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Abstract. A multi-mesh adaptive scheme for convection-diffusion-reaction problems is pre-
sented. The proposal is applied to air quality modeling, especifically to the simulation of a
pollutant punctual emissions. The performance of the proposal is analyzed with different non-
linear reaction models, including the photochemical model CBOS5 implmented within the Comu-
nity Multiscale Air Quality model, which involves sixty-two species and very different charac-
teristic reaction times. The problem is solved with splitting of transport and reaction processes.
This allows to discretize the species in distinct computational meshes, adapted to the distribu-
tion of the error indicator of each case. A common reference mesh is used for all species and
during all problem evolution. A remeshing technique based on imposing the volume of new
elements is used to define and update the computational meshes. An error indicator well suited
for problems involving large variation of the unknowns is used. A single-mesh strategy, with
remeshing adapted to the most demanding specie in each part of the domain, is used for com-
parison. The results of the examples presented show that the accuracy of single and multi-mesh
strategies are similar. Instead, computational cost of multi-mesh is lower than single-mesh in
most cases. Reduction increases with the number of species and the number of plumes. An
example of a punctual emissor in a three-dimensional domain, with realistic values of CB05
components, is presented.
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1 Introduction

Air quality modeling aims to represent all the processes that occur to pollutans in the at-
mosphere. These processes are modelized in a set of partial differential equations (PDEs).
Traditionally, these PDEs are numerically evaluated in structured grids whose horitzontal res-
olution is in the order of few kilometers and the vertical resolution depends on altitude, finer
near the ground level [22]. Some of the processes occur in smaller scales than the geometric
resolution and they may not be well presented. For example, emissions of an industrial plant
are diluted in a cell of a coarse grid and the details of the chemical interaction are lost because
of the nonlinearity of the chemical reactions [9].

In order to decrease this source of uncertainly, adaptive schemes have been proposed in air
quality modeing at local scale. In adaptive schemes, domain is discretized such that a mesure
of the error is reduced. Various strategies have been presented. For example, in [28], the
mesh is adapted moving the nodes of a structured, regular grid (r-adaptivity). The accuracy of
small-scale plume structure near the source is higher than with a uniform static grid; however,
the computational cost is several times larger with adaptivity, since both grids have the same
number of nodes. Adaptivity strategy does not reduce the problem size in this case. This
strategy has been merged with the Comunity Multiscale Air Quality (CMAQ) model [10]. On
the other hand, in [29, 11], the mesh is updated inserting new nodes in the elements whose
error is larger than a tolerance (h-adaptivity). The computational cost of the adaptive scheme
is lower than that obtained with an uniform mesh, for the same accuracy. In both schemes,
a dynamic adaptive scheme is used; the mesh is updated several times during the simulation.
Instead, in [32] a nested grid aproach is proposed. A finer grid is defined in the interior of some
cells of a coarse grid; the size of the coarse grid is an intenger multiple of the size of the fine
grid. The solution of the coarse mesh is computed before the finer mesh and is used as initial
conditions; the solution of the coarse mesh in the overlaped zone may be updated. Typically,
the zone discretized with a finner mesh is defined a-priori. This last approach is not well suited
for unstructured meshes.

Most of the adaptive schemes, as these referenced, solve the problem with a single and
unique mesh for all species. However, the species may exhibit some qualitative differences:
While some may be very smooth in all the domain and can be discretized with coarse meshes
with accuracy, others may have big gradients in some regions of the domain and may need some
refinement in it in order to decrease the error. In this kind of problems, involving a large num-
ber of unknowns with different spatial distribution, multi-mesh schemes can help. They have
been used in a wide range of problems involving different unknwons. Every component of the
solution is discretized in a different mesh, that can be independently adapted to the evolution
of its reference component. In [14, 12], a multi-mesh approach is used for an optimal control
problem and dentritic growth. In [26, 7, 27], several examples are solved using hp-adaptive Fi-
nite Element Mehtod with a multi-mesh approach. In [31], an example for dentritic growth and
a detailed explenation of matrix assembling and elemental integration are presented. However,
in all references, the number of unknowns is reduced, two or three, and a tree-like algorthm is
used to refine the meshes.

In this work, we propose a multi-mesh adaptive scheme for convection-difussion-reaction
equations, especifically for air quality modeling with realistic photochemical models, involving
a large number of unknowns. Model is splitted in transport and reaction parts. Transport is
decoupled beetwen species, and each one can be solved independently of the others. Mesh of
each specie is adapted to the specific characteristics of its spatial distribution with a recently
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proposed adaptive scheme [17]. Reaction is reduced to a set of differential equations involv-
ing all species, uncoupled node by node. Time-integration of reaction is computed at all nodes
present in any mesh. With this approach, a tree-like discretization of the domain is not necessary
because the solution is not couppled in a large system of linear equations. A set of numerical
tests have been done for a point source emision problem using different chemical models in-
volving different number of species. Computational cost of single and multi-mesh strategies are
compared. An example of the punctual emission problem with a realistic set of values of CB0S
components, varying in height, is presented to illustrate the practical application of the proposal.
Values are provided by a simulation with the CMAQ model. CMAQ-CBO0S5 implementation is
merged with the convection-difussion-reaction model.

2 Mathematical and numerical model

Convection-diffusion-reaction equations descriving transportation of contaminants given a
velocity field can be expressed as:

O + Liu; — LIu=0 in Q x (0,7
u;(x,0) = ug;(x) in Q2 (1)
Mu; =0 in 0Q x (0,7

where u; stands for the concentration of specie i € {1,...,n.}, n. is the number of species,
u € R" is the vector of unknowns, Q C R? is a bounded subset and M are the boundary
conditions. Two diferential operators, £} and L7, descrive transport and reactions:

Liu;=a-Vu;— V- (D; Vi) —s; (2a)

Lla =r;(u) (2b)

where a is the advective velocity, D; is the diffusion coefficient tensor and r;(u) is the veloc-
ity of production due to chemical reactions and s; is an optional source term. Functions are
assumed sufficiently differentiable in all their variables.

Equation (1) defines a system of coupled partial differential equations (PDE). The solution
of each component depends on all the others because of coupling in the reactive term. In air
quality modeling, it is common to use an splitting strategy to separate all the physical and
chemical processes that occur to the pollutants in the atmosphere [5, 3, 4]. Each process is
evaluated with a specific numerical method designed for the particularites of each one. In this
work, a second order Strang Splitting between transport and reaction is proposed. Let ¢ be a
approximation of u, and ¢*, i = 1,2, 3, approximations to ¢, then following steps are defined
to time integrate the system of PDE from ¢, to £,,+1:

I: Reactive Step

Oup' = L7(p")  for [tu,tnr1sals #'(1 1) = (- 10), (5]
2: Transportation Step, Vi € {1,...n.}
0up? + LE(2) =0 for [t,, tnri], ©2(, 1) = 05 (., tnt1/2), (3b)
3: Reactive Step
0k’ = L7(¢?)  on [tut1ja,tua)s @2 (s tniryz) = (o tata) (28)
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