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Abstract In this work, we consider, from the numerical point of view, a
poro-thermoelastic problem. The thermal law is the so-called of type III and
the microtemperatures are also included into the model. The variational for-
mulation of the problem is written as a linear system of coupled first-order
variational equations. Then, fully discrete approximations are introduced by
using the classical finite element method and the implicit Euler scheme. A
discrete stability property and an a priori error estimates result are proved,
from which the linear convergence of the algorithm is derived under suitable
additional regularity conditions. Finally, some one- and two-dimensional nu-
merical simulations are presented to show the accuracy of the approximation
and the behavior of the solution.

Keywords Type III thermoelasticity with voids - Microtemperatures -
Numerical approximation - Error estimates - numerical solutions
1 Introduction

The most useful model to describe the heat conduction is based on the Fourier
law that proposes a linear relation between the heat flux vector and the gra-
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dient of temperature. If we combine this equation with the usual energy equa-
tion, we obtain the existence of thermal waves propagating with an unbounded
speed. That is, a thermal perturbation at one point is instantaneously felt at
any other point of the space for every distance. It is clear that this effect con-
tradicts the causality principle. For this reason, a big deal trying to overcome
this paradox has been developed in the last and current centuries. It seems
that the first works in this aspect correspond to Cattaneo and Maxwell [7].
They proposed the introduction of a relaxation time in the Fourier law. Re-
cently, in the 1990’s decade Green and Naghdi proposed several alternative
models [13,20]. In fact, they proposed these new theories in the context of
the thermoelasticity and the main difference concerning the classical theory
corresponds to the thermal effects. The most general is the so-called type III
and it contains the Fourier model as a limit case. It is also worth recalling the
type II which is also called without energy dissipation. It also corresponds to
another limit case of the type III theory.

A Dbig interest has also been developed to understand models with mi-
crostructure. In fact, Eringen [14] contributed in an important way in this
sense in the last century. An interesting case for these models corresponds to
those where microtemperatures are taken into account. That is, among the
microstructure effects we can consider the microtemperatures. First contribu-
tion on this kind of materials came back to the one by Grot [21] and some
people used them to study several problems [43-45]. We recall the contribution
[24] as a new reborn of the interest for this kind of questions, because many
works have studied this kind of problems recently (see [5,8,10,22,23,27,35,
40,41] among others). Last twenty years there has been a big deal of people
interested in the study of elastic materials with microtemperatures.

Cowin and Nunziato [11,12,39] proposed a mathematical theory to model
elastic materials with voids. Since these contributions many people have been
interested in the study of thermoelastic materials with voids and the quantity
of contributions involving this model is huge [3,6,15-19,26,29-31,33,34,42]. It
is worth noting that the model has become useful to understand the behavior
of elastic materials with small distributed porous and we can find them in
the study of biological materials as bones or in the study of soils, woods,
ceramics or rocks. It is also worth noting the structural similarity (from the
mathematical point of view) of the system of equations for the poro-elasticity
with the equations of the Timoshenko beam (see, for instance, [1]).

In the present paper, we want to joint these three basic ideas. On one side,
we consider the type III theory, on the second aspect we consider microtemper-
atures and, on the third side, we consider porous aspects. First contribution
concerning the three aspects at the same time can be seen at [36]. There, the
authors consider the system of equations that we can obtain from the studies
[2,22,25]. Here, we continue the research started in [36], introducing a fully
discrete approximation based on the finite element method and the implicit
Euler scheme, proving a discrete stability property and a priori error esti-
mates, and performing some one- and two-dimensional numerical simulations
to demonstrate the accuracy and the behavior of the discrete solutions.
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We think that it is relevant to point out that the behavior of the thermoe-
lastic materials in the context of the type III theory has been reveal different
from the classical theory based in the Fourier law. We can cite several con-
tributions [32,35,38,37,36] where we have detected relevant differences in the
behavior of the solutions corresponding to this kind of materials. The main
reason is that, when we consider type III theory, new coupling terms appear
which are not present when we consider the theory based on the classical
Fourier law. At the same time, when we consider microtemperatures there are
also more new coupling terms which are not present in the case of the Fourier
theory with microtemperatures. Therefore, our system is more complex from
the mathematical point of view and then new and strong difficulties could
appear when we consider the new theory. Furthermore, what we will develop
here cannot be a direct extension of the classical theory, but we could consider
new aspects in our study.

2 Mathematical and variational formulations

First, we describe the problem (see [36] for further details). Let {2 be a bounded
domain in R¢ (for d = 1,2,3) with boundary smooth enough to allow the
application of the divergence theorem. We will use the standard notation where
“ 1" means the partial derivative with respect to the variable z;, a superposed
dot represents time derivative and summation on repeated indices is assumed.
Moreover, let [0,T], T > 0, be the time interval of interest.

Let us denote u = (u;)%,, ¢, # and M = (M;)L, the displacement, the
volume fraction, the temperature and the microtemperatures, respectively.

Since we are interested in the thermoelastic theory of type III with voids
and microtemperatures, the corresponding thermo-mechanical problem is the
following (see [2,24,25,36]):

Problem P. Find the displacement u : 2 x [0,T] — R?, the volume
fraction ¢ : 2 x [0,T] — R, the thermal displacement 7 : 2 x [0,T] — R and
the microthermal displacement R : 2 x [0,T] — R? such that,

pi; = (Ajjriuk — aij0 + Gjo + BijrmRey),; in £2x(0,T)

fori=1,...,d, (1)
J$ = (Aijp; — o R + Hyyry) j — Cijui s + k7 — FijRij — &p
in 2 x(0,7T), (2)
cT = —aijlliyj + (Hij<ﬂ,i),j — (d”RZ)J + (KijTyi + K:ji”i)yj - bini,j
—kp+ (A M;); in 2x(0,7), (3)

cijRj = (Brijurs — bij7 + Fijp + CijraRe) j — digt; + (ijkle,l),j
_Oéij(p,j — A?jed‘ — A%MJ in 2 x (O,T) for i = 1,...,d, (4)
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ui(2,0) = ud(x), w(x,0)=00(x), @(z,0)=¢’x) forxec R, (

o(x,0) = (x), 7(x,0)=71"(x), 7(x,0)=0"=x)for x € 2, (

Ri(z,0) = RY(x), Ri(x,0) = M?(x) for x € 2, (7
(

ui(x,t) = p(x,t) = 7(x,t) = Ri(x,t) =0 for €02, te[0,T)].

Here, 7 is the thermal displacement introduced by Green and Naghdi and
R = (Ri);-izl are the microthermal displacements, defined respectively by

7(z,t) = 7°0(x) —l—/o 0(x,s)ds, Ri(z,t)=R)(x) —l—/o M;(x, s) ds.

As usual, p denotes the mass density, J the product of the mass density by
the equilibrated inertia and c the thermal capacity. A;jx; is the elastic tensor,
aij, Gi; and By are, respectively, the coupling tensors between the displace-
ment and the temperature, the displacement and the volume fraction, and the
displacement and the microtemperatures. A;;, AZ(-;), AZ(-?), AZ(-?), aij, Hij, Fij,
d;; and b;; are other coupling tensors between the variables. Kj;; is the tensor
introduced by Green and Naghdi and it is usually called rate conductivity,
K7, is the thermal conductivity tensor, ¢;; is a typical tensor of the theories
with microtemperatures, and, finally, Cjji and Cfj),; are the specific type III
tensors with microtemperatures.
The following symmetries are assumed (see [2,36]):

Ji

¥ o (O* o o 3. — A3 P . P — .
O'jkl - Oklijv Cij = Cji, Aij =A H’Lj - Hju Bz;kl - Bkllj'

,

Aijrt = Apiig, Ay = Aji, Kij =Ky, K=K, Cijn= Oklijv} )
ji

From the second law of thermodynamics the following inequality must be
satisfied (see [24]):

K 5685+ (Aj+ A&+ A mimy + Clamigii > Ko(&&i+mini+nijmi3), (10)

for a positive constant Ky and for each pair of vectors §; and 7; and for each
tensor 7;;.

We will also impose some assumptions over the constitutive coefficients.
For each vector §;, each pair of tensors &;; and 7;; and each real number [, the
following inequalities are assumed:

Aijri&ii&i + 2Bijri&iini + Cijranignia + 2G50 + €12

> Co(&ij&ij + mijnij +1%),
Ai &6+ 2H;6m5 + Kijning > Ci(&& + mimj), (11)
cij&i& > Co&i&, p=>po>0, J>Jg>0, c>co>0,

for positive constants Jy, ¢, Co, C1,Co and pg. The first two conditions pro-
posed here can be interpreted with the help of the stability theory for ther-
moelastic materials. The physical meaning of the assumptions in the third line
of (11) is clear.

First, we show that the energy of the system is dissipative.
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Proposition 1 Let us define the energy of the system E(t) as follows:

Et) = {p vi(t), vi(t))y + Jlle)|3 + @5 + (i M;(t), Mi(t))y
+(Asrrwi g (), ur i (8))y + (Bijriwi j(t), Re(t)y + Elo®)]I3

H(CijraRij (), Riea(t))y + (Gigui i (), o))y + (Aije,i(t), v,5(t)y

+(Hijp,i(t), 7))y + (KijT,i(t)Ij(t))Y}v (12)

where we have used the notation Y = L*(2) and (-,-)y for the usual scalar
product in this space. Then, this energy is dissipative.

Proof We note that, from the previous definition, after a direct calculation we
find that

£(t) = - /Q (K500, + (AL + AZ)MO + AEMM,) do
) O]kle-MkJ dv,
and using assumption (10) we then conclude that the energy is always dissi-
pative.
Now, we recall the following existence and uniqueness result [36].

Theorem 1 Under assumptions (9)-(11), if the following regularity on the
initial conditions hold:

then there exists a unique solution to Problem P with the reqularity:
u, Re C1((0.T1:V) N C*(0,T): H), ¢, 7€ C*((0,T); E)N C*((0,T]; Y).

In order to obtain the exponential decay of the solutions to Problem P, we
will assume that, for every tensor &; and every vector (;,

Briijm&i; > C&ii&ij, Hij(iGG > C* GG, (13)

for two positive constants C' and C*.

Even if the above assumptions are quite natural, we need to impose also
two more technical conditions on some of the tensors. Let us suppose that
there exist two constants, m; and mo, such that

Q5 = mlcij and Q5 = mQCij. (14)

Notice that, for isotropic and homogeneous materials, assumptions (14) are
satisfied whenever the corresponding constitutive parameter is different from
zero, because, in this case, (;; = (J;; for a constant ( # 0 (d;; denotes the
Kronecker delta).

Therefore, we have the following (see [36]).
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Theorem 2 Under the assumptions of Theorem 1 and (13)-(14), the solution
to Problem P is asymptotically stable; that is, there exist two positive constants
M and « such that

IE®I < MEO)]le",

where the energy of the system £ was defined in (12).

Finally, in order to provide the numerical approximation of Problem P in
the next section, we will obtain the variational formulation of this problem.
Thus, let H = [L?(£2)]? and Q = [L?(£2)]7%¢, and denote by (-,-)x and (-,")g
the respective scalar products in these spaces, with corresponding norms || - || &
and || - [|g. Moreover, let us define the variational spaces E = H}(§2) and
V= [H(2)"

Then, applying Green’s formula to equations (1)-(4) and using boundary
conditions (8) we have the following weak problem.

Problem VP. Find the velocity v : [0,T] — V, the volume fraction speed

: [0,T] — E, the tempemture 9 [0,T] — E and the microtemperatures
M [0,T] = V such that v(0) = v°, e(0) = €°, H(0) = °, M(0) = M° and,
for a.e. t € (0,T),

p(0i(t), wi)y + (Aijriun,(t), wi )y = (aij0(t), wi;)y — (BijrRi(t), wi )y
—(Gigep(t), wiz)y  Vw = (w;)iy €V, (15)
J(e(),r)y + (Aip,i(t),ri)y + (), 1)y = (g M;(t), 7 5)y + £(O(), 1)y
—(Hijmi(t),r5)y — (Gjui (), )y — (FijRij(t),r)y VreE,  (16)

c(0(t), 2)y + (K;50.4(t), 25)y + (Kii(t), 25)y = (digM;(t), z)y
Mi(t), 2 )
i)

—(AGMi(1), 2 3)y — (bigMi (), 2)y — (aijoi(t), 2)y — w(e(t), 2)y
—(Hijp,i(t), 2,5)y Vz€E, (17)
(ci Ma(t) )Y + (Cigrr Ri1(t), &ij) + (Chira Mi (1), i i)y = (bi0(1), &ig)y
(Bkluukl() &gy —( Fijp(t), &)y — (dif ;(1), &)y — (aize (1), &)y
—(47 0.;(t),&)y - (A} G M;(t), &)y V&€= (§ )z 1€V, (18)

where we recall that the displacement, the volume fraction, the thermal dis-
placement and the microthermal displacements are then recovered from rela-
tions:

u(t)—/o v(s)ds + u®, w(t)—/o e(s)ds + ¢, (19)
:/te(s)derTO, R(t):/tM(s)ds—i-RO. (20)
0 0
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3 Fully discrete approximations: an a priori error analysis

In this section, we now consider a fully discrete approximation of Problem V P.
This is done in two steps. First, we assume that the domain 2 is polyhedral
and we denote by 7" a regular triangulation in the sense of [9]. Thus, we
construct the finite dimensional spaces V" € V and E" C E given by

Vi ={"e[C@); zlp, € [PU(Tr)]Y YTreT", 2'=0 on 00},(21)
EM={nteC(); 77"3” € P(Tr) VIreT" #u"=0 on 00}, (22)

where Pj(T'r) represents the space of polynomials of degree less or equal to
one in the element Tr, i.e. the finite element spaces V" and E" are composed
of continuous and piecewise affine functions. Here, h > 0 denotes the spatial
discretization parameter. Moreover, we assume that the discrete initial con-
ditions, denoted by u®", v0 Oh O Oh  GOR R and MOh, are given
by

uOh — 'P{IUO, ,UOh — 'P{IUO, sDOh — 'PSDQPO, eOh — fPéLeO,

7,Oh — 7)517,0, 90h _ 735190, ROh _ P{IRO, MOh _ ,P{lMO, (23)

where P} and PL are the classical finite element interpolation operators over
V" and E", respectively (see, e.g., [9]).

Secondly, we consider a partition of the time interval [0,T], denoted by
0=ty <ty < - <ty =T. In this case, we use a uniform partition with
step size k = T/N and nodes t,, = nk for n = 0,1,..., N. For a continuous
function z(t), we use the notation z, = z(¢,) and, for the sequence {2},
we denote by dz, = (2, — 2n—1)/k its corresponding divided differences.

Therefore, using the backward Euler scheme, the fully discrete approxima-
tions are considered as follows.

Problem VP" . Find the discrete velocity v"* = {v"* N C V" the
discrete volume fraction speed e"® = {ehFm}IN_ " E" the temperature 6"* =
{o"kmAN_ < EM and the microtemperatures M"™ = {M" " }N_ < VI such
that k0 = Oh  hk.0 — Ok ghk0 — GOk = prhk,0 — pgOR =g forn =
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1,...,N,
p(6v ™" i)y + (g™ i)y = (a7 wl'y )y — (Biu By ™ wiy)y
—(Gye" Wiy V' = (w*‘)‘-i—l evh, (24)
J(5ePEm o)y + (Ama*;’“", >y+5< My = (@M )y
—(Hy7i" ")y = (Gyuly™ 7"y + w057 )y
—(Fy RIS M)y Wl e Eh (25)

c(80"Fm, 2y + (K005 )y + (K", 2l )y = (dig MP™", 2y
—(AL MM 2y — (bijMf]’?’", My = (agolt" 2y — w2y
(Hw(ph:k "y Vit e BN (26)
(csgOMF™" €0y + (Cigm Ry ™ €05) + (Cu MY ™ €85)y + (AG M &)y
= (big0"F " €8y — (Fiye™m, €8)y — (digt" ", )y — (auze” k "Ly

—(AZ0"" )y — (Buijulh" €ly)y Ve = (e, e v, (27)

where the discrete displacement, the discrete volume fraction, the discrete
thermal displacement and the discrete microthermal displacement are then
recovered from relations:

whkm — kzvhk,j Fulh, ke kzehk,j + Oh (28)
j=1 j=1

MBS0k g0 R ESO MM LR (20)
j=1 j=1

The existence of a unique solution to Problem VP* can be easily proved
using Lax-Milgram lemma and taking into account assumptions (11)-(14).

The aim of this section is to provide the numerical analysis of Problem VP.
First, we have the following discrete stability result.

Lemma 1 Under the assumptions of Theorem 2, it follows that the sequences
{ulk whk phk ehk hk ghk RIE NFREV - generated by Problem VP satisfy
the stability estimate:

g i [ e o R G
2 (2 |12
TR+ MR 4 VRS < G,

where C' is a positive constant assumed to be independent of the discretization
parameters h and k.

Proof First, if we take as a test function w! = Uf M in discrete variational

equation (24) we find that

p(0vf ™" 0y 4 (A" 0 )y = (ai, 0000 0y

hk, hk, hk
( 1jkle 1 nvvz] n)Y - (Cljwhk " Yij n)Y
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Thus, taking into account that

1 _
Fo™ o)y 2 o (R = o)

()

we find that
2_/; {llo™ "3 = o™i} + %{(Aijkluz,l?nvuﬁ’n)y - (AijkzuZﬁ’”fl,uZ?"fl)y
+(Aijrl (quln — qucl’"_l), ui“;" — uZl;’"_l)y}
= (aijﬁhk’", U:Lfn)Y - (Bijk[RZﬁm, vf?”)y — (Cij@hk’n,’l),&?’n)y. (30)

hk,n

Secondly, taking " = e as a test function in (25) we have

J(éehk,n7 ehk’")y + (Aij@zkm, ef;k,n)y + f(@hk’n, ehk,n)y — (Oéilehkm, ezkm)y
—(Hiij;k’n, ez_k,n)y - (Cijuzl;ma ehk,n)y + Ii(@hk’n, ehk,n)y _ (FinZ/;,n, ehk’n)y,

and using the estimates

J
T(Eetk, ehbm)y > 2 {2 — etk L2

we obtain
J hk hiks,m— 1 hkon  hk hkn—1  hkn—1
% {lle™ ™15 — " =113} + %{(Aij@,j ey = (At T e )y
hik, hkyn—1v _hk, hkn—1
(A (" = @) o = )Y}

¢ . ]
e Ll s T PA L

_ (aijMihk)na ef}k,n)y . (Hijt};k)na ef}k,n)y _ (Cijuzl;)nu ehk,n)y

+I€(9hk’n, ehk,n)y _ (FURZ/;,n, ehk,n)y- (31)

— ohk,n

Third, choosing 2" as a test function in (26) it follows that

C(&ehk,n, ehk,n)y —]tk(K;ng;}kmv ez_k,n)y ':ngijTZk)na HZk,n)Y ;c (dijMihk,n, ef;k,n)y
_(Allj]\{lik m 0;1% ,n)y - (bijMiJ ” ehk,n)y _ (aijvi’j,n7 Hhk’")y
_(Hij@)i ,n, 07]‘ ,n>Y _ Ii(ehk’n, ehk,n)y

Keeping in mind that

(80", "My > - {16753 — 6"
we find that
c n n— « phkmn phkn 1 bk _hkn
e L L el 8 B g e o (1

)T )

_(Kijtf;k,nq’ TZk,nq)Y I (KZJ(TIan _ T)I;k,nfl), TI;kn _ T)I;k,nfl)y}

= (dig M 055 )y — (ALMIR 000y — (b M, 60 )y — (aqgory ", 60 )y

'L7

—(Hij " 0"y — k(e gk (32)

JP i
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Finally, taking & = Mlhkn as a test function in (27) we obtain

(cig0M7™", A{gk’n)yh;r (Cigm Riy™ J‘}f’];f’")yh: (ComMer™, Mi}ff;)y ,
+ (A% M, M)y — (Braigug ™ M5 )y — (bij0"%™, M5 )y + (Fig"™nm, M7 )y

(g0 M)y o+ (el M)y + (AR5 MRy =0,

and, since using (11) it follows that

C
hk,n hk,n 2 n n—
(0} ")y > 2 M — I

3

we have
Co n n— « hkyn o rhkn 1 Rk ohkn
% {Hth 15 — (| M" 1||§{} (O My " M )y + ﬁ{(cijkle,l’ R )y

_(OijklRijmil,RZ];’nil)Y + (Cijn (RZIjn _ Rzﬁ,nq),Rzlj,n _ RZ?nil)Y}
= (BklijUZ)kfn7 MZ?’”)Y + (b0, Mi}f’n)y — (Fijph*m, MZ?’”)Y - (dij9f}k’n, M)y

_(aije)};k,n7 Mihk’n)y - (A%Hfzk’", Mihk’n)y. (33)

Combining now estimates (30)-(33), after easy algebraic manipulations we find
that

P - 1 hk, hk, hk,n—1  hk,n—1
% {13 — o115} + ﬁ{(Aijkluk,ln7ui,j Ny = (Airug " w7 )y
F( A (ugh™ — ) — uZ’;—’"_l)Y}

J n n— 1 hko _hkn hko—1  hkn—1
tor {lle™ ™15 = lle™ =115} + ﬁ{(AijSD,j Py = (A P )y
hk,n hk,n—1 hk,n hk,n—1
(A (" =) e = el )Y}
5 n n— n n—
o {13 = M + e — g
c n n— * nhk,n phkn 1 hk,n _hk,n
+tor {7515 = 1655 4 (K500, 070 )y + %{(Kiﬂ,z‘ Ty Y

_(Kijq_yfzk,n—lﬂ_y}}k,n—l)y n (Kij(t};k,n _ Tﬁi;k,n—l)’ T};kn _ Tﬁi;k,n—l)y}

Cs hk hk,n—1 hk hk
50 LM — M | (O M M)y
1
+(CijUZ];’n, ehkmyy 4 (A%M;Lk’", Ml.hk’")y + %{(CijklRZf?n7 R?I;n)y
_(C'ijklRij’nfl, RZ’;’nfl)y + (Cijm (R,};]j" — RZﬁ’nfl), RZ’;" — RZ’;’nil)Y}
+(BijklRZ)l?n; o)y + (Bklijuzkfna MT™)y + (G ol )y
+(H»L Thk,n ehk,n)y + (Huwzk,n,ezk,n)y + ((A,}J + A%J)ozk,n,th,n)Y

J' ’ g i

< (™3 + " | + [ VR 3) + e MM 2,
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where € > 0 is a positive constant assumed small enough, and C is a generic
constant, whose value may change from line to line, and it is independent of
the discretization parameters h and k.

Keeping in mind assumptions (10), we find that

* hk,n hk,n hk,n hk,n x nphk,n phkmn
(ChiMy, a%i,j )Zk‘f' ((Azlj + A%j)e,j M)y + (K50577,077 )y
n n n hk,n hk,n
(AL M M)y = C(|[VOME | + [VME 2 + [ M 1F).

J K2

Observing that

(BijklRZ?n’ U%m)Y + (Bkujuﬁﬁ’", Mlhjkn)Y = %{(BijszZf?”, uf’j")y
—(Bigra Ry w5 Ny + (Bugm (R = RS, 0" - U?,’;’"fl)Y}a
(Gige™* ™, UZ?’W)Y + (Cijuzlj"na ")y = %{(Cij@hk’nauzl;’n)y - (Cij@hk’n_lauzlj’"_l)y
G — gty )
(Hiyri " ey + (Higel ", 00" )y = %{(Hiﬂ;”k’"a o)y = (Hyi ™l )y

hk, hk,n— hk, hk,n—
"’(Hij(T,i n_T,i " 1)a80,j n_@,j " 1)Y}a

using assumptions (11) it follows that
(Aijr (uZ’i" - Z]g]in_l)ahziﬂjn - Ug}g’n_l))’h: Q(Bijkl(RZf?n - RZﬁ’n_l)v U?I;n —h;ﬁ?n_;iy
) ;n—1 ) yn—1 — , n—1
+(Cijm (Rk,l " Rk,l "), Ri,j " Ri,j "y + 2(@‘3‘(90%’” - Sphk’" 1)= U; 5 " U; 5 "y
[P — P > 0,
(Alj (@hk,n _ (Phk,’n,fl), Sﬁh*k’n _ gﬁh‘k)nil)y + 2(HU (Thk,n _ Thk,nfl) hk,n _ hk,nfl)

) 5J v i s g LY 5J

+(Kij (T;bk:,n _ 7_;&/6,71—1)7 T)};_k:,n _ T)};-k’n_l)y > 0.

Therefore, multiplying the above estimates by k& and summing up to n we
have

hk,n  hk, , hk,n _hk, , ,
pllo"™ " |5 + (A uy ™)y + I M3 + (Al 03" )y +Ell"™ 5 + 0™ 15

H(EGT T )y Col MR 4 (Cigra By ™ RS )y + 2(Biga Ry ™ iy ™ )y

2J ]

n . hk,n hk.n _hkn
F2(Ci™m ul ™)y + 2(H T o)y

» Ui j i

n
< kY (1™ 13 + "™ 3 + IVR™3) + C (o™ I3 + [Tu |3 + | 13
j=1

h h
HIVR 3 + 0™ 5 + 18713 + (V77 + [ M |17 + VR IIé)-
Finally, using again assumptions (11) we obtain
(Agruph™ ul® ™)y + 2By RS ulh™)y + (Cop RES™ RIS )y 4 2(Gyp o ulhm)y
hk,
et [f 2 O(IVuhen | + VR + [t} ).

(Al M)y + 2(Higr B )y + (KigriB 28y = O (IVehsl3, + 97 ,),
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and so,
[ 1+ IV + (55 + V™ 1 + "5 + 10" (15 + (V" (1%

hk hk
HIM G + VRS

n
< kY (1™ 13 + "3 + IVR™ 3 ) + C (o™ I3 + [Tu |3 + | 13
j=1

IV I+ 1™ 15 + 107113 + V7™ 13 + 1 M | + HVROhIIé)-

Therefore, applying a discrete version of Gronwall’s inequality (see, e.g.,
[4]) we deduce the desired stability property.

Now, our aim will be to obtain a priori error estimates on the numerical
errors from the approximations given in Problem V P"*. We have the following.

Theorem 3 Let the assumptions of Theorem 2 still hold. If we also assume
that

Qij (.’1}) = Qjj, O4j (.’1}) = Qyj fOT’ all x € Q, (34)
and if we denote by (v,e,0, M) and (v"* e 0" M"*) the respective so-
lutions to problems VP and VP", then, we have the following a priori er-

7"07}; eszjf\zf'matei for ‘}IL” 15)vh = {1:h’" N & = (g c VP oand 7t =
{T " n=01 = {Z )n}n:O CE ’

max {[jo" — "G 4 [Tt - )|+ e — B+ [V (6" — )|

0™ = 9+l — PR V(" = R+ M- M
hk,
+IV(R" = R"™")|13 |

<CkY (IW — 607 || + V(W — 5w)||3 + IV () — w3 + [[v7 — w7 ||
j=1

He? = del |13 + V(97 = 6" IF + [V (e? = r™ [ + e/ — ™75

H167 — 60913 + |V (# — 579 |% + V(67 — 2 [3 + 1167 — 2|3 + || — 5M7 |3

HIV(ER —6R)|B + V(M7 — €)% + | M7 — €)%

CN
D

—-1
Jj=1

{llo? = w7 — @I —wh I el =T — (=
ML — g — (M — T |67 — 2 — (07—
+C max {[lo" = w3 + e = " 4 67— 2 4 M - g )

+C(Il’v0 =7 IV (u® = u®M[G + [l = ™5 + 1V (” = ") 1% + 116" — €115

16”0 + V(7 = 73 + MO — MO + V(R - R™)[3), (35)
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where C' > 0 is a positive constant assumed to be independent of the discretiza-
tion parameters but depending on the continuous solution.

Remark 1 We note that assumption (34) implies that these terms are homo-
geneous. Such conditions are found, for instance, in the case that the material
is homogeneous and isotropic, that is

aij(x) = ady;, ij(x) = ady; forall x € (2,

where a and « are constants and J;; represents the Kronecker symbol.

Proof First, we will derive the estimates for the velocity. Thus, subtracting
variational equation (15) at time ¢, for a test function w = w" € V" and
discrete variational equation (24) it follows that, for all w" = (wP)L , € V"

i

(i — o™ wl)y + (Aij:]i (g = ™) wl )y = (aiz (6" — 6"F:m) wl )y
+(Bijr (R, — Ry™), wi,j)Y + (Gij (@™ — Fm) wh )y =0,

1]

and so, for all w" = (w4, € VI,

i

p(vr — 51);“@77171)” _ Uhk ™y + (Aijkl (up ) — uZ’“l ™, o — lhf ™)y — (ag; (0" — ghk,n)jv?’j . UZ?’”)Y
+(Biju (Rp, — RES™), o — vff "y + (G (@™ whk’”) v — )
= p(0]' — 5Uzhk7na 7.1 - )Y + (Agjra (g, — qul ™, vlnj — wfj)y — (ai; (0" — Hhk’"),vgj — wﬁj)y
+(Bijr (RE, — th ol = wl )y + (G (™ = @) ol —wl)y
Keeping in mind that
(7 — S0 ™" ot =Py > (6] = Sup, o — o™y {II’U "G — [lon Tt — MR
(Aggia (g =y ™), oy = vy ™)y = (Aggra(uft, — uZ’i "), 'Zj —oui;)y
(A (uy — uph™), oull; — du ™)y,
(Aijr (upy — qul "), 0u; — 5uhkf”)y = o (Agjpa (ug, — qul "), upy — uf’;")y
—(Aggra (upy =gt =y

hk, _ hk,n— hk _ hk,n—
+(Agja (ugg  — ukln - (UZI 1 “k,z’n 1))7“?,;‘ - Ui,j’n — (uf;t = ug 5" 1))Y}a
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where we used the notations dv™ = (v —v""1)/k and du" = (u" —u"" 1) /k,
we obtain the following estimates for the velocity:

_ _ 1
L {lfor — oM — ot — o3 (A G — ),y — Sy

r -
~(Asgua (= "l =l

+(Aijrr (g, — uZ'i" (Uzll_u;ﬁn 1))’u?»j_u?>];7n_(u?,jl u?];" 1))y}
B (B = R0t = o)y + (G = ), 0 = o)y

(i (0" = "), 75 = 07"y

< C(Ili’" — 50" |H + V(" = 6u™)[B + IV (0" —w")[3 + IV (6" — a7
Ho™ —w|F + 07 = 05 + (o™ — o"E S + (IV(RT — R™ ™)1
(6 — SulEn on — wf)y) v = (WL, e V. (36)

Now, we will derive the estimates on the volume fraction speed. Therefore,
subtracting variational equation (16) at time ¢, for all r = r* € E" and
discrete variational equation (25) we get

J(en — Sehk:n Th)y + (Azg(SDJ hk n) )Y + £(pm hk n rh)y
—(aij (M — M), )y + (H (T ,’5 N ,J)Y + (G —u™™), )y
—k (0" — " oty (Fy(RE; — RIY™), )y =0 wrh € B,

and so, for all r* € E*

J(en _ 5ehk,n7 en — ehk,n)y + (A” (90 (ph;k n), 62 _ ehk n}z v+ (90 gahk moen ehk,n)y
").e
l

n hk,n n %k:,n n hk:n
— (v (M} — M;"™"), € —€; )y + (Hij(ti - e )y
(CU( 7.14 — ?zn) en — ehk,n)y _ H(en _ phk, moen — hk n)Y
( (Rn k n), e — hk,n)y
= J( 6ehkn,€n_7ah) Z](SDJ hk n) )Y‘i‘g( hk:n €n—7°h)y

+(A
n hk,n n hkn n
—(aij (M = M) ey — ol )Y+(H( - T )7€,j—7",}§)¥
e —

+(Cij (ul — uh]; ™), )y — k(O™ — Hhk moen —ph)y
+(Fij(R;.1 — RIS, em —rh)y

e
! )
n
K

Taking into account that

(én _ 5ehk,n7en _ ehk,n)y Z (en _ 56",6” _ ehk,n)y
1 n n n— n—
—{Ile — " — et — e TS )
hkn n hk,n hk,ny .n n
(Aij (e —57") e ,i—ikz )Y—(Au(w] ") @l — 00Ty
+(A71J (QOJ n) 6307, - 5%‘11 )Y7
(Aij (@ — "™, 5" 590hk "y = %{(Aij(w"j — ") n — Py
A n—1 __ _hkn—1 n—1 hk,n—1
—(Ai (T =) e e T )y
hk,n n hk,n— hk,n n— hk,n—
(A (0 — @ = (T = T 0 = T = (T = )y
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(wn _ (phk,n7 e — ehk,n)y — (wn _ (phk,n7 (pn _ gﬁhk’n)y + _{Hgn é-hk,nH%/
_Hgnfl _ ghk,nflng/ + Hgn _ ghk,n _ (gnfl _ ghk n— 1)||§/}7

where we used the notations de” = (e —e" 1) /k and dp" = (¢ — " 1) /k,
we have the following estimates for the volume fraction speed, for all 7" € E",

J rin n n— n— 1 n _ _hkny o hkn
S {llem = eRmg — flenmt — et ) LAy (0 = @, 0 — ey
n hk,n— n hk,n—
—(Aij (@t =" et =, 1)Y

hk, — hk, 1 hk, hk,n—1
(A% — O = (P =0T, e =l = (P = T ))Y}

G sh’f’"-lni +lgn — gk — gnt — ghkn-ty) 2 )

—(aiy (M = M]™™), e — ™M)y (Hiy (77 — 7157, e — )y

J J i )i 2 i
"‘(Cw(u?; - Uzljn)v e — ehk’n)y — k(0" — ghkm en — ehk’")y
+(Fi; (RZJ- — Rzljn), e — ehk’")y

< C(Ilé” =05+ V(" = 0™ |F + IV (e" =) IF + IV (" = "™)1%
Hle™ =T 107 = 0" + " — " + [ V(RT = RMM|
HIV (" = M))G + [ M = MG+ V(= )|
(e — dehkm em — rh)y). (37)
Now, we will obtain the error estimates on the temperature. Subtracting

variational equation (17) at time t = ¢,, for a test function z = 2" € E" and
discrete variational equation, we find that, for all 2" € E",

C( .n _ 50hk,n Zh)Y 4 (K*(ez _ HZk,n) ) ( ( 7 _ Thk,'n,) ZZ)Y
—(di (M} = M), ZZ)Y*’(A%J-(M-"— hk") z, ) + (big (M7 = M5™), 2"y

Hag (vl — o), 2y + (Hij (o7 — ), 20)y — k(e — e 2y )

and so, for all z" € V", it follows that

C(6m _ 69}#9,717 on — ghk,n)y + (Kz*g (6’2 _ 92k,n>7 6‘,7; . HZk,n)Y + (Kij (Tn _ Thk 77,)7 6‘,7;
n hk,n n hk,n n hk,n n hk n
—(di; (M; —th )07 — 07" )y + (Af; (M _];\i )05 =0 )y
+(bU(Mn M n) 9" ehk,n)y + (aij (Ugj n) on — ehk’n)y
(e”

Vi j
+(Hij (7 — w’ik”) 0 — 0" )y — k(e — ehhm gn — ik,

= c(0 — 50" g — 2Py + (K ((w —OhEY), 0 — 2Ry o (K (= T e — 2y

5]
—(d (MP — M), 0 — 2y + (A (M" - th ™), 0% — zf;)y

by (M7 — M, o "y + (a; ( —Uhk") o —z")y
+(Hij (0% — <P]an) 0% — 2" )y — k(e chin 0" — 2"y
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Keeping in mind that
. . 1
(en _ 69hk,n7 " — Hhk’n)y > (en _ 56‘”, " — ehk,n) _k {||6m _ ehk,n”%/ _ ”91171 _ ehk,nflni} 7
n hk,n n hk,n n hk,n -n n
(Kij (7] —757"), 0% —fi )y = (Kijh(]:,j =T ) Th =0Ty
+(Kij (7] — 7 ), 0r = o6r " )y
n hk,n n hk,n n hk,n n hk,n
(K7 = 7,07 = 6ribm)y = — (g = 7m) o — )
e GG i N i 1%
n hk,n n— hk,n— n hk,n n— hk,n
(K (') = T = (rmt ey i (et ety
n hk,n n n hk,n n
(aij(vy —vi™), 0" = 2M)y = —(aij () —v™"™), 0% — 2"y,
where we used the notations 66" = (0" — §"~1)/k and 7" = (7" — 7"~ 1)/k
and assumption (34), we get the following estimates for the temperature, for
all 2 € E",
1 n n n— n— * (N hk,n n hk,n
o7 6" - MR —[|on Tt — @M L (K05 - 0577, 0% — 6 )y
1 n _hkny n_hkn ne hkn—1y _n— ke, m—
o { (7 = ) 7 = )y — (0 (T = e, = ey
n hk,n n— hk n—1 hk n n— hk,n—1
(K (7 = TP — (7 = e A
n hk,n n hk,n hk,n n hk,n
( ZJ(M — M; ) 9 9 )Y (A]( - M; ); 9 913' )y
+(bz ( th n) " — ehk n)Y (au( _ hk n) " — ehk,n)y
+( i ((P : hk n) 911 _ ehk n) ( hk n 971 ehk,n)y
C(H@" — 36" ||3 + IIV(T' =3 + IV (" =2 H + IVE" = ")
HO" = 2T et = BT+ V(" = ") [F + M= M
+||vn vhk,n”%{ + (69" _ 59hk,n7 " — Zh)y + ”971 _ ehk,nH%/)
+e|[ V(0" = 0" | + €| V(M" = MM, (38)

where € > 0 is assumed small enough.

Finally, we will obtain the error estimates on the microtemperatures. There-
fore, we subtract variational equation (18) at time ¢, for a test function
¢ = ¢" € VM and discrete variational equation (27) to obtain the following
estimates, for all £" = (¢M)%, € V,

(cif (M} — 5th "), My + (Cijra (R, — RS, €05 + (Cypa (M, — M), €0 )y
(A (M — M), 5") — (bij (0™ — "), € )y
+(an( " :: M), &)y + (dig (07 — 9hk:k) My + (aij(eh — "), )y
+(Afj( 9 n) fh)Y + (Bklu (ukl Ug 1 n) zhj)Y =0,
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and so, for all £&" = (€74, € V" it follows that

‘rn hk,n n hk,n n hk,n n hk,n
(cij (M = 0M;™"), M — M)y + (Ciygr (Ry, — Ry "), MY — M)

]

H(Cp (M, = MET™), M = M)y + (A3 (M — M™™), MP =M™y
( l](en ehkn) Mn thn)Y""(F ( hkn) Mn thn)Y
+(di (07 — "5 ™), M” — MMy + (0 (e — ehk ™), MP — MMy
+H(AZ (07 — 055", MP = M)y + (Brag (uf, — uZ’i") Mp; = M)y

= (cij (M - 5th ), M — €0y + (Cogra (R, — RER™), M7, —€l)

+( zgkl(Mkl th n) M — Zj)Y+(A3 (M"—M]hk "), M=)y
— (b (0™ — 6" m), M, 5, Dy + (Fij(" = "), M" ”)Y

+(di; (07 9h’“") M” )y + (aij(en — ™), M — ¢hyy

H(AZ (07— 0", MP =€)y + (B (ufl, — upty n) M} — &)y

Keeping in mind that

hk,n n hk,n ‘rm n n hk,n
(ci(M] 50M ), M = M)y = (i (M} — M), Mi* — M;™")y
2 n n n— n—
om {17 = M — - M
Cijri(RY, — RYM™), M, — M)y = (Ciji(RE, — RIS™), RP . — SR}y
J k,l k,l %] 1,7 J k,l k,l 1,7 i,

+(Cijra(Ry, — RiS™),0RE; — 531?,?”)1/
(Cigna (Rity = BEG™), 0B = SRy = = { (Com (B = REE™), R = RISy

—(Cig (R = R, R = RIS )y

n hk,n n— hk,n— n hk,n n— hk,n—

+(h€ijkl( - Rk,l - (Rk,l t- Rk,l 1))7Ri,j - Ri,j - (Ri,j 't Ri,j 1))Y}=

(cvij(e —e™™), M" &y = —(aij(em —eMmm), M — €1y,

where we used the notations éM"™ = (M" — M"il)/k and JR" = (R" —

R" 1) /k, and assumption (34), we obtain the following estimates for the mi-
crotemperatures, for all £" = (€14, € V",

02 n n n— n— hk,n n hk,n
5o (I = MR — D = MR (O (M = M, M = M)y

1 n hk,ny on hk,n n— hka—1y pn— hk,n—1
+%{(Cijkl( k,d — Rk,l )7Ri,j - Ri,j )y — (Cijkl (Rk,z 't Rk,z )7Ri,j - Ri,j )y

H(Cuna (B = B = (R = BY™4), Ry = RIS — (RIS~ REZ™)v )
(AL (M = M), M = M)y

= (Bi (0" = "), My = M)y + (B (o = ™), MYy = MiT")y
H(di (07 — 0"F™), M — M)y — (ai(e™ — ehk’") MP; — M]'P™)y
(AT (07 — 015™), M =M™y + (Bjaij (ufty — wys™), MYy — MU' )y

< C(IIM" =M™} + IV(R" = 6R") g + [V (M" = "3 + |V (u" — "5
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™ = € + 07 = 6" |3+ [lo” — G+ [V (R - RM|
Hllem = R 4 (M — SMT M — €Yy + M= M)
el V(" — 6" 3 + € V(M — MM, (39)

where € > 0 is assumed small enough.
Using assumption (10) we find that

* n hk,n n hk,n n hk,n n hk,n
(Cijkl (Mk,l - Mk,z )7%@;‘ - Mi,j h)kY + ((Azlj + Azzj)(e,j _hg,j )7Mi - %z )Y
HEG (07 = 0777), 0% — 075" )y + (A% (M — M), M — M)y
> Ko([V(0" = 0"™) |3 + [V(M™ = M™™)[[g + [ M™ = M"™"|[3).

Therefore, combining estimates (36)-(39) it follows that

- _ 1
2_2/. {H’v" _ vhk,"H%I - ||,Un 1_ yhkn 1||?{} + %{(Aijkl (u;;l _ U’Z,kl)n)vuzj _ UZI;,n)Y

_ hk.n— — hk,n—
—(Aijri (ug 't upy " 1)7“?,;‘ ' ups" Yy
hk — hk,n— hk — hk,n—
+(Aijrr (ui — g™ = (ug) t- u " 1))#%‘ =" = (ug; t- up " 1))Y}
+(Biju Ry, — RES™), 0 — o5 ™)y + (Braag (upty — up™), M7 — M]'5™)y
J hk — hk,n— 1 hk hk
+tor {lle™ — "5 — et — MR} + %{(Aij(% =)l =y
_ hkn—1 _ hk,n—1
—(Ai(e =T, O — o T )y

n hk,n n— hk,n—1 n hk,n n— hk,n—1
(Ao — O = (@ =" T e — O = (O — ))Y}

+%{II€” R ] A |1 ] | A R | e (S ghkﬁnfl)ng}
o (Hig (71 = ), el = BTy (Hig (0 = 9,05 = 6y

Gy — "), = ey o+ (G (" = M), o — i)y

+(Fy(RE; = RUS™) e = M)y o (B (9" — "), M7y = MI ")y

ﬁ {llo™ — 0" — Jlon—t — g"E L3} + %{%(Tﬁ; =T, T =Ty
—(Ki; (7’371 — T)];k’nfl), Tffl - T)];k’nil)y

G = 75 = =) = = )y

Cz n n n— n—
o2 { M7 — MG M - M
1 n hk,ny on hk,n n— hka—1y pn— hk,n—1
+%{(Cijkl( kil Rk,l ), Ri,j - Ri,j )Y - (Cijkl (Rk,l - Rk,l ), Ri,j P Ri,j )Y

hk, -1 hk,n—1 hk, -1 hkmn—1
+(Cijkl( Z,l - Rk,l " (RZ,z - Rk,l " ))7Rzr'fj - Ri,j " - (R?,j - Ri,j " ))Y}
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< C(IIb" — 60" |[H +[IV(@" = oum)[ + V(0" —w")[E + [ V(u" —u"")|G
Ho" = w[[F 4+ 10" = 0" 5 + 0" — " + V(R — R™™M)|,
(G = S0 o —wl )y + |67 = S| + IV (" = dpM[5 + V(" =) 1%
HIV(" =" M)|[F + e — T.hII?/ HIMT = MY 4 V(=T
(e —de et — )y 4 16" = 66" + [V (7" = o) (I3 + V(0" = =) 1
7 — e — MR o — oM+ (587 — 56 6 — 2Py
M =M 3+ [[V(R” = SRY)[E + [V(M" = ")[3 + | M" — "%
F(OMP — MM M — gf)y) vwh, € e Vot 2 e Bh (40)

Now, we observe that

(Bijri (R, — RpS™), 0ul; — 6ul™™ )y + (Bragj (up, — upy™), 0RI; — SRS )y

1,7

1 hk hk hik,m— _ hk,n—
= E{(Bijkl( Z,l - Rk,z’")aﬁfj - Ui,j’n)Y — (Bijkl (RZI 't Rk,l)n 1)7“2;‘ L ui,jm 1)Y
hik, _ hk,n— hik, _ hk,n—
+(Bijm (R, — Ry, k,l " (RZ,z 't Rk,z " 1))= — U " (U?g t— U; 5 " 1))Y}a

(Ciglull; — ul™), 590 e o (T (s ") sup; — duls ")y

- E{(Cij (upy =gy ™) 9" = ")y = (G (s = w5, o = Ry
hk hk 1 _ _
(G (ufty — iy = (i =" ))MP"—%’ — (" = 1))Y},
(Hij (7 — hk ™), 80" — 5"y T (H (" — /P n) o7 — o7y
1 hk, S A - hkn—1
:z{%w—r "ty = Gy = (Hip( = )t ety
hk, - hk,n—1 hk, hk,n—1
F(Hi (77 = 4P — (717t = ), g — B (o - )y
so using again assumptions (11) it follows that
hk, —1 e hk - hkn—1
(Aij (u}i,z — U " (u}gkz t- Uk 1 " ))ﬂézg U; 5 — (Uz;]kl — U " ))th
+2(Biju (R, — Ry — (R, ' Ry 1))7“73' (O (T Pouh )y

+H(Cina (R, — RES™ — (Rp = RES™1), Ry — RES™ — (R?jl th "y
+2(Gij (" — ko — (ot — phknmly) yn R (- u}fk»’"*l))y
+&||p™ — oM — (<P"71 — @Mkn=1]13 >0,
(Aij (0" — ’”“ R (B R (o BRI A )
) g

k. 7 Wk 1 hk, hkn—1
+2(H;; ( T — (7} 1—;,]2 "1 ), % - "= (! ke ’; )y
+(Kza(7”—ﬁ — (=) = B (7 Ry > 0

Multiplying estimates (40) by k and summing up to n we have
[0 — "3 4 (g (i — wey ™) ulty — wl™)y + 2(Bijr (R, — Ry ully — uls"
Hllem = €T+ (Aig (e = ) = @y + 1l = €
+2(Hi (7 = i), el — 9y + Q(Cz'j (ufly —upy™) et =)y
+ (K (7] — T,}}k ") T - T,hk B A A D7 7 ]

+(kal( th n)v RZ?H)Y
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<Ck) (Ili)j =007 || + V(@ — 6 )G + V() —w" )G + [V () —u"™7)|3
j=1

Hlo? — w4 169 — 0753 + [l — |3+ V(R - RM9)|3

+(0v] — 6™ vl —w )y +[e7 — 6T} + IV (7 — 07 1H + IV (eF — r™)|3
IV = @)% + [l = v |3+ [ M7 = MBI |3 4 |V (79 — 713

+(8e) — 6™ eI — M)y 41|69 — 8693 + [V (+ — 79[ + V(67 — 29|13

167 = 293 4 lle? — €913 4 [lo? — 0" 3 4 (567 — 567,69 — 2 )y

I = 6MI |3 + V(R — 6R9) |3 + V(M — €49)||% + |M7 — 73

+(OM] = OMI™ M = 1)y ) + O = o F + [T (w — wtM)E + [le” — 3
FIV(° = @) 13 + 11€0 — €113 +116° — M 13 + IV (70 — 713 + [| MO — MO* |
V(R — ROh)||2Q) vwh, €h e Vi ot 2t e B

Finally, using assumptions (11) we find that

(Aijir (u = uph ™), ul s = wf™™)y + 2By (R — RY™)ufy — uls™)y

s U g — Ugj Ui g — Uiz
hk, hk, hk,
+(Cigrr (R, = Re7™ ), Ry = R )y +2(Ci (0" — @) ufty — ud ™)y
+Elje™ — "3 > C(HV(U" — w13 4+ V(R — RM™™M)|3 + |l - @hk’"H%/),

hk hk hk hk
(Aij (0" =050 — @ ")y + 2(Hig (17 —7;7"), % — @ )y

hk, hk,
(K (77 = 755, 7 = 55y 2 O (I = @RI + IV = 7% ).

Therefore, taking into account that

n

n
Y007 = 50 07— )y = 3 (0 — v — (o7 = gt T )y

_ (’U" _ ,Uhk,n7vn _ wh,n)H + (,UOh _ ’UO, ’Ul _ wh,l)H
n—1
+ Z(vj - vhkdv vl — th - (UJ+1 - thJrl))Hv
j=1
n n
kZ(éeJ deltid el — ThJ)y = (e — ehkd _ (771 — ehk’Jfl),eJ — Th’J)y
j=1 j=1
_ (en _ ehk,n,en _ Th’n)y + (eOh _ 60,61 _ Th’l)y
n—1
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kY (007 = 66" ,67 — 2MT)y =3 (07 — 0" — (077 — MR 00 — ")y
Jj=1 j=1
_ (911 _ ehk,n7 " — Th’n)y + (90}1 _ 907 91 _ Th’l)y
n—1
+ Z(gj _ ghkyj, 97 _ phd _ (9j+1 _ Th,j+1))Y7

j=1

kY (OM? =M™ M7 — M)y =y (M7 — MM — (M - M) MY - €M)
Jj=1 J=1
_ (Mn _ th,n7Mn _ £h,n)H + (MOh _ MO,Ml _ Sh,l)H
n—1
+ Z(MJ _ thﬁj,Mj _ éh,j _ (Mj+1 _ Eh’j+l))H,

j=1

applying again a discrete version of Gronwall’s inequality (see [4]) we derive
error estimates (35).

We remark that these a priori error estimates can be used to obtain the
convergence order of the approximations given by Problem VP"*. Thus, as an
example, we have the following result which states the linear convergence of
the algorithm under suitable additional regularity conditions.

Corollary 1 Let the assumptions of Theorem 2 hold. Therefore, if we assume
the following additional regularity:

u, Re H30,T; H) N W0, T; [HX(2)]%) N H2(0,T; V),
0, 7€ H*(0,T;Y)N L0, T; H*(2)) N HY(0,T; E),

it follows that the approzimations obtained by Problem VP are linearly con-
vergent; that is, there exists a positive constant C, independent of the dis-
cretization parameters h and k, such that

max {[lo" = 0" g+ V@ = w0 g + e — ey + V(" — )
0<n<N

8" = 87y 4 [l = Gy + V(" = T g M= M
HIV(R" = R "o} < C(h+ ).

4 Numerical results

In this final section, we will present some numerical results obtained in one-
and two-dimensional examples.

In the numerical resolution we assume that the material is homogeneous
and isotropic and therefore, the tensors defined in Problem P can be simplified.
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In particular, we will assume the following form for all of them:

Aijriugawij = (A + p)ui jwi i + pug jw; ;o for all w = ()L, w = (w;))L, €V,
aijbw; ; = abw,;; forall 0€ E, w= (w;)l, €V,

Bijkleﬁlwiﬁj = BRiijiyj forall R = (Ri);-izl, w = (wi)le eV,

Gipwi; = Cow;; forall g€ E,w=(w), €V,

Aijori = Apr; forall o, rekE,

OzijMiTJ = OéMi’I”yi forall M = (Ml)ldzl S V, re E,

Hijzﬁirﬁj = HZyiTﬁi for all z,re R,

Finiij = FRLZ"I” forall R= (Rl)le eV,rekE,

K;‘J»szJ = K*Qizﬂ- for all 9, zeF,

KijTﬁjZﬂ' = KTJ'ZJ' for all 7,2 €K,

dijMiZ)j = DMiZ)i forall M = (Mi)gzl eV,zek,

AliM;zj = A'M;z; forall M = (M;)}, €V, z€E,

bile'Zyj = le,ZJ forall M = (Mz)zdzl eV, zeFE,

Cijkle,lwi,j = ClRi,iwi,i + C2Ri,jwi,j forall R= (Ri);-izl, w = (’wi);-izl € V,
C;‘jkle,lwi,j = CikRi)i’wi)i + C;Ri7jwi,j forall R= (Ri);-izl, w = (wi);-i:l ev,
A%@iji = Azﬁﬁiwi forall 6 € E w= (wi)zd:1 eV,

A;?’ijwi = ABMZ’LUZ forall M = (Mi)ld::L? w = (wi)ldzl eV,

Ciijgi = C*Mifi forall M = (Mi)gzla S = (51’)?:1 evV.

Hence, using these tensors, discrete problem V P"* leads to a linear system
for a variable U in an adequate product space which is solved by using classical
Cholesky’s method. This numerical scheme was implemented on a 3.2 Ghz PC
using MATLAB, and a typical 1D run (h = k = 0.01) took about 0.622 seconds
of CPU time, meanwhile a typical 2D run took about 3.66 seconds of CPU
time.

4.1 Numerical convergence and asymptotic behavior in a one-dimensional
problem

As a simpler one-dimensional case, we will consider the following one-dimensional
version of Problem P using the isotropic and homogeneous expressions given
above. We note that, in some cases, the coefficients are collected together
because they lead to the same term.

Problem P'P. Find the displacement u : [0,1] x [0,1] — R, the volume
fraction ¢ : [0,1] x [0,1] = R, the thermal displacement 7 :[0,1] x [0,1] = R
and the microthermal displacement R : [0,1] x [0,1] — R such that
Pl = pgy + (o — a7y + BRyw + F1 in (0,1) x (0, 1),

Jp = Apzs — Cug — Ep + ki + Hryy — FRy —aR, + F> in (0,1) x (0,1),
¢f = KTpy + Hppy — ity — ki + A Ry + K*7py — bRy — DR, + F
in (0,1) x (0,1),
¢*R = CRyy 4 Bugy + Fpy — apy — Diy + C*Ryy — AR — biy — A%7y + Fy
in (0,1) x (0,1),
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u(0,t) =u(1,t) = ¢(0,t) = p(1,t) =0 for a.e. t€(0,1),
7(0,t) = 7(1,t) = R(0,t) = R(1,¢{) =0 for a.e. te(0,1),
u(z,0) = 4(z,0) = p(x,0) = QL.?.(ZC,O) =x(x—1) forae x€(0,1),
7(z,0) = 7(2,0) = R(2,0) = R(z,0) =z(x — 1) for a.e. z € (0,1),

Fi(z,t) = e’ (z(z — 1) - 8),
Fy(x,t) = et (8z —8),

F3(x,t) = et (4o(x — 1) — 14 + 4x),
Fy(z,t) = e (3z(x — 1) — 14 + 6z),

and we used the following data in the simulations:

p=1 wu=2, (=1, a=1, B=2 J=1, A=1, (=2, k=3,
1, F=2, a=1, ¢c=1, K=3, K*=3, D=1, b=1,
=2, (C=3 Cr=2 Al=1, A3=1 A?2=2.

The exact solution to Problem P'P can be easily calculated and it has the
following form, for (z,¢) € (0,1) x (0,1),

u(z,t) = p(x,t) = 7(x,t) = R(z,t) = e'z(z — 1).
The numerical errors, given by

R e o e B I i [ [N

6™ = 9y o™ = Gy 17 = TR,y
M = MRy (R — RPEm) |y |,

and obtained for different discretization parameters h and k, are depicted in
Table 1. Moreover, the evolution of the error depending on the parameter h+k
is plotted in Fig. 1. We notice that the convergence of the algorithm is clearly
observed, and the linear convergence, stated in Corollary 1, is achieved.

hlk— 0.1 0.05 0.01 0.005 0.001 0.0005
1/23 1.070021 | 1.068799 | 1.068409 | 1.068338 | 1.068314 | 1.068303 | 1.068300
1/2% 0.537092 | 0.534805 | 0.534131 | 0.534026 | 0.533997 | 0.533986 | 0.533984
1/2% 0.272919 | 0.268519 | 0.267229 | 0.267039 | 0.266989 | 0.266974 | 0.266972
1/25 0.144580 | 0.136480 | 0.133980 | 0.133609 | 0.133515 | 0.133488 | 0.133484
1/27 0.085436 | 0.072347 | 0.067714 | 0.066989 | 0.066804 | 0.066751 | 0.066744
1/28 0.060382 | 0.042813 | 0.035229 | 0.033857 | 0.033494 | 0.033390 | 0.033375
1/29 0.050677 | 0.030320 | 0.019950 | 0.017616 | 0.016929 | 0.016724 | 0.016695
1/210 0.047323 | 0.025500 | 0.013302 | 0.009978 | 0.008808 | 0.008420 | 0.008362
1/211 0.046323 | 0.023846 | 0.010663 | 0.006656 | 0.004989 | 0.004322 | 0.004209
1/212 0.046056 | 0.023357 | 0.009722 | 0.005338 | 0.003328 | 0.002360 | 0.002159
1/213 0.045988 | 0.023227 | 0.009432 | 0.004868 | 0.002668 | 0.001481 | 0.001176

Table 1 Example 1: Numerical errors for some h and k.
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Fig. 1 Example 1: Asymptotic constant error.

If we assume now that there are not volume forces, and we use the following
data:
T=20, p=05 pu=7 (¢(=1, a=1, B=2 J=10, A=1,
&E=5 k=3, H=1, F=01, a=1 c¢=1, K=3, K*'=3,
D=1, b=1, c¢*=2, C=3, C*=5 Al=2 A3=1, A?2=2,
and the initial conditions:

u’(z) =% (z) = R%(2) = M%(2) = z(z—1) for z € (0,1), ¢’ =e’=7"=¢" =0,

taking the discretization parameters h = k = 1073 the evolution in time of
the discrete energy £%™, defined as

1

g = Do 4 T + el + e MG 4+ ANl
(B, RSy 4 CREEM I+ (Gul, oM )y 4 €3
A2 b3 (Hgthm, 25 m)y 4 K[ 2 )

x

is plotted in Fig. 2. As can be seen, it converges to zero and an exponential
decay seems to be achieved.

4.2 Numerical results in a two-dimensional problem

For this second example, the square domain [0, 1] x [0, 1] is considered, assumed
to be clamped on its vertical boundaries {0, 1} x [0, 1] and traction-free on the
rest of the boundary.

The following data have been employed in this simulation:

2=(0,1)x(0,1), T=1, p=1, A=1, pu=1, (=1, a=1,

=2, J=1, A=1 ¢=2, k=3, H=1 F=2 a=1 c=1,
3 =3, D=2, b=2 =2 (=2 C=2 Cf=1,
C;=1, Al=2 A2=1 A3=1,
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Fig. 2 Example 1: Evolution of the discrete energy in natural and semi-log scales.

and the initial conditions:

wW=v"=R"=M"=0, 7°=6°=0,
¢(z,y) = e(z,y) =z(x—1) forall (z,y) € (0,1)x (0,1).

Taking the time discretization parameter £k = 0.01, in Fig. 3 we plot the
norm of both the displacement (left) and microtemperatures (right) at final
time and over the deformed mesh. As expected, due to the clamping condi-
tions, the displacement and the microtemperatures, which are generated by
the volume fraction, have a similar behavior.
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Fig. 3 Example 2: Norms of the displacement (left) and microtemperatures (right) at final
time over the deformed mesh (multiplied by 10).

Moreover, in Fig. 4 we plot the microthermal displacement (left) and the
volume fraction (right) at final time. We note that the volume fraction, even if
it has a quadratic behavior, changes its sign, being now positive. Thus, in Fig.
5 the evolution in time of the volume fraction at middle point @ = (0.5,0.5)
is shown. As we can see, it starts to increase after some time and it seems to
converge to a steady state.
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Fig. 4 Example 2: Microthermal displacement and volume fraction at final time.
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Fig. 5 Example 2: Evolution in time of the volume fraction at point @ = (0.5,0.5).

Acknowledgments

The work of J.R. Ferndndez was partially supported by Ministerio de Ciencia,
Innovacién y Universidades under the research project PGC2018-096696-B-
100 (FEDER, UE). The work of R. Quintanilla was supported by projects
“Analisis Matematico de Problemas de la Termomecéanica” (MTM2016-74934-
P), (AEI/FEDER, UE) of the Spanish Ministry of Economy and Competitive-
ness, and “Analisis matemaético aplicado a la termomecénica” (Ref. PID2019-
105118GB-100), (AEI/FEDER, UE) of the Spanish Ministry of Science, Inno-

vation and Universities.

References

1. Almeida Junior, D. S., Ramos, A. J. A., On the nature of dissipative Timoshenko
systems at light of the second spectrum of frequency, Zeitschrift fiir Angewandte Math-
ematik und Physik, 68, 145 (2017).



A type III thermo-porous-elastic problem with microtemperatures 27

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

. Aouadi, M., Ciarletta, M., Passarella, F. Thermoelastic theory with microtemperatures

and dissipative thermodynamics, Journal of Thermal Stresses, 41, 522-542 (2018).
Bazarra, N. Fernandez, J.R. Numerical analysis of a contact problem in poro-
thermoelasticity with microtemperatures, Zeitschrift fiir Angewandte Mathematik und
Mechanik, 98, 1190-1209 (2018).

Campo, M., Fernandez, J.R., Kuttler, K. L., Shillor, M., Viafio, J. M. Numerical anal-
ysis and simulations of a dynamic frictionless contact problem with damage, Computer
Methods in Applied Mechanics and Engineering, 196(1-3), 476-488 (2006).

Casas, P., Quintanilla, R. Exponential stability in thermoelasticity with microtempera-
tures, International Journal of Engineering Science, 43, 3347 (2005).

Casas, P., Quintanilla, R. Exponential decay in one-dimensional porous-
thermoelasticity, Mechanics Research Communications, 32, 652-658 (2005).

Cattaneo, C. On a form of heat equation which eliminates the paradox of instantaneous
propagation, Comptes Rendus de I’Académie de Sciences de Paris, 247, 431-433 (1958).
Chirita, S., Ciarletta, M., D’Apice, C. On the theory of thermoelasticity with microtem-
peratures, Journal of Mathematical Analysis and Applications, 397, 349-361 (2013).
Ciarlet, P. G. Basic error estimates for elliptic problems. In: Handbook of Numerical
Analysis, P.G. Ciarlet and J.L. Lions eds., vol II, 17-351 (1993).

Ciarletta, M., Straughan, B., Tibullo, V. Structural stability for a rigid body with ther-
mal microstructure, International Journal of Engineering Science, 48, 592598 (2010).
Cowin, S. C. The viscoelastic behavior of linear elastic materials with voids, Journal of
Elasticity, 15, 185-191 (1985).

Cowin, S. C., Nunziato, J. W. Linear elastic materials with voids, Journal of Elasticity,
13, pp. 125-147 (1983).

Green, A. E., Naghdi, P. M., On undamped heat waves in an elastic solid, Journal of
Thermal Stresses, 15, 253-264 (1992).

Eringen, A. C. Microcontinuum Field Theories. I. Foundations and Solids, New York,
Springer (1999).

Feng, B., Apalara, T. A. Optimal decay for a porous elasticity system with memory,
Journal of Mathematical Analysis and Applications, 470, 1108-1128 (2019).

Feng, B., Yin, M. Decay of solutions for a one-dimensional porous elasticity system with
memory: the case of non-equal wave speeds, Mathematics and Mechanics of Solids, 24,
2361-2373 (2019).

Fernandez, J. R., Masid, M. Analysis of a problem arising in porous thermoelasticity of
type II, Journal of Thermal Stresses, 39 513-531 (2016).

Fernandez, J. R., Masid, M. A porous thermoelastic problem: an a priori error analysis
and computational experiments, Applied Mathematics and Computation, 305, 117-135
(2017).

Fernandez, J. R., Masid, M. Numerical analysis of a thermoelastic diffusion problem
with voids, International Journal of Numerical Analysis and Modeling, 14, 153-174
(2017).

Green, A. E., Naghdi, P. M. Thermoelasticity without energy dissipation, Journal of
Elasticity, 31, 189-208 (1993).

Grot, R., Thermodynamics of a continuum with microstructure, International Journal
of Engineering Science, 7, 801-814 (1969).

Iesan, D., Thermoelasticity of bodies with microstructure and microtemperatures, In-
ternational Journal of Solids and Sructures, 44, 8648-8653 (2007).

Iesan, D. On a theory of thermoelasticity without energy dissipation for solids with
microtemperatures, Zeitschrift fiir Angewandte Mathematik und Mechanik, 98, 870—
885 (2018).

Iesan, D., Quintanilla, R. On a theory of thermoelasticity with microtemperatures,
Journal of Thermal Stresses, 23, 195-215 (2000).

Iesan, D., Quintanilla, R., On thermoelastic bodies with inner structure and microtem-
peratures, Journal of Mathematical Analysis and Applications, 354, 12-23 (2009).
Iesan, D., Quintanilla, R. On a theory of thermoelastic materials with double porosity
structure, Journal of Thermal Stresses, 37, 1017-1036 (2014).

Iesan, D., Quintanilla, R. Qualitative properties in strain gradient thermoelasticity with
microtemperatures, Mathematics and Mechanics of Solids, 23, 240-258 (2018).



28

Noelia Bazarra et al.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

Kothari, S., Mukhopadhyay, S. Study of harmonic plane waves in rotating thermoelastic
media of type III, Mathematics and Mechanics of Solids, 17, 824-839 (2012).

Kumar, R., Vohra, R. Effect of hall current in thermoelastic materials with double
porosity structure, International Journal of Applied Mechanics and Engineering, 22,
303-319 (2017).

Kumar, R., Vohra, R. Forced vibrations of a thermoelastic double porous microbeam
subjected to a moving load, Journal of Theoretical and Applied Mechanics, 57, 155-166
(2019).

Kumar, R., Vohra, R., Gorla, M. Reflection of plane waves in thermoelastic medium
with double porosity, Multidiscipline Modeling of Materials and Structures, 12, 748-778
(2016).

Leseduarte, M. C., Magana, A. Quintanilla, R. On the time decay of solutions in porous-
thermo-elasticity of type II, Discrete and Continuous Dynamical Systems - B, 13, 375-
391 (2010).

Magafia, A., Quintanilla, R. On the exponential decay of solutions in one-dimensional
generalized porous-thermo-elasticity, Asymptotic Analysis, 49, 173-187 (2006).
Magana, A., Quintanilla, R. On the time decay of solutions in porous-elasticity with
quasi-static microvoids, Journal of Mathematical Analysis and Applications, 331, 617—
630 (2017).

Magafia, A., Quintanilla, R. Exponential stability in type III thermoelasticity with
microtemperatures, Zeitschrift fur Angewandte Mathematik und Physik, 69(5), 129(1)—
129(8) (2018).

Magana, A., Quintanilla, R. Exponential stability in three dimensionaltype III thermo-
porous-elasticity with microtemperatures, Journal of Elasticity, 139, 153-161 (2020).
Miranville, A., Quintanilla, R. Exponential decay in one-dimensional type III thermoe-
lasticity with voids, Applied Mathematics Letters, 94, 30-37 (2019).

Miranville, A., Quintanilla, R.: Exponential decay in one-dimensional type II thermo-
viscoelasticity with voids, Journal of Computational and Applied Mathematics, 368,
112573 (2020).

Nunziato, J. W., Cowin, S. A nonlinear theory of elastic materials with voids, Archive
of Rational Mechanics and Analysis, 72, 175-201 (1979).

Quintanilla, R. On the growth and continuous dependence in thermoelasticity with
microtemperatures, Journal of Thermal Stresses, 34, 911-922 (2011).

Quintanilla, R. On the logarithmic convexity in thermoelasticity with microtempera-
tures, Journal of Thermal Stresses, 36, 378-386 (2013).

Ramos, A.J.A., Almeida-Junior, D.S., Freitas, M.M., DosSantos, M.J., A new exponen-
tial decay result for one-dimensional porous dissipation elasticity from second spectrum
viewpoint, Applied Mathematics Letters, 101, 106061 (2020).

Riha , P., On the theory of heat-conducting micropolar fluids with microtemperatures,
Acta Mechanica, 23, 1-8 (1975).

Riha, P.; On the microcontinuum model of heat conduction in materials with inner
structure, International Journal of Engineering Science, 14, 529-535 (1976).

Verma, P.D.S., Singh, D.V., Singh, K., Hagen-Poiseuille flow of microthermopolar fluids
in a circular pipe, Acta Technica CSAV, 24, 402-412 (1979).



