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Abstract

In this work we study a model of interaction of kinks of the sine-Gordon equation with a weak defect.
‘We obtain rigorous results concerning the so-called critical velocity derived in [7] by a geometric approach.
More specifically, we prove that a heteroclinic orbit in the energy level 0 of a 2-dof Hamiltonian H; is
destroyed giving rise to heteroclinic connections between certain elements (at infinity) for exponentially
small (in €) energy levels. In this setting Melnikov theory does not apply because there are exponentially
small phenomena.
© 2020 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

Given an evolutionary partial differential equation, a solitary wave is a solution which travels
with constant speed and localized in space. There are several types of solitary waves which
are important in modeling physical phenomena. In particular, kinks are solitary waves which
travel from one asymptotic state to another. In the last years, kinks have attracted the focus of
researchers due to their significant role in many scientific fields as optical fibers, fluid dynamics,
plasma physics and others (see [11,15,17,18,21] and references therein).

In this work, we study a model of interaction between kinks of the sine-Gordon equation and
a weak defect. The defect is modeled as a small perturbation given by a Dirac delta function.
Such interaction has also been studied for the nonlinear Schrodinger equation in [13,14].

We consider the finite-dimensional reduction of the equation given by a 2-degrees of freedom
Hamiltonian H proposed by Fei, Kivshar and Vazquez [5] (see also [7]). Following a geometric
approach, we give conditions on the energy of the system to admit “kink-like” solutions in this
reduced model.
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1.1. The model

The sine-Gordon equation is a nonlinear hyperbolic partial differential equation given by
32u — 8%u + sin(u) =0, (1)

which presents a family of kinks uy (x, f) given by

uy (x,t) = 4arctan <exp (%)) , )
—v

where the parameter v represents the velocity of the kink.
In this work, we perturb this equation by a localized nonlinear defect at the origin

32u — 82u + sin(u) = £8(x) sin(u), (3)

where §(x) is the Dirac delta function. This equation was studied in [5,7] where the authors
consider finite-dimensional reductions of it to understand the kink-like dynamics. As a first step,
they consider solutions u of small amplitude of (3), which can be approximated by solutions of
the linear partial differential equation

82u — 8%u +u =e8(x)u, 4)
which has a family of wave solutions u;y(x, ) given by
Uin(x, 1) =a(t)e /2, (5)

where a(t) = agcos(Qt + 0g), 2 =+/1 — £2/4 and im stands for impurity. The solution iy is
not a traveling wave, but it is spatially localized at x = 0.

In order to study the interaction of kinks of the sine-Gordon equation with the defect consid-
ered in (3), [5,7] use variational approximation techniques to obtain the equations which describe
the evolution of the kink position X and the defect mode amplitude a. To derive such equations,
they consider the ansatz

u(x,t) = 4arctan(exp(x — X (1)) + a(t)e W72, (6)

Notice that (6) combines the traveling property of the family of kinks (2) with the localized shape
of (5).

Using the ansatz (6) in (3) and considering terms up to order 2 in &, Fei, Kivshar and Vazquez
[5] (see also [7]) obtain the system of Euler-Lagrange equations

8X 4+ eU'(X) +¢eaF'(X) =0,
Lo, 1, (7)
a+Q a—i—is F(X)=0,

where
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2
U(X) = —2sech®(X), F(X)=—2tanh(X)sech(X) and Q = /1 — %, (8)

which describes approximately the evolution of the kink position X and the defect mode ampli-
tude a. More details of this approach and its applications can be found in [5,7,16]. It is worth
to mention that the finite dimensional reduction of PDE problems to ODE systems via an ade-
quate ansatz and variational methods has been considered in an extensive range of works (see
[4,6,8-10,23,24]).

It remains as an open problem to prove that the solutions of the reduced system rigorously
approximate the PDE solutions. Nevertheless there are numerical evidences ensuring this rea-
soning (see [19,20]). In particular, in [22], the authors analyze numerically the simulations done
in [7] for the perturbed sine-Gordon equation (3).

From (0), if X(¢) and a(r) satisfy X (r) — oo, X() — C* and a(r) - 0 as 1 — o0,
then the associated u(x, t) (see (6)) can be seen as an “approximation” for a kink of (3), since it
transitions from an asymptotic state to another when x — X () — £00. Moreover, abusing the
language, we say that v; = C~ and vy = C™ are the initial velocity and final velocity of the
kink.

If X (¢) satisfies X (t) — o0, X (t) > C*and a(r) is asymptotic to a periodic function with
small amplitude when t — 400 or t — —o0, then the associated u(x, t) can be seen as an ap-
proximation for a kink of (3) with asymptotically periodic oscillations. In this case, one can
define their initial and final velocities in the same way. In addition, we also look for solutions
(X (t),a(t)) such that a(r) — 0 as r — —oo and a(¢) is asymptotically periodic as t — 400,
which can be seen as an approximation of a kink with exponential decay as t — —oo and asymp-
totic periodic oscillations as t — +o0.

In this paper we perform a rigorous study of such solutions of the finite-dimensional reduction
(7) of the partial differential equation (3).

1.2. The reduced model

Consider the change of variables (X, X, a,a) — (X, Z,b, B), where

20 12,
X=X, Z= f ,/8 /44 75¢ ]/4 9)

and the time rescaling T = /et. Then, denoting ' = d/dz, the evolution equations of (7) are
equivalent to

x=Z
=<
P
= U'(X) — —F'(X)b,
V28
9 (10)
b =8,
NG
e, &
B =—""ph_ F(X).
NCEEENGIY
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Notice that (10) is a Hamiltonian system with respect to

H(X.Z.b. B:¢) z LU+ (B ) + et F(X)b (11
3 s Uy N &)= — -~ — 3
16 2Je V28
which can be split as H = H}, + Hosc + R, where
Z2
Hose (b, B) = Hosc(b B~g)=£(32+b2) (12)
0SscC k] 0SsCc ’ k] 2\/5 ’
£3/4
R(X,b)=R(X,b; &) = F(X)b.
V20

Thus the Hamiltonian H is the sum of a pendulum-like Hamiltonian Hp, with an oscillator Hosc
coupled by the term R.

Remark 1.1. Applying the change of variables ¥ = 4arctan(e’), the Hamiltonian system (10)
is brought into

Y =2sin(Y/2)Z/8,
. £3/4
Z =2sin(Y/2) (sin(Y) — cos(Y)b) ,
/ V28
. Q
b=—B8,
N
. Q ) g3/4
B=——b— sin(Y).
Ve V2@
When Y =0 and Y = 27, this system has parabolic critical points and periodic orbits which
have invariant manifolds. These hyperplanes ¥ =0 and Y = 27 correspond to X = —oo and

X = +o00 of (10) respectively. For this reason, even if they are not solutions of the system, they

can be seen as asymptotic solutions at infinity. Thus, abusing notation, we denote f(Zo00) as
lim f(X) when it is well defined.

X—+o0

System (10) inherits many properties of the sine-Gordon equation. In fact, the functions U and
F have exponential decay when | X| — 400, therefore, for large values of X the system becomes
decoupled. Nevertheless, when X = O(1), the equations are coupled and the Hamiltonians H,
and H,s. may exchange energy. This will result in interesting global phenomena.

If F =0 (i.e. R =0), then each energy level H = h > 0 of system (7) contains a unique
heteroclinic orbit between critical points with X > 0 and all the other solutions are heteroclinic
orbits to periodic orbits (with the same oscillation in both tails).

In this paper, we prove that the unique heteroclinic orbit between critical points in H = h
breaks down for low energies (see Theorem A) and we obtain a critical energy /. (with asso-
ciated critical initial velocity v. = 4+/h.) such that the energy level H = h (h small) contains
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a heteroclinic connection between a critical point and a periodic orbit (continuation of the un-
perturbed “point to point” heteroclinic) if and only if & > k.. In addition we give an asymptotic
formula for 4. (see Theorem C) which happens to be exponentially small in the parameter £. We
also find an energy O < hy < h, such that the energy level H = h (h small) has a heteroclinic
connection between periodic orbits if and only if 4 > &, (see Theorem B).

In [7], the authors present numerical and formal arguments for the existence of the critical
velocity v, and they conjecture that the final velocity vy in an energy level h > h (h small) is
given by vy ~ (v; — ve)'/?, where v; > v, is its initial velocity. Our results prove the validity of
the asymptotic formula for v. and the conjecture for vy (see Theorem D).

We emphasize that the rigorous approach presented in this work is necessary to validate the
conclusions obtained in [7]. In fact, their results rely on the computation of a Melnikov integral
as a leading-order approximation for the total loss of energy A E over the separatrix of (10) with
8 = 0 (or more precisely of the transfer of energy from the pendulum-like Hamiltonian H, to
the oscillator Hygc, see (12)). Nevertheless, Melnikov theory cannot be applied in this case due
the exponential smallness in the parameter ¢ of the Melnikov function. In this paper we prove
that the Melnikov function is indeed a leading-order approximation of AE. Note that this is not
always the case: often, in problems presenting exponentially small phenomena, the Melnikov
integral is not the dominant part of the total loss of energy over a separatrix of a Hamiltonian
system (see [2]). In this paper, we relate the loss of energy AE of [7] with the exponentially
small transversal intersection of the invariant manifolds W** of certain objects (critical points
and periodic orbits) at infinity.

2. Mathematical formulation and main goal
2.1. The unperturbed problem

Consider system (10) for F' = 0. Then H = H + Hosc consists simply of two uncoupled
integrable systems.

In the X Z-plane, the solutions are contained in the level curves H,(X, Z) = k. This system
can be transformed into a degenerate (parabolic) pendulum by a change of coordinates (see
Remark 1.1). As one can see in Fig. 1, for k <0, H, = « is diffeomorphic to a circle. For
k >0, Hy =k contains the points q,? = (+00, 4/k) which behave as “fixed points” and are
connected by a heteroclinic orbit Y, given by the graph of

Z(X)=4k —U(X)=4 /K++, X eR. (13)
cosh”(X)

Notice that 77 is a separatrix. Analogously, (00, —4/k) € {H}, = «'} are fixed points at infinity
connected by the heteroclinic orbit given by the graph of —Z,(X). From now on, we focus on
the heteroclinic orbits contained in Z > 0, since all the results of this paper can be obtained for
the orbits in Z < 0 in an analogous way.

In the b B-plane, the solutions of (10) for F =0 are, for k > 0,

Po = (How = K} = {(b, B): b? + B> =2KJ§/Q} (see Fig. 2). (14)

Combining (13) and (14) in the energy level H = h, h > 0, we define
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Z

Fig. 1. Projection of the phase space of the unperturbed system in the X Z-plane (level curves of Hp). Positive energy

”»

corresponds to heteroclinic connections “between X = +00 and X = —00”.
%

Fig. 2. Projection of the phase space of the unperturbed system in the b B-plane (level curves of Hosc).

Af oy =5 x P ={ (o0, 4/RT, b, B): b7+ B2 =210/6/92] (15)

for every k1, k2 > 0 such that k1 4 « = h. Notice that

e If kp =0, then Aio is a degenerate saddle (parabolic) point of (10);

o If kp > 0, then Afl , are degenerate saddle (parabolic) periodic orbits of (10).

For simplicity, we denote the limit cases 1 = 0 and k» = 0 by
AF =A%, ={ (00,06, B),% + B2=2nz/2].

(16)
pf = Aio = (:l:OO, 4\/5, 0, 0),

respectively. We stress that pff are points and Af are periodic orbits, both contained in the planes
X = 400 and in the energy level H = h.
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B
% X
b
/ W(k1, k2)
A:17K2
>
—00 X +o0

Fig. 3. Projection of the heteroclinic manifolds W (k1, k2) in the bX B-space. In the figure, the most external cylinder is
the projection of W (0, 1) and the straight line represents the projection of W (h, 0).

These invariant objects have invariant manifolds. Denote
WK1, 12) =Ty, X Pey = {(X, Z.b,B): Z=4/k; —U(X)and b* + B> = 2K2¢E/Q} :

(17)
for each k1, k2 > 0 such that k| +«xp = h.

(AD-0) W(0,0) = Wy (p,) = Wy( pa' ) is a 1-dimensional heteroclinic connection (separatrix)
between the points p,, and pg ;

(AD-h) If h > 0, W(h,0) = Wy (p,) = Wi(p, ) is a 1-dimensional heteroclinic connection
between the points p,” and p;f;

(2D-0) If h > 0, then W (0, h) = Wi (A,) = W (A,J;) is a 2-dimensional heteroclinic manifold
(separatrix) between A, and A;;

2D-«k1) If k1, k3 > 0, then W(/q, k) is a 2-dimensional heteroclinic manifold between A
and AT

K1,k2°

K1,K2

For h > 0 fixed, the level energy H = h is a 3-dimensional manifold. Using the conserved
Hamiltonian one can eliminate the variable Z, and the manifolds W (k1, k2) project into the
bX B-space as horizontal cylinders centered along the X-axis as shown in Fig. 3

In this unperturbed case, there is no exchange of energy between the pendulum and the oscil-
lator through the heteroclinic connections of W (k1, k2), i.€. H, and Ho are first integrals. In the
perturbed case (10) (F # 0) the coupling term R (see (l 1)) goes to 0 as X — 400 and, thus, the
system is uncoupled at X = 4-00. As a consequence, AL x1.x, are orbits of system (10) in the sense
of Remark 1.1. Nevertheless, the system may exchange energy between the pendulum and the
oscillator when X varies, through the appearance of heteroclinic connections between different
Ag . and A: < such that k1 4 k2 = k| + &5 =h.

K1,K2

Recall that, in particular, we are interested in solutions (X (¢), Z(¢), b(¢), B(t)) which are
heteroclinic connections between a critical point at X = —oo and a periodic orbit at X = +00
(see Section 1.1). Therefore, they satisfy
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lim X(t)=—-o0, lim Z()=v;, lim b(t)= lim B(t)=0, (18)
t——00 t——00 t——00 t——00

lim X(t) =400, lim Z(t)=vy, (19)
t—+00 t——+00

where v; > 01is the initial velocity and v > 0 is the final velocity and (b(¢), B(¢)) are asymptotic
to periodic functions as X — +o0. For such solutions

v?

hi=H(X(@),Zt),b(t), B(t)) = ﬁ for every t € R.
Thus, considering h; = vi2 /16 and defining « y = v% /16, we have that, the solution (X (¢), Z(¢),
b(t), B(t)) satisfying (18) and (19) is a heteroclinic connection between the 1-dimensional un-
stable manifold of P, and the 2-dimensional stable manifold of A;rf’ hi—ics
2.2. Main results

Our goal is to look for solutions traveling from X = —oo to X = 400. More concretely, we
prove the existence of v, > 0 such that the solutions X of (7) coming with velocity v; from
X = —o0 escape the defect location and continue traveling towards X = +o00 with (asymptotic)
final velocity v ¢, provided v; > ve.

Therefore, the critical energy h. is characterized as the lowest energy level h, = v? /16 such
that for any h > h., there exist k1, k2 > 0 with k1 + k2 = h such that W (p,’) C W/ (A’—(‘FIJ(2)'

Notice that W/ (p, ) C W] (A,J[l,,(z) implies that the final velocity of the corresponding orbit
X (t) (which has initial velocity 4/h) is given by vy =4,/k1.

To analyze the existence of heteroclinic orbits between the invariant objects at X = 400,
we consider the section X = 0, which is transversal to the flow. Restricting to the energy level

H = h, eliminating the variable Z and using (8), this section becomes the disk

(20)

Ehz{(O,b,B):bz—i—Bsz}.

We compute intersections between unstable and stable manifolds in Xj,.

In the unperturbed case F = 0, the one-dimensional heteroclinic connection between the “in-
finity points” p;f and p,", W(h,0) = Wy (p,) = Wg ( p;) intersect X, at the point (0, 0). In the
following theorem, we show that this heteroclinic connection breaks down when F #0if 7 >0
is small enough. In Fig. 4 (a) we show, on the right, the invariant manifolds W-*( p(j)F ) and, on
the left, their intersection with Xg: Pé‘ **. Analogously, in Fig. 4 (b) the red and blue curves on
the right are the invariant manifolds W}-*( p,T) and their intersection with X, are the red/blue
points on the left (the disks and “tubes” in the same figures are explained below since correspond
to invariant manifolds of periodic orbits).

Theorem A (Breakdown of the 1-dimensional connection W (h, 0) ). Consider system (10). There
exists &g > 0 and ho > O sufficiently small such that, for every 0 <& < ey and 0 < h < hy, the
invariant manifolds W}* p;_f) intersect Xy, (given in (20)). Denoting by P;f ** the first intersection
points,
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AB B
P, — I’
(a) do(E) > b / s
Po / ;DS_
'POS -—
b ps
Dy AB B
h w
© "
(b) > b X
:DS b\
h Dh

Fig. 4. On the right: First intersection of the invariant manifolds W and W¥, contained in the energy level i, with
the section Xj. On the left: Projection of the invariant manifolds W* and W¥, contained in the energy level &, in the
bX B-space. The case & =0 and the case & > 0 (small) are illustrated in (a) and (), respectively. (For interpretation of
the colors in the figure(s), the reader is referred to the web version of this article.)

3/4
| Py — Py| =do(e) = %e‘gm +0 (s7/4e_9m) , (21a)
[Pl — P{| = do(e) + O™ *Vh), (21b)

where Q2 is the constant introduced in (8).

This theorem is proven in two steps. First in Sections 4.1.1 (for # = 0) and 4.1.3 (for & > 0)
we obtain parameterizations of the invariant manifolds. Then, in Section 4.2 we complete the
proof by analyzing their difference.

Remark 2.1. In the asymptotic formulas (21a) and (21b), we could write 2 = 1. Nevertheless,
we keep Q = /1 — &2/4 in order to compare our results with [7]. The same remark holds for
Theorems B, C and D below.

When F = 0, the energy level & > 0 has a family of heteroclinic manifolds W (x1, k2), with

k1 + k2 = h, k1, k2 > 0, connecting the periodic orbits A,:—Ll x> AS Can be seen in Fig. 3.

Each one intersects ¥y, at a circle centered at (0, 0) with radius v/2«)./¢/€2, which generates
a disk of radius v/2h/e/2 when we vary 0 < kp < h (see (13) and (14)).
We show that, for the perturbed case, WY (A, ) and W} (A} ) also intersect ¥, in closed

K1,K2 K1,K2
curves which are close to circles of radius /2k2./¢/$2 centered at P}’ and P;. Thus, varying
0 < ko < h, we can see that WSL"‘Y(A?}]’ Kz) intersect Xy, in topological disks D} and D; which are

close to the disks of radius \/2/h+/e/<2 centered at P’ and P}, respectively. Fig. 4 (b) shows the
invariant manifolds W}-* (Aff1 ) Kz) and their intersections with Xj. Those intersections fill up the
topological disks D} when one varies k2 from 0 to 4.

The existence of heteroclinic connections continuation of the unperturbed ones corresponds
to intersections between the disks Dj and D; . Even if in the energy level & = 0, there is no (first

round) heteroclinic connections between the points at X = 00 (p, and pa“ ), the heteroclinic
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DZ@ ) ' ‘(\’D’\
\q\)

@ .

D;,
0 < h < hs(e) h = hs(e) hs(e) < h < he(e

/BN Iy
o U

h = hc(e) h > he(e)

>

\

Fig. 5. Relative position of the disks DZ and Dfl in the section ¥ in function of the energy level h. Top-left: The
perturbed system has no heteroclinic orbits (passing a unique time through Xj ). Top-center: Ay is the first energy level
for which the system has a heteroclinic orbit between the biggest periodic orbits (at the infinity). Top-left: The system
has uncountable heteroclinic orbits between periodic orbits. Bottom-left: 4 is the first energy level for which the system
has a heteroclinic orbit between a point and a periodic orbit. Bottom-right: for & > h. (small) the system still presents a
heteroclinic connection between a point and a periodic orbit. In the bottom figures, the system also possesses heteroclinic
orbits between periodic orbits.

connections between the periodic orbits A:q «, may certainly exist when h > 0, since the two
disks may intersect for some values of &. The lowest energy level iy > 0 for which these hete-
roclinic connections exist is reached when the boundaries of these disks are tangent (see Fig. 5
top-center). Equivalently, when W (A,) intersects W, (AZ‘) in the energy level iy = h(¢e).

Theorem B (Lowest energy level with 2-dimensional heteroclinic connection). Fix hg > 0. There
exists eg > O sufficiently small such that, for every 0 < & < g9 and 0 < h < hy, the invariant man-
ifolds W' (A})), W} (A;{) intersect Xy, (given in (20)). The first intersection is given by closed
curves, which we denote by 9D,™*. Then, there exists

2202928

hy(e) = %(1 +0(e).

where 2 is the constant introduced in (8), such that the following statements hold for system
(10).

(1) If0 < h < hg(¢), the closed curves BDZ’S do not intersect each other.
(2) If hg(e) < h < hy, the closed curves BDZ’S intersect at least once.

Furthermore, given . > 1, there exists €, > 0 and

22e—292TE

5 (14 O(e)* = hy(e),

hyue) = -
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such that, for 0 <& < g, and h,(e) < h < hy, the closed curves 8DZ’S have at least two inter-
sections.

This theorem is proven in several steps. First in Section 4.1 we obtain parameterizations of
the invariant manifolds involved in the theorem and in Section 4.2. 2 we obtain estimates for the
difference between those invariant manifolds and W/ (p, ), W/ (p, +). Finally, in Section 4.3 we
complete the proof by obtaining the asymptotic formula for & (8) and the other statements of the
theorem.

Theorem B ensures that, for & > hg, there is a family of heteroclinic connections between
elements of X = o0 which are contained in the energy level k. (See Fig. 5 top-right.) Actually,
we prove that, in the energy level H = hj, BDZY and 81?2Y intersect (tangentially) at least once,
and for this reason, 8DZS N 8D,S1: may have more than one point. Also, our methods show that,
for h > hy, 9D; N 3D has at least two points and D; N'D; has at least one connected component
with positive Lebesgue measure (see Fig. 5 top-right).

2.2.1. The critical energy level h,

From our approach and the definitions of Section 1.2, the critical energy level occurs for the
smallest & such that W (p,) C W/ (AL ), for some k1, kp satisfying k| + k = h. Thus, h,
occurs when W“(ph ) We (A+)

Geometrically speaklng, h. is characterized as the energy level such that P” belongs to the
boundary of the (topological) disk Ds “centered” at PY (see Fig. 5 bottom—left) In the next
theorem, whose proof is given in Sectlon 4.4 we Compute hc =h.(¢e).

K1,K2

Theorem C (Existence of heteroclinic connections between p, and A,;" ). Consider system (10).
There exist eg > 0, hg > 0 and a function

he(e) = 2m2ee 225 (1 1 O(e)), with0 < ¢ < &,

such that, for every 0 < & < g9 and 0 < h < ho, the invariant manifolds W/ (p, ), W; (AZ‘)
intersect Xy, (given in (20)). The first intersection of WY (p, ), W, (A;'l_) with Xj, is given by a
point and a closed curve, denoted by P and 9D;, respectively. Then, P} € 9D; if, and only if
h=hc(e).

Theorem C also holds if we change p,” and A;T by p,': and A, , respectively.
Now, given h > h., we compute the radius x3 = x3(h) of the periodic orbit A,J{MZ such that
p;, connects to A+ , through a heteroclinic orbit.

Theorem D. There exist eg > 0, ho > 0 sufficiently small such that, for each 0 < & < g9 and
he(e) <h < he(e) +2n2€e’mmho, where h.(¢) is given by Theorem C, there exists a function

P (hc(s), ho(e) + 271256_29“/th> SR,
such that

(1) 0<k(h) <hand Tm k(h)=0;

h—he(e)t

(2) For system (10), W*(p; ) C Wg(Aj(h)’hﬁ(h));
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(3) There exists an orbit of (10) with input velocity v; = 4/l and output velocity vy = 4./ (h).
Furthermore, define v, = 4+/h,, then

Vi =/ 20cce/vi — ve + O((v; — ve)*/?), (22)
where c, =1+ O(e).

The last item of Theorem D proves the conjecture vy ~ O ((v; — vc)l/ 2) raised in [7]. This
theorem is proved in Section 4.5.

3. Heuristics of the proof

We devote this section to give the main ideas of the proofs of Theorems A, B, C and D. As
we will see, the most delicate part of the proof is to obtain (21a) in Theorem A, where we give
an asymptotic formula for the difference between the one-dimensional unstable manifold of p,
and the stable one of par at the section X(. Once this item is proved, the remaining results will
follow studying the dependence on 4 of the stable and unstable manifolds of the different objects
A,jfl’ «, considered.

To obtain the results in Theorem A, it will be more convenient to work in coordinates I" =
B +ib and ® = B — ib. In these coordinates, System (10) becomes

x=Z
B (' — ©)
7' =-UX) - F'(X , Q
(X) 5o (X) T L
5 with € (23)
IM=will — —F(X),
V22 a- |1 &
e’ 1¢) ) F(X) “
=—wi® — — ,
V28
This system is Hamiltonian with respect to
H(X,Z,T ®)—22+U(X)+ ' ri=9 %o 24)
T 16 29 2i 20

1
and the symplectic form dX AdZ + ?dr AdO.
i

In the next section, we summarize the information we need about the unperturbed case F = 0.
3.1. Decoupled system (F =0)

We parameterize the invariant manifolds W (k1, k2) (see (17)) of the decoupled system (23)
(with § = 0) in the coordinates (X, Z,I", ®).

Lemma 3.1. The one-dimensional invariant manifold W (h, 0) = W (p,) = W( p;) is param-
eterized in the coordinate system (X, Z,T", ®) by
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Npo(v) = (Xn(v), Zp(v),0,0), veR, (25)
such that
(1) If h =0, then
Xo(v) = arcsinh (?v) ,
(26)
Zy(v) = 8(X0)/(U) = T
ve 42
2) If h > 0, then
X, (v) = arcsinh (,/ 2 :z_ h sinh (v\/ﬁ/2>) ,
27
4cosh(vﬁ/2) @7)

Zp(v) =8(Xp) (v) =

1, sinh2(wvh/2)
\/ T R

A simple application of the L'Hospital rule shows us that Xj;(v) — Xo(v), pointwise, as
h — 0. Nevertheless, the decay of Xj as v — oo is significantly different from X¢ (for 2 =0
the decay is polynomial whereas for & > 0 is exponential). Notice that Np o(v) has poles at the
points ++/2i, whereas the poles of Nj, o(v) are all contained in the imaginary axis and the closest
to the real line are ++/2i + O(h).

Lemma 3.2. The two-dimensional invariant manifold W (k1, k2) = Wy (A, ,) = W) (AT ),

K1,K2 K1,K2
with k1 > 0, k3 > 0 and k1 + k2 = h is parameterized in the coordinate system (X, Z,T", ©) by

Nt i (0, T) = (Xie; (), Zie; (0), Ty (7)), B, (7)), (28)

withv e R and t € T, such that

2y e
F,Q(r)z,/§e” and @,(Z(r)z,/%e—”, (29)

and Xy,, Z,, are given in (26) (k1 =0) and (27) (k1 > 0).

Notice that Ny, «, (v, T) = Ny, 0(v) as ko — 0 uniformly, and thus the dependence of Ny, «,
is regular at ko = 0.

Remark 3.3. Notice that, if ko =0, then Ny, ., depends on one variable and if x, > 0, it depends
on two variables.

Remark 3.4. The functions Ny, ., (v, T), with v or T fixed, do not parameterize the solutions of
(23) for § = 0. Nevertheless, if qbto(-) denotes the flow of (23) for § =0, we have
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2 V2
i (V2 kR (V2 — kvE) D:
B 3
N (V2 — kE) —i(V2 — ky/E) —
—iV2 —iv2

Fig. 6. Complex domains DY and Dj.

¢10(NK1,K2(U7 7)) = NK],KZ(U +1, 7+ wt),
and therefore the manifolds parameterized by Ny, «, (v, T) are invariant by the flow.
3.2. The invariant manifolds W' (p,’) and W} ( p(')" ) and its difference

We devote this section to give the main ideas of the proof of the first item of Theorem A. First,
in Section 4.1 we find parameterizations of the perturbed invariant manifolds of the different
objects A,jf] «, in terms of the parameters v and 7 (see Lemma 3.2) in suitable complex domains.

More specifically, in Section 4.1.1 (see Theorem 4.1) we study parameterizations of the one-

dimensional invariant manifolds W/ (p, ) and W] ( po+ ) of the form

N§ o) = (Xo(v), Zg(v), T(v), O (1)), *=u,s. (30)

That is, we parameterize the invariant manifolds as graphs. Those parameterizations are close to
No.o (see (25), (26)), in the complex domains

D' ={veC; |Im(v)| < —tan BRe(v) + V2 — &},

(3D
D} ={veC; —veD}},
where 0 < 8 < /4 is a fixed angle independent of ¢ (see Fig. 6). Observe that the parameteri-
zation No o(v) in (26) has singularities only at ++/2i, thus No,o 1s analytic in D}-°. The reason
why we look for the parameterizations in complex domains instead of just for real values of the
parameters will be clear later. Indeed, the analytic continuation of the parameterizations of the
invariant manifolds into these complex domains is fundamental in obtaining the exponentially
small estimates for the distance between the invariant manifolds.
Both parameterizations Ng”g (v) are defined in the complex domain D, = D¥ N DS, which
contains 0 (see Fig. 7). To compute the difference between the invariant manifolds in the section
Yo (see (20)), we analyze its difference A&(v) given by

_( Tow) —Ty)

_ ([ Ar()
e =(350) = (olor  ehm)

Ag(v)



O.M.L. Gomide et al. / J. Differential Equations 269 (2020) 3282-3346 3297

Fig. 7. Domain D, where both parameterizations N(j)io are defined.

for v € Z, = D, NR. Note that the invariant manifolds are parameterized as graphs and therefore
these quantities just measure the distance between the invariant manifolds on the section v =
constant (equivalently X = constant) projected into the I" and ® direction. The distance in the Z
direction can be deduced from the energy conservation.

As both parameterizations are solutions of the same equation, using also the energy conserva-
tion, one can see that its difference A& satisfies a linear equation

0 —wi

AE = (‘“i 0 ) AE + B(v)AE, (32)

where the entries of the matrix B are functions of order O(¢¥/3) in D;.
The main observation is that, if B =0, then A is the analytic function

€@ (V%) A (vg)
Af(v) = (e_“’i(”_vl)A@(vl) ’

for any vg, v; € D,. Thus, choosing vy = —i(v/2 — /&) € D, and v| = i(v/2 — /€) € D;, we
have that, for v € Z,

_ /2
AR = e Ar o) ~ eV E[Ar o)),
_ /2
IA(-)(U)IZfﬁwIA@(Ul)Iie \/jIA@(Ul)L

Now, using the results of Theorem 4.1 below, we have that |Ar(vp)| and |Ag(v1)| are of order
%3 obtaining that

2
AE(v) ~ e_‘/;84/3, veZl, =D, NR,
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and therefore it is exponentially small with respect to €.
In Section 6.2, we implement these ideas in the proof of the formula (21a) in Theorem A to
obtain the asymptotic formula for A& using that B is small.

3.3. The invariant manifolds W:’S(AjE )

K1,K2

Next step is to study the stable and unstable manifolds of the rest of invariant objects A,jflg Kn»

for k1 + k2 = h > 0, including the special case k1 = h, k; = 0 which correspond to the points
pff. For these manifolds we perform a perturbative analysis in x| and «; and therefore we need
not to face exponentially small phenomena. For this reason, it is enough to analyze them in the
consider complex domains

D' = {v € C; |Im(v)| < —tan(B) Re(v) + ﬁ/z} , .

D) ={veC; —ve D"},

for some 0 < 8 < 7 /4 fixed. Note that these domains are independent of ¢, (in particular, the
distance of the singularities of Ny ¢ to those domains is independent of ¢). We also consider

T, ={t €C; |Im(t)| <o and Re(r) € T}. (34)
The parameterizations of the invariant manifolds W* (A,jfI «,) are obtained in Theorems 4.3, 4.5
and 4.6. In Theorem 4.8 we compare these parameterizations with N(’)"VO, * = u, s. Then, to obtain
information about the possible intersections between the unstable manifold W,'(A., ,,) and the
stable manifold WSS(A:{’%), where /1 = k1 + k2 = k| 4k > 0 we just use the estimates (21a) in
Theorem A and the estimates of Theorem 4.8.

More concretely, to prove the estimate (21b) in Theorem A, we use Theorem 4.8 to approx-
imate the points P;"* by the points Py**, and the result will follow from estimate (21a). The
results of Theorem B are obtained looking for the minimum value of & = h; that ensures that
there are intersections between W/ (A;’) and W} (A;[). Analogously, the results of Theorem C
are obtained looking for the minimum value of & = h, where there are intersections between
Wg(p,) and W7 (A,j'), which, in fact, means that W (p,’) C W; (AZ‘). Finally, in Theorem D,
we prove that if the energy h = h. of the system is slightly increased, then there also exists a
heteroclinic connection between the point p, and a periodic orbit A,J{lm at X = +o00. More
specifically, for h > he, Wi (p, ) C Wg(A:(h)’h_K(h)), where «(h) is a small number between
0 and 4, in such a way that, if 4 — A, then A:(h),h—/((h) — A;[C. Furthermore, we obtained an

estimate for the final velocity vy = 44/« (h) of the heteroclinic in terms of the initial one.
4. Proofs of Theorems A, B, C and D

4.1. Parameterizations of the invariant manifolds W* (A, .,), W* (A,j’l’,(z)

We devote this section to build and analyze suitable parameterizations of the invariant man-
ifolds of the periodic orbits A;—Ll «,+ The construction of the manifolds for the different cases is
analogous: we find them through a Perron-like method suitable on complex domains. Never-
theless, as explained in Section 3, the complex domains are significantly different in the case



O.M.L. Gomide et al. / J. Differential Equations 269 (2020) 3282-3346 3299

k1 = k2 = 0, that is, when we construct W/ (po_) and W; (pg). In this case, to be able to obtain
the results about their difference in Theorem A, we need to construct these manifolds in the do-
mains (31), which reach a neighborhood of size /& of the singularities &=+/2i of N (0, 0). For
the rest of the invariant manifolds we will use the domains (33) whose points are always at a
distance of these singularities independent of ¢.

4.1.1. Parameterizations of the invariant manifolds W (py ), WS ( par )

In this section we consider parameterizations Ng’o(v), *=1u, s, given by (30), of the invariant
manifolds W (p,) and W;( pa' ) near Ny, in the complex domains DY and D} given by (31),
respectively. The parameterization Ny o(v) in (26) has singularities only at ++/2i, thus Np o is
analytic in D}%.

We state all the results for the unstable case, since it is analogous for the stable one. Based on
a fixed point argument, we prove the following theorem in Section 5.

Theorem 4.1. Given v > 0. There exists g9 > 0 such that, for 0 < & < g, the one-dimensional
manifold W (py') is parameterized by

Ng o(v) = (Xo(v), Zy(v), [y(v), By (v)), (35)
with v € Dy, where Xy is given in (26), Z;(v) is obtained from ’H(N(’)"O(v)) =0 (H given in
(24)) and

Fu( — 0 + u ,
oW =0 ((1))) Yo (V) 36)
Oy(v) =—0"(v) + 65 (v),
with
Q') = —i—— F(Xo()) = >V @37)
T w22 T T 020+

Furthermore, vy (v), 6y (v) are analytic functions such that 6 (v) = y5 (v), for every v €
R N DY, and there exists a constant M > 0 independent of ¢ such that

§ 1
ORIZAOIBEZIO] §M07W,foreachveDg, [Re(v)| < v;

B 1
) |Vg(v) , 9(')‘(v)| < Mﬁﬁz_’_z'z,foreachv € D!, |Re(v)| > v.

Remark 4.2. Notice the points pat behave as degenerate-saddles at infinity, and thus the exis-
tence of local invariant manifolds for the perturbed system is not standard. Nevertheless, these
singularities at infinity behave as parabolic points (see Remark 1.1) and Theorem 4.1 gives the
existence of their invariant manifolds.

Next sections are devoted to find parameterizations of the invariant manifolds W/ (A, ,,)

and WSS(AEM), for k1,k2 > 0 and «1 + kp = h > 0. Even if one theorem could contain all the
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results for k1 > 0 and «; > 0, we state three separate theorems, Theorem 4.3 (x1 = 0), Theo-
rem 4.5 (k2 = 0) and Theorem 4.6 (k1, k2 > 0), to clarify the exposition (and the structure of the
corresponding proofs).

4.1.2. Zero energy for the pendulum (separatrix case k1 =0 and k3 =h > 0)
We look for parameterizations of the 2-dimensional invariant manifolds W (A,) and
WA},
N(;h(v’ T) = (XO(U)v ZO(U) + Z(*)’h(vs T)a Fh(T) + Fa’h(v9 T)s ®/’l(T) + @ah(vv T)) , X =1U,S,
as perturbations of W (0, k) (see Lemma 3.2) in the domains D* x Ty, * = u, s (see (33) and
(34)).

We prove the following theorem in Section 7.

Theorem 4.3. Fix 0 > 0 and ho > 0. There exists &g > 0 sufficiently small such that, for 0 < & <
g0 and 0 < h < ho, W¢' (A})) is parameterized by

Ng (v, 7) = (Xo(v), Zo(v) + Zg 5, (v, T), T (7) + T 5, (v, 7), On () + Op 1, (v, 7)), (38)
with v € D" (see (33)) and t € Ty, where Xq, Zo, 'y, ®p, are given by (26) and (29),

Z&h(v’ f) = ZO,h(U’ T) + Zg’h(v’ f)?
TG, 0. 1) = 0°w) + ), (v. 1), (39)
O 4 (v, 1) =—0°(W) + 6, (v, 7),

where QU is given by (37), and

8 / [p(7) +On(r) vhoo 1
Zop(v,7) = me (Xo(v)) > =0 (w3/2 m) (40)

Furthermore, 7 ,, is a real-analytic function and y'; , 6 , are analytic functions satisfying

05, (w. 1) =y, (0. 1), (v,7) eR*ND* x T,
such that there exists a constant M > 0 independent of ¢ and h such that, for (v, ) € D* x T,

1

- 41
W “

u u u 5
|Zo,h(vv 7)], |V0,h(v’ )], |90’h(v7 )| =< M;

Remark 4.4. We stress that the estimates in (40) and (41) and are only valid for V242> 1 /2
and therefore do not give any information about the behavior of Ny, (v, T) near the singularities

v = +i+/2. The role of these bounds is to show how the functions decay as v — F00.
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4.1.3. Positive energy for the pendulum
This section is devoted to study the invariant manifolds of the periodic orbits A, ,, forky > 0.

First, we consider the case k| = & and k2 = 0. In this case A}TO = pj is a point. We apply the
same ideas of Section 4.1.1 to parameterize W (p,’) as

NY o) = (X3 (0), Zi (v, Tl 4(v), Ol 4 (0)),

where X, (v) has been introduced in (27). The main difference is that we need to take into account
the singular dependence on the parameter 4 at 4 = 0. Indeed, one has to be careful of the analysis
of the parameterizations of the invariant manifolds as v — o0 since X decays exponentially
for h > 0 and polynomially for 4 = 0.

As in Theorem 4.3, for our purposes it is sufficient to parameterize the manifolds in the do-
mains D" (see (33)). We prove the following theorem in Section 8.

Theorem 4.5. There exist eg > 0 and ho > O sufficiently small such that, for 0 < & < gg and
0 <h < ho, Wi (py, ) is parameterized by

Ni o) = (X3 (0), Z o), T (), Ol 1)), v e D",

where X, is given by (27), ZZ,O(U) is obtained from "H(N;fyo(v)) =h (H given in (24)) and

Iy o) = 0"(W) + vt y(v).

h (42)
ho(®) =—0"(v) +6; ,(v),
with
) ) 1
h - g F(X =0 <_—> 43
0" (v) la) 5o (Xp(v)) o Ji s (43)

Furthermore, y;' ((v), 0;' (v) are analytic functions satisfying 0}/ ,(v) = y}' ((v) for ve R N D"
such that there exists a constant M > 0 independent of ¢ such that for v € D"

o (v)|<Mi#
RO =T w2 p2 42|

Vit (©) (44)

’

Finally we deal with the case «1, ko > 0. Next theorem, proven in Section 9, gives the param-
eterizations of W/ (A

KviZ)'

Theorem 4.6. Fix o > 0. There exist g > 0 and ho > 0 sufficiently small such that, for 0 <
e <e0, 0<h <hg, and k1 >0, k2 = 0 with k1 + k3 = h, the invariant manifold W} (A, ) is
parameterized by

K1,Kk2

NI?l,Kz(U’ T) = (XKl (U)’ ZIC] (U) + Z/I:IYKZ (U, T)a FKZ (T) + le,Kz(v’ t)v ®K2 (T) + ®Z1,K2(U’ T))v

for (v, t) € D" x Ty, where Xy, Zi,, Uiy, O, are given by (27) and (29),
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Ze oo 00 = Zi iy (0, T) + 24, (0, T),s
[ (0 T) = 0" (V) + 7, 4, (V. T), (45)
Kl KZ(U T) = QKI(U) + 9/(1 Kz(v’ T)’

where Q"1 is given in (43) and

F'(Xe, (0))

8 T, (T) + Oy (1) N
Zero (0, 7) = —— —eD TPl _ 4 ).
a0 = e 2 V)

Furthermore, z, ., is a real-analytic function and v, ... 6y, ., are analytic functions satisfying

K1,K2 K1,K2
/q Kz(v T) = V2 (v, 1) for (v, 1) € R2 N D" x Ty such that there exists a constant M > 0

independent of ¢, k1 and ky such that, for (v, t) € D" x Ty, (see (33)),

1

8
124,12 (0 O 17 o, @0 D116}, iy (0, D) < M~ Wol+2) (46)

4.2. Proof of Theorem A

We devote this section to complete the proofs of Theorem A. That is, to obtain (21a) and (21b).
Note that these two asymptotic formulas are of significantly different nature. The first one is an
asymptotic formula in €. Since the leading-order approximation is exponentially small, one has
to follow the techniques explained in Section 3. This is done in Section 4.2.1. On the contrary,
(21b) is an asymptotic formula in & (which is not exponentially small) and therefore the analysis
is done just for the real parameterizations. This is done in Section 4.2.2.

4.2.1. Splitting of W' (p,, ) and W, (po )

By Theorem 4.1, both parameterizations N('{’g (v) are defined in the complex domain D, =
D% N Df, which contains O (see Fig. 7). As explained in Section 3.2, to compute the difference
between the invariant manifolds in the section X (see (20)), we analyze A& (v) given by

| Thw) =T{(v)
36w = ( o) -6k

forveZ, =D, NR.

In Section 6.2, we prove that A€ satisfies (32) and we also prove the following theorem, which
provides an asymptotic formula for the difference A&. This theorem implies the estimate (21a)
in Theorem A.

Theorem 4.7. Consider system (23). Given any compact interval Z C R containing 0, there exists
&0 > 0 sufficiently small such that, for every 0 < ¢ < &, the parameterizations NS o), x=u,s,
given in (30), are defined for v € T and satisfy

T4(0) — I'5(0) = —i %e_ﬁw + O(wsPe™V2),

@"(0) — (0)—;\/5 V20 4 083V,

(47
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4.2.2. Approximation of W' (A, ,,) by W (py ) in the section Zj,
Recall that for the unperturbed case, we have that

Wi, k) NS ={(Z,b, B); Z=4y2+ ki and b + B> = 2> /w},

(see (17)). Thus, the sets W (ky,k2) N Z, and W(0,0) N Xg are (k1 + (/k2)-close. Since the
perturbed invariant manifolds are close to the unperturbed ones (see Theorems 4.3, 4.5, 4.6),
in the next theorem we approximate W'(A,, ) by W/ (py) for k1, k2 small. Using energy
conservation and the fact that I" and ® are complex conjugate for real values of the variables,
it is enough to compare the invariant manifolds only in the variable I". We define the projection

(X, Z,T,0)=T.

Theorem 4.8. Consider k1,k» > 0, k1 + x3 = h, and the parameterization of N,?I‘Kz of
WE¢ (A, ,) obtained in Theorems 4.1, 4.3, 4.5, and 4.6. Then, there exist g > 0 and ho > 0

K1,K2
sufficiently small such that for 0 <h <hgand 0 <& < g

1) K1 ) K2
TNy, 4, (0, 7) = e NG 0 (0) = T, (1) + (’)( :iz— + ajg;) ,teT,

where ', (t) has been introduced in (29).

The proof of this theorem is done in Section 10. The result of this theorem for k1 = & and
k2 = 0 implies equation (21b) in Theorem A (note that we are abusing notation since, in this

case, the function Ny, ., does not depend on 7).

4.3. Proof of Theorem B

Theorems 4.3 and 4.8 provide, for 0 < i < hg, & < g9, the existence of the invariant mani-
folds W¥ (A, ) and W$(A;") and their approximation by W¥(p; ) and W (p;"). The invariant
manifolds W' (A;) and W, (A}T) are parameterized by
Xo(v)

Zo(v) + Zo.n (v, T) + 297, (v, T)
Cu(t) +Ty" (v) + F*“* (v, 7, h, €)
(1) + 03" (v) + F*5 (v, 7, h, ¢)

Nop (v, 1) = , (n,7) (D NR) x T,

where X, Zo are given in (26), Zo; and z;, are given by (39), T, and © are given in (29),
Iy, Oy are given in (36) and F** are analytic functions such that

F“w,t,h,e) =0 <8ﬁ> )

w3/2

Consider the section X, (which corresponds to v =0 € D* N D*). Then, W¢'(A;) and W} (A;{)
intersect along a heteroclinic orbit if and only if there exist ¥, ¥ in [—m, ) such that



3304 O.M.L. Gomide et al. / J. Differential Equations 269 (2020) 3282-3346

Ny ,(0,7%) = Nj ,,(0, %). Moreover, using energy conservation, Ny, (0, ") = Nj (0, %) if,
and only if,

Ty (x") + TU(0) 4+ F*(0, 7%, h, &) = Ty(r*) + T3(0) + F* (0, °, h, ),
On(T") + O(0) + F4(0, 7%, h, £) = Op(z*) + O3(0) + F*(0, T°. I, &).

Since ", 7 € R, using Theorem 4.7, the expression of ', in (29), the equations above are
equivalent to

\/@(cos(r") —cos(t®)) + Mi(e) + Fi(z“, 7%, h,e) =0,

(48)
JH (sm(r ) sin(r)) — 206V 4 M (e) + Byt 10 b e) =
\/_
where 0 < & <go, 0 < h < hg and My, M, F, F> are real-analytic functions such that
S+ h
My, My = O(@8%¢V?*) and Fy, F = O (%) :
w
We change the parameter & > 0
JTwaze_zﬁ“’
h:iﬂz, for u > 0. (49)

2Q2

Then, since 0 < & < hy, it is sufficient to consider

1 2Q0h
O0<p=po=5—,/ el
SoTr [on)

where Qo =,/1— 88/4, wo = Ro/+/€0 and 8g = 8(3)/4. Considering gp > 0 sufficiently small, we

can assume that po > 1. Replacing £ in (48) and multiplying the equation by \/8_ Vi o 0, we
may rewrite (48) as

p(cos(z") — cos(t*)) + M (e) + Fi(z*, 7%, u, &) =0

~ ~ (50)
u(sin(t") —sin(t®)) — 2+ Ma(e) + Fo(z, 7%, u,8) =0

where M 1, 1\72, F 1 fz, are real-analytic functions such that
~ o~ 5 ~ ~ )
M, My=0s)and Fi, b =0 —un ).
w

Define the function G = (G, G») : [—m, 7] x 0, ol x [0, g9l — R? corresponding to the
left-hand side of system (50). Recalling that § = £3/4 and w = /. /e, it is clear that



O.M.L. Gomide et al. / J. Differential Equations 269 (2020) 3282-3346 3305

(S

(u(cos(r“) —cos(t*)) + O(e) )
Gr", % u,e)= .

u(sin(th) —sin(z?)) — 2+ O(e)
The equation G(t%, t°, i, 0) = (0, 0) has a unique family of solutions
So ={(o, —a, 1/sin(), 0); arcsin(1/up) <o <m — arcsin(1/ug)}.

We find zeroes of G using the Implicit Function Theorem around every solution of the family
So. Denote ag = arcsin(1/p) and fix 0 < a9 <o <7 — ag. Then,

(1) G(a, —a, 1/sin(x), 0) = (0, 0),

() det (M> (o, —a, 1/sin(a), 0) = 2 sin(a) # 0.
a(u, )

Thus, it follows from the Implicit Function Theorem that there exist £, > 0 and unique functions
T (00— &g, 00 +8¢) X [0,84) = [, ], pho 1 (@ — €, ¢ +8¢) X [0, £¢) = (0, o] such that

G, Ty(t", e), na(t", ), 8) =(0,0).

Furthermore
(", e) =—a+ O(t" —a,¢),
e (a—eq,a+ey). (52)
:LLD((T”’ 8) = 1/ Sin(a) + O(":M -, 8)’
Consider the compact set K = [, 7 — ag]. We can find n € N, «1, -+, «, with respective
€a;s " » €a,» previously found, such that the intervals (o; — &o;, 0t +&4;), i =1,--- ,n form a

finite cover of K. Using the uniqueness of solutions obtained from the Implicit Function Theo-
rem, it is possible to conclude that there exist & > 0 sufficiently small and functions

T (") =—1t" + O(e),
s (t“, 8) = 1/sin(z") + O(e),
defined for every ¢ < g1 and % € K, such that
G (r“, 7} (1:”, 8) . (r“, 8) , e) =(0,0).
This implies that there exists at least one heteroclinic connection in the energy level

n2w82e_2ﬁ“’

h= 59 (1 (t", )%, T" € K.

Moreover, (s (%, 0))% > (u+(/2,0))? = 1, for every t* € K. Thus (s (t*, €))> > 1 4+ O(e)
for * € K and ¢ < 1. Therefore, since w4 (/2, ¢) = 1+ O(e), there must exist a curve 7./ (¢),
such that

(1 (T, 8))? = (s (T (8), €))%,
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for 7 € K, e < ey, and () (€),8) =14 O(e).
Thus, defining

7r2a)826_2‘/§“’ nza)(Sze_zﬁ“’

s () = = 5 (1 (in e), ) = ——g 1+ 06,

system (23) has one heteroclinic orbit between the periodic orbits A, and A;{ in the energy level
0 <h < hgif, and only if h > hg(¢).

It only remains to prove the last statement of Theorem B. Given u; > 1, let 7{ =
arcsin(ul_l) € [ag, m/2) C K, and consider the function g(t", &) = u« (7%, &) — (7', &). Ap-
plying the Implicit Function Theorem to g = 0 at the point (7 — 7', 0), there exist &,,, > 0 and
a unique curve 7, = 75 (7}, €), defined for 0 < & < g,,, such that u,(ty, &) = u«(z{', &) and
7 (t}, &) = — 7} + O(e). Moreover, taking &, small enough 7{' # 7} for ¢ < &g Thus, in
the energy level

2,62 ,—23/20
T wde
hyy = ——————— (s (', €))%,
i 0 (s ( 1 )
where 1. (7', €) = 1 + O(e), there exist two heteroclinic connections corresponding to 7 and
7).
2
This completes the proof of Theorem B.

Remark 4.9. Notice that g(m/2,0) = d;2g(7/2,0) = 0 and 8,214 g(m/2,0) # 0. Unfortunately,
the characterization of the bifurcation of zeros for ¢ > 0 becomes impossible, since there is no
information on 9, g(r/2, 0), and its computation requires complicated second order expansions
which are beyond the objectives of this work. Nevertheless, under some non-degenericity condi-

tion, for example d.g (7 /2, 0) # 0, it is possible to detect a saddle-node bifurcation.
4.4. Proof of Theorem C

Following the same lines of Section 4.3, we use Theorems 4.3 (for the invariant manifold
W} (Ah+)), 4.5 (for the invariant manifold W (p, )) and 4.8 (to compare them to W; (pg ) and
W (py ))- Then, we can see that Wg'(p,’) C Wy (A,T), if and only if

[2h
—y/ —cos(t®) + Mi(e) + Fi(z*, h, &) =0,
w

2h o 278 p,
— _ _—— M F Svhs :07
\/ - sin(z®) «/56 + M (e) + Fo(z €)

has solutions %, ¥ € [—mw, 7], 0 < & < &g, 0 < h < hg where hg is given in Theorem 4.5. The
functions M, F; are real-analytic and satisfy

(53)

sVh  5v/h
M; =O(ws’e V?*) and Fj=(9( i i) j=1.2.

w32 T 2

In order to look for solutions of (53), we consider the change
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2 2 82 —22w /Qoh
hz&uz, 0<M§M0=$- (54)
/2
Q 8077 A/ 2wpe Y 2@0

Considering g9 > 0 sufficiently small, we can assume that ug > 1. Replacing 4 in (53) and

Q
multiplying it by —————— > 0, we may rewrite this system as
Tde V20

—pcos(t®) + My (e) + Fi(z*, i, ) =0,

- ~ (55)
K Sin(TS) -1 + M2(8) + Fz(TX, M, 8) = Oa

where M s F j, are real-analytic functions such that

~ ~ s
M;=O(ws?) and F; = O (—u) ,j=1,2.
w
Define the function G : [—m, ] x (0, ol x [0, &9] — R2 as the left-hand side of system (55).
Recalling that § = £3/% and w = Q/./¢, we can see that

(56)

( — pcos(t®) + O(e) )
G(t', p,e) = .
— usin(t®) — 14+ O(e)

Since,

(1) G(=7/2,1,0)=(0,0),

©) det<w> (—7/2,1,0) =1,
a(zs, )

we can apply the Implicit Function Theorem to obtain ¢, > 0 and functions 7 : [0, &) —
[—7, ], ps 1 [0, &5) = (0, ;o] such that G(z(e), u«(e), &) =0 for 0 < ¢ < ¢,. Furthermore,
75(e) = —m/2+ O(e) and u4(e) =1+ O(e).

Defining

2rlws2e 22 272ws%e2V20

he(e) = T(/L*(e))2 =—fg U+ O(e)),

and reducing &g to &4, Theorem C follows directly from these facts.
4.5. Proof of Theorem D

Following the same lines of Section 4.3, we use Theorems 4.5 (for the invariant manifold
Wi (p;)), 4.6 (for the invariant manifold W} (Af ), and 4.8 (to compare them to W2 ( pg' )

K1,K2

and W (p,)). We can see that Wy'(p,) C Wg(A+ ), if and only if

K1,K2
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2
— 22 cos(x) + Mi(e) + Fy (¢, h, &) =0,
w

(57)
2Ky . 278 5
2 Ginty = TV 4y Fo(t*,h,e) =0,
- sin(t®) \/56 + My(e) + Fo(z €)

has a solution 7° € [—m, ] for 0 < & < &9, 0 < h < hg. The functions M;, F; are real-analytic
and

32 w2 w2

5 5 5/h
Mj=(9(a)83e‘/§w)andFj=O( Vo L VR [>,j=1,2, K1+ =h.

We consider the change of parameters and variables

22ws2e 22

h 5 (1 (8) + )%, (58)
2 2 52 —2\/5(0

= Qe (ta(e) + 1t — £)2, (59)

T =1(e) +1, (60)

where (u« (), T (¢)) is the solution of (55). Since k2 < h, u+(e) = 1+ O(e) and we are looking
for solutions with , &, 7 ~ 0, we have that £ > 0 and (j4(8) + it — )2 < (s (8) + p)2.

Replacing &, k7 and 1 and multiplying it by > 0, system (57) as

Q
27 8e—20

—(ws(8) + = &) cos(tS (e) + 1) + My (e) + Fi(t, ju, €, 8) =0,

~ - (61)
—(us(e) + = &)sin(zy (e) + 1) — 1+ Ma(e) + Fo(t, ., &,6) =0,

where M s F j, are real-analytic functions such that M ; = O(w8?) and

~ 8 . 7Y (s 2 .
Fj=0<— ((u*(e)+u—é)+‘/(“ (&) + 1) +l/(f @)t p-87 W (81);“)»,
w w w

j=12.

Define the function G : [—xo0, xo] X [0, xo] X [—xo0, xol x [0, xo] — R2 as the left hand side
of system (55) and fix xo > 0 small enough. Recalling that § = £3/4 and w = Q/./e, we can see
that

— (ux(e) + = &) cos(zy (e) + 7) + O(e)
G(t,u, &, e) = o .
— (px(8) + = &) sin(ri(e) + 1) — 1+ O(e)

From Section 4.4, (1(0) = 1 and 7 (0) = —x /2. Thus G (7, ., &, 0) = (0, 0) has a solution 7 =0
and p = £. Since, we are looking for solutions with w, £ & 0, we consider the solution u =& = 0.
Then, since
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(1) G(0,0,0,0)=(0,0),

3(G1, G2) ~
(2) det <8(‘[7,$)) (O, 0, 0, O) = 1,

we can apply the Implicit Function Theorem to obtain ¢, > 0 and unique functions 7 : [0, &9) X
[0, £0) = [—x0. xol, & : [0, €0) X [0, &0) = [—xo, xo] such that G(T (i, €), u, (1, €),€) =0.
Furthermore T(u, &) = O(u, ) and £ (i, &) = O(u, ). Fore =0, we have thatE = pand 7 =0
is a solution of G(t, i, &,¢) = (0,0). Thus &(u,0) = u and, for & small enough, £(u, &) =
w—+O(e).

Finally, if £ =0, then k> = h, k1 = 0 and therefore (57) becomes (53). Thus, considering
the different scalings done in the systems and the uniqueness of solutions of (53) obtained in
Section 4.4, we conclude that £(0, &) = 7(0, ) = 0.

These facts, allows us to see that

E(u.&) =cop+ O, withe, =1+ 0(e).
Hence, for u > 0 sufficiently small, in the energy level

2n2w82€_2“/§“’

= ——g (=) + w3,

there exists a unique heteroclinic connection between p,  and A, (K{J' , Ké‘ ), where
" "

2n2w62e_2ﬁ“’
- Q

n

i) (1a(e) + 1 — E(, €))%,

and Kf =hy, — /cé‘ . Moreover, if —u.(¢) < u < 0 there is no heteroclinic connections in the
energy level h,.

We set v; = \/hy, vy = /«i" and ve = /h¢, where

212ws%e2V20

mw=———5——4mww.

In what follows we give an asymptotic formula to the output velocity vy of orbits with incoming
velocity v; ~ v.. We omit the dependence of v;, vy on w in order to simplify the notation. For
u > 0 sufficiently small, we have

v%:x{lzhﬂ —Ké‘
2 2wste2V20
- Q
272w8%e2V2
- Q
2 2wste2V20
- Q

(Gete) + 07 = (@) + 11 = Eui.2))?)
(E(u, &) 2us(e) + 1) —E(1, €)))

(et + O Cus(e) + 2 — co)p + O(u?)
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2n2w82e_2‘/§‘”

5 Qus(e)ce it + O(u?)).

2712a)52€_2‘/§w
UV — Ve = T,u.

v} =2vece (v — ve) + O((v; — ve)?).

Notice that

Thus

Finally, we obtain that

vf =v/2vcce /0 = ve + O((vi — ve)*?).
Theorem D follow directly from these facts.
5. Proof of Theorem 4.1

The strategy to prove the existence of W“ (py) and W] (p, ) when 8 # 0 (see (23)), is to look
for a parameterization N(‘)‘O(v) of Wi (p, ) as a perturbation of Np o(v).

As in the unperturbed case W (0, 0) is parameterized as a graph over X (see (26)), we look for
Ny as
0,0

Ny o) = (Xo(v), Zy(v), Ij(v), O (v)). (62)

Next lemma, which is straightforward, gives the equation Ny 5(v) has to satisfy to be invariant
by the flow of (23).

Lemma 5.1. The invariant manifold W§ (p, ), with § # 0, is parameterized by N(’)"O(v) if and
only if (I'g (v), O (v)) satisfy

dr , ) Zo(v) . $
%(v) —wil'(v) = ——==F(Xo(v)) + (~7 - 1) (wzF(v) - —F(Xo(v))) ,

V29 no(v, IT', ©) V2Q
de 8 Zy(v) . 8
E(U) +a)l®(v) = _EF(XO(U)) + <m — 1) (—wz@(v) — EF(XO(U)))> s

lim I'(v)= lim ®()=0,
v—>—00 v—>—00
(63)

where

no(v,I',®) =4 U(Xo(v))—LF(Xo( ))w wF(v)G(v), (64)
V2Q 2i

with Xg given in (26), U, F given in (8), and Z{(v) = 1o (v, T (v), ©F (v)).
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The term \/%F (Xo(v)) decays as 1/v as v — oo. To have integrability, we consider the
change of variables (36) to system (63). Then, (y', 6 ) satisfy

d

Sy —wiy =wiy(o@,y,0) = 1) - Q% (v),

j—ve + wif = —wif (o, ¥,0) — 1) + (%) (v), (65)
11111 y(v) = lilzl 6(v) =0,

where QU is given by (37) and

(42 (FXo) vo \
"0“’”’“—(”@(7@) S Zwr) (66)

To prove Theorem 4.1, it is sufficient to find a solution of (65).
Proposition 5.2. Fix v > 0. There exists o > 0 such that for 0 < ¢ < g, the equation (65) has

a solution (yy' (v), 6y (v)) defined in the domain Dy C C (see (31)) such that 6 (v) = v, (v), for
every v € D NR. Furthermore, both vy , 0 satisfy bounds (1) and (2) of Theorem 4.1.

We look for a fixed point (', 6y) of the operator

ga),O =Gy o Fo, (67)

where
v
/ewi(v_r)y(r)dr
Gu(y,0)(v)=| T ; (68)
e~ dr

@iy @0, y(0),00)) — 1) — (0% ()
Foly, 0)(v) = (—wie(v)mo(v, y(0).6(v) — 1)+ (QO)’(v)> ’ (69)

and QO, no are given in (37) and (66), respectively.
5.1. Banach spaces and technical lemmas
In this section, we introduce a Banach space which will be used to find a fixed point of G,, o.

Consider the complex domain D¥ given in (31). For each analytic function f : D} — C,
v >0, a >0, we consider:

Iflow=" sup PO+  sup QP+ f ). (70)
veD¢N{Re(v)=—v} veD!N{Re(v)>—v}



3312 O.M.L. Gomide et al. / J. Differential Equations 269 (2020) 3282-3346

For any v > 0, and o > 0 fixed, the function space

X ={f: Di — C; f is an analytic function such that, || flls,, < 00} 71)

is a Banach space with respect to the norm || - || v-
We also consider the product space

Xy, = {(f, g) € Xov X Xov; g(v) = f(v) forevery v e D mR} ,
endowed with the norm

G My = 1 Nl + 18 ller,v-

Proposition 5.3. Given v > 0, o > 0 fixed, and (f, g) € Xiv, we have that G, (f, g) € X‘f’v.
Furthermore, there exists a constant M > 0 independent of € such that

M
”gw(fv g)”a,v = Z ”(fs g)”a,v 5

forevery (f,8) € Xiv.
The proof of Proposition 5.3 follows from [12].

Proposition 5.4. Let ng be the function given in (66), and Fo given in (69). Given v > 0 and
K > 0, there exist g > 0 and M > 0 such that:
8
For 0 <& <eq and (y;,0;) € Bo(R) C X22U where R = K—2 and j = 1,2, the following
’ 10}
statements hold for v € D.

(D) [no(v, yj(©),0;() — 1| < Ms?;
(2) o, y1(v), 61 (v)) — no(v, y2(v), B2(V))| < M| (y1,61) — (v2,02) 12,05
(3) Foly;,0) € va,‘

@ 1Fo(r1.00) — Fo(r2, 02, < M%) (y1,601) — (72,02 12,0-
Proof. Replacing the expressions of F, Xo and Z( given in (8) and (26) in (66), we obtain

—1/2

2 2
-+ 2)a)%9> ) (72)

v
4Qw v2 +2

no(v,y,0)= <1 +

Taking y, 6 € By(R), the first statement of the proposition comes from the following inequalities

2

52 v2 (2+2) y0 <M5 if Re(v) <
— — (v w— —, if Re(v) < —v,
4Qw v2 +2 8|7 w -

<M$s?, if Re(v) > —v.

‘ 82 92

2 yo
2 _ Nl
4Qw v2 +2 " +2e 8
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We observe that

[0(v, ¥1,01) — (v, y2,02)] < Mo|(v* +2)y1 ()]161(v) — O2(v)]

(73)
+ Mo|(v? +2)6: )|y (v) — y2(V)]
Thus, if Re(v) < —v, then
2
ve 42| [|6) — 6all2, 3
(0 + D7 O @) — 60)| = R > ‘ T SM 0 =0l (79
whereas, if Re(v) > —v,
)
(7 + 271 — )| <M 16 = ol (75)

Recalling that w = Q/4/¢ and joining (74) and (75), we obtain that estimate (75) holds in D¥.
The other term in (73) is bounded in an analogous way. Thus, statement (2) holds.

If (y;,0;) € Xzz,w then no(v, y;,0;) € R, for each v € D N R, thus, it is clear that
Fo(yj.0)) € Xiv. Finally, for v € D{,

71 0 Fo(y1, 1) (v) =71 0 Fo(ya, 02) (0)|= @ ly1 () (o (v, y1,01) — 1) — y2 () (0 (v, y2, 62) — 1)
< M8 (é + 1) ol V) — )]
+M8w?||(y1,01) — (72,02 2,012(V) .

Therefore,

1
71 0 Fo(y1,601) — 71 0 Fo(ya, )l < M8? <5 + 1) ollyr —»2ll2.v

+ MRS ||(y1,61) — (12, 62) |2,
<M8*w||(y1,61) — (y2,02) 2.

We can prove the same bound for the second coordinate of ¢ analogously. O

Proposition 5.5. Consider the operator G, 0 = G, o Fo, where G, and Fo are given in (68) and
(69). Given v > 0, there exists a constant M > 0 independent of e, such that

8
16000.0)], = M.

Proof. Recall that Fy(0,0) = (—(Q%(v), (Q°)'(v)), where Q° is given by (37). Thus
71 0 Fo(0,0)(v) = m3 o Fo(0, 0)(v), for each v € DY NR and

8
Fo(0,0)]l2,, =2——==1F(X0)'ll2,»-
700, O) 2, wmll (Xo)ll2.v
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A straightforward computation shows that

22002 = 2)

FXow) = =7

Then,
[V F(Xo))| <M,  for Re(v) < —v,
(V2 +2)2F(Xo())| < M[v> +2| < M, for Re(v) > —v.
The result follows directly from these bounds and Proposition 5.3. O
5.2. The fixed point argument
Finally, we prove the existence of a fixed point of G,, o.

Proposition 5.6. Given v > 0 fixed. There exists gg > 0 such that for ¢ < g, the operator G, o
has a fixed point (yy, 6) in Xzzv. Furthermore, there exists a constant M > 0 independent of ¢
such that

K <M 6
”(V()s ())||2,v_ E

Proof. From Proposition 5.5, there exists a constant | > 0 independent of /& and & such that

by §
||gw,0(0» 0) ”2", = s
Given (y1,61), (y2,602) € Bo(blﬁ/a)z) C Xzzv, we can use Propositions 5.3, 5.4 (with K = by)
and the linearity of the operator G, to see that

M
|Gw.0(1.01) — Gu0(v2. 62) ”2,1} = I Fo(yi, 01) — Folyz, 02) 2,
< M8 (11,61 — (72,60 l2,0-

Thus, choosing g¢ sufficiently small, we have that Lip(G,.0) < 1/2. Also, it follows that
71 0 Gy, 0(y,0)(v) =m0 Gy 0(y, 0)(v), foreach v e DY NR and (y,0) € Bo(b18/w?).

Therefore G, ¢ sends the ball Bo(b18/w?) into itself and it is a contraction. Thus, it has a
unique fixed point (y¥, 04) € Bo(b18/w?). O

Proposition 5.2 is a consequence of Proposition 5.6.
6. Proof of Theorem 4.7
6.1. The difference map

In Proposition 5.6, we have found complex functions I't = Q° + Yo and ©f = 0%+ 05
defined in the complex domains D}, respectively, such that,

N§o(v) = (Xo(v), Z§(v), Ij(v), ©5(v)),



O.M.L. Gomide et al. / J. Differential Equations 269 (2020) 3282-3346 3315

are parameterizations of Wy ( p(j)F ) of (23). Both (I'y;, ®p) and (I, ®;)) are defined in the complex
domain

D, =D'ND?. (76)

Note that 0 € Z, := D, N R. To prove that the heteroclinic connection between p, and par of
(23) is broken for ¢ > 0 sufficiently small, it is sufficient to show that

|NG o) = NG o)| = | (TG, O (v) — (T, O (v)| > 0, (77)

for some v € Z,. To this end, we study the difference map

Uiy) — TS U oS
s = (o Zehon) = (o~ ) ®
where ()/6’, 96), * = u, s, are given by Proposition 5.6.
Proposition 6.1. The difference map A satisfies the differential equation:
AE = ANE + B(v)AE, (79)
where
A= ) maso=(0) it): @0
and there exists a constant M independent of €, such that for v € D,
bjx)| < Mws®,  jk=1,2. (81)
Proof. Recall that both ()", 6;"*) satisfy (65) and therefore
<§;3g>=fM%m,
where Fg is given in (69). Therefore A satisfies
AE' = AAE + G(v), (82)

where G(v) = g(v, ¥y (v), 0y (v)) — g(v, ¥5 (v), 65 (v)), with

iwzi(mo(v, z1,22) — 1) )

—iwza(no(v,z1,22) — 1)

g(U»Zl»ZZ):(

Notice that G(v) is a known function, since (y,"*,6,"") are given by Proposition 5.6. We
apply the Integral Mean Value Theorem to obtain
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bi1(v) bia(v w—ys
s —soogap= (i) p20)- (W) e

where b; ;. are analytic functions, j, k =1, 2. Estimate (81) follows from Propositions 5.4 and
56. O

6.2. Exponentially small splitting of W' (py ) and W ( pa' )

We study the solutions of (79). Notice that, if B = 0, then any analytic solution of (79) which
is bounded in D; is exponentially small with respect to ¢ for real values v € Z;. In this section,
we follow ideas from [3] to prove that the same holds for solutions of the full equation (79) using
that B (given in (80)) is small for ¢ small enough.

We are interested in obtaining an asymptotic expression for A& given in (78). From Proposi-
tion 5.6, we have that (", 6;"") is obtained as a fixed point of QZ)B Thus, the difference map
can be expressed as

Therefore, as ", 6" are small, it suggests that the dominant part of A& should be given by
M= g;gyo(o, 0) — QZ’O(O, 0). For this reason, we decompose

AE =M+ AEy, (84)

where M = (M, Mg) is given by the Melnikov integrals

o
, o 28022 :
Mrv) =ie'®” / e r _ B2 dr =cle'”,
wV/Qr? +2)2
—00
[ 25022 >
Mo ) =—ie™"" / err B =2 dr =ce™"",
oV Q(r2 +2)2
and A& = (AL, A).
A straightforward computation proves the following lemma.
Lemma 6.2. The constants c(l) and cg are given by
27é -
c(l) =—i Le_ﬁ“’, and cg = C(l)' (86)

NGs)

Theorem 4.7 is equivalent to the following theorem. The remainder of Section 6.2 is devoted
to prove it.

Theorem 6.3. There exists g > 0 sufficiently small such that forve I, CR, 0 < ¢ < g,

AE(W) = M)+ O (wa%—ﬁw) , (87)
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where M = (Mr, Mg) is the Melnikov vector defined in (85).

6.2.1. A fixed point argument for the error A§;
We write A& in (84) as solution of a fixed point equation in the functional space

Ez{f:Dg—MCZ; f is analytic and ||f||g<oo}, (88)
where
2
Iflle=)" sup |0* +2)%7j 0 f (V). (89)
veD,

Jj=1
We also consider the linear operator ¢ given by

v

et [ ) - gr
Ho(g)(v) = v : (90)
e"“i“/ei‘“rnz(B(r) -g(r)dr

Uk

where v* = —(v/2 — J/€)i and B is the matrix given (80).
Using (81), the operator Hg is well-defined from &; to itself. To simplify the notation, we

introduce the function
k eika
Ik k) (v) = e (,;) = (e_m,iz) : o1

where k; € C, j =1,2, v e D, and A is the matrix given by (80). Notice that M(v) =
1Y, D).

Lemma 6.4. The difference map A& belongs to &, and ||A& || g < Me. Furthermore, there exist
(c1, ¢2) € C? such that:

A& (v) = I(c1 — ¢}, c2 — D) + Ho(AEN (V) + Ho (M) (v), 92)
and |cj — C9| < M83e_ﬁ“’, j=1,2, where M is a constant independent of ¢.

Proof. Since (y,"*,6,") € X22 ,» itis clear to see that A§ € & . In addition, from Proposition 5.6,

8
IA&lle <2010 s 00D 2,0 + (g 09D l12,0) < M=

where M is a constant independent of ¢.
Since A£ is a solution of (79), the method of variation of parameters implies that, given
v1, V2 € Dg, there exist ¢j, ¢ € C such that
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e +ewi”fe_iwrﬂ1 (B(r) - A&(r))dr
AE(v) = "y : ©3)
=iy 4 om0 / Sy (B(r) - AE(P)dr

v2

We take vj = v*, vy = v¥, with v* = —(v/2 — \/€)i. Thus,

A& (v) = I(c1, 2)(v) + Ho(AE)(v).

Using that A& = M + A&, M(v) = I(c(l), cg)(v) and H is linear,

AEL () =1 (c1 — ¢V, ea — D () + Ho(AED) (v) + Ho (M) (v).

Now, we bound |c; — c?l, Jj =1,2. By (84) and Proposition 5.6,

IAE 2,0 = | A& — M2,y
= 1 0 — (5, 0) — (G 5(0,0) = G5 (0, 0)) 2.,
= 11G" o (', 6 — G (0, 0) — (G5 0(¥3-63) — G2, 6(0, 0D 12,
< MBI 0 o + 15 6 12.0)
83
=M.

Thus,

3

8 .
|77} (A& (v))] < Mm < M8>3, foreachveD,, j=1,2.

In particular, replacing v = v* in the first component of (92), we obtain that
16”7 () — )| < M83 & o) — 0] < M83e?Vee V20 < o536V,

Analogously, taking v = v* in the second component of (92), we obtain that |cy — c(2)| <
2M§3eV2. o

6.2.2. Exponential smallness of A&
Consider the function space

Z={f:D; — C? fisanalyticand || f||z < 400}, (94)

where

ew(ﬁ—\lm(v)l)nj o f(v)]. 95)

2
Ifllz=">_ sup

=1 veD,
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In order to prove Theorem 6.3, it is enough to check that A& belongs to Z and that ||A& ||z <
Mws3. Our strategy to achieve these results is to prove that both 7 (¢ — c(l), ) — cg) and Ho(M)
belong to Z and that the operator Id — H, is invertible in Z.

Lemma 6.5. There exists ey > 0, such that the linear operator 1d — Hy is invertible in Z for
e < 9. Furthermore, there exists M > 0 independent of ¢ such that |Holl z < Mw8* and hence

I(0d —Ho) 'z < A = 1Hollz) ™' <14+ Mws?. (96)

Proof. Since Hy is a linear operator, to prove this lemma, it is sufficient to show that || Hyl|| z <
Mws? < 1.

Let i € Z and denote by M any constant independent of ¢. Using (81) and (95), we have that
forve Deand j =1, 2,

2
71 (B) - h) < Y bk )i (h(v)] < Mewd?e™ 2@ i 7.
k=1

Thus

e 2D 7y (340 () ()] = [V / eI ImOD gy (B(r) - (r)dr

v*

v
SMQ)(SZe—«/Ewe«/Ew”h”Z/‘e—iw(r—v—illm(v)l) L@ g,

v

v
< Mw(gZ”h”Z/ew(lm(r)-i-lIm(f)l—lm(v)—llm(v)l)dr‘

v*
Since Im(v*) < Im(r) < Im(v), we have that Im(r) 4+ | Im(r)| — Im(v) — | Im(v)| <0, then

v

/ @ ImE)+ () =Im@) = @)D 7| < pf.

v*
Analogously, we have that
e V2D ) (o () (v))] < Meo? ] 2,

and thus |Ho(h)|| z < Mws?||h| z. Since, ||Hollz < 1, for & sufficiently small, the linear opera-
tor Id — H is invertible and satisfies (96). O

Now, recall that M =1 (c(l), cg), where [ is given by (91) and c(l), cg are given by (86). More-
over, from Lemma 6.4, we have that
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(Id — Ho) A& = I (c1 — Y, ca — Q)+ Ho(I (<, D). (97)

Since Id — Hy is invertible in Z, it only remains to show that / (c; — c?, c)— cg) and [ (c(l), cg)

belong to Z.
Lemma 6.6. Given ki, ky € C, then the function I given in (91) satisfies
1K1kl z < Me¥> (k| + [Kal), (98)
where M is a constant independent of ¢.
To prove Lemma 6.6 it is enough to recall the definitions of || - || z in (95) and [ in (91).

Lemma 6.7. The error vector A&y given in (84) belongs to Z and it is determined by
Ag = (d—Ho) ™ (Iter =} c2 = ) + (4 = Ho) ™! (Ho(M)). (99)
Furthermore, there exists a constant M > 0 independent of ¢ such that
A&z < Mws. (100)

Proof. From Lemmas 6.4 and 6.2, we have that |c; — C?| < M83e_f2“’, and |c?| < Mée_ﬁ“’,

j = 1,2. Therefore, it follows from Lemma 6.6 that I(c; — c?,cz — cg) € Z,and M =
1 (c(l), cg) € Z. Furthermore

1 (c1 — ¢, e — Dz < M8 and | M| z < M.

As Id — Hg is invertible in Z by Lemma 6.5, formula (99) is equivalent to (92). Therefore,
A&| € Z and, using again Lemma 6.5,

1Az < 10d = Ho) Iz (111 = ¢ 2 = Dllz + [HoM)Ilz)

< M8+ M|[Hol zIIM|lz

< Mws®. O

Proof of Theorem 6.3. Finally, we prove that A& is exponentially small and we obtain an
asymptotic formula for A&. From (100) and the definition of the norm (95), we have

12 V2D 7 6 AZ| (v)] < Ma§®, for veD,, and j=1,2. (101)

In particular, if v € Z, = D, N R, |A&(v)| < Ma)53e_‘/§“’, for j = 1,2. The result follows
directly from this bound and (84). O
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7. Proof of Theorem 4.3

In this section we look for parameterizations of the invariant manifolds W,/ (A;") of the peri-
odic orbits A, of the form

N (0, 7) = (Xo(v), Zo(w) + Z, (v, 7), Th (1) + Tl 4 (v, 7), O4(1) + O, (v, 7)), (102)
where Zo, I'y, ®j, are given in (26) and (29), as a perturbation of Ny » (v, T) (see (28)).
Lemma 7.1. The invariant manifold Wg' (A;"), with § # 0, can be parameterized by N(’)‘, p (0, T)

in (102) if (Zy 5, (v, 7), I, (v, T), O ;, (v, 7)) satisfy the following system of partial differential
equations

WZ + wd Z + Zo) =— z 0Z — ) F’(Xo(v))ﬂ
Zo(v) Zo(v) V2Q 2i
- \/%F/(Xo(v))w,
o'+ wo, I'= —iavr 4+ wil — LF(X()(U)),
Zop(v) V2Q
0,0 + wd; O = —L8U® —wi® — LF(Xo(v)),
Zo(v) V2Q
lim Z(v,7)= lim I'(v,t)= lim O(v,t)=0, foreacht €0, 2],
V—>—00 V—>—00 vV—>—00

(103)

and 2§ ,,, 1'g ,» ©g ;, are 2w -periodic in the variable t.

In contrast to the 1-dimensional case, for technical reasons, we do not use that H(W'(A})) =
h to obtain Z = Z(X, I', ®). Thus, we deal with the problem in dimension 3.

As in the 1-dimensional case (63), if we set Z =1 = ® = 0, the right-hand side of (103)
decays as 1/|v| as v — —oo. To have quadratic decay as |v| — oo to have integrability, we
perform with the change (39) to system (103). Then, (zg, n yo'f n 9(’)‘, ) satisfy

Zyw) 2+ Zoa(, D), 9Zoa(v,T)
MO 2 T T T T T 2w
~ 2 Pt =2
N %
e @Y 2+ Zow(v, ) (104)
Oy +wdry —wiy = f, (v, ) Zo@) z Zo) VY
o Q') z+Zow(v. D)
0wl + @00 + wib = — fr (v, T) + Zo@) z Zo) 0,0,

lim z(v,7)= lim y(v,t)= lim 6(v,7)=0,
v—>—00 v—>—00 v—>—00

where
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. 1) = — 8y Zop(v. 7) — ZEZ; Zon (v, 7)
s, 0°w)  Zon(w,1)dyZop(v, )
——F (X - — : , 105
S5a o= o (105)
Z0.n (v, T)(Q% (v)

A, t)=— (0% (v) -

s

Zp(v)

and QO, Zo,, are given by (37), (40), respectively.
We consider equation (104) with (v, ) € D¥ x T, (see (33) and (34)), and asymptotic con-

ditions lim z(v,7)=_lim y@,7)=_lim 6O(v,t)=0,forevery r € T,.
Re(v)——o00 Re(v)——00 Re(v)——o0

Proposition 7.2. Fix 0 > 0 and ho > 0. There exists o > 0 sufficiently small such that for 0 <

& < &g and 0 < h < hy, equation (104) has a solution (2§ ,,, vy ,» 0 ,) defined in D" x Ty such
that 7 ,, is real-analytic, vy ;,, 6 , are analytic, 6y , (v, ) =y, (v, T) for each (v, T) € R2, and

lim z¢,(v,7)= lim Y (v,t)= lim 6%, (v,7)=0,
Re(v)—>—o0 O’h( ) Re(v)—)—ooy()’h( ) Re(v)—>—o0 O’h( )

for every T € Ty. Furthermore, (zg’ n 7/6" 1> 00.5) satisfy the bounds in (41).

We devote the rest of this section to prove Proposition 7.2. Equation (104) can be written as
the functional equation

[/a)(z, V79)=Ph(z7 V»9)7 (106)

where L, and P, are the operators

Z\(v)
0z 4+ Wiz + =27

_ Zp(v)
Ew(Z7 y,0) = 8U)/+waf]/—wl)/ s (107)

0,0 + w00 + wif

and
A 2+ Zon(w.r),  wZon 8, y—0
i, 1) 2o OUZ 0 Z \/EF (Xo(v)) 2
_ A @YW | 2+ Zon(w, 1)
o "(v 2+ Zon(v, T
ROt 7o T zowy

(108)
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7.1. Banach spaces and technical results

For analytic functions f : D* — C and g : D* x T, — C and « > 0, we define

I flle = sup |(v* +2)*% f(v)],

veDH

lglao =D g™ e,

keZ

(109)

where g(v, 7) = Zg[k](v)e””.
keZ

Remark 7.3. Notice that there exists a constant d > 0 independent of ¢ such that the distance
between each v € D" (given in (33)) and the poles +i/2 of No »(v, T) (given in (28)) is greater
than d. The weight |v? 4 2|%/2 in the norm || - ||, is chosen to control the behavior as Re v — —o0
and to have it well-defined for v =0 € D". In fact, at infinity this norm is equivalent to the norm
with weight |v[“.

We also define

[[gﬂa,a =max{||glle.o> 10:&llo,o> 10vglla+1,0}s (110)

and the Banach spaces

Xou.o ={g: D" x Ty — C is an analytic function, such that ||g|ls.c < 00},

Yoo ={g: D" x Ty — C is an analytic function, such that [g]s.s < 00}.

Consider the product spaces

XS’G = [(f, g, h) e Xyo X Xyo X Xyo; [ isreal-analytic, g(v, 7) = h(v, 1),
foreveryve DY NR, t GT},
Vio ={(:8.1) € Vo X Vo x Vuo: f is real-analytic, g(v, 7) = h(v, 7),
foreveryve D*NR, 7 € T},
endowed with the norms
1(f, 8 Mllao =11 fllayo + Iglla,o + IAllas,
[(f. 8 W]ao = [flao + [gla.o + [M]ao,

respectively. We present some properties of the norm || - ||4,s, Which are proven in [2].

Lemma 7.4. Given real-analytic functions f : C — C, g, h: D" x T, — C, the following state-
ments hold



3324 O.M.L. Gomide et al. / J. Differential Equations 269 (2020) 3282-3346
(D) Ifa1 = a2 =0, then

Ihllaz,o =< NAlley,o-

() Ifar, 2= 0, and ||gllay.o 1R llaz.0 < 00, then

”gh”al—i-az,a =< ”g”a],o ”h”az,o-

3) IflIiglla.ss 1nlle.s < Ro/4, where Ry is the convergence ratio of f' at 0, then

1£(&) = fMllao =Mlg —hllas-

7.2. The operators L, and G,

Let f, g, and h be analytic functions defined in D* x T,. We define

v .
ewtk(r—v) ZO (r)

[k] _ [k]
FH(f)(w) —/ o
M) (v) = f et k== oK () g, (111)

v
H[k](h)(v)z/ewi(k+l)(r_v)h[k](r)dr,

—0o0

and consider the linear operator G, given by

Y FHH e

k
Golf.a )= | 2_GM@We™ | (112)
k
ZH[](] (h)(v)eikf
k

Lemma 7.5. Fix @ > 1 and o > 0, the operator
gw : X(3+1,0’ - yg,o’
given in (112) is well-defined and the following statements hold:
(1) G, is an inverse of the operator L, : ygﬁ — XSH o given in (107), i.e. Gy 0 Loy =Ly 0

Go =1d;
Q) [Gu(f. & W]ao <MII(f. g M lat1,07

3) I £ = gl = 41=1 =0, then [Go(f. g M) ]as < %[[(f, ¢ )]s



O.M.L. Gomide et al. / J. Differential Equations 269 (2020) 3282-3346 3325

The proof of Lemma 7.5 can be found in [2].
To find a solution of (104), it is sufficient to find a fixed point of the operator

Gwn = Gwo Pr, (113)
where G, is given by (112) and Py, is given by (108).
7.3. The operator Py,
We show some properties of the operator Pj, defined in (108).

Lemma 7.6. Fix o > 0, hg > 0. For 0 < h < hg, the operator Py, defined in (108) satisfies
8
1Pr(0,0,0) 2, < MZ'

Proof. Notice that P, (0,0,0) = (flh, fzh, —fzh), where flh and f2h are given by (105), and in-
volve the functions F'(Xo), Zo, Z|, 0°, Q0> Zo,i» 3 Zo,in- By (8), (26), (37) and (40), we can
see that

I}
10%1.6, Q% ll2,6 < M-,

v/ h
| Zow |l 5+ 180 Zo,nll2,0 < Mw%;

1Zoll1,05 1 Zgll2,0, I1F' (X0 11,6 < M.

It follows from these bounds and Lemma 7.4 that

sv/h 8% &2 sJh 82
IIfflllz,anmaX! Vh — —h}:Mmax!i —},

@32 o’ W3 w32
" s &2 s
”fz ||2,a§MmaX _’?/Zﬁ =M—. O
w W 1)
Lemma 7.7. Fixo > 0, hg > 0and K > 0. If 0 < h < hg, the operator
Phidie— X3y
is well defined. Moreover, given (z;,y},0;) € Bo(K§/w) C yig, j=12,

8
IPrz1, y1,01) — Pr(z2, 2,020 =< M (5 + mﬂ) (11,00 = (22, v2, 0] 5 »

(114)
where M is a constant independent of ¢ and h.
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Proof. It is straightforward to see that P, is well defined. Denote ’P}{ = o Py. We show the
bound of the difference for Phl and 73,%, since the bound of 77,3 can be obtained in exactly the

same way as Pi.
Notice that

Plr.y1.00) — Pz, v, 02) = — \/%F'(Xo(v)) n-w o)
VLY (@1 —22) — Bz o
Zy(v) Zo(v)
~a+Zon(, 1)

0vZ1 — 0y22).
Zoy (a1 )

Using the bounds contained in the proof of Lemma 7.6 and that Z is lower bounded in D” by a
positive constant independent of ¢, one can see that

1)
”Pﬁ(m, Y1,61) — Pi (22, 1/2,92)H2(r < M max {3, m«/ﬁ} [(z1, v1,601) — (22,72, 02)] 1 4 -

Now,
> e _ Wy o a-n
Py (z1, 1, 01) — P (22, 2, 02) = Zo@) (z1 —22) — 12 0
21+ Zow(v, 1)

d —0 ,
Zo(v) (0vy1 vY2)

which, proceeding analogously,

5 8
Hpﬁ(m,yl,@l)—P;f(zz,yz,Gz)HZUSMmaX{ mﬁ}[[(Zlvyl,el)_(ZZsV2792)]]1,0'

a)?
O

7.4. The fixed point theorem

Now, we write Proposition 7.2 in terms of Banach spaces and we prove it through a fixed point
argument applied to the operator G, ; given by (113).

Proposition 7.8. Fix 0 > 0 and hg > 0. There exists ey > 0 such that for 0 < ¢ < &g, the operator

Ew,h in (113) has a fixed point (zg " )/(;‘h, Gé‘h) € yfg. Furthermore, there exists a constant
M > 0 independent of € and h such that

8
II(Z(L;,}'N y&hv Q(Iih)ﬂl,o' = M;

Proof. From Lemmas 7.5 and 7.6, there exists a constant b > 0 independent of ¢ and / such
that
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G by 8
[Ge,n(0,0,0)]1,6 < M|Pr(0,0,0)]l2,6 < ?2;.

Consider the operator @,,,h =Gy o Py : Bo(b28/w) C V1,6 — V1,0 Notice that Lemmas 7.5 and
7.7 imply that it is well defined in these spaces.

To show that ?w,h sends By(by8/w) into itself, consider K = b, in Lemma 7.7 and
(zj,vj,0)) € Bo(b28/w), j=1,2. It follows from Lemmas 7.5, 7.7 and the fact that G, is a
linear operator that

[Gon(z1, 11,00 — Gon(z2, v2.0)] 1.6 < M |Pa(z1. v1.61) — Pr(z2, 2,02 l2.6
<M§[(z1,71,01) — (22, v2,00)] 5 -

Choosing g sufficiently small such that Lip@w,h) <1/2, ?w,h sends By(b28/w) into itself
and it is a contraction. Thus, it has a unique fixed point (zgﬁ e y& n 96‘, ) €Bo(h8/w). O

8. Proof of Theorem 4.5

The strategy used to prove Theorem 4.5 is analogous to the one of Theorem 4.1 taking into
account that all the expressions appearing become singular as 7 — 0. We write

N} o) = (X3 (0), ZL o), T (1), Ol (). (115)

Lemma 8.1. Given h > 0, the invariant manifold W' (p, ), with § # O, is parameterized by
Ny o) if and only if (I} ((v), O o(v)) satisfy

dr V4 F)
%(v) = _ 2@ (wiF(v) - —F(Xh(v))> ,

I, T,0) V29
e __Zn@ o oo _ S (116)
V=T ®)< wiO(v) mF(Xh(v»)),
lim T(v)=_lim ©@)=0,

and

~ 8 'v)—0
(v, T, ©) =4\/h —UXp(v) — EF(Xh(v))w - %F(v)(a(v),

with Xy, given in (26), U, F given in (8), and ZZ’O(U) =15 (v, FZ’O(U), O} ().

As in Section 5, we compute an explicit term of (FZ’O, ®Z,0)‘ Thus, the solution of (116) can
be written as (42) and (y;l" 0’ 9}‘1{0) satisfy
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d
Sy =iy =oiy (@, y,0) = 1) - " (),

d
dv

lim y(w)= lim 6(v)=0,
V—>—00 V—>—00

0 + wif = —wif (N (v, 7,0) — 1) + (0" (v), 17)

where Qh is given in (43) and
—-1/2

B 48% (F(Xp())\* y6
nn(v,y,0) = (1+Q_a) <T(U)> —8a)(zh(—v))2 . (118)

We prove Theorem 4.5 by finding a solution of (117) in the next proposition.

Proposition 8.2. There exists ¢y > 0 and hg > 0 such that for 0 < h < hg and 0 < ¢ < gy, equa-
tion (117) has a solution (y;f,o(v), 9;1”0(1))) defined in D" (see (33)) such that 8}':,0(1)) = y}';o(v)
for every v € R. Furthermore, (v}, 0} o) satisfy the bound (44).

To prove Proposition 8.2, it is sufficient to find a fixed point (V;?,o’ 0;:’0) of the operator

Gow,h =Yw o Fi, (119)

where G, is given in (68) and

wiy ),y ©),0() — 1) — (Q") (v)
fh<y,0><v>=< _ o) (120)
—wif (V) (np (v, Y (v),0()) — 1) + (0") (v)
and Qh, ny, are given in (43) and (118), respectively.
The rest of this section is devoted to find a fixed point of (119).
8.1. Banach spaces and technical lemmas
By (8), (27) and (43)
2+4+h
28i JE sinh(vv/h/2)
Q") = —% ! (121)

2@ | 1+ Zsinh?(vv/h/2)
which has poles at

£ .2 . h
il =i 8j17m + arcsin TTh +2km |, (122)

where §; 1 is the delta of Kronecker, j =0, 1 and k € Z. All these singularities are contained in
the imaginary axis and satisfy
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: 2
s;f}(] =i (ifer Oh) + 7 (81 + 2k7r)> )

Thus, for £ sufficiently small ‘shi’}(j‘ > 3«/5/4, j=0,land k € Z.

Therefore, we can consider the same domain D" in (33). It satisfies the following property,
whose proof is straightforward.

Lemma 8.3. [f v € D" is such that |Re(v)| > xo, for some xo > 0, then

xo+1
[Tm(v)| < | Re(v)].
X0
For « > 0, we consider the Banach space
Xy = {f : D% — C; fisanalytic and || ||, < oo}, (123)
endowed with the norm
I flle = sup [(W*+2)**f ()], (124)

veDH

and the product space
X(f = [(f, g) € Xy x Xy; g(v) = f(v) forevery v € IR] ,

endowed with the norm || (f, g)lle = || fll« + llglle- Remark 7.3 and Lemma 7.4 also apply to
I lla-

Lemma 8.4. Given 0 < hg < 1, there exists a constant M* > 0 such that, for each v € D" and
0 < h <hy,

sinh(vvh/2)| > M*Vhv|, cosh(vvh/2)| > M*.
The following Lemma is proved in [1].
Lemma 8.5. Let 1/2 < 8 < /4 be fixed. The following statements hold
(1) There exists By > O sufficiently small such that D" C D"(By), where
D*(Bo) = [v € C; |Im(v)| < — tan(B + Bo) Re(v) + 2\6/3} .
(2) Givena >0, if f: D*(Bo) — C is a real-analytic function such that

me(f)= sup |2 +2)?f(v)| < o0,
veD"(By)

then, for any n € N
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1f D llgn < Mmg (f).

In the remaining of this paper, all the Landau symbols O(f (v, &, €)) denote a function de-
pendent on v, i and ¢ such that there exists a constant M > 0 independent of & and ¢ such that
|O(f (v, h, )| < M| f(v,h,e)|, for every (v, h, &) in the domain considered.

Lemma 8.6. There exist ho € (0, 1) and a constant M > 0 such that, for v € D" and 0 < h < hy,

M) 1F(Xp)] =

»

lVv? +2|
Q) [F(Xp(v)' < M
where Xy, given in (27) and F (X) in (8).

Proof. By (43) and (121), we have that

h 1 !
F(Xp(v) =-2
(Xn(v)) /2: sinh(v/h/2)

h_ 1
1+ 2+4h sinh? (v /2)

Then, Lemma 8.4 implies

1 1
Vhvl

|F(Xp()| <M p 1 .
‘1 1 2% Sl ‘

Notice that

h 1 h 1
+ 2 1 - )
’ 2+h sinhZ(vﬁ/z)‘ 2+h sinh2(vﬁ/2)’
and, by Lemma 8.4,
h 1 ‘ __h 1 - 1
2+ h sinh®(vv/R/2) | = 24+ h (M*)2h|v|? ~ 2(M*)?|v]?

Thus, for |v| > (M*)~!,

’ h ! > 1/2. (125)

+
2+ h sinh®(vv/h/2)

We also know that, if |v| > (M*)~!, |v/v2 + 2| < /14 2M*|v|. Hence

2
(/o2 +2) F(Xn ()] < M'—‘”'v'”' M
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Now, assume that [v| < (M*)~!. Hence |vv/h /2| < M and expanding sinh(z) at 0 we obtain

VEE (ovh/2+ 00320
1+ 1 (hv?2/4 + O(h2v%))

_2«/2 +h(v/2+ O(h))
14022400

F(Xp(v)) =-2

Since v € D", we have that there exists M > 0 such that

114+ 0224+ OM)| = |1 +v%/2| — Oh) = M — O(h).

Therefore, for 4 > 0 sufficiently small, we have that |F (X, (v))| < M, for |v| < (M*~!, and
since |+/v2 + 2| is inferiorly and superiorly bounded by nonzero constants in this domain, we
have that

(V2 +2)F(Xp)| <M for |v] <(MH)7".
This concludes the proof of the first item. One can obtain item 2 using Lemma 8.5. O

Lemma 8.7. Given 0 < hg < 1, there exists a constant M > 0 such that, for ve D" and 0 < h <
ho,

1 1
Z2(v) v2 42

<M

)

where Zy, in (27).
The proof is analogous to the one of Lemma 8.6.
8.2. The fixed point theorem

Now, we study the operator G,, ;, in order to find a fixed point in X22. Recall the definition
of Gy, = Gy o Fp, in (119), and notice that G,, is the same operator of the case # = 0. Thus,
Proposition 5.3 still holds for functions in the Banach space X22.

Proposition 8.8. Given (f,g) € X. 2 we have that Go(f,2) € XZZ. Furthermore, there exists a
constant M > 0 independent of ¢ such that

M
19 (f. @2 = - 18l

We proceed by studying the operator Fy, in (120).



3332 O.M.L. Gomide et al. / J. Differential Equations 269 (2020) 3282-3346

Proposition 8.9. There exists hg > 0, g9 > 0 and a constant M > 0 such that for, 0 < ¢ < gy and
0 < h <hy,

8

Proof. Notice that 7,(0,0) = (—(Qh)’(v), (Qh)'(v)) (see (43)), which implies

[ Fr(0,0)ll, =2 IFXn) 112

8
w29
Thus, it is enough to apply Lemma 8.6 and Proposition 8.8. O

Proposition 8.10. There exist ¢y > 0, ho > 0 and a constant M > 0 such that for 0 < & < g,
0<h<hgy:
8
Let ny, be given in (118) and take (y;j,6;) € Bo(R) C Xzz with j =1,2 and R = K_z’ where
w

K is a constant independent of h and ¢, the following statements hold.

82
(D) [n.yj(@).60;() — 1] < M;;

)
) Inn(u, y1(v), 01 (V) —np (v, Y2(v), B2 (V)] < M;”(Vl, 01) — (v2, 0)llos
3) 1IFa(y1,01) — Fn(r2. 02l < M| (y1,61) — (2, 02) |-

Proof. Lemmas 8.6 and 8.7 and the fact that (y, 6) € Bo(R) imply

82
5.

452 (F(Xh(v))>2 g Y

407 wr?
Qo \ Z,(v) (Zn(v))?

Thus, using (118), it follows that

82
< M—
T w

|77h(UaV,9)_1|§M s

452 (F(Xh(v)))2_8 y6

i Y0
Quw \ Z,(v) (Zn(v))?

and using also Lemma 8.7, we have

v161 — Y202
(Zn(v))?

161 — 65| 1 — 7l )
(Zh()2W2+2)|  [(Zn(v))?(v? +2)]

nn (v, y1,01) — np (v, ¥2,02)| < Mw

§MRa)(

8
= M=l(y1.01) = (v2,62)llo-

Finally, it follows from items (1) and (2) of this proposition and (120) that
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w1 o Fiu(y1,601) — 1 0 Fr(y2, 02|l <@ linp(v, y1,01) — Ll llvi — »2ll2
+olly2ll2 Inn, y1,61) — nn (v, y2,02)llo

)
<M8 |1 — yalla + MoR~[[(y1,61) = (12, 62) o

<M&| (71,61 = (2, 02)l2.
Analogously, we obtain the same inequality for the second component of F;,. O

Finally, we are able to prove Proposition 8.2 (and thus Theorem (4.5)) by a fixed point argu-
ment.

Proposition 8.11. There exist g > 0, hg > 0 and a constant M > 0 such that for 0 < h < hy and
& < &, the operator G, j, (given in (119)) has a fixed point ()/h”O, 9;; o) in X22 which satisfies

u u 8
||(Vh,0’ 9}1,0)”2 = M_z'
)
Proof. From Proposition 8.9, there exists a constant b3 > 0 independent of / and ¢ such that

by 8

Now, given (y1, 81) and (y», 62) in B@(bgb‘/w2), we can use Propositions 8.10 (with K = b3) and
8.8 and the linearity of the operator G, to see that

M
|Gw.n (71, 01) = G (v2.62) |, < ” | Fn (1, 61) — Fr(y2, 62,

82
< M;Il()’lﬂl) — (2, 02)2.

Choosing gq sufficiently small, we have that Lip(G, ») < 1/2. Therefore G, 5 sends the ball
Bo(b3é /a)2) into itself and it is a contraction. Thus, it has a unique fixed point (y;fo, 9;14 o) €

Bo(b38/w?). O

9. Proof of Theorem 4.6

. Kz), with 8 # 0. As in the previous sections,
of WY(A., ,,) as graphs

K1,K2

In this section we prove the existence of W (A

we look for parameterizations N, ,,

N/?I’;YKZ (Ua T) = (XKl (U)7 ZI(] (U) + Zz{sz (Us T)a FKZ (T) + F[léif[(z(v7 t)? ®K2 (T) + G)Zif/(z (U9 T))?
(126)
where X, Z,, are given in (26) and I'y,, ®,, are given in (29).

Following the same lines of Section 8 we have a characterization of N, ..
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Lemma91 Write Zy, ., (0, T)=Zy, 1, (v, T)+ 2, ,Q(v ), Ty, o, 0, D=0 () + ¥, (v, T),

K1,K2

O, 4, (v, T) = =01 (v) + 6, ., (v, T), where Q! is given by (43) and

L, (7) + O, (T)
2 9

F' (X, (v) 127)

8
V4 V,T)=
K],Kz( ) a)m

with Uy, Oy, given by (29). Then, N, ., (v, ), given in (126), with k1, k2 > 0 and k\ + k2 = h,
parameterizes W (A, .,) provided (Z, .\ V¢, xrs O, 1y) SALISY

82+ wdoz+ Zél(v>z_ any gy it Lan®@ D, hZaa®.1)
ZK1 (v) Z/q (v) ZK1 (v)

_ LF/(X (v))y;
m K1 2

K1,k (QKI)/(U) _ < + ZK],KQ(Uv 7) (128)
dyy +wdry —wiy =f, " (v,7) — Ze ) z Ze, (0) Ay,
. pKLLKD (0“1 (v) _ 2+ Ziy i, (v, T)
00 + w00 + wif =— f,7 (v, T) + Zo ) z Ze () 0,0,
1i111 z(v, 1) = lir_n y(v, 1) = liIP f(v,t)=0,
where
12 Z, (v) 5 0" (v)
S (v,T)Z—avZKI,Kz(v,T)—mle,n(l’,f) EF(XM(U))
Z/q,lcz (v, T)avzlﬂ,l(z (v, 7) ’ (129)
Zi, (v)
s Zen 0, D(Q) )
fr 1) == (0" (v) 0 )

We consider the equation (128) with (v,t) € D* x T, with the asymptotic conditions
lim z(v)= 1lim y@w)=_1lim 6()=0,foreveryteT,.
Re(v)—>—o0 Re(v)—>—o0

Re(v)—>—o0
Theorem (4.6) is a consequence of the following proposition.

Proposition 9.2. Fix o > 0. There exist ho > 0 and o > 0 sufficiently small such that for 0 <

e <e€y 0<h <hyand k1,3 > 0 with k1 + k2 = h, system (128) has an analytic solution
(ZZ] P Kl Kz) defined in D" x Ty (see (33) and (34)) such that 7" is real-analytic,
0, 1, (v, T) =¥, (v, T) for each (v, T) € D" x T, NR2 and

K1,K2

lim z; ., )= lm 4oy, 1) = hm v.7) =
Re(v)—>—00 KI’KZ( ) Re(v)—>—ooyK"K2( )= Re(v)— Kl ’Q( )=

for every T € T,. Furthermore, (Z“ ) satisfies the bounds in (46).

K1,K2° qu K2 K1 K2
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Equation (128) can be written as the functional equation

£a),l{1 (Zs %9)27)/(1,;(2(1, V’e)’ (130)

where £, (, and Py, ., are the functional operators given by

Z,, (v)
37 + wdrz + ZKl(u)Z
E ’ ’0 = K1 . , 131
w1 (2, Y, 0) Byy + iy — wiy (131)
0,0 + w00 4+ wib
and
z ) 07z ) -9
flKl’KZ(v’ T)— 2t (v, 1) vl — " Ly F/(X/q (U))y ;
Za@) O Za@) © V20 2i
Q') 2+ Ze (v, T)
Pt (2, v, 0)= 5w, - z— : iRy
k1,622 YV 2 ZK)]C(U/) Ze, () v
1 Z ,
—fH" v,t)-l-(Q )(v)Z_z—i— GEAC T)BUQ
Zi, (v) Zi, (v)

(132)
We show the existence of an inverse G,,' of £, , in the Banach spaces Xoi - and yg, . introduced
in Section 7.1.
Given analytic functions f, g, and & defined in D* x T, consider

v .
ewtk(rfv) ZK] (r)

[k] _
FR () = f e

—00

FM (rydr, (133)

and G¥l(g), HK1(h) given in (111). Then, we define the linear operator G,

S EM(H et
k

G (f.g.m = | 22GM @@e* | (134)
k

Z H[k] (h)(v)eik‘[
k

Lemma 9.3. Fix @ > 1 and o > 0. There exists K? > 0 sufficiently small, such that, for 0 < e < g
and 0 <k < K?, the operator

K1 . 33 3
ga)l . Xa+1,a - ya,zr
is well-defined and satisfies:

(1) Gg' is an inverse of the operator Lo, x, : yg’o - X3 iie. G oLy = Lox, 0Gw =1d;

a+1,0’



3336 O.M.L. Gomide et al. / J. Differential Equations 269 (2020) 3282-3346

©2) [9' (f. 8 M]ao < MI(f, g W llat1,05 y
< —

3) If f19 = g1 = pl=1 =0, then [G4' (f, g, M)]a,6 < —[(f. 8- W]eo.

where M is a constant independent of k1 and ¢.
The proof of the following lemma is analogous to that in Lemma 10.3 below.

Lemma 9.4. Let F, X, Zy, be given by (8) and (27). There exist /{? > 0 and a constant M > 0
such that, for ve D" and 0 < k1 < K?,

1) |F(X 7 < M ;
(D) |F (X (v)) |_m,
7, (v)

M
Za )|~ W2

<

@) ‘

Lemma 9.5. Fix 0 > 0 and K > 0. There exist g > 0 and ho > 0 sufficiently small such that,
for0 <e <egp, 0<h <hgand k1, k3 > 0 with k| + k2 = h, the operator Py, , : yig — Xia,
is well defined and there exists a constant M > 0 such that

8
||PK],K2(0’ Oa 0)”2,0’ S M;

Moreover, given (2, v;,0;) € Bo(K8/w) C yf)(,, j=12,

)
P12 21 v1,01) — Py ser (22, 12, 92)”2,0 <M (5 + mﬁ> [(z1, 1,01) — (22, ¥2,02)] 1 4 -
(135)

Proof. Recall that P, ,(0,0,0) = (f;"%, 3%, = f3""%), where f"*2, f;1"** are given in
(129), respectively, and involve the functions F'(Xy,), Zy /Zs;, O, (O, Zi, kys 30 Ziy 1y
which can be computed using the expressions in (8), (27), (37), and (40). By Lemmas 8.6, 8.7
and 9.4, we have

8
10 1.0, Q) 20 < M —

s
w

<M8\/6

” Z/q,/(z ” 1o’ ”aUZK],Kz ”2,0 = 32

1Z,/ Zi oo |1 F (XD 10 <M.

Therefore, using also Lemma 7.4, one has

b 5% 82 P 82
«/K—Z }:Mmax{ \/K—z —},

e < Mmax{ —%m, —, —k
”f] ”2,0'_ (,()3/2’61)7(,()3 2 (,()3/2’(,()

8

s 82
||f2K1’K2||2,cr meaX{;, m«/’fz} ZMZ-
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Thusa ||73K] ,K2 (07 05 0) ”2,(7 S M(S/Cl).
Following the lines of the proof of Lemma 7.7 one can complete the proof of Lemma 9.5. O

Now, we write Proposition 9.2 in terms of Banach spaces. Then, it can be proved in the same
way as Proposition 7.8 by considering the operator G, «, «, = Gl o Pt iz

Proposition 9.6. Fix o > 0. There exist ho > 0 and €g > 0 such that, for 0 <& <ep, 0 <h < hy
and k1, kp > 0 with k| + kp = h, the operator aw,,q,,(z =Gilo Pt @ with Gi' and Py 8lven
in (134) and (132), respectively, has a fixed point (z,’ﬁl’,(z, y,é‘l’,(z, 1 ,Q) € yl o+ Furthermore,
there exists a constant M > 0 independent of ¢, k1 and k3 such that

)
[y ka0 Vira Oy i) 10 < M—-
This completes the proof of Theorem 4.6.
10. Proof of Theorem 4.8

We compare the parameterizations of W (A, ) obtained in Sections 7, 8 and 9, respectively,

K1,K2
with the parameterization (62) of W (p,) obtained in Section 5.

10.1. Approximation of W' (A}) by W' (py)

We compare the parameterizations Né‘! , and N(')fo of Wi!(A}) and W} (p, ), obtained in The-
orems 4.3 and 4.1, respectively.

Proposition 10.1. Let 'y (v), O (v) and Ty 0., T), OH 0., (V. T) be given in (36) and (39), respec-
tively. Given hg > 0, there exists g > 0 and a constant M > 0, such that forve D*NR, t €T,
0<e<eggand 0 <h <hy,

8v/h

W32’

8v/h

032

|9 (TG, (v, T) — T

—T{w)| =M ——
(136)

8- (®f (v, T) — O

0n(0.T) —Of(v)| < M—

Proof. Considering 4 = 0 in Theorem 4.3, it follows that N(’{O(v, 7) is also a parameterization

of W/ (py ). Since W (p, ) is parameterized by both N(’)‘go(v) (from Theorem 4.1) and N(')"O(v, 7)
(from Theorem 4.3) and both have the same first coordinate, these parameterizations coincide.
Therefore yy', and 6, given in Theorem 4.3 with & = 0 depend only on the variable v and we
can write

Ti) = 0°(v) + 1§y (V).
Of(v) = —0°(v) + 64 o (v).

Based on these arguments, we can use Theorem 4.3 and Proposition 7.8 to see that
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(Fg,h(v, ) —T§(v) ) _ (V&‘h(v T) — V&o(v)>

@’&h(v, T) — Og(v) 0, (v, T) — (’)”O(v)

where (zg’o, y&o, 9(’)‘,0) and (zg’ n y(’)f n 9(’)‘, ,,) are fixed points of the operators Ew,o and Gw,h given
in (113), respectively.
Denoting

&= (Zg,h - ZS,Ov V&h - V()M,O’ Qg,h - 6’5’,0%
we compute [|E]|1,5-
Notice that
o u u u u u u
&= (zo,n = 20,0» Yo,n — 70,00 %0, — 90,0
=Gw.n (@01 Yo 00.n) — 9.0 (20,0, Vo.0- %0.0)
+ gw,h(zg,o, V(ﬁfo, 9(‘){0) - gw,O(Zg,oa V&o» 9(’){0)-

For 0 < h < ho, (z5,.Yy %) € Bo(Mé/w) and ?w,h is Lipschitz in this ball with
Lip(Ge.p) < MS. Then,

[[?w,h(zl(ih, y&hv 96’,;1) - aw,h(Z(I;,ov V(Iioa 9(’;,0)]]1,0 =< M(S[[Eﬂl,a.

Choosing ¢ sufficiently small such that Lip@w, n) < 1/2, we obtain

[[gﬂl,a =< M[[aw,h(zg,()v V(Iioa 9(1)4,0) - Ew,o(ZS,o, V(I)l,o’ 96{0)]]1,0-

Now, denoting Py, (Zg 0 )/6‘0, (’)‘0) - 770(13 0> )/(;‘0, 9(')’0) = Ag, where Py, is given in (108), and
< MY

”2 o ="z

using that [[(ZO 0 Vo 0 9(’)‘ 0)]] < M§/w, we have that || A9

It follows from the hnearlty of G, and Lemma 7.5 that

_ ~ 3v/h
[[gw,h(Z(L;’()a V()M’()v Q(L)t’()) - gw,O(ZS’O’ y&(}v 9(’{0)]] 1’0 S Ma)3/2 .
Svh
Thus, we conclude that [€], , <M % O
: 12

10.2. Approximation of W/ (p,’) by W/ (py)

We compare the parameterizations Ny , and N ;:,0 of Wi (p,) and W (p, ), obtained in The-
orems 4.1 and 4.5, respectively.

Proposition 10.2. Let I'( (v), ©¢(v) and FZ,o(v), G)Z’O(v) be given in (36) and (42), respectively.
There exist g > 0, hg > 0 and a constant M > 0 such that, for 0 < e < &g and 0 < h < hy,

S/ h
(1) |T% 5(0) — T (0) sMw—{;
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sv/h
2) |®% 4(0) — O4(0) ng—“/z—.

10.2.1. Technical lemmas
To prove Proposition 10.2, we first state some lemmas.

Lemma 10.3. Let Xo, Zo, Xn, Zn, Q°, and Q" be given in (26), (27), (37) and (43) and fix
My > 0. There exist hg > 0 and a constant M > 0 such that, for 0 < h < hy and v € D" with
|h'4v| < My,

(1) IFu)) — F(Xopl < —Y0_
Mﬁ|M|

@) |zh:v) - Zo(lv)l < @

@ ‘Zhw) C Zo) | |Ver 12 =M

@ (@) — (0% )] = %

Proof. Using the formulas (8), (26) and (27), we obtain

 E sinh(v/1/2) v
2

F(Xp(v) = F(Xo(v) = =2 -
(X3 () = F(Xo(v)) L+ BEsinoi/h/2) 0P 2

Since [vh!/4| < My, it follows that [vy/A/2| < Mh'Y/* « 1.
Expanding sinh(z) at O, we have

2+h (vVh
1/2—£hsinh(v\/ﬁ/2) 0 < 5 +(9(h3/2|v|3)>

1+ 2 sinh?(uv/R/2) 24h (vzh )

1 — + O(h%|v|*
+— 7 TO@ Y

_ N2+ O0Whll)
242+ OWhVR)

- vfrvz (1+0wh).

Item (1) follows directly from this expression, considering 4 sufficiently small. Items (2) and (3)
can be computed in an analogous way.
Formulas (37) and (43) imply

)
Q" () = (% (v)| < M;IF’(Xh(v))Zh(v) — F'(Xo()Zo()|.

Thus, it is enough to apply the bounds in items (1) and (2) to obtain item (4). O
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Lemma 10.4. Let ng and ny, be given in (66) and (118), respectively, and consider the functions
(yé‘, 96‘) obtained in Proposition 5.6. Fix Mg > 0. There exist ¢g > 0, hg > 0 and a constant
M > 0 such that for 0 < & < &9, 0 <h < hg and v € D" with |h1/4v| < M,,

Msh

[n (v, 1§ 08) — mo(v, v, 8] < —

Proof. Using the expression of 1y in (118) and that || (y(;‘, 9(’)’) ”2 < M(S/a)2 <« 1, it follows from
Lemmas 8.6, 8.7 and 10.3 that

5 F(Xh)>2 (F(x0)>2 |
v, M’eu - v, u,@” SM— — | —— +MC() MQM -
|77h( Yo ) —no(v, ¥y 0)| w( 7 Z |)’o 0‘ Zﬁ Z(z)
MsVh
< . O
T w

10.2.2. Proof of Proposition 10.2

The domain D* defined in (33) is contained in the domain D} defined in (31). Therefore, the
restriction of the fixed point obtained in Section 5 can be seen as an element of the space X22
with the same bound.
Proposition 10.5. Consider (yy', 0y) and (v . 6} o) obtained in Theorems 5.6 and 8.11, respec-

tively, and the operator G, given by (119). Then, there exist ¢y > 0, ho > 0 and a constant
M > 0 such that for 0 <h < hg and 0 < ¢ < ¢,

82
[Gon(iko: O30) = Gon (0 0D g < M— || ik, 010) = ' 60 -
Proof. By Proposition 8.10, we have
)
|10V, Vi, O0) =m0, 15, 6| < M= | (it0 010) = (5, 60D -
Thus, using the expression of Fj, in (120) and Proposition 8.10,

|1 (Fr W02 On.0) — Fu (g 93))”0 <o |, Vio:O10) — 1 ”0 || Vio — Yo ”0
+ o[l 2@, v 04 0) — 1 (v, v 964)”0
<M8 |vito =%,
+ M5 v [, | ior Oh0) — - 0D [

82
2
< (824 25 ) 0otk 0 ) -
The same bound can be obtained for the second coordinate of Fj,. Thus

| Frito: 63t o) — Fug' 66) |y < M8 [ (it O 0) — 7 66D | -
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Now, denote A] = ; (Fi(vj. 0t g) = Fa(rl- 0 ), j = 1.2, and Ay, = (A}, A2). Then,

0
171 (G n 0 62 o) — G (1 B) ()] = / 15 AL (5 + v)ds|

o
Since A;, € X7, we can change the path of integration to obtain

0 0
/e“’”A,ll(s—i—v)ds = fe‘”"fiﬂéA}l(e_iﬂS—i—v)eiﬂdé
0 o0
0
< [ IBE| AL (7B 1 v))de
—0Q
0
< llAnllo f SN BE gg

—00
M
< —IAnllo-
1)
The same argument holds for the second coordinate of ga,’h(yﬁ‘o, 9,‘: 0) — Yw.h (yé‘, 96‘). O

Lemma 10.6. Let Fo and F, be given in (69) and (120), respectively, and consider the functions
(yé‘, 9(’)‘) obtained in Theorem 5.6. Given My > 0 fixed, there exist gy, hg > 0 and a constant
M > 0 such that for 0 <h < hg, 0 < & < &9 and v € D" with |h1/4v| < M,,

Ms~/h ,
) 0 Fa ' 66) () = 7 0 ol ) )| = o5 =12

Proof. Lemmas 10.3 and 10.4 imply

|71 (Fr (v, 05 () — Fo(rd, 0 )| < 100" (v) — (Q°Y ()]
o |y | |, v 6 — o, v, 6|

8v/h

<M-—7F——7-.
o|v? 42|

The same holds for the second coordinate. O

Proposition 10.7. Consider the functions (y, , 0 ) obtained in Proposition 5.6 and the operators
Guw.0 and Gy 1 given in (67) and (119), respectively. There exist eg >, ho > 0 and a constant
M > 0 such that, for 0 < e <egand 0 < h < hg

MSVh

|Geon 7'+ 66) = G0+ 0) || g < o2
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Proof. It follows from the proof of Proposition 8.11 that the Lipschitz constant of G,, , in a ball
Bo(K$8/w?), for some K > 0 fixed, satisfies Lip(G,.;) < M8?/w. Moreover, ||G,.1(0,0)[2 <
M8/w?* and ||(y¥,0%)||l2 < M8/w?. Thus

8
1Gw.n (Vg 0) 112 < 190,10 (V' 05) — Geo,n (0, 0) 12 + 1Ge,1 (0, 0) |2 < M=

Moreover, [|Gu,0(%¢, 012 = (¥, 012 < M§ /.
Let v € D" and first assume that |h1/4v| > 1, hence

|G- 05 | G005,
[v2 42| [v2 + 2|
8
w?||v|? -2
My
T ?(1/Vh=-2)
<M=Vh,

w?

|7 (G (15 06) (V) = G0 (15 65) ()| <

for h > 0 sufficiently small, j =1, 2.
Now, assume that |2!/%v| < 1, and denote A;; =7 (Fr(yy.05) — Fovy-00)). j=1,2.
Consider the path s = e Pg (since A}, € Xzz) and let &y(v) € R be such that vo(v) = v +
e~ "Pgy(v) is the unique point of intersection between the curve y (£) = v + e~ *#£ and the circle
Sy, of radius h~1/# centered at the origin.

0
171 Garn (V' 08) — Go 0 (V' 04 (W)| = / e A} (s +v)ds

0

— / e—wie*iﬁgA}l v+ E_iﬂs)e_iﬂds
e

§o(v)

/ e—wie"ﬁs A;ll(U + e_iﬂé‘)e_iﬂdfj

—0o0

IA

0
+ / efa)ie’iﬁ%-A}l (U + efiﬂ%.)e*iﬁdg .
0(v)
Notice that the points in the path y(£) = v 4+ ¢~/P& satisfy that ly (£)h1/4] > 1 for every

& <&y(v) and |y(§)hl/4| < 1 for every &y(v) <& < 0. Also, let vE)“(v) = ¢'Pvy(v), and notice
that Im (v (v)) = Im(v) and |1'/*v¥ (v)| = 1. See Fig. 8.
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Sh

h—1/4

Fig. 8. Definition of the points vg(v) and v(”;(v).

Thus the first integral satisfies that

5o (v) v5(v)
e A (v e PE)e P aE | = / e DA (r)dr
—00 —00
g (v)
— ewi(v—vé(v)) / ewi(va‘(v)—r)A}l(r)dr
—00

701G n (V' 08 (0 () — G0 (v 05 (v ()|
8vh

<M——.
Now, since |y (§)h'/*] < 1 for every &y(v) < & <0, we can use Lemma 10.6 to see that the
second integral satisfies

0 0
/ e~ PEA W e PE)e g | < / e SMPE| AL (v + TP E)|dE
0 (V) &o(v)

=

- d
w |(v+e~iPg)2 + 2] ;

0
M§vh f 0SB 1
—00
M
<

ewsin(ﬁ)éd
~ wlv? 42| §
—00



3344 O.M.L. Gomide et al. / J. Differential Equations 269 (2020) 3282-3346

__Msvh
~ w2 42|

The result follows from these bounds. O

Now, define £(v) = (v o) — Yo (v), 9;["0(1)) — 6 (v)) and notice that

T 0(0) = T5(0) ) _ ( 0"(0) — 0°(0) ) y
<®Z,0(O) - @3(0) - _Qh(o) + QO(O) +E0)".

Using (37) and (43), we have 0"(0) = 0°(0) = 0. Hence, to prove Proposition 10.2, it is enough
to bound ||&]|o. Since (y}f’,o, 9,‘2"0) and (y;, 6) are fixed points of G,, , and G, 0, respectively,

= gw,h()’;’:ov 9]/12{0) - gw,h(ygv eg) + ga),h(y(;dv eg) - gw,O(V(;d’ 0(1)4)

It follows from Propositions 10.5 and 10.7 that

€10 = 1Gw.n (V4 0 O.0) — Go.h (V' 05 0 + 1Ge,n (V' 05) — Gew,0(vg' 05D llo

M5k
w?

<M8&|ENlo +

h
Thus, for &g sufficiently small, we have that ||E||p <2 . This completes the proof.

10.3. Approximation of W (AL, ,,) by Wi (py)

In this section, we obtain an approximation of N,
N” oand N, 1ObyNOO
Proceedmg as for Proposition 10.1 and Lemma 9.5, one can obtain the next result.

Kl e by No o» by approximating N,?l Kz by

Proposition 10.8. Let '}, 0(v) Gl 0(1)) and T’y ., (v, T), O . (v, T) be given in (42) and (45),
respectively. There exlst 80 >0, ho > 0 and a constant M > 0 such that, forve D* "R, t €T,
0<e<ep,0<h<hoki,ky>0withk; +Kky=h,

K2
Ty 0,7) = T @] Ty 000 = T o0 < 252,
137)
K2
B (O, ,(v.7) — O Oy (0.7) — O, o] = L2

Notice that Proposition 10.2 allows us to approximate N, 1.0 by N0 o for ky sufficiently small.
Thus, we can combine this fact with Proposition 10.8 to obtaln the followmg proposition.

Proposition 10.9. Let I'j(v), ©y(v) and Ty, . (v, 1), OF . (v,T) be given in (36) and (45),
respectively. There exist ey > 0, hg > 0 and a constant M > O such that, forve D*NR, 7 €T,
0<e<eypO0<h<hpandki,ky >0 withk| +Kky=h,
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S /K S /K
@ﬁl,Kz(v,r)—®g(v)|5M*/—2+M :

T e (v D) = TG ()] T R

5 (138)
3 (0 (v, ) —Ow)| <M V2

’a‘((ru (U7T)_F3(U)) K1,k2 CO3/2 .

K1,K2
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