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Interplanetary travel is a difficult task due to the high fuel mass required to reach
other planets. Minimizing the cost of the manoeuvres (and, in turn, the fuel mass)
is the objective preliminary mission design. During this phase, a large number of
potential solutions must be evaluated quickly in search of feasible trajectories. This
means computationally fast but simple models are preferred over accurate but slow
models. Additionally, the process demands for an automatic execution due to the
vast amount of solutions that must be evaluated. One of the major improvements
regarding space travel was the discovery of the gravity assist, where a spacecraft
uses the gravitational pull of a flyby planet to change its velocity with respect to
the Sun. This allows reducing the amount of fuel mass, which in turn increases the
science payload available for the mission. This thesis deals with the optimization
of interplanetary trajectories with gravity assist. From an engineering approach, the
thesis aims at producing an automatic optimizer of interplanetary trajectories with
gravity assist manoeuvres aimed to preliminary mission design applications. From
a scientific approach, the thesis aims at identifying key issues in the literature that
allow for improvement and presenting novel implementations. Finally, the thesis
has a strong educational component: the code and tools are specially focused towards an easy understanding and analysis of the underlying methods rather than
producing a computationally efficient code. The result from this work is an automatic optimizer of multi gravity-assist interplanetary trajectories. The tool is fully
modular and works with a double-loop approach: an outer loop obtains feasible
sequences of planets using the Tisserand graph and an inner loop finds the best trajectory for each sequence using a hybrid heuristic optimizer and a patched conics
method. Five key issues have been investigated and improved upon during the thesis: we provide an improved solution method for the Kepler equation, we have conducted an extensive bibliographic research of Lambert’s problem and analyzed the
representative methods to select the best for our application, we have recovered and
improved the Lambert’s problem method by Simó, we present two different models
for the patched conics method, we have developed an automatic method to traverse
the Tisserand graph and finally we have implemented several heuristic optimization
methods and coupled them with an islands model. The resulting tool has already
proved to work in operational mission design scenarios. However, it lends itself to
many improvements and upgrades, in particular increasing the level of automation,
improving the physical model and the patched conics method robustness, improving the visualization capabilities during the optimization stage and translating the
code into compiled language to increase the computational performance with complex missions and intensive simulations.
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Chapter 1

Introduction
1.1

Background

Space exploration has fascinated mankind since ancient times. From simple, visual observation, the methods to explore the cosmos have improved consistently
throughout the ages. The first major breakthrough was the invention of the telescope by Galileo in the 17th century (Plummer, 1942, Rose, 1964). The second major
revolution came at the hands of Tsiolkovsky in 1903 (Haga, 1960), who laid the theory of rocket propulsion. This enabled the creation of artifacts capable of flying
beyond Earth’s atmosphere, starting from the first sub-orbital flight (German V-2) to
the launch of the Sputnik-1, the first artificial satellite that reached orbit (Kuznetsov,
Sinelnikov, and Alpert, 2015). From that point onward, the conquest of space virtually exploded: both USA and the USSR raced to be the first to accomplish the next
milestone: launch the first animal into space, launch the first cosmonaut into space,
reach the Moon and land on it, then reach the planets of our solar system: Venus
(NASA/JPL, 1962, Keldysh, 1977, McNutt et al., 2008), Mars (Harvey and Zakutnyaya, 2011, Huntress, Feeley, and Boyce, 1996), Mercury (Giberson and Cunningham, 1975, McAdams et al., 2007), Jupiter (D’Amario, Bright, and Wolf, 1992, Diehl,
Kaplan, and Penzo, 1983, O’Neil et al., 1995) and beyond with the Mariner 10-11 and
the Voyager 1-2 missions (JPL/NASA, 1977, Kohlhase and Penzo, 1977, Stone and
Miner, 1979, Campbell et al., 1982, Stone and Miner, 1989, Stone and Miner, 1986).
Today, more than 25 missions have been sent to the inner planets (Mercury, Venus,
Mars) and nine to the outer planets (Jupiter, Saturn, Uranus, Neptune), providing
invaluable scientific and technological development for mankind.
Unfortunately, reaching another planet is nowhere being an easy task, especially
in the case of the outer planets of the solar system. Two of the major issues are the
prohibitive cost of sending mass into orbit, and the expensive orbital manoeuvres
required to reach other planets in terms of fuel mass. These two issues combined are
extremely taxing to the propulsion capabilities of any space vessel. For this reason,
minimizing the manoeuvre budget (and therefore, the propellant mass) is a critical
goal in every space mission. This is the main objective of the preliminary stages
of the space mission design. During this phase, feasible solutions must be quickly
identified; this implies evaluating a vast search space and quickly evaluating solutions. At this phase, simple but computationally fast models are preferred over
high-fidelity but computationally expensive models. Then, the solutions obtained
can be used as starting scenarios for more detailed analyses on later design phases.
One major improvement over the basic interplanetary design problem has been
the discovery of the gravity-assist manoeuvre, or GA for short. The GA (also called
swing-by or slingshot) uses the relative movement of a planet to change the velocity
of the spacecraft. During a close swing-by, momentum is exchanged between the
spacecraft and the planet. This increase (or decrease) in the spacecraft’s momentum
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translates into a change in the direction or magnitude (or both) of the spacecraft’s
velocity vector relative to the Sun. By carefully adjusting the direction and speed of
the GA, manoeuvres can be introduced in the spacecraft’s trajectory. These manoeuvres cost no fuel, and can therefore provide significant savings to the mass budget
and/or the total flight time of the mission. This ultimately translates to either an
increase scientific payload mass, or the possibility to design more complex and challenging mission profiles that would be unfeasible otherwise. The first mission to
use a GA was NASA’s Mariner 10 probe (Giberson and Cunningham, 1975), which
flew past Venus en route to Mercury in 1974. Note that this mission was essentially
a test case to prove that the (at that time) theoretical GA was also feasible in practice. After the success of the mission, more missions began implementing the GA:
the Pioneer 11 (Frauenholz and Farless, 1974), launched in 1973, used a GA with
Jupiter to reach Saturn. The trajectory of the Pioneer 11 probe is shown in Figure 1.1.
Later on, in 1977, the Voyager 1 (Kohlhase and Penzo, 1977) was launched and performed a swing-by with Jupiter and Saturn. Its sister probe, Voyager 2, did a full tour
swinging past Jupiter, Saturn, Uranus and Neptune (planet sequence EJSUN). Both
spacecraft (Figure 1.2) are now in a escape trajectory from the solar system. GAs
can also be used to change the inclination of the orbital plane: as an example, the
Ulysses probe used Jupiter to increase the orbital inclination by 80 degrees, allowing
the spacecraft to reach visibility of the Solar poles. Later on, in 1997, the CassiniHuygens mission (Matson, Spilker, and Lebreton, 2002) used a VVEJ sequence to
finally reach Saturn (Figure 1.3). Once in orbit around Saturn, the spacecraft made
a large number of swing-bys with several of Saturn’s moons to extensively study
the Saturn system. A quite radical example of repeated GA manoeuvres is MESSENGER (Mcadams, 2003), a probe launched in 2004 and aimed at Mercury. The
spacecraft performed a series of GAs with the Earth, Venus and Mercury (sequence
EEVVMMMM) to successively decrease its relative velocity with Mercury, until the
final orbital insertion around the planet could be executed. The corresponding trajectory is shown in Figure 1.4. More recently, other space agencies have exploited
the same principle for their missions. The ESA’s Rossetta probe is a clear example:
launched also in 2004, it performed a series of complex manoeuvres to reach the
comet 67P Churyumov–Gerasimenko. The events included swing-bys with Earth
and Mars (sequence EMEE), two fly-bys (close approaches) with the asteroids Steins
and Lutetia, several deep-space manoeuvres (DSM) and the final rendezvous with
the comet.
In recent years, the advancements in computational performance have enabled
the use of advanced optimization techniques, allowing more complex and expensive physical models and the ability to evaluate great amounts of solutions in a short
time. On this subject, there has been a clear expansion of the research to heuristic
optimization methods applied to the design of interplanetary trajectories, as exemplified in the PaGMO (Izzo, 2012) and GMAT (NASA, 2015) optimization toolboxes
of ESA and NASA respectively, and the Global Trajectory Optimization Competition
(GTOC) (Izzo, Bombardelli, and Vinkó, 2007), an international event involving many
universities and research centers where a solution to a given interplanetary problem
must be found within one month. The sheer amount of solutions evaluated in a
preliminary mission design, however, demands for an automatic process of design,
optimization and evaluation of the solutions. This automatic process should present
the expert engineer with as many feasible solutions as possible, so that an educated
choice regarding the selection of a final mission configuration can be made.

1.2. Thesis objectives
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F IGURE 1.1: Pioneer 10 & 11 trajectory (credits: NASA)

F IGURE 1.2: Voyager 1 & 2 trajectory (credits: NASA)

1.2

Thesis objectives

The overall objective of the present thesis is the optimization of interplanetary trajectories with gravity assist. This objective can be further sub-divided into three
distinct approaches: an engineering, a scientific and an educational approach.
From an engineering approach, the main objective of the thesis is to develop an
automatic optimizer of interplanetary trajectories with gravity assist manoeuvres.
This tool, referred to as A Multi-Gravity-Assist Optimizer or AMGAO for short, is
specifically aimed to preliminary mission design applications.
• The tool implements a low-fidelity physical model for interplanetary trajectory: preliminary design applications require evaluating a great number of
options in a short amount of time, and as such, simple but fast models are preferred to complex but time-consuming models. A two-body Keplerian model
for the interplanetary trajectory, as well as osculating elements for the planet
ephemeris are chosen for this task. Similarly, the patched conics method (see
Chapter 5) has been implemented due to its simplicity and flexibility.
• The optimization of the trajectory is done via an heuristic optimizer: heuristics
can deal with vast multi-modal search spaces, avoid local minima, and do not
require derivatives.
• The selection of the planet sequences is achieved using the Tisserand graph,
which provides a simple model that can be used to quickly identify a great
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F IGURE 1.3: Cassini trajectory (credits: ESA/NASA)

number of feasible transfer options. This strategy yields a de-coupled dualloop optimization strategy: an outer-loop identifies feasible planet sequences,
and an inner-loop optimizes the trajectory corresponding to each planetary
sequence.
• The tool must be automatic: the selection of the sequence and the trajectory
must ideally be done without user intervention, adding flexibility to the study.
This aspect will also enable the toolbox to be implemented within an educational environment (e.g., as a resource for student course projects).
• The AMGAO toolbox and its subroutines have been validated using real mission data.
From a scientific approach, I have selected key issues where margin of improvement study investigation can be identified with respect to the SOA, and proposed
and implemented improvements. Five of this issues have been expanded on in detail throughout the thesis: the Kepler equation, Lambert’s problem, the gravity assist
manoeuvre, the Tisserand graph and multi-heuristic optimization techniques.
• The Kepler equation is one of the building blocks of the Keplerian model. In
this work, it is used to determine the position of planets and spacecraft in time.
I have performed an analysis and selection of the best method for our application, in terms of robustness and performance. I then present an improved
initial guess, ensuring full convergence throughout the entire application region (note that full convergence on the algorithms is required to comply with
the automation objective).
• Lambert’s Problem is in turn the building block of the interplanetary trajectory model. This algorithm is evaluated many times during optimization, and
for this reason we need to select a fast and reliable algorithm. We present a
comprehensive analysis of the SOA, then we identify several key authors, implement their algorithms and thoroughly test them. The aim is to select the
best algorithm in terms of robustness, accuracy and performance, in order to
implement it into the MGA model. As part of the analysis, we have recovered

1.2. Thesis objectives
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F IGURE 1.4: MESSENGER trajectory (McAdams et al., 2005)

and improved the algorithm by [Simo1973], as it exhibits full convergence with
no singularities.
• In the framework of the thesis, the gravity assist manoeuvre is used to patch
the interplanetary arcs on the MGA model. In order to increase the flexibility
of the toolbox, I implement two strategies: a powered gravity assist manoeuvre (PGA) and natural gravity assist manoeuvre (NGA). I describe and present
the formulation for each method, and include two major improvements over
the SOA: a strategy to correct for low periapsis flybys on the PGA and an expansion to three-dimensional geometry on the NGA.
• The Tisserand graph describes energetically feasible interplanetary transfers
between planets or moons. This can be used to select feasible sequences of
planets. Each sequence is then given to the optimizer, which finds the best
trajectory associated to the sequence. In this thesis I present the formulation
associated to the Tisserand graph, then I build an automatic method to traverse
the Tisserand graph and output a collection of feasible interplanetary transfers.
• The optimizer task is to find the best trajectory in terms of an arbitrary parameter (e.g., total delta-v of the mission). Heuristic algorithms can theoretically
find the global optimum and avoid local minima, and they do not depend
on any derivatives of the physical model. I present and implement four distinct optimizers (specifically: genetic algorithm, differential evolution, particle swarm, and simulated annealing) and then I implement an islands model,
which involves several algorithms evolving separately while exchanging information at arbitrary times. The objective of the islands model is to force the
different algorithms to work together and improve the performance of the entire optimization process.
Finally, the thesis also contains a strong educational component: my personal
aim has been to acquire expertise in the fields of astrodynamics, celestial mechanics,
optimization and numerical methods, information technology, etc. For this reason:
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• I have a general focus in producing educational-oriented code rather than high
computational performance code: the majority of the toolbox has been implemented in Matlab, which allows for great flexibility in code prototyping, debugging and plotting. Nevertheless, code optimization has been applied to the
subroutines which exhibited a very high CPU time. In particular, the physical
model that builds the interplanetary trajectory (planet position determination,
Lambert’s problem, gravity assist, etc.) has been re-coded entirely in C++,
compiled and bridged through MEX to the main Matlab’s code.
• Simple physical models (e.g., two-body Keplerian model, osculating orbital
elements) have also been used. Note that the tool also implements and is
able to execute a generic (n-body) physical model and it can use high-fidelity
ephemeris sources (e.g., SPICE), however these are out of scope for the purpose of this thesis.
• I have generated several graphical interactive user interfaces in order to visualize, inspect in real-time and understand the inner workings of the algorithms.
This tools have been a great help in understanding the behavior of the algorithms and identifying singularities, bugs and special cases.
• Five undergraduate and MSc students have participated in the development
of the toolbox. Specifically, they have contributed to the formulation of the
three-dimensional geometry of the NGA method, the development of the algorithm for the automatic traversal of the Tisserand tree and in the extensive
simulation campaign of the AMGAO toolbox. The students were able to make
use of the graphical user interfaces to better understand the inner workings
of the toolbox subroutines and present the results of their respective projects
efficiently.

1.3

Structure of the document

This thesis dissertation is organized as follows. Chapter 2 presents a brief analysis
on the Kepler equation, including the formulation of the method, an improved initial guess strategy and several performance and convergence tests on the resulting
algorithm.
In Chapter 3 we recover the Lambert’s problem solution method by Simó, 1973,
expanding on the original formulation and testing the algorithm in terms of convergence and performance. In Chapter 4, the Lambert’s problem is analyzed in detail. The chapter starts by presenting an in-depth analysis of the current state of
the art, followed by the selection and analysis of several relevant algorithms. These
algorithms are then thoroughly tested over the application region in terms of convergence and computational performance, resulting in a candidate algorithm to be
implemented in the toolbox.
Chapter 5 describes the two gravity-assist approaches: one uses powered flybys
and no DSM in the interplanetary legs, and the other uses DSM in the interplanetary
legs and uses natural (non-powered) flybys. Some contributions with respect to the
SOA are also presented and discussed.
The selection of the sequences of planets is discussed in Chapter 6. The Tisserand
graph is used for this purpose. A method to construct and traverse the graph automatically is presented, describing the algorithm workflow in detail and subjecting
the method to performance and validation tests.

1.3. Structure of the document
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Chapter 7 deals with the optimization section of the toolbox. The basics of optimization techniques are introduced, and the algorithms selected for this thesis (genetic algorithm, particle swarm, etc.) are presented in detail and implemented. The
islands model is implemented in two variants: an homogeneous islands model (i.e.,
all islands exhibit the same optimization algorithm) and an heterogeneous islands
model (i.e, each island exhibits a different optimization algorithm).
Chapter 8 presents the main toolbox. All the algorithms and methods discussed
during the thesis as well as several auxiliary methods are assembled into the main
toolbox. The structure and the execution workflow of the toolbox is described in
detail. Finally, some mission scenarios are presented and optimized using all the
capabilities of the toolbox in Chapter 9.
The thesis closes in Chapter 10 with the overall conclusions and future work
recommendations.
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Chapter 2

Kepler’s Equation
2.1

Introduction

This chapter deals with the solution of Kepler’s equation. Kepler’s equation is a
function that relates time and angular position in a two-body Keplerian orbit. The
equation is a consequence of Kepler’s second law (see Battin, 2001), which states
that a planet moving in an orbit around the Sun sweeps equal areas in equal time
intervals.
More than two hundred authors have produced articles on Kepler’s equation,
which makes this one of the most well-studied and prolific problems in astrodynamics. The equation, its geometrical properties and solution methods are derived
and discussed in many books (e.g., Bate, Mueller, and White, 1971, Moulton, 1984,
Battin, 2001, Chobotov, 2002, Roy, 2005, Curtis, 2009, Vallado and Mcclain, 2013).
Among all the authors that deal in the Kepler’s problem, we highlight the works of
Badolati, 1985 and Dutka, 1997 who present a bibliographic compendium of the historical discussions about Kepler up to the date, Odell and Gooding, 1986, Gooding
and Odell, 1988, Taff and Brennan, 1989 and Fukushima, 1997 each one presenting extensive and detailed analyses over several solution methods and initial guess
values, Stumpff, 1987 who applies the universal variables formulation to Kepler’s
problem, Nijenhuis, 1991 who derives an efficient initial guess formula, Serafin, 1997
who presents some strategies to avoid numerical degradation near parabolic orbits,
Boyd, 2007 and Boyd, 2009 who solve the problem with a Chebyshev polynomial
expansion of the sine, Ford, 2009 who implements Kepler’s equation in the GPU
for massive parallel applications and more recently Raposo-Pulido and Peláez, 2017
who presents a computationally efficient procedure to solve the problem both in
double and quadruple floating point precision.
The equation is one of the building blocks of AMGAO, the interplanetary trajectory optimization toolbox developed in this thesis. In particular, Kepler’s equation
is used to determine the positions of planets and spacecraft in their orbits. We have
carried out an analysis of the equation and its solution methods aiming to determine
the best version to implement into AMGAO. The analysis of this chapter also follows
the educational objective of the thesis.
Section 2.2 introduces the formulation of Kepler’s equation. We implement several iterative solution methods and study its convergence and computational performance in Section 2.3. Then, in Section 2.4 we analyze several established initial
guess schemes and propose an improved version of our own. Finally, Section 2.5
presents some notes regarding solution methods based on series expansions. The
conclusions of this chapter are discussed in Section 2.6.

10

2.2

Chapter 2. Kepler’s Equation

Formulation

The detailed derivation of Kepler’s equation can be found throughout the literature
(e.g., Curtis, 2009) and therefore it will not be discussed in detail here. However,
some highlights about the formulation are presented below for clarity.
We start from the specific angular momentum of the orbit h, which is a function
of the orbital radius r and the angular acceleration ν̇:
h = r2 ν̇ = r2

dν
.
dt

(2.1)

Substituting the polar equation of the orbit yields
h2
1
,
µ 1 + e cos ν

r=

(2.2)

where µ is the standard gravitational parameter, e is the eccentricity of the orbit and
ν the true anomaly. Integrating both sides and setting the origin of time and angular
position arbitrarily to 0 (for convenience), we obtain an equation relating time t to
the angular position ν:
Z ν
µ2
dν
t=
.
(2.3)
2
2
h
0 (1 + e cos ν )
The integral on the right depends on the value of the eccentricity e. We can find
solutions for the case e < 1 (elliptic orbits), e = 1 (parabolas) and e > 1 (hyperbolas).
We now introduce two auxiliary geometrical quantities: the mean anomaly and
the eccentric anomaly, defined for the elliptic case as
Me =

µ2
(1 − e2 )3/2 t
h3

and
E
tan =
2

r

1−e
ν
tan ,
1+e
2

(2.4)

(2.5)

respectively. Combining the previous equations yields the elliptic form of Kepler’s
equation as a function of the eccentric anomaly E and the eccentricity e:
Me = E − e sin E.

(2.6)

The parabolic form of Kepler’s equation is given in terms of the mean anomaly
for the parabola M p and the true anomaly ν as
Mp =

1
ν 1
ν
tan + tan3 ,
2
2 6
2

(2.7)

where

µ2
t.
(2.8)
h3
The parabolic form of Kepler’s equation is also known as Barker’s equation.
Finally, the hyperbolic form in terms of the mean anomaly for the hyperbola Mh
and hyperbolic anomaly F reads
Mp =

Mh = e sinh F − F,

(2.9)

2.3. Solving Kepler’s equation
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where
Mh =

µ2 2
(e − 1)3/2 t
h3

and
F
tanh =
2

r

(2.10)

e−1
ν
tanh .
e+1
2

(2.11)
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Figure 2.1 shows the relation between the true, eccentric and mean anomalies.
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F IGURE 2.1: Mean anomaly versus eccentric anomaly (top row) and
versus true anomaly (bottom row), for the eccentric case (first column), parabolic case (middle column) and hyperbolic case (right column).

In the following sections, the elliptic and hyperbolic cases will be discussed. The
parabolic case is treated as a special case because it has a direct solution. For the sake
of simplicity, we will use M to refer to the mean anomaly for ellipses and hyperbolas.

2.3

Solving Kepler’s equation

Equations 2.6 and 2.9 are transcendental for eccentric anomaly E as a function of the
mean anomaly M and the eccentricity e as a parameter. Thus, a numerical scheme
must be used to solve the equation. We have implemented and analyzed two iterative solution methods (Euler and Newton-Raphson) in terms of their convergence
and computational performance. Recall that our application requires the solution
method to be fast (Kepler’s equation must be solved within the MGA subroutine,
which is evaluated multiple times during the optimization process) and also reliable
(our application is an automatic optimizer, thus the solver must be able to successfully converge throughout the application region).
The Newton-Raphson method requires the derivative of Kepler’s equation with
respect to the iteration variable E. The derivative for the elliptic and hyperbolic
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forms of the equation is given by
dM
= −e cos E
dE
and

e<1

dM
= e cosh F
dF

(2.12)

(2.13)

respectively.
The Euler iteration scheme assumes the E parameter within the sine is constant
within one iteration, considers the other E term as the iteration parameter and successively converges on the solution. Thus, on each iteration i, the value of the variable E is updated as:
Ei+1 = M + e sin Ei .
(2.14)
The Newton-Raphson iteration scheme uses the first derivative d f of the zerofunction f to approximate the solution. At each iteration i, the value of the free
parameter E is updated as:
f
df
Ei+1

= Ei − e sin Ei − M,
= 1 − e cos Ei ,
f
= Ei − .
df

(2.15)
(2.16)
(2.17)

The previous iterative schemes require an initial guess value (or starting value) to
begin the iteration process and a convergence tolerance value to stop the iteration.
Depending on the choice of the initial guess, the iteration may perform better or
worse, and in some cases it may diverge or even converge to the wrong solution.
The choice of the starting value is the subject of Section 2.4, however for the analysis
in this section we have chosen the initial guess E0 = M for the sake of consistency
in the results and also because it is one of the common starters found in literature.
Regarding the convergence tolerance, for the following analyses and benchmarks
we have chosen a value of 10−9 . This value provides a reasonable level of accuracy
for our application and it will be used throughout the AMGAO simulations in later
chapters of this thesis. A more accurate analysis would set the convergence tolerance
at its threshold value as explained in Chapter 4, however this in-depth analysis is out
of the scope of the present chapter.
We perform two benchmarks on each of the previous iteration schemes with the
aim of selecting the method with the best convergence and lower computational
time. As the methods are fairly similar in terms of implementation complexity, the
code has been implemented and executed in Matlab for this analysis. Later on, the
code has been re-implemented and compiled in C++ to increase its computational
performance towards its implementation into AMGAO. The computer where the
analysis are carried out sports an Intel i7 CPU at 4GHz with 32 GB of RAM and
Windows 10 version 1806 environment.
The first benchmark varies M between 0 and 2π, and, for each value of M, the
eccentricity e is varied from 0 to 1 (i.e., elliptic orbits domain). The subdomains of M
and e are divided in 1000 intervals, providing one million points. Kepler’s equation
is solved on each point and the analysis outputs the number of iterations. The results
for the Euler and Newton-Raphson solvers are shown in Figure 2.2. We can observe
that the application region is symmetrical with respect to the mean anomaly and the
number of iterations increases with the eccentricity.
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F IGURE 2.2: Number of iterations of Euler method (left) and NewtonRaphson method (right).

The second benchmark outputs the average CPU time throughout the application region. In this benchmark, the subdomains are divided in 100 intervals, yielding
ten thousand evaluations points. The equation is solved on each point 1000 times in
order to obtain meaningful results of the CPU time. This provides 107 evaluations of
Kepler’s equation for each of the iteration methods. Finally, the average CPU time
is computed. The results show that the Euler method takes 113ms on average and
the Newton-Raphson method takes 4.1ms on average. Even though the Euler implementation has lower complexity, the higher number of iterations makes it slower
with respect to the Newton-Raphson method.
Higher order iteration methods (in particular, 2nd order and 3rd order) were also
implemented as part of an extended analysis which is not detailed here. Experiments
show that the number of iterations are reduced only by 1-3 on average, however
the increased complexity of the implementation (each method requires additional
derivatives of the function) eventually makes the algorithms slower. In particular,
Halley’s method (2nd order House-Holder) takes 3.0ms on average, while the 3rd
order House-Holder method takes 7.4ms. We finally chose the Newton-Raphson
implementation as it exhibits a good ratio between code complexity and computational performance.
Note that poor or non-convergence regions increase the overall CPU time of the
algorithms; this will be discussed in detail in the following section. The results from
the analysis on this section serve as a preliminary decision point to select the iteration method.

2.4

Improved initial guess

As explained in Section 2.3, the value of the initial guess has a strong impact on
the iteration process. Selecting an accurate value can drastically reduce the number
of required iterations; however care must be taken not to select an overly complex
expression to the point that the evaluation time becomes greater than the speed-up
from the reduced number of iterations. Many initial guess (E0 ) schemes to solve
Kepler’s equation have been proposed in literature; we have selected three simple
and well-known starters for this analysis:
1. E0 = M
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2. E0 = π
3. E0 = M + e cos M

We have run a convergence analysis over the elliptic application region of Kepler’s equation. The analysis varies M between 0 and 360 degrees, and, for each
value of M, the eccentricity e is varied from 0.0 to 1.0. The subdomains of M and
e are divided in 1000 intervals, providing one million points. Kepler’s equation is
solved at each point, and the analysis outputs the number of iterations required to
solve the equation. Note that this is the same benchmark analysis as in Section 2.3
but using different starters. The results shown in Figures 2.3-2.5 show that, in general, most of the points exhibit rather good convergence for all initial guess values.
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F IGURE 2.3: Number of iterations, initial guess E0 = M. The plot
caps the number of iterations at 20 to improve visibility.

In some cases, however, the iteration method diverges or even converges to the
wrong solution. This is true for some high eccentricity regions of the first and third
initial guess. In order to better analyze the results on these regions, extended benchmarks are carried out on these two starters. The extended benchmark for the first
initial guess (E0 = M) varies the M between 315 and 360 degrees and the eccentricity between 0.95 and 1.0, and the extended benchmark for the third initial guess
(E0 = M + e cos M) varies M between 270 and 360 degrees and the eccentricity between 0.8 and 1.0. Each subdomain is divided in 1000 intervals, yielding again one
million points. The results are shown in Figure 2.6 and Figure 2.7.
In light of the results, we propose an improved initial guess for the elliptic interval that solves all the conflictive points and ensures convergence to the correct value
throughout the entire application region. The method starts from E0 = M, which
exhibits good convergence in the low eccentricity interval (0 < e < 0.6). Then, two
different cubic polynomial approximations are used in the high eccentricity regions
(0.6 < e < 1) in order to solve the conflictive points observed in the low and high
mean anomaly regions, respectively. Each cubic approximation has been obtained
via numerical experimentation, and the switching point (e = 0.6) has also been determined experimentally by minimizing the number of average iterations. Finally,
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E0 = π is applied to the interval 0.6 < e < 1 and 1/2π < M < 3/2π (again,
these values have been determined experimentally) to further decrease the number
of iterations. The combined initial guess reads as follows:

M
0 < e < 0.6



1/3
1.8M
0.6 < e < 1, M < 1/2π
E0 =
(2.18)
π
0.6 < e < 1, 1/2π < M < 3/2π



2π − 1.8(2π − M)1/3 0.6 < e < 1, M > 3/2π
The benchmark analysis from this section is now applied to the combined initial
guess. The method takes 3.1 ms of CPU time on average and converges in three to
five iterations on all the application region as seen in Figure 2.8. The top-right plot
on the figure shows the iterations for an arbitrary value of M and e. The lower-right
plot shows Kepler’s equation (black curve) as function of E, the target value of M
(red line) and the two cubic approximations for the low-M (cyan curve) and high-M
(magenta curve) regions. The markers on the Kepler’s curve indicate the iteration
points.
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F IGURE 2.8: Number of iterations (left) of the solver for the elliptic
interval with the combined initial guess, iteration history (top-right)
and graphical representation of the solution (bottom-right).

We carried out a brief study regarding the initial guess for the hyperbolic interval
of Kepler’s equation. We have implemented F0 = sinh−1 M/e, which already exhibits good convergence throughout the hyperbolic application interval. Figure 2.9
shows the results after applying the benchmark detailed in this section to the hyperbolic version of the solver (in this case, e is varied from 1 to 5). The top-right plot on
the figure shows the iterations for an arbitrary value of M and e. The lower-right plot
shows Kepler’s equation (black curve) as function of F, the target value of M (red
line). The markers on the Kepler’s curve indicate the iteration points. Note that convergence can still be improved in the low-eccentricity and low-M interval, however
the current version has been determined to be appropriate for its implementation
and usage within AMGAO.
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2.5

Series expansions

Methods based on series expansions were also considered and analyzed during the
thesis. In particular, we implemented a variable-order Lagrange series expansion
of the sine and a variable-order polynomial series expansion. However, they performed worse than the iterative methods in terms of computational speed and domain of application, especially for high values of eccentricity and for high tolerance
requirements, as shown in Figure 2.10. The figure shows the relative error of the series expansion methods with respect to the Newton-Raphson iterative method evaluated with an iteration tolerance of 10−15 , as a function of the mean anomaly M and
eccentricity e. The points with no data correspond to solutions with an error greater
than 10−3 (this data has been removed to improve the readability of the plots). We
recall that we seek universality in our implementation and series expansions work
around the expansion point, which means we need large expansions to cover the application region with the tolerances required in AMGAO (10−9 , 10−12 depending on
the scenario). At one point, the implementation of series expansions becomes cumbersome and computationally less efficient than iterative methods. For this reason,
series expansion methods were discarded in favor of the iterative methods presented
in this chapter, which are easily implemented for all orbit types and exhibit a good
computational performance.

2.6

Conclusions

Kepler’s equation is one of the building blocks of the AMGAO toolbox, specifically
in the interplanetary trajectory model. In the context of this work, it is used to compute the position and velocity of planets and the s/c in their respective orbits as a
function of time. Kepler’s equation is transcendental in one direction, therefore an
iterative method must be used to obtain a solution.
We have conducted a series of analyses and experiments in order to determine
the best method in terms of domain of application and computational speed. The
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F IGURE 2.10: Relative error of the series expansion methods with respect to the Newton-Raphson iterative method.

results show that the Newton-Raphson method exhibits the best ratio between computational performance and implementation simplicity. We then propose an improved initial guess for the Newton-Raphson iterator that combines two well-known
starters and adds two experimental cubic approximations to the solution on the regions that exhibited poor convergence. The resulting algorithm is able to solve the
elliptic, parabolic and hyperbolic solutions of Kepler’s equation in 3-5 iterations with
no singularities.
Nevertheless, further work is still planned for the method developed in this
chapter in order to address some pending issues:
• An extended analysis on the initial guess of the hyperbolic interval, in order to
improve the convergence on the low-eccentricity, low-M interval.
• Additional starting values can eventually be analyzed in the elliptic interval in
hopes of finding a more computationally efficient variant.
• Implement the universal variables formulation to the current version as described in e.g. Chobotov, 2002. The universal variables formulation will also
reduce the numerical errors derived from the finite machine precision.
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Chapter 3

Regularized Lambert’s Problem
Formulation
This chapter deals with the solution of the Two-Body Orbital Boundary-Value Problem (TBOBVP), also known as Gauss’ or Lambert’s Problem. It is the problem of
determining the Keplerian orbit connecting two positions in a specified time (Figure 3.1). Within AMGAO’s framework, Lambert’s problem is used to find the interplanetary Keplerian arc between each of the flyby planets, as discussed in detail in
Chapter 5. This makes Lambert’s problem one of the core components of AMGAO,
and thus we have invested great effort in the study and analysis of the method.
The TBOBVP arose towards the end of the 18th century in the framework of the
determination an orbit of a celestial body from observations alone. Johann Heinrich
Lambert (1728-1777), born in the Swiss town of Mülhausen, provided the fundamental contributions to the topic in Lambert, 1761 and Lambert, 1771. However,
it is worth mentioning that the prolific work of Lambert was not only confined to
his homonymous theorem. A very well-detailed bibliography of Lambert as well as
several insights on his work is presented in Volk, 1980. Born in a modest family, he
was an avid autodidact, quickly becoming knowledgeable in the fields of mathematics, astronomy, logistics, philosophy and physics. Truthfully enough, throughout his
scholar life as a member of the Bayerische Akademie he made substantial contributions to development of continued fractions, non-euclidean geometry, trigonometry,
the foundations of perspective, the irrationality and transcendence of π and e among
many others. His contributions to the field of astronomy revolved around the foundations of photometry and the orbital determination of celestial objects, and culminated in the statement of the theorem that bears his name: The transfer time ∆t of a
body moving between two points ~r1 and ~r2 on a conic trajectory is a function only of the sum
r1 + r2 of the distances of the two points from the origin of the force, the linear distance c
between the points, and the semi-major axis a of the conic section:
∆t = f (r1 + r2 , c, a).

(3.1)

a is the unknown quantity to be determined.
In general, it is possible to reformulate the Lambert’s problem in terms of a given
parameter. For a fixed geometry of the radius vectors, such parameter wholly defines the transfer time between~r1 and~r2 . There exist several alternative formulations
for f , but no analytical closed-form solution of the transfer time equation (Eq. 3.1)
is possible and, therefore, it must be numerically approximated. The most common
representation of f is based on universal variables, with other major groups of methods solving with respect to the semi-major axis, the semi-latus rectum, the transverse
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P2

F

P1

F IGURE 3.1: The geometry of Lambert’s problem: the occupied focus
F (position of the primary), the start (~r1 ) and end (~r2 ) position vectors,
the transfer angle ∆θ, the chord c and the conic section that solves the
problem (in the example shown it is an elliptical orbit). The problem accepts a multi-revolution case, where the secondary completes
n revolutions (dashed line) around F starting from P1 , and eventually
describes the arc (solid line) from P1 to P2 , so that the total transfer
angle is 2πn + ∆θ.

eccentricity vector, the flight path angle and the Levi-Civita regularization. Nowadays, Lambert’s problem has direct application in the solution of intercept and rendezvous, missile and spacecraft targeting, interplanetary transfers design and orbit
determination.
A comprehensive analysis of the Lambert’s problem literature and a detailed
analysis of the established methods is presented in Chapter 4 of this thesis. In the
present chapter, we present a regularized formulation of Lambert’s problem based
on the work by Simó, 1973. In his original publication, Simó developed a derivation
of the regularized equations of motion, the corresponding expression for the conservation of energy and a formulation of the transfer-time equation in terms of Stumpff
functions. The argument of the series, the unknown parameter, is the product of the
specific two-body energy and the square of the new regularized time coordinate, and
such product is equivalent to the square of half the variation in eccentric anomaly on
the conic section that solves a given Lambert’s problem. Simó’s method addresses
all the issues that may arise when dealing with the solution of Lambert’s problem:
singularities, differences among the three types of conic section, degeneracies (most
noticeably, the rectilinear orbit), choice of the initial guess, numerical divergence and
loss of precision. A scheme to compute the terminal velocity vectors by means of the
classical Keplerian elements is also included in the article. Finally, he performed
simplified numerical tests to analyze the algorithm in a small set of heliocentric and
geocentric scenarios. Unfortunately, Simó’s paper was written in Spanish, a fact that
has undoubtedly limited its international dissemination.
We improve on the original formulation by completely solving the multiple revolution case in this context. This creates a very powerful tool, suitable even for
designing gravity-assisted transfers to the inner planets (see, e.g., McAdams et al.,
2007 for the case of the Messenger probe) or tours of planetary systems. We also
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investigate a range of initial guess search techniques and test different numerical
methods to approximate the solution. We implement the algorithm in modern hardware and perform extensive benchmarking, including determination of the domain
of applicability and performance assessment. The application of this method must
be suitable for the execution within AMGAO, which means robustness, accuracy
and execution speed are crucial due to the automatic nature of the optimization process. We perform direct comparisons with the de facto standard methods, Izzo, 2015
(used by ESA) and Gooding, 1990 (NASA’s choice). These two schemes are, to the
best of the authors knowledge, the only ones offering the same level of robustness
and universality as Simó’s (i.e., actually treating the three types of conics, solving
undefined transfer plane cases and multi-revolution geometries over the entire application region). The contents of this chapter are the subject of a publication in Acta
Astronautica (De La Torre, Flores, and Fantino, 2018).
The chapter starts with the fundamentals of two-body Levi-Civita regularization
and the application to the derivation of the equations of motion and their solution.
The transfer-time equation, including the multi-revolution case, is obtained in Section 3.2. The algorithm to compute the orbital elements from the estimate of the
unknown parameter is detailed in Section 3.3. The solution procedure and the associated numerical methods are presented in Section 3.4. Section 3.5 illustrates and
discusses the tests carried out to assess the domain of applicability of the formulation and to evaluate the speed of convergence, the computational efficiency and the
accuracy of the results. Section 3.6 concludes the chapter.

3.1

Levi-Civita regularization of two-body motion

Regularization is the elimination of singularities occurring in the equations of motion by adopting properly selected variables. Levi-Civita regularization Szebehely,
1967; Celletti, 2006; Waldvogel, 2007 is a transformation of space and time, and the
problem is considered in the plane. The method proceeds through three steps:
1. Introduction of a fictitious time s (note that this is a Sundman transformation
Sundman, 1912) such that:
r
dt = · ds,
(3.2)
τ
being r the distance between the two bodies and τ a constant (in the following
its value will be set equal to 1).
2. Definition of a transformation (conformal squaring) between the physical ~rplane and the complex ~u-plane:

~u2 = ~r.

(3.3)

3. Introduction of the specific mechanical energy −2ρ:

− 2ρ =

v2
µ
− ,
2
r

(3.4)

µ being the gravitational parameter of the central body and v the relative
speed.
The differential equations of motion

~r̈ + µ ~r = 0
r3

(3.5)

24

Chapter 3. Regularized Lambert’s Problem Formulation

can be written in the new space and time variables by applying the rules
d
dt
d2
dt2

=
=

1 d
,
r ds
 2

1
d
0 d
r 2 −r
,
r3
ds
ds

(3.6)
(3.7)

in which the apostrophe (0 ) denotes differentiation with respect to s. Since
r =| ~u |2 = (~u, ~u) = ~u~ū, 1

(3.8)

with ~ū being the complex conjugate of ~u, then2

~r 0 = 2~u~u0 ,

~r 00 = 2 ~u~u00 + ~u0~u0 ,
r 0 = ~u0~ū + ~u~ū0 .

(3.10)


2r ~u~u00 + ~u0~u0 − 2r 0~u~u0 + µ~u~u = 0.

(3.12)

r 0~u~u0 = r~u0~u0 + (~u0 , ~u0 )~u~u,

(3.13)

(3.9)
(3.11)

Equation 3.5 transforms into

By observing that

after canceling terms and dividing by ~u, Equation 3.12 becomes
2(~u, ~u)~u00 − 2(~u0 , ~u0 )~u + µ~u = 0.

(3.14)

On the other hand, Equation 3.4 transforms into

or

1
| ~r 0 |2 = µ − 2ρr,
2r

(3.15)

2(~u0 , ~u0 ) = µ − 2ρ(~u, ~u).

(3.16)

Eventually, Equations 3.14 and 3.16 yield

~u00 + ρ~u = 0.

(3.17)

The transformed differential equations of motion are linear. Given the initial conditions ~u0 and ~u00 at s = s0 , the solution of Equation 3.17 is

√
√
1
~u = ~u0 cos[ ρ(s − s0 )] + ~u00 √ sin[ ρ(s − s0 )]
ρ

if ρ > 0

~u = ~u0 + ~u00 (s − s0 )
if ρ = 0
p
√
1
~u = ~u0 cosh[ −ρ(s − s0 )] + ~u00 √
sinh[ ρ(s − s0 )] if ρ < 0.
−ρ

(3.18)
(3.19)
(3.20)

The three types of conic section (i.e., ellipse, parabola, hyperbola) are all represented
and discriminated by the sign of ρ (respectively, positive, null and negative). The
the vectors ~a and ~b, we denote their scalar product by (~a,~b), whereas ~a~b is the product of
their complex representations.
2 r 0 is the derivative of the magnitude of ~r, not the magnitude of its derivative ~r 0 .
1 Given
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solution of Equation 3.17 can be written in a more suitable form for the present study,
i.e., by means of a Taylor series expansion around s0 , which holds for all three curves
(i.e, universality):
∞

~u(s) =

~u(k) (s0 )
( s − s0 ) k
k!
k =0

∑

∞

∞
(−1) j ρ j (s − s0 )(2j)
(−1) j ρ j (s − s0 )(2j)
+ ~u00 (s − s0 ) ∑
. (3.21)
(2j)!
(2j + 1)!
j =0
j =0

= ~u0 ∑

In the second line of Equation 3.21, the terms of odd and even order have been separated, and Equation 3.17 has been used to rewrite the (2j)th and (2j + 1)th derivatives
of ~u:

~u

~u(2j) (s0 ) = (−ρ) j~u0 ,

(3.22)

(−ρ) j~u00 .

(3.23)

(2j+1)

( s0 ) =

The series that appear in Equation 3.21 are the Stumpff functions c0 and c1 of argument ρ(s − s0 )2 (see Appendix B.1):

~u(s) = ~u0 c0 [ρ(s − s0 )2 ] + ~u00 (s − s0 )c1 [ρ(s − s0 )2 ].

(3.24)

By a similar reasoning, the first derivative ~u0 (s) that appears in Equation 3.16 can be
expressed as

~u0 (s) = ~u00 c0 [ρ(s − s0 )2 ] − ~u0 ρ(s − s0 )c1 [ρ(s − s0 )2 ].

3.2

(3.25)

The transfer-time equation

Given ~r1 and ~r2 and the time ∆t = t2 − t1 (t1 < t2 ) to transfer from one to the other,
two vectors ~u1 and ~u2 are introduced in the complex plane, such that

~u21 = ~r1 ,
~u22 = ~r2 .

(3.26)
(3.27)

According to the properties of the square, the angle between ~u1 and ~u2 is equal to
half the angle between the original vectors, i.e.:
∆θ
1
h~u1 , ~u2 i = h~r1 ,~r2 i =
.
2
2

(3.28)

Without loss of generality, the orthogonal reference frame in the complex plane can
be oriented with the x-axis parallel to ~u1 . In other words,


A
~u1 =
,
(3.29)
0


B
~u2 =
,
(3.30)
C
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in which
A =

√

r1 ,

(3.31)


∆θ
r2 cos
B =
,
2
 
√
∆θ
C =
r2 sin
.
2

√



(3.32)
(3.33)

If the fictitious time s is zero when the body is at ~r1 , then the total (fictitious) transfer
time equals the value of s at ~r2 . Naming s2 the latter quantity yields:

~u1 = ~u0 c0 (0),
~u2 = ~u0 c0 (ρs22 ) + ~u00 s2 c1 (ρs22 ).

(3.34)
(3.35)

Defining


~u0 =
~u00



=

α1
α2



β1
β2



,

(3.36)

,

(3.37)

with
α1 = A,

(3.38)

α2 = 0,
B − Ac0 (ρs22 )
β1 =
,
s2 c1 (ρs22 )
C
β2 =
s2 c1 (ρs22 )

(3.39)
(3.40)
(3.41)

provides the following expression for the distance r:
r = (~u, ~u) = (~u0 , ~u0 )c20 (ρs2 ) + (~u00 , ~u00 )s2 c21 (ρs2 ) + 2(~u0 , ~u00 )c0 (ρs2 )sc1 (ρs2 ),

(3.42)

in which the scalar products are given by

(~u0 , ~u0 ) = α21 + α22 ,
(~u00 , ~u00 ) = β21 + β22 ,
(~u0 , ~u00 ) = α1 β 1 + α2 β 2 .

(3.43)
(3.44)
(3.45)

Integrating Equation 3.2 between t1 and t2 yields
t2 − t1 ≡ ∆t =

Z s2
0

rds = (α21 + α22 )

+ ( β21 + β22 )

Z s2
0

Z s2
0

c20 (ρs2 )ds
s2 c21 (ρs2 )ds

+ 2( α1 β 1 + α2 β 2 )

Z s2
0

c0 (ρs2 )sc1 (ρs2 )ds.

(3.46)
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The relations proved in Appendix B.1 can be employed to manipulate the integrands
of Equation 3.46 as follows:
Z s2 

∆t = (α21 + α22 )

0

+ ( β21 + β22 )

Z s2
0


1 − 2ρs2 c2 (4ρs2 ) ds

(3.47)

2s2 c2 (4ρs2 )ds

+ 2( α1 β 1 + α2 β 2 )

Z s2
0

sc1 (4ρs2 )ds.

Then, using relation v) of Appendix B.1,
∆t = (α21 + α22 )s2 − (α21 + α22 )2ρs32 c3 (4ρs22 ) + ( β21 + β22 )2s32 c3 (4ρs22 )

+

(3.48)

2(α1 β 1 + α2 β 2 )s22 c2 (4ρs22 ).

Eventually, substituting Equations 3.31-3.33 gives
∆t = A2 s2 − 2A2 ρs32 c3 (4ρs22 )

 2
B + C2 + A2 c20 (ρs22 ) − 2ABc0 (ρs22 ) 2s2 c3 (4ρs22 )
+
c21 (ρs22 )


2A B − Ac0 (ρs22 ) s2 c2 (4ρs22 )
+
.
c1 (ρs22 )

(3.49)

ρs22 = z

(3.50)

Denoting
and multiplying both sides of Equation 3.49 by c21 (z), yields the expression of the
transfer time for a given geometry (i.e., A, B, C), energy ρ and fictitious time of
arrival s2 :
c21 (z)
∆t = A2 c21 (z) − 2A2 zc3 (4z)c21 (z) + 2B2 c3 (4z)
s2
+ 2C2 c3 (4z) + 2A2 c20 (z)c3 (4z) − 4ABc0 (z)c3 (4z)

(3.51)

+ 2ABc1 (z)c2 (4z) − 2A2 c0 (z)c2 (4z)c1 (z).
The four terms in A2 can be further manipulated using the relations i), ii), iii) and B.4
of Appendix B.1:
c21 (z) = 2c2 (4z),
zc3 (4z)c21 (z)
c20 (z)c3 (4z)

(3.52)

= 2zc3 (4z)c2 (4z),
= c3 (4z)[1 − 2zc2 (4z)],
c0 (z)c2 (4z)c1 (z) = c2 (4z)c1 (4z) = c2 (4z)[1 − 4zc3 (4z)].

(3.54)

c21 (z)
∆t = 2Pc3 (4z) + 2AB [c1 (z)c2 (4z) − 2c0 (z)c3 (4z)] ,
s2

(3.56)

P = A2 + B2 + C 2 ≡ r1 + r2 .

(3.57)

(3.53)
(3.55)

Eventually,

where
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The explicit dependence from s2 can be eliminated by introducing the following expression for µ


P − 2ABc0 (z)
µ = 2ρ
,
(3.58)
zc21 (z)
obtained from Equation 3.16 with Equations 3.24, 3.25 and 3.42 and using the identity
c20 (z) + zc21 (z) = 1,
(3.59)
which follows from the formulas i) and ii) of Appendix B.1. Eventually, the substitution
 
√
∆θ
Q = 2AB ≡ 2 r1 r2 cos
(3.60)
2
provides
∆t =

2Pc3 (4z) + Q [c1 (z)c2 (4z) − 2c0 (z)c3 (4z)]
c31 (z)

s
2

P − Qc0 (z)
,
µ

(3.61)

in which ∆t is determined by the geometry (i.e.,
√ value of the free
√ P, Q) and by the
parameter (i.e., z). Appendix B.3 proves that z (respectively, −z in case of hyperbolic motion) is equal to half the variation in eccentric anomaly between P1 and
P2 on the solution orbit. Note that the parameter z exhibits a strong similarity to
the homonym free parameter from Bate, Mueller, and White, 1971 and Battin, 2001,
albeit the underlying formulation is unequivocally distinct.
Based on the relationship between the two-body mechanical energy (−2ρ) and
the semimajor axis a of the conic section,
a=

µ
,
4ρ

(3.62)

Equation 3.58 allows to express the latter as
a=

P − Qc0 (z)
.
2zc21 (z)

(3.63)

Note that the sign of the semimajor axis is determined by the sign of z (positive for
ellipses, negative for hyperbolas). As a matter of fact,

√
   cos z
if z > 0
√
∆θ
1
if
z=0
(3.64)
P − Qc0 (z) = r1 + r2 − 2 r1 r2 cos
√
2 
cosh −z if z < 0

√
√
It is easy to prove that Equation 3.64 is always larger than ( r1 − r2 )2 for z ≥ 0 and
thus positive. When the motion is hyperbolic it might be possible, depending on the
geometry, to find a value of z that makes Equation 3.64 vanish. Note however that,
according to Equation 3.61, the corresponding transfer time is zero (motion with
infinite velocity). As this limiting case has no physical significance, lower values of
z need not be considered. It can therefore be safely assumed that P − Qc0 (z) > 0.
Equation 3.61 is singularity-free and universal (i.e., applicable to all three types
of conic section). It gives the time of flight over arc lengths of up to 2π. Figure 3.2
illustrates the dependence of ∆t on z for four values of ∆θ, r1 = 1 NDU and r2 =
2 NDU, with NDU meaning normalized distance units. Based on Kepler’s third
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law, we define the period of a circular orbit of unit radius (1 NDU) around a primary of unit gravitational parameter as being equal to 2π normalized units of time
(NTU). The two short-way (i.e., ∆θ < π) transfers are characterized by a transfer
time that vanishes for some finite, negative value of z, that for which P − Qc0 (z)
vanishes. The trajectory is a straight line (the eccentricity of the hyperbola tends to
infinity) and the speed is infinite. The two long-way (i.e., π < ∆θ < 2π) geometries
exhibit a horizontal t = 0 asymptote for negative z, instead: the secondary must
pass through the pericenter of the solution hyperbola and, even if the eccentricity
grows as z decreases, the transfer time cannot become zero (in particular, the expression P − Qc0 (z) is always strictly positive). All transfer-time curves exhibit a
vertical asymptote at z = π 2 : as z increases, the transfer arc grows larger, the semimajor axis increases and the eccentricity tends to 1. Hence, at the limit the solution
is a parabolic orbit whose ∆t = ∞ because c31 (π 2 ) = 0 in the denominator of the
transfer-time equation.
20

= /2
= 2 /3
= 3 /2
= 5 /3

t (NU)

15

10

5

0
-( /2) 2

( /2) 2

0

2

z (NU)

F IGURE 3.2: Transfer time ∆t as a function of z for four values of ∆θ
(two short-way and two long-way trajectories), r1 = 1 NDU and r2 =
2 NDU. For the meaning of the units, the reader is referred to the text.

3.2.1

Multi-revolution case

The case of elliptical orbits can be extended to account for transfer arcs larger than
2π, i.e., in which the secondary completes an integer number n of revolutions around
the primary before joining P2 . The period T of an elliptical orbit of semi-major axis
a,
s
a3
,
(3.65)
T = 2π
µ
can be written as a function of the unknown z, as stated in Equation 3.63. Thus, the
expression of the transfer time is modified by adding n orbital periods. Then, letting
n start from 0 yields the most general form of Equation 3.61:
s
2Pc3 (4z) + Q [c1 (z)c2 (4z) − 2c0 (z)c3 (4z)]
P − Qc0 (z)
∆t =
2
3
µ
c1 ( z )
s

3
nπ
1 P − Qc0 (z)
+ 3
.
(3.66)
z
c1 (z) 2µ
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Figure 3.3 illustrates the dependence of ∆t on z for a sample of geometries with n
= 1. In general, for high enough values of ∆t, the problem has two solutions, corresponding to two elliptical orbits with short and long period, respectively. The
lower half of Figure 3.4 shows two such geometries, respectively corresponding to
∆θ = 2π + π/2 and ∆θ = 2π + 3π/2. The left subplots give the transfer-time curve,
whereas the right subplots illustrate the solution orbits. The selected value for the
transfer time is 8π, allowing for two trajectories in each case (the correspondence
between the value of z and the transfer orbit is indicated by a graphic marker). The
transfer-time curve exhibits an absolute minimum because a minimum time is required in order for the secondary to revolve around the primary between the two
given positions. At either side of the minimum (respectively, for z tending to 0 and
to π 2 ), the transfer time tends to infinity. In both cases, the eccentricity tends to 1
and the trajectory becomes a parabola: z = 0 makes the denominator of the second
term of Equation 3.66 vanish, whereas when z = π 2 the denominators of both terms
are zero.
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F IGURE 3.3: Transfer time ∆t as a function of z for four values of ∆θ,
r1 = 1 NDU, r2 = 2 NDU and n = 1. For the meaning of the units, the
reader is referred to the text.

3.3

From z to the initial value problem

If z is known, Equation 3.63 provides the semimajor axis of the conic. The eccentricity e can be obtained from the definition of the eccentricity vector ~e:

~e =

 2

~v × ~h ~r
v
1
(~r, ~v)~v
~r −
− =
−
,
µ
r
µ
r
µ

(3.67)

where ~h is the specific orbital angular momentum. Equations 3.4, 3.6 and 3.9 allow
to write

~v =
v2 =
Hence,

~u
~e =
r



2~u~u0
,
r
µ

4 | ~u0 |2
=2
− 2ρ .
r
r
4ρr
1−
µ




4(~u, ~u0 ) 0
~u −
~u .
µ

(3.68)
(3.69)

(3.70)
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F IGURE 3.4: Examples of transfer-time curves (left column) and specific Lambert’s problem solutions (right column) for n = 0 (upper
two rows) and n = 1 (lower two rows). The geometry is represented
by the transfer angle (indicated in the top left corner of each row).
Lambert’s problem is solved for one value of the transfer time (as indicated by the y-coordinate of the horizontal line), giving rise to one
ellipse when n = 0 and two ellipses when n = 1. The correspondence
between the value of z in the left subplot and the transfer orbit in the
right subplot of each row is indicated by a graphic marker.
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Eventually, the scalar product (~e, ~e) yields


4ρ(~u, ~u)
e = 1−
µ
2

2

+

16ρ(~u, ~u0 )2
.
µ2

(3.71)

The terms (~u, ~u) and (~u, ~u0 ) can be worked out from Equations 3.24, 3.25 et seqq.:

(~u, ~u) = B2 + C2 ,
c0 (z)( B2 + C2 ) − AB
(~u, ~u0 ) =
.
sc1 (z)

(3.72)
(3.73)

Eventually, after the substitution µ = 4ρa, algebraic manipulation leads to
e2 = 1 −

A2 C 2
.
a2 zc21 (z)

(3.74)

Then, the parameter p of the orbit can be obtained from
p=

2A2 C2
.
P − Qc0 (z)

(3.75)

The procedure to compute the remaining orbital elements, namely the inclination
i, the longitude of the ascending node Ω and the argument of the pericenter ω is a
very standard one. Also for the determination of the velocity vector ~v1 at P1 from the
set (a, e, i, Ω, ω, θ1 ), with θ1 the true anomaly at P1 , the reader is referred to classical
celestial mechanics textbooks, such as Roy, 2005. The corresponding velocity vector
~v2 at P2 can be in turn obtained from the set (a, e, i, Ω, ω, θ2 ), with θ2 the true anomaly
at P2 (θ2 = θ1 + ∆θ).

3.4

A regularized Lambert solver

Since the transfer-time equation (Equation 3.66) does not admit a closed-form analytical solution, z must be approximated by some numerical method. Given µ, ∆t,
r1 , r2 , ∆θ, n and a choice between long- and short- period if n > 0, the procedure to
solve Lambert’s problem by the method presented in the previous sections, called
S73a hereinafter, is the following:
1. computation of the geometrical constants P and Q (Equations 3.57 and 3.60);
2. if n > 0, determination of the minimum transfer time ∆t? and the corresponding value z? of the unknown: if ∆t < ∆t? , the problem does not admit solution;
3. choice of an initial guess z0 for z;
4. approximation of z by application of a numerical solution method to Equation 3.66;
5. computation of a, e, i, Ω, ω, θ1 ;
6. computation of ~v1 from the orbital elements and the true anomaly θ1 .
The value of ∆t? for multi-revolution orbits is approximated by means of the
Regula-Falsi iteration scheme, which in the present case means finding the zero of
the derivative of Equation 3.66 with respect to z. The development of the formula
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for the derivative is presented in Appendix B.2. Higher-order methods were not
considered due to the computational cost of the corresponding derivatives of the
transfer time equation. The Regula-Falsi method is applied to the initial interval
[0.2π 2 , 0.4π 2 ], which has proved to be a suitable choice for most problems. If the
solution is outside the interval, the bounds are iteratively moved towards it. The
iteration tolerance is set to 10−13 to ensure the accuracy of the minimum value of
the transfer time equation (∆t? ), which is critical to determine whether the problem
admits solution and to discriminate between the two solution branches. The number
of iterations required to confine the solution is typically less than six, but as high as
twelve near r2 /r1 ∼ 1 or ∆θ ∼ 0. The total number of computations of the derivative
is eleven on average, but twice as much near the above limits. An improved RegulaFalsi method has been implemented based on the Illinois method (see Traub, 1964),
which essentially speeds up the convergence with almost no increase in computing
time.

3.4.1

The initial guess

Five methods to choose the initial guess z0 have been explored.
• Half-interval point. The initial guess z0 is the mid point in the z-domain of each
conic in the transfer-time plots. For example, z0 = π 2 for single-revolution
elliptical orbits. However, in the case of long-way hyperbolic orbits, whose
z-domain is unbounded, a lower limit must be provided. To this end, any of
the boundary-finding methods discussed below is adequate. The half-interval
point approach is computationally very fast, but the initial guess is not very
accurate, the errors approaching 0.5π 2 near the asymptotes.
• Half-angle point. Following Simó, 1973, z0 = (∆θ/2)2 for elliptical orbits and
z0 = 0 for hyperbolic orbits. For elliptical orbits, this choice is more accurate
than the half-interval point.
• Piecewise linear interpolation. A linear function is used to approximate the
transfer time for a given geometry. Hence, the initial guess is the value of z
corresponding to ∆t on such function. Since the linear approximation is very
poor near the asymptote, the z-domain is divided into subintervals, yielding
a piecewise linear approximation. Numerical experiments show that the interval [0, 0.3π 2 ] works well for most elliptical orbits, [−π 2 , 0] is a good choice
for long-way hyperbolic transfers, and [0.9z f , 0], with P − Qc0 (z f ) = 0, is suitable in most short-way hyperbolas. If the solution is outside the z-domain of
interpolation, the boundaries are iteratively moved towards the solution. The
number of iterations required to confine the solution is lower than four in most
cases, and as high as nine near the asymptotes.
• Piecewise nonlinear interpolation. A nonlinear (e.g., quadratic, cubic, exponential) function is used to approximate the transfer time. This option must
take into account the computational cost of inverting the function. Compared
to the piecewise linear interpolation, the method yields a more accurate initial
guess and requires fewer interpolating intervals. In general, five functions are
sufficient to cover the z-domain: one for elliptical orbits with n = 0, two for
hyperbolic transfers (respectively, for long and short ways) and two for the
multi-revolution case (respectively, for the short- and long-period solutions),
and no iterations are required to confine the solution. Unfortunately, the initial
guess can degrade very quickly close to the asymptotes, at times resulting in
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no convergence at all. This issue can be addressed by dividing the z-domain
into smaller subintervals, at the cost of slightly reduced performance.
• Interpolating table. A pre-computed four-dimensional grid of values of z, ∆θ,
r2 /r1 and ∆t is stored and queried during execution. This method is extremely
fast within the domain covered by the table, and can be reasonably accurate.
An optional trilinear interpolation can be applied to further increase the accuracy of the initial guess at the expense of a slight increase in computing time.
However, two tables are required if n > 0 (respectively for short- and longperiod solutions) and, depending on the resolution of the tables, the size of
the arrays may put demanding memory storage requirements. Besides, any
out-of-range combination of the input parameters can yield very poor initial
guesses. Experiments have shown that this approach suffers from poor convergence near the asymptotes. This difficulty can be solved by introducing
specific controls and/or resorting to either piecewise interpolation method, at
the expense of code simplicity. Since the interpolating table is not an iterative
method, it is always faster then the two previous methods.

In general, an ad hoc initial guess is preferred over a fixed estimate, as the former
converges in fewer iterations. However, an overly complex initial guess search algorithm may increase the total execution time, even when the number of iterations
is lower. An appropriate balance among code complexity, number of iterations, convergence domain and total computing time should be sought. Furthermore, the
choice of the initial guess search method must take into account the iteration scheme,
with some methods (e.g., bisection) working on a set of solution-bracketing bounds
whilst others (e.g., high-order Householder methods) requiring a very accurate initial guess. Given the choice of the iterator for this work (see Section 3.4.2), the (computationally expensive) derivative of the transfer time equation must be evaluated at
each iteration. For this reason, an accurate initial guess is preferred over an increase
of iterations on the iterator. The piecewise linear interpolation and the interpolating
table are the only strategies that ensure an appropriate initial guess estimation in all
geometry cases: interpolation techniques can provide incorrect estimations if evaluated out of their interpolation bounds, and static values yield very poor initial guess
values. The interpolating table presents almost no complex operations, save for the
table lookup and the trilinear interpolation. Meanwhile, the piecewise linear interpolation scheme is relatively more complex, and requires searching for the solution
bounds at each runtime. Therefore and due its high computational performance and
accuracy, the interpolating table method has been adopted.

3.4.2

Numerical solution methods

Several numerical methods can be used to approximate the solution of Equation 3.66.
In this work, the following have been considered: bisection, Regula-Falsi (RF) and
Newton-Raphson (NR), whereas higher-order Householder methods have been disregarded because of the cost of computing high-order derivatives of the transfer
time. The original implementations of RF and NR present convergence problems,
so modified versions have been investigated. Eventually, NR with a set of safety
checks to avoid out-of-boundary deviations offers the best combination of computational speed and robustness. The resulting MNR (M standing for modified) requires
an initial guess and two solution-bracketing boundaries. The method executes NR,
which requires the derivative of the transfer time with respect to z (see App. B). At
each iteration, MNR checks whether the current z falls between the boundaries, and,
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TABLE 3.1: Results for several limit and degenerate cases. The value
of the free parameter (z) is shown in the third column, the number of
iterations in the fourth column and the x,y components of ~v1 and ~v2
in the fifth and sixth columns, respectively.
Orbit type
Elliptic
Elliptic
Elliptic
Parabolic
Parabolic
Hyperbolic
Hyperbolic

∆θ
0
π
2π
0
π
0
π

z
1.828
2.674
7.114
0.000
0.000
-0.103
-9.822

iters
5
4
5
1
1
5
3

v 1 x , v 1y
1.096, 0.000
0.053, 1.155
1.067, 0.000
1.414, 0.000
-0.816, 1.155
3.279, 0.000
-9.393, 1.155

v 2 x , v 2y
0.449, 0.000
0.053, -0.577
0.371, 0.000
1.000, 0.000
-0.816, -0.577
3.123, 0.000
-9.393, -0.577

if necessary, it brings it back to the closest of the two. Due to the monotonic nature
of the transfer-time equation, NR converges from such point. In the case of multirevolution transfers, z? and ∆t? are estimated at this stage to distinguish between
long- and short-period solutions.

3.5

Performance tests

S73a has been tested to assess:
• the space and time domain of applicability, i.e., the ranges of r1 , r2 , ∆θ and ∆t
for which it solves the corresponding Lambert’s problems (Section 3.5.2);
• the accuracy of the results (Section 3.5.3);
• the execution time (Section 3.5.4).
Comparisons with the algorithms of Izzo (2015) and/or Gooding (1990) (hereinafter
denoted I15 and G90, respectively) have been executed on the same architectures.
The output of the computation is the velocity vector ~v1 at the beginning of each
transfer. Then, three benchmarks have been designed for testing. The basic benchmark (BB) solves for transfers between r1 = 1 NDU and r2 = 2 NDU (µ = 1), ∆θ
is varied between 0 and 2π (i.e., n = 0) and, for each value of ∆θ, ∆t is varied logarithmically between 2π · 10−3 and 2π · 103 NTU. The domains of ∆θ and ∆t are
subdivided into 1000 intervals, yielding one million test points. Additionally, the
solver is tried on limit (i.e., parabola) and degenerate motions (i.e., rectilinear motion with infinite speed, highly-eccentric hyperbolic orbits) and undefined transfer
planes (i.e., ∆θ = 0, π, 2π). The results for some of these cases are presented in
Table 3.1. By varying ∆θ between 2π and 4π (i.e., multi-revolution transfers with
n = 1), varying ∆t between ∆t? + 2π · 10−9 and ∆t? + 2π · 103 NTU (to capture the
behavior of the algorithm near the minimum transfer time) and treating the remaining parameters as in BB, the long- and short-period transfers define two extended
benchmarks, respectively indicated with BL and BS. For the time and space domain
of applicability, higher values of n and r2 /r1 have been included in the testing scenario. Prior to the execution of the tests, S73a has undergone an assessment of its
convergence properties (Section 3.5.1).

3.5.1

Convergence tolerance

The machine precision level sets the theoretical upper limit to the numerical accuracy of the output of a computation, 15 significant figures for double floating-point
precision. In general, the accuracy of the solution (i.e., z) depends on the number
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of iterations performed, and this, in turn, depends on the tolerance chosen for convergence. In S73a, like in the majority of Lambert’s solvers, this tolerance is applied
to the transfer time. Below a certain threshold, increasing the number of iterations
does not bring a better accuracy because the machine precision has been reached3 .
This threshold can be determined by repeatedly solving the same problem for decreasing values of the convergence tolerance: the accuracy of the results does not
increase indefinitely, rather, it reaches an upper limit. The corresponding tolerance
is the threshold sought. The study has been carried out on all the points of BB, BL
and BS using convergence tolerances from 1 to 10−16 at steps of one order of magnitude. In the vast majority of cases, the threshold convergence tolerance is reached in
four to six iterations, the exception being the points of BL and BS close to the minimum transfer time, for which Newton-Raphson converges in 20 iterations or more
due to the small slope of the function. Some hyperbolic orbits with low values of
time of flight also require nine to ten iterations, as well as some near parabolic orbits
which may require more than seven iterations due to numerical degradation. Such
situations, however, are very unlikely in realistic mission scenarios. Setting the convergence tolerance at its threshold value allows to obtain the best possible accuracy
with the minimum number of iterations. At this limit, the relevant performance figure is the execution time. Note that the accuracy level chosen (machine precision
basically) is not required for many practical applications. However this allows us to
compare the execution time of the different solvers under equal conditions to guarantee a level playing field.

3.5.2

Space and time domain of applicability

S73a works on all the solvable cases of BB, BL and BS. It also works when r1 = r2
and can handle the case in which ∆t = 0 (the rectilinear trajectory connecting ~r1 and
~r2 with infinite velocity) and r2 /r1 = 0 (P2 ≡ F). Note that the transfer r1 = r2 with
∆θ = 2π, which commonly arises in resonant orbit scenarios, is indefinite and must
be addressed particularly. The shadowed regions of Figure 5 contain the unsolvable
problems, i.e., multi-revolution problems for which the transfer time is lower than
the absolute minimum for each geometry (see Figure 3).

3.5.3

Accuracy

The convergence tolerance study has been carried out also on I154 . At the respective
threshold tolerance, the results provided by I15 and S73a have been compared on all
the Lambert’s problems of BB, BL and BS by evaluating the relative difference RD
on the velocity vector:
q


~v1S73a − ~v1I15 · ~v1S73a − ~v1I15
RD =
.
(3.76)
v1I15
The maps of RD over the three benchmarks are provided in Figure 6: everywhere
RD is close to the double floating-point precision, except for some hyperbolic orbits
3 or because the solution lies in the highly-inclined part of the transfer-time equation (close to the
vertical asymptote), where two different ∆ts may correspond to extremely close values of z, hence
iterating further does not cause any appreciable variation in the solution.
4 The accuracy characteristics of I15 and G90 are similar, therefore the comparison has been made
against I15 only.
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F IGURE 3.5: Space and time domain of applicability of the S73a. The
single-revolution geometries (∆θ between 0 and 2π) can always be
solved, whereas the multi-revolution transfers (here n = 1, 2, 3) are
solvable only above the minimum-transfer time curve, of which three
examples are given, respectively representing ratios r2 /r1 of 2, 3 and
4. The unsolvable geometries correspond to the shaded areas below
each curve.
F IGURE 3.6: Maps of log10 ( RD ), the relative difference between the
results of S73a and those of I15 obtained at their respective convergence tolerance thresholds. The three maps correspond to Lambert’s
problems of BB (bottom), BS (top-left) and BL (top-right), respectively.

with very low ∆t for which RD increases up to 10−11 , and multi-revolution transfers
close to ∆t? for which RD quickly increases up to more than 10−11 .

3.5.4

Execution speed

On a typical five-iteration execution, the time is distributed as follows: for n = 0
problems, 45% is spent on the evaluation of the transfer-time equation and its derivative in the time-convergence loop, 25% is required to compute ~v1 from z, 15% is
employed to determine the initial guess (including the query to the interpolating
table and the associated safety checks) and the rest is used by auxiliary tasks (essentially constants assignments, memory allocation, problem geometry definition, outof-bounds checks and convergence criteria, and the computation of Equations 3.63,
3.74 and 3.75). For n > 0, 60% of the execution time is consumed in finding ∆t? (with
an average of eleven evaluations of the transfer time equation derivative), 24% in the
evaluation of the transfer-time equation and its derivative on the MNR iterator, 6%
is spent on ~v1 , 3% on the initial guess, and the rest on the auxiliary tasks. In the
transfer-time computation routine, roughly one third of the time goes into the calculation of the Stumpff coefficients. The routine for the transfer-time derivative has
been optimized to include both the evaluation of the transfer time and its derivative
in the same call, so that its execution is only 1.7 times longer than the basic transfertime routine.
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TABLE 3.2: Average execution times of S73a, G90 and I15 on the
BB (first column), BS (second column) and BL (third column), in microseconds.
Algorithm
S73a
G90
I15

BB
1.16
0.51
0.38

BS
5.23
1.75
1.42

BL
5.28
1.71
1.37

The above time distribution can be easily scaled to account for a different number
of iterations.
A simulation has been performed on the three scenarios (BB, BS and BL) to estimate the average execution time of the algorithm. The algorithms are executed with
an iteration tolerance of 10−9 to adjust the average number of iterations to five. The
simulations have been repeated 100 times in order to obtain meaningful values for
the average execution time, yielding a total of 108 algorithm evaluations on each test
scenario. The algorithms have been coded in FORTRAN language and compiled
with ifort 19.0.0.117 with a default optimization level (-O2), under Ubuntu 18.04.1
LTS system with an Intel Xeon E5-2630 v3 processor at 2.40GHz and 24GB of RAM.
The results of the simulations are collected in Table 3.2, which also offers a comparison with the execution speed of I15 and G90. I15 is always at least three times as fast
as S73a. However, for most applications the relatively lower performance of S73a is
a minor issue, since, for example, the computation of the Lambert’s problems for a
pork-chop plot with 1000 × 1000 points only takes 1.16s.

3.6

Discussion and conclusions

This chapter revisits the solution of Lambert’s problem via Levi-Civita regularization, a method developed by Simó, 1973 in which the transfer time for a given geometry is expressed through a quantity, called z, proportional to the square of the
eccentric anomaly difference between the end-points of the transfer on the solution
curve. The Stumpff functions of argument z that appear in the transfer-time expression arise from the solution of the regularized two-body equation of motion. This
is the equation of the simple harmonic oscillator in which the constant coefficient is
the mechanical energy, a quantity that discriminates the three types of conic section
and, thus, makes the method universal.
The theory of Levi-Civita regularization applied to Lambert’s problem is demonstrated with full details including the explanation of the geometrical meaning of z,
the proof of the relevant properties of the Stumpff functions and the transcription
of the problem statement in the regularized space. We improve on the original formulation by completely solving the multi-revolution (n > 0) case for the first time
in this context, an upgrade that enables the application of the algorithm to modern
problems, such as the design of multi-revolution trajectories among the moons of the
giant planets or to the inner solar system. The features of the transfer-time equation
are illustrated, the geometry of the solutions (e.g., short-, long-way) is discussed,
the multiple conic sections (short-, long-period) arising when n > 0 are presented
and the degeneracies that the method can accommodate are analyzed. After investigating a range of initial guess search techniques and testing different numerical
methods to approximate the solution, we propose a solution procedure in which
the initial guess is assigned very efficiently by querying a pre-defined interpolating
table. Then, in order to achieve both speed and robustness, we combine NewtonRaphson with safety checks to avoid out of boundary deviations to approximate z.
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To facilitate the reproduction of our results, we provide the complete algorithmic
recipe for the computation of the derivative of the transfer-time with respect to z.
The method here discussed has been coded in FORTRAN and tested extensively
in order to quantify, in the first place, its domain of applicability, i.e., the geometries and transfer times for which it can approximate z and solve the corresponding
initial value problem. Then, once its convergence properties have been understood
and appropriately tuned, the accuracy of the results has been compared with that of
Izzo (2015)’s algorithm, thus obtaining an external validation of the present method.
Execution speed assessments have yielded acceptable results, especially after extrapolation to the computation of a pork-chop plot of medium size. The higher algebraic
complexity of the regularized transfer-time equation over the equivalent formulations by Izzo, 2015 and Gooding, 1990 justifies the longer execution times (a factor
between 1.5 and 2.7 higher, depending on computer hardware and compiler used).
The present chapter presents a first overview into the theoretical aspects of Lambert’s problem and compares three established solution methods. However, a more
comprehensive analysis and comparison of all the methods available in the literature must be performed in order to select the best algorithm for its implementation
into the AMGAO framework. This is the main subject of Chapter 4 of this thesis,
in which we analyze and compare twelve different solution methods including the
three from this chapter.
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Chapter 4

Review of Lambert’s Problem
4.1

Introduction

Chapter 3 presents the regularized Lambert’s problem formulation by Simó, 1973
and compares with the two state of the art methods used by NASA and ESA, respectively. Nevertheless, a more comprehensive review of the available methods in
the literature is required to select the best candidate method to implement into AMGAO. Throughout the years, some authors have reviewed and compared the most
relevant implementations of Lambert’s problem: Monuki, 1973 performs an extensive comparison between two old formulations and and the Lancaster-Blanchard
method, Klumpp, 1991b compares several algorithms in terms of robustness, execution speed, accuracy and compactness, Peterson, 1991 compares several zerorevolution methods and recently Lee, Ahn, and Bang, 2016 proposes a dynamic algorithm selection based on the comparison of the performance map for different
Lambert algorithms. Some recent comparisons, e.g. Arora and Russell, 2010, Parrish, 2012, Wagner and Wie, 2012; Wagner, Wie, and Kaplinger, 2015 and Shimoun
et al., 2018 include implementations of the algorithm in GPU architecture, analyze
the resulting performance and offer comparisons with CPU architectures. However,
to date there is still a need for a comprehensive review and systematic comparison
of the available literature of Lambert’s problem based on quantitative criteria. We
present an extensive review of the state of the art of the algorithms for the solution
of Lambert’s problem, and an in-depth comparison between selected representative
algorithms. We implement each method following uniform coding practices; this
allows performing the comparison and analysis in a fair ground, avoiding major
differences in the performance of the algorithms inherent to the implementation of
the algorithm into code. We aim at selecting the algorithm that presents the best
balance between accuracy, domain of application and computational performance.
The selected algorithm will be implemented in AMGAO. Note that the implementation of the methods has done in collaboration with Ms. Virginia Raposo Pulido;
specifically, she carried out the implementation of Ahn’s and Arora’s methods and
the translation of a few other methods into C++ language.
The chapter starts by discussing the chronological relationships among the many
methods and determining the main representatives. Several key methods from each
research line are then selected and analyzed in detail in Section 4.2. In Section 4.3 we
illustrate the benchmark tests that we carried out in order to compare the selected
methods in terms of domain of application, speed of convergence and accuracy of
the solution and their computational efficiency. Finally, Section 4.4 discusses the
results and draws conclusions.
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Solution methods: comparison and discussion

The first formulations providing a complete solution of Lambert’s problem date back
to Lagrange, 1788, Gauss, 1809 and Gauss, 1857. However, studies on the subject
turned intensive in the mid 1960s. As of today, more than 70 authors have proposed
formulations and solutions to the problem. Here we present a comprehensive compendium on the authors that have contributed to the development of the Lambert’s
problem. Figure 4.1 shows a chronological map of all the contributions discussed
in this section. The authors can be loosely grouped into a number of major lines of
research on the basis of the free parameter adopted.
The original algorithm by Gauss, 1809 iterated on the ratio of the area of the sector to the area of the triangle for a given transfer geometry. Godal, 1961 expressed
the time of flight as a function of two parameters and the eccentric anomaly difference, using formulas from Gauss, 1809. Price, 1968 solved the problem by means
of an offset vector (multiple-shooting) method. Battin and Vaughan, 1983; Battin
and Vaughan, 1984; Battin, 2001 later improved the original technique by Gauss and
developed a method in which the unknown is half the difference between the (hyperbolic) eccentric anomalies at P2 and P1 on the solution curve. The latter approach
was enhanced by Loechler, 1988 by including the multi-revolution case, Klumpp,
1990; Klumpp, 1991a by fixing some of the singularities and improving the computational performance of the algorithm, Shen and Tsiotras, 2004 by also including the
multi-revolution case and using a preprocessing algorithm to provide initial guess
values, Allen and Wenzel, 2015 by providing a recipe for an incomplete formula on
Battin’s original algorithm, and Ahn, Bang, and Lee, 2015 by proposing an improved
initial guess based on table initialization. Maclellan, 2005 uses the original method
by Battin, 2001 to develop a guiding algorithm for low Earth orbit rendezvous. More
recently, Bombardelli, Roa, and Gonzalo, 2016 also starts from Battin, 2001 quartic
equation, linearazing the problem and obtaining an approximate analytical solution.
Bate, Mueller, and White, 1971 adopted a formulation based on universal variables, expressing the transfer-time equation via Gauss’ f and g functions. An improved initial guess scheme was introduced by Vallado and Mcclain, 2013. Leeghim
and Jaroux, 2010 proposes an improved formulation to find the transfer orbit with
minimum initial velocity. Luo, Meng, and Han, 2011 reformulated Bate’s algorithm
by adding a constraint on the flight path angle at P1 , whereas Thompson, 2011 introduced the collinear transfer case. Recently, Arora and Russell, 2013 extended it
using cos ∆θ as the unknown, implementing a wide range of initial guess strategies
and solving with a variable-order Householder algorithm. Blanchard, Devaney, and
Lancaster, 1966; Blanchard and Lancaster, 1969; Lancaster, 1969; Estes and Lancaster,
1970 set up a Lambert solver based on the Newton-Raphson method applied to universal variables. This algorithm was then modified by Gooding and Odell, 1988;
Gooding, 1990 by means of a Halley cubic iterator, initial guess value formulas to ensure fast convergence, a power-series expansion in the near-parabolic range to avoid
round-off errors, and by expanding its multi-revolution capabilities. In recent years,
Izzo, 2015 also built on Blanchard and Lancaster, 1969, devising a Householder iterator scheme and a new initial guess search method based on linear interpolation
of the time transfer function coupled with empirical results. The algorithm has been
implemented in a python code available as part of the ESA PyKEP toolbox.
Most of the techniques that solve Lambert’s problem with respect to the semimajor axis rely on the formulation due to Lagrange, 1788. The first investigations in
this direction are those of Oppolzer, 1882 and Subbotin, 1919 who make use of series
expansions to solve the problem, albeit with slow convergence. Later on, Sconzo,
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1962 presents a routine to obtain orbital elements from radar observations using the
Lambert’s problem solved via an inverse interpolation technique. The first complete solutions of the problem are from Ochoa and Prussing, 1992 who applied the
algorithm to ballistic launch trajectories and Prussing, 2000 who added the multirevolution case. More recently, Wailliez, 2014 extended Prussing’s algorithm by
means of a variable-order Householder iterator, whereas Mcmahon and Scheeres,
2014; McMahon and Scheeres, 2016 linearized the transfer-time equation, obtaining
a relatively accurate but computationally efficient procedure which is suitable for
on-board targeting and orbit determination computations. Other implementations
include those of Thorne and Bain, 1995; Thorne, 2014 which used a power series
expansion, Usachov, Ezhov, and Simonov, 2013 who applied the problem to interplanetary trajectories to the neighbouring circumsolar space, Chen et al., 2013 who
applied the formulation to optimization problems via interval analysis, Jiali et al.,
2015 which developed a graphical solution method to obtain the intersection between the given transfer time and the transfer time equation, and Jiang et al., 2016
which revisits the method, derives the formulation for all transfer geometries and
implements a Newton-Raphson iterator.
The solvers with respect to the semi-latus rectum are due to Herrick and Liu,
1959, Bate, Mueller, and White, 1971 which fully describes the formulation and
Boltz, 1984 who developed an efficient Newton-Raphosn iterator for Bate’s method.
Avanzini, 2008 employed the transverse eccentricity vector (i.e., the component of
the eccentricity vector perpendicular to the chord c) and used the Newton-Raphson
method with numerical derivatives. Analytical derivatives were then developed by
He, Li, and Han, 2010, who also addressed the multi-revolution case. The latter investigation was improved by Zhang, Mortari, and Zhou, 2010; Zhang, Zhou, and
Mortari, 2011 by introducing constraints on the periapsis of the solution for nearEarth applications, and finally by Wen et al., 2014 by simplified formulas for the
derivatives.
Solution methods with the flight path angle as the free parameter were initiated
by Wheelon, 1959 to determine the trajectory of a ballistic missile and extended by
Nelson and Zarchan, 1992 to include all orbit types. More recently, Arlulkar and
Naik, 2011 treated the case of multiple revolutions, whereas Ahn and Lee, 2013 exploited the information of the analytic gradient of the transfer-time equation with
respect to the velocity components to update the iterator into a higher order one.
Gedeon, 1965 solved the problem via power series expansions; Pitkin, 1968 iterated on a system of two equations with the energy and (hyperbolic) eccentric
anomaly as unknowns; Sukhanov, 1983 solved the TBOBVP by reducing the method
to the Cauchy problem in partial derivatives; Taff and Randall, 1985 analyzed previous algorithms by Battin and Bate and developed two new iteration techniques:
one on the true anomaly and the other using the Lambert-Euler technique; Sun and
Vinh, 1983; Sun, Vinh, and Chen, 1986 replaced the Gauss’ ratio with the (hyperbolic) eccentric anomaly difference; Sarnecki, 1988 derived Lambert’s problem for
rectilinear motion; Sun, 1979 was the first author to deal with the formulation of
multi-revolution orbits in detail.
The first application of Levi-Civita regularization to the solution of Lambert’s
problem is due to Simó, 1973, who also dealt with the case of degenerate geometries (most notably, rectilinear motion), and thoroughly discussed the choice of the
initial guess, the derivative of the transfer-time equation as part of the NewtonRaphson iterator, and the issue of numerical degradation. Recently, De La Torre,
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1761
1771
1788
1809
1857
1882
1912
1919
1959
1961
1962
1965
1966
1968
1969
1970
1971
1973
1976
1979
1983

Lambert
Lambert
Lagrange
Gauss
Gauss
Oppolzer
Sundman
Subbotin
Herrick
Wheelon
Godal
Sconzo
Gedeon
Stiefel
Blanchard
Pitkin
Price
Blanchard
Lancaster
Estes
Bate
Monuki
Simo
Jezewski
Kriz
Sun
Battin
Sukhanov
Sun

2010
2008
2005
2004
2001
2000
1995
1992
1991
1990
1988
1986
1985
1984

Zhang
Leeghim
He
Arora
Avanzini
Maclellan
Shen
Battin
Prussing
Thorne
Ochoa
Nelson
Klumpp
Klumpp
Peterson
Klumpp
Gooding
Sarnecki
Loechler
Gooding
Sun
Taff
Moulton
Boltz
Battin

2011

2012
2013

2014

2015

2016

2018

Arlulkar
Luo
Thompson
Zhang
Parrish
Wagner
Ahn
Arora
Arora
Chen
Usachov
Vallado
Mcmahon
Thorne
Wailliez
Wen
Wen
Ahn
Allen
Izzo
Jiali
Wagner
Bombardelli
Jiang
Lee
McMahon
DeLaTorre
Shimoun

F IGURE 4.1: Chronological representation of all the authors cited in
this chapter that have at some point contributed to the development
of Lambert’s Problem. Note the proliferation of publications in recent
years.

Flores, and Fantino, 2018 revised the original formulation by Simó, offering an exhaustive derivation of the formulation, implementing the multi-revolution case, improving the initial guess by means of an interpolating table, and performing indepth analysis on the method’s performance. This is the subject of Chapter 3. Kriz,
1976 developed an equivalent formulation using Kustaanheimo-Stiefel regularization Kustaanheimo and Stiefel, 1965 and also gives a recipe for the case of multiple
revolutions. Jezewski, 1976 solved the problem in the regularized space via optimal
control theory.
We now highlight the most productive lines of research, and for each we indicate
the progenitor algorithm and the successive improvements upon it. The resulting
classification of research lines is as follows:
• Universal variables:
– Blanchard and Lancaster, 1969, Gooding and Odell, 1988; Gooding, 1990,
Izzo, 2015.
– Bate, Mueller, and White, 1971, Vallado and Mcclain, 2013, Luo, Meng,
and Han, 2011, Thompson, 2011, Arora and Russell, 2013.
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– Battin and Vaughan, 1984, Loechler, 1988, Shen and Tsiotras, 2004, Maclellan, 2005.
• Semi-major axis:
– Lagrange, 1788, Prussing, 2000, Wailliez, 2014, Thorne and Bain, 1995;
Thorne, 2014, Jiang et al., 2016.
• Semi-latus rectum:
– Herrick and Liu, 1959, Boltz, 1984.
– Bate, Mueller, and White, 1971.
• Eccentricity vector:
– Avanzini, 2008, He, Li, and Han, 2010, Zhang, Mortari, and Zhou, 2010;
Zhang, Zhou, and Mortari, 2011, Wen et al., 2014.
• Levi-Civita regularized coordinates:
– Simó, 1973, De La Torre, Flores, and Fantino, 2018.
– Kriz, 1976, Jezewski, 1976.
• Flight-path angle:
– Wheelon, 1959, Nelson and Zarchan, 1992, Arlulkar and Naik, 2011, Ahn
and Lee, 2013.
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The previous list can also be visualized as a map of lines of research. Figure 4.2
shows a graphical representation of this chronological map.

Kriz

Simó

A
B

Jezewsky

de la Torre

C
D
E
F

Universal variables
Semi-latus rectum
Semi-major axis
Flight-path angle
Eccentricity vector
K-S regularized space

F IGURE 4.2: Graphical classification of the main scientific lines of
work of Lambert’ problem. Each branch of the diagram groups methods based on their iteration parameter, and the authors are ordered
chronologically within each branch.
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For brevity, in what follows we shall indicate Blanchard and Lancaster, 1969 with
LB69, Gooding, 1990 with G90, Izzo, 2015 with I15, Bate, Mueller, and White, 1971
with B71, Vallado and Mcclain, 2013 with V97, Arora and Russell, 2013 with AR13,
Battin and Vaughan, 1984 with BV84, Simó, 1973 with S73, De La Torre, Flores, and
Fantino, 2018 with S73a, Wailliez, 2014 with WA14, Wen et al., 2014 with WE14 and
Ahn and Lee, 2013 with AL13.
We have selected representatives of each line of work and we have studied them.
The methods due to Lagrange and Gauss have been retained for historical reasons.
From the universal variables line, the selection includes B71, BV84, AR13, and the
work by G90 and I15, both superseding the original algorithm of LB69. The work of
WA14 is chosen for the semi-major axis branch, WE14 for the transverse eccentricity,
and AL13 for the flight-path angle line. Finally, the work of S73a has been selected
as representative of the Levi-Civita branch. In the remainder of this section, we will
describe these algorithms. For reasons of space, the reader is referred to the original
publications for details and more quantitative aspects.
Note that normalized distance and time units will be used throughout the chapter: based on Kepler’s third law, we define the period of a circular orbit of unit
radius (1 NDU) around a primary of unit gravitational parameter as being equal to
2π normalized units of time (NTU).

4.2.1

Generic Lambert procedure

Since the transfer time equation does not have a closed-form solution, the value of
the free parameter must be approximated via a numerical procedure. In general,
given a particular transfer geometry (i.e., µ, ∆t, r1 , r2 , ∆θ, n) and a choice between the
long-period and short-period solutions if n > 0, the procedure to be adopted to solve
Lambert’s problem consists in the following:
1. computing the geometric parameters of the transfer;
2. if n > 1 (multi-revolution), determination of the minimum value of the transfer
time ∆t? for which the problem admits solution, and the corresponding value
of the free parameter;
3. obtaining an initial guess for the free parameter;
4. iterating on the transfer time equation until convergence;
5. computing the terminal velocity vectors v~1 and v~2 .

4.2.2

Fundamental formulation

The original algorithm by Lagrange expresses the transfer time as a function of the
semi-major axis a. This choice is inconvenient for two reasons: the solution contains a pair of conjugate orbits (i.e., the solution is not unique), and the derivative
of the transfer time is singular when a corresponds to the minimum-energy orbit
(am ). To overcome this difficulty, Battin, 2001 expresses the transfer time equation as
a function of the universal variable x (x2 = 1 − am /a) which is valid for all types of
conic sections, thus obtaining a single-valued and monotonic function for the transfer time. This improved method will be addressed as LB01 (Lagrange-Battin 2001).
In his Theoria Motus (Gauss, 1809, Gauss, 1857), Gauss develops a method to
solve Lambert’s problem with a system of two equations and using the sector-totriangle area ratio y. Then, B71 expands the original Gauss definition to any type
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F IGURE 4.3: Lambert transfer time equation, LB01 method (universal
variables).

of conic section using a power series expansion developed by Moulton, 1984. This
revised method will be addressed as GB71 (Gauss-Bate 1971).
In his book, B71 starts from the Gauss f and g functions and expresses the transfer time in terms of the universal variable z using Stumpff functions. z is defined as
∆E2 for elliptical orbits and as −∆F2 for hyperbolic orbits, being E and F the eccentric anomaly in the ellipse and the hyperbolic anomaly in the hyperbola, respectively.
Note that Bate’s time equation is singular at z = (2nπ )2 with n = 1, 2, 3..., and [2nπ ]2
and [2(n + 1)π ]2 are the limits of the domain of n-revolution elliptical orbits. Note
also that there is a lower limit for z when the transfer angle is less than π. Such limit
corresponds to a hyperbolic orbit with transfer time ∆t = 0. Lower values of z imply
negative values for the transfer time.
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F IGURE 4.4: Lambert transfer time equation, B71 method (universal
variables).

B71 also presents an additional method which iterates on the semi-latus rectum
parameter p. In this case, the parameter p is not universal, so distinct equations
must be used for each orbit type. In particular, the algorithm presented on Bate’s
book implements only elliptic and hyperbolic orbits. The domain of p is defined as
pi < p < ∞ for θ < π transfers and 0 < p < pii for θ > π transfers, where the values
of pi and pii depend purely on the geometry of the transfer. The method presents a
singularity on collinear transfers. To avoid confusion between the two methods from
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B71, the universal variables method will be addressed as BZ71 and the p-iteration
method as BP71.
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F IGURE 4.5: Lambert transfer time equation, B71 method (semi-latus
rectum).

S73 derives the transfer time in regularized space by means of the Levi-Civita
coordinate transformation, which involves the introduction of a fictitious time by
means of the Sundman transformation (Sundman, 1912), a conformal square transformation between the physical plane and the complex plane, and the introduction
the mechanical energy into the formulation. His free parameter z has a universal
definition, valid for the three types of conic sections. Also in this case, there exists
a lower limit for the value of z for transfers with θ < π. A revised version of the
algorithm fully describes the multi-revolution case, whose domain limits are 0 and
[2π ]2 . The revised version of the method (S73a) will be used in this report.
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F IGURE 4.6: Lambert transfer time equation, S73a method (LeviCivita).

BV84 improves the original Gauss formulation in his Elegant Algorithm, extending the convergence region and treating θ = π transfers. The new system of equations is also expressed in terms of the sector area-to-triangle area ratio y and makes
use of two continued fractions. The method, however, is singular for 2π transfers.
G90 follows the work of LB69 in terms of the universal variable x (x2 = 1 − am /a,
with am corresponding to the semi-major axis of the minimum-energy orbit). In his
paper, G90 provides a FORTRAN code with three routines: one computes the time
of flight (and several of its derivatives) as a function of x and using the formulation
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by LB69. The second routine finds x, while implementing all the initial guesses
for all orbits and multi-revolution cases. The main code computes the geometric
parameters of the transfer, calls the second routine to compute x for each multirevolution case, and computes the velocity vectors. I15 also starts from the work
by LB69. For values of x close to one (i.e., near-parabolic range), I15 makes use
of the Lagrange and Battin equations in terms of the universal variable z. In both
methods, the parameter x is defined between −1 and 1 for elliptic orbits, and 1 to
∞ for hyperbolic orbits. z = 1 corresponds to the parabolic case. The multiple
revolution orbits are defined on the domain −1 < z < 1.
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F IGURE 4.7: Lambert transfer time equation, G90 and I15 methods
(universal variables).

AL13 algorithm uses the flight-path angle γ as iterator variable. The algorithm
covers the hyperbolic, parabolic and elliptic transfer orbits. The time of flight is
expressed by the corresponding Kepler’s equations and the Barker’s equation (i.e.,
by using the classical orbital elements), which are reformulated as a function of γ.
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F IGURE 4.8: Lambert transfer time equation, AL13 method (flightpath angle).

The formulation provided by AR13 is motivated by the approach of B71 via universal variables. The algorithm iterates on a new universal variable k, which depends on the cosine of the change in eccentric anomaly. The formulation covers the
different types of orbits, including the multiple revolution transfer. The time of flight
is defined as a function of the free parameter k, and becomes indeterminate when k
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√
approaches to 2. To √
remove the singularity, a series evaluation of the parameter is
carried out when k − 2 is close to zero.
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F IGURE 4.9: Lambert transfer time equation, AR13 method (universal
variables).

The algorithm by WA14 iterates on the semi-major angle a, using the original
formulation from Lagrange. The author deals with the discrimination of the correct
solution between the two conjugate orbits inherent to the formulation, avoids the
singularity on the derivative, and solves the π transfer orbit geometry. However,
the method is only implemented for single-revolution elliptical orbits. The transfer
time equation is defined in the domain am < a < ∞ for elliptical orbits, with am
corresponding to the minimum-energy orbit. The equation presents two distinct
branches or solutions, each corresponding to one of the conjugate orbits.
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F IGURE 4.10: Lambert transfer time equation, WA14 method (semimajor axis). The ∆t axis has been scaled logarithmically for clarity.

WE14 presents a formulation based on the transverse-eccentricity component et .
The formulation covers all orbit types, and the parameter et is defined in the domain
e p < et for short-way transfers and eh < et < e p for long-way transfers, where e p
and eh are constants determined from the transfer geometry. In this case, we also
encounter a lower limit for the value of et for transfers with θ < π. The formulation
also presents multi-revolution solutions, defined in the domain −e p < et < ep.
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F IGURE 4.11:

4.2.3

Lambert transfer time equation, WE14 method
(transverse-eccentricity).

Solution algorithm

Several methods can be used to numerically solve the equations resulting from the
several treatments described in Section 4.2.2. The iteration methods implemented
for the selected Lambert algorithms are presented below and summarized in Table
4.1.
The Newton-Raphson scheme is a Householder root-finding method of 1st order. The method requires the derivative of the transfer time with respect to the free
parameter, which we denote by w. At the ith iteration, w is updated through:
w i +1 = w i −

t − ∆t
dt
dw

.

(4.1)

∆t is the target value for the time of flight, t is current value of the transfer time and
dt/dw is its derivative with respect to w. The Newton-Raphson method is used by
LB01, BZ71, BP71, S73a, and WE14. This method is also used by AR13 and WA14 to
obtain the value of ∆t? .
The bisection method does not require any derivatives, since it evaluates the
transfer time equation at the arithmetic mean point (e.g., w̄) of a solution-bracketing
interval (namely [wlow , wup ]). Then, the resulting value for the time of flight t is
compared against the target ∆t, and the interval bounds are updated as follows:
wlow = w̄

t ≤ ∆t,

wup = w̄

t > ∆t.

(4.2)

The bisection method is implemented in an alternative version of the BP71 algorithm, and as a fall-back iteration scheme on the AR13 algorithm. WE14 also uses
this method to obtain ∆t? for multi-revolution scenarios.
The Regula-Falsi method is used in the S73a implementation to obtain ∆t? . This
method evaluates the transfer time equation on a point wc computed as
wc =

w a f b − wb f a
fb − fa

(4.3)

where wa and wb are two arbitrary values of the parameter and f a and f b the corresponding function values. The values of wa and wb are then recomputed according
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to the value of the function evaluated at wc . In the S73a application of this method,
the evaluated function corresponds to the derivative of the transfer time equation.
The Gauss algorithm uses a successive substitution technique called the Gauss
Method. The scheme recomputes all parameters with the current value of the free
variable and then updates it using the recomputed value of the parameters. BV84
also develops a successive substitution solving method, exploiting the property that
the largest positive real root of the cubic equation is always the correct solution, and
using the resulting equation to directly compute the solution for the cubic.
G90 uses the Halley method, which is a Householder root-finding method of 2nd
order. The first and second derivatives of the transfer time equation with respect to
the free parameter are then required and used as follows:
w i +1 = w i +

Tdt
2

dt2 + T d2 t

(4.4)

where T = ∆t − t, and dt, d2 t are the first and second order derivatives of the time
equation, respectively. AR13 and WA14 also employ the Halley’s method, and the
former fall-backs to a bisection method if the error on the Halley iterator is too large.
The ∆t? value is also found via a Halley iterator in the G90 and I15 methods.
AL13 first uses the geometry of the problem to find the range of the iteration
variable. Boundary conditions for the update value are set up by the minimum and
maximum flight-path angles (γmin , γmax respectively), defining three different regions. In the regions around the minimum and maximum values of γ, the increment
in the flight-path angle depends on interpolation parameters αmin and αmax . In the
remaining region, the increment in γ is obtained in terms of the transfer time and
the analytic gradient of the transfer time with respect to γ:

(γ1 )k+1 = (γ1 )k + ∆γ
γmin ≤ (γ1 )k + ∆γ ≤ γmax
(γ1 )k+1 = αmin γmin + (1 − αmin ) (γ1 )k
(γ1 )k + ∆γ1 ≤ γmin
(γ1 )k+1 = αmax γmax + (1 − αmax ) (γ1 )k
(γ1 )k + ∆γ1 ≥ γmax

(4.5)

Finally, I15 uses a 3rd -degree Householder method to iterate on the transfer time
equation at the ith iteration as such:
w i +1 = w i T

dt(dt2

dt2 − Td2 t/2
− Td2 t) + d3 td2 t/6

(4.6)

where T = ∆t − t, dt and higher-order derivatives are computed using LB69’s version of the transfer time equation.

4.2.4

Choice of the initial guess

The initial guess, or starter, is introduced as input to the iterative solution algorithm.
The starters proposed by the authors of the selected algorithms are the following:
Lagrange starts from x = 0, corresponding to a minimum-energy orbit. Gauss
starts from y = 1, which corresponds to a 1:1 triangle-to-sector area ratio. BV84
provides a specific initial guess x for his successive substitution method if the normalized time of flight corresponds to an elliptical orbit, and x = 0 otherwise.
In his book, B71 starts from z = 0, which corresponds to a parabolic orbit. However and following the comments of the author regarding the iteration strategy, in
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Method
LB01
GB71
BZ71
BP71
S73a
BV84
G90
AL13
AR13
WA14
WE14
I15

∆t solver
Newton-Raphson
successive substitution
Newton-Raphson
Newton-Raphson
Newton-Raphson
successive substitution
Halley
Analytic Gradient
Halley
Halley
Newton-Raphson
Householder 3rd order
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∆t? solver
n/a
n/a
Bisection
n/a
Regula-Falsi
n/a
Halley
n/a
Newton-Raphson
Newton-Raphson
Bisection
Halley

TABLE 4.1: Solution methods for the Lambert algorithms. The first
column refers to the algorithm, the second column describes the main
solver of the transfer time equation, and the last column shows the
method chosen to obtain the ∆t? value on multiple revolution cases
(if such scenario is implemented).

the present implementation of the BZ71 and BP71 algorithms, an initial solutionbounding scheme is executed and the mean value between the solution boundaries
is chosen as initial guess.
S73 proves that his time equation has a single solution in the interval z ∈ [z f , π 2 ],
where π 2 is the t = 2π asymptote and z f is the lower limit for the z parameter. The
value of z f corresponds to a specific value for θ < π transfers and z f = −∞ for
θ > π transfers. In his original work, S73 recommends to use z = (θ/2)2 as a starter
for the elliptical orbits domain (z ∈ [0, π 2 ]) and z = 0 as a starter for hyperbolic
orbits (z ∈ [z f , 0]). In the S73a implementation of the algorithm, a set of piece-wise
linear approximations of the transfer time equation yield the initial guess.
G90 derives a set of semi-empirical initial starters for both single-revolution and
multi-revolution transfers. For the single-revolution case, he uses a bilinear approximation method to analytically obtain an approximate solution for the x < 0 region of
Lancaster’s transfer time equation, and a weighted combination of approximate solutions for the x > 0 region. The multi-revolution starters follow a similar procedure
as the single-revolution ones.
AR13 determines the initial guess by different procedures depending on the orbit
and the region studied. It is based on rational polynomial approximations such that
for hyperbolic case the solution space is divided into two regions (H1 and H2 ) as
a function of k. For H1 the initial guess formula is given by x ∗ , the inversion of a
general rational approximation function. For H2 a modified form of x ∗ is considered
matching the value of ∆t at k = 20 and k = 100, and allowing the initial guess to
approach infinity as the target ∆t (T ∗ ) goes to zero. For elliptical orbits the solution
space is divided into four different regions (E1 , E2 , E3 and E4 ) as a function of k.
For E1 and E2 the initial guess formula is given by x ∗ . For E3 and E4 x ∗ is modified
to approximate the inverse of the ∆t by taking the function to zero as ∆t goes to
infinity. For multiple revolution cases the initial guess generation is broken down
into two parts: computing a close approximation of k b,i corresponding to ∆t? , and
using the previous value to compute an approximation of each of the two k values
corresponding to the T ∗ for the specific revolution transfer (k∗i ). The solution space
is in this case divided into four regions (M1 , M2 , M3 and M4 ).
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AL13 defines the starter as the average of the minimum and the maximum the
flight-path angle values for the given geometry. They are defined as follows: minimum flight-path angle (γmin ), which is determined by the −r1 vector value, which
corresponds to the flight-path angle of −π/2 and as a function of the transfer angle;
maximum flight-path angle (γmax ), which is obtained from the escape condition and
as a function of the transfer angle. Both expressions are singular when the transfer
angle is zero.
WA14 presents a linear estimate for the initial guess, selecting the minimum energy orbit value am and an arbitrary point z on the solution branch of the time of
flight equation. For practical purposes, a value of the arbitrary point z = 0.51(r1 +
r2 ) is chosen by the author in his work.
WE14 does not provide any indication for the initial guess computation, however the boundaries of the solution are readily provided for all transfer geometries.
For this reason, a linear interpolation between the boundaries has been used in the
present implementation of the algorithm.
I15 performs a piece-wise linear approximation of the transfer time equation.
Inverting the previous relation provides an approximate solution which is then used
as a starter. For the multi-revolution cases, I15 approximates the lower and upper
asymptotes of the time equation for the corresponding n-revolution scenario, then
he inverts the approximated curves to obtain the appropriate starters.

4.2.5

Computation of the velocity vectors

Once the free parameter has been approximated, the terminal velocity vectors at
the boundaries of the transfer must be determined. The methods employed by the
several authors are highlighted below.
Orbital elements
This method consists in expressing the semi-latus rectum p, the semi-major axis a,
the eccentricity e and the true anomaly ν of the selected point as functions of the free
parameter. Then, the velocity ~v pwq at either ~r1 and ~r2 in the perifocal reference frame
is determined as:
r
µ
~v pqw =
(4.7)
[− sin ν, e + cos ν, 0] .
p
Then, with the inclination i, the argument of the periapsis ω and the longitude of the
ascending node Ω, the pqw vectors can be rotated into the xyz frame:

~vijk = Rz (Ω) R x (i ) Rz (ω )~v pqw ,

(4.8)

where Rk ’s are the elementary rotation matrices following the right-hand sign convention. The orbital elements i, ω and Ω can be obtained using any of the established
methods in the literature. The orbital elements method is used by S73a and BV84.
Gauss f and g functions
The values for the Gauss functions f , g and ġ, defined in Bate, Mueller, and White,
1971, are expressed as functions of the free parameter. Then the velocity vectors
~v1 and ~v2 at the beginning and at the end of the transfer, respectively, are found
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through:

~v1 = (~r2 − f~r1 )/g
~v2 = ( ġ~r2 −~r1 )/g

(4.9)
(4.10)

Note that there exists a singularity in the computation of the velocity when g = 0,
which corresponds to θ = π transfers. This method is used by GB71, BZ71, BP71
and AR13.
Radial and transversal components
The radial vr and transversal vt components of the velocity are expressed as functions of the free parameter. Then, either velocity vector ~vi (i.e., ~v1 or ~v2 ) is calculated
as:
~h ×~ri
~r
~vi = vri i + vti
.
(4.11)
ri
|~h ×~ri |
Here, ~ri /ri is the unit vector in the radial direction at Pi , and ~h ×~ri /|~h ×~ri | is the
unit vector in the transversal direction. Lagrange, G90 and I15 use this method.
AL13 implements this method using the initial and the final flight-path angle values
(γ1 , γ2 ). Note that WE14 does not provide any formulae for the computation of the
terminal velocity vectors on his article, so this method has been implemented for the
purpose of fully evaluating the algorithm in the comparison test.

4.3

Performance tests

The methods discussed in Section 4.2 have been implemented following the description of their authors as faithfully as possible. However, minor modifications have
been applied to some algorithms with the aim of obtaining a set of implementations
as uniform as possible. This will allow to run all comparison and analysis tests in a
fair ground. All the methods have been implemented in C++ language. The executables have been built with Intel C++ Compiler version 19.0.0.117 with optimization
level -O3, under Ubuntu 18.04.1 LTS. The test system sports an Intel Xeon E5-2630
v3 processor at 2.40GHz with 24 GB of RAM.
Several simulations or benchmarks have been carried out in order to test the
algorithms in a wide range of scenarios. This series of tests aims at assessing:
• the space and time domain of applicability, i.e., the ranges of r1 , r2 , ∆θ and ∆t
for which the algorithm solves the corresponding Lambert problem (Sect 4.3.1);
• the accuracy of the results (Sect 4.3.2);
• the execution time (Sect 4.3.3).
The output of the computation is the terminal velocity vector ~v1 at the beginning
of each transfer. Three benchmark scenarios have been designed for testing the algorithms. The basic benchmark (referred to as BB) sets planar transfers between r1 = 1
NDU and r2 = 2 NDU around µ = 1, the transfer angle θ is varied between 0 and 2π
(i.e., n = 0) and, for each value of θ, the transfer time is made to vary logarithmically
between 2π · 10−2 NTU and 2π · 103 NTU (values larger or lower than those would
be meaningless for a real application scenario). The domains of ∆θ and ∆t are discretized with 1000 intervals, yielding one million test points. Specific tests have been
conducted to assess the algorithms in some individual scenarios of interest, those
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being parabolic and collinear transfers. We also present two additional benchmark
scenarios to assess the multi-revolution scenario with n = 1 (θ is varied between 2π
and 4π) on the methods that provide the formulation for the multi-revolution case.
The range of ∆t in this case is from ∆t? + 10−9 NTU to ∆t? + 103 NTU. This allows
to explore the multi-revolution region close to ∆t? , where most algorithms struggle
to find the solution. The benchmark named BS computes the short-period solution,
and the benchmark BL the long-period solution.

4.3.1

Space and time domain of applicability

The following results present the region of convergence of the algorithms, i.e., all the
points on the benchmark scenarios where the methods converge and yield a valid
result. A set of figures with a graphical representation of the results highlighted here
can be found in Appendix A.1.
LB01 fails for highly eccentric hyperbolic orbits and high ∆t elliptical orbits. The
reason in both cases is that the value of the iteration parameter x falls outside the
convergence bounds of the hypergeometric functions used by Battin, which have a
convergence domain of | x | < 1. In the regions of near-parabolic orbits the method
converges successfully, including θ = π transfers. The author does not implement
the multi-revolution scenario.
GB71 converges for scenarios where y ≈ 1, which includes both elliptical orbits
with a small value of θ and short-way hyperbolic orbits. The method fails completely
in other cases. It is worth mentioning that for θ > π, the value of the triangle-tosector area ratio y becomes negative (which is a meaningless result). The method
would also intrinsically fail for collinear transfers due to Gauss’ f and g functions
used in the computation of the terminal velocity vectors. The multi-revolution case
is not implemented by the author.
The method BZ71 fails in collinear transfers (both in the transfer time equation
and the terminal velocity method), the main reason being the use of Gauss’ f and g
functions within the transfer time equation. The method also suffers from out-ofbounds convergence for high values of ∆t, which yield incorrect results. This issue
is also observed in high eccentricity hyperbolic regions. Experiments show that with
a boundary control scheme on the iteration process, the method converges successfully on all the application region (except collinear transfers for obvious reasons).
The multi-revolution region presents the same issues as the single-revolution case.
BP71 also fails in collinear transfers due to the implementation of Gauss’ f and g
functions on the terminal velocity vector computation. The method suffers from outof-bounds convergence in high ∆t regions, regions near θ = π, and highly eccentric
long-way hyperbolic geometries. The previous regions can be fixed by means of a
boundary control scheme on the iterator, in which case the method successfully converges on all the application region (except collinear transfers). Multiple revolutions
are not considered in the author’s original work.
S73a successfully converges on all the application region of the single and multirevolution scenarios, including collinear transfers and degenerate geometries. However, a boundary control scheme is applied to the iteration process and the method
implements a relatively accurate initial guess with respect to the author’s original
version. These two factors greatly aid the convergence of the algorithm in all cases.
BV84 fails for a specific region with high values of ∆t and θ. In this scenario, one
of the equations of the method exhibits a negative argument on an square root and
therefore yields imaginary solutions. The method converges successfully in all other
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cases, including collinear transfers. The author does not implement multi-revolution
transfers.
The algorithm by G90 converges on all the application region except for θ = 0
transfers, where the velocity vectors subroutine fails. The multi-revolution region
also converges everywhere except for θ = 0 transfers for the same reason. Note
that this algorithm was adapted from the original FORTRAN code provided by the
author, with only minor modifications regarding the output variables scheme. An
additional small fix would most likely solve this issue, and the algorithm would
present full convergence on all the scenarios.
AR13 presents three main conflictive regions: a singularity on the transfer time
equation with θ = π transfers (which is also affected by the implementation of
Gauss’s f and g functions for the terminal velocities), three distinct regions on the BL
scenario where the solution falls out of bounds, and another small region of highly
eccentric hyperbolic geometries where the solution also falls out of bounds. To avoid
this, the algorithm implements a bisection iterator as a fall-back strategy. The bisection iterator triggers on the BL case, effectively removing the out-of-boundary conflictive regions, albeit with a great increase in the computation time. Note that an
improved version of the algorithm is to be presented in an article (pending publication) where the author solves all three aforementioned issues. If such is the case, the
algorithm would converge throughout all the benchmark region without issues.
AL13 converges for all the single-revolution transfer geometries, except in the
specific case of collinear parabolic transfers. The method implements a boundary control strategy that avoids most out-of-boundary convergence issues. Multirevolution orbits are not implemented by the author.
WA14 presents a method valid only for single-revolution elliptic orbits, however
the algorithm converges successfully for all transfer geometries on this region. Additional experiments implementing the hyperbolic and multi-revolution cases show
that the convergence is also successful in those regions.
The method by WE14 presents a singularity on θ = π transfers, but it converges
on all geometries of the single and multi-revolution regions. Note that the author
specifies that a boundary control scheme should be applied to the iteration process. Unfortunately, he does not provide any detailed procedure. For this purpose,
a simple boundary control scheme has been implemented in this analysis. Also, the
author neither provides any equations to obtain the terminal velocity vectors. A
radial/transversal method has been implemented in order to perform the analysis
here but we can provide no results or conclusions regarding the terminal velocity
scheme for this method.
The code by I15 also fails at θ = 0 transfers due to the velocity vectors subroutine,
otherwise it converges for all other single and multi-revolution geometries. Note
that the current implementation was adapted from an original C++ code published
by the author, with some minor modifications regarding the output scheme. In the
same fashion as in the G90 case, some small fixes might solve this issue and the
algorithm would converge on all the benchmark scenarios.

4.3.2

Convergence tolerance

An experiment is now performed on each point of the basic and extended test cases,
with the aim of searching for the point (convergence point, or CP) where we can
obtain the maximum accuracy of the results given our current implementation of the
algorithms. The experiment follows the same procedure detailed in Section 3.5.1. In
this case, however, the tolerance is computed as the difference between the specified
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transfer time and the current evaluation of the transfer time function, in absolute
value.
In order to assess the accuracy on the results, the terminal velocity vectors of
each algorithm at their respective CP are compared with the velocity vector of I15
also evaluated at its CP, determining the relative error between the methods as:
q
(~v1 − ~v1I15 ) · (~v1 − ~v1I15 )
RE =
(4.12)
v1I15
where ~v1 corresponds to the velocity of each method, and ~v1I15 the velocity vector of
I15.
The results for the iteration tolerance at the CP, the corresponding number of iterations and the accuracy of the solution are presented below. A summary of the results is shown in Table 4.2. The graphical results for the iteration tolerance, iterations
and relative error of each algorithm can be found in Appendix A.2-A.4 respectively.
LB01 exhibits a iteration tolerance at the CP of 10−15 in average, with some regions near θ = π up to 10−10 . The algorithm converges to the CP in 5 to 20 iterations
in most cases, increasing rapidly to 100 iterations near the application region boundaries. The relative error of the solution is rather large, on the order of 10−3 .
Note that the method by GB71 does not iterate on time, instead it implements
a successive substitution method. In any case, the tolerance at the CP is 10−15 in
average, with some regions near the application region boundary up to 10−6 . The
number of iterations is approximately 20 in most of the region, increasing up to 100
iterations near the application region boundaries. The resulting velocity vector also
has large errors: 10−2 for small angles and up to 10 near the boundaries (the later are
essentially useless results from a practical application perspective).
Both BZ71 and BP71 algorithms exhibit the same results: iteration tolerances of
10−9 to 10−15 , with a mean distribution of 10−13 . Convergence at the CP is achieved
with 5 to 10 iterations, and the relative error is mostly below 10−15 , with some longway high eccentric hyperbolic transfers increasing up to 10−13 . The multi-revolution
regions close to the minimum on the BZ71 method present iteration tolerances close
to 10−15 with up to 25 iterations and errors of 10−11 .
The S73a implementation converges to the CP with a tolerance range of 10−3
to 10−13 in the elliptic region, 10−9 to 10−15 in the hyperbolic region, 10−6 to 10−13
in the long-way multi-revolution region, and 10−3 to 10−13 in the short-way multirevolution region. The number of iteration is between 4 and 6 in most regions, except
near parabolic orbits and in some points in long-way hyperbolic geometries where it
increases up to 10 iterations. The relative error on the results is under 10−15 in most
cases, increasing up to 10−13 for high eccentric hyperbolas, near collinear transfers
and near a specific region where the orbital elements method to determine the terminal velocity vectors suffers from numerical degradation. Multi-revolution regions
near ∆t? also make the algorithm struggle, with tolerances up to 10−15 , almost 20 iterations to convergence and errors of 10−11 .
BV84 does not iterate on time either; it uses a successive substitution scheme
instead. The tolerance at the CP is 10−14 in average, with a small region in the shortway hyperbolic case increasing up to 10−8 . The method takes 5 to 10 iterations to
converge in the hyperbolic region, and 10 to 20 in the elliptic region. The velocity error is relatively large, 10−3 to 10−4 in most cases and down to 10−9 for high
eccentricity hyperbolas.
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G90 implements a method with a fixed number of iterations (in particular, three),
so no tolerance analysis can be executed or discussed in this case. The relative error
of the method is below computational tolerance in almost all the application region,
with some errors increasing to 10−14 near collinear transfers and some high ∆t elliptical orbits near θ = 2π, and up to 10−12 near the minimum multi-revolution transfer
time.
The method by AR13 presents an extremely irregular tolerance distribution, with
values ranging from 10−3 down to 10−15 . The algorithm converges to the CP in 3 to 4
iterations on the single and multi-revolution regions, and more than 10 iterations in
the long-way hyperbolic region. The relative error is below 10−15 , with some values
up to 10−13 for high eccentricity hyperbolas and near parabolic, and up to 10−12 near
θ = π. The multi-revolution region presents the same behavior, except for the region
close to the minimum where the method converges to a tolerance of 10−15 , up to 12
iterations on the BS short-way transfers, and with errors up to 10−11 .
AL13 iteration tolerance ranges from 10−3 to 10−9 for elliptic geometries, and
from 10−9 down to 10−15 in hyperbolic transfers. The method converges in 5 to 10
iterations, in some cases increasing up to 15 iterations. The accuracy is under 10−15
in most cases, with a small region up to 10−13 for long-way hyperbolic geometries
near θ = 2π.
WA14 has also an extremely irregular tolerance distribution, with values ranging
from 10−3 down to 10−15 . It converges in 3 to 5 iterations and up to 10 iterations
near parabolic regions. The accuracy of this method is close to the computational
tolerance in almost all the elliptic region.
The iteration tolerance of WE14 ranges from 10−4 down to 10−15 , with an average
distribution of 10−9 . The method takes 4 to 5 iterations on most regions, except near
parabolic and collinear hyperbolic transfers where it can exceed 10 iterations, and
the region near ∆t? where it converges in 17 iterations. The method is accurate close
to the computational tolerance throughout the application regions, with some errors
up to 10−13 for high eccentric long-way hyperbolic geometries, and 10−12 for the
multi-rev region near the minimum transfer time. Note that WE14 does not implement any method for the terminal velocity vector computation (a radial/transversal
velocity computation scheme has been implemented for the analysis), so the accuracy results for this algorithm should be taken with the appropriate consideration.
The original method by I15 exhibits a iteration tolerance of 10−3 to 10−6 with
some regions down to 10−10 . Two specific regions (near parabolic orbits and near the
minimum ∆t on multi-revolution orbits) can decrease down to 10−15 . The algorithm
converges in 3 to 4 iterations and up to 10 in some points near the parabolic region.
The multi-revolution regions converges in 3 to 5 iterations, 11 near ∆t? . No accuracy
analysis can be performed on this algorithm, as it is the reference method for the
accuracy analysis.

4.3.3

Execution speed

A simulation has been performed on the three benchmark scenarios (i.e., BB, BS and
BL) to obtain the average execution time of all algorithms. The experiment evaluates
each algorithm with their respective tolerance at CP and only on the points where
convergence is successful. Each execution is repeated 100 times in order to obtain
meaningful values of the execution time, yielding a total of 108 evaluations on each
test scenario. The results of the simulations are gathered in Table 4.3. Note that the
execution time of the algorithms may vary greatly with the architecture, the coding
language and the implementation of the code itself.
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Method
LB01
GB71
BZ71
BP71
S73a
BV84
G90
AR13
AL13
WA14
WE14
I15

Tolerance
-10 to -15
-06 to -15
-09 to -15
-09 to -15
-03 to -15
-08 to -14
n/a
-03 to -15
-03 to -15
-03 to -15
-04 to -15
-03 to -10

Iterations
5 to 20
20
5 to 10
5 to 10
4 to 6
5 to 20
3 (fixed)
3 to 4
5 to 10
3 to 5
4 to 5
3 to 4

Relative error
-03
-02
-16 to -13
-16 to -13
-16 to -13
-09 to -03
-16 to -14
-16 to -12
-16 to -13
-16
-16 to -13
n/a

TABLE 4.2: Iteration tolerance at the CP, and corresponding number
of iterations and relative error on ~v1 . Tolerance and error values are
expressed in logarithmic scale (log10 ) for clarity. The results refer to
the average ranges found in the three benchmark scenarios (BB, BS
and BL).

Algorithm
LB01
GB71
BZ71
BP71
S73a
BV84
G90
AL13
AR13
WA14
WE14
I15

BB
83.57
2.56
1.68
1.23
1.79
2.03
0.57
3.65
0.68
4.24
1.89
0.54

BS
n/a
n/a
n/a
5.22
5.02
n/a
0.88
n/a
1.93
n/a
8.11
1.17

BL
n/a
n/a
n/a
5.24
5.09
n/a
0.86
n/a
1.69
n/a
8.22
1.18

TABLE 4.3: Average cpu time of the methods on the three benchmark
scenarios, in microseconds per execution.

4.4

Conclusions

The present chapter of the thesis aims at selecting an appropriate Lambert’s algorithm to be implemented in AMGAO, as part of the subroutine dedicated to building interplanetary arcs. To do so, the existing bibliography on Lambert’s problem
has been reviewed and organized. The major state of the art algorithms of the literature have been selected and analyzed in terms of the transfer time equation and
free parameter, the iteration method, the initial guess estimation, and the procedure
to obtain the terminal velocity vectors. Several benchmark tests have been carried
out with the aim of assessing the range of applicability, the speed of convergence
and accuracy of the results, and the computational performance of each algorithm.
Ultimately, we want to select an algorithm that presents no singularities throughout
its application region (as the execution of AMGAO is automatic, a failure of the algorithm would be fatal), yields accurate results (up to the desired tolerance), is able to
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handle multiple revolution cases, and is computationally fast (during the optimization stage of AMGAO, the algorithm is called a great number of times).
The results show that the algorithms BZ71, BP71, LB77, B84 and AR13 fail due to
a lack of boundary control of the free parameter during the iteration process. Those
algorithms would dramatically increase their convergence region even with a simple boundary control scheme. On this note, a revised version of AR13 is expected to
address such issue. Several algorithms (BZ71, BP71, AR13 and WE14) fail at ∆θ = π
transfers, either due to a singularity in the transfer time equation, the use of Gauss’
f and g functions in the terminal velocity vectors computation, or a combination of
both. The only method that fully converges in all the benchmark regions is S73a,
although the algorithms G90 and I15 can reach full coverage with a minor fix: they
fail only at ∆θ = 0 transfers due to a singularity in the velocity computation subroutine; however the fundamental formulation does not exhibit any singularity on
this geometry. Usually (but not as a general rule) only the newer algorithms implement the multi-revolution transfer case. Many of the modern algorithms are able
to achieve convergence in 5 iterations or less in the single and multi-revolution regions, with some of the older ones requiring up to 10 iterations or more. Note that
almost all algorithms struggle in the multi-revolution region close to the minimum
transfer time ∆t? , requiring 10 to 20 iterations for convergence. In general, most
algorithms present an accuracy on the results close to the computational tolerance,
except the LB01, GB71 and BV84 which exhibit poor results (on the order of magnitude of 10−3 or worse). The iteration tolerance required to reach the CP is varied
among the algorithms, ranging from 10−3 down to 10−15 . Almost every algorithm
takes less than five microseconds to execute, except LB01 which takes around 80µs
due to the poor computational performance of the hyper-geometric functions. The
fastest algorithm from a computational point of view is I15, with AR13 and G90 also
achieving sub-microsecond speeds during the tests. Note that the execution time
values are extremely dependent on the architecture where the code is executed, the
programming language and the code implementation itself.
With all the results under consideration, the only algorithms that achieve nearly
full region convergence with a good computational time are those of G90, I15 and
S73a. However, I15 presents a better CPU performance with respect to the other
two, and thus has finally been selected as the best candidate to be implemented
within AMGAO. Note that all the algorithms implemented in this study have the
exact same input/output variable structure, which means they are interchangeable
within AMGAO with almost no manual user changes to the code.
Even though the selection of the algorithm within the scope of this thesis is already finished, there is still some development points that can be carried out on
the current algorithms and the analysis. The foreseen developments include implementing the algorithms in several languages (e.g., FORTRAN, Phyhon), fixing
several minor issues of some algorithms (e.g., implementing boundary control on
BZ71, BP71, LB77, B84 and AR13), implementing the codes in a GPU architecture
(recall that several authors have already started working in this field), and incorporating more algorithms from the literature into the analysis.
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Interplanetary Trajectories with
Gravity Assist
In this chapter, we will discuss the patched conics method applied to interplanetary
trajectories with gravity assist (GA) manoeuvres.
The patched conics method is based on a simplified model which assumes an interplanetary trajectory with multiple swing-by manoeuvres can be split into a series
of two-body Keplerian interplanetary arcs. Then, the arcs are joined (patched) at the
sphere of influence (SOI) of the swing-by planets. The s/c has a single dominant
central body in each arc, which changes when crossing the sphere of influence of
each planet.
In this thesis we will implement two variants of the patched conics method:
the powered GA (PGA) variant, and the natural GA (NGA) variant. In PGA, the
s/c travels between each of the swing-by planets via a single Keplerian orbital arc
with no major manoeuvres (except those required for small trajectory corrections
and planetary targeting). During each of the flybys, impulsive manoeuvres can be
applied to the periapsis of the swing-by hyperbola. In NGA, the s/c performs each
flyby with no impulsive manoeuvres. In this case, however, deep-space manoeuvres
(DSM) may be applied to arbitrary points in each of the interplanetary arcs. The manoeuvres in both variants are used to increase the flexibility of the mission design.
However, each manoeuvre involves a high operational risk, so the ideal scenario involves an interplanetary trajectory with no major manoeuvres (excluding the orbital
injection manoeuvre at departure and the orbit insertion at arrival).
Several authors have dealt with the patched conics method and flyby geometry in general. Clarke et al., 1963, in a long JPL technical report, presents discussions over the launch, interplanetary and arrival geometry specifically applied to
Mars and Venus missions. The author includes an extensive collection of numerical data plots and charts to aid the design of interplanetary missions spanning from
1962 to 1977. Breakwell and Perko, 1965 provides a method to determine the flyby
trajectory in the context of the patched conics method, using a series expansion to
take into account the perturbation of the flyby planet on the s/c heliocentric trajectory. In his book, Bate, Mueller, and White, 1971 presents a brief description of the
patched conics method, especially focused on the arrival geometry. Sergeyevsky,
Snyder, and Cunniff, 1983 describes in depth the geometry and characteristics of a
flyby with Mars, including methods for the determination of the arrival conditions
and targeting manoeuvres. The first author to fully deal with the patched conics
approach was Brouke, 1988, who introduces the fundamental theory and the formulation of the GA. The entire book of Labunsky, Papkov, and Sukhanov, 1998 deals
in the topic of multiple gravity-assist trajectories, including an in-depth description
and analysis of the patched conics method and many application cases to Venus,
Mars and the outer planets. Battin, 1999 also includes a brief description of the
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method in his book, specifically applied to the Moon, Mars and Venus. Johnson,
2003 then presents the kinematics and dynamics of the two-dimensional GA in great
detail. Minovitch, 2010 also describes the invention of the slingshot effect, although
in lesser detail. Prado and Defelipe, 2007 provides analytical equations for the threedimensional GA. Several authors have analyzed trajectories and missions involving
multiple flyby manoeuvres, such as Longuski and Williams, 1991 that found a grand
tour opportunity to Pluto, and Lynam and Longuski, 2012; Lynam, 2014 which used
the moons of Jupiter to reduce the required ∆v for a Jovian insertion. Strange and
Longuski, 2002 used the Tisserand criterion to identify feasible orbits aiming at some
arbitrary destination. De Felipe and De Almeida Prado, 2004, Prado and Defelipe,
2007, and Prado and Defelipe, 2007 have derived and presented a 3D mathematical
description of swing-by. Bender, 1997 presents a technique to obtain a ballistic orbit
that intersects with the orbits of two asteroids using a Venus-Earth GA. Ceriotti and
McInnes, 2014 uses GA with the Moon to change the orbit inclination. Mathur and
Ocampo, 2010 also use the Moon to change the orbital elements in a general form.
Salazar, Macau, and Winter, 2014 use the Moon to reach the Earth-Moon Lagrange
points L4/L5. Some authors have dealt with aero-gravity assists (gravity assist with
an atmospheric passage to make use of the resulting aerodynamic drag). Although
this technique is currently not implemented in the AMGAO toolbox, we denote the
work of McRonald and Randolph, 1992, Lohar, Mateescu, and Misra, 1994; Lohar,
Misra, and Mateescu, 1996, Sims, Longuski, and Patel, 1995 and Armellin, Lavagna,
and Ercoli-Finzi, 2006. Okutsu et al., 2012 discusses several end-of-life scenarios for
the Cassini mission to escape from Saturn via a GA with Titan. Rayman and Mase,
2010 provide a conceptual description of the Dawn mission, which performs a Mars
GA en route to Vesta. Finally, Dunham, Farquhar, and McAdams, 2005 presents a
review of the past and future missions that have made use of GA in their design.
The patched conics method is one of the key components of AMGAO, as it provides solutions for the inner optimization loop. We recall the goal of the inner loop of
AMGAO is to obtain a trajectory given a sequence of planets and times of encounter
with the flyby planets. The patched conics method implemented in this thesis uses
the Kepler equation (discussed in Chapter 2) to obtain the position of the planets
involved in the transfer. This equation is also involved in the computation of the
position of the s/c in the interplanetary arcs between each of the flyby planets. The
orbital elements of the interplanetary arcs are then determined via the solution of
Lambert’s problem discussed in Chapter 4.
The present chapter is organized in three main sections: We first introduce the
physical model used throughout the chapter in Section 5.1. Section 5.2 discusses the
patched conics method with PGA. We present the geometry of the problem, discuss
two approaches to solve the intersection with the SOI, derive the equations to build
the flyby sequence and provide a solution to a recurring problem (unfeasible values
of the periapsis) that often arises with this approach. In Section 5.3 discusses the
patched conics method with NGA. Mirroring the structure of Section 5.2, we present
the geometry of the problem and derive the equations to build the flyby sequence.
The discussion in Sections 5.3.3-5.3.4 was carried out in collaboration with Ms. Esther Mas as part of her final degree project, as described in the Research Activities
section of this thesis. Sections 5.2 and 5.3 include a final remark regarding the implementation of the methods within the AMGAO framework. Finally, Section 5.4
summarizes the results and conclusions of this chapter.

5.1. Physical model
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Physical model

AMGAO is a fully modular toolbox and, as such, it can implement any physical
model required by the user. The physical model used throughout the thesis follows two-body orbital dynamics coupled with the patched conics method: the s/c
always moves solely by the gravitational attraction of a single body (Sun, planet,
moon, asteroid, etc.) at all times, changing the central gravitational attractor when
required. The motion is always three-dimensional unless explicitly stated. The planets, moons, etc. in the solar system move in three-dimensional elliptical orbits (or
hyperbolic in the case of some comets). In the present version, AMGAO has two
main sources to determine the orbit and position of planets:
1. NASA/JPL NAIF SPICE toolbox (Acton, 1996), which provides with the position of celestial bodies in various units and reference frames specified by the
user. In the thesis we set km for positions, km/s for velocities and the reference
frame is Sun-centered ecliptic and equinox of J2000. According to the documentation, the accuracy of the data provided by SPICE depends on the selected
database: DE430 has an accuracy of 1 meter for the major planets and a date
coverage from 1550 January 01 to 2650 January 22. The expanded database,
DE431, has similar accuracy but its coverage ranges from 13201 B.C. to 17191
A.D. The toolbox is integrated with AMGAO via its Matlab API, MICE. Additional bridge functions have been generated to deal with the input/output
variables adjustment between MICE and AMGAO.
2. JPL/Caltech low-precision database (Keplerian Elements for Approximate Positions of the Major Planets), which provides with the Keplerian elements of the
major planets and their rates (only the first derivative). The reference frame
is Sun-centered mean ecliptic and equinox of J2000. The data covers from
1800 to 2050, and has a much lower accuracy with respect to SPICE data. The
database has been implemented following the author’s reference, and several
auxiliary functions deal with the input/output variables adjustment issues like
the MICE case. The transformation between orbital elements and state vector
(position and velocity) can be found in the literature (e.g., Battin, 2001; Vallado and Mcclain, 2013). Note that Kepler’s equation (Chapter 2) must also be
solved during this stage.
The low-precision database by Standish has been used for all the simulations,
following the “no black-box” philosophy of this thesis (the third-party MICE API
is considered a black box, as the binaries are used directly with no access to the
underlying source code). Nevertheless, the SPICE database should be used for any
future application of AMGAO as it provides with much greater accuracy and the
data spans further than 2050. Figures 5.1 and 5.2 shows a comparison between the
error in position and velocity, respectively, comparing SPICE with Standish. The
position of all the planets of the solar system is first obtained from each database
and the error between the two is computed as:
error =

||~rStandish −~rSPICE ||
,
rSPICE

(5.1)

where ~rStandish is the position of the planet according to Standish and ~rSPICE the position according to SPICE. The same procedure is applied to the velocity. The error
is obtained for a range of dates from 1900 to 2050 (which is the upper limit of Standish’s valid date range) with 1000 intervals. The results show that the relative error
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F IGURE 5.1: Relative error between the position of planets, comparing Standish vs. SPICE databases. Inner planets (top) and outer planets (bottom).

in position for Mercury, Venus and Earth is lower than 0.01%, the relative error for
Mars, Uranus, Neptune and Pluto is lower than 0.05% and the error of Jupiter and
Saturn roughly ranges from 0.05% to 0.3%. This error corresponds to e.g. 5000 km
for Earth and 2.5 million km for Jupiter, approximately, which is fairly acceptable
for preliminary design applications. As seen in Figure 5.2, the behavior of the relative error of velocity is quite similar to the position, although the velocity error for
the outer planets is in general higher, at around 0.2%. This corresponds to absolute errors on the order of magnitude of meters per second, which is also perfectly
acceptable for preliminary design applications.
Regarding the dynamics during the flybys discussed in this chapter, the same
physical model described above applies in general. However, in the case of the PGA
model (Section 5.2) the geometry is reduced to a purely two-dimensional scenario.
To project the s/c velocity vectors from the three-dimensional interplanetary scenario into the two-dimensional flyby scenario, we take the magnitude of each of the
two three-dimensional planetocentric velocity vectors (inbound and outbound) and
the angle between them. This simple “projection” holds true as long as the orbital
planes of the inbound and outbound hyperbolas have the same inclination, otherwise the value of the turn angle would not be correct. If this is the case, then we
can adjust the inclination of either the inbound or the outbound orbital plane by
following the procedure described in Section 5.3.4 (see also Figure 5.13).
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F IGURE 5.2: Relative error between the orbital velocity of planets,
comparing Standish vs. SPICE databases. Inner planets (top) and
outer planets (bottom).

5.2
5.2.1

Powered Gravity Assist
Interplanetary arcs

Consider a three-dimensional trajectory between three arbitrary planets:
• P1 : departure planet,
• P2 : swing-by planet,
• P3 : arrival planet.
The first step of the PGA method is to construct the trajectory as a series of Keplerian arcs, where each arc is the solution of Lambert’s problem to the orbital transfer
between the center of the planets (discussed in Chapter 4):
• arc1 : two-body interplanetary transfer from P1 to P2 , with departure time t1
and arrival time t2 (the time of flight between P1 and P2 is then ∆t1 = t2 − t1 ).
• arc2 : two-body interplanetary transfer from P2 to P3 , with departure time t2
and arrival time t3 (the time of flight between P1 and P2 is then ∆t2 = t3 − t2 ).
The times t1 , t2 and t3 , which are also referred to as encounter times (i.e., the s/c
encounters the planet), are given. This means the positions of P1 , P2 and P3 are
determined as functions of the encounter times.
Figure 5.3 shows an example trajectory following the Earth-Jupiter-Saturn sequence. In this case, Earth corresponds to P1 , Jupiter to P2 and Saturn to P3 .
In a general design scenario, the interplanetary arcs pattern described above is
repeated as many times as required, according to the number of encounters of the

68

Chapter 5. Interplanetary Trajectories with Gravity Assist

t2

5

Y (AU)

Sun
Earth
Jupiter
Saturn
s/c

arc1

arc2
0

t1

t3
-5

-10
-5

0

5

X (AU)

F IGURE 5.3: Example of an interplanetary trajectory from Earth to
Jupiter to Saturn.

mission. E.g., in an Earth-Venus-Earth-Mars-Jupiter-Saturn trajectory we will have
five interplanetary arcs and four intermediate encounters.

5.2.2

SOI intersection

The next step is to intersect each one of the interplanetary transfer arcs found in
the previous section (arc1 , arc2 ) with the SOI of P2 . In this thesis, we have used the
definition by Laplace (Danby, 1988) to compute the radius of the SOI:

rSOI = r planet

m planet
msun

2/5
,

(5.2)

where r planet is the mean orbital radius of P2 , and m planet and msun are the masses of
P2 and the Sun respectively. For simplicity, we will hereon assume that “SOI” refers
to the SOI of P2 . Figure 5.4 shows a size comparison of the SOI of the solar system
planets. To improve the readability of the data, the radii of the inner planets SOI has
been increased by a factor of 20 (i.e., they are twenty times larger than the real ones)
and the size of the outer planets SOI has been increased by a factor of five.
The intersection of arc1 with the SOI will be referred to as the “inbound” intersection point (i.e., the s/c arrives at P2 ), and the intersection between arc2 and the SOI
will be addressed as the “outbound” intersection point (i.e., the s/c departs from
P2 ). The position of the s/c at P2 will be referred as the “encounter” point (i.e., the
s/c encounters P2 ).
The vector ~rsc− P2 from the s/c to P2 as a function of time t is computed as:

~rsc− P2 (t) = ~rsc (t) −~r P2 (t),

(5.3)

where ~r P2 (t) is the heliocentric position of P2 at the time t, and ~rsc (t) is the heliocentric position of the s/c at time t. The distance rsc−SOI between the s/c and the SOI as
a function of time is then:
rsc−SOI (t) = rsc− P2 (t) − rSOI .

(5.4)
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F IGURE 5.4: SOI size comparison (not to scale) of the inner (top) and
outer (bottom) planets of the solar system.

The crossing of the SOI occurs at time ti when rsc−SOI (ti ) = 0, and the distance becomes negative when the s/c is inside the SOI. Equation 5.4 must be solved numerically, as both ~r P2 (t) and ~rsc (t) require solving Kepler’s equation in its transcendental
form. Here, we have used the bisection method due to its simplicity and the fact that
the derivatives of the function are not required.
There are several options regarding the choice of the independent parameter for
the iteration. Here, the time t has been adopted because the bounds for the iteration
process are given. The drawback is that Kepler’s equation must be solved twice.
With this choice of the independent parameter, the positions of the s/c ~rsc and the
planet ~r P2 are computed as follows:
t → Msc → Esc → νsc → ~rsc ,

(5.5)

t → MP2 → EP2 → νP2 → ~r P2 ,

(5.6)

where each of the parameters (time t, mean anomaly M, eccentric anomaly E, true
anomaly ν and orbital position ~r) can be computed following the corresponding
equations discussed in Chapter 2.
The bisection iteration scheme applied to the above problem is then given by the
following steps:
1. Compute iterator ti initial guess. E.g., ti ∈ [t1 , t2 ] for the inbound intersection
and ti ∈ [t2 , t3 ] for the outbound intersection.
2. While |rsc−SOI | > tolerance
(a) Compute ~rsc at time ti .
(b) Compute ~r P2 at time ti .
(c) ~r P2 −sc = ~r P2 −~rsc .
(d) rsc−SOI = r P2 −sc − rSOI .
(e) Check convergence: |rsc−SOI | < tolerance.
(f) Compute new value of iterator ti until convergence.
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The value of the iterator ti is computed on each iteration as follows:
ti =

1 +
(t + ti− ),
2 i

(5.7)

where tolerance is an arbitrarily-chosen iteration tolerance (currently AMGAO has
set 100 meters by default, as it provides with sufficient precision for interplanetary
missions) and ti+ and ti− are the upper and lower boundaries of the solution, respectively. At each iteration, these solution boundaries are recomputed as:
ti− = ti

if

ti+

otherwise.

= ti

rsc−SOI > 0,
(5.8)
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The above iteration process is repeated for the inbound (arc1 -SOI) intersection
point and the outbound (arc2 -SOI) intersection point. Figure 5.5 shows an example
of the inbound and outbound intersections of a s/c with Jupiter. The red line represents the heliocentric transfer orbit of the s/c, the blue circle is the SOI of Jupiter
and the magenta dashed line is the orbit of Jupiter. The cross and square represent
the positions of the s/c and Jupiter at the time of the inbound and outbound intersections, respectively. R Jupiter is the equatorial radius of Jupiter.
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F IGURE 5.5: Inbound (left) and outbound (right) intersections between the s/c trajectory and Jupiter’s SOI.

We now take the s/c and P2 heliocentric velocities ~vsc (t2− ) and ~v P2 (t2− ) at the inbound intersection, respectively, and the heliocentric velocities ~vsc (t2− ) and ~v P2 (t2− )
at the outbound intersection, respectively. The inbound ~v−
v+
∞ and outbound ~
∞ planetocentric velocities of the s/c are then obtained as follows:

~v−
v−
vsc (t2− ) − ~v P2 (t2− ),
∞ ≈~
sc− P2 = ~
~v+
∞

≈ ~v+
sc− P2

=

~vsc (t2+ ) − ~v P2 (t2+ ).

(5.9)
(5.10)

Figure 5.6 shows the geometrical relationship between the planetocentric and heliocentric velocities involved in Equations 5.9-5.10. An important aspect of the above
equations is that we are approximating the hyperbolic excess velocities to the velocities at the SOI intersections (i.e., ~v∞ ≈ ~vsc− P2 ). Fortunately, the SOI is located
far enough from the planet so that the velocity at the intersection point is very
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F IGURE 5.6: Geometry of a flyby (left) and the associated velocity
vector diagram (right).

similar to the hyperbolic excess velocity. The error is proportional to the magnitude of ~v∞ as shown in Figure 5.7. The figure shows the relative error (obtained as
error = (vsc− P2 − v∞ )/v∞ ) between the two velocities as a function of the value of v∞
for the planets of the solar system. The analysis varies the value of v∞ between 1 and
10 km/s and, for each value, it generates a hyperbola with a periapsis radius equal
to one planet radius. Then, the velocity at an orbital distance of one SOI radius (that
is, vsc− P2 ) is obtained and compared with the value of v∞ . Experiments show that
the variation in the results as a function of the periapsis radius is not appreciable,
at least not until the value of the periapsis grows larger than 107 times the planet
radius, which is far beyond the extent of the SOI for all the planets of the solar system. The error keeps below 10% for the majority of planets and moderate hyperbolic
excess speeds (> 3km/s). The major source of error for low speeds is Jupiter, with
more than 150% relative error for speeds of v∞ < 1 km/s. If a particular mission
design encounters such low speeds, then the results from the patched conics model
should then be treated carefully.
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We can also compute the physical quantities of the s/c at the intersection with
the SOI by taking the SOI as a point. We will refer to this approximation as zeroSOI-radius (ZSR) intersection method. In the ZSR method, the s/c will encounter P2
at time t2 , and the inbound and outbound intersections will degenerate into a single point: the heliocentric position of P2 at time t2 . We compute the inbound and
outbound planetocentric velocity vectors at arrival and departure from P2 similar
to what we did in Equations 5.9-5.10. In this case, the assumption ~v∞ ≈ ~vsc− P2 is
purely mathematical, as the “infinity” of the hyperbolic flyby orbits resulting from
this method would be located at the same position of P2 . The velocity vectors of P2
and the s/c evaluated at t2 are different from the those obtained in the SOI intersection method, therefore the results will also differ slightly. Experiments show that
the difference between velocities is small (<5%) in the majority of cases (this is especially true for the major planets of the solar system). The ZSR simplification, then,
should be confined to preliminary design applications where high computational
efficiency is preferred to solution accuracy.

5.2.3

Swing-by algorithm

At this point, we have determined the interplanetary arcs between the flyby planets and
+
𝑣𝑣⃗∞
the state vector at each of the SOI intersection
points (inbound and outbound). We now pro𝑣𝑣⃗𝜋𝜋
𝑟𝑟
ceed to patch the interplanetary arcs by means of
𝛿𝛿0
a swing-by manoeuvre at each flyby planet. The
𝜈𝜈
velocity vectors at the SOI intersection points
𝑎𝑎
will be used as boundary conditions to design
𝐹𝐹 𝑟𝑟𝜋𝜋
the swing-by. In the PGA case, both the magnitude and the direction of ~v−
v+
𝛿𝛿/2
∞ and ~
∞ can be different. This means we have two different hyper−
𝑣𝑣⃗∞
bolas: one associated to the inbound trajectory
(the geometry of which depends on ~v−
∞ ) and another associated to the outbound trajectory (de- F IGURE 5.8: Geometry of a flyby hyperbola.
pendent on ~v+
∞ ). Therefore, we need to apply
impulsive manoeuvres within the SOI in order
to connect the two hyperbolas. We present an algorithm to design a swing-by manoeuvre for the PGA model. This simple method can be found in the literature (see
e.g., Wagner and Wie, 2015), however we expand on the basic method with some
improvements discussed in section 5.2.4. The method relies on the following constraints:
1. The inbound and outbound planetocentric hyperbolic excess speeds (v−
∞ and
+
v∞ ) must be maintained in the trajectory resulting from the method.
2. The turning angle δ0 (i.e., the angle between the inbound and outbound hyperbolic excess velocity vectors) must be maintained in the resulting trajectory.
3. The inbound and outbound hyperbolas must have the same value of the periapsis radius ~rπ , i.e., the hyperbolas must intersect at their respective periapses.
4. The inbound and outbound hyperbolas are coplanar.
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The turning angle δ0 of the swing-by is:
 − + 
~v∞ · ~v∞
.
δ0 = arccos
k~v−
v+
∞ kk~
∞k

(5.11)

v+
where ~v−
∞ are the inbound and outbound s/c planetocentric hyperbolic ex∞ and ~
cess velocity vectors, respectively. The value of the half-turning angle 2δ ∈ [0, π ] of
each hyperbola can be computed as a function of the eccentricity e:
sin

δ
1
= ,
2
e

(5.12)

and the periapsis radius rπ is : rπ = a(e − 1), (5.13)where a is the semi-major axis of
the swing-by hyperbola. The value of a can be found by applying the specific energy
equation of the hyperbola at the SOI crossing:
v2∞
µ
2
µ
−
= →a= 2 .
2
r∞
a
v∞

(5.14)

Reordering Equation 5.13 yields:
e=

rπ
+ 1.
a

Combining Equation 5.12 and Equation 5.15 provides:




δ
1
a
= arcsin rπ
.
= arcsin
2
rπ + a
a +1

(5.15)

(5.16)

Figure 5.8 presents the physical quantities of a flyby hyperbola which are involved
in the above equations. The figure also includes the focus F of the hyperbola and an
arbitrary point with radius r located at a true anomaly angle ν. The two dashed lines
represent the inbound and outbound asymptotes, respectively.
As the turning angle δ0 of the swing-by must be conserved in the final solution,
we can add the half-turn angles of the inbound and outbound hyperbolas ( δ21 and δ22 ,
respectively) as such:
δ1
δ2
δ0 =
+ .
(5.17)
2
2
Equation 5.17 is valid because we are also imposing the same periapsis radius for
the two hyperbolas (i.e., ~rπ1 = ~rπ2 = ~rπ ). Thus, combining Equation 5.16 and Equation 5.17 with a common value of the periapsis radius rπ , we obtain the total turning
angle δ0 of the swing-by:




δ2
a1
a2
δ1
+
= arcsin
+ arcsin
δ0 =
.
(5.18)
2
2
r π + a1
r π + a2
Here, the values of δ0 , a1 and a2 are known and rπ is the only independent parameter. In this case, we need to find a physically acceptable value for the periapsis rπ
satisfying Equation 5.18. This problem consists in finding the zero of the following
function:




a1
a2
f = arcsin
+ arcsin
− δ0 ,
(5.19)
r π + a1
r π + a2
and then we must ensure that rπ is greater than the physical radius of P2 (i.e., the trajectory must not intersect the planet). Additional restrictions regarding atmospheric
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safety clearance may also be considered if required.
We will use the Newton-Raphson scheme to solve Equation 5.19, therefore the
derivative of Equation 5.19 with respect to the iteration parameter rπ is required.
We first obtain the derivative of Equation 5.16 with respect to rπ :


d δ
d
a
1
−a
−a
=
arcsin
=r

2 ( a + rπ )2 = pr2 + 2ar ( a + r ) .
drπ 2
drπ
rπ + a
π
π
π
1 − rπa+1 a1
(5.20)
The derivative of Equation 5.19 then yields:
df
a2
a1
1
1
p
p
−
.
=−
2
2
drπ
rπ + a1 rπ + 2a1 rπ
rπ + a2 rπ + 2a2 rπ

(5.21)

Eventually, Newton-Raphson states the iteration scheme:
r π i +1 = r π i −

f
df
drπ

.

(5.22)

The method obtains an initial guess by the following procedure: each of the halfhyperbolas is first designed with half the target turn angle. This provides with a
different value of the periapsis for each hyperbola. Then, the initial guess is taken
as the mean value between the two periapsis values and the iteration starts. The
iteration stops when an arbitrary tolerance is met; in this case we set an iteration
tolerance of 1 meter.
Figure 5.9 shows an example solution of the PGA method applied to an arbitrary
Jupiter flyby with values for the inbound and outbound v∞ of 2 km/s and 6 km/s,
respectively, and a target turn angle of 120 degrees. The blue dashed lines represent
the half-turn angle of the inbound and outbound hyperbolas, respectively, which are
computed as a function of rπ . The solid blue line is the turn angle of the combined
trajectory as a function of rπ . The magenta circles are the successive iterations of
the Newton-Raphson solver and the red horizontal thick line is the target value for
the turn angle. The dotted vertical red lines corresponds to the planetary radius of
P2 and the radius of the SOI, respectively. We can see the method converges to a
solution that matches the target value of the turn angle and contains the value of the
periapsis radius between the planetary radius and the radius of the SOI. The resulting periapsis radius is 19.1 times the equatorial radius of Jupiter, and the required
∆v is 1.1 km/s.
The PGA algorithm generates a pair of hyperbolas with a value of the turning
angle, which is determined as function of the inbound and outbound hyperbolic
excess speeds. These hyperbolas will be referred to as the inbound hyperbola and
the outbound hyperbola, respectively. Figure 5.10 shows two example solutions of
a counter-clockwise turn (left) and clockwise turn (right) swing-by. The solid line
represents the half of the hyperbola that is traversed by the s/c during the flyby.
The arrows on the red circle (SOI) represent the location and direction of the inbound and outbound ~v∞ vectors. Both examples set a magnitude for the inbound
and outbound ~v∞ vectors of 5 and 10 km/s, respectively. On the left case, the direction of each vector is 150 and -120 degrees (defined counterclockwise from the
reference frame x-axis) respectively, which gives a prograde flyby. On the right case,
the direction is -45 and -120 degrees respectively, which provides a retrograde flyby.
The resulting periapsis radius on the right and left examples is 14.6 and 23.4 times
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F IGURE 5.9: Solution with Jupiter via the PGA algorithm.
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Jupiter’s equatorial radius, respectively. The required value of the ∆v manoeuvre to
patch the two hyperbolas is 2.13 km/s and 2.55 km/s, respectively.
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F IGURE 5.10: Design solution of two arbitrary Jupiter flybys using
the PGA method.

The two hyperbolas have different values of the velocity at their common periapsis. We must then perform an impulsive manoeuvre to match the velocity of the
two hyperbolas at their periapsis. In the two-dimensional analysis, the two velocity
vectors are parallel by construction, so we only need their respective magnitudes
to compute the ∆V. The magnitude of the velocity at periapsis can be found by
evaluating the specific energy ε at infinity and at periapsis:
r
µ
v2π
µ
v2∞
2µ
−
=
−
→ vπ = v2∞ −
(5.23)
ε=
2
r∞
2
rπ
rπ
Thus, the magnitude ∆V of the manoeuvre is
+
∆V = |v−
π − v π |,

(5.24)

+
where v−
π and vπ are the velocity of the inbound and outbound hyperbolas at their
common periapsis, respectively.
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An important aspect of the PGA method described in this section is that it does
not match the positions at the inbound and outbound intersection points with the
SOI. As an example, the error in the position at the inbound SOI intersection of the
trajectory of the Voyager 2 mission during the Jupiter flyby is on the order of two
million km when evaluated with AMGAO via the PGA model. Note, however, that
this is one of the largest errors that should be expected in a practical scenario, as
Jupiter exhibits a strong gravitational field and thus the effect over the s/c is greater
than the effect from e.g. the inner planets of the solar system. Another important aspect is that the method does not match the original time of flight ∆t2 = t2+ − t2− of the
gravity assist either. A more comprehensive and in-depth analysis on the position
and time errors of the PGA method with all the major planets is scheduled as future
work of this thesis. Nevertheless, these issues are not extremely concerning as long
as we are applying the method to a preliminary mission design framework, where
a simplified model is used an the methodology does not favor solution precision
but rather computational performance. In later phases of the design we use more
robust high-fidelity models to obtain accurate solutions which inherently fix the position and time of flight issues described here. In any case, deep-space manoeuvres
can still be introduced to match the s/c heliocentric arcs with the resulting gravityassist hyperbolas and adjust the time of flight. For simplicity, these manoeuvres are
not implemented within AMGAO framework by default, although the mission designer can introduce them explicitly as a penalty factor in the optimization stage if
required.

5.2.4

Fixing the periapsis altitude

In some cases, the value for the periapsis of the flyby resulting from the PGA method
will be lower than the physical radius of the swing-by planet. This is obviously
infeasible from a physical point of view and must be addressed accordingly. We have
established and tested six strategies to fix the issue. Two of the strategies adjust the
magnitude and the direction of the inbound or the outbound ~v∞ vectors. The other
four strategies adjust the magnitude of the inbound or the outbound ~v∞ vectors
and then adjust the turn angle δ of the flyby. These manoeuvres can be done at the
inbound/outbound SOI crossing and/or at the periapsis of the flyby. In both cases
and for operational reasons, the value of rπ is set to a minimum feasible radius (rπmin ),
which usually adds an arbitrary margin to the planet radius in order to avoid issues
with the atmosphere of the planet, radiation belts, rings, etc. The six strategies are
described below.
1. Set rπ = rπmin ; perform a single manoeuvre at the inbound SOI crossing to adjust the vector ~v−
∞ (magnitude and direction). The method first computes the
geometry (semi-major axis and half-turn angle) of the flyby hyperbola using
only v+
∞ , then obtains the half-turn angle of the inbound hyperbola that would
be required to comply with the target turn angle of the flyby. At this point the
inbound v∞ of the hyperbola is assumed to be equal in magnitude to the outbound v∞ because we have performed no manoeuvre yet. Finally, the method
computes the delta-v required to match the hyperbola’s inbound ~v∞ with the
target ~v−
∞ vector.
2. Set rπ = rπmin ; perform a single manoeuvre at the outbound SOI crossing to
adjust the vector ~v+
∞ (magnitude and direction). This method is equivalent to
#1, but here the geometry of the inbound hyperbola is used to design the flyby
hyperbola and the correction manoeuvre is applied to the outbound ~v∞ .
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3. Set rπ = rπmin ; perform a manoeuvre at the inbound SOI crossing to adjust the
value of v−
∞ ; then perform a manoeuvre at the periapsis to adjust δ. The method
first computes the geometry (semi-major axis and half-turn angle) of the outbound hyperbola using v+
∞ . Then, the half-turn angle of the inbound hyperbola
is obtained by matching the target turn angle of the flyby. This value is then
used to obtain the geometry of the inbound hyperbola (semi-major axis and
v∞ value). Then, two manoeuvres must be done: one at the periapsis to adjust
the s/c periapsis velocity magnitude in the inbound and outbound hyperbola
branches, and another at the inbound intersection to adjust the magnitude of
the inbound v∞ velocity with v−
∞.
4. Set rπ = rπmin ; perform a manoeuvre at the periapsis to adjust δ, then perform
a manoeuvre at the outbound SOI crossing to adjust the value of v+
∞ . This
method is equivalent to #3 but mirrored: it first obtains the geometry of the
inbound hyperbola, then designs the outbound hyperbola matching the value
of the total turn angle of the flyby, and finally fixes the velocity at the periapsis
and the outbound intersection.
5. Set rπ = rπmin ; perform a manoeuvre at the inbound SOI crossing to adjust
δ; then perform a manoeuvre at the periapsis to adjust the value of v−
∞ . This
method first designs the geometry (semi-major axis and half-turn angle) of the
+
inbound and outbound hyperbolas using the values of v−
∞ and v∞ , respectively.
This provides with a designed turn angle which does not match the target flyby
turn angle. Then, the method assumes the outbound hyperbola has the correct
direction with respect to ~v+
v∞ must
∞ and thus the direction of the inbound ~
be adjusted to match with ~v−
.
Finally,
an
impulsive
manoeuvre
is
done at
∞
the periapsis to match the magnitude of the velocity in each hyperbola branch
(inbound and outbound).
6. Set rπ = rπmin ; perform a manoeuvre at the periapsis to adjust the value of
v+
∞ , then perform a manoeuvre at the outbound SOI crossing to adjust δ. This
method is equivalent to #5 but mirrored: it assumes the inbound hyperbola
has the correct alignment, and then adjusts the direction of the outbound ~v∞ .
A second manoeuvre is still done at the periapsis to match the magnitude of
the velocity in each hyperbola branch.
Each strategy has been tested throughout a range of scenarios, aiming to determine which one presents the best performance in terms of total ∆v. The test takes
a set of normalized units defined with µ = 1 and rπmin = 1. We define values of v−
∞
+ /v−
from 0 to 3 with 500 steps, and for each value of v−
we
vary
the
ratio
α
=
v
∞
∞
∞
from 0 up to 3 with also 500 steps. The total number of test points is 250 thousand.
This selection ensures a test scenario covering most practical application cases regarding the values of the v∞ velocities. The value of the turn angle δ is set arbitrarily
to 90 degrees and it remains constant throughout the experiment. Every PGA strategy (including the method from Section 5.2.3) is evaluated at each point and the total
value ∆v of the correction manoeuvre(s) is computed for each case.
The results of the analysis are presented in Figure 5.11. The vertical axis (v−
∞)
shows an interval of values for the magnitude of the inbound hyperbolic velocity.
−
The horizontal axis (v+
∞ /v∞ ) shows an interval of values for the ratio between the
outbound and the inbound hyperbolic speeds. The red thick line corresponds to the
scenario rπ = rπmin , the area under this curve corresponds to rπ > rπmin and the area
over the curve to rπ < rπmin . This means the alternative methods only apply at the
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upper region (over the red curve). The indexes of each alternative strategy correspond to the respective indexes in the text. Each strategy is optimal in a different

F IGURE 5.11: ∆V magnitude of each PGA alternative strategy.

area of the test region, but the distribution does not follow any distinct pattern. This
makes the selection of an overall best strategy difficult. We finally choose strategy
#4, which adjusts δ at the periapsis and the value of v+
∞ at the outbound SOI crossing. The reasoning for this selection is based on operational reasons: performing
large manoeuvres before the flyby increases the mission risk during the hyperbolic
passage, and the correction manoeuvre at the outbound intersection can also double
as a clean-up manoeuvre for the flyby.
The procedure to solve the powered gravity assist by means of the selected alternative now relies in the following restrictions:
1. The inbound and outbound planetocentric hyperbolic excess speeds (v−
∞ and
v+
)
must
be
conserved
in
the
resulting
trajectory.
∞
2. The initial turning angle δ0 (i.e., the angle between the inbound and outbound
hyperbolic excess velocity vectors) must be conserved in the resulting trajectory.
3. The inbound and outbound hyperbolas intersect at the minimum allowed periapsis radius: rπ = rπmin .
4. The inbound and outbound hyperbolas are coplanar.
First, we compute the semi-major axis of the arrival hyperbola
a1 =

µ
v−
∞

2

,

(5.25)
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the half-turning angle of inbound hyperbola


δ2
a1
−1
= sin
2
a1 + r π

(5.26)

and the half-turning angle of outbound hyperbola is (by conservation of the total
turn-angle δ of the swing-by)
δ2
δ
= δ − 1.
(5.27)
2
2
We then obtain the semi-major axis of the outbound hyperbola a2 :
a2 = 

rπ
 −1

sin δ22

(5.28)

−1

and compute the excess velocity magnitude v+
∞h of the outbound hyperbola:
v+
∞h

r

=

µ
.
a2

(5.29)

The value of the required manoeuvre at the periapsis (∆vrπ ) follows Equation 5.24.
The value (∆vSOI ) of the ∆v required to fix the outbound excess velocity magnitude
is obtained by:
+
∆vSOI = |v+
(5.30)
∞ − v∞h |.
Finally, the total ∆v of the alternative strategy is simply:
∆v = ∆vrπ + ∆vSOI .

(5.31)

Ultimately, the strategy implemented in AMGAO combines both approaches
(i.e., the simple PGA method and the alternative variant) as follows:
1. Follow the simple PGA strategy and compute the values of ∆v and rπ .
2. If rπ < rπmin , follow the alternative PGA strategy and obtain the new values for
∆v and rπ .

5.2.5

Implementation of the PGA method into AMGAO

The overall steps for the interplanetary trajectory model via PGA method (as currently implemented into AMGAO) are as follows:
1. Obtain all the encounter dates from the departure date and times of flight.
2. Compute the position of each planet at their respective encounter date.
3. Build all the interplanetary Lambert arcs connecting each consecutive pair of
planets.
4. For each planet encounter:
(a) Compute a flyby manoeuvre following the PGA method, given the conditions from the inbound and outbound Lambert arcs.
(b) If the periapsis radius is lower than the minimum allowed radius, recompute the flyby using the alternative PGA method.
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5. Compute the conditions at departure (direct injection, etc.)
6. Compute the conditions at arrival (flyby, orbit insertion, direct entry, etc.)

5.3
5.3.1

Natural Gravity Assist
Interplanetary arcs

Consider the three-dimensional trajectory between three arbitrary planets:
• P1 : departure planet,
• P2 : swing-by planet,
• P3 : arrival planet.
The physical model in this case is the same as the one defined for the PGA method.
Deep-space manoeuvres (DSM) are introduced at arbitrary points in each interplanetary arc. In this case, each arc is now subdivided into two segments (both still
following a two-body Keplerian model): the first segment is propagated from Pi
(i = 1, 2) up to the DSM location and it is represented by the superscript P , and the
second arc corresponds to the solution of Lambert’s problem from the DSM location
to Pi+1 and it is represented by the superscript L . Several methods can be used to determine the location of the DSM; in this work we implement a parameter η ∈ [0, 1]
describing a fraction of the time of flight between Pi and Pi+1 (i.e., a fraction of the total time of flight of each interplanetary arc). Considering the case scenario presented
in this section, each segment is defined as follows:
• arc1P : two-body interplanetary transfer from P1 to DSM1 , with departure time
t1 and arrival time t1 + η1 ∆t1 (the time of flight between P1 and DSM1 is ∆t1P =
η1 ∆t1 ).
• arc1L : two-body interplanetary transfer from DSM1 to P2 , with departure time
t1 + η1 ∆t1 and arrival time t2 (the time of flight between DSM1 and P2 is ∆t1L =
(1 − η1 )∆t1 ).
• arc2P : two-body interplanetary transfer from P2 to DSM2 , with departure time
t2 and arrival time t2 + η1 ∆t2 (the time of flight between P2 and DSM2 is ∆t2P =
η2 ∆t2 ).
• arc2L : two-body interplanetary transfer from DSM2 to P3 , with departure time
t2 + η1 ∆t2 and arrival time t3 (the time of flight between DSM2 and P3 is ∆t2L =
(1 − η2 )∆t2 ).
See Figure 5.12 for an example trajectory following the sequence from the Voyager 2
mission (Earth-Jupiter-Saturn).
In a general design scenario, the interplanetary arcs pattern described above is
repeated as many times as required, according to the number of encounters of the
mission. E.g., in an Earth-Venus-Earth-Mars-Jupiter-Saturn trajectory we will have
ten interplanetary arcs (five propagated arcs and five Lambert arcs) and four intermediate encounters.
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F IGURE 5.12: Example interplanetary trajectory from Earth to Jupiter
to Saturn. DSM are introduced in each interplanetary arc.

5.3.2

SOI intersection

In the NGA method, we only require the state vector at the inbound intersection
with the SOI. As a matter of fact, the conditions at the outbound intersection are
given by the flyby geometry and therefore are not known beforehand. In order to
determine both the SOI intersection point and the state vector of the s/c at the SOI
crossing, we follow the exact same procedure described in Section 5.2.2, but applied
only to the inbound intersection point with the SOI.

5.3.3

Swing-by method

In a natural gravity assist, the s/c follows a hyperbolic trajectory relative to P2 . In
this case, the inbound and outbound planetocentric excess velocities of the hyperbolic passage have the same magnitude but different direction. We do not perform
any impulsive manoeuvres inside the SOI and the conditions at the outbound intersection point are obtained from the conditions at the inbound intersection point. We
now carry out a three-dimensional analysis of the natural gravity assist and present
an algorithm to fully describe the swing-by geometry. The following algorithm was
developed in collaboration with Ms. Esther Mas within the framework of her final
degree project at UPC.
The algorithm is based on the following restrictions:
1. The initial planetocentric hyperbolic excess speed v∞ must be maintained in
the final trajectory.
2. The periapsis radius rπ of the flyby hyperbola is a variable of the optimizer.
Thus, in this method its value is considered arbitrary.
3. The three-dimensional orientation of the flyby hyperbola is given by an angle
β (defined in Section 5.3.4), which is also a free parameter.
Given the values of v−
∞ and rπ , the eccentricity e of the flyby hyperbola is obtained
from the vis-viva equation as
rπ v−
∞
e = 1+
,
(5.32)
µ
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where µ is the standard gravitational parameter. The semi-major axis is
a=−

µ
v∞

(5.33)

and the semi-latus rectum p is given by p = a(1 − e2 ). The hyperbola will exhibit
two intersections with the SOI (the inbound and outbound intersections), located
each at a true anomaly value of


p/rSOI − 1
−1
ν = cos
,
(5.34)
e
where the solution ν+ = ν ∈ (0, π ) corresponds to the outbound intersection and
the solution ν− = ν ∈ (π, 2π ) corresponds to the inbound intersection. Finally, the
half-supplementary angle φ (i.e., the angle between ~rπ and ~v∞ ) is given by
 
−1 1
.
(5.35)
φ = cos
e
At this point, the hyperbola is defined by construction in the local perifocal reference frame, defined by the base < ~p, ~q >. We must now orient it in the planetocentric
reference frame in order to match the orientation of the inbound heliocentric arc. To
~ >, where
do so, we define an auxiliary orthonormal base < ~u, ~v, w

~u =

~v∞
v∞

(5.36)

is the direction of the inbound excess velocity,

~ =
w

SOI~
~rsc
vSOI
sc
SOI vSOI
rsc
sc

(5.37)

is the normal vector to the orbit plane and finally

~v = w
~ × ~u

(5.38)

completes the orthonormal base.
~ > and the
We may now find a relationship between the auxiliary base < ~u, ~v, w
~ , where φ
perifocal base < ~p, ~q >. This involves a rotation of angle φ over the axis w
was previously defined in Equation 5.35. The rotation is then given by

~puvw = (cos φ, − sin φ, 0),
~quvw = (sin φ, cos φ, 0)

(5.39)
(5.40)

if ~u corresponds to the direction of the inbound asymptote and

~puvw = (− cos φ, − sin φ, 0),
~quvw = (sin φ, − cos φ, 0)

(5.41)
(5.42)

if ~u corresponds to the direction of the outbound asymptote. The transformation
from the auxiliary base (u, v, w) to the planetocentric reference frame (x, y, z) can
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then be expressed with the rotation matrix


ux vx wx
Ruvw2xyz =  uy vy wy  ,
u z v z wz

(5.43)

which is then applied to the vectors ~puvw and ~quvw as such:

~p xyz = Ruvw2xyz~puvw
~q xyz = Ruvw2xyz~quvw .

(5.44)
(5.45)

Finally, the combined rotation matrix from the perifocal reference frame to the planetocentric reference frame is given by


px qx wx
(5.46)
R peri2xyz =  py qy wy  .
p z qz wz

5.3.4

Locus of injection points

In an operational mission environment, we usually perform a small manoeuvre before approaching the SOI in order to change the intersection point while keeping the
direction of the inbound excess velocity vector constant. This eventually results in a
locus of injection points into the SOI as seen in Figure 5.13.

F IGURE 5.13: Locus of injection points for arrival hyperbolas to Earth.
Note that the same concept applies to outbound hyperbolas during a
flyby. Image from Curtis, 2009.

The collection of velocity vectors at the locus of injection points result in a cone
inside the SOI. We can then define an orthonormal base < ~xc , ~yc , ~zc > following the
geometry of this cone, where
~zc = ~v∞ /v∞
(5.47)
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is the axis vector of the cone (i.e., the vector perpendicular to the cone base),

~yc = ~v∞ /v∞ × z

(5.48)

is the normal to the plane which contains ~v∞ and the z-axis of the planetocentric
reference frame, and
~xc = ~yc ×~zc
(5.49)
completes the orthonormal base.
The locus of injection points are then contained in a circle in the < ~xc , ~yc > plane.
We can select an arbitrary point in this circle located at an angle β, where β ∈ [0, 2π ]
defined counter-clockwise and with origin at the axis ~xc . With this definition, a planetocentric position vector at the SOI intersection can be decomposed in two components: one component along the axis defined by ~zc and another component located at
an angle β 0 in the < ~xc , ~yc > plane. Then, applying a rotation of angle ∆β = β − β 0
to the in-plane component will result in a new position vector within the locus of
injection points.
Note that in the implementation within AMGAO, we use the β angle instead of
the difference ∆β to compute vectors within the locus of injection points. This choice
allows the optimization algorithms within AMGAO to converge more robustly, as
the β angle is not dependent on the s/c initial position vector at the SOI intersection.
We now follow the same procedure as in the perifocal-to-planetocentric conversion described in Section 5.3.3: first, we obtain the rotation matrix Rcone2xyz to convert
from the cone base (< ~xc , ~yc , ~zc >) to the planetocentric coordinate frame:


Rcone2xyz

xcx

= x cy
x cz

ycx
y cy
y cz


zcx
z cy  ,
z cz

(5.50)

where the vectors ~xc , ~yc , ~zc are decomposed into their cartesian components (x, y, z)
in the planetocentric reference frame. We can transform the inbound position vector
at the SOI intersection ~zSOI into its equivalent vector ~zSOI
in cone base coordinates
c
simply by applying the rotation matrix Rcone2xyz as such:


~rcSOI


r xc
T
~zSOI .
= ryc  = Rcone2xyz
r zc

(5.51)

Now we can rotate the in-plane components of~rcSOI to an arbitrary orientation within
the locus of injection points. To do so, we compute the in-plane component modulus
r xyc (i.e., the radius of the circle associated to the locus of injection points):
r xyc =

q

r2xc + ry2c .

(5.52)

The new SOI intersection position vector in cone base coordinates ~r SOI
βc located at an
angle β is then:


r xyc cos β


~r SOI
(5.53)
βc = r xyc sin β .
r zc
Note that the component rzc does not change its value; only the in-plane component
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is modified. Finally, we transform the position vector ~r SOI
βc to planetocentric coordinates:
~r SOI
= Rcone2xyz~r SOI
(5.54)
β
βc .
The complete procedure to compute a natural flyby is as follows:
1. Select an arbitrary value for rπ and β.
2. Obtain the Keplerian elements of the flyby hyperbola, given the conditions at
the inbound intersection with the SOI and rπ .
3. Compute the position and velocity vectors at the intersection between the outbound hyperbola and the SOI, in the perifocal reference frame.
4. Compute the vectors ~p x,y,z and ~q x,y,z and build the rotation matrix R peri2xyz .
5. Convert the outbound position and velocity vectors from perifocal to planetocentric reference frame using R peri2xyz .
6. Rotate the inbound position vector by an angle β, using the procedure described in this section.
7. Rebuild the rotation matrix R peri2xyz using the rotated inbound position vector.
8. Reconvert the initial perifocal position and velocity vectors to the planetocentric reference frame using the recalculated R peri2xyz .

5.3.5

Implementation of NGA method into AMGAO

The steps required to design an interplanetary trajectory via the NGA method as
currently implemented into AMGAO are the following:
1. Obtain all the encounter dates from the departure date and times of flight.
2. Compute the position of each planet at their respective encounter date.
3. Compute the conditions at the first propagated arc from the input departure
velocity.
4. For each subsequent transfer (from the outbound propagated arc up to and
including the following flyby):
(a) Propagate the outbound coast arc up to the location of the DSM.
(b) Build an interplanetary Lambert arc from the DSM position up to the next
flyby planet.
(c) Connect the coast arc and the Lambert arc with a DSM manoeuvre (i.e.,
obtain the required ∆v).
(d) Compute a NGA flyby, given the conditions from the inbound Lambert
arc. The algorithm provides the ephemeris of the outbound coast arc at
the outbound intersection.
5. Compute the conditions at arrival (e.g., flyby, orbit insertion, direct entry, etc.).
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Conclusions

This chapter discusses the patched conics approach to interplanetary trajectories
with gravity assist. A method to obtain the intersection of a s/c with a given planet’s
SOI is presented. The method uses a bisection iteration scheme for simplicity and to
avoid derivatives. The results from this method are used as inputs for the GA methods described throughout the document. Then, a method to solve a two-dimensional
powered gravity assist is developed. The method generates a pair of hyperbolas and
then iterates over the value of their respective periapsis until a matching condition is
found. The analytical equations are derived and then assembled into a second-order
iteration method (in this case the derivatives are easily available). We also present
several strategies to deal with the result where the periapsis altitude is lower than
the radius of the planet. The final algorithm implemented in AMGAO tries the simple PGA first, and overwrites the results with the alternative variant if required. The
alternative variant adds an additional impulsive manoeuvre at the outbound SOI
intersection, which can also double as a clean-up manoeuvre. Finally, a procedure to
obtain the solution for a natural gravity assist is derived. The analytical description
of the swing-by hyperbola is first obtained in perifocal (local) coordinates. Then the
hyperbola is rotated into planetocentric coordinates to match with the direction of
the inbound interplanetary trajectory. Finally, the hyperbola can be arbitrarily oriented along the locus of injection points to increase the flexibility of the swing-by
design.
Note that, by construction, the PGA method implemented here presents a severe issue with transfers between the same planet: the interplanetary Lambert arc
between a given planet and the same planet in any arbitrary amount of time is the
orbit of the planet itself. This yields physically unrealistic (albeit mathematically correct) transfers for some scenarios, which are unsuitable for a real-world application.
This must be dealt with as a particular case. The natural gravity assist method does
normally not exhibit this behavior, as the conditions of the outbound arc are already
determined by the flyby.
Parallel execution of the code has not been implemented at this stage. The only
parts that would allow for parallel code are the computation of the state vector of the
planets and the PGA and NGA loop. However, the number of planets will be small
in the vast majority of cases, therefore a parallel execution would most likely slow
the code down due to the communication overhead between the parallel threads.
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Tisserand’s Graph
The AMGAO tool involves a double optimization loop: in the outer loop, a list of
feasible planet sequences are generated. Then, each sequence is used as input in the
inner loop, where an heuristic optimizer finds the optimal interplanetary trajectory
associated to the sequence. The present chapter of this thesis involves the development of a method to obtain collections of planet sequences to be used as the product
of the outer loop of AMGAO. To achieve this, we will rely on the Tisserand graph
(TG), a graphical tool which is commonly used in the preliminary design of gravityassisted trajectories. By displaying essential orbital information about the Keplerian
orbits resulting from close passages to a set of massive bodies, the TG helps construct
a sequence of encounters between a starting and a destination orbit.
The TG is named after 19th century astronomer François Félix Tisserand, who
developed a method -the Tisserand’s criterion (Roy, 2005)- to identify an object (a
comet or an asteroid) after a passage by a planet. The orbital elements of the object may change after the close approach, but the Tisserand parameter, a function of
semi-major axis, eccentricity and inclination of the orbit, stays approximately constant and can be used to identify the object after the event. The outcome of the flyby
with a planet are shown in the TG as curves, the v∞ contours, corresponding to all
hyperbolic passages with a given excess speed v∞ . This velocity is closely related
to the Tisserand parameter. Each point along the contour corresponds to the angle
between the hyperbolic excess velocity of the object and the velocity of the body (see
below). The intersections between contours link encounters with different planets,
hence they can be used to build paths to a selected destination.
Figure 6.1 illustrates a TG for an Earth-to-Jupiter trajectory in which Earth and
Venus flybys are the options considered (Strange and Longuski, 2002). The map
shows the orbital periods and the perihelions of the heliocentric orbits that a spacecraft (s/c) can follow as a result of gravity assists with Earth (with v∞ of 3 and 9
km/s) and Venus (v∞ of 6 km/s) before approaching Jupiter at a relative speed of 6
km/s. The intersections between contours yield the following sequence of encounters: Earth (launch), Venus, Earth, Earth, Jupiter (arrival). The basic assumption of
the TG is that all the planets are on circular coplanar orbits. The planet positions
are not considered, i.e., flybys are assumed to occur whenever the orbit of the s/c
intersects that of a planet. For this reason, this tool is confined to a preliminary mission design stage, which must be followed by an analysis considering the phasing
constraints.
The TG has been employed in interplanetary trajectory design for many years.
Strange and Longuski, 2002 discussed Tisserand’s theory in great depth, applied the
TG to a wide number of transfers and highlighted the importance of an automatic
exploration of the graph for complex scenarios. Miller and Weeks, 2002 reviewed the
theoretical background of Tisserand’s criterion and illustrated its application to the
preliminary design of Cassini’s interplanetary trajectory. Heaton et al., 2002 used the
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F IGURE 6.1: TG for an Earth-to-Jupiter trajectory with intermediate
Earth and Venus flybys (Strange and Longuski, 2002).

TG in the design of tours in the Jovian system for the Europa Orbiter mission. They
found sequences of lunar encounters (Europa, Ganymede, Callisto) which were then
input to the Satellite Tour Design Program Diehl, Kaplan, and Penzo, 1983 designed
for the Galileo s/c by JPL. That work emphasized the importance of an automatic
method to search for transfers within the TG. Heaton and Longuski, 2003 designed
a tour of the Uranus system using the TG to adjust the inclination of the target
science orbit around Ariel. Okutsu and Longuski, 2002 employed a TG to design
Mars free-return trajectories via gravity assists with Venus. Khan, Campagnola, and
Croon, 2004 conducted the mission analysis for a two-s/c (relay and orbiter) lowcost mission to Europa, in which the TG is used to identify tour options for both
vehicles: a tour in the inner Jovian system for the orbiter and a tour of the outer,
radiation-safe system for the relay. Campagnola and Russell, 2009; Strange, Campagnola, and Russell, 2010 derived a new formulation for v∞ leveraging maneuvers
(VILMs) within the so-called Tisserand Leveraging Graph, used as a tool to design
endgames. The new method allows rapid calculations of the minimum useful ∆V
using VILMs to design resonant lunar tours at Jupiter and Saturn. Campagnola,
Strange, and Russell, 2010 worked out a linear approximation to the solution space
allowing fast sequence searches, and used the methodology to design a trajectory
for an Enceladus orbiter. Then, Campagnola and Russell, 2010; Campagnola, Skerritt, and Russell, 2012 extended the formulation of the TG to the circular restricted
three-body problem (CR3BP). They found a trajectory encountering Callisto that inserts the s/c into a circular orbit around Europa, improving by 30% the ∆V budget
of the classical patched-conics method. Kloster, Petropoulos, and Longuski, 2011
presented a design of a Jovian tour for an Europa orbiter mission in which the TG
is used in combination with a simple radiation model to avoid hazardous exposures
during the flybys. Lantoine, Russell, and Campagnola, 2011 relied on the TisserandPoincaré (T-P) graph, a variant of the TG for the CR3BP, to obtain initial guesses of
inter-moon transfers in the Jovian system in a patched three-body model. Hughes,
Moore, and Longuski, 2013 investigated a broad collection of ballistic trajectories to
Neptune using the TG for the selection of the planetary encounters. The trajectory
was solved by patched conics with impulsive manoeuvres either in the form of powered gravity-assists or with VILMs, i.e., using deep-space manoeuvres to lower the
launch ∆V. The authors highlighted the effects of phasing and mission constraints
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and estimated that only 21 out of 76 encounter sequences were feasible. Strange
et al., 2014 applied a TG-based method to the CR3BP to identify ways of capturing
small asteroids around the Earth redirecting them to lunar gravity assists by means
of a small (< 200 m/s) ∆V. Colasurdo et al., 2014 employed the TG to design a tour
of the Galilean moons using resonant transfers, which was the winning solution
of the 6th edition of the Global Trajectory Optimization Competition. Campagnola,
Buffington, and Petropoulos, 2014 investigated three Jovian tour mission configurations (flyby-only, orbiter and lander) using the T-P graph. The solution achieves low
∆V by means of high-altitude flybys and deep-space manoeuvres. Maiwald, 2016
adapted the TG to a low-thrust mission: the variation in the orbital energy over a
thrust arc corresponds to a jump between different v∞ contours in the TG. Yárnoz
et al., 2016 developed a systematic approach to generate multiple lunar flyby sequences for small interplanetary probes in a CR3BP, using the third-body perturbation of the Sun as a VILM equivalent. Jones, Hernandez, and Jesick, 2017 employed
the TG to study the triple cycler family of orbits among Earth, Mars and Venus. This
type of trajectories periodically cycle between flybys of Venus, Earth, and Mars and
were conceived for future manned mission to Mars. The solutions are characterized
by lower ∆V requirements than traditional Earth-Mars cyclers.
When the number of planets and v∞ levels increases (see, e.g., Figure 6.2), the
identification of all the possible sequences of encounters by visual inspection becomes impractical (see also Strange and Longuski, 2002). Besides, one of the main
objectives of AMGAO is to be automatic, which means an automated examination
of the Tisserand graph is desirable. Automated strategies for analysis of the TG are

3

Orbital period (year)

1

Jupiter

10 1
5
3
1

10

0

Mars

Earth
Venus

v

contours start in the lower right

corner with v

= 1 km/s.

The contours increase towards the
upper left corner by steps of 2 km/s.

10 -1
10 -1

10 0

10 1

Periapsis radius (AU)

F IGURE 6.2: TG for an Earth-to-Jupiter trajectory in which flybys with
Earth, Venus and Mars are considered (Strange and Longuski, 2002).

in widespread use, but, to the best of the authors’ knowledge, they have not been
documented in public literature. This chapter describes the development, implementation, validation and application of an automatic technique to explore the TG
and determine all the sequences of flybys that it contains. The technique is based
on a tree search method and will be referred to as the Tisserand PathFinder (TPF)
algorithm. The TPF is used in the context of AMGAO in the following way: for a
given departure and arrival planets, it produces a list of feasible sequences of planet
encounters. Each sequence is then used as input of the optimizer (inner loop of AMGAO), which then finds the optimal trajectory for the sequence of planets. The final
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result is a list with the sequences that exhibit the best interplanetary trajectories in
terms of an arbitrary quantity (e.g., fuel mass, time of flight, etc.).
The study, development and implementation of the tree-search method of the
TPF algorithm (Section 6.3) was carried out in collaboration with Mr. Oscar Calvente
and Mr. Celestino Garcia as part of their final degree project, as described in the
Research Activities section of this thesis.
The structure of this chapter is as follows: Section 6.1 reviews the derivation of
the Tisserand parameter, while Section 6.2 illustrates the procedure for the construction of a TG and gives simple guidelines for selecting ranges of v∞ levels to include
in a TG. Section 6.3 illustrates the approach adopted to find intersections between
contours, build a tree, explore it and construct sequences of encounters. Section 6.4
presents a set of validation tests and Section 6.5 provides some application examples.
The conclusions are laid out in Section 6.6.

6.1

Tisserand’s parameter

Tisserand’s parameter is defined in a system of three bodies, two of which (the primaries) are assumed in circular orbits about each other, and the third body has negligible mass. This is the framework of the CR3BP. This dynamical model admits a
constant of motion for the third body, i.e., Jacobi’s integral C J (Roy, 2005),




µ1
µ2
C J = n2 x 2 + y2 + 2
− ẋ2 + ẏ2 + ż2 ,
(6.1)
+
r1
r2
in which n is the mean motion of the primaries, µ1 and µ2 are their standard gravitational parameters and r1 and r2 are the distances from the third body to the two
primaries. The reference frame is synodic (rotating, with the primaries fixed on the
x-axis, the xy-plane being their orbital plane) and barycentric (with origin at the center of mass of the primaries). With respect to a barycentric inertial reference frame
with axes ξ, η, ζ initially parallel to the synodic axes, Equation 6.1 transforms into




µ1
µ2
C J = 2n ξ η̇ − η ξ̇ + 2
+
− ξ̇ 2 + η̇ 2 + ζ̇ 2 .
(6.2)
r1
r2
Assuming that the first primary is the Sun and the second primary is a planet, then
we have (µ2 /µ1 )2/5  1. Hence, the center of mass of the system is very close to the
Sun, and the radius of the sphere of influence of the planet (see, e.g., Kaplan, 1976
Chapter 7, pp. 287-289) is much smaller than the distance a2 between primaries.
Therefore, when the third body (the s/c) approaches the planet, it is possible to
approximate r1 ' a2 and µ2 /r2 ' 0 before entering the sphere of influence. Under
these conditions, the heliocentric trajectory of the s/c is approximately Keplerian,
and C J can be rewritten in terms of the orbital elements. In particular, the last term
of Equation 6.2 can be approximated by the square of the Keplerian velocity v of the
s/c




2
1
2
1
2
2
2
2
−
' µ1
−
,
(6.3)
ξ̇ + η̇ + ζ̇ ' v = µ1
r1
a
a2
a
with a the s/c’s semi-major axis. Then, the first term on the right-hand side of Equation 6.2 can be rewritten by recalling that
ξ η̇ − η ξ̇ = h cos i,

(6.4)
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with h the magnitude of the specific orbital angular momentum and i the orbital
inclination. Furthermore,
q
h = µ1 a (1 − e2 ),
(6.5)
e being the orbital eccentricity. Hence
q
µ1
C J ' 2n µ1 a(1 − e2 ) cos i + .
a

(6.6)

In dimensionless variables, using µ1 and a2 as reference magnitudes, the mean motion and heliocentric velocity v2 of the planet have unit value. The expression of
the normalized Jacobi’s integral C̄ J (hereinafter, dimensionless quantities will be denoted by barred symbols) reads
C̄ J ' 2

q

1
ā(1 − e2 ) cos i + .
ā

(6.7)

The right-hand side of the above equation is Tisserand’s parameter C̄T (Murray and
Dermott, 2000).
As the s/c approaches the planet, the magnitude v̄∞ of the relative velocity ~v¯ ∞
can be obtained by applying the law of cosines to the triangle formed by the heliocentric velocity of the s/c (~v¯) and planet (~v¯2 ):
v̄2∞ = v̄2 + 1 − 2v̄ cos γ cos i,

(6.8)

where γ is the s/c flight path angle and cos γ cos i is the cosine of the angle between
~v¯ and ~v¯2 . Furthermore,
v̄ cos γ = h̄.
(6.9)
which, by means of Equation 6.5, provides
q
v̄ cos γ = ā(1 − e2 ).

(6.10)

Recalling Equation 6.3 and substituting Equation 6.10 into Equation 6.8 yields
v̄2∞ = 3 − 2 cos i

q

1
ā(1 − e2 ) − ,
ā

(6.11)

which, in combination with Equation 6.7 gives (see also Strange, Campagnola, and
Russell, 2010)
C̄T = 3 − v̄2∞ .
(6.12)
According to Equation 6.11, the semi-major axis, eccentricity and inclination determine the magnitude of the hyperbolic excess velocity, and the same value of v∞ can
be obtained with different combinations of these parameters.

6.2

The Tisserand Graph

In the planar approximation (i.e., i = 0), CT depends only on two orbital elements,
semi-major axis and eccentricity. Figure 6.3 shows the geometry of a flyby. The time
duration of the event is assumed negligible with respect to the orbital period of the
planet, hence the heliocentric position of the s/c through the flyby is approximately
constant. As a result of the close passage, the velocity of the s/c relative to the planet
changes. The net effect is a rotation of the inbound hyperbolic excess velocity ~v∞−

92

Chapter 6. Tisserand’s Graph

by an angle δ, yielding the outbound hyperbolic excess velocity ~v∞+ (Figure 6.3).
Hereinafter, the magnitude of these two vectors will be indicated with v∞ . The heliocentric velocity of the s/c changes from ~v− to ~v+ , and this change affects both the
direction and the magnitude of the vector. The pump angle α− (respectively, α+ ) is
defined as the angle between ~v2 and ~v∞− (respectively, ~v2 and ~v∞+ ). We shall refer to
α− as the entry pump angle and to α+ as the exit pump angle. Due to the symmetry
of the problem, we shall limit the discussion to pump angles in the range [0◦ , 180◦ ]1 .
From geometry,
α+ = α− + δ,
(6.13)
and δ is ∈ [0◦ , 180◦ ].
The law of cosines allows to compute the magnitude of ~v− (respectively, ~v+ ) from
~v∞− (respectively, ~v∞+ ) and α− (respectively, α+ ):
v2− = v22 + v2∞ + 2v∞ cos α− ,
v2+

=

v22

+ v2∞

(6.14)

+ 2v∞ cos α+ =

v22

+ v2∞

+ 2v∞ cos(α− + δ).

(6.15)

Given v∞ and α (α− or α+ ), the above formulas yield the magnitude of the heliocentric velocity (v− or v+ ). Then, the vis-viva integral (Equation 6.3) gives the corresponding semimajor axis, and the orbital energy e follows from
e=−

µ1
.
2a

(6.16)

Equation 6.11 can then be solved for the eccentricity. In this way, curves of constant
v∞ can be represented in a 2D map whose axes portrait the semimajor axis and the
eccentricity, or any equivalent pair of orbital parameters (for example, the orbital
energy versus the periapsis radius, the orbital period versus the periapsis radius or,
only for elliptical orbits, the apoapsis radius versus the periapsis radius, Figure 6.4).
This 2D map is the TG and is employed to visualize the effect of planetary flybys
on the heliocentric Keplerian orbits of the s/c. Since ~v∞− and ~v∞+ have the same
magnitude, they correspond to the same v∞ contour. Note that in Figure 6.4 the contours v∞ = cons. are always monotonic, irrespective of the choice of variables. This
is a consequence of Equation 6.11, which yields a unique value of e for a given (v∞ ,
a) pair. That is, the function e( a) for fixed v∞ is single-valued. Therefore, as it is
continuous, it is also monotonic. However, this implicitly assumes that the orbital
inclination is unique, but, when both v∞ and δ are very large, retrograde heliocentric
orbits appear. If both prograde and retrograde orbits in the same plane are considered, there are two corresponding values of the inclination with opposite sign of
the cosine. Thus, Equation 6.11 gives two eccentricities for each (v∞ , a) pair and
monotonicity is lost (see Figure 6.5). This is undesirable, as it makes finding contour
intersections much more complex. Monotonicity can be recovered by partitioning
each contour into a prograde and a retrograde branch.

6.2.1

Construction of the contours

The TG of Figure 6.6 illustrates the steps taken in the construction of a v∞ contour.
The case shown corresponds to a v∞ of 3 km/s relative to Earth. The circular orbit
1 Switching

the sign of the pump angle has no effect on the s/c heliocentric trajectory. It simply
changes the sign of the radial s/c velocity while leaving the circumferential component unchanged.
Thus, the two signs correspond to a pair of symmetric points of the same conic section.
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F IGURE 6.3: Geometry of a flyby (left) and the associated velocity
vector diagram (right).
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F IGURE 6.4: Three versions of the same TG for different choices of the
orbital parameters: apoapsis radius (left), orbital period (center) and
orbital energy (right) versus periapsis radius. The circle represents
the flyby planet, the Earth in this case, and the v∞ contours correspond to values of the hyperbolic excess speed of 1, 2, 3, 4, 5 and 6
km/s, respectively.

of the planet is the point (1 au, 1 au) (Figure 6.6a)2 . The upper point of the contour is
obtained by setting α = 0. The algorithm outlined above gives a periapsis radius of 1
au (in this case, the s/c’s orbit is tangent to Earth’s orbit) and an apoapsis radius of
1.54 au (Figure 6.6b). Varying α between 0 and 180 degrees yields the entire contour
(Figure 6.6d).
When v∞ contours of different planets are plotted in the same TG, their intersections correspond to orbits that can be linked by flybys with these planets. For
example, in the sequence of Figure 6.1, the s/c departs Earth on a 3 km/s contour,
performs a flyby with Venus at 5 km/s of v∞ and passes by the Earth with a relative
speed of 9 km/s twice (resonant flybys) before reaching Jupiter at a relative speed of
6 km/s.
A v∞ contour can also be used to construct sequences of consecutive flybys with
the same planet and characterized by the same hyperbolic excess speed. For example, in Figure 6.6c, after tangential departure from Earth, the s/c returns after an
integer number of revolutions, hence with the same encounter geometry (α− = 0)
and heliocentric velocity. If α+ = 45 degrees, the new periapsis radius is 0.98 au and
the apoapsis radius is 1.37 au.
2 Note

that the periapsis of the heliocentric orbit of the s/c can never be higher than the orbit of the
flyby planet.
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F IGURE 6.5: A non-monotonic v∞ contour for Saturn in which retrograde orbits (lower branch of the curve) appear for α > 130 degrees.

Due to the relationship (see, e.g., Curtis, 2014 Chapt. 2, pp. 100-101)
  
 −1
δ
rπ v2∞
= 1+
sin
2
µ2

(6.17)

Apoapsis radius (AU)

between δ and the pericenter radius rπ of a hyperbola with a given v∞ and focus
at µ2 , imposing a minimum flyby height sets an upper limit δmax to the achievable
deflection angle. For example, if the minimum periapsis height above the surface of
the Earth on a v∞ contour of 3 km/s is 200 km, δmax = 121 degrees. δmax in turn limits
the maximum displacement along a v∞ contour that can be achieved with a single
flyby.
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F IGURE 6.6: Construction of a v∞ contour.

6.2.2

Selection of the v∞ levels

Constructing a TG requires the selection of the planets and the identification of suitable v∞ levels for each of them. Even for the experienced orbit analyst, this task is
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not trivial, especially when the solution space is wide and involves several bodies.
Furthermore, since the goal is to build sequences of flybys from departure to arrival,
only those pairs of v∞ contours that intersect each other are useful. Figure 6.7 provides some insight into this problem. Each panel refers to a specific pair of planets.
The axes report v∞ values for each planet, so that each point in the diagram can be
associated with a pair of v∞ contours. The shaded area shows the combinations of
v∞ . The apex (marked with a solid circle) corresponds to a Hohmann transfer between the two planets. It is the heliocentric ellipse that intersects both circular orbits
with minimum hyperbolic excess velocity at departure and arrival. Therefore, the
apex must lie at the bottom left corner of the shaded region. The charts can be used
to narrow quickly the range of v∞ contours that must be explored. For example,
consider an Earth-Mars transfer for which the combination of launcher and payload
limits the departure C3 to 36 km2 /s2 (v∞ = 6 km/s). From Figure 6.7, the useful
v∞ values for Earth lie between 3 and 6 km/s, while in the case of Mars we have
to include contours from 2.7 to 10.5 km/s. Points (i.e., pairs of v∞ values) outside
the shaded area can safely be ignored, as they cannot yield an intersection. That is
the case, for example, for the combination of v∞ = 7 km/s at Mars and 11 km/s at
Jupiter. This can be crosschecked against Figure 6.2, which shows that, as expected,
there is no intersection between those contours.

6.3

Tisserand PathFinder

The TPF algorithm is based on the representation of the TG as a tree structure: an
intersection between contours in the graph is a tree node and a transfer between intersections along a contour is a branch. The set of nodes and branches constitutes
the tree. Each node has one parent node and may have one or more children nodes.
A tree search algorithm has been applied to this representation in order to traverse
the graph in an ordered way, collect transfers between planets and form encounter
paths. Figure 6.8 (top) illustrates an interplanetary TG for a transfer from Earth to
Mars with Earth, Venus and Mars flybys and two v∞ contours for each planet (3 and
5 km/s). The black crosses mark contour intersections and the arrows signal transfers between planets. The construction of the tree structure from the TG is shown in
the bottom part of the figure: starting from Earth with α = 0 and v∞ = 3km/s (root
node), the possible paths are determined traversing the nodes and branches of the
tree. The path indicated by the arrows goes through four nodes (Earth 3, Earth 3 Venus 5, Venus 5 - Earth 5, Earth 5 - Mars 5) and three branches (Earth 3 to Venus 5,
Venus 5 to Earth 5, Earth 5 to Mars 5).

6.3.1

Determination of the intersection of two v∞ contours

The intersections between v∞ contours are determined finding the zeros of the function
f (e) = r p2 (e) − r p1 (e),
(6.18)
where the orbital energy is taken as the independent variable and r p1 and r p2 are
the periapsis radii on the two contours. To solve Equation 6.18, the regula-falsi
technique (Dahlquist and Bjorck, 2003) has been chosen due to its simplicity (no
derivatives required) and robustness. The Illinois variant (Dowell and Jarratt, 1971)
of the algorithm is used for improved performance. At every iteration, e is used
to determine r p in both contours following the procedure outlined in Figure 6.9.
The initial search interval is the range of e common to both contours, i.e., between
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F IGURE 6.7: Maps of intersections between v∞ contours of different
planets.

ea = max (min(e1 ), min(e2 )) and eb = min(e1 (α = 0◦ ), e2 (α = 0◦ )), as shown in
the example of Figure 6.10. The iterations stop when the absolute value of f (e) falls
below a specified tolerance. As a reference, it takes up to six iterations to reach an
accuracy of 10 km.
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(bottom) for an Earth-to-Mars transfer in which flybys with Earth,
Venus and Mars are considered. The arrows indicate an Earth-VenusEarth-Mars path.

6.3.2

Tree search

Tree search algorithms (Cormen et al., 1990) are often used in optimization problems
in which, given a starting point, several options must be explored to find the optimal
solution. In our case, the goal is building a comprehensive set of candidate solutions,
i.e., to find all the paths in the TG connecting the departure planet with the target
planet, regardless of their performance. Driven by this requirement, we chose an
uninformed depth-first algorithm (Korf, 1985): the uninformed tree search is suitable
when there is no a priori knowledge of the tree, and the depth-first variant (which
initially explores the nodes at the deepest levels of the tree and backtracks when
it hits a dead-end) offers high speed and low memory consumption when dealing
with complex trees.
The main drawback of the depth-first method is that it can get trapped in loops
(in our case, repeated flybys with the same planet). To limit the number of planetary
encounters and the computation time, the maximum depth of the tree is set by the
user. Once the maximum depth is reached, the search does not proceed further
along the current branch of the tree. This modified version of the depth-first method
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F IGURE 6.9: Algorithm to obtain r p from e in a v∞ contour relative to
a planet with orbital radius a2 .

is referred to as the depth-limited search method. Program data is arranged in two
main structures:
• Node database: It contains a list of the active nodes. Each node has a unique
identifier (ID) and is associated with a parent node ID, a planet and specific
values of v∞ and e. The parent node is the preceding encounter in the sequence
of flybys. Once a node reaches the target destination, the parent IDs are used
to rebuild the sequence of encounters.
• Stack: This is a FIFO (First-In First-Out) heap where the identifiers of nodes in
process are stored. The depth-first search method uses the FIFO strategy: as
1
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F IGURE 6.10: Two intersecting contours relative to Earth and Mars
with v∞ of 5 and 4 km/s, respectively.
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the tree is expanded vertically, the most recently created nodes (i.e., those at
the lowest levels of the tree) are processed first.
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GRAB PARENT
NODE (PN)
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V∞=HEV1
ε=E1

PL1=GOAL?

YES

SAVE PATH
FROM ROOT
TO PN

YES

REMOVE PN
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CREATE CHILDREN
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F IGURE 6.11: Global functional diagram of TPF.
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F IGURE 6.12: Flowchart of the children node generation block.

6.3.3

Search algorithm

To make the explanation easier to follow, we shall split the program structure in two
distinct functional blocks:
• Processing of parent nodes (Figure 6.11): These nodes are stored in the stack
and were in turn created from other parents in previous iterations of the algorithm.
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• Generation of children nodes (Figure 6.12): These are the nodes that can be
reached from the parent nodes by means of a flyby, and subsequently become
new parents.
Processing of parent nodes
The nodes on the stack are examined and their children are generated through these
steps:
1. Read input data: List of planets and v∞ contours associated with each one,
departure conditions (planet and v∞ corresponding to the launch energy) and
target (arrival planet and, if applicable, range of v∞ ).
2. Initialize the stack with the root node (departure planet and v∞ ).
3. If the stack is empty, terminate the program. Otherwise, read the node at the
top of the stack. It becomes the current parent node (PN), associated with
planet PL1, v∞ =HEV1 and specific orbital energy e=E1.
4. Check if PN has reached the final state specified by the user (i.e., target planet
and v∞ level). If that is the case, rebuild the path from departure to destination
planet using the parent node IDs, save it and proceed to step 6.
5. If PN has not reached the user-defined maximum depth, find its children nodes
(see below).
6. Purge PN from the stack and go back to step 3.
Generation of children nodes
The sequence of steps to create new children nodes (CN) is:
1. Select a candidate planet PL2 to explore (PL26=PL1).
2. Select one of the v∞ levels for PL2 (HEV2).
3. Search for an intersection between contours HEV1 of PL1 and HEV2 of PL2.
Let E2 be the orbital energy of the intersection point (if it exists). If no intersection is found, proceed to step 6.
4. Add as many intermediate nodes as needed to move from E1 to E2 along the
HEV1 contour. These nodes represent consecutive flybys with PL1 to achieve
sufficient deflection angle without colliding with the planet. The intermediate
nodes give rise to linear branches of the tree (i.e., no bifurcations) and they are
never placed in the stack (because they require no further analysis). Intermediate nodes are important, however, because they add to the tree depth.
5. If the maximum depth has not been exceeded, the intersection becomes a CN
and is placed at the top of the stack. PL2, HEV2, E2 and PN are stored in the
database entry for this CN.
6. If there are more v∞ levels to explore for PL2, go back to step 2.
7. If there more planets to process, go back to step 1.

6.4. Validation

6.3.4
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Garbage collection

Memory consumption can be an issue when evaluating large tree structures. To
reduce the memory footprint of TPF, nodes that are no longer useful (e.g., nodes with
no children or nodes from a branch that has been entirely explored) are deleted from
the database (pruned) periodically. Because the database does not contain all the
nodes analyzed, the information required to reconstruct the sequence of encounters
is stored in the output file. Whenever a path to the target planet is found, the list
of encounters and the corresponding nodes are stored in the output file. The list of
nodes in the output data, while only a small subset of those explored, is sufficient to
interpret the paths.
A Matlab script implementing the TPF algorithm has been published under a
LGPL license (De La Torre et al., 2020). The results presented in the following sections have been computed in Matlab R2019a running under Windows 10 1803 in an
Intel Core i7-6700K CPU with 4.00GHz and 32GB of RAM. In the discussion, the
encounter paths are grouped into planet sequences, i.e., paths that connect the same
ordered list of planets regardless of the v∞ levels.

6.4

Validation

The results obtained with TPF have been compared with three solutions (named V1,
V2, V3) presented in the literature.
• V1: from Earth to Mercury. The TG contained in the upper part of Figure 6.13
shows two encounter paths identified by Strange and Longuski, 2002: 1) Earth
3, Earth 3 - Venus 5, Venus 5 - Earth 7, Earth 7 - Venus 9, Venus 9 - Mercury 9;
2) Earth 3, Earth 3 - Venus 5, Venus 5 - Earth 9, Earth 9 - Mercury 11. TPF yields
the same two paths (Figure 6.13 bottom). Additionally, TPF indicates that the
sequence of encounters for the first path is Earth-Venus-Earth-Venus-VenusMercury because a transfer to Mercury 9 from Earth 7 requires two consecutive
Venus flybys to prevent a collision with the planet (due to the deflection angle
limitation).
• V2: from Earth to Neptune. Hughes, Moore, and Longuski, 2013 identifies 72
planet sequences between Earth and Neptune. The path marked in Figure 6.14
top is Earth 5, Earth 5 - Venus 7, Venus 7 - Earth 11, Earth 11 - Jupiter 7, Jupiter
7 - Neptune 3. TPF is able to find the same sequence (Figure 6.14 bottom).
• V3: Venus-Earth-Mars cycler. Jones, Hernandez, and Jesick, 2017 identifies
a triple cycler through Venus, Earth and Mars. The path highlighted in Figure 6.15 top is Venus 4, Venus 4 - Earth 5, Earth 5 - Mars 3, Mars 3 - Earth 3,
Earth 3 - Venus 4. TPF finds the same solution (Figure 6.15 bottom).
Table 6.1 records the total CPU time, the number of encounter paths found and the
number of planet sequences identified for the three validation cases.

6.5

Application to mission design

The following two mission scenarios have been designed and optimized with the
aid of TPF: a transfer from Earth to Mars (M1) and the trajectory of JUICE (M2) (see
European Space Agency (ESA), 2014). These applications illustrate the advantages of
coupling TPF with a trajectory optimizer, allowing fully automated mission design
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and optimization. Note that in this case, the distinct paths of each planet sequence
are not used, since the optimizer accepts an ordered list of planets and works by
varying the encounter dates within each sequence. The deflection angle is limited to
prevent trajectories intersecting the planet surface.
The TGs of the two scenarios have a maximum tree depth of seven encounters
including the departure and arrival planet.
• M1: the TG contains two v∞ contours for each planet (Earth, Venus, Mars).
In order to discard direct Earth-to-Mars transfers, the lowest v∞ at Earth is
set at 2.8 km/s. The path displayed in Figure 6.16 is an Earth-Venus-EarthMars with Earth 2.8, Earth 2.8 - Venus 4, Venus 4 - Earth 4, Earth 4 - Mars
2.8. From the corresponding planet sequence, the interplanetary trajectory optimizer outputs a solution departing on 07/05/2023 with v∞ of 2.8 km/s and
arriving on 19/06/2025 with v∞ of 3.0 km/s. The flybys with Venus and Earth
(respectively on 17/10/2023 and 08/70/2024) are powered and require velocity impulses of 913 and 155 m/s, respectively. The departure dates explored
range from 01/01/2020 to 01/01/2026 and the maximum flight time between
planets is set at 2 years.
• M2: the trajectory chosen for the JUICE mission to Jupiter (Grasset et al., 2013)
is of type Earth-Earth-Venus-Earth-Mars-Earth-Jupiter. The first Earth-Earth
leg includes a deep-space v∞ leveraging manoeuvre, capability not available
in our trajectory optimizer. Due to this limitation, the TPF-generated sequence
(obtained from three v∞ contours at each planet) passed to the optimizer is
Earth-Venus-Earth-Mars-Earth-Jupiter, as shown in Figure 6.17 (Earth 6, Earth
6 - Venus 6, Venus 6 - Earth 10, Earth 10 - Mars 10, Mars 10 - Earth 12, Earth 12 Jupiter 6). From this series, the optimizer generates a 7-year trajectory departing on 19/03/2023 with v∞ of 4.9 km/s and performing powered flybys with
Venus (28/10/2023, 84 m/s), Earth (08/08/2024, 148 m/s), Mars (14/02/2025,
1105 m/s) and Earth (16/11/2026, 394 m/s). The arrival v∞ at Jupiter is 5.6
km/s. The departure dates are varied from 01/01/2023 to 31/12/2023 and the
flight time between planets is limited to 2 years.
The performance of TPF for these scenarios is summarized in Table 6.1.
TABLE 6.1: CPU time, number of encounter paths and number of
planet sequences for the three validation cases (V1, V2, V3) and the
two mission scenarios (M1, M2) discussed in the text.

CPU time (s)
V1
V2
V3
M1
M2

6.6

0.940
110.000
0.060
0.004
1.300

Number of
encounter paths
3376
124104
154
4
854

Number of
planet sequences
12
101
7
2
41

Conclusions

In this chapter we have described the algorithm and underlying theory of an automated method (TPF) for extracting interplanetary paths from a Tisserand graph.
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The algorithm uses a depth-first tree search method, building an exhaustive collection of all the encounter sequences connecting the departure and arrival planets.
The search is depth limited (i.e., there is a maximum number of flybys in the path)
to keep the algorithm from creating long repetitive sequences of encounters (loops).
The method identifies seamlessly those situations in which repeated encounters with
the same planet are required to respect the minimum pericenter height constraint.
The algorithm is completely automatic, relieving the user from the burden of visually identifying the contour intersections. The process is very fast in contemporary
commodity hardware. Even the most complex scenarios can be analyzed in a matter
of minutes (we presented a case with 124 000 distinct paths that completes in under 110 seconds). This efficiency gives the user additional freedom when choosing
the number of excess velocity contours to inspect, because the impact on the duration of the analysis is very limited. The automated inspection of the TG reduces the
workload of the mission designer and eliminates the chance of human error, which
is inherent to any tedious tasks. Furthermore, when TPF is coupled with a trajectory optimizer, the complete workflow of mission design and optimization can be
streamlined.
The following improvements to the method are foreseen:
• Implementation in compiled code. This should allow evaluating large tree
structures, which correspond to complex mission scenarios or scenarios with a
large number of intermediate flybys.
• Implementation of the v∞ leveraging technique. This technique increases the
flexibility of the mission design by expanding the regions of the TG that can be
reached with a given path.
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F IGURE 6.13: Validation case V1: two Earth-to-Mercury paths from
Strange and Longuski, 2002 (top) and the same sequences obtained
with TPF (bottom). The letters V, E and Y mean Venus, Earth and
Mercury, respectively.

6.6. Conclusions

F IGURE 6.14: Validation case V2: match between the Earth-toNeptune path of Hughes, Moore, and Longuski, 2013 (top) and that
computed by TPF (bottom).

105

106

Chapter 6. Tisserand’s Graph

F IGURE 6.15: Validation case V3: match between the Venus-EarthMars cycler path of Jones, Hernandez, and Jesick, 2017 (top) and that
computed by TPF (bottom).

6.6. Conclusions

F IGURE 6.16: Scenario M1: TG for an Earth-to-Mars transfer and the
optimized interplanetary trajectory obtained from the sequence highlighted in the diagram.

F IGURE 6.17: Scenario M2: TG for a JUICE-like transfer and optimized trajectory.
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Chapter 7

Heuristic Optimization
The AMGAO tool developed in this thesis exhibits a double-loop approach to the
optimization of interplanetary trajectories: an outer loop finds collections of feasible
planet sequences (this is the subject of Chapter 6) and an inner loop finds the optimal
trajectory for each of the sequences. This inner loop relies on the physical models
presented in Chapter 5 to build the interplanetary trajectory given an arbitrary set
of design variables (e.g., flight time, periapsis radius, etc.). The set of techniques we
will use to obtain the best or optimal interplanetary trajectories in the inner loop are
based on heuristic optimization methods, which exhibit the best chance of finding
global minima in multi-modal search space scenarios like the ones we find in our
application cases.
Many authors have investigated the application of heuristic optimization techniques to the design of interplanetary trajectories. Gage, Kroo, and Braun, 1994 uses
a genetic algorithm to optimize an interplanetary mission scenario based on the
patched conics model. The results show that the heuristic optimizer outperforms
a classic grid search and allows optimizing more complex scenarios. Betts, 1998
presents a survey of several techniques to solve the trajectory optimization problem,
briefly describing each technique and including a general comparison between direct and indirect methods. Di Lizia, 2004 presents an analysis on the most common
mission design problems and benchmarks several deterministic, model-based and
instance-based methods, from which differential evolution is the one that exhibits
the best performance. Kemble, 2006 describes the basics of optimization applied to
interplanetary trajectories and derives several techniques for specific applications
(plane change via flybys, repeating transfers, etc.) Vasile, Summerer, and De Pascale, 2005 combines a classic systematic search with a genetic algorithm to search
for optimal solutions to the design of Earth-Mars round-trip trajectories. Later on,
Vasile, Minisci, and Locatelli, 2008 presents a method to test global search optimizers
applied to interplanetary trajectory design. Then, Vasile, Minisci, and Locatelli, 2010
tests several optimization algorithms, in particular the genetic algorithm, differential evolution, particle swarm, multi-start and monotonic basin hopping methods.
Vasile, Minisci, and Locatelli, 2011 improves the basic differential evolution method
by introducing a discrete dynamical system that governs the evolution of the population. Izzo, Bombardelli, and Vinkó, 2007 analyzes and benchmarks five optimization methods (differential evolution, particle swarm, genetic algorithm, adaptive
simulated annealing and a global multi-start method) applied to several test scenarios using two interplanetary models: powered GA and natural GA with DSM.
Olds, Kluever, and Cupples, 2007 investigates the performance of differential evolution applied to four case scenarios: the Cassini mission, the Galileo mission, the
Tempel 1 sample and return mission and a crewed mission to Mars. Zhu, Li, and
Baoyin, 2009 studies several trajectories to Saturn via Earth, Mars and Jupiter flybys,
using a differential evolution algorithm, a particle swarm algorithm and a hybrid
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algorithm combining both. Xie et al., 2009 uses a migrant particle swarm algorithm
to optimize the re-entry trajectory of a constrained vehicle. Sentinella and Casalino,
2009a and Sentinella and Casalino, 2009b develops a hybrid optimizer that combines genetic algorithm, differential evolution and particle swarm methods and applied it to rendezvous problems and a round-trip Earth-Mars mission. Ceriotti and
Vasile, 2010 presents an ant colony algorithm and applies it to the planning of MGA
interplanetary trajectories, incrementally constructing the interplanetary trajectory
by selecting the optimal transfer arc at each step. Pontani and Conway, 2010 investigates the particle swarm optimization algorithm applied to Lyapunov periodic
orbits and transfer trajectories between circular orbits. In Pontani, Ghosh, and Conway, 2012, he applies the same algorithm to multiple-burn rendezvous trajectories.
Addis et al., 2011 derives an optimization procedure applied to interplanetary trajectories and based on the monotonic basin hopping technique, which allows executing
a global-like optimization using local optimization methods. Guo et al., 2011 uses
a particle swarm algorithm to optimize a MGA trajectory with low thrust propulsion. Simeoni and Casalino, 2011 introduces a diversification phase via a tabu search
method to a hybrid optimization algorithm, which runs genetic algorithm, differential evolution and particle swarm methods cooperatively. The author applies the
upgraded method to the Cassini mission and a round-trip mission to near-Earth asteroids. Alonso Zotes and Santos Peñas, 2012 applies a modified particle swarm algorithm to the design of trajectories to the Jovian and Saturn systems via Mars flyby
and compares its performance with the basic particle swarm and genetic algorithms.
Izzo et al., 2013 implements a self-adaptation operator to the differential evolution
method and applied it to the design of a tour of the Galilean moons (Io, Europa,
Ganymede and Callisto) using a MGA trajectory. Zhuang and Huang, 2014 solves
the time-optimal trajectory planning problem of under-actuated spacecrafts using a
particle swarm algorithm to perform a global search and couples it with a Legendre
pseudo-spectral method to perform a faster local search once the solution has converged sufficiently. Shan and Ren, 2014 uses a constrained particle swarm algorithm
to design low-thrust trajectories. Izzo et al., 2016 provides a fairly detailed description of the design process of interplanetary trajectories and optimization techniques,
especially focusing the application to the Global Trajectory Optimization Competition (GTOC). Shirazi, Ceberio, and Lozano, 2018 presents a detailed survey of the
key interplanetary optimization techniques, describing the mathematical modeling
of the equations of motion, the definition of the objective function and the most
popular optimization methods in literature, along with some insights int he future
trends of the field. A very comprehensive review of the state of the art in optimization techniques applied to spacecraft flight mission design has been recently
published in Chai et al., 2019. The author presents three major optimization techniques applied to spacecraft flight operations, in particular gradient-based methods,
convexification-based methods and evolutionary/metaheuristic methods.
The most thorough general description of evolutionary-oriented algorithms and
their implementation can be found in the book by Yang, 2014. In fact, some of the
methods developed in this chapter are loosely based on the algorithms by Yang, although our implementations exhibit many differences and alternative methods. Unfortunately, the islands model is not treated at all in Yang’s book. This subject is however dealt in detail in the book by Conway, 2010, where the authors provide a description of the interplanetary optimization problem and the solution via heuristicbased optimizers, including a description and analysis of the islands model.
In this chapter, we select, implement and test four heuristic optimization algorithms along with two variations of the islands model. The algorithms are then
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assembled as part of the AMGAO toolbox as key components of the interplanetary
trajectory optimization stage: the task of the optimizers is to provide with optimal
solutions for the s/c flight path with respect to arbitrary performance indexes. Note
that the optimizers described in this chapter do not try to compete with the established state of the art, but rather serve as an educational tool to analyze and investigate the behavior and performance of each method and especially the performance
of the islands model. The implemented methods are also part of a toolbox (referred
to as Matlab Optimization Toolbox, or MOT for short) which is published under a
GPL license (De La Torre, Soria, and Miro, 2018) and it is currently used within the
Aerospace section of UPC.
Due to the complexity of the analysis of the heuristic methods, the algorithms described in this chapter are going to be thoroughly tested and analyzed in Chapter 8.
Instead, here we have applied the methods to a simple scenario (a direct interplanetary transfer from Earth to Mars). This test serves two purposes: first, to obtain a
qualitative description of the behavior and the results of the algorithms when applied to an interplanetary mission scenario. Second, as a simple validation case for
the optimization algorithms and the AMGAO tool itself.
This chapter is structured as follows. We start in Section 7.1 with an overview of
optimization techniques. Then, we introduce the heuristic optimization methods in
Section 7.2, select five algorithms, detail their implementation and apply them to the
test case scenario. The chapter ends with the conclusions and some final remarks.

7.1

Optimization techniques

The optimization of interplanetary trajectories, in a general sense, involves two major steps: the mathematical modeling of the problem and the identification of the
best solution among a bounded set of feasible alternatives. Here, the “best solution”
is understood by means of a performance index, which represents the quality of a
solution as a function of an arbitrary quantity (e.g., fuel consumption, total mission
time, etc.). Therefore, the objective of the optimization stage is to minimize the performance index of the solution set.
The problem starts by defining a set of differential equations that describe the
movements of the s/c by means of an N-dimensional state variable y ∈ IR N . This is
expressed as:
ẏ(t) = f (y(t), u(t), t),
(7.1)
where f is a nonlinear function with respect to the state variable y ∈ IR N , the Mdimensional control variable u ∈ IR M and the time t ∈ IR. The state variable y varies
between point y0 with time instant t0 and point y f with time t f . This is translated to
a boundary condition as such:
bL ≤ b(y0 , t0 , y f , t f ) ≤ bU ,

(7.2)

where bL represents the lower bound of the function b and bU represents the upper
bound of b. We can also introduce a set of path constraints to comply with any
mission requirements or safety conditions (e.g., low periapsis radius margin during
a flyby). These are modeled via the following inequality:
g L ≤ g(y(t), u(t), t) ≤ gU ,

(7.3)
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where g L and gU are the lower and upper bounds of the path function g, respectively.
The path constraints can depend only on the state variable y, the control variable u,
or both.
Any interplanetary trajectory that follows the dynamical system of Equation 7.1
and satisfies all the path constraints is feasible by definition. However, we usually
find a large number of feasible trajectories for a given mission scenario. To select
the best trajectory, we use a performance index that quantifies how good a given
trajectory is regarding some arbitrary measure quantities. This performance index
is also called objective function or cost function (Kemble, 2006) and is expressed as:
J = Φ ( y0 , t0 , y f , t f ) +

Z tf
t0

L(y(t), u(t), t)dt,

(7.4)

where J is the performance index, Φ is the Mayer cost function (i.e., the cost function
on the boundaries) and the remaining term represents the sum of all the costs given
by the process cost function L (i.e., the cost function along the trajectory). Examples
of costs associated to the Mayer term are launch ∆v values and insertion ∆v values
at the arrival planet. Examples of the process cost term are ∆v values associated to
DSM manoeuvres or powered flybys. Obviously, the quantities associated to each
term will depend on (and can greatly vary with) the given mission scenario.
The full formulation of the problem is given by the following system (Izzo, 2010):
minimize
subject to

J = Φ ( y0 , t0 , y f , t f ) +

R tf
t0

L(y(t), u(t), t)dt

∀ t ∈ [ t0 , t f ]
ẏ(t) = f (y(t), u(t), t) (dynamic constraints)
bL ≤ b(y0 , t0 , y f , t f ) ≤ bU (boundary conditions)
g L ≤ g(y(t), u(t), t) ≤ gU (path constraints)

(7.5)

(7.6)

which can be summarized as: determine the state y(t) and the control variable u(t)
that can take the s/c from the initial state y0 to a predefined final state y f , while
minimizing the cost function J subject to the given dynamic, boundary and path
constraints.
There are multiple numerical solution approached to optimize the problem of
Equation 7.6, commonly divided into indirect methods and direct methods (see e.g.,
Kemble, 2006; Stryk and Bulirsch, 1992). The indirect methods require the derivation of the first order necessary conditions for optimality, which is achieved via the
calculus of variations. Then, the original problem is transformed into a Hamiltonian
boundary-value problem and solved. In the direct optimization methods, the problem is first discretized and then re-written as a non-linear programming (NLP) problem, which is then solved via well-developed NLP optimization algorithms (e.g., sequential quadratic programming methods, linear programming methods, etc.). The
main issue with the indirect optimization methods is that obtaining the first order
necessary conditions for optimality is a costly process and the number of decision
variables associated to it is large. Therefore, in the implementation of AMGAO we
will use direct methods as they are more appealing for our application cases. In the
direct methods framework, the problem formulation presented in Equation 7.7 is
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rewritten as:

~x = [ x1 , x2 , x3 , ..., xn ]
to minimize the cost function
J (~x )
~xmin ≤ ~x ≤ ~xmax
subject to
Hi (~x ) = 0
i = 1, 2, ..., E
Gj (~x ) ≤ 0
j = 1, 2, ..., I
Find decision variables

(7.7)

where ~x is the array of controls or decision variables, J is the cost function which
depends only on the controls, and E and I are the dimensionality of the equality and
inequality constraints H and G, respectively. If the problem to be solved is a multiobjective optimization problem (i.e., the cost function involves several dependent or
independent quantities), then the function J simply becomes
J (~x ) = [ J1 (~x ), J2 (~x ), ..., JM (~x )],

(7.8)

where M is the number of mission objectives considered in the scenario.
Four major sub-groups can be identified within the direct methods family. These
are: gradient-based, convexification-based, dynamic programming, and stochastic
heuristic optimization methods. The first three methods, however, require some degree of information about the gradient of the cost function and/or the constraints.
This, in turn, involves computing the derivative of the functions, analytically or numerically. This is a troublesome task in our application because the physical model
is quite sensitive, which has a great effect on the computation of the derivatives.
For this reason, we will focus our efforts on the derivative-free methods, that is, the
heuristic-based optimization methods.

7.2

Heuristic optimizers

Heuristic optimization techniques, also known as evolutionary-based or global optimization methods, mimic the behavior of natural systems, which are based on the
principle of “survival of the fittest”. This strategy is applied to a collection of feasible solutions (the population) and the cost function of each solution (the individual)
is computed. The individuals with the lowest cost are carried over to the next iteration (generation), and the worst individuals in terms of cost are removed from
the population. Depending on the algorithm, additional operators such as mutation
or procreation can be applied to the individuals of the population. Due to their nature, evolutionary-based methods are more likely than gradient-based methods to
find the global optimum in our application scenarios, which usually exhibit large
numbers of local minima. Gradient-base methods will simply converge to the local
minimum in the basin where they start; evolutionary-based methods have a greater
capability to explore the solution space before converging to a minimum. They also
do not require an initial guess value, as the population is initialized randomly. The
main drawbacks of these methods are the expensive computational cost when dealing with large populations and the fact that we can not ensure the minimum found
is the global minimum within the search space.
There is a wide variety of evolutionary-oriented algorithms in the literature. We
have selected four of the most popular algorithms and we have implemented them.
These are the genetic algorithm, the differential evolution algorithm, the particle
swarm algorithm and the simulated annealing method. We have also implemented
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two version of the islands model (described in Section 7.2.5) to improve on the convergence of the basic methods.

7.2.1

Genetic Algorithms

Genetic algorithms are extremely popular due to the diversity of their applications.
They are also one of the oldest and most well-developed algorithms. The algorithm
was first developed by John Holland and his collaborators in the 1960s and 1970s. It
is a population-based method that relies on Charles Darwin’s laws of natural selection. In this context, each solution is assimilated to an individual, the collection of
solutions is the entire population and each iteration is called generation. The main
idea is to generate a population of individuals, encode the cost function of each
individual as an array of character strings representing chromosomes, then manipulating the chromosomes by means of genetic operators (mutation, crossover, etc.)
and selecting the best individuals/chromosomes according to their cost.
We have developed and implemented a genetic algorithm method which we will
refer to as A Genetic Algorithm or AGA. The procedure for AGA is the following:
1.
2.
3.
4.

Define the control variable or chromosome ~x = [ x1 , x2 , ..., xn ].
Define the cost function f (~x ).
Generate the initial population.
While (generation < max number of generations, or cost > target cost)
(a) For each particle
i. Generate new individuals by crossover.
ii. Mutate the new individuals.
iii. Compute the cost of the individuals.
iv. Select the best individuals of the current generation (elitism).
(b) Advance to next generation.

The “max number of generations” and “target cost” parameters are arbitrarily decided by the mission designer. The former is used to limit the number of iterations
of the algorithm, while the latter stops the iterations once the mission objective is
achieved.
As previously mentioned, the genetic algorithm has three major operators:
1. crossover: swaps parts of the chromosome with another individual in order to
mix solutions and converge to the optimum.
2. mutation: changes parts of the chromosome randomly in order to increase
diversity and escape from local minima.
3. elitism: selects the best solutions (in terms of cost) and pass their chromosomes
down to the next generation.
In our AGA implementation we do not encode the chromosomes into character
strings; instead, we save the chromosome of each individual as arrays of real numbers. The reason for this choice is because our control variables (i.e., the information
stored in the chromosomes) are all floating-point values. The crossover operator is
then implemented in the following form:

~xnew = f 1~x1 + f 2~x2 ,

(7.9)

where x1 and x2 are two individuals of the population, f 1 ∈ [0, 1] and f 2 ∈ [0, 1]
are arbitrary scaling factors and ~xnew is the individual resulting from the crossover.
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The scaling factors are chosen as part of the configuration of the optimizer. Note
that for f 1 = f 2 = 0.5 Equation 7.9 becomes a simple arithmetic mean between the
two individuals. This is also the strategy implemented by default in AMGAO, as
experiments show it provides with the best results in most scenarios. The mutation
operator simply adds a new randomly generated chromosome ~xrand to the one of
the individual, effectively modifying it. This random perturbation is expected to
be small relative to the size of the search space; however, it can also be arbitrarily
increased if required.
The AGA method has six configuration parameters: the maximum number of
generations to simulate, the maximum size of the population, the number of elite
members of the population that will be carried out to the next generation, the percentage of the population that will be mutated, the percentage of the population that
will be crossed and the percentage of the population (ordered by cost in decreasing
order, that is, the worst individuals first) that will be replaced by newcomers (i.e.,
randomly generated individuals). Both the crossover and mutation operators are
applied to the best individuals of the population excluding the elites (which are
directly transferred to the new population). At the beginning of each generation,
the population is cleaned-up to remove duplicated individuals. This process may
decrease the size of the population and, for this reason, the method automatically
replenishes the population to its original maximum size by introducing new random individuals after the clean-up. These new individuals (which are equivalent to
newcomers) also help explore new regions of the search space.
Figure 7.1 shows the results from the AGA method applied to the test case scenario. The figure has a main canvas with a pork-chop plot of the total ∆v of the
mission as a function of the departure date and time of flight. The pork-chop plot
(see e.g., Sergeyevsky, Snyder, and Cunniff, 1983) is generated by evaluating the
cost function for a series of departure dates and times of flight: we vary the departure date between 0 and 900 days since J2000 (1st of January 2000 at noon) with 100
steps, and, for each value of the departure date, the time of flight is varied from 0
to 600 days with 100 steps. The canvas then overlays the population individuals
from the last generation (red dots), the best solution from the last generation (green
circle) and the path of the best solution throughout all the generations (green line).
The top-left subplot shows the interplanetary trajectory corresponding to the best
solution. The down-right subplot shows the value of the lowest cost on each generation. The value of the total ∆v in the pork-chop plot has been limited to an upper
value of 16 km/s to ease the readability of the data. Note that the upper part of the
PCP corresponds to long-way transfers (the transfer angle is greater than π), while
the lower part of the PCP correspond to short-way transfers (the transfer angle is
lower than π). The middle ridge corresponds to transfers close to π, which in general require large values of the orbital inclination and thus also large values of the
departure and arrival ∆v. The AGA method within AMGAO has been configured
with the following parameters:
•
•
•
•
•

10 generations,
50 individuals,
3 elites,
30% of mutants,
50% of parents (crossover operator).

The results show that the population (except the last newcomers) is concentrated on
a minimum of the search space, which corresponds to the short-way transfer from
Earth to Mars. The best solution departs on 31st March 2001 and arrives at Mars
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6.6 months later. The departure and arrival ∆v values are 3.16 km/s and 3.53 km/s,
respectively. We can also observe that the lowest cost found during the optimization
process decreases rapidly: in about 5 generations the minimum has been found and
the value of the lowest cost remains almost unchanged. Note that this may not always be the case: the individuals resulting from crossover and mutation are passed
down generations regardless of their cost, which means a certain generation can be
worse than its predecessors. Fortunately, the elite members of the population will
always be passed down, thus conserving the lowest cost values throughout subsequent generations.

F IGURE 7.1: Results from the test case optimization with AGA.

7.2.2

Differential Evolution

Differential Evolution is a vector-based heuristic algorithm with strong similarities
to GA due to its crossover and mutation operators. It was developed by R. Storn
and K. Price in 1996 and 1997. The main difference with genetic algorithms is the
fact that the chromosome is the way the population individuals are manipulated: all
operations in Differential Evolution are done in terms of vectors instead of chromosomes.
We implement a version of the differential evolution algorithms we call ADE (A
Differential Evolution algorithm). The generic procedure for ADE is the following:
1.
2.
3.
4.

Define the control variable ~x = [ x1 , x2 , ..., xn ].
Define the cost function f (~x ).
Generate the initial population.
While (generation < max number of generations, or cost > target cost)
(a) For each individual
i. Select three (or more, depending on the selected mutation scheme)
other random individuals.
ii. Generate a new vector ~v via the selected mutation scheme.
iii. Generate a new individual by adding ~v to the old individual.
iv. Apply the crossover operator to the individual.
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v. Compute the cost of the new individual.
vi. Between the old and new individuals, keep the one with the best cost
and discard the other.
(b) Advance to next generation.
The differential evolution algorithm has two major operators:
1. mutation: changes parts of the vector randomly in order to increase diversity
and escape from local minima.
2. crossover: swaps parts of the vector with another individual in order to mix
solutions and converge to the optimum.
The mutation operator is based on a mutation scheme, which builds a new individual ~v using three or more individuals from the population. We have implemented
six different mutation schemes found in Yang, 2014:

~v
~v
~v
~v
~v
~v

=
=
=
=
=
=

~x a + F (~xb − ~xc ),
~x a + F (~xb − ~xc + ~xd − ~xe ),
~xbest + F (~xb − ~xc ),
~xbest + F (~xb − ~xc + ~xd − ~xe ),
~x a + F (~x a − ~xbest ) + F (~xb − ~xc ),
~x a + F (~x a − ~xbest ) + F (~xb − ~xc + ~xd − ~xe ),

(7.10)
(7.11)
(7.12)
(7.13)
(7.14)
(7.15)

where ~xi (i ∈ a, b, c, d, e) are random individuals of the population, ~xbest is the best
individual in terms of its cost function value and the scaling factor F ∈ [0, 1] is called
differential weight. In essence, the previous schemes take an individual (vector) ~x a
and perturbs it by means of one or more donor vectors (e.g., the donor vector is
δ = F (~xb~xc ) in the first scheme). This strategy also forces the population to have a
minimum size between three and five individuals depending on the chosen scheme.
The crossover operator is controlled by a crossover parameter Cr ∈ [0, 1] which controls the rate or probability of crossover. The operator can be applied to each element
of the vector (binomial scheme) or to segments of the vector (exponential scheme).
The general scheme is as follows: generating a random number ri ∈ [0, 1], the ith
component of the d-dimensional vector ~v is manipulated into ~ui as such:
(
~vi if ri ≤ Cr ,
~ui =
i = (1, 2, ..., d),
(7.16)
~xi otherwise,
where ~x is a random individual (vector) from the population.
The current ADE implementation has six configuration parameters: the maximum number of generations, the number of elite individuals in the population, the
percentage of the population that will be mutated, the value of the mutation scaling
factor F and the selected mutation scheme. Like in AGA, the mutants are chosen
among the best individuals of the population in terms of their cost (excluding the
elites). At the moment, ADE does not have the crossover operator active (this is
scheduled for future upgrades to the method).
Figure 7.2 shows the results from the ADE method applied to the Earth-Mars test
case scenario. The method has been configured with the following parameters:
• 10 generations,
• 50 individuals,
• 3 elites,
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• 50% of mutants.
We can see the algorithm converges slowly with respect to AGA, reaching a good
value of the cost function in 10 generations. Nevertheless, due to the fact that only
the best individuals are passed down generations, we can ensure that all the individuals from a generation (excluding newcomers) will exhibit equal or lower cost that
its predecessors. Therefore, the population of ADE always improves (or remains
equal) in terms of cost. The best solution departs on 2nd April 2001 and arrives at
Mars 6.57 months later. The departure and arrival ∆v values are 3.18 km/s and 3.51
km/s, respectively.

F IGURE 7.2: Results from the test case optimization with ADE.

7.2.3

Particle Swarm

Particle swarm is a trajectory-based method based on the swarm behavior of animals in nature, such as fish and birds. It was developed by Kennedy and Eberhart
in 1995 and is one of the most used swarm-intelligence-based algorithms due to its
flexibility and simplicity. Instead of encoded chromosomes as in the genetic algorithm, it uses real numbers and randomness to propagate information among the
swarm individuals. The algorithm searches the space of the objective function by
adjusting the trajectory of individual solutions called particles. The trajectory of
a particle is composed piece-wise by adding a certain velocity vector to the position vector of the particle at each iteration. In this case, the position of a particle
is simply the control vector, and the velocity is a perturbation to the control vector. During the iteration process, the best historical solution xi∗ for each one of the
particles of the swarm is saved and updated as needed. The best historical solution
g∗ = min( f ( xi )) with i = 1, 2, ..., n for the entire swarm is also saved and updated as
required. Each particle has three sources of movement: it is attracted to the current
global best solution g∗ , it is attracted to its own personal best solution xi∗ and it has
some degree of random movement.
Our current implementation of the particle swarm algorithm, which is called
APS (A Particle Swarm algorithm), has the following overall scheme:
1. Define the control variable ~x = [ x1 , x2 , ..., xn ].
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2. Define the cost function f (~x ).
3. Initialize the position ~xi and velocity ~vi of all the particles (i = 1, 2, ..., n) in the
swarm.
4. Find the global best solution ~g∗ at the initial iteration.
5. While (iteration < max number of iterations, or cost > target cost)
(a) For each particle
i. Generate new particle velocity ~vi using Equation 7.16.
ii. Compute new position ~xi = ~xi + ~vi .
iii. Evaluate cost of particle at the new position.
iv. Find the current best ~xi∗ for the particle.
(b) Find the current global best solution ~g∗ .
(c) Advance to next iteration.
The velocity of a particle is updated on each generation as follows:

~vi = ~vi + αe1 (~g∗ − ~xi ) + βe2 (~xi∗ − ~xi )

(7.17)

where e1 and e2 are two random scaling factors, α is the global learning factor (accelerates the particle towards the global best) and β is the local learning factor (accelerates the particle towards its own personal best). Typically α ≈ β ≈ 2 according to
the literature (see Yang, 2014), however the values can vary greatly with the scenario
and should be tuned for each particular case. The initial swarm of particles is spread
as uniformly as possible throughout the search space and the initial velocity of the
particles can either be set to zero or to a random value.
The APS method has four configuration parameters: the maximum number of
iterations, the local and global learning factors (α and β), and the maximum speed
that can be achieved by any particle. This last variable serves two main purposes:
1. as a scaling factor to initialize the random velocity of new particles.
2. as a safety check to slow particles down. The main issue with extremely large
speeds is that particles can jump to points outside the search space which correspond to unfeasible solutions. These solutions may produce NaN or infinite
values which eventually crash the code. The current version of APS implements an explicit boundary check that dis-allow particles to exist outside the
user-defined search space, however the velocity of the particles must still be
arbitrarily limited after the boundary check to prevent the particles from jumping outside bounds again on the next iteration.
Figure 7.3 shows the results from the APS method applied to the Earth-Mars test
case scenario. The method has been configured with the following parameters:
•
•
•
•
•

10 iterations,
50 individuals,
maximum velocity of 15% the search space size on each dimension,
local learning factor of 5,
global learning factor of 5.

The APS method is interesting because the lowest cost value keeps increasing and
decreasing as the particles are successively pulled towards the global best or their
respective local bests. This behavior makes APS suitable for broad searches of the
search space. If the algorithm is well configured, all the particles will slowly concentrate around the best solution of the search space. The best solution here departs on
8th April 2001 and arrives at Mars 6.49 months later. The departure and arrival ∆v
values are 3.31 km/s and 3.49 km/s, respectively.
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F IGURE 7.3: Results from the test case optimization with APS.

7.2.4

Simulated Annealing

The simulated annealing method is also a trajectory-based technique. It mimics the
annealing process of a metal when it cools down and freezes into a crystalline state
with low energy and large crystals to reduce defects in the metallic structure. It was
created by Kirkpatrick in 1983. The basic idea is to use a random search method,
which not only accepts better solutions but also keeps worse ones within an arbitrary probability p. This probability, called the transition probability, is based on the
Boltzmann statistical distribution and it is determined by the following expression:


∆E
p = exp −
,
(7.18)
kB T
where k B is the Boltzmann’s constant, T is the temperature for controlling the annealing process and ∆E is the change in energy. We can assimilate the temperature
to the cost in the optimizer by linking the change in temperature to the change in
energy. Like this, T = f ( f being the current cost) and ∆E becomes:
∆E = γδ f ,

(7.19)

where γ is a real constant, equivalent to the physical concept of heat capacity. We
can further simplify the constants k B and γ so that Equation 7.18 becomes


∆f
p = exp −
,
(7.20)
µf
which now only depends on the cost f and an arbitrary parameter µ, called the
simulated annealing parameter or thermal transition level.
We have implemented a simulated annealing method, which we refer to as ASA
(A Simulated Annealing algorithm). The scheme for ASA method is as follows:
1. Define the control variable ~x = [ x1 , x2 , ..., xn ].
2. Define the cost function f (~x ).
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3. Initialize the position xi and velocity vi of all the particles (i = 1, 2, ..., n) in the
swarm.
4. Find the global best g∗ at the initial iteration.
5. while (iteration < max number of iterations, or cost > target cost)
(a) Draw e from a Gaussian distribution.
(b) Move randomly to a new position: xt+1 = xt + e (random walk).
(c) Compute cost at the new position and compare it with the cost at the
previous position: ∆ f = f t+1 ( xt+1 ) − f t ( xt ).
(d) Accept new solution if cost is better (∆ f < 0)
(e) If cost is worse (∆ f ≥ 0)
i. Generate random number r ∈ [0, 1].
ii. Accept new solution if p = exp[−∆ f /T ] > r.
(f) Advance to next iteration.
ASA only has two configuration parameters: the maximum number of iterations
and the simulated annealing parameter µ. The configuration values for the test are
then:
• 500 iterations,
• µ = 0.5.
As we can see in Figure 7.2, the ASA method takes substantially more iterations to
converge. The cost of the solution increases and decreases randomly (this is the effect
of the random jumps), but the best cost consistently decreases as the method closes
up to the minimum. Note that, even though the number of iterations is greater than
in the AGA/ADE/APS methods, the total number of evaluations of the cost function
is the same (the cost function is evaluated only once in each iteration). In Figure 7.2
we also show the path of the single individual particle of ASA throughout all the
iterations, which by design of the algorithm follows a random walk in terms of a
Markov chain (see Yang, 2014). The best solution of ASA departs on 4th April 2001
and arrives at Mars 6.4 months later. The departure and arrival ∆v values are 3.2
km/s and 3.54 km/s, respectively.

F IGURE 7.4: Results from the test case optimization with ASA.
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Islands Model

The islands model is an abstraction of a parallel entity (e.g., a processor in a multicore computer). When applied to heuristic optimization methods, the islands model
takes M populations and distributes them in M groups or islands. On each island,
an evolutionary method (e.g., genetic algorithms, particle swarm, etc.) evolves the
population almost independently from the other islands. The islands model allows
for the parallel execution of the optimization stage by assigning each island to one
processor or thread. Because the execution of each island is mostly independent
from the rest, the amount of resources that must be shared between the threads is
minimal. This also means the islands model can scale quite well (i.e., the computational performance increases almost linearly with the number of parallel threads).
The model is also helpful to improve the convergence of the optimization due to the
fact that more regions of the search space can be explored simultaneously.
We have implemented two variants of the islands model. One variant is simply
referred to as AIM (A Islands Model). The other variant is referred to as AHIM
(A Heterogeneous Islands Model). The fundamental difference between the two
models is the type of optimization algorithm that runs on the islands: on the AIM
method all the islands have the same optimizer (e.g., AGA) associated to them. On
the AHIM method each island has a different optimizer associated to it (e.g., AGA
on first island, ADE on the second island, etc.).
An arbitrary amount of individuals (the migrants) are allowed to travel between
islands, in a process that is commonly called migration. Migration occurs in specified paths between islands, which define a specific migration topology. The migration
topology establishes the shape and order of the routes the migrants take to travel
between islands. There are multiple migration topology strategies in the literature,
several of which are shown in Figure 7.5. The migration process can be either synchronous or asynchronous, depending on whether the migration event waits until
all the islands have evolved up to an arbitrary point or if it occurs without blocking
the execution of the islands. The synchronous version is easier to control because it
is completely deterministic, but it can generate bottlenecks on the execution if one
of the island is substantially slower than the rest. The asynchronous version is more
difficult to control because the process becomes non-deterministic, but the execution resources are maximized (the method does not have to wait for all islands to
evolve before migrating individuals). In our implementation we have chosen the
synchronous ring topology due to its simplicity. Other migration topology schemes
are scheduled to be implemented in future upgrades of AMGAO. A part from its
topology, the migration operator depends on two additional parameters: the frequency of migration and the number of migrants. In our method, we have implemented the frequency of migration as follows: we split the total number of iterations
n in the islands model into two parameters: a local number of iterations nl and a
global number of iterations n g , so that the total number of iterations is n = nl n g .
Following this scheme, during each global iteration the islands evolve for nl generations, then migration occurs between all the islands according to the selected migration topology scheme, and then the model advances to the next global iteration.
This strategy allows a much finer control of the iteration process on the islands, as
each global iteration is treated as a regular optimization run using the stand-alone
algorithms (AGA, ADE, etc.).
The AIM method, then, is based on the following scheme:
1. Define the control variable ~x = [ x1 , x2 , ..., xn ].
2. Define the cost function f (~x ).
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F IGURE 7.5: Common migration topology schemes. Image from Izzo,
2012.
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3. Initialize the population of all islands.
4. while (global iteration < max number of global iterations, or cost > target cost)
(a) for each island,
i. run heuristic optimizer for nl local iterations.
(b) Apply migration operator:
i. Kill the individuals from the target island that will be replaced by the
migrants from the source island.
ii. Migrate individuals from the source island to the target island.
(c) Advance to next iteration.
The AIM method has three configuration parameters: the number of global iterations, the migration topology and the number of migrants. The migrants are chosen
among the best individuals from the source island, and the replaced individuals in
the target island are chosen among the worst within the population. This scheme
is loosely similar to the crossover operator of AGA, in the sense that the best individuals are crossed between islands and the resulting individuals may not have a
lower cost with respect to the old individuals. Nevertheless, this strategy introduces
variety in the islands and in many cases it is shown to help some islands escape from
local minima.
One issue with the migration operator is that it only makes sense when applied to
population-based algorithms. This means the ASA method would be useless when
implemented with the islands model, as it contains only one individual in its population. This individual would be switched around islands during the migration,
leaving the configuration of the islands population after migration identical to the
initial configuration. The only benefit of ASA within the AIM method would be
the parallel execution of ASA and subsequent improvement of computational performance, but this could also be achieved simply by executing the ASA method in
parallel outside the AIM framework.
Figure 7.6 shows the test scenario results with AIM using three islands with
AGA. The method has been configured with the following parameters:
•
•
•
•
•

5 global iterations,
2 local iterations on each island,
3 islands,
20 individuals on each island,
the configuration of AGA is the same as in Section 7.2.1.

The subplot with fitness vs. generations shows only the global generations on the xaxis and the lowest cost among all the islands at the end of each global generation on
the y-axis. The population steadily converges to the minimum and stabilizes there.
The best solution departs on 31st March 2001 and arrives at Mars 6.54 months later.
The departure and arrival ∆v values are 3.15 km/s and 3.54 km/s, respectively.
In the heterogeneous islands model (AHIM), each of the islands has associated
a different optimization algorithm (hence, heterogeneous). Similar to AIM, each of
the islands can evolve independently from the rest or migration of individuals can
occur between islands. The migration operator has to be treated carefully, as the
population associated to each of the islands may be topologically different and thus
incompatible between islands (e.g., AGA versus APS). The main idea behind this
method is similar to the migrants scheme: to combine the capabilities of several
evolutionary methods (e.g, AGA + ADE + APS) in order to improve the coverage of
the search space and the convergence of the optimization process.
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F IGURE 7.6: Results from the test case optimization with AIM using
AGA.

The AHIM method is conceptually almost identical to AIM, but it requires a
slightly more complex software implementation. In AIM, the variables associated
to each island are topologically equivalent (i.e., they have the same type and size).
In AHIM, by contrast, each island may have a different optimizer and the variables
associated to it are topologically different from the other islands. This means the
method implementation has to be able to deal with heterogeneous structures of variables. We have solved this issue by packing all the variables associated to each optimizer in a single array of structures (i.e., we have a structure for each island, and
each island is associated to a specific position in the global array of structures). This
array is then passed down the subroutines and the appropriate structure of variables
is unpacked before calling the optimizer in each island. In MATLAB language, this
approach requires a low complexity from the code implementation point of view.
However, any future implementation of the code in compiled languages such as
C++ will require a careful treatment of this operation.
As mentioned previously, in AHIM we have yet another issue with the migration
operator: the individuals from the pure population-based methods (AGA, ADE) are
slightly different from the individuals from APS. In particular, the individuals from
APS have a velocity associated to them, which the individuals from AGA and ADE
do not. This means we must introduce a “fictional velocity” to all the individuals
migrating from AGA or ADE into APS. In the current implementation, we have
decided to generate a random velocity due to the fact that we have no information a
priori over the velocity associated to that new individual.
Finally, Figure 7.7 shows the test scenario results with AHIM using three islands
with AGA, ADE and APS, respectively. The method has been configured with the
following parameters:
•
•
•
•

5 global iterations,
2 local iterations on each island,
3 islands,
20 individuals on each island,
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• the configuration of the local methods is the same as in previous sections of
this chapter.
The subplot with fitness vs. generations shows only the global generations on the xaxis and the lowest cost among all the islands at the end of each global generation on
the y-axis. The population steadily converges to the minimum and stabilizes there.
The best solution departs on 2nd April 2001 and arrives at Mars 6.49 months later.
The departure and arrival ∆v values are 3.17 km/s and 3.53 km/s, respectively.

F IGURE 7.7: Results from the test case optimization with AHIM using
AGA, ADE and APS.

7.3

Conclusions

The AMGAO method presents an inner loop where a given interplanetary sequence
of planets is optimized in search for the best trajectory associated to it. This process is
done in terms of a cost function that minimizes an arbitrary quantity. In this chapter,
we present a collection of heuristic optimization algorithms suitable for this stage.
We present a theoretical background on the currently established optimization techniques, focusing our interest in the heuristic-based, direct optimization methods as
they are the most appealing to our application. We then select four of the most popular heuristics (i.e., genetic algorithm, differential evolution, particle swarm and simulated annealing), we implement them into methods suitable to be assembled into
AMGAO and we apply them to a simple test case to obtain a qualitative description
of their performance. We finally present two variants of the islands model, which
executes several heuristics in parallel to improve the computational performance
and the convergence of the optimization. One of the variants is homogeneous in the
sense that all the islands have the same optimization method associated to it and the
other variant is heterogeneous as each island has a different optimizer associated to
it.
The results show that both the genetic algorithm and differential evolution converge to a minimum quickly; the latter being slower but more robust. However,
once they have converged to a local minimum it is very difficult for them to exit
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the local convergence region and switch to a better minimum. To avoid this issue,
we introduce new individuals each generation in order to add variety to the overall population. The particle swarm method can also converge to a local minimum
quickly, however and depending on its configuration parameters the particles can
keep moving in the vicinity of the minimum without converging. This issue may
actually be a benefit in search spaces with lots of minima, where a great mobility of
the population can be beneficial. The simulated annealing method requires a great
number of iterations in order to converge, as the coverage that the algorithm has of
the search space is very limited on each iteration (it has only one individual) and
therefore it must keep slowly scanning the search space until it finds the global minimum. The islands model, in theory, improves the performance of the stand-alone
algorithms by executing them in parallel. However, results at this point have proven
inconclusive and a more in-depth analysis is presented in Chapter 8.
During the tests on this chapter, all the methods managed to find the minimum
and successfully converge to it. Table 7.1 presents the results from each method compared to the minimum from the pork-chop plot analysis. The time of flight (TOF) is
expressed in months and the departure (∆vd ) and arrival (∆v a ) ∆v values are expressed in km/s. The Iterations refer to the number of cost function evaluations.
TABLE 7.1: Best solutions for the PCP analysis and each of the optimization methods.

PCP
AGA
ADE
APS
ASA
AIM
AHIM

Departure date
2 April 2001
31 March 2001
2 April 2001
8 April 2001
4 April 2001
31 March 2001
2 April 2001

TOF
6.63
6.60
6.57
6.49
6.40
6.54
6.49

∆vd
3.18
3.16
3.18
3.31
3.20
3.15
3.17

∆v a
3.50
3.53
3.51
3.49
3.54
3.54
3.53

Iterations
10000
500
500
500
500
600
600

The overall conclusion is that the performance of all the algorithms is extremely
dependent on their configuration parameters, therefore we cannot carelessly establish an overall winning algorithm. For a certain values of the parameters, the algorithms converge quickly and reliably, but for other values the algorithms have
shown to converge to the wrong minima or even fail to converge completely. Because of this, an important issue with the heuristic optimization techniques is finding the best set of configuration parameters that provides with the best performance
of the algorithm. This procedure, which is essentially the optimization of the optimizer, is called hyper-optimization or parameter tuning and is one of the subjects of
Chapter 8 of this thesis.
We have planned some improvements and upgrades to the methods discussed
in this chapter:
• The entire collection of algorithms is currently coded in MATLAB. We plan to
translate the methods to Python to improve the performance and avoid proprietary licensing issues. Another stage involves translating the algorithms to
compiled code such as C++, however this will require a much higher complexity due to the way the generic structure arrays in the AIM and AHIM methods
are currently implemented.
• Implement additional migration topology schemes into AIM and AHIM.
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• Implement additional heuristics into the toolbox, in particular the multi-basin
hopping (MBH) method which is expected to have good performance with our
case scenarios.
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Chapter 8

AMGAO: A Multi Gravity Assist
Optimizer
This chapter of the thesis presents the complete assembly of the AMGAO toolbox.
We build over all the methods and algorithms explained in the previous chapters of
the thesis and produce an automatic optimization tool for interplanetary trajectories
with gravity assist.
Many agencies and institutions have developed tools for the automatic optimization of interplanetary trajectories; the two major tools are the ones from NASA and
ESA. NASA has developed many optimization tools throughout its history. The
most relevant to date is the General Mission Analysis Tool (GMAT) NASA, 2015,
which not only includes a module for the optimization if interplanetary trajectories, but also modules for orbit determination and design, maneuver planning and
operational activities. The tool has been used within the design process of several
missions (e.g., Solar Dynamics Observatory (SDO), Solar and Heliospheric Observatory (SOHO), the Advanced Composition Explorer (ACE) and the Lunar Reconnaissance Orbiter (LRO)). ESA has also developed several tools, each optimized for
specific mission scenarios. However, in the last years they are consolidating their
tools into a single framework which relies on the PYGMO toolbox for optimization
and PYKEP for the physical models. A description of both tools can be found in
the work by Izzo, 2012. PyGMO (Parallel Global Multiobjective Optimizer) is a scientific library coded in C++ and Python and aimed at the massive optimization of
scientific problems. It is based on the “generalized islands model” which allows the
parallel distribution of generic populations of tasks over multiple CPUs. The library
includes a great number of optimization algorithms (e.g., genetic algorithms, differential evolution, particle swarm, artificial bee colony, harmony search, etc.) and it
also allows linking to some commercial libraries (SNOPT, IPOPT, NLOPT, etc.).
We have developed a tool named AMGAO: A Multi-Gravity Assist Optimizer
aimed at the optimization of interplanetary trajectories with gravity assist manoeuvres. The tool is based on a dual-loop strategy: in the outer loop, feasible sequences
of planets are generated and in the inner loop, the tool finds the best interplanetary trajectory associated to each sequence of planets. The output of the tool is a list
with the feasible interplanetary trajectories that exhibit the lowest cost in terms of an
arbitrary quantity (e.g., fuel consumption, time of flight, etc.).
One of the main objectives of the thesis involves the automatic execution of AMGAO (that is, the execution of the tools must be done with as little user intervention
as possible). This means all the configuration parameters should either be established at run-time or chosen as functions of the mission scenario. The parameters
associated to the scenario (e.g., times of flight) can be easily established considering
physical or operational limits (e.g., an interplanetary transfer between two planets
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should take between months and a few years). The configuration parameters associated to the optimization algorithms, in general, do not have any logical correspondence with the physical model or the scenario, but they do have a very strong effect
on the performance of the optimizers. For this reason, it would be beneficial to the
performance of AMGAO to find a set of values that can be used as a general configuration parameters, valid for many different scenarios. This, in turn, will avoid any
manual user tweaking when optimizing different mission scenarios. This study has
been conducted in cooperation with the students Mr. Daniel Ramírez and Mr. Alex
Perez as part of their final MSc and bachelor degree projects, respectively.
This chapter is organized in three main sections. Section 8.1 highlights the structure and functionality of AMGAO and discusses some implementation details. Section 8.2 presents the analysis of the study on the configuration of the optimizers,
discusses the results and their implications. Finally, Section 8.3 analyzes the computational performance of AMGAO in a typical application scenario. The chapter
closes with some conclusions and remarks.

8.1

Description of the algorithm

AMGAO is, in its most fundamental form, a control framework that links the execution of the many modules that intervene in the optimization of an interplanetary
mission scenario. The version of AMGAO presented in this thesis implements the
following three major modules:
• The TPF (Tisserand PathFinder) tool described in Chapter 6, which is used to
find feasible sequences of planetary encounters.
• Two physical models used to build the interplanetary trajectory associated to
a sequence of planets and based on the PGA and NGA methods described in
Chapter 5.
• The four heuristic optimization algorithms introduced in Chapter 7 along with
the two versions of the islands model, which are used to find the best interplanetary trajectory associated to a sequence of planets.
Apart from these three main modules, AMGAO includes a vast number of auxiliary and configuration functions which aim at the automatic execution of the tool
and the easy configuration of its numerous internal parameters. These functions
allow switching physical models and optimization methods, setting the values of
the control and configuration parameters, executing the subroutines associated to
the optimization operators (mutation, crossover, etc.), safety checks and boundary
control operations during the optimization stage (to avoid executing unfeasible scenarios), and many wrapping functions to link the input and output variables of the
modules with the AMGAO framework.
The overall execution scheme of AMGAO is as follows:
1. Obtain the user input parameters.
2. Load the appropriate scenario according to the user inputs (i.e, central body,
available planets/moons, etc.).
3. Find feasible sequences of planets via TPF.
4. For each sequence found by the TPF...
(a) Set the mission scenario parameters (e.g., sequence of planets, departure
date, boundaries of the departure date and times of flight, etc.).
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(b) Set the optimizer parameters (e.g., optimization algorithm, configuration
parameters, etc.).
(c) Launch the optimization process for the mission scenario and obtain the
best solution, that is, the optimal interplanetary trajectory associated to
the current sequence.
5. Pack all the results and return them as output.
The AMGAO tool requires, at minimum, three inputs: the departure planet, the
(final) arrival planet and the initial departure date. Nevertheless, additional parameters can be introduced such as the physical model, restrictions on the trajectory
and/or encounter dates, values of the configuration parameters for the optimizers,
etc. These additional parameters will override the default values from AMGAO.
This effectively increases the flexibility of the tool while also maintaining its automatic execution nature for most scenarios. After all the computations are done, the
tool returns two output variables: the list of feasible sequences of planets found by
TPF and the list of optimal solutions found by the optimizers. The list of feasible
sequences contains a collection of arrays with planet string names (one array for
each sequence found). Likewise, the list of optimal solutions contains the (optimal)
design variables for each sequence. In this case, the design variables depend on the
inputs required by the physical model (PGA, NGA) as described below.
The PGA method requires three input parameters: a sequence of N planets, the
initial departure date and the N − 1 times of flight of the interplanetary arcs. The
reason to decouple the initial date from the other dates is purely for readability purposes. The NGA method contains the same parameters, plus the velocity vector at
the initial departure, the rπ radius of each flyby, the η fraction of each transfer (to
determine the location of the DSM), and the β angle of each flyby for a total of seven
input parameters. Note that the total number of control variables is a function of the
number of flybys associated to the planetary sequence.
The PGA and NGA methods take a list of N planets as input. This list includes an
initial departure planet, N − 2 intermediate flyby planets, and a final arrival planet.
This provides with N − 1 interplanetary arcs for PGA, and 2( N − 2) interplanetary
arc segments for NGA. In PGA, each encounter has associated a time (or date), a
position vector (which is the same for both planet and s/c), and the velocity vector
of the planet. The intermediate encounters also contain the ∆v of the swing-by manoeuvre. Each transfer has a departure and arrival velocity vectors associated to it
(i.e, the velocity of the s/c at the start and end of the arc, respectively). The NGA
has the same parameters, plus the planetocentric position and velocity vectors at the
incoming and outgoing intersections at each encounter, and the arrival position on
the coasting arc (i.e., the position vector at the DSM location). This provides seven
output variables for the PGA method, and 12 outputs for the NGA method.

8.2

Parameter tuning of the optimizers

As seen in Chapter 7, each of the meta-heuristic optimization methods contains a certain number of configuration parameters. The performance of the optimizer strongly
depends on the value of those configuration parameters, to the point that for a bad
configuration the optimizer is unable to converge to a good solution (this is especially prominent in the APS case). For this reason, we need to find the best values
of the configuration parameters that provide a good performance behavior from the
optimizer. This, in essence, involves optimizing the optimizer in a process which is
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commonly called hyper-optimization or parameter tuning (i.e., we “fine-tune” the
configuration parameters of the optimizer).
We have run a series of experiments in order to find the best configuration parameters of the AMGAO optimizers for five test scenarios. The study has two main
objectives:
• Find if there is a generic configuration of the optimizer that provides good performance for several mission scenarios and determine the values of the configuration parameters.
• If the previous answer is positive, use such configuration as default in AMGAO so that the toolbox can be run automatically without manual configuration on the user side.
The selected test scenarios are the following:
#1: Direct Earth-Mars transfer.
#2: The Voyager 1 mission (Earth-Jupiter-Saturn sequence).
#3: The Voyager 2 mission (Earth-Jupiter-Saturn-Uranus-Neptune sequence).
#4: The Pioneer 10 mission (Earth-Jupiter sequence).
#5: The Pioneer 11 mission (Earth-Jupiter-Saturn sequence).
The above missions are relatively simple and therefore exhibit a simple search space,
which is ideal for the preliminary analysis presented on this section. More complex
scenarios will be analyzed in future tests of AMGAO. The trajectory of the Voyager
(Kohlhase and Penzo, 1977) and Pioneer (Dyal, 1990) missions is shown in Figure 8.1.
The direct Earth-Mars transfer is arbitrarily chosen and does not correspond to any
specific mission. An important issue regarding the test scenarios is the configura-

F IGURE 8.1: Trajectories of Pioneer 10 & 11 (left) and Voyager 1 & 2
(right) (credits: NASA)

tion of the search space boundaries. The values of the boundaries not only affect the
size and shape of the search space but also the distribution of the initial population.
We must select a range for the departure date and a range for the time of flight. The
departure date range has been chosen as the launch year of each mission with a margin of ± 2 years. This provides a range of departure years between 1976-1980 for the
Voyager missions, 1972-1976 for the Pioneer missions, and because the Earth-Mars
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missions is arbitrary we have set the same dates as the Voyager missions. Regarding
the times of flight, the range in all cases is set between 50 days and 2000 days (5.5
years). This range covers the vast majority of operationally feasible transfer times
that one should encounter while designing high-thrust propulsion missions. The
physical model used for each scenario is based on the PGA method described in
Chapter 5. We have not tested the NGA method yet to simplify the analysis and
avoid an excessive computational time: the NGA method has three times the number of control parameters of the cost function with respect to the PGA method, which
makes the optimization process far more complex and computationally expensive.
The cost function for all scenarios aggregates the departure ∆v and the total sum of
the ∆v values resulting from the swing-by manoeuvres, if any. The resulting cost
function value J is then computed as
J = ∆vdeparture + ∑ ∆vswing−by .

(8.1)

Due to the high complexity of the parameter tuning of the islands model, we
have split the analysis in two parts: in the first part we analyze the stand-alone
optimizers (AGA, ADE, APS, ASA) and find the best combination(s) of parameters
for each. In the second part we analyze the islands models with a fixed value of the
configuration parameters of the previous optimizers. These fixed values correspond
to the best combination found in the first part of the analysis. This allows focusing
the analysis of the islands models on their own configuration parameters.
All of the simulations described in this section have been executed with Matlab 2018b on an Ubuntu 18.04.1 LTS system with an 8-core Intel Xeon E5-2630 v3
processor at 2.40GHz and 24GB of RAM. No parallel execution has been set within
AMGAO itself, however many of the simulations where launched simultaneously
to keep the total execution time within reasonably values.

8.2.1

Stand-alone algorithms

The overall strategy for the parameter tuning analysis of the first part is as follows.
We first select one of the optimizers implemented in AMGAO (AGA, ADE, APS,
ASA). We identify the configuration parameters associated to the optimizer and we
determine a reasonable list of values for each parameter. Then, we obtain all the
combinations of the parameter values and, for each combination, we run the optimizer on the three test scenarios. The analysis is then repeated for each of the
optimizers.
Due to the stochastic nature of the heuristic methods, we perform a Monte-Carlo
analysis for each combination of parameters in order to obtain statistically meaningful results. We have determined the appropriate number of runs mc for the MonteCarlo analysis by systematically running the optimization for the three test scenarios
with values of mc ranging from 10 to 1000 with a step of 5. Then we compute the
standard deviation of all the lowest cost values obtained at each run. The results
show that the standard deviation of the cost decreases with the value of mc (as expected) and stabilizes at around 200 iterations in all the test scenarios. The value of
mc is then set to 200 iterations.
The output of interest from each optimization is the lowest cost value. We then
obtain the best and mean cost value of all the iterations in a Monte-Carlo run. Comparing the best and mean cost between all the parameter combinations will allow
identify the combination that provides the best optimizer’s performance in terms of
cost.
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The “reasonable” list of values for each configuration parameter has been determined based on three major criteria: following the recommendations of the literature
(see Chapter 7), our own previous experience while testing AMGAO in a variety of
scenarios (most of them are the test cases or similar scenarios), and the fact that we
want to keep the total execution time of the study within a feasible time frame (e.g.,
weeks). The configuration parameters of each optimizer involved in the analysis as
well as the list of values associated to each one are presented below.
• Genetic algorithm (AGA)
–
–
–
–
–
–

Number of generations: 10, 50, 75
Population size: 25, 50, 75
Number of elites: 1, 3, 5
Percentage of mutants: 5%, 10%, 20%, 30%, 40%
Percentage of Newcomers: 1%, 10%, 30%, 40%
Percentage of Parents: 10%, 20%, 30%, 60%

• Differential evolution (ADE)
–
–
–
–
–
–

Number of generations: 10, 50, 75
Population size: 25, 50, 75
Number of elites: 1, 3, 5
Percentage of mutants: 30%, 40%, 50%
Scaling factor: 0.01, 0.21, 0.41, 0.61, 0.81, 1.01, 1.21, 1.41, 1.61, 1.81, 1.99
Mutation strategy 1, 2, 3, 4, 5, 6 (the values correspond to the mutation
scheme variants described in Chapter 7)

• Particle swarm (APS)
–
–
–
–
–

Maximum number of iterations: 10, 50
Population size: 5, 10, 50, 75
Local learning factor: 0.01, 0.05, 0.1, 0.5, 1, 5, 10
Global learning factor: 0.1, 0.5, 1, 5, 10, 20, 50, 100
Maximum velocity: 0.01, 0.05, 0.1, 0.3, 0.6

• Genetic algorithm (AGA)
– Maximum number of iterations: 5, 10, 50, 100, 500, 1000, 5000, 10000
– Thermal transition level 0, 0.01, 0.05, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9,
0.95, 0.99, 1
Note that we have selected only a few values for the number of generations, iterations and the population size. These parameters are not as interesting as the others
because we already expect the performance of the optimizers to improve with the
number of cost function executions. For this reason, the analysis focuses on the remaining parameters, which exhibit a higher scientific interest. On the same note, the
values of the population size for AGA and ADE have been set to a minimum of 25
to avoid having population degeneration issues. This effect was observed during
the testing of AMGAO where, depending on the number of elites, the percentage
of mutants or parents would result in more individuals than those available in the
population.
Even though we took care of reducing the number of parameter combinations,
the final result still requires thousands of simulations, which in turn involve a great
computational effort and complexity when post-processing the results. The MonteCarlo runs were launched in parallel to increase the computational efficiency of the
analysis. We did not enable the parallel execution on the population cost evaluation
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because the population size is smaller than the number of Monte-Carlo iterations,
and because the Monte-Carlo runs produce longer executions and lower communication overhead between the parallel threads, thus making the overall parallel execution of the test faster. The other major issue was the post-processing of the results.
We decided to save a large quantity of variables resulting from each optimization
(i.e., all the individuals from the population and their cost for all the generations) to
allow for future or extended analysis on this subject. However, the resulting number of files and their size proved to be relatively hard to manage, requiring up to
six terabytes of disk space at the end of the study. In some cases, in particular with
the ASA method, the size of the file was very large (on the order of hundreds of
gigabytes), so the internal variables had to be converted and repackaged efficiently.
Once all the previous simulations are finished, we recover the data from each
combination and extract the lowest cost value from all the iterations associated to a
Monte-Carlo run. We then compute the statistically mean and best values of the cost.
We repeat the process for each of the optimizers and their corresponding combinations of parameters. Finally, we compare the mean and best values of the cost and
obtain a “best” combination of parameters for each optimizer. Due to the extremely
large amount of data this study has produced, here we will present only the final
results along with several discussions and conclusions.
The overall results for AGA are shown in Table 8.1. As one should expect, the
TABLE 8.1: Best average combination for each mission scenario,
AGA.

Number of generations
Population size
Number of elites
Percentage of mutants
Percentage of newcomers
Percentage of parents

Mission scenario
#1 #2 #3 #4 #5
75 75 75 75 75
75 75 75 75 75
1
3
1
1
1
40 10 40 40 40
40 40 40 40 40
10 60 10 10 10

lowest cost is obtained for the highest number of generations and the largest population size. This, however, involves the longest execution time. We have observed
the size of the population has a greater impact on the performance of the optimizer
than the number of generations: the combinations with the lowest population size
exhibit the worst performance, while the combinations with the largest population
size have the best performance. Regarding the number of generations, however, the
performance increases until a certain point where the improvement slows down: this
can be attributed to the fact that for a certain number of generations, the population
has already converged and the future improvement is minimal. In general, a population of size 75 seems to converge relatively well in 50 generations. Of course, the
values of the population and generations required to converge depend entirely on
the mission scenario complexity: the Earth-Mars scenario converges faster than the
Voyager 2 mission in all cases. Regarding the percentage of population, the results
seem to indicate a widespread variability in the population is desired. This may be
related to the fact that introducing variability on the individuals allows a better exploration of the search space while also helps avoiding local minima. Nevertheless,
additional studies should be carried out to confirm this hypothesis. The final “best
average configuration” for AGA are selected by choosing the most common values
from Table 8.1:
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•
•
•
•
•
•

Number of generations: 75
Population size: 75
Number of elites: 1
Percentage of mutants: 40%
Percentage of Newcomers: 40%
Percentage of Parents: 10%

The overall results for ADE are shown in Table 8.2. Here we can observe almost
TABLE 8.2: Best average combination for each mission scenario, ADE.

Number of generations
Population size
Number of elites
Percentage of mutants
Scaling factor
Mutation strategy

#1
75
75
5
30
1.61
3

Mission scenario
#2
#3
#4
75
75
75
75
75
75
5
5
1
30
50
40
0.21 1.21 0.21
1
3
4

#5
75
75
5
50
0.81
3

the same behavior as with the AGA method: the longest generations and largest
populations provide the best results. In this case, however, the number of generations is more relevant to the performance of the optimizer than the population size.
This has to do with the fact that in ADE only the individuals that have better cost
with respect to their parents are passed down, so the population evolves at a slower
rate. In this case, the best choice would be a population of 50 individuals evolving
for 75 generations. A surprising result is that a large amount of elites is desirable,
but the algorithm still prefers a widespread variability in the population. The assumptions by Yang, 2014 regarding the value of the mutation scaling factor were
accurate: the parameter can range from 0 up to 2 (other authors limit the values to
the range from 0 to 1). On the same note, the most successful mutation strategy
turns out to be the one from Equation 7.12. The final values selected as the best average configuration for ADE are selected by choosing the most common values from
Table 8.2:
•
•
•
•
•
•

Number of generations: 75
Population size: 75
Number of elites: 5
Percentage of mutants: 40%
Scaling factor: 0.21%
Mutation strategy: 3%

Note that the value of the percentage of mutants of the ADE configuration has been
arbitrarily selected as 40 (which is close to the mean value), given the disparity between the results.
The overall results for APS are shown in Table 8.3. In this case, the number of
iterations does not have a critical effect on the performance of the algorithm. The
population size, while increasing the performance with its size, also provides results which are already good enough with 50 individuals. The results show that,
in general, these scenarios prefer a local learning scheme rather than a global learning scheme. The velocity of the particles is also limited to 1-5% of the search space
size, although the Earth-Mars case exhibits a large value of the maximum velocity,
probably due to the simplicity of the scenario. The final values selected as the best
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TABLE 8.3: Best average combination for each mission scenario, APS.

Number of iterations
Population size
Local learning factor
Global learning factor
Maximum velocity

#1
50
75
1
1
0.6

Mission scenario
#2
#3
#4
#5
50
50
50
50
75
75
75
75
1
0.01
1
1
0.01
1
0.01 0.01
0.01 0.05 0.01 0.01

average configuration for APS are selected by choosing the most common values
from Table 8.3:
•
•
•
•
•

Number of iterations: 50
Population size: 75
Local learning factor: 1
Global learning factor: 0.1
Maximum velocity: 0.01

The overall results for ASA are shown in Table 8.4. In this case, the results on the
TABLE 8.4: Best average combination for each mission scenario, ASA.

Number of iterations
Thermal transition level

#1
10000
0.9

Mission scenario
#2
#3
#4
10000 10000 10000
0.1
0.1
0.99

#5
10000
0.95

number of iterations are consistent with the fundamental theory behind the method:
the more iterations performed, the more time the method has to scan the search
space and converge to the minimum. Regarding the thermal transition level, there
is not a clear pattern on the results. In this case, we cannot establish a best average configuration for ASA because the results are inconclusive. Additional studies
should be carried out on this method in order to obtain meaningful results.

8.2.2

Islands model

The second part of the analysis focuses on the islands model. In this case, we set
all the previous methods (AGA, ADE, APS) with their best average configuration
and study the configuration parameters of the AIM and AHIM methods. We do not
include the ASA method in this analysis because the simulated annealing optimizer
is not appropriate for an islands model application (see Chapter 7 for a discussion
on this topic). For simplicity and to reduce the complexity of the analysis, we also
reduce the number of scenarios down to two: the Earth-Mars mission and the Voyager 2 mission. The physical properties and general configuration of the scenarios
(e.g., departure date, times of flight, etc.) remains unchanged. In this case, we want
to determine if the islands model does improve the performance with respect to the
stand-alone methods. To this aim, we will compare the cost results we obtained
from the best average configuration of the stand-alone methods with the lowest cost
values we obtain from the AIM/AHIM methods.
The cost corresponding to the stand-alone methods configured with the best average configuration parameters obtained in Section 8.2.1 is shown in Table 8.5.
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TABLE 8.5: Best and average cost of stand-alone optimizers in EarthMars and Voyager 2 scenarios.

Best cost

Average cost

AGA
ADE
APS
AGA
ADE
APS

Earth-Mars
3.08
3.07
3.08
3.21
3.10
3.38

Voyager 2
12.06
11.83
11.84
13.17
12.00
12.27

The islands model has four configuration parameters: the global and local number of generations, the percentage of migrants between islands and the number of
islands. However, the number of local generations becomes a function of the global
generation, because we have to maintain the same number of total generations with
respect to the stand-alone methods. Likewise, the population of each island also
becomes a function of the number of islands for the same reason: if we want to compare the islands methods with the stand-alone method, both must be tested in similar conditions. The values of the configuration parameters we have selected for the
analysis (again, based on literature and experience during testing) are the following:
• Number of islands:
– AIM: 1, 2, 4, 5, 10, 20, 25, 50
– AHIM: 3, 6, 9, 21, 24, 51
• Number of global generations: 1, 2, 4, 5, 10, 20, 25, 50
• Percentage of emigrants: 0.01, 0.05, 0.1, 0.2, 0.5
Note that the AHIM method has a number of islands multiple of three. This is because AHIM must run three methods in a group (AGA + ADE + APS) and therefore
the number of islands must accommodate an integer number of repetitions of this
group. The values were chosen in order to be as close as possible to the ones selected
for AIM.
We follow the same procedure of the previous section: for all the combinations
of configuration parameters of AIM and AHIM, we perform a Monte-Carlo analysis
of 200 iterations (experiments show that the results from the islands models also stabilize at this value), and obtain the statistical lowest cost value for each combination.
The results are shown in Table 8.6. The values in the table show, respectively: number of islands, global generations, percentage of emigrants. We can observe that the
TABLE 8.6: Best combination of parameters for each mission scenario.

AIM(AGA)
AIM(ADE)
AIM(APS)
AHIM (AGA+ADE+APS)

Earth-Mars
1, 20, 50
2, 20, 10
5, 25, 5
3, 4, 5

Voyager 2
2, 25, 50
4, 25, 10
4, 20, 20
3, 2, 20

best results are achieved with a low number of islands. This effect happens because
for a large number of islands the population of each island is reduced to comply
with the total population restriction. The low population, in turn, limits the number of mutants and newcomers, which were critical parameters in the performance
of the optimizers as seen in the previous section. A more comprehensive analysis
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would increase the total size of the population to accommodate for larger quantity
of islands. In terms of the number of global generations, there is a wide disparity between the AIM and AHIM methods: while AIM prefers a larger number of
global generations while AHIM works best with a very low number. The hypothesis is that AIM benefits from the migration operator, which is triggered more often.
AHIM, in contrast, works best by evolving the populations independently. This result may indicate that combining heuristics does not actually combine the strength
of the different methods and it prefers to run each one independently. The percentage of migrants seems to be more beneficial for complex scenarios (Voyager 2). The
results for AIM(AGA) are a bit surprising, as the islands keep exchanging most of
their population. This might indicate the method is trying to cover a broad region
of the search space before converging to the minimum, however additional tests are
required to study this phenomenon.
We now take the cost of AIM with their best configuration shown in Table 8.7 and
compare them with the cost from the stand-alone methods. The results are shown in
Table 8.6. In general, the islands method does not provide a huge benefit with respect
TABLE 8.7: Increment of the best and average cost of AIM compared
to the corresponding stand-alone methods.

Best cost

Average cost

AIM(AGA)
AIM(ADE)
AIM(APS)
AIM(AGA)
AIM(ADE)
AIM(APS)

Earth-Mars
-0.25%
-0.15%
-0.24%
-4.00%
-1.04%
-6.98%

Voyager 2
-1.94%
0.00%
-0.11%
-3.89%
-0.18%
-3.16%

to the stand-alone methods. In the case of the lowest cost the results are almost
identical, which may actually indicate both versions do find the global optimum at
some point. In the case of the average cost, the islands method does provide with
a small benefit. This means that, in average, running the islands model will find
slightly better results.
We finally compare the AHIM method with the best solutions obtained with
AIM. This will determine if the heterogeneous version of the islands model provides
better performance than the best homogeneous version. The results are shown in Table 8.8. The results show that there is no improvement over using AHIM over AIM,
at least with the current configuration and the analyzed scenarios.
TABLE 8.8: Increment of the best and average cost of AHIM compared to AIM.

Best cost
Average cost

8.3

Earth-Mars
+0.64%
+0.50%

Voyager 2
0.00%
+1.33%

Computational performance

The current version of AMGAO is coded in Matlab. This includes the optimization
algorithms, the PGA and NGA models and all the auxiliary functions and subroutines. This choice of computing language follows two main reasons: the toolbox is
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still in a development stage where coding and debugging efficiency is preferred to
computational speed, and the Matlab IDE offers a degree of flexibility to the user
which is very useful for the educational objective of the thesis. Nevertheless, due
to the high complexity of the AMGAO framework the penalty in execution speed is
noticeable.
Table 8.9 shows the CPU time of AMGAO’s key subroutines in a typical run
case. This test case scenario follows the Voyager 2 mission (sequence: Earth-JupiterSaturn-Uranus-Neptune) and uses the PGA model. The selected optimizer is AGA
configured with a maximum of 50 generations and a population of 500 individuals,
which results in 25000 evaluations of the cost function. These values also ensure we
obtain meaningful results for the execution times. The remaining parameters do not
affect the computational time and thus the best results from the hyper-optimization
study are chosen. The code has been executed in Matlab R2019a running under
Windows 10 1803 in an Intel Core i7-6700K CPU with 4.00GHz and 32GB of RAM.
The results show that the evaluation of the cost function takes nearly 90% of the
TABLE 8.9: Execution time of AMGAO for the test case.

Subroutine
AMGAO
Cost function
Physical model
Planet state vector
Lambert solution
Flyby (PGA method)
Reproduction operator
Random individual
Mutation operator

Number
of calls
1
25000
25000
125000
100000
75000
14500
5400
4900

Total CPU Time
(seconds)
14.01
12.10
11.35
5.50
3.87
0.64
0.91
0.37
0.36

CPU Time
(% of total)
100.00
86.43
81.07
6.50
2.64
2.57
6.50
2.64
2.57

total execution time and the functions for reproduction, mutation and generation
of random individuals take 6.5%, 2.6% and 2.6% of the execution time, respectively
(note that the exact number of function evaluations for these three functions depends
on the population distribution, which is randomized on each run). The remaining
time is spent on minor subroutines and overhead. The main reason of the high
execution time of the cost function is due to its large number of calls. However, a
large percentage of this time is also wasted in overhead: the physical model involves
a great amount of small subroutines, which are in turn called a large number of
times.
If we translate the physical model into C++ language, compile it and bridge the
resulting binary file into Matlab’s environment via MEX, then the execution time
decreases considerably: the total time is reduced from 14 seconds to 3.1 seconds and
the evaluation of the cost function now takes 1.1 seconds (35% of the total time), with
the functions for reproduction, mutation and generation of random individuals now
taking 29%, 11% and 12% of the total execution time, respectively.
Additional analysis on the computational performance of AMGAO are scheduled after the entire framework and the optimization methods are translated into
compiled code. Until then, any further in-depth analysis or optimization of the code
performance would yield minimal benefits regarding the objectives of the thesis.
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Conclusions

This chapter of the thesis describes the final version of the AMGAO method. We start
from all the methods developed during the previous chapters and implement them
into a single, coherent tool. The method is fully modular, which allows switching
easily between physical models and optimizers. We have also implemented numerous auxiliary subroutines to aid with the configuration of the internal parameters
of the method. Finally, the method implements several safety checks to avoid erroneous and unfeasible executions during the optimization phase. The general role
purpose of the AMGAO framework, then, is to interconnect and communicate the
different modules (e.g., the TPF tool, the PGA/NGA models, the optimizer methods,
all the configuration and control subroutines, etc.).
One of the main issues of AMGAO regarding its automatic execution is the configuration of the optimizers, which depends on the mission scenario and greatly affects the performance of the optimization process and the quality of the results. We
have run extensive simulations to study the performance of AMGAO when applied
to some mission scenarios. The objective is to determine the set of configuration
parameters that produces good performance from AMGAO for a wide variety of
scenarios. The results from the simulations show that we can find a common configuration for AGA, ADE and APS (with some minor variations between them). The
results for ASA are inconclusive. In general, the methods prefer large populations
evolving for many simulations (as expected), and a high degree of variability in the
population. Regarding the islands methods, the simulations show that the homogeneous variant (AIM) slightly improves the average cost of the simulations, which
means it works better in the majority of cases compared with a stand-alone execution
of AGA, ADE or APS. The performance for the lowest cost is practically equivalent,
which can be attributed to the fact that all methods find the same minimum. The heterogeneous method (AHIM) does not produce any better results when compared to
the best AIM solution. This suggests that combining optimization algorithms in the
islands model does not actually combine the strength of the methods and it might
even produce interference between the models, worsening the overall performance.
A parametric optimization involves a great complexity in terms of computational
effort and data processing. In particular, the complete study of this chapter took approximately two months of wall clock to run. Although the study presented of this
chapter can be considered a preliminary analysis on the performance of the optimizers implemented in AMGAO, there are many issues that should be addressed in the
future:
• Run the analysis for the NGA method. This involves a larger size of the control variable (and therefore a much more expensive computational cost due to
the larger search space) and a different shape of the search space itself. The
main objective will be to determine the values of the optimizer configuration
parameters and to check if those values are similar to the values we found for
the PGA method.
• Add more mission scenarios to the analysis. This will produce search spaces
of different sizes and shapes from the ones analyzed here.
• Increase the resolution of the analysis. Now only a few values have been analyzed for each configuration parameter; expanding the analysis by adding
more values may allow finding a more accurate explanation for the behavior
of the methods.
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• Improve the visualization of the methods. Many of the results are arrays spanning multiple dimensions, which are quite difficult to visualize for their analysis. Developing a method for multi-dimensional visualization and analysis
of the results may improve the understanding of the algorithm’s behavior and
extract better conclusions about them.
In general, the study presented in this chapter should be expanded and improved
in order to extract more meaningful and reliable results. However, the associated
increase of the computational cost makes this extended study unfeasible given the
current computational capabilities of the authors. The ideal result would be finding a
single set of values for the configuration parameters that would produce a good performance of the optimizer for any mission scenario and any physical model. Given
the results from this study, we can still not provide a reliable conclusion on the feasibility of this assumption, although the results are fairly promising. For this reason,
the best values of each optimizer will be preemptively used as the default configuration of AMGAO.
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AMGAO: Application Cases
This chapter presents results of several test cases applied to the five missions discussed in Chapter 8:
1. Earth-Mars direct transfer.
2. The Pioneer 10 mission.
3. The Pioneer 11 mission.
4. The Voyager 1 mission.
5. The Voyager 2 mission.
Each test selects a mission and optimizes the interplanetary trajectory using AMGAO with the PGA model (described in Section 5.2) and the AGA optimizer (described in Section 7.2.1). To emulate a practical application of AMGAO toolbox, all
the optimization algorithms have been configured using the corresponding values
obtained as a result of the parameter tuning study from Section 8.2. That is, AMGAO is running with its fully automatic configuration. The cost function in this case
aggregates the departure ∆v, the arrival ∆v and the total sum of the ∆v values resulting from the swing-by manoeuvres, if any. The resulting cost function value J is
then computed as
J = ∆vdeparture + ∑ ∆vswing−by + ∆v arrival .

(9.1)

The arrival ∆v is included into the evaluation of the cost function to add diversity
into the solutions provided by the optimizer. In particular, this configuration would
be equivalent to performing an orbit insertion around the arrival planet. This means
the solutions do not aim to replicate the exact real mission trajectories but rather
provide with alternative scenarios. Finally, this change also allows analyzing the
performance of AMGAO configuration parameters when applied to a search space
which is slightly different from the one of the hyper-parametric study.
The optimization is repeated 1000 times and each run updates the seed of the
random number generator to avoid any repeatability of the results. In essence, the
procedure is similar to the hyper-optimization analysis from Section 8.2, although at
a much smaller scale. The output of the analysis is the collection of best solutions
from all the execution runs. We then apply three arbitrary conditions to remove
unrealistic solutions from the set:
1. The total ∆v value during the powered flybys must be lower than 1 km/s.
2. The value of the departure ∆v must be lower than 20 km/s (which corresponds
to a launch energy of 400 km2 /s2 ).
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3. The value of the arrival ∆v must also be lower than 20 km/s.
For simplicity, in the following sections we will refer to each of the test cases
with the corresponding mission name (e.g., all the Voyager 1-like results from AMGAO will be simply referred to as the “Voyager 1 scenario”). Recall that although
AMGAO has been configured with planet sequences which correspond to the real
missions, the results of the scenarios may not match with the interplanetary trajectory and ∆v values of the real missions. This is especially true as we are considering
the arrival energy into the cost function. When appropriate, references to the launch
energy and the flyby ∆v values of the real missions has been provided for comparison. These are explicitly identified as the “real mission” values.

9.1

Direct Earth-Mars transfer

Figure 9.1 represents the search space of the Earth-Mars direct transfer in terms of
the cost function value. In this case, the search space is two-dimensional and thus
the map is equivalent to a regular pork-chop plot (see Section 7.2.1 for a detailed
description on how this map is obtained). We can observe nine basins spaced in
departure date by roughly one synodic period between Earth and Mars (2.13 years)
and located at approximately 300 days of transfer time. Note that the pattern is
not regular: due to the inclination of Mars’ orbit, the relative geometry between the
planets changes each synodic period. This, in turn, means we will have some years
with more favorable transfers than others.
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F IGURE 9.1: Earth to Mars scenario: search space. Cost function value
as function of the launch date and TOF.

The results from the optimization are presented in Figure 9.2. The plot shows
the values of the launch energy from Earth and the arrival energy at Mars. As this
mission is a direct transfer between two planets, there are no flyby manoeuvres contributing to the cost function. According to the results, the most favorable dates to
launch from Earth (launch windows) are 1984 and 1986, while the most favorable
dates to arrive at Mars with low energy are 1978 and 1980. It is interesting to note
that, even though 1984 is favorable in terms of launch energy, the arrival conditions
at Mars are quite unfavorable.

9.2. The Pioneer 10 mission
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F IGURE 9.2: Earth to Mars scenario: departure and arrival C3 values
of best solutions.

Figure 9.3 shows one of the best trajectories in terms of the total cost of the mission. Unsurprisingly, the geometry is very close to a Hohmann transfer. The solution
departs on the 3rd November 1979 with 3 km/s delta-v and arrives at Mars 307 days
later with a hyperbolic excess speed of 2.63 km/s.

F IGURE 9.3: Earth to Mars scenario: best solution trajectory in terms
of total ∆v.

9.2

The Pioneer 10 mission

Figure 9.4 represents the search space of the Pioneer 10 scenario (Earth-Jupiter sequence) in terms of the cost function value. As in Figure 9.1, the search space is
two-dimensional and matches a pork-chop plot. In this case, the synodic period between Earth and Jupiter is 1.09 years, thus we have 19 basins with minimum cost
solutions centered around 1000 days of time of flight. As with the Earth-Mars PCP,
the pattern here is also irregular due to the tri-dimensionality of the physical model.
The results from the optimization are presented in Figure 9.5. Here we have
three very defined optimal mission launch windows: 1970, 1981 and 1982. Because
the scenario is a direct transfer to Jupiter, the launch energy is much higher than
the case of Mars, around 80 km2 /s2 . We have added the launch energy of the real
Pioneer 10 mission as a comparison (blue triangle), which was 86 km2 /s2 (Dyal,
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F IGURE 9.4: Pioneer 10 scenario: search space. Cost function value as
function of the launch date and TOF.

1990). This means the solutions found by AMGAO are in general better in terms of
launch energy than the Pioneer 10 mission.
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F IGURE 9.5: Pioneer 10 scenario: departure and arrival C3 values of
best solutions.

Figure 9.6 shows one of the best trajectories in terms of the total cost of the mission. Mirroring the case of the Earth-Mars scenario, the geometry is also very close
to a Hohmann transfer. The solution departs on the 1st of January 1970 with 8.67
km/s delta-v and arrives at Jupiter 989 days later (around 3 years of mission time)
with a hyperbolic excess speed of 5.72 km/s.

9.3

The Pioneer 11 mission

Figure 9.7 represents the search space of the Pioneer 11 mission (Earth-Jupiter-Saturn
sequence) in terms of the cost function value. The sequence now corresponds to a
tri-dimensional search space where the dimensions are: departure date, TOF EarthJupiter and TOF Jupiter-Saturn. The search space is essentially the PCP of the Pioneer 10 scenario extended over the third dimension. An interesting point is that the

9.3. The Pioneer 11 mission
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F IGURE 9.6: Pioneer 10 scenario: best solution trajectory in terms of
total ∆v.

irregularity of the minima basins is now extremely apparent in the figure, therefore
we should expect the optimizer to provide solutions biased over the best region.
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F IGURE 9.7: Pioneer 11 scenario: search space. Cost function value as
function of the launch date and TOF.

The results from AMGAO do indeed confirm this hypothesis: Figure 9.8 shows
all the solutions departing sooner than 1977, with absolutely no optimal solution
after that date. The launch energy is quite similar in all cases, at around 90 km2 /s2 ,
and the arrival energy notably decreases near 1977. In this scenario we do have a
single flyby manoeuvre with Jupiter, which has been added to the plot in terms of
its ∆v value for all the solutions. The real Pioneer 11 mission parameters are also
added to the figure: the blue triangle represents the launch energy (same as Pioneer
10) and the flyby ∆v is assumed zero due to lack of reliable reference data for this
mission.
Figure 9.9 shows the best solutions in terms of launch and arrival energy in the
left and right panels, respectively. In the first case, the mission departs from Earth
on 02/07/1975 with v∞ of 8.9 km/s, performs a 165 m/s ∆v flyby with Jupiter 1014
days later, then takes another 1544 days to arrive at Saturn with v∞ of 5.9 km/s for a
total of 7 years of mission time. In contrast, the second departs on 22/08/1976 with
9.49 km/s of v∞ , does a natural (i.e., 0 m/s ∆v) flyby with Jupiter 1453 days later
and then takes another 1506 days to reach Saturn with a surprisingly low v∞ value
of 3.69 km/s, taking around 8 years of total mission time.
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F IGURE 9.8: Pioneer 11 scenario: departure and arrival C3 values and
flyby ∆v values of best solutions.

F IGURE 9.9: Pioneer 11 scenario: best solution trajectory in terms of
launch C3 (left) and arrival C3 (right).

9.4

The Voyager 1 mission

The Voyager 1 scenario has the sequence Earth-Jupiter-Saturn associated to it. Therefore, the corresponding search space is identical to the Pioneer 11 scenario, as seen
in Figure 9.10.
The results are also very similar to those obtained in the Pioneer 11 scenario, with
virtually no optimal solutions after 1978. The real Voyager 1 launch energy (blue
triangle) of 105.5 km2 /s2 and the design ∆v of 200 m/s for flyby and correction
manoeuvres (black square) is also added to the plot. These two values have been
obtained from Heacock, 1980. It can be clearly observed the Voyager 1 mission was
not launched in the most favorable dates; the reason being the simultaneous launch
with Voyager 2 and also the fact its predecessor missions Pioneer 10 and 11 had just
scouted the conditions for a Jupiter flyby at the time.
Figure 9.12 presents the best trajectory in terms of launch energy; the solution is
very similar to the corresponding one from the Pioneer 11 test, although the JupiterSaturn arc takes 1417 days of TOF and the arrival energy at Saturn is slightly higher
(v∞ of 6.7 km/s). As a side note, this is one clear example on how not to blindly
trust the results of the optimizer: it is intrinsically an stochastic process and, for this
reason, the results produced by the methods can vary even with similar scenarios.

9.5. The Voyager 2 mission
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F IGURE 9.10: Voyager 1 scenario: search space. Cost function value
as function of the launch date and TOF.
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F IGURE 9.11: Voyager 1 scenario: departure and arrival C3 values
and flyby ∆v values of best solutions.

F IGURE 9.12: Voyager 1 scenario: best solution trajectory in terms of
launch C3 .

9.5

The Voyager 2 mission

Finally, the Voyager 2 scenario is optimized. This mission follows the sequence
Earth-Jupiter-Saturn-Uranus-Neptune and the associated search space is a five dimensional hyper-rectangle. For obvious reasons this can not be easily visualized,
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and thus we do not include a figure of the search space for this scenario. Strategies
to visualize this high-dimensional data structures is included in the future work of
this thesis. This will be specially useful with the NGA method, as it quickly increases
the search space dimensionality with the number of flybys.
The solutions from AMGAO for Voyager 2 are much more sparse than the above
missions. Figure 9.13 shows the distribution of optimal solutions: the vast majority
of solutions are concentrated in the period 1973-1978, with a clear optimal region on
1975. Many of the solutions exhibit launch energy values around 100 km2 /s2 , flyby
∆v values all the way from 200 m/s up to 900 m/s and arrival v∞ velocity values at
Neptune well in excess of 14 km/s. The figure also shows the real Voyager 2 launch
energy (blue triangle) of 102.4 km2 /s2 and the design ∆v of 200 m/s for flyby and
correction manoeuvres (black square), which have been obtained from the same reference as the real Voyager 1 mission. In this case, we also obtain better solutions
than the real Voyager 2 mission, both in terms of launch energy and flyby ∆v values. A note of caution, however: the 200 m/s of Voyager 2 include interplanetary
correction and targeting manoeuvres which PGA does not account for, therefore any
conclusion regarding this value should be treated with care.
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F IGURE 9.13: Voyager 2 scenario: departure and arrival C3 values
and flyby ∆v values of best solutions.

We finally show two solution trajectories from the optimization of Voyager 2 in
Figure 9.14: the left trajectory shows the solution with the lowest flyby ∆v value (almost a perfect natural interplanetary trajectory with just a residual 9 m/s manoeuvre
at Jupiter), departing from Earth on 06/09/1977 with v∞ of 9.53 km/s, performing
powered flybys with Jupiter (17/08/1979, 9 m/s), Saturn (17/11/1981, 0 m/s) and
Uranus (29/06/1986, 0 m/s) and arriving at Neptune on 06/04/1990 with 15.6 km/s
of hyperbolic excess speed. The right trajectory shows the solution with the lowest
value of the departure v∞ (8.95 km/s), launching on 06/07/1975 and performing
powered flybys with Jupiter (22/04/1978, 33 m/s), Saturn (31/07/1981, 343 m/s)
and Uranus (02/07/1986, 4 m/s). It finally reaches Neptune on 03/06/1990 with
15 km/s of hyperbolic excess speed, nearly on the same date and with the same v∞
value than the quasi-natural solution.

9.5. The Voyager 2 mission

F IGURE 9.14: Voyager 2 scenario: best solution trajectory in terms of
total flyby ∆v (left) and in terms of launch C3 (right).
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Chapter 10

Conclusions
Interplanetary travel is not an easy task, especially when the target is one of the
outer planets of the solar system. The major issue is the high fuel mass required to
reach other planets. Minimizing the manoeuvre cost (and thus, the propellant mass)
is the main objective of the preliminary stages of the space mission design. This
phase involves evaluating solutions in a vast search space, which requires a high
computational cost. For this reason, simple but computationally fast models are
preferred over high-fidelity but computationally expensive models. In later phases
of the design, the solutions obtained here can be used as starting scenarios for the
high-fidelity models. One major improvement over the basic interplanetary design
problem has been the discovery of the gravity-assist manoeuvre, or GA for short.
The GA is used to change the direction or magnitude (or both) of the spacecraft’s
velocity vector relative to the Sun. This translates into a reduced fuel mass, which
allows increasing the scientific payload mass or designing more complex mission
scenarios. The large amount of solutions that must be evaluated in a preliminary
mission design demands for an automatic process of design, optimization and evaluation of the solutions. The process should output as many feasible solutions as
possible, so that an educated decision regarding the final solution can be made.
In this thesis, I aim at the optimization of interplanetary trajectories with gravity
assist. This objective involves an engineering, a scientific and an educational approach. The main objective of the engineering approach is to develop the AMGAO
tool: an automatic optimizer of interplanetary trajectories with gravity assist manoeuvres, aimed to preliminary mission design applications. The objective of the scientific approach is to identify key issues that allow improvement study investigation
with respect to the SOA, and then propose and implement improvements. Finally,
the thesis contains an educational focus, aiming at producing easy-to-understand
code and tools rather than computationally efficient code.
I have analyzed and studied five key issues throughout the thesis: the Kepler
equation, Lambert’s problem, the gravity assist manoeuvre, the Tisserand graph and
several multi-heuristic optimization techniques. Note that the result of each of the
previous issues produces one of the core components of AMGAO. The results of
each study is detailed below.
• I have analyzed the Kepler equation and implemented a solution algorithm
following the Newton-Raphson method. The algorithms uses an improved
initial guess for the elliptic region based on a cubic approximation to the solution, ensuring full convergence throughout the entire application region with
good computational performance.
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• I have carried out a comprehensive analysis of the SOA of Lambert’s problem, identifying several key authors, implementing their algorithms and thoroughly testing them. The results show that the best methods in terms of robustness, speed of convergence and computational performance are those of G90,
I15 and DT18. However, I15 is the fastest, therefore it has been selected for its
implementation within AMGAO. As part of this analysis, we have recovered
the algorithm by Simó, providing the full derivation of the algorithm, expanding the application region to multiple revolutions, and analyzing the algorithm
in terms of robustness, speed of convergence and computational performance.
The result is a method that exhibits no singularities and converges on the full
application regions with a reasonably fast execution time.
• I present two variants of the patched conics method: one (PGA) is based on
powered gravity-assist manoeuvres and the other (NGA) is based on natural
gravity-assists and DSM. I have implemented the two variants of the method
and provided with two improvements over the SOA: a fix for scenarios with
unfeasible values of the periapsis radius on the PGA, and an extension to 3D
on the NGA. These methods are used to build the interplanetary trajectory
within the AMGAO framework.
• I have built an automatic method to traverse the Tisserand graph. The method
outputs a collection of feasible interplanetary transfers, which are then used
as input to the optimization stage of AMGAO to obtain optimal interplanetary
trajectories.
• I have analyzed and implemented four optimization algorithms based on evolutionary heuristic methods. Then, two variants of the islands model have
been implemented.
The thesis has produced an automatic optimizer of interplanetary trajectories
with gravity assist manoeuvres: AMGAO. It exhibits a double-loop approach: on
an outer loop, the tool uses the TPF to obtain feasible sequences of planets. On the
inner loop, the interplanetary trajectory associated to each sequence is optimized in
terms of an arbitrary quantity (e.g., ∆v, total mission time, etc.). The optimization is
carried out by an heuristic method and the physical model for the interplanetary trajectory is based on the patched conics. Currently, AMGAO implements four heuristic methods (genetic algorithm, differential evolution, particle swarm and simulated
annealing) along with two variants of the islands model: an homogeneous and an
heterogeneous variant. The physical models currently available are the PGA and
NGA methods, which are based on powered gravity-assist manoeuvres and natural
gravity-assist manoeuvres with DSM, respectively. The modular nature of AMGAO
allows for an easy implementation of new models and optimizers. The tool also
includes a great number of auxiliary functions aimed at the configuration of the scenarios and the optimization methods.
During the thesis, I have produced a great number of interactive graphical user
interface (GUI) tools for the Kepler equation, Lambert’s problem, the TPF tool and
the AMGAO itself. These GUI tools have already proven to be invaluable to understand the behavior of the methods, detect issues and bugs and as a general testbench. The have also proven to be a valuable educational tool to showcase and
explain the methods and the underlying physical concepts to students in the context
of my teaching and mentorship assignments at UPC university.
The main objectives of the thesis have been achieved and AMGAO is currently
in an operational state. Nevertheless, many issues are still open for improvement.

Chapter 10. Conclusions
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Among those explained in detail at the end of each chapter, we summarize and
highlight the following:
• Perform additional analysis on the Kepler equation in order to determine a
better initial guess for the hyperbolic region. Additionally, implement the universal variables formulation to avoid numerical errors. This will increase the
reliability of the Kepler subroutine during the execution of AMGAO.
• Fix an issue with repeating transfers in the PGA method. Currently, the method
may produce nonsensical trajectories (albeit physically correct) which are unacceptable in an automatic application of the method.
• Implement the multiple revolution case in such a way that multi-revolution solutions are automatically chosen during the optimization stage. In the current
version, this case must be manually set by the designer within the interplanetary trajectory model.
• Implement the TPF method in compiled code to increase its computational performance. Additionally, the v∞ leveraging technique should be implemented
in the method, which will greatly increase the flexibility of the planet sequence
design.
• Implement the heuristic optimizers in compiled code to increase their computational performance. Additionally, implement new heuristic methods into the
toolbox and new migration strategies to the islands models. This will increase
the flexibility of the optimization when applied to a more diverse set of mission
scenarios.
• Implement the AMGAO underlying framework into compiled code. This will
allow an increase on computational speed, especially when executing the tool
in parallel.
• Expand the parameter tuning of AMGAO. This involves adding the NGA
method to the study, increasing the resolution of the analysis and testing more
scenarios. This will allow automatically setting AMGAO (if possible) with a
set of configuration parameters valid to more diverse scenarios.
• Improve the visualization of the results in high-dimensional scenarios. This
will allow a better understanding of the behavior and characteristics of the solutions associated to the scenarios, which in turn will lead to more meaningful
decisions during the preliminary mission design process.
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Analysis of Lambert’s Solution
Methods
A.1

Domain of applicability

The following figures present the application region of convergence of the algorithms, discussed in Section 4.3.1.
In order to accurately determine the specific reason for unsuccessful convergence
(if any), the algorithms return a 3-digit status code indicating the success or failure
of the execution. The first digit indicates the general group of the error code, and the
two last digits provide details on the specific reason for failure. The complete list of
status codes currently implemented in the algorithms are the following:
• 000: successful convergence (no errors)
• 100: unexpected/unimplemented error (this is usually for debugging purposes)
• 200: incoherent values of the input parameters
– 201: incoherent ~
r1 and/or ~
r2 position vectors
– 202: negative value of ∆t
– 203: negative value of µ
– 204: incoherent value of the long-way solution selector
– 205: negative number of n (number of multi-revolutions)
– 206: incoherent value of the long-period solution selector
– 207: negative value of the iteration tolerance
– 208: the angular momentum vector ~h has no z-component: impossible to
define automatically clock/counter-clockwise motion
• 300: the iterator has not converged
– 301: maximum number of iterations reached (solution divergent)
– 302: maximum number of iterations reached (solution not converged to
required tolerance)
– 303: solution falls out-of-bounds
– 304: complex solution found
– 305: infinity solution found
– 306: unable to bound solution during the initial guess setup
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• 400: the method presents a singularity
– 401: the time of flight equation is singular
– 402: the terminal velocity vectors method is singular
• 500: incoherent result values
– 501: the resulting velocity is infinite and ∆t is not zero.
– 502: the resulting velocity is complex (presents imaginary components)
• 600: the case is not implemented by the author
– 601: elliptic case not implemented
– 602: parabolic case not implemented
– 603: hyperbolic case not implemented
– 604: multi-revolution case not implemented
• 700: the specified ∆t is lower than ∆t? for the current multiple revolution value
(thus, the problem does not admit solution).
With the aim of easing the comprehension of the following figures, only the first
digit values are depicted within the plots. E.g., code=3 on the plots indicates an error
within the 300 group (i.e., iterator has not converged). Further details and discussion
on the specific reasons for failure of each algorithm can be found in Section 4.3.1.

A.1. Domain of applicability

F IGURE A.1: Application region. The plots correspond to the singlerevolution solution. Code values: 0 = successful convergence; 3 =
iterator not converged; 4 = singularity; 6 = case not implemented.
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F IGURE A.2: Application region. The plots correspond to the multirevolution short-period solution. Code values: 0 = successful convergence; 3 = iterator not converged; 4 = singularity; 6 = case not
implemented.

A.1. Domain of applicability

F IGURE A.3: Application region. The plots correspond to the multirevolution long-period solution. Code values: 0 = successful convergence; 3 = iterator not converged; 4 = singularity; 6 = case not implemented.
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Iteration tolerance

The following figures present the results for the iteration tolerance at the CP of the
algorithms, discussed in Section 4.3.2. The iteration tolerance tol is computed as the
difference between the computed ∆ti and the target value ∆t of the transfer time:
tol = |∆ti − ∆t|.

A.2. Iteration tolerance

F IGURE A.4: Iteration tolerance at the CP, in log10 scale. The plots
correspond to the single-revolution solution
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F IGURE A.5: Iteration tolerance at the CP, in log10 scale. The plots
correspond to the multi-revolution short-period solution

A.2. Iteration tolerance

F IGURE A.6: Iteration tolerance at the CP, in log10 scale. The plots
correspond to the multi-revolution long-period solution
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Number of iterations

The following figures present the results for the number of iterations at the CP of the
algorithms, discussed in Section 4.3.2.

A.3. Number of iterations

F IGURE A.7: Number of iterations at the CP. The plots correspond to
the single-revolution solution
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F IGURE A.8: Number of iterations at the CP. The plots correspond to
the multi-revolution short-period solution

A.3. Number of iterations

F IGURE A.9: Number of iterations at the CP. The plots correspond to
the multi-revolution long-period solution
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Relative error in v1

The following figures present the results for the relative error of the v1 terminal velocity vector at the CP of the algorithms, discussed in Section 4.3.2. Recall that the
relative error between the methods is computed as:
q
˙ v1 − ~v I15 )
(~v1 − ~v1I15 )(~
1
RE =
(A.1)
I15
v1
where ~v1 corresponds to the velocity of each method, and ~v1I15 the velocity vector of
I15.

A.4. Relative error in v1

F IGURE A.10: Relative error in terminal velocity vector, in log10 scaling. The plots correspond to the single-revolution solution
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F IGURE A.11: Relative error in terminal velocity vector, in log10 scaling. The plots correspond to the multi-revolution short-period solution

A.4. Relative error in v1

F IGURE A.12: Relative error in terminal velocity vector, in log10 scaling. The plots correspond to the multi-revolution long-period solution
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Regularized Lambert’s Solution:
Proofs
B.1

Stumpff functions

Karl Stumpff (1895-1970) introduced a special family of functions that appear frequently in Astrodynamics. They were later called the Stumpff functions, and they
are defined in terms of the series (see also Battin, 2001)
ck (z) =

∞
z
z2
(−1)i zi
1
−
+
+ ... = ∑
,
k! (k + 2)! (k + 4)!
(k + 2i )!
i =0

k = 0, 1, 2, 3, ...

(B.1)

The series is absolutely convergent for all real values of z. The degree k of the series
is a positive integer number. The first two Stumpff functions, namely c0 (z) and c1 (z),
admit simple closed-form expressions:

√
if z > 0
 cos z
1
if z = 0
c0 ( z ) =
(B.2)
√

cosh −z if z < 0
√

z
sin


√
if z > 0



z
1
if z = 0
c1 ( z ) =
(B.3)
√


sinh −z



√
if z < 0
−z
The Stumpff functions of higher degree can be obtained by means of the recursive
formula:
1
zck+2 (z) = − ck (z).
(B.4)
k!
the proof of which follows from the straightforward application of the definition
(Equation B.1). Four properties of the Stumpff functions are relevant for the present
study. Note that the first three are proved here for z > 0 (the case z < 0 exploits
equivalent properties of hyperbolic functions, whereas the case z = 0 is trivial).
i) c20 (z) = 1 − 2zc2 (4z)
Proof:
Defining z = y2 allows to write
q
q
2
2
2
c0 (4z) = c0 (4y ) = cos 4y = 2 cos
y2 − 1 = 2c20 (y2 ) − 1 = 2c20 (z) − 1,
(B.5)
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where use has been made of the well-known trigonometric identity cos 2y =
2 cos2 y − 1. Then, by applying Equation B.4, one can write
zc2 (z) = 1 − c0 (z),

(B.6)

4zc2 (4z) = 1 − c0 (4z).

(B.7)

4zc2 (4z) = 1 − 2c20 (z) + 1.

(B.8)

Hence,
ii) c21 (z) = 2c2 (4z)
Proof:

√
1 − cos z
. Then, by
Application of Equation B.4 to k = 0 provides c2 (z) =
z
recalling that 2 sin2 z = 1 − cos 2z,
√
√
√
sin2 z
1 − cos 2 z
1 − cos 4z
2
c1 ( z ) = √ 2 =
=2
= 2c2 (4z).
(B.9)
2z
4z
z
iii) c0 (z)c1 (z) = c1 (4z)
Proof:
The trigonometric identity 2 sin u cos v = sin(u + v) + sin(u − v) can be applied to the product co (z)c1 (z):
√
√
√
√
sin z cos z
sin 2 z
sin 4z
√
√
c0 ( z ) c1 ( z ) =
= c1 (4z).
(B.10)
=
= √
z
2 z
4z
iv)

dck (z)
kc (z) − ck+1 (z)
= k +2
(Kriz, 1976)
dz
2
Proof:
Differentiation of Equation B.1 with respect to the argument provides
∞

(−1) j jz j−1
∑ (k + 2j)! .
j =1

dck (z)
=
dz

(B.11)

On the other hand,
∞

kck+2 (z) − ck+1 (z) =

k (−1)i zi

i =0
∞

=

∞

(−1)i zi

∑ (k + 2 + 2i)! − ∑ (k + 1 + 2i)!
i =0

[k − (k + 2 + 2i )](−1)i zi
∑
(k + 2 + 2i )!
i =0
∞

(i + 1)(−1)i+1 zi
dc (z)
≡2 k .
(
k
+
2
+
2i
)
!
dz
i =0

= 2∑
v)

Z

sk ck (ρs2 )ds = sk+1 ck+1 (ρs2 )

(B.12)
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Proof:
Z

sk ck (ρs2 )ds =

Z ∞
(−1)i ρi sk+2i

= s

∑

i =0
∞
k +1

(k + 2i )!

∞

ds =

(−1)i ρi sk+2i+1
∑ (k + 1 + 2i)(k + 2i)!
i =0

(−1)i ρi s2i

∑ (k + 1 + 2i)! ≡ sk+1 ck+1 (ρs2 ).

(B.13)

i =0

B.2

Derivative of the transfer time with respect to z

In order to apply the chain rule of differentiation to Equation 3.66, it is convenient to
group terms in its right-hand side in the following way:
∆t =

RT
+ U,
S

(B.14)

where
R = 2Pc3 (4z) + Q [c1 (z)c2 (4z) − 2c0 (z)c3 (4z)] ,
S =

c31 (z),

(B.15)
(B.16)

s

P − Qc0 (z)
,
µ
s 
3
1 P − Qc0 (z)
U = 2πn
.
µ
2zc21 (z)
T =

2

(B.17)
(B.18)

The first derivative of Equation B.14 is:
T dR RT dS R dT dU
d∆t
=
− 2
+
+
,
dz
S dz
S dz
S dz
dz

(B.19)

where
dR
dz

dS
dz
dT
dz
dU
dz

dc3 (4z)
= 2P
 dz

dc1 (z)
dc2 (4z)
dc0 (z)
dc3 (4z)
+ Q c2 (4z)
+ c1 ( z )
− 2c3 (4z)
− 2c0 (z)
(B.20)
,
dz
dz
dz
dz
dc (z)
= 3c21 (z) 1 ,
(B.21)
dz
Q dc0 (z)
= −p
,
(B.22)
2µV dz
s


3nπ
V
dc0 (z)
dc1 (z)
= − 2 4
zc1 (z) Q
+ Vc1 (z) + 2zV
.
(B.23)
dz
dz
2z c1 (z) 2zµ

In Eqs. B.22 and B.23 V = P − Qc0 (z). The derivatives of the Stumpff functions
with respect to the argument can be computed by means of the recursive formula iv)
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proved in Appendix A. In particular,
dc0 (z)
dz
dc1 (z)
dz
dc2 (4z)
dz
dc3 (4z)
dz

B.3

c1 ( z )
,
2
c3 ( z ) − c2 ( z )
,
2

= −

(B.24)

=

(B.25)

= 2 [2c4 (4z) − c3 (4z)] ,

(B.26)

= 2 [3c5 (4z) − c4 (4z)] .

(B.27)

Geometrical meaning of z

Elliptical orbits
If M denotes the mean anomaly, E the eccentric anomaly and e the eccentricity, differentiation of Kepler’s equation M = E − e sin E with respect to time t yields
r
µ
Ṁ ≡
= Ė(1 − e cos E).
(B.28)
a3
Hence,
dt
= (1 − e cos E)
dE

s

a3
=r
µ

r

a
µ

(B.29)

because r = a(1 − e cos E). Eventually, after recalling that in the ellipse 2ρ = µ/(2a),
r
dt = √ dE.
2 ρ

(B.30)

The substitution of Equation 3.2 with τ = 1 yields

√
dE = 2 ρds.

(B.31)

Integration between s0 = 0 and s2 gives

√
√
E2 − E0
∆E
≡
= ρs2 ≡ z.
2
2

(B.32)

Hyperbolic orbits
A similar reasoning applied to the equivalent form of Kepler’s equation, i.e., M =
e sinh H − H with H the eccentric anomaly, leads to

√
p
∆H
H2 − H0
≡
= −ρs2 ≡ −z.
2
2
Parabolic orbits
This is a limit case: z = 0 because ρ = 0.

(B.33)
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Academic Curriculum
During the course of the thesis I have participated in several conferences, seminars,
journal publications and I have carried out teaching and advising activities. These
are detailed here below.

C.1

Research and Scholarship

C.1.1

Publications

Articles published in peer-reviewed international journal
• 2017: Fantino, E., Grassi, M., Pasolini, P., et al. (8/16), The Small Mars System,
Acta Astronautica 137, 168-181, ISSN 0094-5765, DOI: 10.1016/j.actaastro.2017.04.024
• 2018: De La Torre, D., Flores, R., Fantino, E., On the solution of Lambert’s
problem by regularization, Acta Astronautica 153, 26-38, ISSN 0094-5765, DOI:
10.1016/j.actaastro.2018.10.010
Articles submitted to peer-reviewed international journal
• De La Torre, D., Fantino, E., Flores, R., Calvente Lozano, O., García Estelrich,
C., An automatic tree search algorithm for the Tisserand graph, Alexandria
Engineering Journal, ISSN 1110-0168. Sent on June 10, 2020
Articles in preparation
• De La Torre, D., Raposo-Pulido, V., Fantino, E., Flores, R., Peláez, J., Review of
Lambert’s problem, Acta Astronautica
Conference abstracts/papers
• 2015: De La Torre, D. Fantino, E., Review of Lambert’s Problem, 25th International Symposium on Space Flight Dynamics (ISSFD2015), Munich (Germany),
October 19 - 23
• 2016: Pasolini, P., Aurigemma, R., Causa, F., et al. (5/15), 67th International
Astronautical Congress 2016, Guadalajara (Mexico), September 26 - 30, Paper
IAC-16,A3,3A,6,x32671
• 2016: Fantino, E., Aurigemma, R., Causa, F., et al. (5/15), The Small Mars
Satellite: a European small-size Mars lander, 7th International Conference on
Systems & Concurrent Engineering for Space Applications - SECESA 2016,
Madrid (Spain), October 5 - 7
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Conference posters
• 2015: De La Torre, D. Fantino, E., Review of Lambert’s Problem, 25th International Symposium on Space Flight Dynamics (ISSFD2015), October 19 - 23,
Munich (Germany)
Contributed talks at conferences and workshops
• 2014: De La Torre, D. Métodos de Compilación de Código Fortran en MATLAB, Brainstorming in Astrodynamics 2014, Universitat de Barcelona, Departament de Matemàtica Aplicada i Anàlisi, Barcelona (Spain), July 03.
• 2014: De La Torre, D., Optimization of interplanetary trajectories with gravity assist. Universitat de Barcelona, Departament de Matemàtica Aplicada i
Anàlisi, Barcelona (Spain), December 10
• 2016: Fantino, E., De La Torre, D., Aurigemma, R., et al., The trajectory of the
Small Mars Satellite from launch to Mars atmospheric entry, XV Jornadas de
Trabajo en Mecánica Celeste, EPSEM - UPC, Manresa (Spain), June 28 - July 1
• 2019: De La Torre, D., Optimization of interplanetary trajectories with gravity assist, Science Coffee sessions, European Space Agency, European Space
Research and Technology Centre, Noordwijk (Netherlands), May 03
Conferences attendance
• Brainstorming in Astrodynamics 2015. Universitat de Barcelona, Departament
de Matemàtica Aplicada i Anàlisi, Barcelona (Spain), 11 February 2015.
• Astrodynamics Network - Astronet-II. The final conference. Institut d’Estudis
Espacials de Catalunya. Tossa de Mar, Spain, 15-19 June 2015.
• Journal Party, Universitat de Barcelona, Departament de Matemàtica Aplicada
i Anàlisi, Barcelona, Spain, 02 June 2015 (session 1), 09 July 2015 (session 2).
• XV Jornadas de Trabajo en Mecánica Celeste. EPSEM - UPC. Manresa, Spain,
28 June 2016 - 01 July 2016.

C.1.2

Training

• Bases de dades en enginyeria: Compendex, Inspec i IEEEXplore. Biblioteca del
Campus de Terrassa, UPC, Terrassa, Spain, 22 February 2017.
• Space Station Design Workshop 2017. Institute of Space Systems, University of
Stuttgart, 23-29 July 2017.
• UTOPIAE: Uncertainty Treatment and Optimisation in Aerospace Engineering. University of Strathclyde, Glasgow, UK, 20-24 November 2017.
• Metodologies àgils per la gestió de projectes. Introducció a l’Agile. Institut de
Ciències de l’Educació, UPC. Terrassa, Spain, 30 April 2019 - 21 May 2019.
• Metodologies àgils per la gestió de projectes. Aprofundiment a l’Agile. Institut
de Ciències de l’Educació, UPC. Terrassa, Spain, 28 May 2019 - 25 June 2019.

C.2. Teaching records

C.1.3
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Participation in funded research projects

• SMS (Small Mars System). ESA (European Space Agency). November 2015 May 2016. Principal investigators: Salza, Norberto (ALI). Budget: 100,000€
• Contrato de formación en prácticas para colaborar en el desarrollo del programa PARACHUTES. CIMNE (Centre Internacional de Mètodes Numèrics a
l’Enginyeria), September 2015 - December 2017. Principal investigators: Ortega, Enrique (CIMNE); Flores, Roberto (CIMNE).

C.1.4

Research internships

• Application of Generalized Logarithmic Spirals to Preliminary Interplanetary
Trajectory Design. OPS-GFA, ESOC (European Space Operations Centre), ESA
(European Space Agency), September 2018 - February 2019. Principal investigators: Sánchez Pérez, Jose Manuel (ESOC).
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• Spacecraft Design (Màster Universitari en Enginyeria Aeronàutica, Master’s
Degree in Space and Aeronautical Engineering). September 2015 - January
2016, ESEIAAT - UPC.
• Airplane Design (Grau en Enginyeria en Vehicles Aeroespacials). September
2015 - January 2016, ESEIAAT - UPC.
• Airplane Design (Grau en Enginyeria en Vehicles Aeroespacials). February
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• Airplane Design (Grau en Enginyeria en Vehicles Aeroespacials). February
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• High-Performance Computing for Aerospace Engineering. April 2017 - May
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• Astrodynamics (Màster Universitari en Enginyeria Aeronàutica, Master’s Degree in Space and Aeronautical Engineering). September 2017 - January 2018,
ESEIAAT - UPC.
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• Fundamentals of Airplane Design (Màster Universitari en Enginyeria Aeronàutica, Master’s Degree in Space and Aeronautical Engineering). February 2019 June 2019, ESEIAAT - UPC.
• Fundamentals of Airplane Design (Màster Universitari en Enginyeria Aeronàutica, Master’s Degree in Space and Aeronautical Engineering). February 2020 June 2020, ESEIAAT - UPC.
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Mentorship activities

• Ramírez Parejo, Daniel. Evolutionary algorithms applied to interplanetary
spacecraft trajectories optimization: a numerical study. ESEIAAT - UPC. Supervisor: Soria Guerrero, Manel. Co-supervisor: de la Torre Sangrà, David.
April 2018. (contributed to this thesis).
• Pérez Pérez, Alex. Study: parametric performance of islands model optimisation applied to interplanetary trajectories. ESEIAAT - UPC. Supervisor: de la
Torre Sangrà, David. June 2018. (contributed to this thesis).
• Mas Sanz, Esther. Natural gravity assist manoeuvres applied to interplanetary
trajectories. ESEIAAT - UPC. Supervisor: de la Torre Sangrà, David. June 2018.
(contributed to this thesis).
• García Estelrich, Celestino. Study of methods for automatic path finding on
the Tisserand graph. ESEIAAT - UPC. Supervisor: de la Torre Sangrà, David.
June 2018. (contributed to this thesis).
• Calvente Lozano, Oscar. Study: implementation of an interplanetary trajectory
optimisation algorithm using the Tisserand graph. ESEIAAT - UPC. Supervisor: de la Torre Sangrà, David. June 2018. (contributed to this thesis).
• Myria Menzen, Clara. A Model of the Thermal Radiation in Low Earth Orbit. ESEIAAT - UPC. Supervisor: Soria Guerrero, Manel. Co-supervisor: de la
Torre Sangrà, David. August 2018.
• Blanco Bravo, Iker. Design of an azimuth/elevation mount for Sun-tracking
of a solar panel. ESEIAAT - UPC. Supervisor: Amante Garcia, Beatriz. Cosupervisor: de la Torre Sangrà, David. June 2020.
• Cardona Orfila, Pau. Analytical study of NASA’s Mars mission architecture.
ESEIAAT - UPC. Supervisor: Sureda Sordera, Miquel. Co-supervisor: de la
Torre Sangrà, David. June 2020.
• Lahoz Gaitx, Pau. Analytical study of the Apollo 11 mission architecture. ESEIAAT - UPC. Supervisor: Sureda Sordera, Miquel. Co-supervisor: de la Torre
Sangrà, David. June 2020.
• Macía Fernández, Oscar. Analytical study of Starship (Space X) mission architecture. ESEIAAT - UPC. Supervisor: Sureda Sordera, Miquel. Co-supervisor:
de la Torre Sangrà, David. June 2020.

C.4

Academic service

Served the international scientific committee as a referee for the following peerreviewed journals and conferences:
• Acta Astronautica
• 2018 IEEE Congress on Evolutionary Computation (CEC)
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Bachelor degree
• 2018: Mas Sanz, Esther. Study: natural gravity assist manoeuvres applied to
interplanetary trajectories.
• 2018: García Estelrich, Celestino. Study of methods for automatic path finding
on the Tisserand graph.
• 2018: Calvente Lozano, Oscar. Study: implementation of an interplanetary
trajectory optimisation algorithm using the Tisserand graph.
• 2018: Pérez Pérez, Alex. Study: parametric performance of islands model optimisation applied to interplanetary trajectories.
• 2018: Gutiérrez, Daniel. Study and implementation of a control system for
autonomous guided parachutes.
• 2018: Frigola, Oriol. Study on the influence of wing deformation on the aerodynamic performance of paragliders.
• 2018: López Caballero, Víctor. Actualització, renovació i millora del laboratori
de control avançat.
• 2018: Tantiñá Gil, Gerard. Projecte d’instal·lacions d’una nau industrial.
• 2018: Bellino González, Michele Angelo. Diseño y cálculo de la instalación
eléctrica de una estación de servicio para vehículos eléctricos.
• 2019: Parrot Martínez, Ivan. Study on the system architecture of the ONION
project.
• 2019: Blanco Sorigue, Alex. Puesta en marcha del control de una bancada de
ensayos para generadores síncronos de imanes permanentes.
• 2019: Casas Díaz, José Antonio. Modulo didáctico para prácticas con variadores de velocidad ABB.
• 2019: Cugota Canals, Manel. Estudio de los sistemas de control de la máquina
síncrona de polos salientes.
• 2019: Alfocea Jimenez, Marc. Control y supervisión de un variador de velocidad con un autómata y un sistema hmi.
• 2019: Gascón Álvarez, Carlos. Analytic stability maps of unknown exoplanet
companions for imaging prioritization.
• 2019: Pachler de la Osa, Nils. Power and Bandwidth allocation for HighThroughput Satellites using Particle Swarm Optimization.
• 2020: Arrabal López, Adrià. Projecte de millora de un microscopi de baix cost.
• 2020: Rossell Cubells, Pere. Study and implementation of 1U cubesat attitude
control algorithms for educational purposes.
• 2020: Méndez Gálvez, Carlos. Estudio del control de actitud de un cubesat 1U
basado en magnetorquer.
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MSc
• 2019: Cortés-Fargas, Marc. Project of the design of a boom module for hoist
systems in helicopters.
• 2019: Ramón Marqués, Josep. Estudi per la implantació de millores en el sistema productiu d’una PyME especialitzada en mecanitzats d’alta precisió per
al sector aeronàutic.
• 2019: Martínez Galindo, Alejandro. Study of possible alternatives to the current operational limitations of Hondarribia airport
• 2019: Navalón Martín, Néstor. Study of the sustainability of a Permanent Martian Outpost.
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determination simulation software and control algorithms for 3Cat-4 mission.
• 2019: Molina Ordóñez, Carlos. Study: Unifying platform subsystems with
design and implementation of a single on-board module for CubeSats.
• 2019: Puljic, Stjepan. [eProject] Study of control and stability of a STOL light
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• 2019: Costa Rabionet, Mariona. Study of the future perspectives of Micro and
Nano-satellite constellations in the Earth Observation market.
• 2019: Hu, Daniel Lijia. Study for the design of a management system for AGV
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• 2019: Qadeem Afzal, Muhammad. Estudi de viabilitat d’un nou aeroport.
Aeròdrom de Montblanc.
• 2019: Mejía García, Álvaro. [eProject] Study of the landing gear of a STOL light
aircraft.
• 2019: Díez García, Carlos. Study and development of attitude control and
determination simulation software and control algorithms for 3Cat-4 mission.
• 2019: Molina Ordóñez, Carlos. Study: Unifying platform subsystems with
design and implementation of a single on-board module for CubeSats.
• 2019: Sharique, Syed Abdul Hadi. Study of attitude control of a 1U cubesat.
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