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Robust H2 static output feedback to control an automotive throttle valve
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Abstract— The paper presents a control strategy for an
automotive electronic throttle body, a device largely used into
vehicles to increase the efficiency of the combustion engines.
The synthesis of the proposed controller is based on a linear
matrix inequality (LMI) formulation, which allows us to deal
with uncertainties on the measurements of the position of
the throttle valve. The LMI approach generates a suboptimal
solution for the robust H2 static output feedback control
problem, and the corresponding suboptimal control gain was
evaluated in practice to control the valve position of the throttle.
The usefulness of the approach has been verified not only by
numerical simulations but also by real experiments taken in a
laboratory prototype.
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I. I NTRODUCTION
The electronic throttle body is a mechatronic device
mounted in combustion engines (Fig. 1), and its role is to
control a throttle valve that regulates the amount of air that
inflows into the engine [1]–[10]. By adjusting the position of
the throttle valve, one can control the amount of combustion
inside the engine and hence the velocity and acceleration
of the vehicle. When a person driving the vehicle activates
the gas pedal, the corresponding pressure made on the pedal
generates a signal command that must be interpreted as a
reference for the aperture of the throttle. Thus, the gas pedal
generates continuously a reference for the position of the
throttle, and a control strategy should be able to make the
position of the throttle to follow the reference as close as
possible. In this setup, we aim to design a control law using
the static output feedback structure, as detailed next.
Dating back to the beggining of the 70’s, the static output
feedback is a challenging control problem yet open in the
literature. In the seminal work [11], Levine and Athans
presented the problem for continuous-time linear systems
and suggested an algorithm to calculate a static output
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PR, Brazil, and with Basque Center for Applied Mathematics, BCAM,
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Fig. 1.
Upper: throttle schematic. Lower: picture of the automotive
electronic throttle body used in the experiments described in Section III.

feedback gain satisfying necessary conditions of optimality.
However, it is well-known that this algorithm may produce
unstable solutions (see Table I for an example). Many authors
proposed modifications to the original Levine-Athans algorithm [12]–[15, Sec. 10.4], for both continuous and discrete
time systems, seeking for improvements on the convergence.
Despite of these efforts, the convergence problems persist
and the necessity of starting the algorithms with a stabilizing
static output feedback gain turns this scenario even more
complicated [16, p. 631]. In particular, if the sensor providing
the signal measurements is subject to deterioration during the
process operation, then the output parameter may become
uncertain and so the difficulty of obtaining an efficient
control solution increases drastically.
The automotive innovation unveiled by our approach

3141

exploits the potential of a linear matrix inequality (LMI)
formulation to design a robust controller that can cope
with possibly deterioration of the sensor that measures the
position of the throttle, and that drives the throttle to track
an arbitrary reference signal generated by the gas pedal. In
fact, such a real-time controller for the automotive throttle
body represents a key component in the so-called drive-bywire technology [1], [2]. Thus, our approach can be seen
as a contribution towards the technological development of
automotive systems.
Even though based on a simple idea, the design of a
tracking controller for the throttle is a very difficult task,
basically due to the builted-in nonlinear behaviour generated
by backlash, high friction on the components, limp-home
effects, and non-linear force provoked by the security return
spring [4], [17], [18]. Moreover, a specific control technique
useful for one throttle may be useless for another [3]. These
difficulties motivated us to design a simpler but practical
linear controller, based on the static output feedback derived
from the minimization of an upper bound to the H2 -norm
via an LMI formulation, proved to be useful for controlling
the position of a throttle device when it operates over a
programmed range of interest from 30 to 40 degree. Indeed,
although being nonlinear, the throttle body presents linearity
in the interval of operation from 30 to 40 degrees, see
Section III.
The controller implemented in our setup uses a static
output feedback gain provided by the LMI formulation
(designed off-line), which provides a suboptimal solution
for the control problem. Though being suboptimal, the LMI
formulation presented here improves the results obtained
with other methods available in the literature.
The experimental outcome presented here was obtained
due to two distinct controllers, as follows. We derived a controller for the nominal model (i.e., there are no uncertainties
on the model), and another for the uncertain model (i.e.,
there are uncertainties on the measurements from the sensor
of the position of the throttle). The experiments indicate that
the nominal controller is effective for the system with no
uncertainties, but it becomes deteriorated when uncertainties
appear. In the uncertain case, the robust controller presents
a much better response (see Section III-B).
II. N OTATION , DEFINITIONS , AND MAIN RESULT
The r-th dimensional Euclidean space is represented by
R r and k · k stands for the corresponding norm. The linear
space made up by all r × s (r × r) real matrices is denoted
by M r,s (M r ). The trace operator is denoted by Tr{·} and
the identity matrix is denoted by I. Let ΛN denote the unit
simplex of N elements, i.e.,
o
n
N
ΛN = ξ ∈ R N : ∑ ξi = 1 with ξi ≥ 0 .
i=1

The problem under investigation is represented by the
discrete-time linear system
xk+1 = Axk + Buk + Ewk ,

∀k ≥ 0, x0 ∈ R n ,

(1)

where xk ∈ R n denotes the state vector, uk ∈ R m the control
input, and wk ∈ R r the exogenous input. The system matrices

A ∈ M n , B ∈ M n,m , and E ∈ M n,r are precisely known. We
assume that the system state xk is not measured directly, but
it is done indirectly via the uncertain output
yk = C(α )xk ,
where matrix C(α ) ∈

M q,n

∀k ≥ 0,

(2)

belongs to the polytope

n
o
N
C := C(α ) : C(α ) = ∑ αiCi , α ∈ ΛN .
i=1

For sake of simplicity, we consider the control law in the
static output feedback form as in (1), i.e., with K ∈ M m,q as
a gain matrix,
uk = Kyk , ∀k ≥ 0.
(3)
If we let
AK (α ) := A + BKC(α ),

∀α ∈ ΛN ,

(4)

∀k ≥ 0, x0 ∈ R n .

(5)

system (1) reads as
xk+1 = AK (α )xk + Ewk ,

Let us now associate the closed-loop system (5) with the
k-th cost by stage vector
z(k) = Qx(k) + Ru(k),

∀k ≥ 0,

where Q ∈ M p,n and R ∈ M p,m are given matrices. The
transfer function from the input sequence {wk } to the cost
by stage sequence {zk } is defined as Hwz (ξ ) = Q(ξ I −
AK (α ))−1 E, with ξ denoting the time-shift operator. The
H2 -norm of the closed-loop system (5) can be evaluated as
follows.
Proposition 2.1: ( [19, Lem. 1], [20, Lem. 1]). The inequality kHwz (ξ )k22 < µ 2 holds for all α ∈ ΛN , with AK (α )
being a robustly stable matrix, if and only if there exist symmetric positive-definite parameter-dependent matrices
P(α ) ∈ M n and W (α ) ∈ M r such that
trace(W (α )) < µ 2 , E ′ P(α )E −W (α ) < 0,
and AK (α )′ P(α )AK (α ) − P(α ) + Q′ Q < 0,

(6)

hold for all α ∈ ΛN .
In the sequence, the constant µ in (6) will be minimized
with respect to K to compute a guaranteed H2 -norm for the
static output feedback control problem.
Before proceeding with this analysis, let us recall a stability concept for uncertain linear systems.
Definition 2.1: We say the matrix K ∈ M m,q is a robust
static output feedback stabilizing gain if all eigenvalues of
the matrix AK (α ) as in (4) lie strictly inside the unit circle
for all α ∈ ΛN .
A. Main result
The LMI formulation to be presented below is evaluated
in two steps. It requires any state-feedback stabilizing gain
as a starting point, and in particular the usual Riccati gain
satisfies this property [12, p. 54]. This state-feedback gain
is used into the LMIs to produce both a robust static output
feedback stabilizing gain and a suboptimal solution for the
corresponding H2 control problem. This two-step procedure
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represents a direct adaptation of the result from [20, Th. 2],
which was inspired by the results from [21]–[23].
Theorem 2.1: Let Z ∈ M m,n be some given state feedback
stabilizing gain. If there exist symmetric matrices Pi ∈ M n ,
Wi ∈ M m , i = 1, . . . , N, and matrices F ∈ M n , H ∈ M p ,
M ∈ M m , and L ∈ M m,q such that the next LMIs hold
trace(Wi ) < µ 2 ,

i = 1, . . . , N,

(7)

E ′ Pi E −Wi < 0,

i = 1, . . . , N,

(8)

A′ F + Z ′ B′ F
Pi − F − F ′
⋆
⋆


−Pi
 ⋆

 ⋆
⋆

Q′ H + Z ′ R′ H
0
I − H − H′
⋆

Ci′ L′ − Z ′ M

F ′B
 < 0,

H ′R
−M − M ′

′

i = 1, . . . , N,

(9)

then K = M −1 L is a static output feedback stabilizing gain,
and µ is an upper bound (guaranteed cost) for the H2 -norm
of the system (1).
Proof: By multiplying (7), (8), and (9) by αi , and
summing up for i = 1, . . . , N, we have
trace(W (α )) < µ 2 ,

(10)

′

E P(α )E −W (α ) < 0,




A ′ F + Z ′ B′ F
P(α ) − F − F ′
⋆
⋆

−P(α )
⋆
⋆
⋆

Q′ H + Z ′ R′ H
0
I − H − H′
⋆

(11)
′

C(α )′ L′ − Z ′ M
F ′B

 < 0,
H′R
′
−M − M
(12)

Setting


I
U(α ) = 0
0


0 0 (M −1 LC(α ) − Z)′
,
I 0
0
0 I
0

and multiplying (12) on the left by U(α ) and on the right
by U(α )′ , we obtain


Acl (α )′ F
Ccl (α )′ H
−P(α )
 < 0,
 ⋆
0
P(α ) − F − F ′
(13)
′
⋆
⋆
I−H −H
with
Acl (α ) = A + BM −1 LC(α ),

Ccl (α ) = Q + RM −1 LC(α ).

Now
by
multiplying
(13)
on
the
left
by


I Acl (α )′ Ccl (α )′ and on the right by the transpose, we
obtain
Acl (α )′ P(α )Acl (α ) − P(α ) +Ccl (α )′Ccl (α ) < 0,

(14)

which together with (10) and (11) assures that the closedloop system (5) is robust static output feedback stabilizing,
and µ provides an upper bound for the H2 cost (c.f.
Proposition 2.1).
Remark 2.1: As the method proposed in [24, Sec. III.B,
p. 1934], the LMI conditions proposed in Theorem 2.1 are
specially adequated to cope with H2 robust static output
feedback when the output matrix C(α ) is affected by uncertainties. Uncertain output matrices can be used to represent

sensor failures, which may arise due to changes in enviroment conditions, deterioration of mechanical components,
etc. By means of an automotive application, presented in
the next section (see Table I for an immediate comparison),
we show that the conditions of Theorem 2.1 are able to
generate control gains that assure a better H2 performance
when compared to the method in [24, Sec. III.B, p. 1934].
III. C ONTROL OF AN AUTOMOTIVE ELECTRONIC
THROTTLE BODY

The aim of the project described in this section is to design
two controllers for an automotive electronic throttle body using static output feedback gains obtained from Theorem 2.1.
The two cases consider the output matrix with and without
uncertainty, reflecting whether the existence or not of the
possibility of partial failures in the sensor of the throttle
imposes changes in the response of the system. Our findings
corroborate that the LMI formulation of Theorem 2.1 is
useful and produces better results than other approaches from
the literature.
In the experimental front, we wish to control the angle of
aperture (position) of the throttle valve in such a manner
that it tracks a reference signal. To reach this goal, we
mounted the laboratory testbed, as depicted in Fig. 2, with a
Quanser Q4 Real-Time Control Board to integrate the Matlab/Simulink in the experimental setup, a Quanser UPM18025-B-PWM Power Amplifier to supply the voltage and
electrical current consumed by the equipments, and a brand
new unity of the automotive electronic throttle body made
up by Continental Siemens VDO, Model A2C59511705, P.N.
06F133062J, used into many vehicles. The electronic throttle
body has a sensor for the position of the throttle, and it generates a proportional voltage ranging from 0V (completely
closed) to +5V (completely opened). The Quanser Q4 board
sets the operation clock of the equipments at a fixed sample
rate of 1 ms.
As discussed in the introduction, the electronic throttle
body is a device subject to many nonlinear phenomena.
However, when constrained to operate with position ranging
from 30 to 40 degrees, it can be represented by a linear
model. The nonlinearities are collected as the exogenous
external perturbation to the system. This linear representation
is advantageous, because it enables us to design not only
a practical but also a simple controller, which generates
promising results, as illustrated in the sequel.
The idea of the experiment is to assure that the throttle
tracks a reference square wave oscillating between 30 and
40 degrees. To achieve this goal, we programmed the experimental setup to implement the proportional-integrative
(PI) scheme as in [25, Sec. 1.8.2, p. 56], see the block
representation in Fig. 3. Notice that the PI scheme is useful
to minimize the steady-state error, and it can be incorporated
into the system dynamics by augmenting the system state,
as detailed next.
The electronic throttle system can be represented with accuracy by three states [2], [6], [26]. The first state represents
the angular position of the throttle valve, denoted here by θk ,
being measured in degrees and, for sake of simplicity, resized
by a scale factor of 0.1 (i.e., θk = δ signifies 10× δ degrees).
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form
yk =



1.000687
0

0 0
0 0


0
x,
8.31 × 10−4 k

∀k ≥ 0. (16)

Notice that all the parameters of the system (15) and (16)
are precisely known.
Taking the control in the static output feedback form
uk = Gyk ,

∀k ≥ 0,

(17)

G ∈ M 1,2

Fig. 2. Real-time laboratory testbed used to control the valve position of
the electronic throttle body, according to the experimental setup described
in Section III.
Throttle

Digital implementation

rk
+
−

z−1
1 − z−1

Discrete
Integrator

g2

uk

+
+

θk

g1

Fig. 3. Block representation of PI strategy used to control the angular
position of the automotive electronic throttle body.

The other two remaining variables are non-measurables ones:
the angular velocity and the electrical current consumed by
the DC motor that actuates internally on the throttle device.
A fourth state is included to cope with the integrator term
from the PI scheme (c.f. [25, Sec. 1.8.2]) that depends on
the desired position. Thus, our system state xk ∈ R 4 reads
as xk ≡ [θk x1,k x2,k x3,k ]′ , and this representation enabled us
to obtain the following discrete-time linear system for the
electronic throttle body:
xk+1 = Axk + Buk + Γrk ,
with matrices

0.994683
0.015725
A=

0
−1


x0 ∈ R 4 ,

0.360013
0
0.945758 −0.142769
0.577739 0.876635
0
0
 

0
0
0


0
 

B=
−0.120648 , Γ = 0 ,
1
0

(15)

0
0
,
0
1

we aim to design the gain
by minimizing the H2 norm for the regulator problem corresponding to (15) and
(16) (i.e., assuming rk ≡ 0).
Let us consider the H2 -norm with the weight matrices


0.031623
0
0
0


0
0.031623
0
0


,

0
0
0.031623
0
Q=


0
0
0
0.031623
0
0
0
0

and R = [0 0 0 0 23.452]′ .
In an effort to find out a solution for the H2 problem,
we evaluated the discrete-time version of the Levine-Athans
algorithm [11], [14]. The algorithm requests any static output
feedback stabilizing gain as a starting point. After initializing
the algorithm with the stabilizing gain G0 = [−0.95 12.5], we
verified the algorithm converged to the unstable gain G =
[0.1961 1.6712]. Seeking instead for a suboptimal solution,
we evaluated the LMI formulations from [24, Sec. III.B, p.
1934] and [19, Sec. 4.2], and both did not produce a feasible
solution.
Using the LMI formulation from Theorem 2.1 with Z
identical to the Riccati gain [12, p. 54] and minimizing
µ 2 , we obtained a suboptimal solution for the problem. In
addition, when the static output gain obtained from Theorem
2.1 is taken to initialize the discrete-time Levine-Athans
algorithm, then it rapidly converges, indicating that the
necessary conditions of optimality were attained. See Table I
for a detailed comparison.
To evaluate the experimental response of the throttle, we
applied in the reference input a square wave signal oscillating
from 30 to 40 degrees, for four different frequencies, see
Fig. 4. By increasing the frequency, the response tends
to deteriorate, a normal ocurrence due to the mechanical
limitations as already investigated in [10, p. 3904].
TABLE I
C OMPARISON OF THE H2 - COST DUE TO DIFFERENT METHODS .

being identified via excitation signals that were used in the
testbed to vary the angular position of the throttle between
30 and 40 degrees. The input {rk } represents the reference
tracking signal and it oscillates between the values 3 and 4.
In the sequence, we present two distinct situations regarding the sensor, one for a perfect measurement and the other
for measurements with failures.
A. Control with perfect measurements on the sensor
Let us consider the electronic throttle body with perfect
measurements on the sensor. In this case, the output is in the
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Method

H2 -cost

Gain

[24, Sec. III.B, p. 1934]

–

–

[19, Sec. 4.2]

–

–

a
b
c

Theorem 2.1

58.8597

G = [−0.2003 1.5460]

Levine-Athans [11]a

+∞

G = [0.1961 1.6712]c

Levine-Athans [11]b

58.8500

G = [−0.2004 1.5460]

Initiated with the stabilizing output gain G0 = [−0.95 12.5].
Initiated with the stabilizing output gain G0 = G from Theorem 2.1.
Unstable gain.

throttle position [degrees]

replacements 45

B. Robust control for sensor with failures
Over the life-time of a vehicle, it is expected that the electrical contacts that connect the electronic throttle body and
the controller deteriorate, in the sense that some phenomena
such as fretting corrosion may induce severe fluctuations of
the contact resistance [27]. These facts can be interpreted as
partial failures of the sensor because they alter the quality
of the measurements. In particular, the controller must rely
on this sensor, even though it may be influenced by some
sort of deterioration. In fact, as illustrated in the sequence,
a robust controller designed to take this deterioration into
account may produce better results than the nominal one.
This interesting behaviour was verified in our laboratory
testbed, in which the equipments were modified to generate
deteriorated measurements for the position, and a robust
controller designed by Theorem 2.1 was implemented to deal
with such situation.
It is assumed that the sensor may lose 50% of the intensity
of its signal, and to include this characteristic into the model,
we associate the system (15) with the uncertain output


0.500343(α + 1) 0 0
0
 xk ,
yk = 
0
0 0 8.31 × 10−4

simulate
output
reference

40

35

30

250

2

4

6

time (s)

8

10

(a) Square wave at 0.167 Hz.

throttle position [degrees]

45

simulate
output
reference

40

35

30

250

2

4

6

time (s)

8

10

0 ≤ α ≤ 1,

(b) Square wave at 0.417 Hz.

throttle position [degrees]

45

simulate
output
reference

35

Grob = [−0.2842 1.5379].
Fig. 5 shows the real-time response of the system due
to both the robust controller Grob and the nominal one G
from Table I, collected for the degradated values α = 0.2
and α = 0. Fig. 5 indicates that the robust controller presents
a better response in comparison with the nominal one. This
experiment suggests that degradated measurements make the
nominal controller produce unsatisfactory responses, and a
robust controller can be a reasonable alternative when the
sensor of the throttle is subject to such kind of failures.

30

2

4

6

time (s)

8

10

(c) Square wave at 0.625 Hz.

throttle position [degrees]

45

simulate
output
reference

40

35

30

250

(18)

We say the output sensor is deteriorated when 0 ≤ α < 1,
and, in particular, when α = 1 we recover the nominal output
matrix given in (16).
By evaluating Theorem 2.1 for the uncertain (18), we
obtain the guaranteed H2 -cost with value 61.9835 and the
corresponding robust controller is given by

40

250

∀k ≥ 0.

2

4

6

time (s)

8

10

(d) Square wave at 1.250 Hz.

Fig. 4. Real-time throttle position (in black) obtained from the experimental
testbed due to four distinct square wave references (in orange) and their
simulated counterparts (in red). The controller was designed according to
the H2 static output feedback control law of Theorem 2.1.

IV. C ONCLUDING REMARKS
The paper presented an LMI formulation (Theorem 2.1),
useful to control in practice the position of an automotive
electronic throttle body. In fact, we designed a suboptimal
solution to the H2 static output feedback control of the throttle device. An advantage of our approach, for the nominal
case in which the output sensor works perfectly, is that it
was helpful for finding a solution satisfying the necessary
conditions of optimality, as exemplified in Table I.
Under partial failures on the sensor, which has accuracy
varying from 100% to 50% of its signal intensity and
incorporated into the model through the variation of α , we
designed an appropriate robust controller to the throttle that
was able to handle this practical situation. Experiments were
taken in a laboratory testbed to compare the response of the
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throttle position [degrees]

45

robust
nominal
reference

40

35

30

25

0

2

4

6

time (s)

8

10

(a) Sensor with degradation at α = 0.2.

throttle position [degrees]

45

robust
nominal
reference

40

35

30

25

0

2

4

6

time (s)

8

10

(b) Sensor with degradation at α = 0.

Fig. 5. Real-time position of the throttle, evaluated to both nominal and
robust controllers, when the sensor becomes deteriorated. It can be seen that
the robust controller (in black) produces a better response than the nominal
one (in dotted blue).

throttle by using both the nominal and robust controllers,
and the robust one presented a superior performance when
the output sensor becomes deteriorated due to some partial
failures. Further investigation is under way to consider the
full range of operation for this equipment.
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