12)

The self-similar solutions will be determined by f and h, representative of the shape of
u, v and w at z = 1.

2.1.4 Symmetries

Since we consider only axisymmetric solutions, and the tube is stretched symmetrically
around the z = 0 plane, the problem has different symmetries:

• Reflection about z = 0 (changing z −→ −z).
• Reflection about any meridional plane (changing θ −→ −θ).
• Reflection on both planes at the same time (changing (z, θ) −→ (−z,−θ)), also

called a half turn.

Therefore, in any solution with swirl, the direction of the swirl can be reversed
to obtain another valid solution (v −→ −v) and any solution found for z > 0 is
automatically valid for z < 0 by changing w −→ −w. We keep this in mind to know
that, for instance, any solution we find with swirl implies another solution with reverse
swirl. The same applies for the axial velocity, which will not be necessarily useful in
our case since we will consider the net axial flux of fluid to be zero. The third reflection
implies that both changes can be done at the same time, which is not useful since we
obtain the same result as initially but only changing our point of view.

Apart from these symmetries, the parameter space (R,ω) also has symmetries:
changing R −→ −R (or σa −→ −σa) is equivalent to a phase shift at the boundary
condition w(1) = R sin(ωt+ π) (which will not change the solution other than a shift in
the time coordinate). Analogously, a change of sign ω −→ −ω is equivalent to a phase
shift on the BC: w(1) = R sin(ωt+ π).
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2.2 Results for the ’non-forced’ extensional pipe

The same problem without the forced periodic boundary conditions has been studied
in [2] (Brady & Acrivos, 1980) and [9] (Marquès & Meseguer , 2019). In this section
we present those results from the latter that later on might be relevant to analyse the
results of the periodically-forced pipe.

The latter paper studies an extensional and torsional pipe. The boundary conditions
are w(x = 1) = σa and v(x = 1) = σt, where σt is the torsion applied on the tube. The
system is described by two parameters: R =

√
σ2
a + σ2

t and α = arctan σt
σa
. In other

words, α is the torsion-extension ratio. Then, we may write σa = R cosα.

The periodically forced problem and the extensional-torsional problem are the same
if we set the parameters ω = 0 for in forced problem, and α = 0 or α = π for the
torsional-extensional problem. When α = 0 −→ σa > 0 (which is the case when the
pipe is extending in our problem) and when α = π −→ σa < 0 (which is the case when
the pipe is contracting). When the extension is oscillatory, it visits the parameter region
(R,α = 0) for half of the cycle and (R,α = π) for the other half of the cycle. We present
results for these two parameter regions.

Both at α = 0 and π there are different families of solutions. For α = 0 (purely
stretching pipe) solutions are steady:

• At low R ≤ 10.25 there are 8 solutions: 6 have swirl, and 2 don’t. Only one the
solutions (without swirl) is stable.

• For 10.2 ≤ R ≤ 147 only unstable solutions with swirl are found.
• At 147 ≤ R two unstable solutions without swirl appear.
• At 730 ≤ R two other unstable solutions without swirl appear.

These steady solutions show strong jets for w, and could be encountered in the
periodically forced problem for ω −→ 0. Note that for R > 10.25 there are no stable
solutions.

In the case of α = π (purely shrinking pipe) the dynamics are more interesting. A
bifurcation diagram is shown on figure 2.2.1. The bifurcations are seen through the
mean azimuthal velocity v at r = 1/

√
2.

• A Hopf bifurcation (H1) occurs at R = 592.2, for which a stable steady solution
(in the branch B1) becomes a stable limit cycle Γ without swirl. The period of Γ at
R = 700 is TΓ = 5.626× 10−3.

• A Pitchfork bifurcation of cycles (CC) occurs at R = 901.5, where two branches
of unstable limit cycles with swirl Γp and Γn (with opposite swirl) are met with Γ.
After the bifurcation, Γ is de-stabilised. The periods are TΓp = TΓn = 8.089× 10−3.
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• A fold bifurcation of unstable cycles (CF) at R = 443.4 where two cycles are
born Γp and Γlp, and their negative analogues Γn and Γln. All of them have swirl.

• A Hopf bifurcation (H1p) at R = 459.1 where Γlp dies at one of the branches for
unstable steady solutions with swirl (S1p), and their negative analogues.

Figure 2.2.1: Bifurcation diagram at α = π for the non-forced extensional pipe. The
vertical axis represents the mean azimuthal velocity at r = 1/

√
2 of each solution. Image

taken from [9].

This is a summary of the behaviour of the non-forced extensional pipe that is of
our interest. Furthermore, for small variations of α around α = π a very complex
bifurcation scheme is found (including codimension-2 bifurcation points, Neimark-
Stacker bifurcation branches, etc.). It is depicted on figure 2.2.2.

Figure 2.2.2: Codim-1 and Codim-2 bifurcations diagram around α = π for the non-
forced extensional pipe. Image taken from [9].
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From figure 2.2.2, we are interested (again) on the vertical line α = π and the
magenta dots a, c, d and e. We focus on the limit cycles that exist on these points on the
diagram: on a, there are not any limit cycles. On c there are two unstable limit cycles
with swirl and a stable steady solution (without swirl). On d the stable solution has
become a stable limit cycle (also without swirl). On e this cycle has become unsteady.

In [9] we also find a representation of such cycles in the phase space. On figure 2.2.3
we show the two that will interest us most, c and d:

Figure 2.2.3: Limit cycles and steady solutions for the non-forced extensional pipe
problem for points (c) and (d) on the diagram from figure 2.2.2. The steady solution B1

at c becomes a stable limit cycle at d through a Hopf bifurcation. Image taken from [9].

In conclusion: when the periodically forced pipe is extending, it will cross a region of
parameters for the non-forced pipe inwhich steady stable solutions are found for smallR,
and steady unstable for all R (and in some regions only solutions with swirl). Whereas
when the periodically forced pipe is shrinking, it will cross a region of parameters
for the non-forced extensional pipe in which there is a stable limit cycle and several
non-stable limit cycles (without swirl and with swirl respectively). We might expect
the periodically forced pipe to have a similar behaviour when ω −→ 0.



Chapter 3

Methodology

Numerical methods are applied to the governing equations in 2.1.12 in order to look for
solutions of the problem. The most basic approach is direct simulation of the solutions
through time integration, by using a Legendre-polynomials spectral decomposition,
and an Implicit-Explicit numerical integration scheme. The system is then explored
using numerical integration through a variation of its characteristic parameters (R,ω).

This problem has non-stationary boundary conditions; therefore the system will not
have any stable solutions in the phase space (in a dynamical systems sense). Then, it is
not necessary to look for stationary points. Rather, there may appear limit cycles. A
numerical approach using Poincaré maps, continuation methods and a basic Newton
method is used to look for such cycles, and to determine their stability.

In addition, numerical continuation is used in order to track solutions, to compute
bifurcation branches and to carry out an exploration of the frequency response of the
system.

3.1 Numerical Methods for Time Integration

The following numerical treatment is also taken from Marquès & Meseguer (2019) [9].
The objective is to find the time evolution of our system, by solving for f(x, t) and h(x, t)
in equations 2.1.12. First, these functions are approximated in a Legendre polynomial
expansion. Then, a numerical first-order Implicit-Explicit method is applied.

Let us start by adding notation for the non-linear terms to simplify the equations:

Nf (f, h) ≡ 2

∣∣∣∣∣ (x+ 1)(f + fb) D+(f + fb)
DD+f −R sin(ωt)/2 D2D+f

∣∣∣∣∣− 1

4
h2 − 1

2
Rω cos(ωt)

12
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Nh(f, h) ≡ 2

∣∣∣∣∣f + fb D+(f + fb)
h D+h

∣∣∣∣∣
where R ≡ σa. The equations may be re-written in a more compact form:

DDxḟ +Nf (f, h) = 8(DD+)2f, ḣ+Nh = 8DD+h (3.1.1)

3.1.1 Legendre Polynomials expansion

The functions are approximated by a finite spectral expansion in modulated Legendre
polynomials, that satisfy the boundary conditions:

f(x, t) =
M−1∑
m=0

am(t)Φm(x), Φm(x) = (1− x)2Pm(x)

h(x, t) =
M−1∑
m=0

cm(t)Ψm(x), Ψm(x) = (1− x)Pm(x)

(3.1.2)

Here Pm are the regular Legendre polynomials, constructed from a Gram-Schmidt
orthogonalization method for the polynomial space spanning x ∈ [−1, 1], with the
scalar product 〈Pn, Pm〉 =

∫ 1

−1

w̃(x)Pn(x)Pm(x)dx for w̃(x) = 1, starting from the natural
(non-orthogonal) basis {1, x, x2, ...} [5]. The modulation factors (1 − x)2 and (1 − x)
ensure that boundary conditions are met for any combination of polynomials, since:

Φm(1) = Φ′m(1) = 0 and Ψm(1) = 0

and preserving completeness of the basis, even though it changes the orthogonality
properties of the initial P basis: Φi and Ψi are not orthogonal nor normalised. Note that
M (the number of polynomials used to approximate our functions) will determine the
accuracy of our approximation.

Next, the problem is converted from a continuous problem (spanning x ∈ [−1, 1])
to a discrete problem. We transform the continuous differential equations into a matrix
system with a non-linear term, by means of the Garlekin Method [13]. Each term in the
equations 3.1.1 is projected into the corresponding basis {Φi}1≤i≤M through the scalar
product previously defined.

First, the functions f , h are discretised as vectors evaluated at {xi}1≤i≤N , being
the N -th order Legendre nodes. The idea is to convert the vector f(x) =
[f(x1), f(x2), . . . , f(xN)]T into a vector with the coefficients of the modulated Legendre

series, i.e. a = [a0, a1, . . . , aM ]T , with fi ≡ f(xi) =
M−1∑
m=0

amΦm(xi), and analogously with
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h and c. It may be written in matrix notation as

f = PHI · a with PHIim ≡ Φm(xi), 1≤i≤N and 1≤m≤M

h = PSI · c with PSIim ≡ Ψm(xi), 1≤i≤N and 1≤m≤M
(3.1.3)

In order to have a one-on-one correspondence between fi and ai coefficients,M should
equalN , and PSI and PHIwould be invertible squarematrices. Nonetheless, sincewe are
facing a non-linear equation with third-order derivatives, the number of interpolation
points needed to accurately describe our function f might not be enough to accurately
describe its higer order derivatives, such as D2D+f (term appearing in Nf), since there
could appear an aliasing effect, leading to poor numerical interpolation [11]. This is
why on [9] N is taken as a higher number thanM , in fact N = 3M/2. In this case, the
relations 3.1.3 are still valid, but there is not a bijection between fi, hi and a, c, since PHI
and PSI are N ×M non-square matrices, hence non-invertible. The inverse relation may
be computed using projection into the spectral space, through the Gauss quadrature

formula:
∫ 1

−1

g(x)dx =
N∑
i=1

wig(xi) =
N∑
i=1

(W · g)i, forW the matrixW = wiδij containing

the Gauss quadrature weights for the Legendre polynomials. We need to know how to
compute the inverse relation a −→ f because the non-linear term in our equation will
be first computed in the real space, then converted in the Legendre polynomials spectral
space. Let us introduce the matrices defining our scalar product: (G1)i,j ≡ 〈Φi,Φj〉 and
(G2)i,j ≡ 〈Ψi,Ψj〉.

〈Φm, f〉 =

∫ 1

−1

Φmfdx =
N∑
i=1

wiΦm(xi)fi = (PHIT ·W · f)m

=
M−1∑
n=0

〈Φm, anΦn〉 = (G1 · a)m

=⇒ a = G−1
1 · PHIT ·W · f

(3.1.4)

An analogous procedure takes us to c = G−1
2 · PHIT ·W · h

Now that we have established the relation between the real space and the spectral
space, we project equations 3.1.1 into the spectral space. The non-linear term is first
computed in the real space (fi), and then projected into the spectral space.

Aȧ+N1(a, c) = L1a and G2ċ+N2(a, c) = L2c

with
(A)mn ≡ 〈Φm, DD+Φn〉 (G2)mn ≡ 〈Ψm,Ψn〉
(N1)1,m ≡ 〈Φm, Nf〉 (N2)1,m ≡ 〈Ψm, Nh〉
(L1)mn ≡ 〈Φm, 8(DD+)2Φn〉 (L2)mn ≡ 〈Ψm, 8DD+Ψn〉

(3.1.5)

where D represents the Legendre polynomials derivative matrix . Note that the initial
PDEs system has been transformed into a discretised ODEs system. From now on, the
continuous problem is treated as a discretised problem of dimension 2M .
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3.1.2 Numerical Scheme

Equations 3.1.5 are solved using an Implicit-Explicit (IMEX) integration method. These
methods are usually used with PDEs that have been discretised using spectral methods,
and that have a stiff part (where an implicit method is used) and a non-stiff part (for
which an explicit method is used) [1].

In this context, stiff (also referred to as ‘dissipative’) implies that a linearization
of that part of the PDE would have both eigenvalues with a highly negative real part
(yielding rapidly-decaying solutions) and much smaller-norm eigenvalues (governing
the behaviour of the solution at larger timescales) [15]. For stiff problems, an implicit
time-stepping method is recommended (which allows for bigger time steps), being
BDF one of the most popular methods for stiff initial-value problems [12], whereas for
non-stiff problems (not having fast-converging eigenvalues, andmaybe on the imaginary
axis), we may need methods whose stability regions include the imaginary axis, which
some explicit integration schemes include; in addition, the cost of an implicit method
may be too high for a non-stiff problem, because the non-linear term of the PDE may
give rise to a dense Jacobian when using an implicit method, hard to invert [1]. Our
equation, however, has both a stiff part, is its linear part (L1a, L2c), and a non-stiff part,
its non-linear part (N1(a), N2(a)).

In such situation, the equations 3.1.5 are solved with a combination of an implicit
method for the linear (stiff) part, and an explicit one for the non-linear part, build
around the second-order Backward Difference (BDF) scheme, which for order 2 is
A-stable –its stability region includes all the left-hand side C plane. In the BDF scheme,
the left-hand side of the ODE Aȧ = L(a)−N(a) is evaluated using different backward
time steps of a, in this case

ȧn+1 =
1

δt
(
3

2
an+1 − 2an +

1

2
an−1)

where an ≡ a(tn) and tn ≡ δt·n is the n-th time step. On the contrary, the right-hand side
is evaluated only at tn+1. The implicit evaluation of the right-hand side works forL(an+1)
but not for N(an+1), since an explicit method should be used for the non-linear part. In
this case, a second order extrapolation of N(an+1) is used with only previous time steps,
analogous to the second-order Adams-Bashforth method: N(an+1) = 2N(an)−N(an−1).
This scheme is also called Semi-Implicit BFD2 [12]. All in all, the resulting scheme is:

A
1

δt

(
3

2
an+1 − 2an +

1

2
an−1

)
= L1a

n+1 − 2N1(an) +N1(an−1)

G2
1

δt

(
3

2
cn+1 − 2cn +

1

2
an−1

)
= L2c

n+1 − 2N2(cn) +N2(cn−1)

(3.1.6)



16 3.2. Computation of particular solutions

which may be regrouped to form a order to:(
A− 2δt

3
L1

)
an+1 =

1

3
A
(
4an − an−1

)
− 2δt

3

(
2Nn

1 −Nn−1
1

)
(
G2 −

2δt

3
L2

)
cn+1 =

1

3
G2

(
4cn − cn−1

)
− 2δt

3

(
2Nn

1 −Nn−1
1

) (3.1.7)

In order to use this scheme, the matrices (A− 2δt
3
L1) and (G2− 2δt

3
L2) need to be inverted

only once, at the first step, sinceA,G2, L1 and L2 do not depend on a nor c, which makes
the scheme faster. Since it is a second-order scheme, two initial points are needed to start
the integration (a0, a1; c0, c1). We want to be able to compute a solution by just having
one initial point (a0; c0). In order to compute the second point, we use a first-order Imex
method, analogous to the second-order method used: a BDF1 scheme for the linear
part, and an AB1 (Euler) scheme for the non-linear part:

(A− δtL1) a1 = Aa0 − δtN0
1

(G2 − δtL2) c1 = G2c
0 − δtN0

2

(3.1.8)

Here, both leading matrices need to be inverted (again, only once). Once the time
integration for the spectral coefficients a and c is performed, the coefficients may be
converted into the discretised functions f and h, which enables us to compute F ,H and
therefore the velocity field for the self-similar solutions, at the Legendre nodes. Note
that vector a defines the velocity u(x) and w(x), whereas c defines v(x), the swirl.

The codes used for the direct numerical integration have been taken from [9], and
have been adapted to the new periodic boundary conditions.

3.2 Computation of particular solutions

The numerical scheme previously described is used to find the time evolution of the
system, and to compute all the different types of solutions that may appear varying the
parameters R,ω of the system.

3.2.1 Initialising solutions

The parametersR,ω are initially tuned until the system converges from the basic state to
a given periodic solution. The numerical method previously described does not always
converge to a solution: an appropriate initial condition (a0; c0) must be given so that the
IMEX scheme converges, and does not yield a numerical overflow.

However, at first, solutions have to be found by starting the numerical scheme
from rest (f(x) = 0 −→ F = fb, and h(x) = 0 −→ H = 0), which translates to
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a0 = c0 = [0, 0, . . . , 0]T . Note that the numerical scheme for an may give rise to a solution
even if started from null vectors, since the non-linear term for the first equation, N1,
evaluated at these vectors N1([0, . . . , 0]) is non-zero, and then a1 is not a null vector.

However, this is not the case for the scheme computing cn, since the non-linear term
in second equation of 3.1.8 used to compute the initial step for c1 is null:

N0
2 (f = 0, h = 0) =

∣∣∣∣∣fb D+(fb)
0 0

∣∣∣∣∣ = 0

leading to c1 = (G2− δtL2)−1(G2c
0− δt · 0) which for c0 = [0, . . . , 0] yields c1 = [0, . . . , 0].

Hence, a solution that starts without swirl (v(x) = 0) will not be able to reach a state
that may have swirl, because if cn = cn−1 = 0 =⇒ cn+1 = 0. In order to find solutions
that have swirl, the vector c0 can be filled with random small noise in its components,
such as c0 = 10−3 · [θ1, . . . , θM ]T where θi ∈ [0, 1] is a uniformly distributed random
variable. Such random noise will decay if the swirl is unstable, or it will increase and
evolve if the final solution has a stable swirl. Another efficient way to find solutions
with swirl is by setting c0 = δ · [1, 1, 0, . . . , 0] for some δ ∈ [10−2, 102], this is: only exciting
the first to modes of the spectral decomposition in Legendre polynomials, which is
enough to make v(x) take an initial smooth curvy shape. These first two terms of c will
inevitably make the other coefficients increase accordingly if a solution has stable swirl,
or they will decrease otherwise. In fact, this second choice for c0 resembles more the
typical final stage of the vector one a solution is reached (since in all numerically the
first coefficients are several orders of magnitude larger than the last ones).

Time Step and Spectral Dimension

Another parameter to be set in the numerical scheme 3.1.7 is the time step δt. For the
most part, it is set depending on the system parametersR,ω, as done in[9]. Usually, δt =
0.01/R is appropriate without any dependence on ω. However, for small frequencies,
smaller than ω < 10, this time step is usually too small, because the number of time
steps taken during a full period of the boundary conditions is N = T/δt ∝ R/ω. Thus,
the time step is increased according to the frequency for small frequencies. The opposite
happens at very large frequencies.

Table 3.2.1 sums up an appropriate choice for time steps. Note that the quantities δt
andω are adimensional, aswell as the rest ofmagnitudes in the problem (length has been
adimensionalised with l, the radius of the tube, and time has been adimensionalised
with l2/ν, where ν is the viscosity).
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Table 3.2.1: Appropriate values of δt for different parameter ranges

ω R δt N steps in 1 period
0 ≤ ω ≤ 2 R ≤ 600 0.1/(R · ω) ∼ 50 ·R
0 ≤ ω ≤ 2 600 ≤ R 0.001/(R · ω) ∼ 5000 ·R
2 ≤ ω ≤ 10 - 0.1/(R · ω) ∼ 50 ·R
10 ≤ ω ≤ 1000 - 0.005/R ∼ 1 · 10−3 ·R/ω
1000 ≤ ω - 0.002/R ∼ 5 · 10−4 ·R/ω

Moreover, the dimension of the spacial discretization N and the dimension of the
Legendre spectral decompositionM have to be set. As previously stated, N = 3M/2
to avoid aliasing, andM = 70 is taken, as in [9] (in fact, they have usedM ∈ [70, 200]).
The value of M has to be increased if the Legendre coefficient series does not decay
several orders of magnitude. Here, we expect the spectral coefficients to decay between
5 and 10 orders of magnitude: in such a case, we consider that the Legendre series has
converged appropriately (such as in figure 3.2.1).

Figure 3.2.1: Decay of spectral modes (coefficients) for a solution with a properly-
converged Legendre series.

Monitoring solutions visually

In order to monitor solutions, physical parameters are computed when necessary. In
this case, u(r = 1/

√
2), v(r = 1/

√
2), w(r = 0) w(r = 1/

√
2) and β, as represented in

figure 3.2.2a. This choice is made so that the radius r = 1/
√

2 divides a cross section of
the tube in two regions of equal area. In addition, the component of the axial velocity at
the centre of the tube is also tracked. These variables are expected to be representative
of the motion of the fluid (note that β represents the quadratic growth of the pressure
on the axial direction, as defined in equation 2.1.10).

A 3D video representation of the axial velocity at a section of the tube is also used
(with the rotational velocity being represented in colour), as seen in figure 3.2.2b, as well
as the u(r) and v(r) profiles and their corresponding streamfunctions along a period,
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which enable us to have a clear visual understanding of the behaviour of the solutions
found, and to check visually that boundary conditions are met.

(a) Representation of the variables
chosen to monitor the solutions.

(b) 3D representation of the variable w on a
section of the tube for a particular solution.
Yellow represents positive values and blue
negative ones. If the solution has swirl, the
colour is used to represent v.

Figure 3.2.2: Left: graphical representation of coordinates used to monitor solutions.
Right: a 3D representation of the axial velocity of a given solution.

Figure 3.2.3: Variables visually tracked for the time-evolution of a particular solution.

3.2.2 Numerical Approach for Periodic Orbits

Stable orbits

Using numerical integration, the parameter region is explored for 10 ≤ ω ≤ 1000 and
10 ≤ R ≤ 1000 seeking periodic solutions through time integration. Since the system is
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periodically forced, we expect the system to converge to periodic orbits, after a transition
time. Indeed, using time integration only stable period orbits can be found.

The boundary condition for w(x = 1) = R sinωt is time-periodic with period T =
2π/ω. Then, any time-periodic solution for u(x, t), v(x, t) and w(x, t) will need to have a
period T = n · 2π/ω, for n ∈ N, i.e. the period can only be a multiple integer of the basic
period of the forced boundary conditions, because any other period would not comply
with the boundary conditions.

For direct numerical integration, we want to set a standard to determine whether
a seemingly closed orbit in phase space is actually closed or not. Since the numerical
variables are the vectors a and c, the numerical condition for a periodic orbit is set for
these vectors (and not u, v, w). For a given δt, the standard criteria taken to consider a
solution to be periodic with period T are, for a given t:∥∥a(t+ T )− a(t)

∥∥ ≤ R · δt and
∥∥c(t+ T )− c(t)

∥∥ ≤ R · δt

This condition is arbitrary, but the tolerance Rδt is small enough in most cases.

Basic continuation scheme

Once a periodic solution is found for (R,ω), a basic continuation scheme has been used
to find solutions for close parameters (Rnew, ωnew) = (R + ∆R,ω + ∆ω), for arbitrary
∆R and ∆ω.

The resolution of equations 3.1.7 for (Rnew, ωnew) is started with (a0, c0) being a
previously known solution for (R,ω). The time coordinate to start the integration for
(Rnew, ωnew) has to be the same time coordinate for which (a0, c0) was computed at (R,ω),
since time is explicit in the non-linear terms of the equation: we have to ensure that the
boundary conditions and non-linear terms involving sin(ωt) or cos(ωt) are changed the
slightest from those for which the initial point (a0, c0) was computed. In most cases,
if (a0, c0) belongs to a stable orbit and ∆R and ∆ω are small enough, the system will
converge to the new solution.

However, for bigger frequency increments ∆ω or big values of the time coordinate,
this method has to be slightly adapted, since the product ∆ω · twill bring about a big
phase change inside the sine and cosine terms: the new sine terms are sin((ω + ∆ω)t) =
sin(ωt+ ∆ω · t) = sin(ωt+φ0). This correction phase φ0 = ∆ω · t has to be introduced in
equations 3.1.6 when using this continuation scheme. In other words, the integration of
the orbit has to start at the same phase of the old orbit used as initial guess, if we want
it to converge properly.

This continuation method is used to track stable orbits across a wide range of
parameter values, to explore different behaviours at different regions, and to compute a
frequency response of the system.
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Unstable orbits

Using numerical integration, the system is explored to find solutions that might
approach an orbit for a short period of time, but then decay onto a different solution.

Once near an unstable orbit, a Poincaré map is build. A regular Newton method is
constructed in order to find fixed points in the map. In this problem, this method is
used to find unstable solutions with swirl.

Figure 3.2.4: Poincaré map associated with a cycle L0. Image taken from [14].

The Poincaré Map

The system of ODE 3.1.5 may be written as ȧ = f̃(a, t), with f̃(a) ≡ A−1(L1 · a +
N1(a, t)) (here the equation for c is omitted for conciseness of notation). If a solution of
the system is a closed orbit L0, then a hypersurface Σ is defined such that the orbit L0

crosses it at a0:
Σ = {a ∈ Rn|g(a) = C}

where g is the function that describes the hypersurface Σ, and is required that
〈∇g(a0), f̃(a0, t)〉 6= 0 [6] (which implies that the trajectory does not cross the surface at
zero angle) . In the ideal case, Σ is a hyperplane (so that it can be parametrised) and L0

crosses Σ perpendicularly.

In our case, we choose a simple hyperplane for the real space variables, in particular
Σ = {a ∈ Rn|Ux=0 = C}. The constant C is chosen so that Σ is crossed only once in each
direction along a closed orbit.

This hyperplane translates into a more complex surface in the space of the spectral
coefficients variables, since Ux=0 = C ←→ g(a) = C for

g(a) ≡ 1√
2

(PHI · a+ fb)i=M/2 = C

(where the subindex i = M/2 refers to theM/2-th component of the vector inside the
parenthesis, corresponding to the middle Legendre node, at x = 0). This is a surface
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with normal vector∇g = (PHI · a)i=M/2 in the spectral space. The orbit, however, will
not necessarily cross the surface perpendicularly.

Note that if a closed orbit is integrated from a point on surface Σ, it will cross Σ once
again on the same exact point when the orbit is closed. If the integration is started from
a point near the closed orbit, it will also land on the map near the closed orbit. Having
defined Σ, the Poincaré map is defined as:

P : Σ −→ Σ

a 7−→ ā = P (a)
(3.2.1)

where P (a) ∈ Σ is the point on the surface where the solution lands, after an integration
starting from a. This map is continuous in a, since f̃(a) is a smooth function. The
Poincaré map can also be regarded as a discrete-time map [6], since between an to
an+1 = P (an) a finite amount of time t has been elapsed, of the order of the closed orbit
period. (For conciseness, the vector c has been omitted as input of the Poincaré map,
but it should be included: the real input of the map is a vector ã = [a, c] including both
variables).

Numerically, P (a) cannot be computed exactly. It will be a projection on Σ of nearby
point of the trajectory. In practice, it is computed using a second-degree polynomial
interpolation of two points of the trajectory prior crossing the surface, and a point of
the trajectory after the surface has been crossed.

A closed orbit is regarded as a fixed point of the Poincarémap: a∗ = P (a∗). Therefore,
in order to find closed unstable orbits, a newton method is applied to find a solution to
the system P (a)− a = 0. The stopping criteria for the Newton method has been taken
as ∥∥an+1 − an

∥∥
‖an‖

≤ 1 · 10−11

In the practical implementation, a reduced Newton system is used to find an
approximate value of a∗: only the first 15 variables in a and c are initially considered to
compute the Jacobian matrix, until a tolerance of

∥∥an+1 − an
∥∥ /‖an‖ ≤ 1 · 10−6 is reached.

Then, to reach the required tolerance, all of the variables (up toM = 70) are taken into
account, and a more precise solution is obtained at the initially requested tolerance.

Note that this approach makes the Newton method converge faster, because for each
time the Jacobian matrix is calculated, the Poincaré map has to be computed 2M times
(once per each variable). If we reduce the variables to the first 15 spectral coefficients
for a and for c (30 in total, out of 140) and neglect the rest, the process is sped up by
a factor of 4. Note that the first 15 variables in a and c are usually the most relevant
spectral coefficients of the Legendre expansion (since in a properly-converged solution,
they are between 5 to 10 orders of magnitude bigger than the rest).

Another important parameter to compute the Jacobian matrix is the step δ used for
the directional derivatives, i.e. ∂aiP = (P (a+ δai)− P (a))/‖δai‖. In order to reach the
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required precision, it is taken as |δai| = 1 · 10−5 generally.

This Newton-Poincaré method has been used in combination with the basic
continuation scheme presented previously in order to track branches of unstable limit
cycles. The general handicap is, however, to find a good point where to start the Newton
method, since otherwise it does not converge to any solution. This method can also be
used to find stable limit cycles, but numerical integration is usually more efficient for
the cases studied in the scope of this project.

3.2.3 Stability and bifurcations

Stability for limit cycles

The study of local stability of the orbits (limit cycles) is reduced to studying the
behaviour of the Poincaré map around its stable point a∗, by studying whether its
close points a∗ + δa will be attracted or repelled to a∗.

The surface used for the Poincaré map can be (locally) parametrised, and new
coordinates on the hypersurface can be established ξ = (ξ1, ξ2, . . . , ξ2M−1) so that ξ = 0
corresponds to a∗. The stability of point ξ = 0 will be determined by the eigenvalues of
the Jacobian matrix of the Poincaré map evaluated on the fixed point:

A =
dP

dξ
(ξ = 0)

µ1, . . . , µ2M−1 ∈ C −→ Eigenvalues of A
(3.2.2)

The orbit will be (locally) stable as long as all the eigenvalues lay inside the unit circle:
‖µi‖ ≤ 1 ∀i. A theoretical result shows that these multipliers µi of the Jacobian matrix
of a Poincaré map associated with a limit cycle are independent of the point in the limit
cycle where they are computed [6]. And, in fact, they do not depend on the chosen cross
section chosen (Σ) at a given point. These eigenvalues are called Floquet multipliers,
and are equivalent to the eigenvalues of the Monodromy matrix restriced to the plane Σ
(a matrix that governs the time evolution of perturbation trajectories nearby a closed
orbit) [14].

Due to the complexity of the shape of the hypersurface in the spectral coefficient
space [a, c], no local coordinates are re-established on the surface Σ, and the Jacobian
is also evaluated on the direction of the orbit (out of the Σ plane), even though this
is not rigorous. In practical terms, however, this is analogous to the computation of
the eigenvalues of the Monodromy matrix, which introduces an additional µ2M ≈ +1
eigenvalue (corresponding to the direction of the limit cycle) which is removed because
it does not determine stability [14], thus the stability criteria is not changed. The
increment used to evaluate the Jacobian is taken as |δa| = 1 · 10−6.
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Bifurcation of limit cycles on the Poincaré map

In this section, some insight is brought into how limit cycles bifurcations can be detected
using the Poincaré map.

A usual mechanism for a limit cycle to gain or loose stability is for a real eigenvalue
or a pair of complex eigenvalues (of their Poincaré map) to cross the unit circle on the
complex plane. When eigenvalues are on the unit circle, the non-hyperbolic condition
holds [14], and a bifurcation may take place. The simplest (codimension 1) bifurcations
of fixed points in an n-dimensional discrete-time system, such as the system defined by
the Poincaré map, will occur for (see figure 3.2.5):

• (a) Fold bifurcation (µ1 = 1)
• (b) Flip bifurcation or period-doubling (µ1 = −1)
• (c) Neimark-Sacker bifurcation or torus (µ1,2 = exp±iθ for θ ∈ (0, π) )

Figure 3.2.5: Threemost simple cases for bifurcation conditions in a discrete-time system.
Image taken from [6]

.

When computing stable or unstable limit cycles, we look for zeros from the following
function P̃ (a,R, ω) = P (a,R, ω) − a used for Newton’s method (note the parameter
dependence). The map P̃ : ∆ai 7−→ ∆ai+1 = P̃ (ai) = P (ai) − ai is interpreted as the
function that governs a discrete-time dynamical system with a stable point on a∗ for
which P̃ (a∗) = 0.

When looking at a (codimension 1) fold bifurcation, the Jacobian of the Poincaré
map dP

da
will have an eigenvalue equal to 1. In this case, the Jacobian of the map used

for the Newton method
dP̃

da
=
dP

da
− I

will have a zero eigenvalue, therefore losing its full-rank status. In such case the Newton
method cannot be used. For both the Flip and Fold bifurcations, the Jacobian matrix
J ≡ dP̃

da
is singular at the bifurcation [14]: it has an eigenvalue changing sign before
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and after the bifurcation, and therefore the determinant will change signs when the
bifurcation is crossed. This enables us to establish a criteria that should hold for these
two bifurcations: a test function

τflip, fold(R,ω) ≡ det(J)

which should change sign when the bifurcation is crossed (we are dealing with a
smooth system and therefore τ is continuous). If the varying parameter is R, then
τ(Rn)τ(Rn+1) < 0 will hold if there is a bifurcation at R ∈ [Rn, Rn+1].

For theNeimark-Sacker bifurcation (and for the flip and fold aswell), the eigenvalues
µi of

dP

da
can be used to define the test functions:

τNS(R,ω) ≡
∏
i<j

(µiµj − 1)

τfold(R,ω) ≡
∏
j

(µj − 1)

τflip(R,ω) ≡
∏
j

(µj + 1)

These test functions have been taken from [14] and [6] (both versions of for the flip and
fold bifurcations are equivalent). A direct method to find such bifurcations is to apply

a Newton method to the system
{
P̃ = 0
τ = 0

at the same time. However, this method has

an inherent problem: the jacobian of P̃ is singular at the bifurcation (a secant method
should be applied [6]). In addition, since some eigenvalues may be very small, or very
large, it is difficult to determine whether τ is close enough to zero. Another problem is
that its computation is costly (if done iteratively) and relies on a good computation of
the Jacobian matrices to compute τ accurately.

Hence this method has been rejected. Instead, the condition for τ is checked along
each step of the regular continuation method, near a point where a bifurcation is
suspected to occur, and τ is only used as a means to check (and not find) a bifurcation.

Period doubling

An adaptation of the Poincaré map can be carried out for periodically forced systems at
a given frequency ω = 2π/T [6]. In this case, time is treated as an additional coordinate
of the system. The new coordinates are (t( mod T ), a), which is as the cartesian product
of a 1D circle S1 and Rn (a cylinder X = S1 × Rn). Therefore the dimension of the
numerical system is 2M + 1. Then, Σ has dimension 2M and is taken perpendicular to
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the time coordinate: Σ = {(t, a) ∈ X|t = 0}. In this case, the Poincaré map is defined as:

P : Σ −→ Σ

(a, t = 0) 7−→ (ā, t = T0) = P (a, t)
(3.2.3)

where T0 = N · T is a multiple of the period of the system.

In this case, the time that the integration spans is known beforehand. The Newton
method is applied analogously to the regular Poincaré map in order to find fixed points.
This version of the Poincaré map can be used especially to establish period doubling
bifurcations, since the period of the orbit T0 = N · T is established beforehand. In the
case of a period doubling cascade, is useful since N can be given the desired values
N = 2, 4, 8, ... and a bifurcation diagram can be built from this.

This adaptation of the Poincaré map to detect period doubling can be regarded as
an application of n times the regular Poincaré map (as described earlier), i.e. P n(a) =
P (P (. . . P (a))). In the case for a bifurcation from periood 1 to period 2, the jacobian of
the map at the bifurcation will be

J2 =
d(P 2)

da
(a∗) =

d(P (P (a)))

da
(a∗) =

(
d(P (a))

da
(a∗)

)2

by the chain rule, and will therefore have an eigenvalue µ = (−1)2 = +1. [14]

The method described has a high computational cost if it is applied in a parameter
continuation scheme in our system. Therefore it can only be applied for a localised
parameter region. In consequence, it is not used to compute, for instance, the branching
tree for a cascade of period doubling bifurcations. To compute branches of period
doubling bifurcations we only use numerical integration, and thus only stable branches
can be found. Nonetheless, the adapted Poincaré map can applied near the bifurcation
to determine the bifurcation points more precisely.



Chapter 4

Analysis of results

In this chapter we present the results obtained and their analysis after an exploration of
the parameter space (R,ω).

The limitation of the scope of this analysis does not enable us to extract a general
conclusion on the complex dynamics of the system, but it does show interesting
phenomena in some regions, and tries to establish a connection between the periodically
forced extensional pipe and the non-forced extensional pipe.

Initially, solutions are explored through direct numerical integration, first without
swirl and then with swirl. The stability of the solutions is analysed. Moreover, a region
with a cascade of period doubling bifurcations is explored.

4.1 Solutions without swirl (v = 0)

The system is initially set at the base state F = fb =
1

4
(1−x) ·R ·sin (ωt) andH = hb = 0,

which in the spectral space corresponds to a0 = c0 = [0, . . . , 0]T . Solutions for different
parameters in the range 10 ≤ ω ≤ 1000 and 10 ≤ R ≤ 1000 are searched through direct
numerical integration starting from the basic solution. In this case, since the numerical
integration is startedwith a null c0 vector (i.e. without swirl), no solutionswith swirl can
be found, as explained in the Methods section: an initial step c0 = [0, . . . , 0]T basically
kills the numerical iteration that integrates c (equation 3.1.6).

Starting from the basic solution, we expect the system to evolve to an orbit with
the same frequency as the forced periodic boundary conditions (ω). For a short range
of parameters, the numerical time-integration scheme converges to periodic solutions
starting from rest. An example is found in figure 4.1.1. A fast way to visualise that
the orbit is closed is by checking the evolution of two variables in the parameter space:
we choose U and W0.7 (the velocities u(r = 1/

√
2) and w(r = 1/

√
2), respectively, as

explained in the Methodology section). This is, the orbit in phase space projected on a

27
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2 dimensional plane. Therefore, the orbit visualised on this plane can intersect itself.

However, the condition that an orbit is closed has to be checked not only for our
choice of values U andW , but for the whole velocity profiles u, w. In this regard, the
condition to test whether an orbit is closed, as established in the Methodology chapter,
is checked:

εa =
∥∥a(t+ T )− a(t)

∥∥ ≤ R · δt and εc
∥∥c(t+ T )− c(t)

∥∥ ≤ R · δt

Figure 4.1.1: Time integration of a stable orbit without swirl. Plot of the time evolution
U , V , W0 W0.7 and β, as well as the orbit in the phase space, projected on the plane
(W0.7, U).

In addition, the convergence of the Legendre spectral expansion has to be checked.
As seen in figure 4.1.2, the decay of the coefficients for a particular point in the orbit is
of around 10 orders of magnitude. This particular solution is considered to have a very
good convergence because the last 20 coefficients are very small, indicating that if we
added more functions to the Legendre spectral expansion, the shape of u and w would
not change at a perceivable level.

Note that this convergence criteria for the Legendre series must hold along the whole
orbit (∀t ∈ [0, T ]): once the orbit is found, we check that at each point of the orbit the
vector a has, at least, a decay of 5 orders of magnitude between the minimum value of
the first 3 coefficients, and the maximum value of the last 10 coefficients. This ensures
that there is a long tail of awith very small values, as in figure 4.1.2.

The particular quantity εa = R · δt (which will vary between 0.1 and 0.0005 for our
choices of time steps) has been determined after checking the effect of δt on the accuracy
of the solutions. Even it might not seem a low tolerance, it is small considering that the
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Figure 4.1.2: Decay of spectral modes (coefficients) for a solution with a properly-
converged Legendre series (from the orbit in figure 4.1.1).

principal spectral coefficients in a and c typically have a value of the order 102. As it
can be expected, when integrating an orbit for more than one period, there will always
be a numerical error between the orbits. The smaller the time step is, the smaller the
numerical error, and the better the orbits close. This error is checked to become smaller
for smaller time steps (figure 4.1.3), as it should, and is compared with the tolerance
required to be considered a closed orbit. We see that through numerical integration for
stable orbits we reach εa < R · δt.

Figure 4.1.3: Error in an orbit versus the tolerance, for different values of δt, at R = 250,
ω = 100.

4.1.1 Small frequencies (ω ∼ 10)

Solutions are hard to find as ω −→ 0 because the period of the oscillations tends to
infinity, as well as the time needed for a solution to converge to a periodic orbit. In
addition, for certain R values, the time step has to be taken quite small (as indicated on
table 3.2.1), which makes it even harder to compute them.
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Peculiar solutions without swirl are found for values close to ω ≈ 10 for large values
ofR > 680. As the Reynolds number grows, solutions form a small ripple at a frequency
much higher than ω. The ripple starts small at R ≈ 700 and grows to be very big for
increasing R. Figure 4.1.4 depicts this effect.

Figure 4.1.4: Growth of the ripples on the solutions for ω = 10 and increasing R.

We see that forR ≥ 750 the ripples amplitude outgrow the amplitude of the previous
orbit. If the frequency is slightly increased, the amplitude of the ripples also grows.
In order to analyse the ripples, we take the solution at R = 800 and ω = 15, shown in
figure 4.1.5. Here the ripples have become a spiral in the orbit. The time evolution of
the velocities is shown in figure 4.1.6. A Fourier Transform of this time evolution has
been computed to detect the frequency components of the ripples/siprals. A closeup of
the foureir transofrm is shown in figure 4.1.7.

Note that the Fourier plot in figure 4.1.7 has many consecutive peaks at values of
ω multiple of 15: these peaks are subharmonics. The first harmonic at ω = 15 and the
principal subharmonics (small integer multiples of ω = 15) show the biggest peaks of
the Fourier transform, and have been omitted in the graph since these small frequencies
are due to the forcing of the pipe. The frequencies of interest are those corresponding
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Figure 4.1.5: OFor R = 800, ω = 15the ripples become a spiral that outgrows the orbit
for smaller R.

Figure 4.1.6: Time evolution of U andW for a solution at R = 800, ω = 15. The velocity
U has been shifted +600 units for clarity. The velocity w at the boundary of the cylinder
is also plotted.

to the ripples. We find a wide peak, whose biggest frequency component for theW0.7

component is
ωRipple ≈ 1185

This is also the peak frequency for U andW0, but these two components of the velocity
also have neighbouring secondary peaks at ωR2 = 1140 and ωR3 = 1260.

Why do the ripples and spirals appear?

A plausible argument to justify their appearance can be made by taking into
consideration the results of the non-forced extensional pipe (discussed in Section 2.2).
If the frequency of the pipe is small enough, the problem resembles the non-periodical
extensional pipe. Therefore, it is plausible that the solutions also resemble those of the
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Figure 4.1.7: Close up of the Fourier transform U(t),W0(t) andW0.7(t) at the region of
interest.

non-forced pipe.

Stretching of the pipe: When the pipe is being extended slowly, it passes
momentarily through regions of the non-forced pipe where there are steady solutions
(but unstable). In figure 4.1.6 we see that when the pipe extends, the radial velocity (U)
remains close to constant, whereas the axial velocity increases proportional to the axial
velocity at the boundary (i.e. proportional to the extension of the walls).

Shrinking of the pipe: When the pipe is being shrunk slowly, the system explores
momentarily those regions of the non-forced pipe where there are different solutions,
including limit cycles, as depicted in figure 4.1.8. As the shrinking increases and becomes
maximal (magenta arrow in the figure), the system slowly passes through a region
where there is a stable steady solution B1. If R > 592, the extensional pipe will then
reach a region where there is a stable limit cycle Γ (after the Hopf bifurcation is passed).
Then, the extensional pipe should converge slowly to a solution that rotates. In figure
4.1.6 we see that when the pipe is being maximally shrunk, the ripples start to appear
(the magenta arrow has crossed the Hopf bifurcation H1). After a small time, when the
shrinking decreases, the ripples and spirals start to disappear (the green arrow crosses
H1 to a stable steady solution).

Therefore, the ripples observed onW (t) are a Hopf bifurcations through time, in
which limit cycles are being created and destroyed at each period of the oscillating
cylinder.

A way to check whether the spiral is approaching the limit cycle Γ is to compare their
frequencies. In [9], we find that the period of Γ is TΓ = 5.626 · 10−3, and the frequency
ωΓ = 1116.8. The relative error with the frequency computed for the ripples is around
ε ∼ 6%. Note that the frequency computed for the ripples is not precise, since a wide
peak appears in the Fourier transform.

The smallest value of omega for which a solution has been computed is ω = 2 at
R = 700. The orbit is shown in figure 4.1.9. It seems as if the spiral is approaching a
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Figure 4.1.8: Bifurcation diagram of the non-forced pipe, from [9]. The magenta and
green arrowsmark the regions explored by the pipe when it is shrinking (in the notation
for the non-extensional problem, α = π).

limit cycle. It should be approaching the limit cycle L0 shown in figure 2.2.3 (d) for the
non-forced problem. We notice that the coordinates for U of the limit cycle agree with
those of the spiral (−200 < U < 0). Then, the spiral is approaching L0.

Figure 4.1.9: Spiral formed at the orbit for R = 700 and ω = 2.

For smaller values of R there are no ripples: the Hopf bifurcation point is not
crossed and therefore the stable cycle Γ is not approached (solutions tend to converge
momentarily to the steady branch B1). However, the bifurcation in the non-forced
system occurs at R ∼ 592, and the ripples do not appear until R ∼ 650: for values in
between, the Hopf bifurcation is approached and crossed, but the pipe does not spend
enough time in the region after the Hopf bifurcation, and the solution does not have
time to converge momentarily to the stable cycle.

Moreover, note that our solution could also be affected by the other unstable limit
cycles (with swirl) Γp and Γn. But no unstable solutions have been found for the problem
at low ω.
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It is plausible to conclude thatwhen the pipe stretches and shrinks slowly enough,
the solutions have time to converge momentarily to the solutions of the non-forced
pipe.

The spirals of these orbits close to ω −→ 0 with big amplitudes produce very fast
jets on the pipe. An example of them can be observed in figure 4.1.10. These solutions
have two very different time scales (for their two different frequencies). The time step
has to be lowered, to ensure the integration of the faster part of the period is carried out
with enough accuracy.

In addition, when the pipe is stretching, the orbit approaches stationary solutions
(at α = 0 in the non-forced problem). The time derivatives become very small, and the
orbit moves very slowly near those points. This is an example of a bottleneck effect [16].
This effect has to be taken into account when using Poincaré maps, since the surface
for the map should not be placed where the cycle goes faster (since integration there is
too coarse), but rather it should be placed near the bottleneck, where the integration is
more precise.

Figure 4.1.10: Surface representation of the axial velocity w on a section of the tube
at consecutive times. The pipe is (almost) maximally stretched, and the internal
oscillations are much faster than the boundary oscillation.

4.1.2 Frequency response of the system

It has been seen that solutions at low ω oscillate at a secondary frequency ωRipple for
certain regions in R. But, what happens if the frequency is increased?

Following the previous reasoning, if the pipe oscillates at bigger frequencies, it will
pass through the different regions of the non-forced pipe faster. The solutions will
not have time to converge to those of the non-forced problem. Therefore, the ripples
and spirals are lost as ω increases. The frequency of oscillation of the cylinder is more
predominant than ωRipple. This is illustrated in figure 4.1.11, in which the number of
oscillations of the small ripple in U(t) drecreases as ω is increased, but the amplitude of
each ripple is increased. The frequency of the ripples is still quite close to ωRipple.

A diagram showing the frequency response of these solutions has been built, and
is represented on figure 4.1.12. On each branch, there is a sequence of peaks, that
repeat across ω but increasing its amplitude and height. Observation of the solutions for
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Figure 4.1.11: The number of oscillations of bigger frequency ωRipple decreases as ω
increases.

increasing ω leads us to realise that at each peak for increasing ω, there is an oscillation
less in the ripples of the solution. This can be checked with figure 4.1.11 as well: at
ω = 80 there are 5 oscillations in the ripple, whereas for ω = 100, situated on the next
peak, there are only 4 oscillations in the ripple. Therefore, when an oscillation in the
ripple is lost, the system’s oscillations are bigger. In addition, note that for ω −→ 0
does not tend to zero, implying that for small frequencies, there will be a cycle with a
non zero average velocity. (Note: diagram 4.1.12 cannot be easily continued for bigger
frequencies since the system shows period doubling bifurcations around R ∼ 245, as
we will see in a section below).

Figure 4.1.12: Frequency response of the system, for the average values of the velocities
and β on a cycle, for R = 700.

In figure 4.1.13 we compare the response of < W0.7 > for two different Reynolds
numbers: R = 700 (above RH1 = 592.2, the Reynolds for which there is a Hopf
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bifurcation in the non-forced system) and R = 580, slightly below RH1 . We see that
similar peaks appear in the frequency response of the system. In fact, R = 580 and
lower R also show ripples in their orbits, for frequencies above ω > 100, despite being
below the Hopf bifurcation at low frequencies. These oscillations are a consequence of
the forcing of the system. At R ∼ 300, the frequency response does not have such peaks,
as shown in 4.1.14, and solutions do not have ripples even at high frequencies ω > 1000.

Figure 4.1.13: Frequency response of the system, for two different R. The vertical axis
represents the amplitude of the oscillations of β along a cycle (β is a measure of the
quadratic growth of the pressure along the tube).

Figure 4.1.14: Frequency response of the system for R = 300.

Note that even though numerical integration has been used to find these orbits, their
stability is only numerical, but not necessarily in the dynamical systems sense, because
the azimuthal velocity v has been unnaturally set to zero at the beginning. In other
words, all of these solutions are stable on the manifold of solutions without swirl, but
not necessarily stable in all phase space. An introduction of small swirl noise destabilises
some of the solutions without swirl. In these cases the swirl grows to infinity, and the
solution does not stabilise anywhere else.

Stability has been checked for different solutions (through their Floquet multipliers),
but there has not been a systematic study on the stability for solutions without swirl.
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In general, for ω > 50, at low values of R < 100, solutions without swirl are stable but
become unstable at bigger R > 300 values. For low ω < 50, most solutions that have
been computed are stable. Next section (solutions with swirl) gives more insight on
the stability of some solutions.
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4.2 Solutions with swirl

Solutions with swirl have been hard to find since the time integration method used in
the previous section (started with random noise on c0) does not converge on solutions
with swirl for the parameters explored. Therefore, no stable solutions with swirl have
been found.

A branch of unstable solutions with swirl has been found for ω = 100. A basic
Newton-Pincaré method has been applied to track the branch for different R values.
Figure 4.2.1 portrays the branches of solutions with swirl that form at a bifurcation at
RB = 300.04. The parameter chosen to visualise the bifurcation is the amplitude of
the oscillations of V . In addition, the plot portrays their stability, determined by their
Floquet multipliers: stable =⇒ max

∀i
{|µi|} < 1.

Figure 4.2.1: F-cycle bifurcation diagram, for unstable cycles with swirl.

The bifurcation found is a pitchfork bifurcation for F-cycles, in which for R > RB

a branch of unstable solutions without swirl exists, and at R = RB the unstable branch
is stabilised and two unstable branches with swirl appear.

A brief theoretical insight of this type of bifurcation is given next. The system we
work with has different symmetries: in particular, reflections on a meridional plane
(any plane including the axis r = 0, perpendicular to a certain r̂). Reflections on these
planes change the axial coordinate of the velocity (v). This implies that any solution
with swirl will also exist with the opposite swirl [9]. Systems with these symmetries
are called Z2-equivariant and are prone to undergo certain types of bifurcations (such
as Hopf bifurcations, as in [9]).

Let us call Kθ the operation of reflection on the meridional plane. If
this reflection is applied on a general cycle (periodic solution) with swirl,
Kθ{(u(t), v(t), w(t))} −→ {(u(t),−v(t), w(t))}. However, if Kθ is applied on a cycle
without swirl: Kθ{(u(t), 0, w(t))} −→ {(u(t), 0, w(t))}. The cycle is left invariant under
the transformation. This is called a fixed cycle (or F-cycle). In this system, all cycles
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without swirl will be fixed with respect toKθ. We say that the space of solutions with
v = 0 is an invariant manifold for this symmetry operation.

If a Z2-equivariant system has an F-cycle, and at a parameter valueR0 the Jacobian of
the Poincaré map has a simple multiplier µ1 = 1 being the only eigenvalue crossing the
unit cycle (|µ| = 1), then: the system undergoes an F -cycle bifurcation that can be either
a Fold bifurcation or a Pitchfork bifurcation. What will decide which bifurcation occurs
is the eigenvector associated to the eigenvalue: if it is perpendicular to the invariant
manifold with respect to the symmetryKθ (in our case this manifold is those solutions
with v = 0), then a Pitchfork bifurcation takes place. Otherwise, a fold bifurcation takes
place. This theoretical development is from [6].

In our case, at R ≈ 300.4 a subcritical Pitchfork bifurcation of F-cycles takes place.
The cycle for bigger R is an F-cycle (it has no swirl, thus is left invariant by Kθ). The
eigenvalues of the cycle before and after the bifurcation are represented on figure 4.2.2.
Indeed, there is a single eigenvalue crossing the unit circle at µ1 = 1. It is not necessary
to check its eigenvector to realise this is a Pitchfork bifurcation, because in the case of a
fold bifurcation, the bifurcated cycles remain on the invariant manifold. In our case, the
branches of the bifurcated cycles have swirl, and have therefore clearly left the invariant
manifold v = 0. This is depicted in figure 4.2.3.

Figure 4.2.2: Floquet multipliers before and after the bifurcation.

The Floquet multipiers have been computed before and after the bifurcation on
the F-cycle. Before bifurcation (R = 300.04): µ1 = 1.00903. After the bifurcation
(R = 300.035): µ1 = 0.995340, as seen in figure 4.2.2. The test function for a fold
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Figure 4.2.3: U , V and W0.7 components of the cycles (two unstable and one stable)
after the bifurcation. The blue surface is the invariant manifold for Kθ (for solutions
wihtout swirl).

bifurcation is also checked (τfold =
∏
i

(µi − 1)). In this case:

τ(R = 300.04) = −0.0062 + 3.3 · 10−19i ≈ −0.0062
τ(R = 300.035) = +0.0034− 6.5 · 10−20i ≈ +0.0034

which has changed signs as expected.

In figure 4.2.1 the branches of unstable limit cycles seem to connect for R −→ 0.
However, if instead of looking at the amplitude of V , we look at the average value< V >
over a cycle, as in figure 4.2.4, it can be seen that for small values of R the solutions tend
to an unstable steady point: the cycle becomes smaller to become a steady solution with
swirl.

The Newton-Poincaré method used has a high computational cost, and the orbits of
the unstable branches have not been computed with high precision (they decay fast).
Figure 4.2.5 shows the decay of one of the solutions. On the other hand, close to the
bifurcation, for R > RB, solutions that start with swirl decay very slowly to the stable
cycle, and there could be other branches of unstable solutions with swirl closely after
R > RB that have not been found.

An attempt was made to track this bifurcation point across different ω values (to
establish a codimension-1 bifurcation branch on the space (R,ω)), using a pseudo
arclength continuation method for the branch. However, the computational cost was
very high for each step of the method (since the Newton-Poincaré method has very
poor efficiency, it is very slow, and cannot reach the unstable orbits very accurately) and
this computation has not been carried, even though unstable solutions with swirl have
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Figure 4.2.4: Left: Unstable cycles for decreasingR in the phase space. Right: amplitude
of V and its average value for the cycles on the left.

Figure 4.2.5: Decay of an unstable cycle with swirl to the stable cycle for R = 6.

been computed at other values of ω close to 100.

On anohter note: could the system approach the unstable limit cycles with swirl
found in the non-forced problem ?Probably near ω = 0 and high R there are unstable
cycles with swirl that form ripples when approaching the unstable limit cycles in the
non-forced problem (branches of solutions (Γp and Γn). Nonetheless, they have not
been found.

The biggest issue with solutions with swirl is that no stable solutions have been
found, and nstable solutions are very hard to find, since the Newton-Poincaré method
will need to start very close to the limit cycle.
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4.3 Period doubling

A period doubling (flip) bifurcation is encountered at (R = 700, ω = 246.13). These
bifurcations appear when an eigenvalue of the Poincaré map crosses the unit circle at
µ = −1: the T -period cycle becomes unstable and a 2T -period cycle is born.

In the present case, the period doubling bifurcation ends up as a cascade of period
doubling bifurcations, as seen in Figure 4.3.1. The period of the n-th bifurcation will be
2nT , being T = 2π/ω. The parameter used to visualise the bifurcations is the maximum
velocity forW0.7 at each cycle. Note that diagram is not precise: it has been computed
using time integration at the branches (each point os plotted after having undergone
50 periods of transition), and a Newton-Poincaré map has been used for those points
close to the first and second bifurcation. Therefore, the branches only represent stable
orbits; the unstable orbits remaining after each bifurcation have not been computed. In
fact, this is not technically a bifurcation diagram, but rather an orbit diagram [16]. The
branches are hard to continue after period 8, requiring long computational times.

Figure 4.3.1: Period doubling bifurcations shown for the minimum value ofW0.7 at each
cycle. The pitchfork-like shape of the bifurcation can be explained through the normal
form of period doubling bifurcations (in Chapter 3.3 from [4]).

The test function τflip for the flip bifurcations changes signs at ω values indicated on
table 4.3.1. To compute the eigenvalues of the cycles, the Jacobian is restricted to the
manifold of solutions without swirl, since solutions with swirl are highly unstable for
these parameters.

Table 4.3.1: ω values at the bifurcation for diagram 4.3.1

Bifurcation n ωn

1 246.13
2 253.91
3 255.6
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These values can be used to test Feigenbaum’s Universality principle for period
doubling bifurcation cascades. The principle states that the ratio of separation of each
bifurcation has a geometric convergence [14]:

lim
n→∞

ωn − ωn−1

ωn+1 − ωn
= δ = 4.6692... (4.3.1)

With the values that have been computed, the ratio is checked to be: δ1 ≈ 4.6036,
which is quite close for being the first three bifurcations (ε < 0.02%).

We can estimate ω∞ (the value for which the period becomes infinite) with the
formula 4.3.1, and by iterating many times ωn+1 =

ωn − ωn−1

δ
+ ωn −→ ω∞. The

estimate is ω∞ ∼ 256.0 (at the border of the bifurcation diagram). After this value, we
may encounter other cascades of bifurcations with windows, behaviour close to chaos,
intermittency, aperiodicity, ... A cascade of period doubling bifurcation can be one of
the different routes for systems to become chaotic. It can be observed that the system
behaves like a strange attractor until R ∼ 270. For bigger values, stable single-period
solutions are recovered. The orbits for some parameters are represented in figure 4.3.2.

Figure 4.3.2: Orbits for different ω values. On the left, periods 1, 2, 4 and 8 are
represented, for the respective ω = 245, 250, 255, 255.6. On the right, a seemingly non-
periodic orbit is represented for ω = 260.8 > ω∞ (50 periods of the cylinder are plotted).

A Lorentz map is built for R = 700 and ω = 260.8, and shown in figure 4.3.3. A
Lorenz map shows the relation between the inputs and outputs of a Poincaré map, i.e.
W n+1 = P (W n), whereW n represents the maximum or minimumW0.7 value during a
cycle T = 2π/ω. In fact, the Lorentz map might look as if there are more than 1 output
to every input (which is not a map). This is due to the sensibility of the initial conditions
in our system: close initial conditions might have different trajectories.

Lorenz maps can be useful to rule out the existence of periodic solutions. However,
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Figure 4.3.3: Lorenz map for 300 cycles.

in the case for 4.3.3 there are regions where the slope of the map becomes zero: periodic
orbits cannot be directly ruled out. The shape of this map slightly resembles that of
the Logistic map (which leads to chaos). Any stable points on the Poincaré map will
be visualised on the Lorenz map on a line of slope 1 passing through the origin (i.e.
Un+1 = Un). In this case, to detect orbits of period N it is necessary to plot the Lorenz
map for the Poincaré map applied N times (this is, PN).

In order to detect whether a system is chaotic, the Lyapunov exponents can be
computed near closed orbits [7]: they are a measure of the sensibility of the initial
conditions and account for the degree of exponential divergence of two trajectories that
start very close to one another. However, in order to compute an accurate estimate of
these exponents, many iterations in its evaluation have to be made [16] and therefore
their computation has not been attempted.

We want to point out that the cycles shown in this section are unstable, but they are
stable in a manifold encompassing those solutions without swirl.

Period doubling for other parameter regions

Near ω ∼ 540 there is another period doubling bifurcation. Orbits with period 2 are
found up until ω ∼ 7, where another cascade of bifurcations occur.

An approximate and inexact bifurcation diagram has been computed, as shown in
figure 4.3.4, only using time integration: points have been recorded after 50 cycles
of transition to a stable orbit, without using the Newton-Poincaré method at the
bifurcations. This is why these bifurcations are coarse.

Solutions with very high periods are found all along 711 ≤ ω ≤ 760. They have also
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Figure 4.3.4: Coarse computation of the period doubling bifurcations for R = 700. This
diagram is inexact since no Newton-Poincaré method has been used at the bifurcation
points.

found at other R values R ∈ [550, 900]. At higher R, the bifurcation is found to start
at higher ω, but no numerical study has been extended for other R. Two examples of
solutions are depicted in figures 4.3.5 and 4.3.6. On figure 4.3.7 a transitory solution
slowly leaving the unstable single-period orbit is shown, thus showing that there is an
unstable limit cycle of period 1.

Figure 4.3.5: These orbits show the orbit in 200 cycles of the cylinder (t = 2002π
ω
), after

having left a transition period of 300 cycles.
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Figure 4.3.6: Time evolution of the U andW variables forR = 700 and ω = 755 depicted
in figure 4.3.5. The U variable has been shifted +600 in the vertical axis for clarity.

Figure 4.3.7: Transitory solution from a period 1 solution to period 2 solution, slowly
leaving an unstable orbit of period 1 placed in between the orbit of period 2.



Chapter 5

Conclusion

5.1 Results

The main objective of this project was to find solutions of the periodically forced
extensional pipe, carrying out an exploration of a wide parameter region and finding
possible connections with solutions of the ’non-forced’ problem.

It has been proven that the mathematical development and numerical scheme used
in the non-forced pipe problem can be easily adapted to the periodically forced problem.

A frequency response of the system has been conducted, for solutions without swirl.
It can be concluded that at smaller frequencies, solutions resemble those of the non-
forced pipe. The Hopf bifurcation in the steady pipe has an effect on the solutions at
small frequency. At high R, when the pipe is shrunk, a limit cycle from the non-forced
problem is approached, causing high frequency vibrations (ripples) of big amplitude
in the solutions. For bigger frequencies of the pipe oscillation, this behaviour is lost,
and the oscillations due to the forcing of the pipe take over. In other words, if the pipes
oscillations are slow enough, the fluid inside approaches the behaviour of the steady
(’non-forced’) extensional pipe, exploring its different solutions.

Solutions with swirl have been found only for unstable limit cycles, forming two
symmetric branches of solutions that stem from a pitchfork codimension-1 bifurcation of
cycles. All solutions without swirl have been found to be stable in a manifold restricted
to solutions without swirl. However, some of them are unstable globally speaking, since
the introduction of small swirl fluctuations destabilises them, and the swirl growth
becomes unbounded. In addition, for certain parameter regions, a cascade of period
doubling bifurcations has been found, leading to orbits with very large (tending to
infinite) periods. These types of bifurcations are usual given the symmetry of the
problem, and due to the fact that the solutions explored are axisymmetric.

The fact that for some regions only unstable solutions are found is not physically
incompatible with the problem: in order to force this cylinder, an infinite amount of
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energy is required (since the cylinder is infinite). Then, it is possible that at some stages,
the solutions blow up. Indeed, if our system was somehow axially bounded, the added
boundary conditions could possibly turn some of the unstable and unbounded solutions
into other stable, bounded periodic orbits.

It can be concluded that the periodically forced extensional pipe system has complex
and interesting dynamics, some of which can be explained through the non-forced
extensional pipe problem. Solutions found for this problem could be applicable to
physiological flows in biological models. However, in real-life systems the cylinder
has finite dimensions, and therefore different boundary conditions. Hence, in practical
applications, the flow dynamics studied in this thesis can only approach the dynamics
far from the edges of real-life cylinders. Anyhow, finding solutions of the infinite
cylinder problem has theoretical value per se.

5.2 Failures and proposals of solutions

The biggest problem found is related with the computational time. Usually time
integration was very lengthy and some methods used were quite inefficient.

The continuation method has been especially inefficient. At the beginning no
phase correctionwas made for this method, which made it very hard to find solutions
for different ω values through continuation. By including the phase correction, its
efficiency improved considerably. Moreover, the method used to compute unstable
orbits (Newton-Poincaré) is also inefficient, oftentimes leading to non-closed orbits. If
the tolerance of the Newton method is lowered, and the precision of the Jacobian and
the Poincaré map are increased, computation times grow to an unbearable extent (the
computation of branches could take days on a personal computer). Closed orbit criteria
established for stable orbits has not been required for those orbits computed using the
Poincaré-Newton method, leading to poor precision of those orbits.

This problem can be solved by improving the numerical methods. There are more
sophisticated and economic continuation methods to trace branches of solutions. In
this regard, in Marquès & Meseguer [9], they use a Newton-Krylov-Poincaré method
to track periodic orbits (stable and unstable) and bifurcations: this method is more
efficient. In order to find fixed points on Poincaré maps, it uses a predictor-corrector
and pseudo-arclength continuation method, which gives rise to a more complex system
of equations that are solved through Newton’s method, by the Generalised Minimum
Residual Method (with projections in the Krylov subspace) [17].

In fact, the current discretization of our problem (using the spectral expansion in
modulated Legendre polynomials) is a good way to precondition the system for the
use of a Newton-Krylov-Poincaré method [17]. This method is usually used for high
dimension systems (of the order of 104), but other methods for smaller dimensions
could have been used, such as the Newton-Picard method [8], or other more simple
continuation methods such as the predictor-corrector methods (described in Chapter 5
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from [14]).

The inefficiency of the methods used has not enabled us to track the pitchfork
bifurcation of limit cycles for different ω, and possible codimension-2 bifurcation points
have not been found. A pseudo-arclength method (as described in chapter 4, [14])
was considered being implemented to track the pitchfork bifurcation branch on the
parameter space, but was rejected due to the high computational power required given
the basic Newton-Poincaré scheme used. Other methods such as extended augmented
BVPs (as described in Chapter 10.3 from [6]) can be used to possibly detect codimension-
2 bifurcations.

Furthermore, the bottleneck effect and the high secondary frequencies at low ω
in some solutions, initially led us to underestimate the precision of the time step δt,
which produced edgy iterations oftentimes. Other times, small time steps have led to
unnecessarily accurate and very slow time integration schemes. In order to solve the
problems related with the accuracy of the time step, an adaptative time step could be
considered, which depended on the non-linearity of the ODE at each time step.

Another failure has been the computation of ωRipple: computing the peak of the
Fourier transform is not enough to see that the small oscillations approach those of Γ in
the non-forced problem. A possible solution would be to take into account the width of
the peak, by computing an average of the frequency of the peak.

Further research

Many interesting behaviours of the system have been left unexplored due to the
limitations in the scope of this project, or due to the inefficiency of the methods used.
Here is a brief list of items that can still be studied in this problem:

• The possibly chaotic behaviour of the problem has yet to be explored and
characterised. Applying efficient methods to track the orbits, the Lyapunov
exponents can be computed. The flip bifurcations can be tracked by varying
R to establish codimension-2 flip bifurcations.

• The pitchfork bifurcation of cycles can be sought for different values of ω, possibly
finding codimension-2 bifurcation points.

• A general study of the stability of solutions can be made. Additional branches of
unstable solutions may be found starting from the usntable solutions with swirl
of the pipe at rest.

The numerical tools used in this project have been more simple than those used
with the non-forced problem. It is fair to conclude that the methodology used in the
project is too basic to tackle this problem in a more rigorous way, especially to compute
bifurcation branches and possible codimension-2 bifurcation points. More-complex
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numerical methods should be used in order to study the properties of this dynamical
system thoroughly.
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