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1. Time derivative of volume, area and line 
integralsintegrals
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Material volume
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Since the integration domain is variable, one cannot simply interchange 
the integral and the time derivative

but we can use the map defined by the motion to map the integration domain V(t)
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but we can use the map defined by the motion, to map the integration domain V(t)
into the corresponding volume in the reference configuration, V0
and do the integration over V0
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since now the integration domain V is constant:
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coming back to the present configuration, V(t) :
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totally similar to the ‘Leibnitz rule’ (integral over a straight line):
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Arbitrary volume

In case of an arbitrary volume, one can proceed in a similar way by seeking a 
transformation which maps the moving volume into a fixed volume in space.
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Material surfaces and material lines

Ad


 ),( idAtx
d
d  

material surface

)(tS








 





 



)(
),(

k
k

i
k

t i

dAvdAvd
dt S





x2

x3

 



 



 


)()( t k

i
t i

k

dA
x

dA
xdt SS



x1

material line

)(tC  
)(

),(
t idxtx

dt
d

C
 

xd )(tC









)()(

)(

t k
i

t i

t

dx
x
vdx

dt
d

dt

CC

C


 )()( t

k
t xdt CC

Proofs: J.M. Massaguer & A. Falqués, ‘Mecánica del Continuo: 
Geometría y Dinámica’, eds. UPC, 1994. pag. 185.



2. Mass conservation. Continuity equation.
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The meaning of the continuity equation can be illustrated
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by considering a control volume fixed in space
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Another expression of the continuity equation 
that is considered as the Lagrangian version
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Reynolds transport theorem
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Very often, the function to integrate is a quantity times the density,
(e.g., the momentum is density  velocity) and we have 
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3. General form of conservation laws

water material volume

Example: transport of a pollutant in the sea
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Balance of pollutant amount in a fixed control volume
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General case e.g. 
velocity is momentum 

vmp 


),( txf 

dVtxftx
( )

),(),( 
V 

density of a property per body mass unit

total amount of the property in V(t) =

per mass unit 

dVvp 
 V


material volume

f
(t)

)()(V 

V(t )

p p y ( )

n̂

= total momentum 
in volume V

V(t1)
V(t2)

t = t1
t = t2

d
 t t d amount quitting 

dVtxftx
dt
d

(t)
),(),( 

V  amount created 
inside V(t)= 

q g
through the 
boundary of V(t)

d dAJndVKdVf
dt
d

(t) f(t) f(t)  


VVV
ˆ

K Jamount of the property flux = amount of thefK fJamount of the property 
created per time unit and 
per water mass unit  

flux = amount of the
property that crosses the 
area unit per time unit   



Local balance law:
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4. Diffusion equations

Example: transport of a pollutant in the sea

cDiffusion process
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5. Momentum conservation

Types of forces in continuum mechanics:

Body forces: forces from ‘action at a distance’ without contact.

 due to a certain force field (usually originated externally) due to a certain force field (usually originated externally)
– e.g. gravity, electromagnetic, etc. 

 distributed throughout the body 
and defined per mass unit
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 total force over a volume V: dVgF V 



Surface forces: contact forces either external or internal exerted through a surface.

 proportional to the area and defined per area unit
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 force per area unit is a linear function of the unit normal vector to the surface
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Revisiting stress tensor
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11 > 0 : pulling ; 11 < 0 : pushing (compression)



Momentum balance ),( txv 
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Comparison with the general form of 
the conservation laws:
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Momentum balance in a fixed volume
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From the general form of the balance in a fixed volume
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Momentum balance in a fixed volume:
direct proof ˆvdirect proof
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Gauss theorem:
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6. Angular momentum conservation
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angular momentum conservation   symmetry of the stress tensor 
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Angular momentum balance in a fixed volume

   



















VVV

dVv
tt

vxdVvx
t

dVvx
dt
d 


 

    





 

V V
dVvxvdVvv

dt
vdx 


 

  















VV

dVvv
x

x
x
vvx

dt
dvxdVvx

dt
d

kr
r

jijk
r

k
rjijk

k
jijkkjijk 

  




















V
dVvv

xx
vvg

x
x kr

rr

k
rk

r

rk
jijk

rr



  







VV
dVvv

x
xdVgx krrk

r
jijkkjijk

rrr

 similarly to 
momentum

   




VV

dVvvx
x

dVgx krrkjijk
r

kjijk

r



momentum 
balance (Reynolds 
transport 
theorem Gauss

  


VV
dAnvvxdVgx rkrrkjijkkjijk 

theorem, Gauss 
theorem, etc.



   
d     


VVVV

dAnvvxdAnxdVgxdVvx
dt
d ˆˆ   τ

rate of change
of angular 
momentum

torques exerted on V rate of angular 
momentum 

momentum quitting V



7. Mechanical energy balance
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1) Isotropic and deviatoric strain rate tensors
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2) Isotropic and deviatoric stress tensors
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33
Isotropic stress = 
isotropic tension (>0) or compression (<0) 
 normal stresses are the same along any direction

11

 normal stresses are the same along any direction
 no shear stresses
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22
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In case of a fluid in equilibriumIn case of a fluid in equilibrium, 
we will see that the stresses are isotropic and negative (compression):

p  p > 0  pressurep  332211 p > 0  pressure

th f i l th i d fi d th l ttherefore, in general, the pressure is defined as  the mean normal stress

)(1 τtrp )(
3

τtrp 

'τ1τ  p

where p can be > 0 (compression) or < 0 (tension)

1     3213
1pIf 1 2 3 are the principal stresses, then



3) Internal deformation work
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shear work
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Energy balance for a fixed volume
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Energy balance for a fixed volume
Comparison with the general form of 
the conservation laws:  vgvvd 
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done by the 

external work 
done by the 

internal work 
done by gy q gy

body forces 
y

stresses on 
the surface

y
the stresses 



8. First Law of Thermodynamics

dVdAvndVvgdVv
dt
d

tttt  
 )()()()(

2 :ˆ
2
1

VVVV
Dττ 

rate of change 
of kinetical energy

internal work external work

Where does the energy transferred by the internal work go ? 
i f ?or where does it come from ?



dVvg
t 
)(V



kinetic energy

dVvV
2

2
1 

dA ˆ 

inflow of energy 
by external work

V2

dV D

dAvn
t 
)(

ˆ
V

τ

internal
dV

t )(
:

V
Dτ deformation

work

?



First Law of Thermodynamics: energy conservation principle

dVvg
t 
)(V

 total stored energy E

kinetic energy

dVvV
2

2
1 

dA ˆ 

inflow of energy 
by external work

V2dAvn
t 
)(

ˆ
V

τ

dV D

internal heat

dV
t )(

:
V

Dτ

internal energy
dVuV 

dVr
t )(V


sources

V

 ˆ
outflow of

dAnq
t 
)(

ˆ
V

 out ow o
heat



First Law of Thermodynamics: energy conservation principle

d

There exists a ‘stored energy function’  such that:

dVrdAnqdAvndVvg
dt
d

tttt  


 )()()()(
ˆˆ

VVVV
  τ

E t f t th b d b th H t i fl H tEnergy transfer to the body by the 
external work

Heat inflow  
to the body

through the surface

Heat
production 

inside 
the bodythe body

q heat flux 
per area unit r = heat produced 

inside the body 1 inside the body
per mass unitdVuv 






 

V
 2

2
1

u = internal energy
(molecular or ‘thermal’ energy, 
elastic potential energy, …)



by susbstracting:

dVrdAnqdAvndVvgdVuv
dt
d

ttttt  





 

 )()()()()(

2 ˆˆ
2
1

VVVVV
  τ

dVdAvndVvgdVv
dt
d

tttt  
 )()()()(

2 :ˆ
2
1

VVVV
Dττ 

dVrdAnqdVdVu
dt
d

tttt  
 )()()()(

ˆ:
VVVV

 Dτ
dt tttt   )()()()( VVVV

rate of increase 
of internal energy

internal 
deformation

heat inflow  
to the body

heat
productionof internal energy deformation 

work
to the body

through the surface
production 

inside 
the body

d rq
dt
du  

Dτ :or, in local form

W = work out 

Classical Thermodynamics
of homogeneous systems: QWU 

of the system
Q = heat into the system



dV D
internal

dV
t )(

:
V

Dτ

internal heat

deformation
work

internal energy
dVuV 

dVr
t )(V


sources

V

 ˆ
outflow of

dAnq
t 
)(

ˆ
V

 out ow o
heat



heat equation

rq
dt
du  

Dτ :0: Dτ

dTcdu dTcdu v

Tkq 


Fourier Law
advection-diffusion equationTkq 

  rTkTv
t
Tcv  






 

 k = thermal 

conductivity

q

If 0v  cv = constant r = 0
heat transport
by advection

heat 
conductionIf 0v  v 

 TT


 
k  Thermal

diff i it T
t





vc


diffusivity

diffusion equation



Example of application of the advection-diffusion heat equationExample of application of the advection diffusion heat equation

TT1

T2
v

L

Initially, all the water in the pipe is at temperature T2 . 
After t=0, water at temperature T1 flows into the pipe. 
Which is the final temperature distribution in steady conditions?
How is the transient behaviour? 



mathematical problem T

we assume a one-dimensional problem 

T1

T2v

),( txTT 

TTT  2

x=L
x=0

Lx
x
TD

x
Tv

t
T











 02

)()0( TLTTT 21 ),(,),0( TtLTTtT 

0)0,( 2  xTxT

boundary conditions

initial conditions),( 2

kD 
thermal 

diffusivity
vc

D


diffusivity
of the fluid



Final equilibrium solution:

xyDT
 

L
y

vLT
,,

1



kD  T2 = 2 T1 ,  v = 0.1 mm/s , L=5 cm
vc

D


 2 1  , ,
water:  D = 1.4 x 10-7 m2/s

-1 = 35.7

2

  /1

/1
2

/)1(
2

1
)1(1









e

ee y
   35.7

1.5

T 
/ T

1

1

T
0 0.5 1

x / L

1



9. Second Law of Thermodynamics

The disorder in any isolated system increases with time

 t > 0


di d ( if it )order disorder (uniformity)order 

(non-uniformity, gradients )

entropy = thermodynamic variable which is a measure of the disorder or
randomness

S d LSecond Law: 
In any isolated system, the entropy must increase with time



Classical Thermodynamics of homogeneous systems:
dQ T dQ

S = entropy defined by
T

dQdS rev

Second Law:  dS  0  for any real processes in any isolated system

dQ

Continuum Thermomechanics
qS d L
T
q

entropy 
flow

T
r

Second Law:

dAnqdVrdS
  ˆ



 T
entropy 

production

TTdt tt   )()( VV


entropy flowentropy 
i

entropy  + V(t)from outside increase 
in any 
process

supply
inside the 
body

 +

Clausius inequality

V(t)

dVtxsS
t )(

),(
V

 0







T
q

T
r

dt
ds 


TTdt

local form



The Second Law poses restrictions on the properties of the solids and fluidsThe Second Law poses restrictions on the properties of the solids and fluids

Example: Fourier Law of heat conduction
Second Law  thermal conductivity is positive,  > 0 Tq  

i.e., heat flows from hot to cold  

Free Helmholtz energy: Tsu duFree Helmholtz energy: Tsu 

dTddTddd

rq
dt
du  

Dτ :

dt
dTs

dt
drq

dt
dTs

dt
d

dt
du

dt
dsT  

Dτ :

 qrds 

0







T
q

T
r

dt
ds 

0:  T
T
q

dt
dTs

dt
d 

Dτ



0:  TqdTsd 

Dτ 0':'  TqdTsdvp


 Dτ0: T
Tdt

s
dt

Dτ 0:  T
Tdt

s
dt

vp Dτ

dTddTd  Let’s assume ),(  T v
dt
dT

Tdt
d

dt
dT

Tdt
d 
























Tq 

0':' 22 



 









 TdTsvp  Dτ

Tq  

0: 












 

T
dt

s
T

vp 


 Dτ

Thi i lit t b ifi d f i f l fThis inequality must be verified for any process, i.e., for any value of 

T
dt
dTv  ,,':', Dτ


2  0





 2p
T

s




 00':' Dτ

warning: if 
does not depend on E



Meaning of the Helmholtz free energy:

SdTTdSdWdQSdTTdSdUd  SdTTdSdWdQSdTTdSdUd 

For an isothermical process (dT=0):

TdSdWdQd 

Second Law:  T dS  d Q

 ddW ( = in case of reversible process)

Therefore, the Helmholtz free energy is the maximum work that 
the system can do in an isothermical processy p


