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1. Time d iva’rive of volume, area and line
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moving volume

Trivial case: the volume is at rest V/(t) = const.
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Material volume

Since the integration domain is variable, one cannot simply interchange
the integral and the time derivative
d¥(t) d

dt dt Ju R0V =2

but we can use the map defined by the motion, to map the integration domain V(t)
Into the corresponding volume in the reference configuration, V,
and do the integration over V,,

%= f(

X, t)

jv(t)w(i,t) dv = jvo w(X,1)[F|dV,
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since now the integration domain, V, , is constant:

((jjt WV RDIFIdV, = [ t(',V(X 1) ) dv, J( FWJdv0
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= +V-Viy
coming back to the present configuration, V(t) : dt ot

oy oy _
J. (Gt +y V- j\F\dV jv(t)( +y V- vjdv_ v<t)(ﬁ+v'(‘/’v)jdv

application of Gauss theorem:

d 0 .o
= w(X,t) dV = j "”dV+j wi-dA
dt V(t) V(t) oV (t)
variation due to variation due to
the local time the time dependence
dependence of y || of the integration

domain
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if w(Xt)dVv = [ a_‘”d\_/ o wv.-dA
AT Vi) ot Jov(t) "

totally similar to the “Leibnitz rule’ (integral over a straight line):
b(t) b(t)
of db da
f(x,t)dx= | —dx+ f(b(t),t)—— f(a(t),t)—
J fOotdx= [ —dx+ £ (b))~ f(a(®), )

a(t) a()

&
dt
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y = f(x,t)




if w(xt)dVv = [ 5_‘”(1\_/ o wv.-dA
AT Vi) ot Jov(t) "

totally similar to the “Leibnitz rule’ (integral over a straight line):
b(t) b(t)
of db da
f(x,t)dx= | —dx+ f(b(t),t)—— f(a(t),t)—
J fOotdx= [ —dx+ £ (b))~ f(a(®), )

a(t) a()

&
dt

J L 4
M ~"

y = f(x,t+dt)
y =f(x1)
ai i b Ly




di w(X,t)dv = | Vvl wi-dAa
dt v Jv(t) "

totally similar to the “Leibnitz rule’ (integral over a straight line):
b(t) b(t)
of db da
f(x,t)dx= | —dx+ f(b(t),t)—— f(a(t),t)—
J fOotdx= [ —dx+ £ (b))~ f(a(®), )

a(t) a()

&
dt
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Arbitrary volume

In case of an arbitrary volume, one can proceed in a similar way by seeking a
transformation which maps the moving volume into a fixed volume in space.

X=9g(X1) B}
u

d 59” Y A

dt V(t) l//(X ) dV -‘.V(I)E dV + J:?V(t) l/;‘u d A

velocity of the bounding surface
not velocity of the particles !



Material surfaces and material lines

C(t)

material line

a5

d _

a C(t)l)ﬂ(x,t) dXi =

_[ dv dx, +| w N dx,
ct) dt V" OX,

Proofs: J.M. Massaguer & A. Falqués, ‘Mecanica del Continuo:
Geometria y Dindmica’, eds. UPC, 1994. pag. 185.




2. Mass conservation. Continuity equation.

material volume

X=f(X,t) .

V(1)

o(X,t)dV = const.

0 = density

dm d
dt  dt Ve

since V(t) may be any material volume
within the body, it follows that

Warning: in case the derivatives are not continuous,
the local form is not valid (e.g., xoc waves)

local formulation ?

Jy PRD AV = j( +vajdv 0

continuity equation

or

op .
——+V- =0
= (pV)




The meaning of the continuity equation can be illustrated
by considering a control volume fixed in space

op .
i v
=t (o V)

0

M = mass inside V at any time

dm 0 0 v . = AR
= jpde —'OdV:—_[V-(pv)dV:—j o V-dA
dt otV v ot v o ,
net mass that goes in
through the boundary
[ pv.dA==[ pv-A,da—[ pV-AdA= dA - v. dA
.@V'OV § 82,OV 2 i Sl,OV 1 Slan 8210 n
/ / | & ~ w J \ - ~ >
discharge (cabal, caudal) in Kg/s in out




Another expression of the continuity equation
that is considered as the Lagrangian version

do _ do d‘F‘ d
- V- IO — — = . F :O
gt ° T‘F‘dtﬂ) a2 dt(p‘ )
vy L dF
F| dt
Incompressibility condition
Eulerian description
4 v.i- V-V=0
d_,O_O " +pV-V=0
dt Lagrangian description d‘F‘
d —
E(P‘FD—O dt




Reynolds transport theorem

\ery often, the function to integrate is a quantity times the density,
(e.g., the momentum is density x velocity) and we have w=pf

In this case, the identity ij w(X,t) dV = d—l//+¢//v-\7j dVv
dt Jv(t) v\ dt

reads : .
— X,t) f(X,t)dV = —(p f fv.v|dV =
dtJ-V(t)p(X ) T V(t)(dt(p )+’0 V)
do qj df
f(— V - —dVv
Lm{ at 7 (V)/+pdt}
mass _ 7
conservation — =0 d f ] df '
— X,t X,t)dV = —aVv
™ v(t)p( ) T (X,1) w02

... d d
likeif —(dmMY=—(pdV)=0
Olt( ) ™ (pdV)




3. General form of conservation laws

Example: transport of a pollutant in the sea

water material volume normal unit vector

V(ty)

V(L)

- =t C= (X, 1) = concentration of pollutant,
=14 2 mass/water mass

d erfant P pollutant quitting

— X.t)c(X,t)dV| = |Ppoliutantcreated

dt V(t)p( Je(x.b) inside V(1) — | through the
boundary of V(t)

d .
pm jvm pcdV = jv(t) pKdV - jav(t)n-J dA

—

K = mass of pollutant created | [ J = flux = mass of pollutant
per time unit and that crosses the area
per water mass unit unit per time unit




ater material
volume

d L
pm jv(t) pcdV = jv(t) pKdV — Lvm fi-J dA

d
dt Ve

—| pcd

Reynolds transport theorem

dc
V = —~dv
w0 gt

v

/

Gauss theorem

j A-J dA=[V-Jdv
oV(t)

V(t)

4

dc =
jv(t)(p—+V-J —p Kjdv =0

dt

Since V(t) is an arbitrary
material volume

= p—+V-J=

or




Balance of pollutant amount in a fixed control volume

= v p[%—l—\TVCj—I—V-j:pK

\ —_—) v
%(pc)w.(pcv)w.j:pK
|
integration over V + Gauss Theorem
v
d : : A = A
ajvpcolv_ jvpK dv - Lvn-J dA — javpcn-v dA

pollutant created pollutant quitting pollutant quitting V
inside V because of flux because of flow
| out of a material advection
in a material volume l / volume

d =
h oV = jv(t) oK dV — Lva)n-J dA




General case eg. p=mv
velocity is momentum

f (X,t) = density of a property per body mass unit per mass unit
_ _ p=| pvdV
total amount of the property in V(t) = j p(X, 1) f(X,t)dV P _[va
e = total momentum
_ in volume V
material volume n
V(ty)
V(ty)
\/
t=t, =1
d ~ . amount quitting
Tt b p(X,t) f(X,t)dv| = |amountcreated — | through the
dt Vo inside V(t) boundary of V(t)
d A
ajv(t)p fdv = jv(t)p Kedv - [ -3, dA

K . = amount of the property J; = flux =amount of the
created per time unit and property that crosses the
per water mass unit area unit per time unit




Local balance law:

dt ot

df
p—+V-J, =pK; or ,0(@+\7-ij+v-\]f:,OKf

If f is a scalar (like the concentration of pollutant)
K, =scalar J . = vector

If f is a vector (like the velocity or momentum density)
K, = vector J . =second order tensor

Balance in a fixed volume

s
N i ajvpfdv:

\ _____ i [ pKedv - [ A-3,dA - [ pfA-vdA

T ' amount created amount quitting amount quitting
inside V because of flux because of flow
out of a material advection
volume




4. Diffusion equations

Example: transport of a pollutant in the sea

Diffusion process /- > flux opposite to the gradient

Fick law: the flux Is proportional to the gradient j =—yVC
proportionality constant = y = diffusion coefficient
ocC = _
p—= pK - V.J - pv-VC
o N P e —
production | | flux out of a flux due to

material volume advection




o . ., 1/, e oo .
— + V' 'VOUC=NT+—V - U/ Vv b} aadavection-diiiusion equatlon
ot yo,
: oc diffusivit
if p = constant +—— | —+V-Vc=K+V-(DVc) 7,y
ot D=%_
o,

diffusion equation

> oc -V -(DVc)+K

incase Vv=0

T _pZl> ’
ot OX?

simplest case: D= const., K=0

OC

ot —=DVZ
ot
The diffusion equation describes how gradients tend to smooth out with time
c(x,t) c(x,t+At)
| 2 > x 1 > X
9o = [E<o
OX ot




5. Momentum conservation

Types of forces in continuum mechanics:

Body forces: forces from ‘action at a distance’ without contact.

» due to a certain force field (usually originated externally)
— e.g. gravity, electromagnetic, etc.
» distributed throughout the body dE
and defined per mass unit d

I
§.
\

» total force over a volume V: F=| pgadv




Surface forces: contact forces either external or internal exerted through a surface.

» proportional to the area and defined per area unit -

. dF =ndA
f =Ilim— L.
dA-0 dA dF =fdA
> total force over a surfaceis F = L f dA
» force of part B over part A= F
the normal is outwards from A A
A A B

» force per area unit is a linear function of the unit normal vector to the surface
f=n-1 T = stress tensor




Revisiting stress tensor

f =nz, +n,7,+n,7, ‘

( fl, f2 : f3) = (nl, n,, n3) Toy Ty Tog stress tensor matrix

\T31 T3 T33)

T33
meaning of the components
T3 3
T
23
T
s -~ T2
T 12
11 2'21 b :
T]_]_; 722 ’ 2-33 — norma
stresses
T19y Ty31 Tops Togy-ee = Shear
stresses

14, > 0 2 pulling ; T4, <0 : pushing (compression)



Momentum balance

¢ (Zm,v,j SE

\ 4

d _ _
a.“V(t)devz.“V(t)pgdv_l_j

oV (t)

n-t dA

Reynolds transport theorem

d _
Ejva)p\/dv -

dv
vin©  dt

p—adV

Gauss theorem

j n-tdA= V.-tdV
V(1) V()

!

fo|

dv

= _p§-V-
P PO

ince V(t) is an arbitrary material volume

I

[Cauchy Equation| | >
T

dv

p——=V-T+pg

dt

OT;;

OX

j

+ 00,




Comparison with the general form of
the conservation laws:

<l

density of momentum: f =
flux of momentum: J\7 — —T Stress tensor

production of momentum: K. =g body force




Momentum balance in a fixed volume

—

From the general form of the balance in a fixed volume

%jvpf av :jv'OKf dv_jav n-J, dA_.[av'Of -V dA

f=v S=-T K,=0
S pidv=[ pgav[ A-zdA-[ p(A-v)idA
dt v'U r oV GV'U

rate of change
of momentum

forces exerted on V

[, (6-9)(pv)an-
rate of momentum
quitting V




Momentum balance in a fixed volume:

direct proof

<

d . o, . N Op _
— vdVvV =| —(pVv)dV = —4+ LV
dt V'O V@t(p ) jV p@t
pﬁ—v VW [dV —| V- (pV )V dV
vl dt v
d r r( dv
P W=, L'O—_

dt

dv _ )
P——=V:-1+p( —>j [aq, +09; - pV,
v X




Gauss theorem:

f i(n\l\l — \d\v/ f n_(n\l\l T \dA
P J \ J

v Ay VYT Joy TV VIV T

+

d _ _ R Al
aJ'v,ov dVv :fvpg dVv +_[W n-tdA- ” n-(pv®v)dA

or

jpvdv jpng+j nrdAj (A-V)V dA

\ ~ 7 N ~ = Y ~
rate of change forces exerted on V Jrav (ﬁ -V )( oV ) dA =
of momentum rate of momentum
quitting V
__.————'
<V
.
\




6. Angular momentum conservation

U(%,t)

i(zi:mi)?ixvij:Z)?ixlf v

l material volume
d

_ v 7 . — - N ,\. ~ _.’t
a0 V(t)xx(PV)dV = v(t)xx(pg)dV+ . Xx(n T)dA §(%,1)

Reynolds transport theorem =
d dv _
— | Xx(pV)dV = X x — dV . dv

momentum balance

pad=V-1+pg ¢




ot or., . |
O rk .
jaV(t) Ei XM T dAf V(t) EijX OX, W ‘.." -------- e, =
N\ ) B L TTTT T T i = ....'N..
I Gauss theorem A
i S L Ll é ...... -
0 3 T w
V@) D V(t) ax ik vy Y RAZO NN OX. .

jv(t) €O Tn AV __[ vio ik ik dv =0

since V iIs any material volume

CikTik = 0

— E1pglo T E1TH =0 =

angular momentum conservation = symmetry of the stress tensor

Togy = T3 =
T3~ T3 =
Tip =Ty =

-



another way: J'ava) Xx(A-1)dA= v(t)pr(
X3 T
' 33 X,
2 A
. 73 3 b—0 cb T32_>
T
T13 . > db 7,
T T
d i > |47 * dbz,, © > X,
c.m
b
C -
—cbr,
(db723)C—(Cbz'32)d = ngljkxj (8, —g)pdV| «
£ = Ta| S — U £,.X; (3, — 0, )pdV‘<—bcdx/b2+c +d? max|p(a-g)

bcd

—

-

0

T3

forvV >0



Angular momentum balance in a fixed volume

dt

d dv oV 0
aj p €y XV, dV =_[ (,ogukxJ d—tk pgiij,Vré—Xk—g.,ka aX(PVr)Vk} dv

0T, o, O 3
jv gukXJ( OX. TP — PV OX. B OX. (er)Vk] dv =

0 —
jv P &y X9, dV —jv Eij X aT(pvkvIr —7,.)dV = similarly to
r momentum

. « D balance (Reynolds
Jy P &% Yk dv ~J a7(“9iijj(IOVer ~ i )) dv = transport
] ] theorem, Gauss
), P &iX; dv -1 gijkxj(pvkvr —7,,)n, dA theorem, etc.




=Jf!

vaixwvﬂ'v)—(x

(@]}

N\

padVv +Jav)?x(r-ﬁ)dA—Jav(p)?xV)V-ﬁ dA

| -

\
(

rate of change
of angular
momentum

—

torques exerted on V

—

rate of angular
momentum
quitting V




7. Mechanical energy balance

momentum balance

dv dv 0T
—=V-1+pg—P|lpV, —==v,—+p0,V
'Odt R PV dt Kk x, £ 9y Vi
1 d 0 oV
Epa(vkvk):a—xj(vkrjk)_z-jka—xt_l_pgkvk
oV
< Tik 57k =Tk (ij + Wi ): 73Dy = 75Dy
J
1 ., _ L
—pi(vz)zv-(r-v)—r:Derg-v _ _
2" dt integration over V )
(material volume)




\/
\"/

g & ov-d
dt v 2

—
\7

A
vV U

(@]

V(t) 'U

\/
\"

n [
JaV(t)

—
\7

Vv

.'L

=)

AA
Uum —

\/

[ 1A
A UV

JV(t) y

rate of change
of kinetic energy

N

external work
done by the
body forces

—

external work
done by the stresses
on the surface

d
dt

(Z;minj _ Wext 4 Wint

RS /

internal work
done by
the stresses

if there is
deformation

interpretation




1) Isotropic and deviatoric strain rate tensors

S S
t ] I

— ) = — — + >
isotropic expansion/ deviation with
contraction respect to isotropy

N\

p”
general case: D:%tr(D)l-FD' or D=%(V-\7)1+D'

with  tr(D')=0




2) Isotropic and deviatoric stress tensors

similarly ....
-3 1 -1 2 0 0 -5 1 -1
t=| 1 5 01|=|0 2 O|+{ 1 3 O
-1 0 4 0 0 2 -1 0 2
: 1
general case: T = gtr(r)l Lo with  tr(t') =0
isotropic deviation
stress with respect to isotropy
YTBB Isotropic stress =

isotropic tension (t>0) or compression (t<0)

» normal stresses are the same along any direction
» Nno shear stresses

Tn=Tp=tx=1




In case of a fluid in equilibrium,
we will see that the stresses are isotropic and negative (compression):
T =Ty =T =T=— p >0 = pressure

therefore, in general, the pressure is defined as — the mean normal stress

1
=——1r
p=—ciiily

!

T=—p1+7

where p can be > 0 (compression) or < 0 (tension)

1 _
If T, T, T4 are the principal stresses, then P = —g (Z'l +7, + 1-3) o




3) Internal deformation work

1 1 V1 ! \/ L L

1 d

E'Oa(vz):_T:D: pvV-V -1 D'

—1t:D=pV-v-1"D
I o

expansion work —

shear work

pvV-v>0




shear work

1 d
2Pt

(VZ):_T;]): pvV-V—1"D'

motion caused
by the internal
forces only

— 1" D'(AX(2Ay)Az) =
2K 751 AXAYAZ =

lllllllll
......

Vv ‘
2— 11 AXAYAZ = 2V 75, AXAZY

L4

Ay

L]
------------

L ]
o

9
“

T. D - 2-12 D12 + 721D21 = —kTZl




Energy balance for a fixed volume

%Iv%pvz dVv :.[v pg-vav _.[v t:DdV +.[3v n-t-vdA-

1 s o2
a\/E,o(n-v)v dA

rate of change
of kinetic energy

external work
done by the
body forces

internal work
done by
the stresses

external work
done by the
stresses on
the surface

rate of energy
quitting V




Energy balance for a fixed volume

Comparison with the general form of

pi iv2j—V-(r-\7)=—r:D+pg’-\7 the conservation laws:
dt\ 2 A =
#
f v I . = 2
PV, = pK, density of energy: f=v/2
dt flux of energy: Jo, =TV
production of energy: K , =g-V—1:D/p
drl VaV=[ pg-vav-[ =:DdV+[ fi-7-vdA- 1 (A-V)v? dA
dt v2'0 v P v o oV av2'0

rate of change
of kinetic energy

external work
done by the

body forces

internal work
done by

the stresses

external work
done by the
stresses on
the surface

rate of energy
quitting V




8. First Law of Thermodynamics

d 1 7 * - A — .
dt V(t)EpV dV_.v(t)pg-vdV+Lv(t) N-7-VOA- V(t)T'DdV

rate of change external work _

of kinetical energy i

Where does the energy transferred by the internal work go ?

or where does it come from ?



J'V(t) pY-v dV!

inflow of energy
by external work

j n-t-VdA
V(1)

Kinetic energy

%jvpvz dVv

jva) t:DdV

?

internal
deformation
work



First Law of Thermodynamics: energy conservation principle

viy F g-vav | total stored energy E

I
I
inflow of energy Kinetic energy |
by external work 1 ) |
—— — j pve dV |
j n-t-VdA : 2V |
oV (t)

| I |
I I
1], TiDaAv !
I V(t) [
internal heat I |
sources | |
I

rdv
J.V(t) P I
I
|

5.7 dA outflow of
jaV(t)q heat




First Law of Thermodynamics: energy conservation principle

There exists a ‘stored energy function’ E such that:

dE Lo A A
E_.[va) pg-vdVv +Lv(t) n-t-vdA - aV(t)q-n dA + Vo prdVv
G = heat flux
per area unit I = heat produced
1 \ inside the body
E:jVLEpV2+puJ dVv per mass unit

= internal energy
(molecular or ‘thermal’ energy,
elastic potential energy, ...)




by susbstracting:

d 1 oL A~ A
g (E'DV +pu) dVv —jv(t) pg-vdVv +J‘6V(t) n-t-vdA- av(t)q-n dA+ Vo prdVv
d ipvzdvzj pg'-VdV+j Ai-t-vdA—[ 1:DdV
dt Jv) 2 V(t) oV (t) V(t)
ij- pudV:j t:DdV — G-ndA-+ prdVv
dt v V(t) v (t) V(t)
rate of increase internal
of internal energy deformation
work
. du _
or,inlocalform |[p—=1:D -V -G+ pr
dt
\ J \ I\ % W = work out
_ _ \A & ] of the system
Classical Thermodynamics y
y AU =-W +Q Q = heat into the system
of homogeneous systems:




internal heat
sources

jv(t) prdVv

I internal

j :DdV deformation
v work

outflow of
heat




heat equation

7.D=0
du=c,dT

du
—=1:D —-V-g+pr
'Odt q+p

Fourier Law
§=—kvT

K = thermal
conductivity

N

< advection-diffusion equation

oC, (68—T+V VT kVT )+ pr

If v=0 p C,=constant

8T
ot

diffusion equation

=0 - -

Rl s

PC,

Thermal
diffusivity



Initially, all the water in the pipe is at temperature T,

After t=0, water at temperature T, flows into the pipe.

Which is the final temperature distribution in steady conditions?
How is the transient behaviour?




mathematical problem

Tl
we assume a one-dimensional problem O —> V] T2
T =T(x,1) T
x=0
X=L
oT ol o°T
—+V—=D—; O<x<L
ot OX OX
TOn=T , T(LY=T, boundary conditions
T (X,O) — T2 X >0 initial conditions
thermal k
diffusivity —
of the fluid LC,




Final equilibrium solution:

T D X
T =— : o =—— : y = —
T, vL L
D:L T,=2T;, v=01mm/s, L=5cm
PC, water: D =1.4 x 10" m?/s
-1 —
(y-1)/ =V > £,
r= 1_e—1/a Zi
l_\—l -
= 150
|_ L
1 7 | J
0 0.5 1
X/L




9. Second Law of Thermodynamics

The disorder in any isolated system increases with time

0 o0 000 At>0 00,9008 O
0 S0 00| =P (0%0%0%0 °
00® 8009 4+ 0©0,%50g

order disorder (uniformity)
(non-uniformity, gradients )

entropy = thermodynamic variable which is a measure of the disorder or
randomness

Second Law:
In any isolated system, the entropy must increase with time




Classical Thermodynamics of homogeneous systems:

S = entropy defined by (S =

Second Law: dS >0 for any real processes in any isolated system

do
rev

Continuum Thermomechanics

Second Law: Q
T entropy
dS r ~N " r flow
O L[ pfav - [ Gdaal ol
dt o VOT ;rntropy
entropy | __ | entropy entropy flow production
INCrease | = | supply +| from outside V(1)
Al inside the
process body Clausius inequality
- ds r 0]
S=[ psxt)dv Np——p—+V:| —|>0
® dt T T

local form



Example: Fourier Law of heat conduction

Second Law = thermal conductivity is positive, y > 0
I.e., heat flows from hot to cold

Free Helmholtz energy: iy =u—Ts

ds du dy _dT

dy aT

pl—=p——p—-—pSs—=1:D-V-+pr—p——pSs—

dt dt

———p—+V-
Pa 2770\

dt dt dt dt
ds r (qj>o—i




dy dT

Pyl dy dT
Tat T dt

T:D- P — pS——
dt dt

vV
)

V.Vve+""D'—
\4 VI « A

+_

&)

9yt
T

dy 8wdT 8wdp 8wdT 8wvo\7

Let'sassume W =y (T, p0) —p
dt OT dt 8,0 dt oT dt op

q=-yVIT i

, O _ (aw de 2
——pVNV+1:D— —+Ss|—+y|VI| 20
(p P s el
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Meaning of the Helmholtz free energy:

d¥Y =dU —-TdS —SdT =dQ —dW —TdS — SdT

For an isothermical process (dT=0):

d¥ =dQ—-dW —-TdS

Second Law: TdS>dQ

dW < —-d¥ ( = in case of reversible process)

Therefore, the Helmholtz free energy is the maximum work that
the system can do in an isothermical process



