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Abstract: Given a pair of matrices (A,B) we study the stability of their invariant
subspaces from a geometric point of view. The main tool is the manifold of quadruples
((A,B), F, S) where S is an (A,B)-invariant subspace and F is such that (A +
BF )S ⊂ S. From the geometry of this manifold we derive sufficient computable
conditions of stability.

Keywords: (A,B)-invariant subspace, stability, manifold, submersion.

1. INTRODUCTION

Given a linear system defined by

ẋ(t) =Ax(t) +Bu(t)

y(t) =Cx(t)

(A,B)-invariant subspaces as well as (C,A)-
invariant subspaces play a key role in solving
many problems in the linear system theory (see,
e.g. [3]). From a computational point of view, the
notion of stability of such kind of subspaces is par-
ticularly important (see below for the definition of
stability). Since a subspace S is (A,B)-invariant
if and only if the orthogonal of S is (Bt, At)-
invariant, we can restrict ourselves to consider
(A,B)-invariant subspaces.

The similar notion of a stable A-invariant sub-
space has been extensively studied in the recent
years and a general result giving necessary and
sufficient conditions for a subspace to be stable
has been obtained in [1]. However, as far as we
know, there is not a similar result concerning
the stability when we deal with (A,B)-invariant
subspaces (see [2] for general results in this di-
rection). In this note we focus on the problem of
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studying the stability of an (A,B)-invariant sub-
space from a geometric point of view. The main
tool is the manifold M obtained by considering
the set of quadruples ((A,B), F, S) where S is
an (A,B)-invariant subspace and F is such that
(A+BF )S ⊂ S. In fact in Theorem 2.3 it is proved
thatM is a manifold of dimension n2+2nm. Then
from the natural projection fromM toMn we can
derive a computable sufficient condition to ensure
the stability of an (A,B)-invariant subspace (The-
orem 3.3).

2. THE MANIFOLD

With the above notation, we first study the
smoothness of the set M. We recall that S is a
k-dimensional (A,B)-invariant subspace if there
is F ∈Mm,n such that

(A+BF )S ⊂ S (1)

It is well known that the set of k-dimensional
subspaces of Rn, Grk(Rn), can be identified with
the set of selfadjoint projection operators P ha-
ving rank k, that is to say P 2 = P , P t = P ,
rank P = k. Then it is easily checked that (1) is
equivalent to the following relation:

(A+BF )P = P (A+BF )P (2)



So, we identifyM with the set

{(A,B, P, F ); (A+BF )P = P (A+BF )P} .

We also denote this set byM. If we introduce the
map

ϕ :Mn ×Mn,m ×Grk(Rn)×Mm, n −→Mn

defined by

ϕ(A,B, P, F ) = (A+BF )P − P (A+BF )P

it is clear thatM = ϕ−1(0).

In order to show that M is a differentiable ma-
nifold we have to study the rang of dϕξ where
ξ = (A,B, P, F ) ∈M.

Lemma 2.1. With the above notation, dϕξ is the
linear map fromMn×Mn,m×TPGrk(Rn)×Mm,n

to Mn defined by

dϕξ(Ȧ, Ḃ, Ṗ , Ḟ ) = (I − P )(ȦP +AṖ + ḂFP

+BḞP +BFṖ )− Ṗ (A+BF )P

where Ṗ = [P,Ω], Ω = −Ωt, [P,Ω] = PΩ− ΩP .

Lemma 2.2. For every ξ ∈M, we have

rank dϕξ = k(n− k) .

Proof. Let δ=dim Im dϕξ. Then L
t∈(Im dϕξ)

>

if and only if

tr L((I − P )(ȦP +AṖ + ḂFP +BḞP +BFṖ )

−Ṗ (A+BF )P ) = 0 (3)

for every Ȧ ∈ Mn, Ḃ ∈ Mn,m, Ḟ ∈ Mm,n, Ṗ ∈
TPGrk(Rn) (tr stands for trace).

It can be checked that equation (3) is equivalent
to

tr PL(I − P )Ȧ = 0 for every Ȧ ∈Mn

tr PL(I − P )ḂF = 0 for every Ḃ ∈Mn,m

tr (L(I − P )AṖ + L(I − P )BFṖ − LṖAP

−LṖBFP ) = 0 for every Ṗ ∈ TPGrk(Rn)

tr PL(I − P )BḞ = 0 for every Ḟ ∈Mm,n

which in its turn is equivalent to PL(I − P ) = 0
and

tr Ω(L(I − P )(AP +BFP )−APLP + PAPL

−BFPLP + PBFPL) = 0 for every Ω = −Ωt

But, (A+BF )P = P (A+BF )P so that

L(I − P )(AP +BFP ) = 0

and

PAPL+ PBFPL = APL+BFPL .

Finally, taking into account that PL = PLP we
conclude that

L(I − P )(AP +BFP )−APLP + PAPL

−BFPLP + PBFPL = 0 .

Hence,

Lt ∈ (Im dϕξ)
> if and only if PL(I − P ) = 0.

In a suitable bases, we have P =

(

Ik 0
0 0

)

. Then,

from the last equality we obtain

dim Im dϕξ = k(n− k)

and the lemma follows.

Since n2+nm+k(n−k)+mn−k(n−k)=n2+2nm,
we have proved the following basic result.

Theorem 2.3. With the above notation M is a
submanifold of Mn × Mn,m × Grk(Rn) × Mm,n

of dimension n2 + 2nm.

Notice that from lemma 2.1 we have that the
tangent space toM in ξ is given by

TξM =
{

(Ȧ, Ḃ, Ṗ , Ḟ ); (I−P )(AṖ+ȦP+ḂFP

+BḞP+BFṖ )−Ṗ (A+BF )P =0
}

.

3. STABILITY

Given an (A,B)-invariant subspace S , it is said
that S is (A,B) stable (or simply stable) if for
every ε > 0 there is δ > 0 such that if (A′, B′) ∈
Mn×Mm,n verifies ‖ (A

′, B′)−(A,B) ‖< δ, there
exists an (A′, B′)- invariant subspace P ′ such that
‖ P ′ − P ‖< ε.

For our purposes it is more convenient to set this
definition into a geometric frame. Consider the
following diagram :

Mn ×Mn,m ×Grk(Rn)×Mm,n

π1 π2
π̇1 π̇2

M

Mn ×Mn,m ×Mm,n Grk(Rn)
® + s U

where π1 and π2 are the natural projections and
π̇1 and π̇2 the corresponding restrictions.

Lemma 3.1. With the above notation, for every
ξ ∈M, rank dπ̇2,ξ = k(n− k).

Corollary 3.2. The map π̇2 :M−→ Grk(Rn) is a
submersion.

We are ready to state the main result of this note.

Theorem 3.3. Let ξ = (A,B, P, F ) ∈ M. Then if
dπ̇1,ξ is an isomorphism, P is (A,B) estable.



Proof. Given ε > 0, denote Uε(P ) the set

Uε(P ) = {P
′ ∈ Grk(Rn); ‖ P ′ − P ‖< ε}.

Since dπ̇1,ξ is an isomorphisme, π1 is a lo-
cal difeormorphism. Then, taking into account
that π̇2 is a submersion (Corollary 3.2), there
exists open neighbourhoods of (A,B, P, F ) in
M, Uη(A,B, P, F ), and of (A,B, F ) in Mn ×
Mn,m × Mm,n, Uµ(A,B, F ) such that for every
(A′, B′, F ′) ∈ Uµ(A,B, F ) there exists P ′ ∈
Grk(Rn) such that P ′ ∈ Uε(P ). Since the natural
projection π from Mn ×Mn,m ×Mm,n to Mn ×
Mn,m is open the theorem follows.

Notice that since dπ̇1,ξ is the linear map

dπ̇1,ξ : TPM−→Mn ×Mn,m ×Mm,n

defined by dπ̇1,ξ(Ȧ, Ḃ, Ṗ , Ḟ ) = (Ȧ, Ḃ, Ḟ ), dπ1,ξ is
an isomorphism if and only if
{

Ṗ ∈TPGrk(Rn); (I−P )(AṖ+BFṖ )

−Ṗ (A+BF )P =0
}

={0}.
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