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Sierra Garzo, Èric and Mas Mendoza, Sergi
Grau en Enginyeria F́ısica, ETSETB, Universitat Politècnica de Catalunya
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Fiber pulse propagation is a common scenario in optical experiments. This article is a numerical
simulation of such propagation using the split-step Fourier method with a brief discussion on its
effects. To conclude, simulations with optical solitons are made since their special behaviour serve
as a way to validate the numerical calculations.

I. INTRODUCTION

High speed and ultra-high capacity optical communi-
cations have recently emerged as essential in global in-
formation transmission networks. As the bit rate of the
transmission system gets higher and higher, the model-
ing of proposed modulation techniques is very important
so as to avoid costly practical demonstration [1]. That is
when modeling pulse propagation becomes relevant.

Here we simulate the propagation of ultra short pulses
thought a middle range fiber to feed an antenna to study
how the initial pulse is altered through the fiber in order
to neglect fiber effects to any experiment done with the
antenna.

The pulse propagation in optical fibers is governed by
three effects: attenuation, dispersion and non-linearity.
These effects lead to the equation that will describe pulse
propagation along the fiber, the Nonlinear Schrödinger
Equation (NLSE). This partial differential equation has
to be solved numerically to obtain a reliable simulation,
commonly using the Split-Step Fourier method, treated
later on.

II. THEORETICAL BASIS. THE NONLINEAR
SCHRÖDINGER EQUATION

Like all electromagnetic phenomena, the propagation
of optical fields in fibers is governed by Maxwell’s equa-
tions. The wave equation can be obtained from these
laws. After a series of simplifications, the propagating
pulse is given by the solutions of the Helmholtz equation
in frequency domain

∇2Ẽ + β(ω)2Ẽ = 0, (1)

where β(ω) is the wave number. This equation can be
solved by using the method of separation of variables.
So studying the equation one focuses on its propagation
component A(z, t), the affected component through the
propagation, whose Fourier transform satisfies, after ap-
proximations like the Slowly-Varying-Envelope Approxi-
mation (SVEA),

∂Ã

∂z
= i[β(ω) + ∆β0 − β0]Ã, (2)

where ∆β0 term includes the effects of fiber loss and non-
linearity and β0 = β(ω0) is the wave number correspond-
ing to the central frequency of the pulse. As the expres-
sion of β(ω) is rarely known, it is usual to develop β(ω)
as its ω0 centered Taylor series, in the form

β(ω) = β0 + β1(ω − ω0) +
1

2
β2(ω − ω0)2 + · · · (3)

where

βm =

(
dmβ(ω)

dωm

)
ω=ω0

m = 0, 1, 2, 3, . . . . (4)

The cubic and higher-order terms in the expansion are
negligible if the spectral width of the pulse satisfies the
condition ∆ω << ω0. In general, they might be regions
in which β2 ≈ 0 and the third order term should be taken
into account.

After these simplifications, considering the fiber losses
and nonlinearity parameters instead of ∆β0 and taking
the inverse Fourier transform, equation (2) becomes

∂A

∂z
+ β1

∂A

∂t
+ i

β2
2

∂2A

∂t2
+
α

2
A = iγ(ω0)|A|2A. (5)

The attenuation constant α is the responsible of power
fiber losses. It only plays an important role for long
fibers, so it will be neglected in the calculations. The
γ coefficient accounts for the nonlinear index coeffi-
cient. It is usually expressed in W−1km−1 and in our
fiber (standard single mode fiber) takes the value γ =
1.76W−1km−1. The β2 term is related to a well known
parameter of optical fibers, the dispersion parameter (D),

or GVD parameter, defined as dβ1

dλ . Is related to β2 as

D = −2πc

λ2
β2. (6)

and its value is D = 17ps/nm in our case.
The β1 term is directly related to the group velocity vg

(in fact one is the inverse of the other) so changing the
frame of reference to the one moving with the pulse by
the time transformation T = t−z/vg, the β1 term disap-
pears from the dispersion equation [2], leading to the fi-
nal result (also, taking α = 0), the Nonlinear Schrödinger
Equation (NLSE)

∂A

∂z
= −iβ2

2

∂2A

∂T 2
+ iγ|A|2A (7)
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Equation (7) can be sumarized in

∂A

∂z
= (D̂ + N̂)A, (8)

where D̂ is the time operator that accounts for dispersion
in the linear propagation, called Group-Velocity Disper-
sion (GVD), and N̂ is the time operator that governs the
effect of fiber nonlinearities on pulse propagation, called
Self-Phase Modulation (SPM) since the absolute value of
the pulse itself modulate its propagation as in (7).

III. NUMERICAL SIMULATIONS. THE
SPLIT-STEP FOURIER METHOD

Equation (8) is usually solved using the Split-Step
Fourier method (SSFM). The main idea is to divide the
pulse propagation in alternating dispersion and nonlin-
ear steps, considering one at each time. If steps are small
enough, the numerical solution will tend to the propaga-
tion of the pulse [3]. Before considering the general case,
it is instructive to study the effects of dispersion and
nonlinearity alone.

A. Dispersion Effects

The effects of GVD on optical pulses propagating in
a linear dispersive medium are studied by setting γ = 0
in (7), an equation that is readily solved by using the
Fourier-transformation

i
∂A

∂z
=
β2
2

∂2A

∂T 2
⇐⇒ i

∂Ã

∂z
= −β2

2
ω2Ã (9)

whose solution is

Ã(z, ω) = Ã(0, ω)e
i
2β2ω

2z (10)

where Ã(0, ω) is the Fourier transform of the initial pulse
in z = 0. This makes dispersion really easy to work
with in frequency domain. Therefore, a Fourier trans-
form must be done to work with it.

Also, equation (10) shows that GVD changes the phase
of each spectral component of the pulse by an amount
that depends on both the frequency and the propagated
distance. Even though such phase changes do not affect
the pulse spectrum, they wide the pulse over its propaga-
tion. A clear exemplification of it is the Gaussian pulse.
Considering the initial pulse shape as

A(0, T ) = e
− T2

2T2
0 , (11)

with T0 the half with (at 1/e intensity). Then, the am-
plitude at any point z along the fiber is given by

A(z, T ) =
T0√

T 2
0 − iβ2z

e
− T2

2T2
0 −iβ2z . (12)

Therefore, a Gaussian pulse maintains its shape but
widens as propagates and gets chirped, therefore higher
frequencies will travel at different velocity than lower fre-
quency, and it will be higher or lower depending on the
sign of β2.

B. Nonlinear Effects

The effects of SPM on optical pulses are studied by
setting β2 = 0 in (7). The equation is then

i
∂A

∂z
= −γ|A|2A. (13)

This equation can be solved analytically considering
A(z, T ) = V (z, T )exp(iΦ(z, T )) being V (z, T ) its mod-
ulus and Φ(z, T ) its phase. After some transformations,
the following two differential equations are obtained and
are easy to solve

∂V

∂z
= 0 and

∂Φ

∂z
= γV 2, (14)

that give the solution

A(z, T ) = A(0, T )eiγ|A(0,T )|2z. (15)

Equation (15) shows that while the pulse maintains its
shape along its propagation in the time domain, SPM
only changes the phase of the pulse by a quantity pro-
portional to its squared absolute value and the propa-
gated distance. However, the shape of the pulse in fre-
quency domain will change as long as the pulse propa-
gates through the fiber. This will incur in a phase shift
that will generate a change in intensity. Therefore, non-
linear propagation widens the spectral shape of the pulse
while maintains its intensity, as seen in Figure 1. That
shows the duality between dispersion an nonlinear effects,
seen also in equations (10) and (15), in the sense that
while dispersion widens the pulse in time domain, non-
linear effects does it in frequency domain.

C. Split-Step Fourier Method

As said before, the Split-Step algorithm consists on
propagating the pulse by steps of size h alternating dis-
persive regimes with nonlinear regimes by a half step dif-
ference. The basis of the propagation comes from equa-
tion (8). A formal solution of it is given by

A(jh, T ) = eh(D̂+N̂)A((j − 1)h, T ). (16)

As dispersive and nonlinear steps should be indepen-
dently, the exponential should be separated in the prod-
uct of the dispersive one and the nonlinear one. But this
operators do not commute, so using the Baker-Hausdorff
formula [4],

ehD̂ehN̂ = eh(D̂+N̂)+h2

2 [D̂,N̂ ]+h3

12 [D̂−N̂,[D̂,N̂ ]]+···. (17)
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FIG. 1. Evolution of (a) pulse shapes and (b) optical spectra
of an initially unchirped Gaussian pulse (C=0) considering no
dispersion (β2 = 0)

Therefore, if only the first term is taken into account,
the separated split-Fourier formula is obtained. That is
the reason why the method is accurate to the second or-
der of h. The accuracy of the method can be improved
considering propagating half a step the dispersion, then
applying nonlinearity at half of the step and then again
propagating half a step the dispersion. This is what is
know as the symmetric Split-Step Fourier method. Con-
sidering this, the step propagation becomes

A(jh, T ) = e
h
2 D̂e

∫ jh
(j−1)h

N̂(z)dz
e
h
2 D̂A((j − 1)h, T ). (18)

The integral of the nonlinear operator can be approx-
imated as before by hN̂ evaluated at the middle point
with a negligible error if h is small enough. For the hD̂,
dispersion alone is applied for a half step h/2 both be-
fore and after the nonlinear operator. To do so, a Fourier
transform with FFT is done to apply dispersion for a
length of h/2 and then inverse transform to get the pulse
in time domain again. In this case, the operators will
apply straight forward, as exemplified in figure 2.

1. FFT algorithm and windowing

The Fast Fourier Transform (FFT) is a Fourier trans-
form algorithm really fast under certain conditions. The
income has to be a windowed zero-centered function dis-
cretized as a vector whose lenght is N = 2a for optimal
efficiency, in this case using N = 211 points for the time
domain. With the discretization of 2a points, the algo-
rithm becomes really efficient but it has an inconvenience.
The fact that its a discret Fourier transform implies that,

FIG. 2. Illustration of the Split-Step Fourier method. Fiber
length is divided in length h segments. The effect of nonlin-
earity is included at the dashed lines. [4]

if windowing parameters are not good enough, aliasing
might show up. Having N points with a temporary step
∆x, the length of the temporary window is L = N∆x
and in the frequency domain gives

W =
π

∆x
and ∆ω =

2π

L
=

2π

N∆x
, (19)

where W is the width of the frequency window and ∆ω
the frequency step [5]. The importance of this parame-
ters is that, as seen, dispersion widens the temporal pro-
file while nonlinear effects wide the optical spectrum, so
both windows have to be wide enough for not having
aliasing. But also both steps have to be small enough to
have a good approximation of both temporal and spec-
tral profiles, so temporal step has to be small enough but
not too much because frequency step is inverse propor-
tional to it. The temporal step used was ∆x = 0.05T0
but other parameters might be used in other situations
to avoid aliasing.

D. Pulse fiber propagation

The effect of both dispersion and nonlinear effects be-
comes clear by the definition of a new parameter N , that
resumes the effect of propagation on the pulse, such that

N2 =
LD
LNL

, (20)

where

LD =
T 2
0

|β2|
and LNL =

1

γP0
(21)

are the dispersion length and the nonlinear length re-
spectively, that provide the length scales over which dis-
persive or nonlinear effects become important for pulse
evolution. Figure 3 shows the pulse evolution for N = 1,
when dispersion and nonlinear effects are similar. The ef-
fect produced is that time profile gets wider at the same
time that spectral profile gets narrower. In the other
hand, Figure 4 shows that when nonlinear effects are
more important, the spectral profile gets wider. There-
fore, although dispersion and nonlinear effects seem to
separately affect different thing, when taken into account
together they interact and produce different effects de-
pending on the value of N .
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FIG. 3. Temporal (a) and spectral (b) evolution over a dis-
tance 5LD for an initially unchirped Gaussian pulse with
β2 < 0 with parameters such that N = 1.

FIG. 4. Temporal (a) and spectral (b) evolution over a dis-
tance 0.1LD for an initially unchirped Gaussian pulse with
β2 > 0 with parameters such that N = 30.

E. Special case: Solitons

It turns out that pulse fiber propagation has specific
pulse-like solutions that either do not change along fiber
length or follow a periodic evolution pattern. Such solu-
tions are known as optical solitons [4]. After some calcu-
lations, it can be shown that the soliton shape is

A(0, T ) = N sech(T/T0) (22)

whereN is defined in equation (20), and is also the soliton
order (so an integer number) [4]. In figure 5 this behavior

FIG. 5. Evolution of (a) pulse shapes and (b) optical spectra
of a third-order soliton (N = 3) over one soliton period.

is observed. In this case, the pulse changes but follows a
periodic evolution pattern in both temporal and spectral
propagation. Note that the pulse split near z/LD = 0.5
and its recovery in z/LD = 0.8, the half of the soliton
period.

IV. CONCLUSIONS

GVD and SPM are the two main effects of pulse propa-
gation and both have concrete outcomes: GVD broadens
the pulse while SPM does it with the spectral shape.
This behavior has been observed in the simulations with
Gaussian-shaped pulses for both cases alone, and then
the same has been done including the two cases. Includ-
ing the N parameter has simplified the way to under-
stand these two effects and how they interact depending
on its value. Finally, the special behavior of optical soli-
tons and the fact that all simulations done perfectly agree
with those present in [4] with the same parameters, have
been used to validate the simulation.

The numerical simulation presented here could be im-
proved by doing a more accurate calculation of the inte-
gral present in equation (18) by, for example, the usage
of a trapezoidal approximation. This would need an iter-
ative procedure as an evaluation of N̂ in a spot that has
not been calculated yet is needed.
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