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Abstract

This Master’s Degree Thesis investigates periodic solutions to nonlinear equations involving
integro-differential operators. We show the existence and we describe these solutions for gen-
eralized Benjamin-Ono type nonlinearities, using a variational formulation and a constrained
minimization argument. We show that there exists a minimal period for which nontrivial solu-
tions exist, and we also provide stability and qualitative properties of these solutions. Further-
more, in the case of the fractional Laplacian and with suitable exponents of the nonlinearity,
we prove that the period where constrained minimizers change from constant to nonconstant is
strictly smaller than the period for which the unique positive constant solution loses stability.
Within the literature, the articles [5, 10], which concern two problems closely related to ours,
claimed that these two values of the period coincide. Their arguments to prove such claim were
incomplete but, if they could be completed, they would also work for our equation. In this
work we show that this task cannot be carried out, since we find an explicit range of parameters
(concerning the fraction of the fractional Laplacian and the pure power in the nonlinearity) for
which the equality does not hold.
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1 Introduction

This Master’s Degree Thesis concerns the study of periodic solutions to nonlinear equations for
integro-differential operators. This kind of equations appear in many physical contexts where
the modelling involves nonlocal interactions. Our motivation is to better comprehend the class
of periodic solutions of such equations through a variational approach. We summarize our two
main contributions in this direction.

e The existence of periodic solutions to integro-differential equations with Benjamin-Ono
nonlinearities is shown in [6, 7]. In this work we generalise this results by considering
integro-differential operators (such as, but not restricted to the Fractional Laplacian) and
nonlinearities other than pure powers but with similar properties. Using a constrained
minimization argument called the Nehari manifold method, we prove the existence of peri-
odic solutions and of minimal periods for which nontrivial solutions exist. This procedure
also gives us stability and qualitative properties of these periodic solutions. With these
results we try to overcome the lack of a phase plane analysis in the nonlocal framework,
in comparison to the local setting, where it is given by the theorem of existence and
uniqueness of ODEs.

e In the articles [5, 10], which concern two problems closely related to ours, the value of the
period where constrained minimizers change from constant to nonconstant was claimed to
coincide with the period for which the trivial solution loses stability. Their arguments to
prove such claim were incomplete but, if they could be completed, they would also work
for our equation. The main achievement of this work is to show that such task cannot
be carried out. We show this by finding an explicit range of parameters (concerning the
fraction of the fractional Laplacian and the pure power in the nonlinearity) for which the
equality does not hold.

We will primarily study the structure of periodic solutions to semilinear equations of the
form

Lru= f(u) inR, (1)

where u : R — R and Lg is an integro-differential operator defined by

Liu(z) ;= lim w(x) —u K(|z —yl|) dy, 2
wuGe) =t [ ()~ ) Kol dy )

whenever the integral and the limit make sense. In the sequel, we will omit the limit of truncated
integrals in the definition of L, that is, the principal value sense. The kernel K is such that

A

WSK(QSM for all £ > 0, (3)

for some constants 0 < s < 1 and 0 < A < A. Such condition implies that lim;_,g tK(t) = +o0
and limy_, oo tK(t) = 0. We will further assume that tK(t) is strictly decreasing in ¢. That is
to say,

tQK(tQ) < th(tl) for all 0 < t1 < t9. (4)

The well-known s-fractional Laplacian (—A)® corresponds to K (t) = cst~172%, where

s4°T(1/2 + s)
Cq 1=

/(1 —s) (5)



and clearly satisfies (4).

In the periodic setting, a crucial remark is that the standard Fourier basis of sinus and
cosinus are eigenfunctions of (—A)*. Consequently, the integro-differential operators have a
simple representation in the Fourier side through multipliers. This led Cabré, Mas and Sola-
Morales to consider in [6] semilinear equations in the form Lu = f(u) for general multiplier
operators given by

ink
Lu(x) = Zf (”Tk) uge L °, (6)

keZ

where u(z) = > .z umz%’” is a 2L-periodic function regular enough, and ¢ : R — R denotes
the symbol of L. As it was seen in [6], if we set

— L — Cos Iyl or an =
()= o [ (- cos) () dn forgeR\(O}, and () =0. (7

then we recover L from (6) simply by taking ¢ = £ . In the literature, the operator £ represents
the dispersion in simplified models for wave propagation. For instance, Bona and Chen in [8]
studied the general nonlinear wave equation

v — Loy +g(v)y, =0 forxeR, t>0, (8)

and it is easily seen that travelling-wave solutions v(z, t) = u(x —ct) of (8) are given by solutions
to Lu = f(u), for suitable nonlinearities f. This is precisely the motivation behind this thesis
and the works [6, 7].

There are many models in the literature that are represented by equations like (1). Such is the

case of the Benjamin-Ono equation (—A)Y2u = —u+u? from theoretical hydrodynamics [4, 12].
This model can be extended to the generalized Benjamin-Ono equation (—A)%u = —u+ |u|P~tu
for0<s<land 1 <p< %i‘gz

In this direction, we look for periodic, even and positive solutions to
Lru=—u+g(u) inR, 9)

for some nonlinearity g satisfying certain properties to be mentioned afterwards. This equation is
the integro-differential version of the generalized Benjamin-Ono equation, replacing the nonlinear
term uP for a more general nonlinearity g(u). The case g(u) = uP where 1 < p < %f%i is fully
covered in the work of Cabré, Mas and Sola-Morales [7].

We will prove the existence of solutions to (9) as critical points of an associated functional
applied to 2m-periodic functions. Consequently, we shall study how Ly behaves with respect
to rescaling. Given p > 0 and u : R — R, define v : R — R by u(z) = v(ux). This way, for
2’ = px, a change of variables shows that

Cxculz) = / (0(p) — o)) K (| — yl) dy
1

_ /R (v(e!) ~ v(w) K <w> dy = u2 L, (i),

where we have set
1 t
K,(t) = ——K | — for all t > 0.
“( ) IulJrZS < >



Let us note that, by (3),

A
<K,

s = for all t > 0 and all u > 0, (11)

A
(1) = s

so both K and K, have the same growth estimates independently of ;x> 0. In the case of the
fractional Laplacian, we have K = K. Moreover, by (4),

K, (1) < u3° K, (t) for all 0 < py < pg and all ¢ > 0. (12)

We develop a constrained minimization method where all the functions under consideration
have the same period, namely 27. In this direction, let L > 0 and u : R — R be a positive and
2L-periodic solution to (9). If we write

Tx), (13)

u(z) = w(

~

then w : R — R is 27-periodic and considering (10) for p = n/L,

Lk, w= —(%)2810 + (%)289(10). (14)

With this we observe that finding nontrivial 27-periodic solutions to (14) is equivalent to finding
nontrivial 2L-periodic solutions to (9). This allows us to consider (14) as the starting point of
the constrained minimization method, with the benefit that all the functions under consideration
have the same period, independently of L > 0.

Let Ep, be the functional defined by

5 ([ (7 [7)-()" [Low wrvesin w9

with G (v fo g. The space H? ep,L’ which will be described in more detail in Section 2, refers

to the space of 2L-periodic and even functions v : R — R such that

/ / / [v(@ ’1+25 dy dr < 4o0.

Let ¢(L) be the minimal value for £y, on Hg, ; \ {0}, that is to say,
o(L) :==inf {EL(v):ve HS, ., v#0}. (16)

If w € HS,, is a positive minimizer of c(L), we will show that w solves (14). As a result,
every positive minimizer w of ¢(L) yields a 2L-periodic and even solution u to (9). From the
minimization procedure we will also prove that there exists a unique period L, for which the

only minimizers of E} are constant functions if L < L, and nonconstant functions if L > L.

In the sequel, we will further assume that the nonlinearity g € C'*¢(R) for some ¢ > 0 and
is such that

g91) 9(0) = ¢'(0) =0,

<

(1)

(92) g(u)/|u| is strictly increasing in (—o0,0) and (0, +00),
(93) G(u)/u? = 400 as |u] — +oo,
(94)

g4) There exist g > 2 and R > 0 such that 0 < uG(u) < g(u)u for all |u| > R,



142
(g5) |g(u)] < C(1+ |ulP) for some C' >0 and 1 < p < 15?,

(g6) ffag >0 for all a > 0.

Note that g(u) = |ulP~lu with 1 < p < 125 satisfies all the above conditions. Under these
assumptions, we will see that there exists a unique real number wy > 0 such that g(ug) = wo,
therefore a unique constant solution to (9) and a critical point of (15). In particular, its energy
is

Ei(ug) = %(%)zs (7“;3 _ G(u0)> . (17)

Our approach to find minimizers of the energy is based on the Nehari manifold method,
since a constrained minimization argument like that of [7] is no longer available for nonlinearities
more general than pure powers. We give a description of the Nehari manifold method in Section
3, while further details may be found in [15], a complete survey on this method. Denoting
®(v) = FEr(v), this method consists of finding a minimizer for ® amongst a subset N called
Nehari manifold that contains all critical values of ®. In particular, we can write our functional
d as

2(v) = 3 |ol]> ~ 1), (18)

lv]]? := /ZﬁKﬂ/LUU—i— (%)2 /7r v and I(v) = (%)2 /Tr G(v). (19)

™ —Tr

with

We will see that [[v]| defines a norm in Hg, and that, if g satisfies (g1)-(g6), we will be able to
apply the Nehari manifold method on ®.

Once the minimization procedure is done, we study the stability of the solutions u obtained
through the constrained minimizers of Er. This leads to the study of the spectrum of the
linearized operator associated to (9) acting on Hg, ;. that is,

Lot = Lxp+1—g (W forde Hy, . (20)

One can easily see that the eigenvalues of £, ; form a nondecreasing sequence oy (L) <
o2 (Lyr) < 03(Lyr) < ... We will prove that, for minimizers, the first eigenvalue is always
strictly negative while the second one is nonnegative. As a result, we can find an upper bound
for the threshold L, introduced above looking at the linearized operator at the constant solution
u = ug. More precisely, under the assumption (4), there exists a unique Ly > 0 such that

() = o/ (uo) — 1, (21)

where (i is given in (7). We will show that L, < Lg. This constant Ly is the precise period for
which the nontrivial constant solution to (9) loses stability, that is, o2(Ly,,r) > 0 for L < Lg
and o2(Ly,,1,) <0 for L > Lg. For the fractional Laplacian case, we get

1

Lo=m (g (uo) —1) 2.

All these results are the generalization of Theorem 1.4 of [7] and are fully described in
Theorem 1.1 below, whose proof is given in Section 4.

Theorem 1.1. Let g satisfy (g1)-(96). Then, for every L > 0, we have 0 < ¢(L) < +o0 and
the infimum in (16) is attained. Every minimizer is of class C'72% and does not vanish in R.
In particular, there always exists a positive minimizer.



Let w € HZ, ;. be such that Er(w) = ¢(L) and w > 0 in R and set u(z) = w(Tz). Then, u is

a 2L-periodic, of class C1725 | even and positive solution to Liu = —u-+g(u) in R. Furthermore,
01 (Lur) <0< 02(Ly1), where L, 1, is the linearized operator at u given by (20).

Finally, there exists a unique Ly > 0 for which the following holds:
(1) If 0 < L < Ly then ¢(L) = Er(ug) and it is only attained at constant functions.
(i) If L > Ly then c¢(L) < Er(ug) and ¢(L) is only attained at nonconstant functions.

(7i1) It holds that L. < Lo, where Ly is given in (21). Moreover, for Lx = (—A)*, we have
1
that Lo = 7 (¢’ (ug) — 1) 2s.

In all three cases Er(ug) given by (17) is the energy of ug, the constant positive nontrivial
solution to (9).

However, from our arguments above we cannot tell whether the values L, and Ly coincide
or not. From now on, we will focus on positive solutions to

(=A)’u = —u +uP, (22)

for some 1 < p < 1222 if 0 < s < 1/2 and 1 < p < +00 if 1/2 < s < 1. In [7] Cabré, Mas,
and Sola-Morales find 2L-periodic and even positive solutions to (22) through a constrained
minimization method. Their arguments are the following: for L > 0 and u : R — R a positive
and 2L-periodic solution to (22), we set

(“A) = — (%)280 o, (23)

Thus, as in our case, finding nontrivial 2L-periodic solutions to (22) is equivalent to finding
nontrivial 27-periodic solutions to (23). This allows them to consider (23) as the starting point
to develop a constrained minimization method, where all the functions under consideration in
(23) are 2m-periodic, independently of L > 0.

Then they define the functional

ST (A ww + (£)* [T w?

Er(w):= 5 for w e HZ, -, w # 0, (24)
(47, )7
—Tr
and also
o(L) :==inf {Ep(w) :we HZ, ,, w#0}. (25)
They see that any positive minimizer w of ¢(L) in H, . satisfies the associated Euler-Lagrange
equation
I\ 2s ™ _2%
(—A)’w = —(—) w ~+ ¢(L) (/ ]w|p+1> wP, (26)
™ —T
thus taking
1
P+




they see that v and u solve (23) and (22), respectively.

From their minimization procedure, they are able to prove that there exists a unique period
L, for which the only minimizers of ¢(L) are constant functions if L < L, and nonconstant
functions if L > L,. Moreover, they also see that

Ly=n(p—1)"% (27)

is the precise period for which v = 1, the nontrivial positive constant solution to (22), loses
stability, hence L, < L.

In [5] Berestycki and Wei use a constrained minimization argument to find solutions to
—Au = —u + ¢? in an infinite strip with Neumann boundary conditions. In their work they
also show the existence of a critical period for which the minimizers change from constant to
nonconstant (that is, the analog of our L,), and a unique period for which the trivial solution
loses stability (that is, the anlalog of our Lg). Despite that their scenario is different than ours,
the approach used in [7] strongly relies on the ideas from [5]. In [5] they claim that these two
special periods coincide, which in our scenario would read as L. = Lg, although their proof of
the equality is not complete. Indeed, they prove the analog of L, < Lg and that, if L, > Lo,
then there is a contradiction.

In [10], for the energy functional associated to the fractional Yamabe problem, it is also
claimed that L, = Lg. Although our scenario differs from the one they consider, the arguments
they use to prove such claim would also apply to our case. However, there is a gap in their
arguments for proving the inequality analogous to Ly < L., at some point they assume the
positiveness of an eigenfunction that must be orthogonal to a nontrivial constant function. Con-
sequently, their arguments only yield an estimate from above, which, in our setting, correspond
to L* < L().

These difficulties when proving L, = L¢ suggested that perhaps one would have L, < Ly
in some cases. Here, we indeed find a specific range of parameters s and p for which L, < L.
To do so, we shall find a period L < Ly and a function u € Hg, ;. such that Er(u) < Er(1),
thus asserting that ¢(L) is not attained by the nontrivial positive constant solution, yielding

L, <L < Ly.
In Theorem 1.2 below we see that the nontrivial positive constant solution bifurcates to a
local family of nonconstant periodic solutions to (22) exactly when it loses its stability. Thus,

suitable candidates u € Hg, » to have less energy would be those belonging to the bifurcated
branch.

Theorem 1.2. Let f € C%(R) satisfy f(0) = 0 and f'(0) > 0. Assume s € (0,1) and let
a € (0,1) be such that 1 < 2s +a < 2. Then, for some small v > 0 there exist maps a €
(—v,v) = ug € C*T(R) and a € (—v,v) = L(a) € (0,+00) of class C* for which ug, is a C*
periodic solution of

(=AY’u= f(u) nR (28)
having, for a # 0, minimal period 2L(a) and such that ug = 0 and L(0) = Lo, which is given by
(27).

Moreover, for each a, uq is an even function of x of the form
uq(x) = acos (ﬁx) + ava(ﬁm)

where vq is an even and 2mw-periodic function such that ffw va(y) cos(y) dy = 0 and approaching
vg = 0 in the norm of C*T%(R) as a — 0. Also, L(a) = L(—a), that is, it is an even function
with respect to a.



We require f to be at least of class C(R) in Theorem 1.2 because, in order to show that
these bifurcated solutions have strictly less energy that the constant solution, we will need to
take up to four derivatives with respect to a of u,(x). The most convenient way to allow that is
to prove that a + u, is of class C* into the space C**T%(R). This justifies the need of at least
five continuous derivatives of f. However, there will be one more derivative needed to apply the
theorem on bifurcation from a simple eigenvalue.

Next, we will apply the method and ideas behind this result to f(u) = —u + u? whenever
f € C5(R). We note that ug = 1 satisfies f(ug) =0 and f’(ug) = p — 1 > 0, which are precisely
the hypothesis of Theorem 1.2.

In Section 5 we will prove that, for a small enough, Ef 4 (uq) < Ep(q)(1) is equivalent to
Q(p) > 0, where Q(p) := 1+ (1 — m)p The coefficient of p in Q(p) changes sign, from

negative to positive, at s = %ml(zé) ~ (0.4036... With this, a simple calculation yields that
Q(p) > 0 whenever

2s_
0<p< ity if s <30
0<p<+oo 1f32%1nl(gé4).

Therefore, for these range of parameters s and p (and recalling that we also need f € C9), the
bifurcated solutions will have strictly less energy that the constant solution. Hence, it remains to
be seen when do these bifurcated solutions have smaller periods than Lg. For A(a) = (L(a)/7)?
for the family of solutions obtained in Theorem 1.2 we have A\(0) = (L(0)/7)%* and X'(0) = 0.
Moreover, we have that \”(0) > 0 if s > 1/2, so the period grows initially independently of the
value of p > 1. But when s < 1/2 we see that A”(0) < 0 in the region p > 2(222;31)
period decreases initially, that is, L(a) < L(0) = Lo for a small enough.

and so the

The first statement of the following theorem gives conditions on (s, p) for which, for a small
enough, the energy of the bifurcated solution wu, is strictly smaller than the energy of the constant
solution ug = 1, that is, E7q)(ua) < EL)(1). The second statement gives conditions on (s, p)
for which, for a small enough, E7q)(ua) < Ep(e)(1) and the periodicity of this bifurcated solution
is strictly smaller than Lo, that is L(a) < Lo, and therefore L, < Ly.

Theorem 1.3. Let 0 < s < 1, p > 1 be such that for f(u) = —u + u?, f € CS(R) and let

5 € (0,1/2) be the unique solution to %fgg = 3512(2;;?1)’ Then,

(i) For a small enough, we have Efq)(ua) < Erq)(1) if one of the following holds:

4(225-1)
3—4(225-1)’

(i- )0<s<“nf1(é)) and 1 <p <

or

(i-b) % fl(/;l) <s<landl<p<+oo,
which are nonempty regions in (s,p).

(ii) We have L, < Lg if one of the following holds:

L 11n(3/2) ~ 2(2>-1) 4(2%-1)
(ii-a) 57 <8 <8 and = <p < 3oyEmoq)
or
2s 1
(13-b) s<s<1/2 and ( 225)<p<%+§§;



which are nonempty regions in (s,p), see Figure 1.

1+4+2s

Note that in the first statement we do not distinguish whether 1 < p <

1-2s
though we consider 212(/4)

2 ) <5 < 1/2. This is so because Ep, is well defined independently
of p and the theorem on the existence of the bifurcating branch, namely Theorem 1.2, does
not require the nonlinearity to be subcritical from the point of view of the fractional Sobolev
embedding. Nevertheless, in order to have L, well defined and to compare it with Ly, we must

require 1 < p < %i‘gi if0<s<1/2

or not, even

Figure 1: Whenever f € C(R), for a small enough, the region between the red and blue curves
is where L(a) < Lo and the region below the black curve is where Ep,4)(ua) < Er(1). The
intersection, shaded green and yellow, is where L, < Lg and corresponds to the regions described
in (éi-a) and (i3-b) in Theorem 1.3, respectively.

Regarding the structure of the Thesis, in Section 2 we state the functional preliminaries that
will be used in the sequel. There we present the well-known function spaces where we will work,
in addition to enunciating some properties of integro-differential operators on the Fourier side
and regularity results for periodic solutions.

In Section 3 we give the basic definitions and results of critical point theory, as well as a brief
introduction to the Nehari manifold method. There we state the main results on this method,
which will be used in some parts of this work. Finally, Sections 4 and 5 are entirely devoted

10



to the proofs of the three original results of this work, namely Theorem 1.1, Theorem 1.2 and
Theorem 1.3.

11



2 Functional preliminaries

In this section we give some preliminaries regarding the spaces of periodic functions and the
regularity results that will be used throughout Sections 4 and 5. All these results, and their
corresponding proofs can be found in more detail in [7].

2.1 Function spaces
Given 1 < p < oo and L > 0 we define
LY, = {u:R—R:u(x)=u(x+2L) for ae z €R, ||lullpp_r ) <+oo},

Lgij = {u € L’I;L cu(z) = u(—x) for ae. x € R} ,

where

L
lullzr(- L) :=/ P (1 <p<oo), |ullpeo(—r,r):= esssup |u(z)
-L z€(~L,L)

Note that Lg 1, refers to 2 L-periodic functions and ijp 1, to 2L-periodic functions which are even
with respect to x = 0, this is the reason behind the subscripts p,L and ep,L. Given 0 < s < 1
we define
spi={ue L;L s uls,n < oo},
2
ep.L = Hpp NV Ly 1,

where

[U]EL = /L —]u(gz) — u(y)‘Qdy dx.

_LJr |z -yt

In a similar manner, for a > 0 and 0 < 8 < 1 we define

oL = {u €Ly : u"9) is continuous in RVj < |a, [|ulce < +oo} ;

3p,L = }(iL N Lg;,L7
where
lullce := _ max igglu(j)(x)! + [0 a0y gy,
[lcsm) == sup lulz) - uly)] 2

z,y€ER zy |(E - y|ﬁ

Here |-| denotes the integer part and u9) stands for the jth derivative of u. One has the chain
of inclusions C’;Jf C H;, ;, C Lg, 1, for all € > 0. For the sake of simplicity, we will omit the
subscript L when L = 7, that is, we will simply write

Lfﬂ Lgpa H ’ HLPv HS’ H§p7 Hsv Cgv Cgp

to refer to the different spaces and norms of 2w-periodic functions. We recall that the standard
norm in W*2(—x, ) is given by

ullfye(cmm = lullZe + 12 nmy,

12



where [-]?

We2(—mm) is the classical Gagliardo W*?2-seminorm defined by

2 . " |U |2
[U]Ws,Q(iﬂ.’ﬂ.) = » y|1+23 —————=dy dx.

It is clear that [u]ys2(—x ) < [u]s for all u. Moreover, the following lemma shows that, in fact,
[]s and []yys.2(_rx) are comparable when applied to even 27-periodic functions.

Lemma 2.1. There exists a constant C > 0, depending only on s, such that

[u]W572(—7T,7T) < [u]s < C[U]WS’Q(—W,TF) (30)

for all even 2m-periodic function u : R — R.

From (30) we deduce that H3, = LZ, N W*?(—m,x). The following lemma and (3) show
the intuitive fact that f L ulgu and [u]? 1, are comparable, and therefore, that f ; ulgu and

[u ]%/Vsﬂ (= m) AT€ comparable when apphed to 2m-periodic even functions.

Lemma 2.2 ([6]). Let 0 < s <1 and Lk be as in (2) and (3). Let u,v: R — R be 2L-periodic
functions in L*(—L, L) for which Lxu and Liv belong to L*(—L,L). Then,

L L
/_L'UﬁKU:/_LUEKU
1 L
=3 /L/R (u(z) = () (v(@) = v(y)) K (e — yl)dy dz.

Now we shall define the norm in Hg, with which we will work in order to apply the Nehari
method. Let L > 0 and 0 < s < 1, we define

= /R (u(e) — u(y)) K — y) dy do

ol o= (2) s + 51t (32)

Note that for K as in (3), we have K, as in (11). Then, (11) yields that [u] is comparable to
[u]s and thus to [u]yys.2(_x ) by (30) if u is even. As a result, [Ju|| is comparable to [|ulys2(—r x)
in HZ,, with the constants of comparability depending on L, A and A. In the sequel we will use
several properties of the fractional Sobolev space W*?2, such as the fractional Sobolev embeddings

and the fractional Poincaré Inequality. These results can be found in [11].

(31)

and

In the periodic setting, the standard Fourier basis of sinus and cosinus are eigenfunctions of
L. This property will be particularly used in several computations of Section 5. More precisely,
we have the following result.

Lemma 2.3 ([6]). Let K satisfy (3) and let L > 0. Then,

Ly (COS (7rLk )) (x) = f( ) coS (%k:v) (33)
Lic (sin (3-)) (2) = £ () sin ()
for all k € Z and all x € R. Moreover,
2Je < x(6) < e (34

for all € € R, where ¢, is given in (5). If Lx = (=A)® then (g (€) = |€|%.

13



2.2 Regularity Results

We conclude this section by giving some regularity results for weak solutions involving integro-
differential operators on periodic solutions. We start by recalling the suitable notion of weak
solution introduced in [6] for the periodic framework.

Definition 2.4. Let L > 0 and set I = (—L, L), given 2L-periodic functions u and f belonging
to LY(I), we say that u is a weak 2L-periodic solution to Lxu = f in R if

/IU£K<P=/IfSO

Theorem 2.5 ([6]). Let 0 < s < 1 and f € CP(R) for some 3 > 0. Let L > 0 and u € L™(R) be
a 2L-periodic function. Ifu is a weak periodic solution to Lcu = f(u) in R then u € CB+H25¢(R),
for all e > 0.

for all 2L-periodic ¢ € C*°(I).

Lemma 2.6 ([7]). Let 0 < s<1/2, 1 <p< 122 and f:R? = R be such that
[f (@, 8)] < Co (1+ [¢?) (35)

for some Cy > 0 and all (x,t) € R x [0,+00). Let u: R — R be a positive 2m-periodic function
such that ||u||r2 + [u]s < +00. Assume that u is a weak periodic solution of

Lru= f(z,u) inR.
Then, |lullL~ < C for some constant C > 0 depending only on s, p, Co and |[ullyys2(—x x)-

Corollary 2.7 ([7]). Let 0 < s <1 and let f € C*(R) for some 8 > 0. Let u € H, be a positive
weak periodic solution of Lxu = f(u) in R. Assume that one of the following holds:

(i) 1/2<s<1,

(17) 0 <s<1/2 and
[F@O < CA+ ) (36)

for some C >0 and 1 <p< %fgi, and allt >0,

(1ii) s =1/2 and (36) holds for some C >0 and 1 < p < +o0, and all t > 0.
Then u € CPT25=¢(R) for all ¢ > 0.

With these results, we can assert that any weak periodic solution to (9), obtained minimiz-
ing a suitable functional and thus solving the associated Euler-Lagrange equation, is in fact a
classical solution to (9).
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3 The Nehari manifold method

As we have mentioned before, we want to find solutions to (14) as minimizers, and hence critical
points, of the energy functional (15). The purpose of this section is to explain the Nehari
manifold method, which will be used in Section 4 to find minimizers of the above-mentioned
energy functional. In the following, we present the definitions and results of critical point theory
that will be further used to develop the Nehari manifold method.

Let E be a real Banach space and ® € C'(E,R) a functional such that ®(0) = 0. The
Fréchet derivative of ® at u, ®’(u) is an element of the dual space E* and we will denote ®'(u)
evaluated at v € F by &' (u)v.

In Section 4 we will take E' = Hg,, a real Hilbert space, in particular a real Banach space

and ®(v) defined by (18) and (19), belonging to C*(HE,, R).

Definition 3.1. A point u € E is called critical if ®'(u) = 0. The corresponding value ¢ = ®(u)
is a critical value or a critical level.

Definition 3.2. We say that (u,) C E is a Palais-Smale sequence if (®(uy)) is bounded and
®’(u,) — 0 in the operator norm sense in E*, the continuous dual of E. Moreover, if ®(u,) —
c € R and ®'(u,) — 0, then (uy,) is a (PS).-sequence.

Definition 3.3. We say that the functional & satisfies the Palais-Smale condition (or (PS).-
condition) if each Palais-Smale sequence (or (PS).-sequence) has a convergent subsequence.

It is therefore clear that if a Palais-Smale sequence converges to u (maybe through a sub-
sequence), then wu is a critical point. Let us now assume that the unit sphere S in E is a
submanifold of class (at least) C! and let ® € C1(S,R).

Theorem 3.4. If ® is bounded below and satisfies the Palais-Smale condition, then ¢ := infg ®
1s attained and is a critical value of ®.

The Nehari manifold method, like the Mountain Pass Theorem and the Linking Theorem
(see, [14, 16]) is a variational technique used to find critical points of an energy functional
through a minimization procedure. We present the main definitions and results of this method
following the approach of Szulkin and Weth in [15].

Assume we have a critical point u # 0 of ®. Then, u must belong to
N :={ue E\{0}: ®'(u)u=0}.

Therefore, N' becomes a natural constraint when looking for nontrivial (that is, u # 0) critical
points of ®. We shall call N' the Nehari manifold (even though in general it may not be a
manifold). Setting

c:= inf ®(u) (37)

ueN

one hopes that ¢ is attained at some ug € N and that ug is a critical point, all this under
appropriate conditions on ®.

Definition 3.5. A function ¢ € C(R4,Ry) is said to be a normalization function if ¢(0) = 0,
¢ is strictly increasing and (t) — 400 as t — +o0.

Let us denote S := S51(0) = {u € E : ||u||g = 1}, we assume that

15



(A1) There exits a normalization function ¢ such that

[
u > P(u) = /0 o(t)dt € C1(E\ {0},R),

J :='(u) is bounded on bounded sets and J(w)w =1 for all w € S.

(A2) For each w € E \ {0} there exists s,, € (0,+00) such that if a,(s) := ®(su,w), then
al,(s) >0 for 0 < s < sy and a,(s) <0 for s > s,.

(A3) There exists 6 > 0 such that s,, > 0 for all w € S and for each compact subset W C §
there exists a constant Cyy such that s,, < Cyy for all w € W.

From (A1) one can see that S is a C'-submanifold of E and the tangent space of S at w is given
by
Tw(S)={z€ E:J(w)z=0}.

The intuition behind these assumptions is that there exists > 0 such that for all w € S,
ay(s) attains a unique maximum s,, > 6 > 0 in (0,+00) and thus 0 = o (sy) = P/ (spw)w.
Consequently, s,w is the unique point on the ray s — sw, s > 0 that intersects A, with
O (spw) > P(0) = 0. From this, one deduces that ¢ in (37), if attained, is positive and that
ug € N is a critical point whenever ®(ug) = ¢, which motivates the following definition.

Definition 3.6. We say ug € N is a ground state solution if ®(ug) = c.

We will now state the main results of the abstract Nehari manifold theory.

Definition 3.7. We define the mappings m : E \ {0} =+ AN and m : S — N by setting
m(w) = s,w and m:= Mg

Under these assumptions, for any w € E \ {0} the map m sends w to the unique point s,,w
where N intersects the ray s — sw. It also does so with certain regularity, as stated in the
following result.

Proposition 3.8. Let ® satisfy (A2) and (As).Then,
(1) The mapping m is continuous.

(i1) The mapping m is a homeomorphism between S and N, and the inverse of m is given by

m~Y(u) = u/||ul| for allu € N.
Definition 3.9. We define the functionals ¥ : E\ {0} — R and ¥ : § — R given by

U(w) := ®(M(w)) and W:=Ulg.

This way, for any w € E \ {0} the functional v gives us the value of ® at the unique point
sww where N intersects the ray s — sw. This gives us a relationship between critical points of
¥ and that of ®, as will be stated in the next two results.

Proposition 3.10. Let E be a Banach space that satisfies (A1) and let @ satisfy (A2) and (As).
Then, ¥ € CL(E\ {0},R) and

o' (m(w))z  for allw,z € E, w # 0.
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Corollary 3.11. Let E be a Banach space that satisfies (A1) and let ® satisfy (A2) and (As).
Then,

(i) e CY(S,R) and
V' (w)z = |[|[m(w)]|®(m(w))z  for all 2 € Ty,(S).

(ii) If (wy) is a Palais-Smale sequence for U, then (m(wy,)) is a Palais-Smale sequence for ®.
Conversely, if (up,) C N is a bounded Palais-Smale sequence for ®, then (m~1(uy,)) is a
Palais-Smale sequence for .

(#i1) w 1is a critical point of V¥ if and only if m(w) is a nontrivial critical point of ®. Moreover,
the corresponding values of ¥ and ® coincide and infg ¥ = infr O.

Note that with this result we have a minimax characterization for the infimum of ® over N.
Indeed,

c= inf ®(u) = inf maxP(sw)= inf max P(sw).
ueN weE\{0} s>0 weS s>0

Finally, we present one of the main results of the Nehari manifold method and the one that we
will use, which gives sufficient conditions for the existence of a ground state.

Theorem 3.12. Let E be a Hilbert space and suppose that ®(u) = $||ul|? — I(u), for u € E,
where

(1) I'(u) = o(||lu]|) as u — 0,

)

(i1) s+ I'(su)u/s is strictly increasing for all u #0 and s > 0,

(iii) I(su)/s? — +oo uniformly for u on weakly compact subsets of E\ {0} as s — +o0,
)

(iv) The operator I' is completely continuous (or weak-to-strong continuous), that is, if u, — u,

then I' (up) — I'(u).

Then, equation ®'(u) = 0 has a ground state solution.
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4 Periodic solutions to nonlinear integro-differential equations

This section is wholly devoted to the proof of Theorem 1.1. We will use the function spaces and
notation introduced in Section 2 and the critical point theory and the Nehari manifold method
developed in Section 3. Throughout all this section, we will assume that the nonlinearity ¢
satisfies (g1)-(¢6) and that Ey, and ¢(L) are defined by (15) and (16), respectively. The following
course of action to prove Theorem 1.1 is inspired by the proof of Theorem 1.4 in [7].

The first step is to show that, using the Nehari manifold method, the infimum in (16) is
always attained, which is the purpose of Lemma 4.1. For this we need g to satisfy (g1), (92),
(93) and (g5). Next, if (¢5) and (¢6) hold, in Lemma 4.2 we prove that there is a strictly positive
minimizer of Er(w) belonging to CL?* and solving (14). Then, defining u as in (13) we finally
get a positive solution to (9), which was our first objective in this work.

Assuming (g1), (92), (¢3) and (g4) we are able in, Lemma 4.3, to find the unique nontrivial
positive constant solution wuy to (9) and its associated energy FEp(ug). Clearly, ug is also the
unique nontrivial solution to (14). Afterwards, in Lemma 4.4 we see that if for some period L
the infimum ¢(L) is not attained by ug then it will no longer be attained by ug for any period
greater than L.

In a similar direction, if ¢ satisfies (¢5) we see in Lemma 4.5 that the minimizers of Er(w)
are constant if the period is small enough. In Lemma 4.7 we find the sign of the first and second
eigenvalues of £, ;, when u is a minimizer, as mentioned in the introduction. To this purpose,
a technical result is needed, namely Lemma 4.6.

Lemma 4.1. Given L >0, we have 0 < ¢(L) < +oc and there exists w € HS, such that w % 0
and Er(w) = ¢(L).

Proof. We will apply the Nehari manifold theory we have developed so far. In order to use
Theorem 3.12, let us take E = H§, a Hilbert space with the norm [jv||* = (%)QSHUH%Q + 3 [v)?
previously defined in (32), we shall see that ®(v) defined in (18) satisfies the hypothesis of the
theorem. To check them, we will follow the ideas for a similar problem presented in [15].

By the sake of comfort, let us denote I(v) = J7_G(v). Then, I(v) defined in (19) satisfies

the hypothesis of the theorem if and only if T (v) does so, the constant (%)28 does not play any

~

role at all here. Abusing of notation, we rename I(v) to I(v).

We endow the dual continuous space of Hg, with the usual norm | F||gs r defined by

F(v
IFllsm =  sup | ()!7
vers\(o3 Il

for all F': Hg, — R. To prove (i), we shall see that for all £ > 0 there exists § > 0 such that, if
|lu|| < 0 then

11" ()| s, R

il
Since g satisfies (¢g1) we have that g(u) = o(u) as u — 0, which together with (¢5) implies that
for each £ > 0 there is C. such that

14+2s

lg(u)| < elu| + CelufP,  for some 1 < p < 7753,

It is clear that I'(u)v = ["_g(u)v. Combining this, (¢5), Holder inequality and the fractional
Sobolev embeddings (Theorem 6.7 of [11], note that p+1 < 2, where the right hand side the
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fractional critical Sobolev exponent) we have

s 7l'
|7 ()l S/ lg(w)l]v] S/ (elullv] + CelulPlv]) < ellull z2llvll 22 + Cellullpr 0] Lo

< Cllvllwsz (ellullws2 + Cellullfy..2)
< Clloll (ellull + Cellul®)

which gives us

I'(u)| a3, R
H(H)”H < C(e+Celull™) = Ce for Jlull 0,
u

because p > 1, from which we obtain (7).

Let 0 < s < r and u # 0, let us recall that g satisfies (¢2), that is, g‘(;') is strictly increasing
in (—o00,0) and (0,+o00). Then,

I'(su)u—/ g(su)u—/ g(su)UQ
s -7 s [—7m,mn{ut0} SU

< / 7g(ru)u2 = / g(ru)E = I’(ru)g,
[-m,mn{uzt0} TU -7 r r

To check (iii), we proceed by contradiction; let W C Hg, \ {0} be weakly compact and
assume there exist M > 0, s, — oo and (u,)p>1 C W such that I(s,u,)/s2 < M, for all
n > 1. Note that (up)n>1 C W has a weakly convergent subsequence, which we rename wu,,
and it is bounded, because it is included in the weakly compact subset W. If u denotes its
limit, then [lu|| < liminf ||lu,||. In particular, we have a bounded subsequence, in Hg,, which
is compactly embedded in L?(—m,w). Therefore, u,, — u in L?(—m,7) and, maybe through
another subsequence, we have u,, — w a.e in (—m, 7). In particular, u(z) # 0 in a set of positive
measure.

which gives us (i7).

We have |s,u,(z)] — +oo for almost every x such that u(x) # 0 because W is a weakly
compact subset of HZ,\ {0}. Then, Fatou’s Lemma and (g3) yield

I(spun . T nUn L 4 nln
MZliminf(Su):hmmf/ Gsnun) :hmmf/ MUZ

5% n 5% n -7 (Snun)2 "

T G
> / lim inf Lungui — +00,
o (Spun)

which is a contradiction, and so we have that I satisfies (ii7).

Finally, to see (iv), that I is completely continuous, we must see that if (u,) C Hg, converges
weakly to u € Hg, then the linear functional I'(u,) converges to I'(u) in the operator norm.
Let up — u in H,, then (up) is a bounded sequence in HZ,, which is compactly embedded in
LPTY(—m, ). Therefore, we can find a subsequence (u, ) C HZ, converging almost everywhere

to a 2m-periodic even function u such that ||u,, — u||pp+1 — 0.

Let v € Hg,

Embedding yields

an application of Holder inequality, together with the Fractional Sobolev

s

1T (un)o = I'(w)o] < /_ l9(un) = g()l[v] < llg(un) = g(w)]| parl[v] Lo+

< Cllg(un) = g()ll psa [[0llys:2

< Cllg(un) = g()ll e v,
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from which we deduce that

1 (un) = I () 115, < Cllg(un) = g(u)l] psr-

[un

Furthermore, since (g5) holds and g is continuous, by Krasnoselskii’s Theorem (see Theorem
C.2 in [14]) we have that

lg(un) = g()ll 221 < Cllun = ullgprr = 0, as 0 — oo,

Hence, I'(u,) converges to I'(u,), we have checked that I satisfies (iv).

Finally we apply Theorem 3.12 to our functional ®; there exists w € Hg, \ {0} a ground
state solution, that is, ¢(L) = Er(w). Note that ¢(L) being positive is a direct consequence of
the Nehari manifold method. O

The following result states that the minimizers of E, are strictly positive and regular enough
to be classical solutions to (14).

Lemma 4.2. Let L >0 and w € H, be such that Er(w) = c(L). Then w € CP};FQS and w does
not vanish. Moreover, there always exists minimizer w such that w > 0 in R and solves (14).

Proof. We first prove that if w € HZ, is such that Ep(w) = ¢(L) then either w > 0 or w < 0
in R. Suppose that there exist measurable sets U, V C [—7, 7], both with positive Lebesgue
measure, such that w(z) > 0> w(y) forallz e U,y € V. Then ||w(z)] = w(y)|| < |w(@)—w(y)|
for all (z,y) € U x V, hence

s s
/ EKW/L"LU’ ‘w‘ < ﬁKﬂ/Lw ’LU,

—T —Tr
where we also used that the kernel K(t) is positive and Lemma 2.2. Note also that condition
(¢96) implies

|wl
Iw) + I(wl) = [ G(ul) - / / y)dy > 0.

But then ¢(L) < Er(Jw|) < Er(w) = ¢(L), which is a contradiction with the fact that w is
assumed to be a minimizer. This means that either w > 0 or w < 0 almost everywhere. In fact,
we have —I (—|w|) + I(Jw|) > 0. Moreover, since w does not change sign, Er(Jw|) < EL(—|w]).
Hence, we can always take |w| as the minimizer of Ey.

If we take p € Hg, then w +ep € H, for all ¢ € R. Since Ep(w) = ¢(L), a computation
shows that

d
== E
0 =i L(w+ep)

[ e+ (5)° [

™

= [ (e (5)"w=(5) o) o

Since this holds for all ¢ € H,, w weakly solves in (0, 7), and thus in R by parity and periodicity,
the semilinear equation

™

wp — (ﬁ)%/ g(w)ep

™

Lr,,,w= fr(w), where fr(t):= —(%)2515—% (E)ng(t). (38)

™
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Note that f;, € C'7¢(R) because g € C'*¢(R). Additionally, f; satisfies the growth estimate
(36). Since w > 0, using Corollary 2.7 we deduce that |[w|[ci+2s < +oo. In particular, Lk, w
makes sense pointwise and (38) holds in the classical sense.

Let us now prove that actually w does not vanish anywhere. If there exists € R such that
w(z) = 0 then, using (38), (11) and w(y) > 0 for all y € R, we deduce that

o=fmw@»:5&ﬂwuw:Aw@uqﬂ«xMMysm

which shows that w vanishes identically. But we already know that w Z 0 because it is a critical
point of E, on the Nehari manifold, thus we conclude that w > 0 on R, as desired. ]

The following lemma assures the existence of a special nontrivial solution to (9), the positive
constant solution.

Lemma 4.3. There exists a unique ug > 0 such that g(ug) = ug. Moreover, its energy is that
given by (17) and wug is the unique positive constant solution to (9).

Proof. Thanks to (¢g1) and (g2) we have that h(u) := % is a strictly increasing well defined
continuous function for all u > 0, with ~(0) = 0. Moreover, (¢g3) and (g4) imply that h(u) — +oco
as u — +00. Therefore, there exists a unique ug > 0 such that h(ug) = 1 because h(u) is strictly
increasing. O

Thanks to the following lemma we can prove that if for some L,, > 0 the minimizer w is
nonconstant, then the minimizer for L > L,, is also nonconstant.

Lemma 4.4. Suppose that there exists a nonconstant function w € Hg, such that c¢(Ly) =
Er,(w) for some Ly, > 0. Then, c¢(L) < Er(ug) for all L > L,,.

Proof. Since K is positive and w is nonconstant, by (31) and (12) we see that
™ 2s T
0< ﬁKﬂ_/wa< <L> EKTF/wa w.
—T w —TT
Therefore, using Er,(ug) given in (17),
I <E 1 ™ ’ I 2s ™ ) I 2s T o _ L 2s 5
o)< Bulw) =5 ([ oo ()7 [ )= (5)" [Cewr= (1) Buw

() (L) Bt
O

The following result proves that the only minimizers of ¢(L) are constant functions if L is
small enough.

Lemma 4.5. If w € HZ,, w > 0, Ep(w) = ¢(L) and L > 0 is sufficiently small, then w is
constant.
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Proof. We begin recalling that our functional ®(v) is given by ®(v) = 1|[v[|> — I(v), with
ol = (£)*ol|% + A[v]? and I(v) = (£)* [™_G(v), and that we write Er(v) = (v). A
priori, [v]? depends on L, that is

o= [ ' /R (u(x) —u(y)) K1 (x — y) dy d,

but (11) ensures us that [v]? is comparable to [v]? and these constants of comparability

W2 (—m,m)
do not depend on L. Let w > 0 be a minimizer of £, and denote ¢ := Er(w). By Lemma 4.2

we know that w solves ) )
S S
Licyw+(5) w= (%) g(w). (39)
Then, since g(w) > 0 for w > 0, g satisfies (g4) and w > 0 solves (39) we have that

Sl = e+ Iw) = e+ (1) [ Gw)

—Tr

et (4 [ Glu)+ (4 [ Gw)
{lw|<R}N[=7,7] {lw[>R}N[—m,7]

1

< et 20 (BY*) Gl enmy + —(2) / g(wyw
H {|w|>R}N[—7,7]

s 1 S T
< et 2n(L) 16 + 2 (9 [ gwp

s 1 T s
:0—1—277(%)2 HGHLoo(RR)—l—M/ (ﬁKﬂ/wa+(%)2 wz)

—T

2s 1
=c+ 21 (L) Gl mo) + ;IIWHQ,
and thus, we estimate
2M 2s
ol < =5 (e 20 () 1Giemm)

To prove the result, we argue by contradiction. Assume that there exist L; \, 0 and nonconstant
functions w; € Hg, such that Er (w;) = c(Lj), for all j € N. Define b; := (%)28 and M :=

max(1, A\™1). Now, for j > jo big enough we have b; < 1 and
2 2 2 _ 2 2 Lo 2 2 -1 2
s lys(mmy < llwillzz + [wils < 5= (Billwjllze + Slwsls | < o= max (1L,A7) [Jwy]
j j
_2M 2

7]
< g (€ 2l Glle ) = M (

o
ﬁ +2WHGHLO<>(R,R)>
J

Notice that ¢; < Ef;(ug) = 27b; (%3 - G(uo)). Then, we have that

g
sy < 4325 (2 + 271Gl )

U2
<2 (D4 Gl + G ).

Therefore, ij”%/vs,?(—w n < C for all j big enough. In case that 1/2 < s < 1 the Sobolev

inequality directly yields that ||w;|/f < K for all j big enough, and if 0 < s < 1/2 we can
appeal to Lemma 2.6 to get a uniform bound of the L* norm.
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Thanks to Lemma 4.2 we can set h; := wj € C?$(R). By differentiating in (39) we see that
hj solves
L, hj = =bihj +big' (wj)h;. (40)

Observe that [ fﬂ hj = 0 because w; is 2m-periodic. Combining the fractional Poincaré inequality
[2] with (40) and the uniform bound A of ||w;|| e, we see that

—Tr

< O {b;lInglI: + ijg oo (- a,a) 15172}
< CbjhlIZe,

s h 2 T
|hil3e < c/ / | y|1+28)| dyde <C | Lk, hjhj
o (41)

N 2s
where C' > 0 does not depend on j. Recall that lim;_, b; = lim;_, (%) = 0. Then, (41)

shows that there exists jo € N such that ||h;||2, < L[|h;||2, for all j > jo, which means that
w; = h;j = 0 for all j > jo. This contradicts the fact that w; is a nonconstant function for all

JjeN. O

Now we would like to obtain some spectral properties of the linearized operator associated
to (9) and the minimizers of ¢(L). Before we do that, we first need the following technical result.

Lemma 4.6. Let L >0, w € H?

eps W >0 be such that Er(w) = c¢(L) and ¢ € HZ,. Then,

d
I Py—
()= o5

! [ G- gtwpe

o T T (g wyw — g(w)w ),

Proof. Let v € HS \ {0} and define a,(s) : [0,+00) — R by ay(s) = ®(sv). By the Ne-
hari manifold method, condition (A2) assures that there exists s, > 0 such that ®(s,v) =
MaXe(0,00) P(50), 50 it must be ) (s,) = 0 and a;(s,) < 0. Then,

N <;Hsvv!2 - (%)2 /_7; G(sv)) = s, ]J0l|? - (%2 /_7; o

which gives us an implicit expression for s,. For v = w + hy, we have that s, is given by

d

Ozgs

L\ 2s
o+ helsuine = (5) [ alsusnw+ o) w+ o).

Let us differentiate with respect to h and evaluate at h = 0, taking into account that s, = 1 (
because w is in the Nehari manifold). Then, we have

IN\2s [T
2(w.0) + [ul) = (3) [ (g @)+ ywpw+ gwp).
where (w, ) denotes the scalar product in Hg, that induces || - [| and given by

(w, ) = /—7;£KW/Lw v+ (%)28 /j we.

s
2s
Since w is a minimizer, by Lemma 4.2 we have w solves (14) and hence (w, ¢) = (%) 7 g(w
for all ¢ € Hg,. Then,

2 | " g(w)p + (s0) / " gl = / " (¢ (0) (o + (sw) 0w + g(w)p)

—T —T —T
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and finally, solving for (s,,)’, we obtain the desired result. Now, (¢2) implies ¢'(u)u > g(u) for
all © > 0 and since w > 0, note that

™

0> all(1) = - / (¢ (w)w — g(w))uw,

-7
which assures us that (s,,)’ is indeed well defined. O

Lemma 4.7. Let w € H;, be such that Er(w) = ¢(L) and w > 0. Let u be as in (13). Then,

for every ¢ € Hy, 1,

L 1 L 2
0< Ly "(wW)u — g(u . 42
<[ W“f_LL(g/(u)u_g@))u(/_L(g() o) v) (42)

In particular, o1 (Ly,1) < 0 < 02 (Ly,1), where (Ly,1) denotes the linearized operator acting on

H, | functions, given by (20), and 01 (Ly,1) and o3 (Ly,1) denote its first and second eigenval-

ues, respectively.

Proof. To obtain this kind of result, one would study the variation of the functional under a small
perturbation of its minimizer. However, our constrained minimization method consists of finding
minimizers of the functional ® restricted to the Nehari subset N, so a general perturbation on
a minimizer w would fall outside A/ and therefore its energy would not be comparable to that
of w, because w may not be a minimizer in the whole space.

However, let ¢ € HZ, \ {0} and define p(h) := U(w + he). It has been seen in Proposition
3.10 that

pl(h) = 3w+h<pq)/(5w+h50(w + h‘P))‘P'
Since w is a minimizer on N’ we now have that p(h) has a minimum at h = 0, that is, p'(0) =0
and p”(0) > 0. Hence, we compute
p"(0) = (su) @ (s0ww)[p] + 50P" (sww) [swp + (5u) W, ¢]
= 0"(w)lp, @] + (sw) " (w)[w, ¢,
because s,, = 1 and ®'(w) = 0. Here, ®”(w)[&, n] denotes the second Fréchet derivative and it
is given by

(e = (€0 - (5) [ dtwin toranne m,

™ -7

Furthermore, note that the linearized equation of (14) is given by

2s 2s s
Sorp = Li 0+ ()70 = (5)7 g (wyy for ¢ € HE,
and, therefore,

/7r Lu,rp o =" (w)[p, ¢].

—T

2s
If we use the value of (s,)" found in Lemma 4.6 and the fact that (w, ) = (%) T g(w)e
given by Lemma 4.2, we obtain

05 [ turoot (2)" (f (g'<w>w—g(w>>@>2. (43)

—r " (g (ww = gw)w \J 7
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™

Using the change ¥(r) = ¢(7x) and that u(z) = w(Fz), one can rewrite (43) as (42), we omit
the details.

Using the expression of o9 (£, 1) in terms of a Rayleigh quotient, we have

L
. f—L Eu,Lw ¢
09 (Lur) = max inf — I .
’ VCng,L subspace, 1/J€Hesp’L f I 1/12

dim(V)=1  [E yy=0, VeV

Take V = span {¢'(u)u — g(u)} C HE,. Given ¢ € V+, (42) yields

0< /_LLcu,Lw b.

Therefore, o3 (£,,1,) > 0 as desired.

The estimate for o1 (£, 1) is easier because

f_LL ‘Cu,Lw ¢ < f_LL ‘CU,LU u N f:rﬂ— u(g(u) - g/(u)u)

o1 (,C ,L): inf < = < 0.
' VeHe L LLL P2 f—LL u? LLL u?
where we have used that u > 0 solves the equation and that g satisfies (¢2). O

With all these Lemmas we are now able to give the proof of Theorem 1.1 by combining them
properly.

Proof of Theorem 1.1. The first statements in the theorem follow from Lemmas 4.1, 4.2 and 4.7.
Hence, it remains to show (i), (i¢) and (ii7).
Let ug be as in Lemma 4.3. Observe that
Lug, 1 = Lx + (1= g'(uo))yp for € HE, |
Since {cos (%k:n)}k>0 is an orthogonal basis of H , thanks to (33) we can easily find all the

ep?

eigenvalues of L, . when acting on HJ More precisely, (7) gives us

ep,L-

1 — cos(y) Lly| Lly|
Lk g
(1) /R LAt

for all k € Z \ {0} and ¢x(0) = 0. By (4) we can see that 0 < €K(”Tkl) < €K(L]£2) for all
|k1| < |k2|. From this and (33) we obtain that

01(Lup,z) =1 —¢'(uo) <0,
02(Lug,) =L (F) +1— g (uo),

where the constant function and cos (%x) are the corresponding eigenfunctions in Hg, ; for
01(Lug,r) and 02(Ly, 1), respectively. The strictly negative sign of o1(Ly,.1) is due to the fact
that, since g(ug) = ug > 0 and g satisfies (¢2), namely ¢'(u)u > g(u) for all u > 0, then
g'(ug) > 1. Observe that

02(Lug,L) = L (F) + 1= g (uo) (44)

is a continuous and strictly decreasing function with respect to L > 0 because of (4). Moreover,
using (34) we get
A s ) 2s A

T 2s
(1) ZH+1-dw) <oaLus) < (F) = +1-0(w)
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from which we deduce that limy_,o02(Lyyz) > 0 > limy 4o 02(Ly,,1) since ¢'(up) > 1. As a
result, there exists a unique Ly > 0, for which o9(Ly,,1,) = 0, that is, (21) holds for a unique
Ly > 0. Moreover, oo(Lyy,r,) > 0if L < Lo and 02(Ly,,) < 0 if L > Ly. Furthermore, if
Er(ug) = ¢(L), then 02(Ly, 1) > 0 by Lemma 4.7, which leads to L < L.
Define
L,:=sup{L>0:¢(l)=Ej(uy) forall0<i<L}. (45)

Assume v is a constant positive minimizer of E;, by Lemma 4.2 vg is a constant positive solution
to (14), which, by Lemma 4.3 has a unique constant positive solution, namely wug. Therefore, it
must be vy = ug and c(l) = Ej(up).

We claim 0 < L, < Ly < 400. Indeed, Lemma 4.5 yields L, > 0 and if it were L, > Ly,
then for some Ly < L < L, we would have ¢(L) = EL(ug), so that ug would be a minimizer,
with o2(Ly,,z) < 0, a contradiction with the characterization of minimizers of Lemma 4.7.

By definition, there exists {Ly},cy such that L, > L, for all k € N, L, — L, when k — oo

and c¢(Ly) < Er,(up). This means that ¢(Ly) is attained by a nonconstant positive function,
thus Lemma 4.4 yields ¢(L) < Er(ug) for all L > L and all k£ € N. Hence,

L,=inf{L>0:¢(l) < Ej(ug) foralll>L}. (46)

It is clear that any L, satisfying both (45) and (46) must be unique. Moreover, (45) and Lemma
4.4 ensure that if L < L, then ¢(L) is only attained by constant functions, and (46) shows that
if L, < L then ¢(L) is only attained by nonconstant functions. We have proven (i) and (7).

For (iii), we have already seen that L, < Lg, the inequality L., < L, is a direct con-
s

sequence of (ii). For Lx = (—A)* we have (i (F) = (I)? and thus 0 = 02(Ly,,1,) yields
Lo = 7 (g (ug) — 1) 2. 0
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5 Bifurcated solutions of small amplitude

This whole section is entirely devoted to the proof of Theorems 1.2 and 1.3. We start directly
with the proof of Theorem 1.2, a result inspired by Cabré, Mas and Sola-Moarles in [7].

Proof of Theorem 1.2. This result is a slight modification of Theorem 1.5 in [7] and hence the
proof will be basically that of [7], except for some functional setting changes. Here we will just
comment on these changes we have done to adapt the aforementioned proof to our case.

We begin with the same strategy: in order to find 2L-periodic solutions to (28) we define

u(x) = u(Fz) so that (28) becomes (—A)°u = (L)st(ﬂ). As a matter of fact, let us call

™
A= (%)28 and u to this new unknown u. We remark that from now on u will be 27-periodic
and our unknowns will be pairs (A, u) such that

(=A)u—=Af(u) =0 (47)

The statement of the theorem is just a result of bifurcation from a simple eigenvalue. The proof
of Theorem 1.5 in [7] is based on Theorem 4.1 of [3, Chapert 5] and uses the same notation.
Recall that we write L2, to denote the space of L*(—,7) functions that are (a.e.) even and
27-periodically extended to all of R. We define the functional spaces X := C25*%(R) N Lgp and
Y := C*(R) N LZ,. We also define

FXu) = (=8)"u = Af(u),

for which we want to solve F(A,u) = 0.

Let us see that F € C°(Rx X,Y’). Thanks to our hypothesis in s and o, namely 1 < 2s+a < 2
we have that (—A)® +1d is an isomorphism between X and Y that is of class C° with respect to
A as a bounded linear map from X to Y. The isomorphism property is deduced from the linear
inhomogeneous equation (—A)*u+u = f1, when f; € Y. A bounded weak solution can be first
obtained in Fourier series and then the regularity results of Theorem 2.5 can be applied. The
fact that the operator is of class C® with respect to A is clear because F is linear in ).

Now we shall see that the map u ~ f(u) is of class C® from Y to itself. This will yield
that the map u +— f(u) is of class C® from X to Y thanks to the continuous linear embedding
X C Y. We will use the Banach algebra property of C*(R), namely that if u,us € C*(R) then
also ujug € C*(R) and [Jujuz|ce < Cllui||cel|uz]|ce, for some C' > 0.

The fifth Fréchet derivative of u f(w) is the multilinear mapping defined by

FO)(u) : C*(R) x C*(R) x C*(R) x C*(R) x C*(R) — C*(R)
(1, P2, 93, P4, ©5) = f(5) (u)@1p2030405

so we shall see that indeed f©®)(u)p1pap3p405 belongs to C%(R) for all v € C*(R) and that
F®) is continuous as an operator from C* (R) to the space of continuous multilinear maps from
®>_, C*(R) to C*(R), that we will denote by L(®°_, C*(R), C*(R)) endowed with its usual
operator norm ||-| L(®T_, O (R),Co(R))" The other four first Fréchet derivatives are treated equally,
we omit the details.

By simplicity, let us denote g := f® and h := £, hence ¢ € C'(R) and h € C(R).
Note that if g(u) belongs to C*(R) then the Banach algebra property of C*(R) will give us
g(u)p1p2pspaps € C*(R). Let’s see this, namely, that g(u) is continuous and ||g(u)||ce < o0.
The continuity of g(u) is clear by being a composition of two continuous functions.
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Regarding the C%-norm, every u € Y = C*(R) ngp must be bounded because it is continu-
ous and periodic, so let M > 0 and K := [-M, M] such that u(z) € K, for all z € R. Then, we
have [|g(u)||Loe®) < (19l (k) < 00 and [[h(u)||feor) < [|P]|Leo(x) < 00. Now, for all z,y € R
such that x # y the mean Value theorem gives us

|z —yl® - |z — y|«

<Al luloe < 400,

for some ¢ in the segment joining u(x) and u(y), hence belonging to K. As a result, we obtain
that ||g(u)||ce < +oo and thus f®) (u) € C*(R).

Now let us see that F®) is continuous. We will see that, for every u € C*(R),

IE®) () = FO(wn) g, co(my,comy) — O

for all v, — u in C*(R). Given u € C*(R), let 1,2, 3, 4,05 € C*R) and v, € C*R)
with v, = v in C*(R). In particular, we have that ||v,||ce < ||ullce +1 < M + 1, for all n big
enough. Now,

1(F®(w) — FO(v,)) (01, 902, 03, 04, 05) oo = || (£ (w) = fO(vn)) pr02030495 ] 0o

5
< O£ () — fO wn)llow [T il o,

i=1

from which we deduce that
||F(5) (u) — F®) (Un)HL(@?:lca(R),ca(R)) < Cllg(u) — g(vn)llce,
Let us study ||g(u) — g(vn)|lce. Given z,y € R we have

[(g(u) = g(vn))(x) = (9(u) — g(va)) (W)] = |(g(u(x)) — g(u(y))) — (9(va(x)) — g(va(y)))|

1

(u(e) —u()) | hltu(z) + (1~ tu(y)) di

0

1
~(on(z) — vn(y)) /0 h(tvn(x) + (1~ on(y)) di] .

Adding and subtracting (u( fo h(tvn(z) + (1 — t)vn(y))dt and using the triangular
inequality, we can estimate the express1on above by two terms that we bound independently.
The first one is

1
(u(x) — U(y))/o h(tu(z) + (1= t)u(y)) — h(tva(@) + (1 = t)valy)) dt| < [ulgalz —y[e.

This is so because h is uniformly continuous, it is continuous and defined in K3 := [-M —1, M +1]
a compact set, note that both tu(z)+ (1 —t)u(y) and tv,(z)+ (1 —t)v,(y) are bounded by M +1
for all n big enough, and |u(z) —v,(2)| < d(¢) uniformly for all z € R, for all n big enough. The
second term is

1
](<u<x> —u(0) = (onle) = 0a(0)) [ B0 + 1 - t>vn<y>)dt\
w(@) —uly)  vle) — valy)

|z — y|* |z — y|o

< 1Pl [z = y|* <|[hlle)[u = valealz —y[*.
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Finally, we see that

[(g(u) — g(vn))(x) — (9(u) — g(va)) (¥)|

|z —y|*

< elulee + Ihllogry) [ — valce — 0,

for n — 4o00. Thus [g(u) — g(v,)]ce — 0 as n — +o00. Moreover,

l9(u(x)) = g(on(2))] < [h(&) [u(z) = val@)| < [hllc) v = vnllom),

for some &, between u(x) and v,(x), in particular £ € K for all n big enough. As a result,
lg(u) — g(vn)|lLoo(r) — 0 as n — +o00. From these two estimates we finally obtain

|1FO) (u) — FO) (UH)HE((@?:IC&(R)CQ(R)) — 0 as n — o0,

for all v, — u in C*(R), that is, F(®) is continuous and therefore F : u s f(u) is of class C°
from Y to itself.

From this point onwards, one can check the other hypothesis exactly as in [7] and obtain the
desired result. Note that the bifurcation point is (A*,0), with \* = f/(0)~!, and thus, the set
F~1{0} consists, in a neighbourhood of (A, u) = (\*,0), solely of {u = 0} and a curve (A(a), u,)
with (A(0),u0) = (\*,0) and of class C* in the parameter a. There is a loss of one degree of
differentiability due to a factorization that is needed in the method of Lyapunov-Shmidt, see
the details in [3]. O

In the sequel, we will assume that Ef, and ¢(L) are defined by (24) and (25) respectively. To
determine whether L. < Lo or not we just need to see that that there exists a function u € Hg,
and a period L < Lg such that u has less energy than the constant nontrivial solution ug = 1.
That is, we need

ST u(=A)u+ (£)* [T

[ullF

p—1

< (L)% @2m) 75 = Ep(u),

Ep(u) =

which is the same as asking

™ 9s [T p+1 L\ 2 )
([ utaras 7 [T@) < (i)’ By, (18)
—T —T

If (48) holds, since Ey, is homogeneous, then the minimizer of Fj, will automatically be noncon-
stant and thus L, < L < Lg. To this purpose, we consider the scalar A(a) = (L(a)/7)?* and
the 27m-periodic and even function u, given by the proof of Theorem 1.2, that is, (A(a),u,) is
the unique curve of solutions to (47) of class C* with respect to the parameter a. The following
results focus on obtaining suitable expressions for the terms appearing in (48) when we take
u=uq and L = L(a).

As usual, we say that g, = o(a*) provided |g—‘1| —0asa—0.

Lemma 5.1. Under the setting of Theorem 1.2, uq s a 2m-periodic even function of x of the
form

2

1
uq(z) =1+ acos(x) +

o1 (c(% +c3 cos(2z)) a

49)
1 1 (
+ 503 cos(3z)a® + i (c§ + c3 cos(2x) + cj cos(4z)) at 4+ we(z),

: 2 2 4 4 A - 2 llwall g2s+
with constants cg, c3, cg, s, €5, ¢i depending on s,p and w, € C*T*(R) such that — 5= -0

as a — 0, that is, ||wa||c2s+a = o(a).
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We denote ¢} the constant accompanying the term cos(kz)a™ in the above expression.

Proof. We know that a + u, € C*T%(R) is of class C*, with ug = 1. Hence, Taylor’s theorem
for Banach spaces (see [9]) gives us

g = 1+ (Oqup)a + (82u0)a + — (83u0)a + |(84u0)a + Vg,

4!
with v, € C?*t*(R) and ||vg||c2s+e = o(a*). In order to find the Taylor coefficients for u,, we
will take derivatives with respect to a in the identity (—A)%u, = A(a)f(us). That is,
(~8)*Gutta = X(@)f (a) + Ma) (1) Dt (50)
Since L(a) is even, so is A(a), hence \'(0) = 0. Moreover, A\(0) = f/(1)~! and f(1) = 0. Thus,

writing it for a = 0 we have

(—A)58au0 — (9CLUQ =0

Now, (—A)®—Id diagonalizes in the basis of cosinus and, furthermore, cos(x) is its kernel. Hence,
we have that
Oqug = cos(x).

Differentiating (50) with respect to a, we obtain
(—A)*03ua = N"(a) f(ua) + 2X (@) f' (ta) Batia
+ @) " (ua) (Batta)” + Aa) ' (ua)92ua.
Writing it for @ = 0 we have
(=870 - O = T cort
_ @ Q@)
= o) o) Y

and therefore, knowing that cos(z) is in the kernel of the right hand side and it must be orthog-
onal to 02ug by Theorem 1.2, we have that

PSR L N 1)

2F(1) 22— 1) (1)

cos(2x),

from which we deduce that

P ¢V NP e
T Tapqy T o D)

Differentiating (51) with respect to a we find
(_A)Sasua = /\”’(a)f(ua) + SA//(a)f/(ua)aaua + SAI(a)f//(ua) (aaua)2
+ 3N (@) f (ua)02uq + Ma) f" (ua) (Batia)® (53)
+ 3/\(a)f”(ua)6aua83ua + /\(a)f'(ua)ﬁg’ua.

Writing it for @ = 0 and using the expressions we already know for d,ug and 92uqy and the fact
that X' (a) = 0 we obtain

(—A)' By — Puo = 3N'(0) /(1) cos(z) + (1) 1'(1) ™ cos(x)

P0) ) (~ 70 4 oI

BTN 2F(1) T 20E - 1) F(1)

cos(2x)> .
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Using that cos®(z) = 2 cos(z) + £ cos(3z) and cos(z) cos(2z) = 3 cos(z) + 3 cos(3z) we get

" 1" 2
(=A)*Oug — Poug = 3 </\”(O)fl(1) ijjc,((ll)) - (?,8;) <; - i%1_1>> cos(z)
2

L) 8 1 (1)
! (4 o+ i () ) ol

Now, by the same reason as before, the right hand side has to be orthogonal to cos(x), the kernel
of the left hand side. Also, since cos(3z) is an eigenfunction to (—A)® —Id with eigenvalue 3% —1,

we obtain
b 1[I 11 1N (WY
A“”‘ff(l)[ i+ (2 42%—1)(1"/(1))] >4

1 (1) 3 1 (Y
Ot = 3 (4 e+ 1m () > oSt

from which we deduce that

L (1 31 (Y
Cg T 32s _ 1 (4 f’(l) +1223_1 (f/(1)> >

Differentiating (53) with respect to a, we find

and

(—A)*0qua = AV (a) f(ua) +4X"(a) f' (ta)Datia + 6X" (a) f (a) (Datta)?
+ 6N (a) ' (1a) O2uq + AN (a) f" (t1a) (Datta)®
+ 12X (a) " (ta) DatiaOuta + AN (a) [ (1) Diua
+ A@) f D (ua) (Datia)" + 6X(a) " (t1a) (Oata)? O3tk
+3M(a) £ (ua) (02ua)” + 4N(@) " (ta) DattaBPtia + Na) f (ua) D iutg.

Writing it for @ = 0, since \”/(0) = 0 because \(a) is even, we obtain

(=A)*0tug — dlug = 6X"(0) (1) cos®(x) + 6X"(0) f'(1)02uq

I ) o oo

cos(z) + 6 cos” ()05 ug

f() f()

") g2 2 f7() 3
+3 () (OFug)” +4 () cos(z)0; ug.
Using the expressions we have for 92ug and d3ug, and that
cos?(2x) = % + %COS(41’)
cos(z) cos(3x) = %cos(lac) + %cos(élx)
A 3 1 1
cos™(z) = 3 +3 cos(2x) + 3 cos(4x)

we end up having
(=A)*0tug — 0lug = Cy + Cy cos(2x) + Cy cos(4x)
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for some constants Cp, Co and Cy. Since 1, cos(2x) and cos(4x) are eigenfunctions to (—A)*—1d,
whose kernel cos(z) is orthogonal to diug, we finally obtain

Otug = c§ + ¢ cos(2x) + ¢} cos(4x).
which concludes the proof. O

In the sequel there will appear expressions like g, := [7_vq(z)dz, where v, € CP(R),

for some B > 0 and |lv4||ce = o(a?). Then, one has g, = o(a*). Indeed, we can bound

|9al < 27||vallLoo(— x) < 27[Jval|cs and the property follows.

Lemma 5.2. Under the setting of Theorem 1.2, let ug be as in (49). Then,

T 2
/ Ug(—A)u, = <a2 + 2% <;c§> a* + 0(a4)> .

Proof. Let us write u, in terms of cos(z), cos(2z), ... . We have

1
Uy =1+ fc%a2+

1 1 1
5 —cgat + acos(x) + (cga2 + c§a4> cos(2x)

4! 2 4!

1 1
+ 3'c§a3 cos(3x) + Ecicﬁ cos(4z) + v (),

with v, = o(a*). Applying (—A)*, one gets

1 1
(—A)’ug = acos(z) + 2% (2 csa? + 4102a4> cos(2x)

3253 c3a® cos(3x) + 4% — c4a4 cos(4x) + we(z),

4

where w, (1) = (—A)*v,(z) € C*(R) and is such that |Jw,||ce = o(a?). This is so thanks to
lvallc2s4e = o(a?) and ||wa||ce = [[(=A)*va||ce < Cl|vallces+e (see [13, Chapter 2]).

Now we multiply it by u, and we integrate it. Using the orthogonality of the terms we get

T 1 1 ?
/ Ug(—A)ug = 73 a® + 2% | —c3a® + —c3a’
o 2 4!
1 2 1 2
43% (3!63&3) 4 4% <4lcﬁa4) + 0(a4)}.
1 \2
=7 <a2 + 2% <2C%> at + 0(a4)> ,

which conclude the proof. O

Lemma 5.3. Under the setting of Theorem 1.2, let u, be as in (49). Then,

Aa) / "2 = 2mA(0) + w( (14 2c2) A0) + X’(O))a2

—Tr

2
b ()\(0) (; 5 (@)t (;%) ) £ X(0) (1426) + Z)\(4)(0)> a* + o(a®).
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Proof. If we square u, and then integrate it in (—m, ), using again the orthogonality properties
of {cos(kz)}r>0 and their L?-norms we find that

4 1 1 2 1 1 2
/_W u?=mr {2 (1 + §C%a2 + 4!c§a4) +a® + <265a2 + 4!c§a4> + 0(a4)}
2 2 2 4 Lo ? 4 2 Lo ? 4 4
=m<2|( 14 c5a”+ @CO'F 560 a® | +a° + 2€2 a”+o(a”)
1, 1,50 (1,\°

=7 {2 + (1+2c) a* + (3'03 t3 ()" + <2c§> ) at + 0(a4)} .
Moreover, thanks to Theorem 1.2 we have a — A(a) is an even function of class C* and thus
Taylor’s theorem yields

1 1
Ma) = A(0) + 5X'(o)a? + @A@J(O)a‘* + o(at).

Finally we multiply both terms. Arranging them in powers of a we obtain the result. O

Lemma 5.4. Under the setting of Theorem 1.2, let u, be as in (49). Then

T T p+1
</ g (—A)*uy + Ma) / u§> =02+ 0%a® + Oka* + o(a"),

with the coefficients
0¢ = 2mA(0)"

0? = [27A(0)]PH! 250) [T+ (1+2¢) M0) + N (0)]
0! = [2rA(0)"H! {720;(01) [Z)\(A‘)(O) 5 (1+28) X'(0)
+A(0) <31!c3 + % (@)% + (;c§>2> + 2% <;c§>2]
m(lo)]Q (p; 1) (14 (1+2e2) A(0) + X’(o)]Q} .

Proof. Firstly, we use Lemma 5.2 and Lemma 5.3 to obtain
s ™
/ g (—A)5ug + /\(a)/ u? = fo+ f2a® + fra* +o (a4) ,
—Tr —Tr
with the coefficients
fo = 271')\(0),

fo=m[1+ (14 2¢) M0) + \"(0)],

2 2
(1+2¢§) X'(0) + A(0) (;cé + % (63)2 + <;c§> ) 4 2% <;c§> ] .

Y

fa= [ZA“) (0 +

Now, if we define

@) = [ w8 w30 [

—T —T

= fo+ foa® + faa* + o (a*)
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(p+1) —

then, using the binomial theorem for the real exponent p + 1 (see [1]) and considering
@, we have that

Pl = 357+ a0+ (G0 (73 )52 oo (@)
= 20 O)P T + 7P (p + 1) [2A(0)]7 [1 + (1 + 2¢3) A(0) + N'(0)] a?
)

g {(p +1) 2AO) [ZW)(O) +5 (1+28) X0

+A(0) <;‘ 3+%( 3+ (;é)z) + 2% (;%)2]

1 _

(p ‘; ) 2A(0)P 1 [1 + (1 +2¢3) A(0) + \"(0)] 2} a*+o(a")
=0+ 0%*+ 0% + o (a4) ,

which concludes the proof. O

Lemma 5.5. Under the setting of Theorem 1.2, let u, be as in (49). Then,
2 +1
(Hualliﬁl) 4?44 [(P ! ) Y+ 1)03} a2
2 1
+ m? [4 <(p+ 1)4' 0+ — 1 <p—;— ) (2 (03)2 + (03)2)>

+ <(p;1> +(p+1)c(2)>2

2

at +0(a4).

Proof. Let us remember that u, is of the form

1
Ug(z) = 1+ acos(z) + = (cf + c3cos(2z)) a

31
1 1

3'c§ cos(3z)a® + — 1 (cal + ¢ cos(2z) + ¢} cos(4x)) a* + va(z),
with v, € C?*7%(R) and ||vy||c2s+a = o(a?). Using the binomial theorem, we have that

(ua ()P =1+ (p+ 1acos(z) + [(p—;— 1) cos®(x) + (p + 1) (c§ + 3 cos(2a:))] a?

+ [(P + 1)%05 cos(3z) + (p—;— 1) cos(x)% (c§+c3 cos(2m))] a?

1
+ [(p + 1)4' (c§ + ¢ cos(2x) + ¢} cos(4x))

+ (p;r 1) <21, (E+ 3 cos(2x))>2 + (p’; 1) it cos() cos(3)

with 9, € C**2(R) and ||T,]|c2s+a = o(a*). Now we integrate it using the orthogonal properties
of {cos(kz)}r>o in order to obtain

T 1
/ ug+1:27r+7r[(p; >+(p+1)cg] a?
-7

[<p+ D2+ i<p;1> (2(c)°+ (c§)2>] o'+ o (at).

a* + 7,
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Finally, we square it and we arrange the terms in orders of a to obtain the result. O

Lemma 5.6. Under the setting of Theorem 1.2, let ug = 1. Then,

(B (o))" = @m)P 7 A(0)P ! + (27)

1
p-1 }%A(O)p/\”(O)az

p—1 p+1

+ (2m) 5

a4 +o(a4).

Proof. We know that Erq)(uo) = A(a) (271')% and we recall the Taylor expansion for \(a),
namely

Ma) = A(0) + %/\”(O)aQ + %)\(4)(0)a4 + o(ah),

-1
Then, we just raise A(a) (QW)ﬁ to the power p + 1 using the binomial theorem and we arrange
the terms in orders of a as we have done in the proof of Lemma 5.4. O

Lemma 5.7. Under the setting of Theorem 1.2, let ug be as in (49). Then,
+1 12
(Bra) ()" (uallf5 ) = 05 + O3a? + Ofa + 0 (a')
with the coefficients

0 = 2mA O+,

03 — [2rA ()" {(p+ 1)2233 +("7 1> + o+ 1)03},
o1 =m0l {w+ n550r | (73 1) + 0+ el + 0+ 0
) @ @[3 g

AD©)  p+1Y [N(0)?
1 .
g+ (7)) (o)
. p+1 2 p+1 .
Proof. Notice that <||uaHLp+1) and (EL(a) (ug)) are given by Lemma 5.5 and Lemma 5.6

respectively, we multiply them and we arrange the terms in orders of a. O

Now, let us define the quantities

2
D, = (EL(Q)(UO))pJrl (HuaHﬁﬁl) )

E, - ( / wa(=8)u,+ \a) [ ui)pﬂ .

In order to see if (48) holds, we shall see 0 < D, — E,. The following lemma gives us an
expression for this difference.

Lemma 5.8. Let C, := [27A(0)"™" > 0 and f(u) = —u + uP, for some p > 1 such that
f € C°(R). Then,

Da—Ea:C8pp(p+1)(p—1){1+ (1—11(22:’_1));)}@&0(@4).
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Proof. Note that we can use Theorem 1.2 and all the previous Lemmas for f(u) = —u+ u? with
p > 1 such that f € C5(R). We will study the difference D, — E,, using the expressions we have
thanks to Lemma 5.4 and Lemma 5.7. Moreover, for f(u) = —u + u? and the expressions for
MN(0) in (54) and 3, ¢3 in (52) we now have

moy L _p(p—2) 1_1 1 2
MO =23 1 e g )P

1
2=-L - (pJ“ >—|—(p—|—1)cg:0and 1+ (1+2¢§) A(0) =0,

Let us begin by writing
D, —E, = (0)-0?) + (03 — 02) a® + (0 — O2) a* + o (a*),

we easily see that the zero order term vanishes, so let us now study the second order term. We

have

03 -0r=0C, ((p +1) A(0) + <p * 1) +(p+ 1) — p+l (14 (1+2¢§) A(0) + X’(o)])

=0,

and so the second order term also vanishes. Hence, we investigate the fourth order term.

01-0t=c,{w+ g [(73 1) + o @] +wr i+ 1 (73 ) @+ @]

J& [(p;1> +(p+1)c3]2+5;201)/\(4)(0)+ (P—2H> <;:\/Eg;>2

. ptl " 2 p+11]2
_[2)\(0)]2< 9 )[1+(1+2c3) A(0) + X(0)] _2A(0>[4!A(4)(0)

2 2
% (1+2¢2) N'(0) + A(0) <31!c3 + % ()% + (;%) > 4 2% (;%) ] } .
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Note that we are able to cancel out both A*)(0) and cg. Grouping the other terms,

" 2 "
01-01 =, { B @) + B (@ 1ol (S0 - 25 2 550

_p+1(62)2_p+1 1o ? Pl (1 2_pp+1 N(0)
4 N0 2 \2°2 2X(0) 22 2\ 2X(0)

=G {10+ D= D (@) + {0+ Do 1) ()’

p+1 N(O0)  pH1 (1,
— (1429) Ty~ 3 ? (ﬁ) }

_ cp{116 v+ 1) -1)+ 5+ D - 1) (3)’
0

(1 + 203)

1 X'(0) 1 s (2)?
TP+ D@Dy~ 5@ D - D27 (3) }
2 "
:%(pﬂ)( 1){4—;(225—1)(03)2+AA<(00))}~

Finally we write the values for ¢3 and \”(0) given in (52) and (54) respectively, to get

040t =S+ np-y{f Lt -t (Lo L )
:ip(ﬁl)(p_l){lf_Z;j22s1—1_112+]2)+p22_52281—1}
_?(Hl)(p_l){f_gz?ilJrg}
=%p(p+1)(p—1){1+(1—4(223_1))p},
and thus we conclude the proof. ]

We have just seen that

D, - B, - C;p(m (p—1) {1 (- 4(2253_1))29} o' + o(at)

- (;pp(p +1)(p — 1)Q(p)a* + o(a*),

for Q(p) :==1+ (1 - (22?; 1))p Since p(p+ 1)(p—1) > 0 for p > 1, the sign of D, — E, will
be that of Q(p), for a small enough. With this we are finally able to give the proof of Theorem
1.3.

Proof of Theorem 1.5. As we have previously said, if (48) holds for some u € H(, and some
L < Ly then we will have that L, < Lg. Using the bifurcated solution (A(a),ug), we have seen
that, for v = u, and L = L(a), (48) holds whenever D, — E, > 0. Using Lemma 5.8, this will
be the case whenever Q(p) > 0, for a small enough (and f(u) = —u + u? is of class C®(R)).

Note that Q(p) = 1+ (1 ﬁ)p is a polynomial of degree one. Now, it can easily be

11n(Z/4) and 1 < p< % we have Q(p) > 0. Similarly, we also have

Q(p) > 0 for s > 5lnl(gé4) and 1 < p < +o00. This shows (i).

seen that for 0 < s <
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Moreover, for 0 < s < 1/2 we have that A\’(0) given by (55) is such that \’(0) < 0,

2s __
whenever 2(22_2251) < p. This means that the period decreases initially with the amplitude, that

is, L(a) < L(0) = Ly for a small enough.
Then, we have L, < Lgif p < }fgi (to ensure L, is well defined) and both D, — E, > 0 and
A’(0) < 0 hold, which take place exactly for the regions that are precisely described in (i7). [
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